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Abstract

The flow over bluff bodies, either static or oscillating, has always been a challenge to be modelled
by numerical methods. Due to their geometrical shape, the separation of the flow over them is
inherent. The fluid-flow in the wake is highly unsteady and due to the natural instability of the
periodic vortex shedding process, oscillatory fluid forces will arise over the circular cylinders.
As a response to such excitation, freely supported cylinders can trigger a self-excited oscillatory
motion. This aeroelastic behaviour is called Vortex Induced Vibration. However, an imposed
sinusoidal motion at a specific frequency and amplitude can excite the natural behaviour of the
wake and modify it completely. Consequently, the unsteady loading over the circular cylinder
will be modified too.

The unsteady behaviour of the airflow over circular cylinders under imposed motion is the case
studied in the present report. In order to do that a CFD code based on a 2D fluid domain has
been built and validated against experimental data. Scale Adaptive SST Transition turbulence
model resulted in the best option in terms of accuracy of the results and efficiency of the com-
putational cost of the numerical simulations.

The different combinations (amplitude & frequency) of the imposed sinusoidal motion can be
split into two big groups: unlocked cases (vortex shedding frequency follows the Strouhal law)
and locked cases (vortex shedding frequency equals the imposed frequency of the motion). The
second can also be subdivided in two: imposed motions that result in an energy transmission
from the fluid to the structure, and the ones causing the energy to move in opposite direction.

The time signal of lift coefficient, which oscillates at a main frequency close to the shedding fre-
quency, presents two differentiated behaviours. Amongst unlocked cases, it has two predominant
components; at the oscillating frequency and at the Strouhal frequency, being the second one the
greatest. However, switching to closer values of imposed motion to the shedding frequency that
respects the Strouhal law, the amplitude of the first component increases until it overcomes the
second one resulting in the synchronization of both frequencies. Amongst the locked cases, the
lift coefficient has only one predominant component at the shedding frequency which equates
the oscillating.

The time-varying pressure coefficient is analyzed over the cylinder for different imposed motions.
The circular section can be divided in two. In the front part of it, the main frequency of the
time signal equates the imposed motion. In the rare of the cylinder, however, it is composed
basically by the frequency of the vortex shedding process and its multiple higher harmonics.
Between both, a transition region exists for the unlocked cases.

Comparison against results extracted from the mid-span section of a 3D cylinder demonstrates
that both computational simulations present similar overall trends of the aerodynamic parame-
ters as a function of the imposed motion. However, deviations are found in the numerical values
even if the results from both computations (3D & 2D) show similar order of magnitude.
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1 INTRODUCTION

1 Introduction

In aerodynamics, science which studies the motion of the air and particularly when interacts
with one or more solid objects, the bodies within the flow can be divided in two big groups:
aerodynamic bodies and bluff bodies.

On the one hand, the former are basically airfoils or streamlined bodies. The flow around these
objects, when working under favourable conditions, follows the contours of the body being at-
tached to it until the trailing edge. It also presents a narrow afterbody wake. However, under
unfavorable working conditions (e. g big angles of attacks), at some point the flow can separate
from the body introducing a big amount of turbulence, vorticity and unsteadiness in the flow
after separation occurs. This situation will develop time dependent fluid forces over the airfoils
which are way more complex than the steady loading produced by attached flows.

On the other hand, bluff bodies, due to their geometrical shape, the separation of the flow
over them is inherent. Examples of this category are circular, rectangular and square cylinders,
spheres or cones. The vortices arise rolling up the shear layers at sharp corners resulting in
wide afterbody wakes. The flow in this region is highly unsteady and consequently the aero-
dynamic forces over the objects. Moreover, the produced drag is greater than in airfoils under
favourable conditions because of the increase in the pressure drag introduced by the flow sep-
aration and consequent wake. Due to the inherent instability of the periodic vortex shedding
process, oscillatory fluid forces will arise over the circular cylinders. As a response to such
excitation, freely supported cylinders can trigger a self-excited oscillatory motion. This aeroe-
lastic behaviour is called Vortex Induced Vibration. However, an imposed sinusoidal motion
at a specific frequency and amplitude can excite the natural behaviour of the wake and modify
it completely. Consequently, the unsteady loading over the circular cylinder will be modified too.

The unsteady behaviour of the airflow over circular cylinders under forced motion will be the
case studied of the present report. The effect of the frequency and amplitude of the imposed
motion have on the wake, lift and drag forces and unsteady pressure distribution will be analyzed.

First, a detailed background on the flow around circular cylinders will be presented in section 2.
A review of the different researches made in history about the topic will be discussed. Taking
the steady aerodynamics over static cylinders as a starting point, the reader will go through,
both experimental and numerical works in unsteady aerodynamics. Then, when the basic under-
standing of the flow around this kind of bluff bodies will be settled, the aeroelastic phenomenon
called Vortex Induced Vibration will be presented and discussed. Eventually, several experi-
mental projects on cylinders under forced motion will be scrutinised in order to extract the key
concepts needed for a good understanding of the present project.

section 3 presents experimental results extracted from the Wind Tunnel at Université de Liège.
This data corresponds to an experiment on a circular cylinder undergoing vortex induced vibra-
tion. The unsteady pressure loading at mid-span of the cylinder is available, as well as, the time
distribution of the displacement of the structure and the velocity components of the air in the
wake.
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(a) Flow around airfoil (top) and bluff body (low)
[74] (b) Several bluff bodies [60]

Figure 1: Sketches of streamlined, bluff bodies & the behaviour of the flow around them. The
upper shows an attached flow until the trailing edge. Around the lower, instead, the flow presents
separation, vortex formation and possible re attachments

The third part of the project consists in building a CFD code with ANSYS Fluent commertial
software capable to well-represent and capture the key unsteady aerodynamic parameters of
the fluid flow over oscillating cylinders. The code will be built in a sequential manner as the
objective is to develop the simplest and most efficient code able to satisfy the requirements. In
other words, a balance between the computational cost and accuracy of the results is desired.
These simulations will be validated against experimental data analyzed previously. section 4
and section 5 present consequently the validation of a 2D and 3D CFD code of the flow over
a static cylinder. Finally, in section 6, a 2D code of the flow around an oscillating cylinder is
validated. This CFD code will be the one used for further analysis.

section 7 & section 8 present an extensive discussion of the evolution of several parameters of the
fluid flow as a function of the imposed motion on the cylinder. Mainly, the frequency content
and pattern of the wake; time varying signal of the lift coefficient; energy transmission between
fluid and cylinder; and the mean and time distribution of the unsteady pressure over the circu-
lar cylinder will be analyzed. Special attention will be paid to the unlocked-locked transition
boundary, as well as, the distinction of two well defined modes within the lock-in region.

section 9 includes a comparison between the results extracted from the two-dimensional analysis
carried out in the present report and the three-dimensional developed by Martina Lomele in her
Master Thesis Project [68].

Eventually, some conclusions and possible further work will be highlighted in section 10 to close
the current report.
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2 UNSTEADY FLOW OVER CIRCULAR CYLINDERS

2 Unsteady Flow Over Circular Cylinders

The vortex shedding from a fixed circular cylinder is the main responsible of the unsteadiness
of the flow and the time dependent aerodynamic loading over the cylinder. Many models have
been released along history in order to well represent it. One of the first and most important
models is the postulated by Gerrard in 1966 [4]. This author stated that the essential cause
of the vortex-street wake is the reciprocal interaction between the two separating shear layers.
He explained that a vortex keeps growing (gets the circulation to do so from the shear layer
connected to it) until it is strong enough to draw the opposing shear layers in the near wake.
Afterwards, when the oppositely signed vorticity approaches with sufficient intensity, it stops
the supply of circulation from the shear layer and the vortex is shed. Figure 2a shows Gerrard’s
vortex formation process. The vortex shedding process is an inviscid mechanism based on shear
layer instability. It is a global instability, the whole wake is affected, and robust, vorticity is
continuously produced [67].

(a) Vortex-formation model presented by
Gerrard [4]. Extracted from the work done
by Bearman [17]

(b) Sketch showing the rolling up of the shear layers and
formation of the vortex shedding within the wake after a
bluff body [67]

Figure 2: Sketches presented by several authors in order to visualize the formation of the vortex
shedding from circular cylinders. Gerrard [4] (left) illustrated it by means of line patterns. a -
fluid within the growing vortex; b - fluid developing a shear layer ; c - fluid entering the region
between the rare of the body and the growing vortex. Thomas Andrianne [67] (right)

Furthermore, Abernathy & Kronauer [2], by means of a numerical research project, showed that
the key mechanism for vortex shedding is the presence of two shear layers rather than the circular
cylinder. The bluff body allows the feedback between the wake and the shedding of circulation
at the separation points. Actually, the vorticity contained by shear layers is produced in the
boundary layer (BL) due to the no-slip condition on the wall of the cylinder. When the flow
separates, the vorticity makes the free-shear layer to roll up (Figure 2b).

Based on the previous works, several authors ([10] [14] [12]) developed different methods for
calculating the vortex shedding process from bluff bodies and its rate. This phenomenon happens
at a defined frequency called vortex shedding frequency (f ovs) which has a linear relation with
the airspeed through the Strouhal number, St (Equation 1).

St =
f ovsD

U∞
[−] (1)

As stated by Bearman [17] and certified by experimental works, vortex shedding process is
strongly affected by disturbances such as Reynolds number (Re), incoming turbulence level,
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body-surface finish, aspect ratio, blockage ratio, acoustic noise or end-wall effects. Figure 3
presents the evolution of the St as a function of Re for smooth and rough cylinders. Also, two-
dimensional bodies in uniform flow are unlikely to shed two dimensional vortices as oblique vortex
shedding and the 3D effects of turbulent wakes are commonly present. A wide experimental
research about these topics and how to avoid or deal with them can be found in literature. Some
examples are [23] [53] [13] [71].

Figure 3: Relationship between Strouhal number (St) and Reynolds number (Re) for circular
cylinders. Data from Lienhard [5] and Achenbach & Heineke [71]. St ∼ 0.21 (1-21/Re) for
40 < Re < 200, from Roshko [1]

Figure 4 shows the different wake regimes that can arise from a fixed smooth circular cylinder as
a function of the Reynolds number. 6 different wake patterns were identified by J. H. Lienhard
in 1966 [5]:

• Re < 5 : The fluid flow around the static cylinder keeps attached all the time. It is known
as creeping flow. The vorticity created along the boundary layer is dissipated near the
body [67].

• 5 < Re < 40 : A fixed pair of Föppl vortices take place in the wake. Each of it on opposite
side of the symmetry line of the body.

• 40 < Re < 3 · 150 : Von Karman Vortex Street. The shedding vortex process is fully
laminar. Also the BL around the body.

• 150 < Re < 105 : Transition to turbulent regime happens in the wake. Hence, the flow in
the boundary layer will present a laminar separation followed by a fully turbulent vortex
street.

• 3·105 < Re < 3.5·106 : The BL undergoes transition to turbulent regime. As consequence,
the wake is narrowed and disorganized.
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• 3.5 · 106 < Re : The wake recovers the vortex shedding process. Both the BL and the
vortices within the wake are fully turbulent.

Figure 4: Possible wake patterns depending on the Reynolds number of the fluid around a
circular cylinder (Re). Extracted from Lienhard in 1966 [5]

Regarding the aerodynamic loading over the cylinder, extensive experimental research has been
developed along the years by several authors([44] [9] [22] [7]) under different working conditions.
All of them concluded that there is a great impact of the shed vortices, and consequently of the
Reynolds number or surface finish of the cylinder.

The lift (L(t)), force on the cylinder in the perpendicular direction to the fluid flow, is an image
of the oscillatory vorticity in the wake of the cylinder [67]. The lift fluctuates ideally around
C̄L = 0 mean value at a frequency equal to the vortex shedding and presents close to a pure
sinusoidal time signal (Figure 5a). The drag (D(t)), force on the cylinder in the direction of
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the fluid flow, shows rather a periodic time signal oscillating around a time mean value with a
frequency equal to two times the shedding frequency. The shape of the drag force, as presented
in Figure 5a, is further away from a sinusoidal signal compared to lift force time distribution.
Furthermore, the amplitude of D(t) is smaller compare to the amplitude of L(t).

(a) Oscillatory behaviour of CL(t) & CD(t) [67]
(b) Evolution of St and RMS value of CL
as a function of the Re [49]

Figure 5: Oscillatory aerodynamic forces over fixed circular cylinders

Both forces are greatly affected by the Reynolds number. On the one hand, the well-known ”drag
crisis curve for circular cylinders” (Figure 6) shows the evolution of the mean value of CD as a
function of the Reynolds number. This curve was built for the very first time by Wieselsberger
in 1922 and validated and rebuilt by several authors in history. Figure 6 collects experimental
data acquired by several authors. On the other hand, as mentioned before, the lift force should
oscillate around a null mean value. In practice, however, that does only happen at low Reynolds
numbers. When moving to higher values of Re, due to the inherent disturbances of turbulent
flows, the mean value will lay close to zero. Figure 5b presents the evolution of the RMS value
of the lift coefficient as a function of the Reynolds number.

Eventually, Figure 7 compares the time mean pressure coefficient distribution over a circular
cylinder at different Re values plotted over the cp values from the potential flow theory. It
can be deduced that the pressure distribution under attached flow conditions is nearly identical
regardless the Reynolds number compared to the potential flow distribution. However, great
differences are found after the flow separates from the body. Moving towards higher Reynolds
numbers the separation of the BL happens further away from the front of the cylinder. Further-
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more, more negative values are reached followed by a greater recovery of cp to less negative values.

Figure 6: CD vs Re Curve. Results from several authors collected and compared by Nian-Sheng
Cheng [57]

Figure 7: cp [-] distribution over a circular cylinder. Distribution obtained from the potential
flow theory (red). Experimental data at Re ∼ 100000 and Re ∼ 200000 (grey lines) [67]
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2.1 Numerical Modelling of the Flow Around Static Cylinders

In the previous section a background on the flow over fixed cylinders was given. As decribed by
A. I. Stamou & G. Papadonikolaki, ”The nature of this flow that combines a simple geometry
with complicated flow phenomena, such as, flow separation, reattachment and vortex shedding is
determined by the Reynolds number” [59]. Actually, completely different flow regimes (Figure 4)
will take place (and consequently will need to be modelled numerically) depending on Re, the
surface roughness of the cylinder, free-stream velocity or flow turbulence level. This will set the
approach taken by the authors in an attempt to model the physical phenomena over the bluff
body.

Over the years, many authors developed their own CFD codes aiming to model flow around
cylinders of different geometrical shapes such as square, quadrilateral or circular. Some of them
went for structured meshes ([62] [38] [48] [63] ), others instead, developed their own codes based
on unstructured meshes ([55] [46] [61]). Furthermore, in the last years some adaptive mesh
techniques have been applied based on vorticity ([55]). With the last meshing technique an
automatic local refinement of the afterbody wake is desired in order to well-resolve the shedding
vortex street. Even if the author states that the adaptive mesh technique reduces the total
simulation time, he admits that this approach completely relays on the turbulence model chosen
as the refinement of the mesh will be based on the solution given by it. Moreover, no enough
strong arguments were found amongst the literature research regarding which of the meshing
techniques (structured or unstructured) gives better results in terms of accuracy and efficiency.

The fundamental and most challenging aspect of the numerical simulation is the election of the
turbulence model as the accuracy of the results will completely depend on its capabilities to
solve and represent the physics of the problem. The Reynolds number in the test section will be
Re ∼ 104. As previously described, the boundary layer will be laminar followed by a separation
and turbulent vortex street. Along the years, several authors built CFD codes in this fluid regime
using different turbulence models and even comparing them (URANS-DES [38], URANS-LES
[30] [48] [51], URANS-Hybrid [54] models, LES-DNS [46], LES-PIV [64]...).

Amongst other authors, X. Ma G.S. Karmanos & G.E Karniadakis [36] and S. Dong & G.E.
Karniadakis [46] proved that Direct Numerical Simulation (DNS) well-resolves the flow over a
cylinder at this range of Reynolds number and J. Franke & W. Frank [42], A. G. Kravchenko &
P. Moin [35] and J. Frölich, W.Rodi, Ph. Kessler, S. Parpais, J.P. Bertoglio, D. Laurence [31]
[40] did the same for Large Eddy Simulation (LES) turbulence model. However, these kind of
modelling of the fluid flows require great CPU power and time and it is not feasible to run them
during a reasonable period of time, needing high-performance computing and long flow-times to
get stable results [73]. One of the main reasons for that is the extremely refined meshes of the
computational domain. While DNS solves all size of eddies; LES, generally speaking, uses the
size of the cell grid as a low-pass filter so that the eddies with a smaller size are modelled and
the larger ones are resolved directly. ”The main shortcoming of LES lies in the high resolution
requirements for wall boundary layers. Near the wall, even the ’large’ eddies become relatively
small and require a Reynolds number dependent resolution. This limits LES for wall bounded
flows to very low Reynolds numbers (Re ∼ 104 − 105) and limited to computational domains”
[73] as specified in ANSYS Fluent Manual [73].
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Facing the previous turbulence modelling, Reynolds Averaged Navier-Stokes (RANS) or their
unsteady version (URANS) require a computational cost which is orders of magnitudes lower.
However, as they are statistic models which deal with averaged values, their resolution ability
and accuracy is limited when ”large-scale eddy structures dominate the turbulent transport, when
unsteady processes like vortex shedding and unstable behaviour prevail and dynamic loading is
of importance” [30]. In 2016 E. Palkin, R. Mullyadzhanov, M. Hadziabdic and K. Hanjalic
published an extensive analysis of the capabilities and limitations of the RANS and URANS
turbulence models [63] regarding separated flows and vortex shedding. They concluded that
URANS models presented ”relatively poor performance” [63] for flows at low Reynolds numbers
but ”successful in reproducing dynamic features of the flow around cylinders in the subcritical
regime with laminar separation” [63].

Furthermore, it is suggested that ”for high-Reinolds complex flows of industrial relevance, one
could relay on the URANS approach provided the RANS model employed is capable of resolving
the stress anisotropy, as does a second-order closure” [63]. These flows imply high computational
cost, usually not affordable, if properly resolved by LES or DSN approaches.

Aiming to find a balance between the accuracy and efficiency of the turbulence models, hybrid
models have been continuously being developed in the last years. Examples of these models are
Detached Eddy Simulation, DES, (and its improved versions DDES, IDDES); or Scale Adaptive
Simulation, SAS. These methods are specially of interest in practical problems where the high
accuracy that LES or DNS could provide at high computational time and cost is not require,
and efficiency with a lower accuracy is desired. However, when using these turbulence models
the computational cost is greater than URANS.

On the one hand, ”DES models have been specially designed to address high Reynolds number
wall bounded flows, where the cost of a near-wall resolving Large Eddy Simulation would be pro-
hibited” [73]. The model, also known as LES/RANS hybrid model for being the first developed
industrial hybrid model, combines RANS in the boundary layer region around the body and
LES in the separated regions where ”large unsteady turbulence scales play a dominant role”
[73]. Anrei Travin, Michael Shur, Michael Strelets & Philippe Spalart [38] developed a valida-
tion of DES turbulence model trying to model attached flows with both laminar and turbulent
separation of the boundary layer over circular cylinders. It was concluded that the main dif-
ference between the results and experimental data was found in the resultant Reynolds stresses
and stated that ”the agreement is quite good for drag, shedding frequency, pressure and skin
friction” [38]. Furthermore, a high grid sensitivity was identified and it was pointed out that
”Unsteady Reynolds-averaged simulations are much less accurate than DES for LS cases, but
very close for TS cases” [38]. IDDES, DDES and other improved versions tried to fix these and
another inaccuracies that have been found in the turbulence model along the years.

On the other hand, Menter & Egorov developed in 2008 the Shear Stress Transport Scale Adap-
tive Simulation model (SST-SAS) [26] based on RANS k − ω SST model presented by the first
author in 1994 [25]. SAS models could be seen as an improved version of URANS formulation:
”The URANS simulation produces only the large-scale unsteadiness, whereas the SST-SAS model
adjusts to the already resolved scales in a dynamic way and allows the development of a turbulent
spectrum in the detached regions” [73] as described is ANSYS Fluent manual. This model uses
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the Von Kármán length-scale in the turbulence scale equation which makes the turbulence model
to be capable to adjust the already resolved turbulence structures by a URANS simulation, re-
sulting in a ”LES-like behaviour in unsteady regions of the flow field” [73]. Anastasios Stamou
& Georgia Papadonikolaki built a CFD code of the 3D flow around a static cylinder with SAS
turbulence model and they concluded that ”Predicted overall flow parameters and mean flow
velocities showed a very satisfactory agreement with experiments and LES, while the agreement
of predicted turbulent stresses was satisfactory” [59].

2.2 Circular Cylinders undergoing Vortex Induced Vibrations

Vortex Induced Vibration (VIV) is an aeroelastic phenomenon which generally takes place
around bluff bodies such as, circular, rectangular or square cylinders. It occurs when the oscil-
latory behaviour of the fluid forces on the body makes it vibrate transversely to the main fluid
flow. The oscillatory nature of the fluid forces over the structure is the result of the unsteady
asymmetric behaviour of the periodic vortex shedding in the wake of the body and it can lead
to a resultant structural failure. Hence, it is a common field of study in civil and marine en-
gineering [47] because issues can be arisen around circular chimneys, electric grid cables, long
span bridges, riser or pipelines [41] [39] [29] .
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Figure 8: Maximum amplitude as a function of airspeed for several values of structural damping
(ζ). Experimental data extracted from the Wind-Tunnel at Université de Liège. The aeroelastic
system is constructed by a rigid circular cylinder supported by 4 lineal springs which can vibrate
freely in cross direction to the fluid flow. The structural damping is modified by attaching
different elastomers to the vibratory structure [66]

In a free (not fixed endings) cylinder at low windspeeds, the vortex shedding respects the Strouhal
law (St = fovsD

U∞
) and it stays still as a fixed cylinder. For increasing flow velocities, however,

the synchronization (lock-in) of the vortex shedding and the motion frequency can happen
(fn = fosc) close to the natural frequency of the structure. At this airspeed called critical velocity,
the vortex shedding and the oscillation frequency of the cylinder equate its natural frequency:
fosc = fvs = fn. At this point, the oscillatory motion of the cylinder suffers a steep increase
on its amplitude. These last two phenomena (increase in amplitude and synchronization of
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frequencies) characterize the lock-in region of an aeroelastic system undergoing VIV which stays
over a range of windspeeds. Afterwards, when a maximum value of fluid velocity is overcome,
the vortex shedding frequency follows back the Strouhal law and the amplitude of the motion
tends to zero. The previously described frequency synchronization process and the band of the
lock-in region depends on a reduced damping parameter called Scruton number (Sc = 4πmζ

ρD2 )

which relates the damping force to the excitation force. As it is presented in Figure 8 [66], the
higher it is, the lower the amplitude of the motion and the narrower the range of fluid velocities
within the lock-in region. Moreover, high damping could completely erase the appearance of
this aeroelastic phenomenon (Green line: Elastomer 4 in Figure 8 [66]).

Figure 9: Oscillation characteristics for a freely vibrating circular cylinder with light damping
(2Mδs/ρD

2 = 0.4). N, body oscillating frequency ; n, vortex shedding frequency. Ȳ /D, nor-
malized maximum amplitude of oscillation measured at a particular value of reduced velocity
(U/ND) ; φo , phase angle between the fluid force and the cylinder displacement. o vortex-
shedding frequency; + cylinder frequency; � phase angle ;x oscillation amplitude [47] [18]

The main properties of VIV and its characteristic lock in region are summarized in Figure 9 which
was extracted by Feng [6] for the first time in 1968 and validated and discussed by Bearman [17]
in 1984. Eventually, it was also presented by R.D. Gabbai and H. Benaroya [47] in 2005 in an
overview of the most important experimental researches in Vortex Induced Vibrations up to date.

Figure 9 shows the evolution of three parameters (normalized vortex shedding frequency, n/N =
fvs/fosc; phase between the lift force and the structural motion, φ ; non-dimensional amplitude,
Ȳ /D = |y|/D) as a function of reduced velocity (U/ND). Furthermore, the dashed line rep-
resents the Strouhal law with St = S = 0.198. Feng [6] found that at a critical value of the
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reduced velocity equal to the inverse of the Strouhal number the lock-in region arises. At this
region, the vortex shedding frequency equates the natural frequency of the oscillating struc-
ture, the amplitude of the motion suffers an abrupt increase and there is a phase shift of about
∼ 100o between the structural motion and the fluid forces over the cylinder in the direction of
the motion. Figure 10 shows an enlarge plot of the phase jump at lock in boundary. Bearman
[17] relates this change in phase angle with a drastic variation of ”the point at which a forming
vortex generates its maximum lift force” [17] due to a variation of the reduced velocity. Further
analysis have been carried out by Zdravkovich [16], who realized that the timing of the vortex
shedding changes at this boundary. While, at lower reduced frequencies the vortex is shed when
the cylinder has its maximum amplitude on the opposite side; when the motion is locked, the
vortex is shed when the cylinder is in the maximum point in the same direction.

Figure 9 also presents the hysteresis behaviour of the VIV phenomenon discovered by Feng [6].
He measured larger amplitudes of the structure within the lock-in region when increasing the
reduced velocity rather than when moving from higher to lower values of U∞. Furthermore, this
behaviour was also identified in the evolution of the phase (Figure 10). Afterwards, several au-
thors associated this behaviour with different wake structures and the transition between them
(motion between upper and lower branches) [47] [21] [11]. The previous statement was confirmed
by Khalak & Williamson [33] and Govardhan & Willianson [34] with experimental investigation
based on elastically mounted cylinders in the 2000s.

Figure 10: Variation of the phase difference of the lift force with respect to the motion of the
cylinder for increasing values of the wavelength ratio (λ/D = U∞/foscD) for an elastically-
mounted cylinder. Extracted from Feng [6]

2.3 Flow over Oscillating Circular Cylinder under Imposed Motion

A large number of authors have developed research projects in order to analyze VIV. Oscillations
of bluff bodies may be vortex-induced (aeroelastic) or forced by a mechanism able to produce
sinusoidal motion by imposing a frequency and/or an ampitude. However, while some of them
(e.g Feng [6], T. Sarpkaya [11] or Griffin and Ramberg [19]) decided to carry out experiments on
flexible structures able to vibrate freely on a stream; others (Bearman [17], Roshko & Williamson
[21], Bishop and Hassan [3] or Ongoren & Rockwell [20]) went for imposing an oscillatory motion
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to a bluff body.

Roshko and Williamson considered that ”forcing a cylinder to oscillate up to large amplitudes
in a freestream...”[21], they could ”...investigate under more controlled conditions how a body
influences its own wake to cause synchronisation” [21].

Bearman [17] assumed that ”for a freely suspended bluff body oscillating at a steady amplitude, if
the same body is forced to oscillate at a similar amplitude ratio, reduced velocity, and Reynolds
number, then the flow patter will be identical” [17]. The previous statement was done based
in experimental data at that time which suggested that ”free and forced-vibration flows are the
same” [17]. However, further discussion on the topic proved that the relationship between the
two cases is ”surprisingly complicated” [45] as described by J. Carberry, J. Sheridan and & D.
Rockwell [45].

(a) Lock in region [67] (b) Synchronization region [21]

Figure 11: Representation of the lock-in region by several authors. (a) lock-in region for imposed
motion cylinders on the plane ”imposed amplitude-imposed frequency” extracted from [67]. (b)
synchronization region on the plane ”amplitude-wavelength” being the region marked with a
”B” extracted from [21]. Definition of the wavelength: λ = U∞Tosc = U∞/fosc

The imposed motion of the bluff body can take control over the vortex shedding process and
modify it significantly with respect to the one around an static or fixed body. Moreover, as
it happens in freely oscillating cylinders, a synchronization (or lock-in) region arises. However,
significant differences exist between both cases. As presented in Figure 11, the structural motion
takes control of the vortex shedding and both happen at the same frequency in a range of imposed
frequencies (fosc) in Figure 11a. Figure 11b also presents the lock-in or synchronization region
as named by C. H. K. Williamson & A. Roshko in his article [21] (from which Figure 11b was
extracted). However, he decided to plot it against the wavelength ratio. The zone marked
with a B represents the region where the vortex shedding happens at the frequency of the
imposed motion. The lock in region presents close to an inverted triangular shape in the imposed
amplitude vs frequency domain. At low amplitudes the synchronization will take place at a
narrow range of motion frequencies close to the vortex shedding frequency of the equivalent
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2 UNSTEADY FLOW OVER CIRCULAR CYLINDERS

static cylinder. Increasing the imposed amplitude, this band gets wider capturing both higher
and lower frequencies.

Figure 12: Data recompilation from several authors of the field: φlift and CL as a function of
fe/fo = fosc/f

o
vs and fe/ft = fosc/fvs for |y|/D = 0.5. |y|, amplitude of the imposed motion of

the cylinder; fo = f ovs vortex shedding frequency from a stationary cylinder; fe = fosc, imposed
frequency motion of the cylinder; ft = fvs, vortex shedding frequency from a oscillating cylinder
(”it is expected to deviate slightly from fo = f ovs” [45]). ”Current” refers to data obtained and
presented by J. Carberry, J. Sheridan & D. Rockwell [45]. Extracted from [45]

J. Carberry, J. Sheridan and & D. Rockwell mentioned ”As the frequency of the force oscillation
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is changed relative to the natural frequency of the stationary cylinder’s wake, there are abrupt
changes in both the lift forces on the cylinder and the structure near wake” [45]. This conclusion
was taken after comparing the work done by several authors in the topic at different Reynolds
numbers such as Sarpkaya [28], Gopalkrishnan [24] or Mercier [8] validating those results with
their own research presented in Figure 12. Again, instead of presenting the results as a function
of the wavelength ratio as done by several previous authors, they discussed the effect of the
ratio between the motion frequency and the natural frequency of the stationary cylinder’s wake
(fosc/f

o
vs). It can be seen clearly that in all the cases ”There is a simultaneous jump in the

amplitude and phase of the lift force at fosc/f
o
vs ∼ 1...related to changes in the flow structures in

the wake” [45].

C. H. K. Williamson & A. Roshko [21] made an extensive experimental analysis of the wake pat-
terns of oscillating circular cylinders in the ”wavelength-amplitude” plane. The study reached
up to imposed amplitudes of 5 times the diameter and wavelengths of 16 diameters. Figure 13
and Figure 14 presents the vortex shedding patters captured and identified by the previous au-
thors near the fundamental lock-in region.

Figure 13: Map of vortex synchronization patterns near the fundamental lock-in region from
[21]. I and II are the curves where the forces on the body show a sharp ”jump” from Bishop
and Hassan [3]

They defined that ”The well-known lock-in occurs when the trajectory wavelength is comparable
with the distance a non-oscillating cylinder travels through the fluid in one cycle of shedding”
[21]. Within this region they also defined two behaviours:

• Below a critical wavelength, two regions of opposite vorticity are shed resulting in a 2S
mode.

• Over a critical wavelength, the wake is formed by a system of vortex pairs convecting away
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from the wake centerline. In other words, a 2P mode.

• The transition point coincides with the wavelength value at which the fluid forces suffers
an abrupt change pointed by Bishop & Hassan [3].

Furthermore, they also pointed out that ”over a small range of wavelengths either of the two
modes described above may exist, with the chosen mode depending on the flow history” [21].
This last statement refuses the assumption made by Bearman [17] and mentioned before in this
section, but instead, gives an possible explanation to the hysteresis behaviour of the motion
amplitude undergoing VIV measured by Bishop & Hassan [3].

Figure 14: Sketches of the vortex shedding patterns that were found by Williamson and Roshko
in [21]. ”P”, a vortex pair ; ”S”, single vortex. Each pattern is defined by the number of pairs
and single vortices formed per cycle. Dashed line encircles the vortices shed in one complete
cycle. Extracted from [21]

Several years later, J. Carberry, J. Sheridan and & D. Rockwell also analyzed the vortex shed-

16



2 UNSTEADY FLOW OVER CIRCULAR CYLINDERS

ding patterns of oscillating cylinders at imposed motion in [45]; this time, however, the effect
of the imposed motion frequency was only analyzed at constant amplitude. They concluded
that within the lock-in region, two different wake states can be defined: low-frequency and high-
frequency. The former, results in a 2P vortex pattern at which the lift force has a low amplitude
and a phase of about 180o with the motion of the cylinder. The latter, instead, presents a 2S
pattern at which the lift force has a higher amplitude and the phase goes down to negative
values. In the middle, an abrupt transition of the values takes place at around fosc/f

o
vs = 0.85.

This behaviour matches close to the one presented by C. H. K. Williamson & A. Roshko [21] and
Bishop & Hassan [3]. Moreover, they also defined a transition region over a narrow band of fre-
quencies. When forcing the structure with a frequency within this region, the wake could shed in
either 2P (low-frequency state) or 2S (high-frequency state) mode. However, also a self-excited
transition from the lower to the high frequency state is possible. ”The self-excited transition
was irreversible and transition always occurred from low-frequency to the high-frequency state”
[45] declared the authors who related these states with the upper and lower branches of the
hysteresis presented in cylinders undergoing VIV.

The sudden change of the phase of the lift coefficient time signal with respect to its motion has
a strong impact in the energy transfer between the fluid and the oscillating structure.

On the one hand, in vortex induced vibration the energy transfer must go from the fluid to the
structure; in other words, ”The structure responds to the perturbation from the natural instability
of the wake” [45] as described by J. Carberry, J. Sheridan and & D. Rockwell.

On the other hand, when forcing the structure to move in a specific way, it perturbs the natural
instability of the wake, causing the wake to respond. Hence, theoretically the energy transfer
could be in either direction. The previous authors realized that due to the abrupt decrease of φL
from ∼ 180o before the transition to ∼ −45o after it, switches the direction of the energy trans-
fer within the aeroelastic system. While in the low frequency state (corresponds to the lower
branch of VIV) the energy transmission goes from the fluid to the structure; in the high fre-
quency state (corresponds to the upper branch of VIV), the energy goes in the opposite direction.

This last fact demonstrates that even if there are great similarities between freely vibratory
cylinders and forced ones regarding wake structures and evolution of the forces over the cylin-
der, ”...the force purely sinusoidal oscillations do not fully represent the almost sinusoidal motion
of the freely oscillating cylinder” [45] as stated by the last authors.

The whole previous analysis (cylinders undergoing VIV or at forced motion) was based on the
vibratory motion in cross direction to the incoming fluid flow. However, in-line vibrations are
also important specially for systems with low structural damping [11]. Compared to the cross-
flow oscillations, lock-in takes place when the in-line motion frequency reaches around twice the
Strouhal frequency. Furthermore, the oscillation amplitude of motion of the cylinder and the
drag fluctuations are one order of magnitude smaller [11]. In the last years, several authors have
carried out experimental projects on this topic and 2 DOF VIV experimental and numerical
projects ([56] [58] [50]).
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3 Experimental Results

3.1 Introduction

The first step of the project is the validation of the developed CFD codes for the numerical study
of the unsteady pressure distribution on the oscillating cylinder. This validation will be carried
out based on empirical data extracted from a Vortex Induced Vibration (VIV) experiment in a
wind tunnel. The data was obtained by Prof. Thomas Andrianne at Université de Liège Wind
Tunnel during the academic year 2019-2020.

It consisted in a circular cylinder vertically supported in a structure that allows it to freely
vibrate in cross direction to the incoming air flow. The experiment was performed at different
airspeeds. The unsteady pressure over the cylinder and wake velocity components were ex-
tracted. Also, the motion (amplitude) of the cylinder was recorded.

First, the VIV data has been analyzed in order to place the lock-in region: maximum amplitude,
Strouhal number (St), natural frequency (fn) of the structure and vortex shedding frequency
(fvs) at each airspeed. Then, based on those results, two cases, one outside of the lock-in region
and one undergoing VIV, have been chosen and will be compared to numerical simulations
in order to validate the latter ones. Eventually, further analysis of the elected cases will be
performed. More specific results, such as, the time mean pressure coefficient, c̄p, distribution
over the cylinder, time evolution of cL(t) and cD(t), velocity in the wake will be presented and
discussed at the end of the chapter.

3.2 Wind Tunnel

Figure 15: Drawing of the Wind Tunnel Facility at ULiège [72]
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The wind tunnel owned by Université de Liège consists of a multi-disciplinary subsonic wind
tunnel characterized by its modularity which allows to vary between two test-sections (Aero-
nautic or Wing Engineering Test Section) and two interchangeable nozzles. Figure 15 presents
a general drawing of the wind tunnel facility.

The test section used for the experimental activity was the former. It can work up to a maximum
windspeed of 65 [m/s] in atmospheric conditions with a low incoming turbulence level (Ti ∼
0.2%). It is equipped with various measurement systems to carry out experiments at low Mach
number (M < 0.15). The front and top walls of the section are built on perspex panels which
equips the facility with high visibility of the tests. Its dimensions are 2 [m] width by 1.5 [m]
height.

3.3 Test Rig

Figure 16: VIV Test Rig [72]

The test rig is presented in Figure 16. It is com-
posed by a smooth circular cylinder made out
of PVC placed vertically inside the aeronautic
test section of the wind tunnel. The cylinder is
suspended on 4 linear springs at each end of it.
The cylinder can vibrate freely in the transverse
direction of the incoming air flow. The resultant
natural frequency of the structure (cylinder and
support) is fn = 7.07 [Hz]. The cylinder has
a diameter D = 0.1 [m] and a spanwise length
L = 1.5 [m], which results in an aspect ratio
L
D

= 15. As verified by a large amount of au-
thors in an extensive literature ([23] [53] [52]...),
the value of this ratio has a great impact on the
magnitude of the 3D effects and oblique shed-
ding that will appear in the static set-up of the
cylinder. This last phenomenon will be also af-

fected by the Reynolds number and the roughness of the cylinder. Hence, it will be mentioned
in subsection 3.5 when discussing the testing conditions.

3.4 Measurement Systems

The objective of the experiment is the measurement of the unsteady aerodynamic loading on
the cylinder and the evolution of it when switching from unlocked to locked cases. Hence, three
main parameters will be of interest for the present report: (a) the amplitude of the motion of
the cylinder, (b) the time evolution of the pressure on the cylinder and (c) the velocity of the
fluid within the wake region just after the circular cylinder. In order to do so, the following
measurement systems have been used:

• Unsteady Loading: 36 pressure taps have been uniformly distributed around the mid-
span section of the cylinder (Figure 17). These pressure taps are connected to a scanner
located outside the test section by plastic tubes. The scanner allows synchronous pressure
measurements of all the taps. Moreover, it is also connected to an anemometer which

19
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measures the static pressure of the incoming air and gives to the user the value of cp
(Equation 11) at each pressure tap directly.

• Amplitude of the Cylinder: The motion of cylinder is analyzed in terms of the time
evolution of its amplitude. It has been recorded by means of laser measurements [72]. This
parameter will allow the extraction of fn from a frequency domain analysis of the motion;
as well as, the detection of the lock-in region.

• Fluid Velocity in the Wake: A cobra probe located downstream, just behind of the
mid-span section of the cylinder will be used for this purpose (Figure 17). It is capable
to measure the different components (u, v, w) of velocity. It allows detecting the order
of magnitude of the 3D effects present in the wake and vortex shedding of the cylinder.
Also, the shedding frequency (fvs) and the Strouhal number (St) will be extracted from
this data. Eventually, the lock-in region will be identified based on the results extracted
from it.

All the data has been measured synchronously at fs = 300 [Hz]

(a) Pressure taps distribution (b) Cobra Probe location and reference system

Figure 17: Sketches of the measurement and reference systems set-up

3.5 Testing Conditions

The experiment consists in the recording of the previously presented data at a range of different
airspeeds aiming to locate the lock-in region and the point at which the circular cylinder under-
goes VIV. Then, the loading will be analyzed.

The experiment has been carried out in the range [1.5-9.1] [m/s] of airspeed at 29 different values;
first, in increasing order from 0 [m/s] up to 9.15 [m/s] and afterwards in opposite direction down
to 3.1 [m/s]. By proceeding this way, the inherent hysteresis of the VIV will be captured. These
values will result in the range of Reynolds number Re ∈ [104 − 6 · 104]. Under this conditions,
the boundary layer around the static cylinder will be laminar; the shedding vortices, however,
turbulent. The regime transition will happen in the shear layer, after the laminar separation
occurs (Figure 4). This physical phenomenon will be considered in the CFD simulations as it is
known from the literature that the behaviour of the boundary layer, separation point and the
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near wake region affects the pressure distribution around the cylinder. The drag coefficient will
be specially affected by it. Moreover, there will be low incoming turbulence level (Ti = 0.2%).

Regarding the L
D

ratio, it is known from the literature research ([23] [15] [27]) that under these
operating conditions, L

D
>= 25 would give independent conditions at mid span free of oblique

vortex shedding. Hence, a velocity component in the spanwise direction as well as 3D vortex
shedding are expected in our experimental data, at least for the static cylinder.

As a summary, the principal testing conditions under which the experiment has been performed
are listed below.

• Low incoming turbulence conditions: Ti = 0.2%

• Range of Free-stream velocity: U∞ ∈ (1.5− 9.1) [m/s]

• Reynolds number: Re ∈ (1 · 104 − 6 · 104)

3.6 General VIV Results

3.6.1 Modal Properties of the Cylinder and the Supporting Structure

In order to find the natural frequency (fn) of the system at wind-off, a test has been perform at
U∞ = 0. The frequency at which the structure vibrates will be extracted by means of Fourier
Analysis of the time response of the cylinder recorded by the laser. Figure 19 shows that the
motion of the cylinder has a base frequency at fn ∼ 7.07 [Hz] and higher frequency components
which are multiples of it. However, higher harmonics can be neglected in terms of order of
magnitude. Furthermore, Half Power method (Figure 18) have been used to obtain the inherent
damping ratio, ζn (Equation 2), of the system. The modal properties of the system are presented
in Table 1.

3 3.2 3.4 3.6 3.8 4 4.2 4.4 4.6 4.8 5

Frequency [Hz]

0

100

200

300

400

500

600

700

A
m

p
lit

u
d

e

Figure 18: Graphical representation of the Half Power Method extracted from [65]. Figure is
presented in order to define the damping ratio, ζn. Numerical data presented is independent of
the current project
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Figure 19: FFT of the time displacement of the cylinder at wind-off test

fn [Hz] 7.0675
ζn [−] 0.0024

Table 1: Natural frequency (fn) and damping ratio (ζn) of the structural mode identified in the
experimental setting of the circular cylinder at wind-off (U∞ = 0)

3.6.2 Displacement of the Cylinder

The experiment has been carried out at 29 different airspeeds; first, in increasing order from 0
[m/s] up to 9.15 [m/s] and afterwards in opposite direction down to 3.1 [m/s]. This way, the
possible hysteretic behaviour that characterizes VIV aeroelastic phenomenom is captured.

In order to locate the region at which the cylinder undergoes Vortex Induced Vibretion (VIV),
the maximum amplitude and the standard deviation of its motion have been computed. There
is a range of airspeeds where the system suffers from a self-induced and self-sustained vibratory
motion. Switching to higher or lower values outside of it, the motion of the cylinder decays to
zero, stopping the VIV. Figure 20 shows the cylinder motion for increasing values of windspeed.
It can be seen that at U∞ ∼ 4 [m/s] the amplitude of the motion of the cylinder increases
drastically leading to Vortex Induced Vibration (VIV) phenomenon.
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Figure 20: Evolution of the non dimensional standar deviaton of the amplitude (left) and max-
imum amplitude (right) of the motion of the cylinder for increasing values of windspeed

3.6.3 Lock-in Region

The lock-in region is a range of windspeeds at which the shedding frequency of the flow is led
by the motion of the structure. In this case, by the displacement of the rigid cylinder vibrating
in cross direction to the incoming fluid flow.

The vortex shedding frequency (fvs) will be computed from the time evolution of u component
(see Figure 17) of the flow velocity in the wake region just behind the cylinder. Figure 21 presents
the shedding frequency at each airspeed. Also, the natural frequency (fn) of the vibrating
cylinder and the Strouhal law are shown. The shedding frequency of the cylinder follows the
Strouhal law up to ∼ 4 [m/s] of windspeed. At that point, it equates the natural frequency of
the structure (fn = 7.07 [Hz]) and it keeps constant until U∞ ∼ 4.9 [m/s]. This region is known
as the lock-in region and coincides with the drastic increase in the amplitude of the cylinder’s
motion.
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Figure 21: fvs, ◦, & fvs, ∆, as a function of the windspeed from experimental data
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3.7 Cases for CFD Code Validation

From the previously ran 29 cases (neglecting wind-off), two have been selected to validate the
CFD codes. On the one hand, the case with the smallest amplitude of the cylinder (U∞ = 1.4839
[m/s] & Re ∼ 1 · 104) for the static case with a shedding frequency of fvs = 2.78 [Hz]. On the
other hand, the cylinder undergoing VIV at U∞ = 4.2786 [m/s] (Re ∼ 2.9 ·104) will be chosen to
verify the model of the oscillating or moving cylinder. The aerodynamic parameters will be the
reference validation parameters. Hence, the time mean pressure coefficient (c̄p) over the mid-
span section of the cylinder and the time evolution of the drag (cDexp) and lift (cLexp) coefficients
will be extracted from the recorded data. Also, the shedding frequency (fvs).

Moreover, the time evolution of the w component of velocity in the wake extracted from the
Cobra Probe will give the order of magnitude of the 3D behaviour of the flow in that region.

Eventually, the Strouhal number (St) will be computed from both the u component of the flow
velocity in the wake and from the oscillatory behaviour of cLexp .

3.7.1 Case at U∞ = 1.4839 [m/s] (Re ∼ 1 · 104)

• Time Mean Pressure Coefficient (c̄p)

Figure 22: Time mean distribution of the pressure coefficient (c̄p) over the mid-span section of
the static cylinder at Re ∼ 1 · 104. Plotted over the geometry of the circular section

Figure 22 and Figure 23 present the time mean distribution of the 2D pressure loading of
the cylinder at the mid-span section at U∞ = 1.4839 [m/s] (Re ∼ 1 · 104). The former
shows c̄p distribution plotted over the circular section that characterizes the geometry of
the cylinder. It can be observed that the aerodynamic loading is not symmetric with
respect to the ”horizontal” symmetry axis of the circle. The geometrical non-uniformity
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of the circular section or the surface roughness could result in a non-symmetrical loading.
Furthermore, the amplitude of the displacement of the cylinder is not completely null
(Figure 20) which can also modify the ideal symmetric c̄p distribution over the mid-span
section of the cylinder. The latter shows c̄p as a function of the angular coordinate ϕ
(Figure 23a) and as a function of the streamwise coordinate x (Figure 23b). Both verify
the non-symmetric distribution of the 2D loading on the cylinder.
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Figure 23: Time mean loading of the cylinder at Re ∼ 1 · 104. c̄p as a function of the angle
ϕ (left). Where, ϕ is the angle defined in Figure 17a positive in the increasing direction of
the numbering of the pressure taps. c̄p as a function of the streamwise coordinate x (right).
This coordinate starts at the center of the circular section and it is positive downstream (see
Figure 17a).

• Time Evolution of Lift Coefficient (cLexp) and Drag Coefficient (cDexp)

Figure 24a shows the time evolution of the 2D lift and drag coefficient computed directly
from experimentally recorded cp at mid-span section defined in subsection A.5. A FFT of
the former is presented in Figure 24b. Theoretically, for a perfect circular geometry and
homogeneous flow the steady component of cLexp should be zero; however, it is not, even
if close to it. The mean component of the time distribution (or the component related
to 0 [Hz] frequency of the FFT) verifies the previous statement. Moreover, even if some
noise is included in the recorded data (possibly, due to the low velocity of the incoming
wind and the non-zero vibration of the structure), a main oscillating frequency (and its
higher multiple frequencies) can be identified from the Fourier analysis. Table 2 captures
the parameters that characterizes the behaviour of these aerodynamic parameters.

c̄Lexp [-] c̄Dexp [-] fcLexp
[Hz]

-0.0264 0.7212 2.8

Table 2: Time mean values of lift and drag coefficients computed from the experimental pressure
distribution over the mid-span section at U∞ = 1.4839 [m/s] (Re ∼ 1 · 104). Main frequency of
the time distribution of experimental lift coefficient
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Figure 24: 2D lift and drag (left) coefficients at mid-span section of the cylinder obtained from
the experimental data at U∞ = 1.4839 [m/s] (Re ∼ 1 · 104). Time distribution (left) ; FFT
analysis of cLexp (right)

• Wake Velocity

On the one hand, Figure 25 shows the time distribution of the velocity components in
the wake recorded by the Cobra Probe. The streamwise component (u) is one order of
magnitude higher than the others (v and w). However, even if close to zero, there is a small
component of velocity in span-wise direction, which will force us to perform 3D numerical
calculations to well-capture the experimental unsteady loading on the mid-span section of
the cylinder. It will be discussed in section 4.
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(b) Wake velocity vs time (t ∈ [16− 25]s)

Figure 25: Time distribution of the wake velocity recorded by the Cobra Probe at U∞ = 1.4839
[m/s] (Re ∼ 1·104). Streamwise component (u), spanwise component(w), orthogonal component
to the others (v). See Figure 17b
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On the other hand, the FFT analysis of the wake velocity (Figure 26) reveals a vortex
shedding frequency of fvs = 2.78 [Hz].
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Figure 26: FFT of the Wake Velocity at U∞ = 1.4839 [m/s] (Re ∼ 1 · 104)

ū [m/s] v̄ [m/s] w̄ [m/s] fvs [Hz]

1.4116 0.0378 0.0212 2.78

Table 3: Time mean value of each wake velocity component and oscillation frequency of the lift
coefficient at U∞ = 1.4839 [m/s] (Re ∼ 1 · 104)

• Strouhal Number (St)

As many authors have made reference to it ([44] [22] [9] [7]) the lift coefficients oscillates
at the vortex shedding frequency (or really close to it). Table 4 collects both frequencies
and the Strouhal numbers related to them. Both values are close to each other and the
corresponding St matches the generally used value for circular cylinders (St = 0.2) and
experimental results with oblique shedding (St = 0.18) [53] [52].

from: cLexp(t) velu(t)

fvs [Hz] 2.78 2.8
St [-] 0.1887 0.1869

Table 4: Shedding frequency and Strouhal number obtained from (a) time distribution of the
experimental cL and (b) time distribution of the fluid velocity in the vortex at U∞ = 1.4839
[m/s] (Re ∼ 1 · 104)
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3.7.2 Case at U∞ = 4.2786 [m/s] (Re ∼ 2.9 · 104)

• Time Mean Pressure Coefficient (c̄p)

Figure 27: Time mean distribution of the pressure coefficient (c̄p) over the mid-span section of
the moving cylinder at U∞ = 4.2786 [m/s] (Re ∼ 2.9 · 104). Plotted over the geometry of the
circular section

Figure 27 and Figure 28 present the time mean distribution of the 2D pressure loading
of the cylinder at the mid-span section at U∞ = 4.2786 [m/s] (Re ∼ 2.9 · 104). The for-
mer shows c̄p distribution plotted over the circular section that characterizes the geometry
of the cylinder. It can be observed that compared to the case at U∞ = 1.4839 [m/s]
(Re ∼ 1 · 104) the aerodynamic loading over the cylinder is more symmetric with respect
to the upper and lower parts of it. The latter shows c̄p as a function of the angular coordi-
nate ϕ (Figure 28a) and as a function of the streamwise coordinate x (Figure 28b). Both
verify the close to symmetric distribution of the 2D loading on the cylinder which can be
the result of the 1D motion of the cylinder due to VIV. This way the structural motion
takes under control the vortex shedding and makes the phenomenon predominantly two
dimensional.

Compared to the time mean pressure coefficient distribution over the cylinder atRe ∼ 1·104

(Figure 23), the current c̄p presents a non constant distribution at the rare of the cylin-
der (see Figure 28). The possible cause of it is the separation of the flow followed by a
re-attachment. Hence, the flow possibly separates from the cylinder at x ∼ 0.01 [m] (or
ϕ ∼ 78 [o] & ϕ ∼ 282 [o]), it keeps separated along the flattest part of the distribution and
reattaches at x ∼ 0.02 [m] (or ϕ ∼ 55 [o] & ϕ ∼ 305 [o]) leading the descend of c̄p value at
the rear.
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Figure 28: Time mean loading of the cylinder at U∞ = 4.2786 [m/s] (Re ∼ 2.9 · 104). c̄p as
a function of the angle ϕ (left). Where, ϕ is the angle defined in Figure 17a positive in the
increasing direction of the numbering of the pressure taps. c̄p as a function of the streamwise
coordinate x (right)

• Time Evolution of Lift Coefficient (cLexp) and Drag Coefficient (cDexp)

Figure 29 shows the time evolution of the 2D lift (Figure 29a) and drag (Figure 29b) co-
efficients computed directly from experimentally recorded cp at mid-span section defined
in subsection A.5. A FFT of the former is presented in Figure 31b. Compared to Fig-
ure 24b the oscillating frequency of cLexp is more defined when the cylinder undergoes VIV,
vibrating at its natural frequency and higher harmonics of it. Moreover, the leakage to
contiguous frequencies has reduced. Table 5 captures the parameters that characterizes
the behaviour of these aerodynamic parameters.
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Figure 29: 2D lift (left) and drag (right) coefficients at mid-span section of the cylinder obtained
from the experimental data at U∞ = 4.2786 [m/s] (Re ∼ 2.9 · 104)
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3 EXPERIMENTAL RESULTS

c̄Lexp [-] c̄Dexp [-] fcLexp
[Hz]

-0.2391 1.8399 7.07

Table 5: Time mean values of lift and drag coefficients computed from the experimental pressure
distribution over the moving cylinder at mid-span section at U∞ = 4.2786 [m/s] (Re ∼ 2.9 ·104).
Main frequency of the time distribution of experimental lift coefficient

• Wake Velocity

On the one hand, Figure 30 show the time distribution of the velocity components in
the wake recorded by the Cobra Probe. The streamwise component (u) is one order of
magnitude greater than the others (v and w). Even more, the v component is close to
be null, which can lead to the possibility to neglect 3D numerical simulations due to
the dimensional behaviour of the vortex shedding phenomenon in the moving cylinder.
However, this must be proven in the numerical simulations subsection 6.10.
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Figure 30: Time distribution of the wake velocity recorded by the Cobra Probe at U∞ = 4.2786
[m/s] (Re ∼ 2.9 · 104). Streamwise component (u), spanwise component(w), orthogonal compo-
nent to the others (v). See Figure 17b

On the other hand, the FFT analysis of the wake velocity (Figure 31a) revealed a vortex
shedding frequency of fvs = 7.07 [Hz], which is the natural frequency of the cylinder
(subsubsection 3.6.1).

ū [m/s] v̄ [m/s] w̄ [m/s] fvs [Hz]

2.8741 -0.0603 0.2190 7.07

Table 6: Time mean value of each wake velocity component and oscillation frequency of the lift
coefficient at U∞ = 4.2786 [m/s] (Re ∼ 2.9 · 104).
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Figure 31: FFT of the experimental time signals of the lift coefficient (right) and wake velocity
(left) at U∞ = 4.2786 [m/s] (Re ∼ 2.9 · 104)
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4 CFD CODE VALIDATION: 2D STATIC CYLINDER

4 CFD Code Validation: 2D Static Cylinder

4.1 Introduction

Aiming to build an eventual numerical (CFD) model that captures the flow and its structural
physics over both static and moving cylinders, a sequential procedure will be followed in the
present report. Beginning from the simplest and computationally cheapest model until 2D dy-
namic models.

In the current section, a 2D numerical model of the static set-up will be developed and validated
against the experimental data (Re ∼ 1 · 104) presented in subsubsection 3.7.1. As it will be
shown later on, no 2D domain will be able to well-represent the experimental results obtained
from the wind-tunnel, but this method allows to select turbulence models, element type and
the mid-span sectional domain that will be used in 3D simulations while saving a great amount
of computational cost and time. Eventually, the decisions taken in the current section will be
considered and applied in 3D static and 2D dynamic numerical domains.

An early 2D simulation allows the user to make a higher mesh refinement of a fluid section
at low computational cost than in 3D computations. This will give an idea of the effect of
mesh refinement in terms of 2D effects. However, possible 3D effects of the wake and turbulent
structures are automatically neglected losing possible information within the wake, as discussed
by several authors [37] [32].

4.2 Computational Domain

Figure 32 shows the 2D computational domain used in both static and moving cylinder cases.
It has been built based on the work of various authors in literature [59] [55] [48] [45] [43]. It
is a rectangular fluid domain which extends up to 7.5D in y direction on both sides of the
cylinder. This size coincides with the width of the wind tunnel (subsection 3.2). It also extends
8D upstream of the cylinder. Finally, the outlet is set at a distance of 22D downstream of it in
order to well-capture the wake and its time dependent physics. It is essential for modelling the
time evolution of the pressure distribution around the cylinder [59] [30] [55]. The wake is defined
in a separated region from the main stream that allows a further refinement of it as it can be
seen in Figure 32 & Figure 35. The two dimensional section will be also used as the span-wise
extruded section of the 3D domain.
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Figure 32: Geometry of the two dimensional fluid domain used in ANSYS Fluent

4.3 Numerical Grid and Mesh Independence Study

Based on the literature research of numerical simulations of flow around circular cylinders ([31]
[40] [59] [55] [63] [64]...), it has been decided to go for an unstructured mesh of tetrahedral
elements (Figure 35).

However, as it will be explained later on subsection 4.9, structured meshes (Figure 36) have been
also tested in the turbulence model selection process. Moreover, each turbulence model has its
own mesh requirements, mainly y+ value and number of elements within the boundary layer,
which will modify the final grid. Hence, the final size of the mesh, as well as the refinement level
of the wake or the base size of the elements, will vary from one simulation to another. The mesh
independence or convergence analysis will be first focused on steady state simulations and then,
moved on into transient simulations. This study has been carried out by means of a parametric
study in ANSYS Workbench combining ANSYS Design Modeler, ANSYS meshing and ANSYS
Fluent commercial softwares.

4.3.1 Steady Parameters

20 computational grids of different refinement level have been compared. The eventual mesh will
be selected based on the values of the lift and drag coefficients (cL & cD), the spatial averaged
pressure coefficient on the cylinder wall (Ave. cp), spatial averaged outlet flow velocity (uout) and
spatial averaged outlet mass flow rate (ṁout). The modifications amongst the different meshes
have been introduced in:

• Number of discrete points on the cylinder boundary

• First cell height on the cylinder boundary

• Number of cells in the boundary layer

• Base element size on the wake and free-stream regions

• Growth rates in the boundary layer, free-stream and wake regions
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Figure 33 & Figure 34 show the the results from the parametric study as a function of the number
of mesh elements. The study has been conducted for RANS Transition SST and RANS k−ω SST
turbulence models (these two models, in their SAS versions, will result in the most successful ones
in subsection 4.9). While cL and uout suffer barely variation with the refinement level (Figure 34a
& Figure 34b), a greater evolution can be identified in cD and Ave. cp (Figure 33a & Figure 33b).
A stable value of the latter parameters is reached with the numerical grid compounded by 83966
elements. Eventually, Table 7 and Table 8 summarize the conducted convergence study of the
steady state parameters and presents the numerical values of those parameters for 5 meshes with
different levels of refinement.
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Figure 33: Evolution of cD (left) and spatial average of cp on the cylinder (right) for increasing
values of number of cells on the grid. RANS Transition SST (red) and RANS k−ω SST (black)
turbulent models have been analyzed at Re ∼ 1 · 104
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Figure 34: Evolution of cL (left) and uout (right) for increasing values of number of cells on the
grid. RANS Transition SST (red) and RANS k−ω SST (black) turbulent models at Re ∼ 1 ·104
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# Elements [-] cL [-] cD [-] Ave. cp [-] uout [m/s] ṁout [kg/s]

26026 0.00213 0.7424 -0.3161 1.2787 8.38605
46497 -0.00271 0.747 -0.2482 1.2787 8.38605
83966 -0.0011 0.0749 -0.2379 1.2786 8.38605
101576 0.001332 0.7507 -0.2368 1.2788 8.38605
142164 -0.0029 0.7443 -0.2343 1.2786 8.38605

Table 7: Steady parameters used in the mesh independence study of 2D static numerical code
with RANS k − ω SST turbulence model at Re ∼ 1 · 104

# Elements [-] cL [-] cD [-] Ave. cp [-] uout [m/s] ṁout [kg/s]

26026 0.002603 0.8588 -0.3493 1.2787 8.38605
46497 0.00639 0.8164 -0.3682 1.2786 8.38605
83966 -0.00381 0.822 -0.3561 1.2786 8.38605
101576 0.001332 0.8217 -0.348 1.2787 8.38605
142164 0.0005236 0.8163 -0.3511 1.2786 8.38605

Table 8: Steady parameters used in the mesh independence study of 2D static numerical code
with Transition SST Turbulence model at RANS Re ∼ 1 · 104

4.3.2 Time Dependent Parameters

From the previous presented grids, the transient analysis has been applied to the finest ones.
Consequently, the coarsest mesh is the one at which the steady convergence has been reached,
resulting in a comparison of 3 levels of refinement. The results are presented in Table 9 (SAS
k − ω SST) & Table 10 (SAS Transition SST) which show that the convergence of the time
dependent parameters is reached for the same mesh as for the steady state simulations. As
mentioned before, these two turbulence models will result in the most successful ones (subsec-
tion 4.9). Even if the computational time of each simulation is not reflected in the tables, moving
from the coarsest to the finest, it increases by orders of magnitude.

# Elements [-] c̄L [-] c̄D [-] Ave. c̄p [-] ūout [m/s] m̄out [kg/s]

83966 0.0737 1.8233 -0.9393 1.4850 2.91
101576 0.0168 1.783 -0.9178 1.4849 2.91
142164 0.01579 1.7814 -0.9189 1.4849 2.91

Table 9: Time dependent parameters used in the mesh independence study of 2D static numerical
code with SAS k − ω SST turbulence model at Re ∼ 1 · 104. c̄L, time mean value of 2D lift
coefficient; c̄D, time mean value of 2D drag coefficient; Ave. c̄p, spatial average of the time mean
pressure coefficient over the cylinder; ūout, area average of the time mean value of velocity at
outlet boundary; m̄out, time mean value of the mass flow rate at outlet boundary
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# Elements [-] c̄L [-] c̄D [-] Ave. c̄p [-] ūout [m/s] m̄out [kg/s]

83966 0.0768 1.6791 -0.8731 1.4840 2.908
101576 0.0720 1.669 -0.8590 1.4840 2.908
142164 0.012 1.716 -0.8588 1.4839 2.908

Table 10: Time dependent parameters used in the mesh independence study of 2D static nu-
merical code with Transition SAS SST turbulence model at Re ∼ 1 · 104. c̄L, time mean value
of 2D lift coefficient; c̄D, time mean value of 2D drag coefficient; Ave. c̄p, spatial average of the
time mean pressure coefficient over the cylinder; ūout, area average of the time mean value of
velocity at outlet boundary; m̄out, time mean value of the mass flow rate at outlet boundary

4.3.3 Results and Conclusions

Eventually, the validated mesh is shown in Figure 35. It is composed by 83966 elements and
65691 nodes. The base element size of the main stream region is 0.2 [m]. The wake region,
however, has been refined down to a base element size of 0.05 [m] with a growth rate of 1.05.
The inflation layer around the cylinder has 20 layers and the height of the first cell is 5 · 10−5

[m] which results in y+ < 1. These parameters are within the range of recommendations done
by authors on the literature ([59] [26] [73]) to well-resolve the flow around the cylinder with
SAS-SST and SAS Trans. SST turbulence models. These turbulence models will result in the
most successful ones in subsection 4.9.

Figure 35: Validated bidimensional unstructured grid

Final mesh information:

• Number of Nodes: 65691

• Number of Elements: 83966

• Minimum Face Angle: 20.20 [o]

• Maximum Face Angle: 125.945 [o]

• First Cell Height in Inflation Layer: 0.00005 [m]
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• Number of Cells in Inflation Layer: 20

• Cell Growth Rate in Inflation Layer: 1.1

• Base Element Size in Free-stream region: 0.2 [m]

• Cell Growth Rate in Free-stream region: 1.1

• Base Element Size in wake region: 0.05 [m]

• Cell Growth Rate in wake region: 1.05

(a) 2D Circular domain (b) Rectangular section of the 2D structured grid

Figure 36: 2D circular domain and structured grid used in the turbulence model selection process
(subsection 4.9)

4.4 Boundary Conditions

• Inlet Boundary: It has been defined as a velocity inlet boundary. The velocity magni-
tude equals the experimental one (uinlet = 1.4839 [m/s]) and the direction, normal to the
boundary. The turbulence intensity is 0.2% (experimental). Eventually, the static pressure
is set equal to the atmospheric pinlet = patm = 101325 [Pa]

• Outlet Boundary: It has been defined as pressure outlet which has been set equal to
the atmospheric pinlet = patm = 101325 [Pa]. The turbulence level of the reverse flow has
been set equal to the inlet turbulence (0.2%).

• Cylinder wall Boundary: No-slipping wall boundary

• Upper & Lower Boundaries: As there is no interest in the resolution of the boundary
layer that evolves on the walls of the wind tunnel, 3 different boundary types were tested
(symmetry, no-slip wall and slipping wall). As these boundaries are far enough from the
cylinder and the aerodynamic blockage that the cylinder introduces in the wind tunnel is
really small, no big difference was observed in the loading over the cylinder. The main
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discrepancies were found in the static pressure and velocity close to these boundaries and
the convergence of the numerical scheme. Both of them depend on the resolution or not
of the boundary layer on the walls of the tunnel which is not of interest of the current
report. Eventually, symmetry conditions were applied as the steps taken until convergence
and the order of magnitude of the residuals were the lowest.

4.5 Convergence Criteria

The convergence of the numerical scheme for transient simulations will be mainly based in the
time distribution of lift and drag coefficients automatically monitored by ANSYS Fluent (see
subsection A.3 for definition) as advised in [73].
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Figure 37: Time evolution of cDmo and cLmo until convergence has been reached. These results
correspond to URANS k − ω SST and RSM k − ε turbulence models used in subsection 4.9

From different authors in literature ([44] [9] [67] [22] [7]) it is known that the the lift acting on
the cylinder oscillates with the main frequency (or close to it) of vortex shedding process. The
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drag, instead, at the double of it. Hence, the simulation will have converged when cLmo and cDmo

start oscillating with a sinusoidal shape at constant amplitude and defined frequency.

By definition, cLmo and cDmo will converge to a perfect sinusoidal time signal in URANS/RANS
turbulence models. In hybrid models (SAS, DES, DDES, IDDES), however, it will contain more
than only one frequency content. Further discussion can be found in subsubsection 6.10.1. Fig-
ure 37 shows two examples of converged simulations used in subsection 4.9. As it can be seen the
convergence of the results is reached at different flow times depending on the numerical code used.

4.6 Discretization and Solution Schemes

Second order implicit temporal discretization is used with a time step of ∆t = 0.005 s (see sub-
section 4.7) and 20 iterations per time step to ensure the convergence at each time step. In the
CFD codes based on URANS turbulence models, Second order Implicit temporal discretization
is adopted.

However, due to convergence issues when running SAS turbulence models it has been switched
to Wall-Bounded Second Order Implicit scheme. By recommendation of ANSYS Fluent manual
[73] the residuals should decrease at least in 2 orders of magnitude in each time step.

For steady state simulations, COUPLE solver has been used for the pressure-velocity coupling
while for transient simulations, SIMPLE1 is set following the trend of several authors in liter-
ature. Second Order Upwind spatial discretization has been used for the transport equations
introduced by the turbulence models to close the problem (Turbulent Kinetic Energy, Specific
Dissipation Rate, Intermittency and momentum Thickness Re...). Furthermore, second order
spatial discretization has been applied in the pressure field and least Squares Cell Based dis-
cretization for the gradient. Eventually, momentum equation has been spatially dicretized by
means of central differencing in URANS models and Bounded Central differencing in SAS models.

4.7 Time Step Size

In this section a convergence analysis of the time mean values will be carried out in order to set
the optimum time step size of the numerical integration scheme. The optimal ∆t will be the one
that provides a balance between the computational cost of the simulation and the accuracy of
the results (same philosophy that was used in the mesh independence analysis). The results are
summarized in Table 11. It can be deduced that the results obtained with ∆t = 0.001 [s] and
∆t = 0.005 [s] are nearly identical and slightly different compared to the ones from ∆t = 0.0005
[s]. However, the increase of the simulation time from the smallest time step to the intermediate
one is considerable. Hence, aiming a balance between the accuracy and the computational cost
it was decided to set a time step of ∆t = 0.005 [s].

1A brief introduction to the basics of SIMPLE and PISO algorithms for pressure-velocity coupling solving can
be found in Appendix B
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∆t [s] c̄L [-] c̄D [-] Ave. c̄p [-] ūout [m/s] m̄out [kg/s]

0.01 0.0053 1.43 -0.3192 1.4839 2.9084
0.005 0.0086 1.66 -0.8378 1.4838 2.9082
0.001 0.0080 1.68 -0.8341 1.4838 2.9080
0.0005 0.0081 1.682 -0.8268 1.4838 2.9080

Table 11: Time step size ∆t convergence analysis for the 2D static cylinder CFD code at
Re ∼ 1 · 104

As there is no deformation of the mesh, nor dynamic properties of it has been used, no huge
differences on the results can be found when setting a small enough time step. This kind of
analysis will be of essential importance in the moving cylinder code (subsection 6.3) as the mesh
is deformed at each time step and a big enough ∆t could result in a sudden divergence of the code.

4.8 Running Procedure

The running procedure, as recommended in ANSYS Fluent tutorial [73] and widely used by
authors of the field, is based on sequential steps. Each step will consist in one simulation; being
the first one the cheapest and simplest one computationally speaking and in increasing order of
complexity. The objective of this approach is to help the CFD code converge and avoid possible
divergence or excessive computational time. Steps to follow:

1. Steady State simulation: Convergence is verified when the steady aerodynamic coef-
ficients (cL and cD) reach a steady value and the residuals lay below 10−12 or reach a
low steady value. Reynolds Averaged Navier-Stokes (RANS) turbulence models (k − ω or
Transition SST) are used in this first step. The chosen one will be applied to the different
simulations in its different versions (URANS & SAS). Also, at this point the y+ values are
checked.

2. First Transient simulation: The initial conditions will be the converged steady solution.
At this point, Unsteady Reynolds Averaged Navier-Stoques (URANS) turbulence models
are used. The convergence criteria is defined in subsection 4.5.

3. Second Transient simulation: Once the transient solution of the URANS turbulence
model has converged. It is ran one more time (URANS k − ω SST or URAN Trans. SST
depending on the initial choice) during a number of time steps which makes possible the
correct extraction of time dependent parameters and statistics.

4. Third Transient simulation: From the converged transient results the turbulence model
is modified from URANS to SAS and ran until convergence is reached. Also, by recom-
mendation of ANSYS manual [73], the time scheme is changed from 2nd order implicit to
bounded 2nd order implicit.

5. Forth Transient simulation: Once the transient solution with SAS turbulence model
has converged, it is ran one more time with the same turbulence model (SAS k − ω SST
or SAS Trans. SST) during a number of time steps which makes possible the correct
extraction of time dependent parameters and statistics.
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4.9 Turbulence Model Selection

The main objective of this section is to select a turbulence model capable of capturing the phys-
ical behaviour of the flow in both boundary layer and the near wake region after the separation.
Based on an extensive literature research (subsection 2.1), it has been concluded that high fi-
delity turbulence models as LES should be avoided in terms of grid resolution and computational
cost. Furthermore, they are 3D turbulence models by definition and should not be used in 2D
computations. Conversely, RANS or URANS turbulence models would be the computationally
cheapest option but they fail to well-represent the 3D behaviour of the turbulent wake. Hence,
the optimum choice would be an Hybrid LES/RANS model as DES or SAS. Aiming to avoid
further refinement of the wake in the 3D domain, which introduces a massive computational cost,
it was desired to use SAS rather than DES. Moreover, it has been proven in the literature ([59]
[26]) that the former successes modelling the 3D behaviour of the turbulent wake. Eventually,
the following turbulence models have been tested:

• URANS k − ε

• URANS k − ω SST

• URANS Transition SST

• RSM k − ε

• SAS SST k − ω

• SAS Transition SST

k − ω SST Trans. SST RSM k − ε SAS SST SAS Trans. SST Wind Tunnel

f osv [Hz] 3.6374 3.1862 3.5398 3.1705 2.7951 2.7731
St [-] 0.2451 0.2147 0.2385 0.2137 0.1884 0.1869

Table 12: Strouhal number (St) and shedding frequency (fvs) obtained from 2D unstructured
mesh simulations at Re ∼ 1 · 104

Aiming to save computational cost and time, the ability of several URANS models have been
compared in the 2D domain and their ability to capture the shedding frequency (fvs). The
shedding frequency has been extracted from the oscillatory behaviour of the monitored lift co-
efficient, cLmo (see subsection A.3) in ANSYS Fluent once the results were stabilized. Table 12
shows the results obtained from this study.

Furthermore, as it is presented in Figure 38, independently of the turbulence model, none of
them is able to represent c̄p distribution over the static cylinder after the separation of the
boundary layer happens. Aiming to avoid too much information on the plot and keep it under-
standable, just the closest turbulence models to the experimental data have been represented.
This difference is even greater in the near-wake region of the cylinder, where all the turbulence
models present a tendency to more negative values whereas the experimental data does not.
Hence, several structured meshes (Figure 36a & Figure 36b) have also been tested as an attempt
to find the cause of that behaviour. However, as presented in Table 13 that would not be the

41



4 CFD CODE VALIDATION: 2D STATIC CYLINDER

problem and the resultant shedding frequencies are further away from the experimental results.
Eventually, it has been concluded that it would be due to the fact that 3D effects are not cap-
tured by the developed numerical models.

URANS k − ε URANS k − ω SST URANS Trans. SST Wind Tunnel

fsv [Hz] 3.9346 3.7037 3.367 2.7731
St [-] 0.2652 0.2496 0.2269 0.1869

Table 13: Strouhal number (St) and shedding frequency (fvs) obtained from 2D structured mesh
simulations at Re ∼ 1 · 104

Based on the results presented in Table 12 and Table 13, two turbulence models have been
selected in both versions (URANS & SAS) for further analysis. On the one hand, k−ω SST, as
the original SAS was developed with it; and the Transitional SST turbulence model (it gives the
closest results to experimental data). Both of them using the unstructured mesh with tetrahedral
elements presented in Figure 35.
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Figure 38: Time mean distribution of the pressure coefficient over the static cylinder at U∞ =
1.4839 [m/s] (Re ∼ 1 · 104). Comparison between experimental and numerical data. X, URANS
models; 4, SAS models; ©, Experimental data

4.10 Conclusions

After having done the corresponding mesh independence study and the convergence testing of
the parameters related to the numerical schemes, it has been concluded that independently of
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the turbulence model implemented in the CFD code, none of them is able to well-represent and
capture the inherent unsteadiness of the wake region and vortex shedding process from the bluff
body. However, the fluid physics over the region of the cylinder where the flow is attached seem
to be captured. Furthermore, the Scale Adaptive turbulence models behave in a conciser way
rather than URANS models. This result was expected as E. Palkin and R. Mullyadzhanov & M.
Hadziabdic [63], P.R. Spalart [37] and Ju-Yeol You & Joon Kwon [55] discussed in their previous
researches in the field.

Even if the results from the previous CFD codes have not been successful enough in modelling the
inherent 3D and unsteady nature of the wake after bluff bodies, the numerical domain and grid
will be used as the starting point for the 3D simulations (section 5) and 2D oscillating cylinder
(section 6). The validation of the computational codes will be more strict in the following
sections as this approach aimed to build a first numerical domain and have a first insight of the
capabilities of the different turbulence models implemented on the commercial software.
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5 CFD Code Validation: 3D Static Cylinder

5.1 Introduction

Based on the results obtained in section 4 the bidimensional model will be extended into a 3D
computational domain. The objective is to capture the main flow physics that the 2D simula-
tions failed to do. Inherently, the extension of the fluid domain (2D −→ 3D) will increase the
computational cost and simulation time.

First, aiming to keep it as low as possible a new mesh independence study will be performed.
The 2D mesh can not be used as reference as it does not converge to correct solutions with a
refining process (subsection 4.9).

Secondly, two different turbulence models will be compared and validated against the data ob-
tained from the wind tunnel. These models are k − ω SST and Transition SST in both forms,
SAS and URANS. On the one hand, the former is the original model used in SAS; the latter,
however, gave the best results in two dimensional simulations (subsection 4.9).

The , running procedure, convergence criteria, time step size and numerical schemes used in this
section will be identical to the ones used in section 4. Also, the validation parameters.

5.2 Computational Domain

Figure 32 will be used as the base 2D section of the fluid domain and it will be extruded
in spanwise direction. The modelling of the whole physical test section of the wind tunnel
would have increased drastically the computational cost of the simulations due to the span-wise
discretization needed to well-capture the 3D effects of the fluid in the wake region. Hence, based
on the results presented by various authors who worked in transient computational simulations
of flow around 3D static cylinders ([59] [55] [31]) the span-wise length of the three-dimensional
domain will be L = πD. The previous value should be big enough to well-represent the three
dimensional flow-physics within a infinite cylinder. The main concern at this point was that, due
to the flow conditions under which the experiment was performed in the wind tunnel (end wall
effects, non perfect circular section, surface roughness of the cylinder...), the mid-span section
is not independent of the boundary conditions at the ends of the cylinder. Hence, this could
produce discrepancies between the 2D loading of the cylinder at mid-span section for a infinite
(numerical) and finite (experimental) cylinder.

5.3 Grid and Mesh Independence Study

On the one hand, as shown and discussed in Figure 38 and subsection 4.9 even a excessive
refinement of the 2D mesh (nor structured or unstructured) does not successfully represent the
experimental data extracted at mid-span section of the cylinder. However, in terms of vortex
shedding frequency and loading it resulted that the unstructured grids behave better than the
structured ones. Hence, based on those results, a new mesh independence study of unstructured
3D meshes of tetrahedral elements has been performed.
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On the other hand, the main concern of the mesh was the refinement level in spanwise direction
and the ability of the grid to well-capture the 3D effects of the turbulent wake in spanwise-
direction (it is thought that the 2D model failed due to the later reason). Several authors ([59]
[55] [31]) compared different number of elements in which the span of the cylinder was divided
(Nz = 5 , Nz = 15 , Nz = 20 , Nz = 30) from which the last two resulted in successful attempts.
Eventually, Nz = 24 was set due to mesh quality criteria. At this point, 3 numerical grids of
different refinement level (coarse, medium and fine) have been compared. The properties of
these three meshes are presented in Table 14.

Mesh # Nodes # Elements # Tetrahedrals # Wedges

Coarse 173345 507417 280617 226800
Medium 293827 845857 445857 4000

Fine 1036360 4409004 3689004 720000

Table 14: Number of nodes and elements of the 3 different three dimensional meshes analyzed
in the convergence study at Re ∼ 1 · 104

Following the procedure used in subsection 4.3 for 2D meshes, several parameters obtained from
both steady state simulations and transient simulations have been compared and exposed in
Table 15. It can be deduced that there is no a big difference between the resultant values of the
three grids. Hence, aiming a balance between the efficiency and accuracy of the eventual CFD
code the medium mesh has been selected.

# Mesh [-] cL [-] cD [-] c̄L c̄D Ave. cp [-] mout [kg/s] uout [m/s]

Coarse 0.000122 0.7207 -0.0021 1.030 -0.3612 0.8236 1.4840
Medium 0.0035 0.8244 -0.00201 1.025 -0.3489 0.8236 1.4840

Fine 0.0089 0.8465 -0.001905 1.021 -0.3296 0.8235 1.4839

Table 15: Steady and time dependent parameters used in the mesh independence study of 3D
static numerical code with SAS k − ω SST turbulence model at Re ∼ 1 · 104

The main properties of the eventual mesh are listed below:

• Number of Nodes: 293827

• Number of Elements: 845857

• First Cell Height in Inflation Layer: 0.00005 [m]

• Number of Cells in Inflation Layer: 20

• Cell Growth Rate in Inflation Layer: 1.2

• Base Element Size in Free-stream region: 0.2 [m]

• Cell Growth Rate in Free-stream region: 1.2

• Base Element Size in wake region: 0.1 [m]

• Cell Growth Rate in wake region: 1.1
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5.4 Boundary Conditions

Regarding inlet, outlet, cylinder wall and upper and lower boundaries, the imposed conditions
and values are identical to the ones used in the bidimensional domain (described in subsec-
tion 4.4). However, when switching from 2D to 3D domain, two new boundaries arise. These
last ones, represent the ”physical walls” of the wind tunnel on which the support of the cylinder
is set. As mentioned in subsection 5.2, the first try has been to model an infinite cylinder from a
non-infinite one. Hence, periodic boundary conditions have been set as done by several authors
([59] [55] [31]). Obviously, this technique will introduce some drawbacks in the model such as the
3D effects that the separation of the boundary layer of the wind tunnel wall due to the presence
of the cylinder will be neglected. These phenomena are called end-wall effects (some examples
of them are horse-shoe vortices or high angle oblique shedding). In turbomachinery field, they
are a concern as they introduce a decrease in total pressure which is translated in losses or loss
of efficiency. In contrary, the resolution of them implies the resolution of the boundary layer in
this boundaries and consequent refinement of the mesh. Hence, as they are not concern of the
current project, and low computational effort is desirable, the decision taken has been going for
the modelling of the infinite 3D cylinder.

5.5 Simulation Procedure & Set-Up

Basically, the running procedure is the same as the one used in 2D simulations and explained
in subsection 4.8. Regarding the numerical set-up, is also very similar to the one explained in
subsection 4.6. The main properties are listed below:

• COUPLE Solver for the pressure-velocity coupling of steady state simulations

• Second Order Implicit temporal discretization with URANS turbulence models in transient
simulations

• Wall-Bounded Second Order Implicit temporal discretization with SAS turbulence models

• Second Order Central Differencing for the spatial discretization of the momentum equation
(URANS)

• Bounded Second Order Central Differencing for the spatial discretization of the momentum
equation (SAS)

• SIMPLE(Appendix B) scheme for velocity-pressure coupling

• Second Order Upwind spatial discretization in the transport equations of Turbulent Kinetic
Energy, Specific Dissipation Rate, Intermittency and momentum Thickness Re

5.6 Results and Validation

5.6.1 Lift and Drag Coefficients

The monitored 3D aerodynamic coefficients (CLmo , CDmo) cannot not be compared to the ones
obtained from the wind tunnel (cLexp , cDexp) if one is consistent with their definitions presented
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in subsection A.3 and subsection A.5. Two are the reasons:
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Figure 39: CL(t) & CD(t) Time distribution of the 3D static cylinder at U∞ = 1.4839 [m/s]
(Re ∼ 1 · 104). URANS Transition SST Turbulence model (left). URANS k-ω SST turbulence
model (right)
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• We do not have information about the shear stress component from the experimental data

• ANSYS Fluent uses the whole cylinder pressure and shear stress distribution over the
cylinder which varies over the span of the cylinder (3D aerodynamic distribution). How-
ever, the experimental data consists only of the pressure distribution at mid-span section
(2D aerodynamic distribution) and if one wants to extend it to the whole cylinder, homo-
geneous span distribution will be assumed which it is not as verified by several authors
[37] [30] [59].

Instead, CDma (subsection A.6) will be used which allows to validate the data with the well-known
”Drag Crisis Curve for Circular Cylinders” (Figure 6) presented and discussed in section 2.

On the one hand, as discussed in subsection 4.5 the time distribution of the monitored lift and
drag coefficients of URANS turbulence models resulted in sinusoidal time distributions with a
main frequency. The SAS turbulence models, however, present time signals with a wider fre-
quency content. As discussed by Ju-Yeol You & Oh Joon Kwon in [55] URANS turbulence
models are more dissipative than SAS model which results in a 2D regular vortex shedding for
the former and 3D irregular for the latter. This behaviour is translated in the CL(t) and CD(t)
time distributions given by the software and presented in Figure 39 and Figure 40.

On the other hand, the time mean value of the aerodynamic parameters obtained from the differ-
ent CFD codes are presented in Table 16. The CLma in all of them has really low values and close
to the theoretical (null). The different CDma values, even of being of the same magnitude, varies
more, being the one obtained from SAS k − ω SST turbulence model really close experimental
values presented in the drag-crisis curve (Figure 6).

URANS k − ω SST URANS Trans. SST SAS k − ω SST SAS Trans. SST

C̄Lma [-] -0.0025 0.0045 -0.0021 0.0043
C̄Dma [-] 1.1137 1.2728 1.0453 1.3016

Table 16: Comparison of the 3D time mean lift and drag coefficients monitored in ANSYS Fluent
at Re ∼ 1 · 104

5.6.2 Shedding Frequency & Strouhal Number

Table 17 compares the vortex shedding frequencies and the Strouhal numbers obtained in each
numerical simulation performed in the validation of the CFD code for the static 3D cylinder at
Re ∼ 1 · 104. It has been extracted from the oscillatory behaviour of CLmo by means of Fast
Fourier Transform (FFT) of the time signal.

First, analysing the results, they are slightly higher than expected considering the 2D simulations
or wind-tunnel data (fvs = 2.77 [Hz]). However, they are closer to the experimental and numer-
ical values presented and widely validated in literature (Figure 3). The generic value of St = 0.2
is extended for perfectly circular 3D cylinders. A possible reason for this could be that while
the aforementioned results are two-dimentional (affected or not by 3D effects and of geometric
imperfects or not) and the last ones take into consideration the whole span of the cylinder and
the possible presence of asymmetries and 3D effects due to turbulence, non-symmetric vortex
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shedding or geometric defects.

Secondly, the numerical code that results in the closest shedding frequency to the experimental
one is the one that has implemented the SAS Transition SST turbulence model on it.

URANS k − ω SST URANS Trans. SST SAS k − ω SST SAS Trans. SST

fvs [Hz] 3.31 3.09 3.12 3.03
St [-] 0.22 0.21 0.21 0.20

Table 17: Vortex shedding frequency (fvs) and Strouhal (St) values extracted from the time
evolution of CLmo and CDmo of the numerical 3D simulation at Re ∼ 1 · 104

5.6.3 Time Mean 3D Loading
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Figure 41: Comparison of c̄p distribution over the mid-span section of the static cylinder at
U∞ = 1.4839 [m/s] (Re ∼ 1 · 104) extracted from 3D simulations. Experimental data is also
included

Figure 41 presents the time mean pressure coefficient (c̄p) at mid-span value obtained from the 4
different CFD codes plotted over the experimental distribution extracted from the wind-tunnel.
The only simulation that well-represents the experimental time mean cp distribution is the SAS
k − ω SST turbulence model. However, the profile obtained numerically is nearly symmetric
compared to the experimental data which behaves in a more unsymmetrical way. This was
expected mainly due to the fact that the cylinder used in the wind tunnel would not probably
be perfectly circular and as shown in Figure 20 the amplitude of the motion is not exactly null.
It is also affected by the roughness of the cylinder. It is remarkable that the four turbulence
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models result in nearly the same c̄p distribution along the attached flow conditions and follow the
distribution of one half of the experimental cylinder. URANS models present a latter separation
point of the flow compared to the SAS models which are closer to the experimental values.

5.7 Conclusions

The eventual validated 3D numerical code will consist of the medium refinement level grid
presented in subsection 5.3 which main properties are summarized and listed below:

• Number of Nodes: 293827

• Number of Elements: 845857

• First Cell Height in Inflation Layer: 0.00005 [m]

• Number of Cells in Inflation Layer: 20

• Base Element Size in Free-stream region: 0.2 [m]

• Base Element Size in wake region: 0.1 [m]

• Number of Elements in span: 24

and boundary conditions:

• Velocity Inlet

• Pressure Outlet

• Upper and Lower No-slipping Wall

• No-slipping wall on the cylinder

• 2 Symmetry Boundaries to model an infinite 3D cylinder

Regarding the numerical methods, wall-bounded second order implicit temporal discretization
has been used for the transient simulation with a time step of 0.005 [s]. Momentum equa-
tion has been spatially discretized with bounded second order central differencing and SIMPLE
solver has been applied to the velocity-pressure coupling. Finally, a second order upwind scheme
has been applied to the spatial discretization of the transport equations of the turbulence models.

Even if the SAS Transion SST turbulence model results in a closer vortex shedding frequency,
SAS k − ω SST model has been defined as the most successful one. The latter, as shown in
Figure 41 and Figure 6, showed the closest agreement with the experimental data extracted from
the wind tunnel in terms of the mean loading on the cylinder as well as with the wildly validated
drag crisis curve.
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6 CFD Code Validation: 2D Moving Cylinder

6.1 Introduction

As the final step of computational validation, a 2D dynamic model will be developed. The results
from the numerical domain will be compared to the data extracted from the run test number 11
which corresponds to the case at which the cylinder undergoes VIV with the largest amplitude.
Testing conditions are listed below:

• Windspeed: U∞ = 4.2786 [m/s]

• Re = 2.91 · 104 [-]

• Natural Frequnecy: fn = 7.07 [Hz]

• Amplitude: |y| = 0.038 [m]

The CFD code used for the static cylinder case will be the starting point for an eventual compu-
tational model for the resolution of the flow around an oscillating cylinder. Hence, the base fluid
domain, turbulence models and mesh size will be the same. In contrary, the numerical domain
will depend on time (imposed motion of the cylinder and the mesh needs to adapt accordingly).
Hence, an independent and more exhaustive time integration analysis will be carried out with
respect to the previous cases. Special attention needs to be paid to the time step size and the
adaptation of the mesh around the moving boundaries.

Eventually, a CFD code will be chosen to be used for further study in section 7.

6.2 Computational Domain and Boundary Conditions

The two dimensional computational domain used to model the moving cylinder is presented in
Figure 32 which is the one built in subsection 4.2 for the static cylinder. Regarding boundary
conditions, same have been imposed:

• Inlet Velocity Boundary Condition

• Pressure Outlet Boundary Condition

• No-Slipping Wall Boundary Condition at the Cylinder

• Symmetry Boundary Conditions in the upper and lower boundaries

However, two main differences arise at this point; first, the inlet velocity magnitude normal to
the boundary is uinlet = 4.2786 [m/s] (with same incoming turbulence level Ti = 0.2%) and the
cylinder boundary is a moving wall. The objective of the previous modification is to model the
oscillatory motion of the cylinder undergoing VIV.

In order to do so, a pure sinusoidal movement transverse to the incoming flow have been imposed
to the region of the fluid domain that models the cylinder walls. This motion is characterized by
an amplitude of |y| = 0.038 [m] and a frequency equal to the natural frequency of the structure
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(fn = 7.07 [Hz]). The last parameters were extracted from the experimental data and character-
ize the motion of the cylinder undergoing VIV. It is done by introducing a User Defined Function
(UDF) in ANSYS Fluent with the velocity of the center of gravity that it is desired to impose
to the moving boundary (Equation 3). The reason of imposing velocity and not displacement is
that there is only that option in the software.

y(t) = |y| sin (2π · fn · t) [m] −→ ẏ(t) = 2π · fn · |y| cos(2π · fn · t) [m/s] (3)

6.3 Mesh and its Dynamic Properties

The base mesh applied in the dynamic simulations is identical to the one presented and validated
for the static case in subsection 4.3. However, due to the time dependent shape of the domain
(motion of the cylinder wall), the mesh needs to adapt to the motion of the cylinder boundary
while the other boundaries stay still.

The updating of the volume mesh will be done by the so called ”Smoothing Method”. The mesh
will be adjusted by the motion of the interior nodes but keeping the number of them and their
connectivity unmodified. Hence, ”the interior nodes ”absorb” the movement of the boundary”
[73]. The previous adaptation can be done in several ways (Diffusion based, spring based, lapla-
cian or linearly Elastic Solid based smoothing), however, the so call ”Diffusion” was selected for
its simplicity.

Basically, the mesh motion is governed by the diffusion equation [73]:

∇ · (γ∇~u) = 0 ; γ =
1

dα
(4)

where,

• ~u is the mesh displacement velocity

• γ is the diffusion coefficient based on the normalized boundary distance (d)

• α ≥ 0 is the diffusion parameter which will be the user input parameter

• d is the normalized distance to the nearest wall boundary

The software allows the user to control the diffusion of the boundary motion by means of α.
High values of it preserves the mesh quality close to the boundary and the motion will be mainly
absorbed by cells away from it. A null value, instead, results in a homogeneous diffusion of the
motion through the complete mesh. Eventually, a value of α = 1 was set by try and error
procedure based on the recommendations done in ANSYS Fluent Manual [73].

The position of the nodes are updated by means of a finite element discretization and Equation 5.

~xn+1 = ~xn + ~u∆t (5)

where,
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• ~u is computed at each node

• ∆t is the time step size

• ~xn+1 is the new node location

• ~xn is the old node location

Equation 4 is also solved using finite element discretization.

Moreover, the software gives the possibility to apply remeshing at each time step to avoid
possible cell degeneration when the displacement is large compared to the local cell size. This
could result in negative cell volume or convergence problems. At each time step the software
computes the skewness and size criteria of each element, if any of them falls out of the established
criteria ([73]), it updates the mesh locally in order to fix the mesh quality problem. However, the
previous procedure makes the CFD code lose second order of accuracy in time integration. The
last statement is specially interesting for hybrid turbulence models, as ANSYS Fluent manual
[73] recommends to use them with ”Second Order Implicit Wall Bounded” time integration due
to stability and convergence issues. However, both cases (with and without remeshing) were
tested and no significant differences were found in the obtained results.

6.4 Discretization and Solution Schemes

First order implicit temporal discretization is used in URANS turbulence models with a time step
of ∆t = 0.001 s (see subsection 6.6) and 30 iterations per time step (see subsection 6.8) to ensure
the convergence at each time step. Then, it has been switched to second order implicit scheme
for SAS models. By recommendation of ANSYS Fluent manual [73] the residuals should decrease
at least in 2 orders of magnitude in each time step. For the steady results COUPLE solver has
been used for the pressure-velocity coupling. It is switched to SIMPLE for transient simulations.

Second Order Upwind spatial discretization has been used for the transport equations introduced
by the turbulence models to close the problem (Turbulent Kinetic Energy, Specific Dissipation
Rate, Intermittency and momentum Thickness Re). Furthermore, second order spatial dis-
cretization has been applied in the pressure field and least Squares Cell Based discretization
for the gradient. Eventually, the momentum has been spatially discretized by means of central
differencing in URANS models and Bounded Central differencing in SAS models.

6.5 Convergence Criteria

In addition to the time distribution of lift and drag coefficients automatically monitored by
ANSYS Fluent (as it has been presented in subsection 4.5 for the static case) also the con-
tours of the dynamic turbulent viscosity ratio (µt/µ) in the wake will be used. The shape of
this last fluid property will show when the shape of the wake is fully developed. This is spe-
cially important in the case of the moving cylinder compare to the static one because in the
transient simulation the aim is to move from a static set up into a well defined dynamic situation.

Furthermore, the behaviour of cL(t) and cD(t) time signals will vary depending on the fact that
the cylinder lies within the lock-in region or not. If it does, the shape of the converged time signal

53



6 CFD CODE VALIDATION: 2D MOVING CYLINDER

will be close to a pure sinusoidal signal as there is only one predominant shedding frequency.
If the imposed motion results in being unlocked or lay near the unlocked-locked boundary, the
frequency content will be wider and non sinusoidal shape (see subsubsection 7.3.1). It is the
result of the combination of different frequencies (fvs & fosc).

6.6 Time Step Size

The time step size is a key parameter when dealing with dynamic meshes. Not only due to the
fact that a too big time step could result in negative volume cells and consequent fatal error
of the simulation. But, it can lead into converged but not correct results. The former error
could be a consequence of big displacement of the moving boundary in the defined time step.
Hence, the modification introduced in the fluid domain cannot be adapted by the mesh without
violating the skewness and cell size criteria (minimum and maximum boundaries). The former
errors are automatically found as the software is not able to run. The latter, however, the simu-
lation runs smoothly but it converges to alternative values which are not correct. The only way
to identify the correct time step size will be by performing several simulations with decreasing
time step size until convergence of the results is found. The optimal size will be the one that
provides accurate enough solution with the lowest computational cost (highest time step). In
other words, a combination of efficiency and accuracy is desired.

∆t [s] c̄L [-] c̄D [-] Ave. c̄p [-] ūout [m/s] m̄out [kg/s]

0.01 0.0365 0.9072 -0.6664 4.2789 8.3860
0.005 0.0033 1.8199 -0.9835 4.2794 8.3860
0.001 -0.0029 1.624 -0.8465 4.2786 8.3861
0.0005 0.0012 1.604 -0.8327 4.2786 8.3861

Table 18: Time step convergence analysis for the CFD code of the oscillating cylinder based on
the SAS Transition SST turbulence model at Re ∼ 2.9 · 104

∆t [s] c̄L [-] c̄D [-] Ave. c̄p [-] ūout [m/s] m̄out [kg/s]

0.01 -0.0026 1.4333 -0.8914 4.3263 8.3861
0.005 -0.06 1.5036 -0.8670 4.2798 8.3861
0.001 -0.0421 1.5701 -0.7874 4.2786 8.3861
0.0005 -0.0537 1.554 -0.7712 4.2786 8.3861

Table 19: Time step convergence analysis for the CFD code of the oscillating cylinder based on
the SAS k − ω SST turbulence model at Re ∼ 2.9 · 104

On the one hand, Table 18 & Table 19 present the time step convergence analysis for SAS
Transition SST and SAS k − ω SST turbulence models consequently (most successful ones in
2D static simulations). As performed in the mesh independence study (subsection 4.3), the time
mean values of the lift (c̄L) and drag (c̄D) coefficients, spatial averaged pressure coefficient (Ave.
c̄p), and velocity (ūout) and mass flow rate (m̄out) at the outlet boundary have been analyzed for
different time step sizes. In both cases, a good balance between accuracy and cost is obtained
at ∆t = 0.001 [s] as an adequate convergence of the values is obtained. A further decrease
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of the time step would introduce a large increase of the computational time in each simulation
which is not desired as a large amount of simulations will need to be performed during the report.
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Figure 42: Time step size convergence study. Evolution of aerodynamic coefficients (c̄L & c̄D)
on the moving cylinder for decreasing values of the time step, ∆t, at Re ∼ 2.9 · 104
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Figure 43: Time step size convergence study. Evolution of the time mean values of velocity
(ūout) and flow rate (m̄out) in the outlet boundary for decreasing values of the time step, ∆t, at
Re ∼ 2.9 · 104

On the other hand, Figure 45 & Figure 46 presents the ability to represent the wake pattern
for decreasing values of the time step (∆t) used in the numerical scheme. The solutions have
been obtained with URANS k−ω SST turbulence model. Whilst the greatest value nearly does
not capture any vortex pattern (and being close to the resultant wake from an steady state
simulation), the solutions from ∆t = 0.001 [s] and ∆t = 0.0005 [s] give relatively close results
with a completely developed vortex shedding pattern of the wake. Hence, eventually, the time
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step for numerical integration has been fixed to ∆t = 0.001 [s] reaching a balanced CFD code
between the accuracy of the results and the cost of the computational simulation.
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Figure 44: Spatial averaged c̄p over the oscillatory cylinder with fosc = 7.07 [Hz] & |y| = 0.038
[m] as a function of ∆t size at Re ∼ 2.9 · 104

(a) ∆t = 0.01 [s] (b) ∆t = 0.005 [s]

Figure 45: Wake Pattern convergence plotting µt/µ contours for the oscillating cylinder with
fosc = 7.07 [Hz] & |y| = 0.038 [m] at Re ∼ 2.9 · 104 for ∆t = 0.005 [s] & ∆t = 0.01 [s]

(a) ∆t = 0.001 [s] (b) ∆t = 0.0005 [s]

Figure 46: Wake pattern convergence plotting µt/µ for the oscillating cylinder with fosc = 7.07
[Hz] & |y| = 0.038 [m] at Re ∼ 2.9 · 104 for ∆t = 0.001 & ∆t = 0.0005 [s]
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6.7 Turbulence Model Selection

Based on the results obtained from the two dimensional static analysis (subsection 4.9) four
turbulence models will be coded in the current dynamic simulation:

• URANS k − ω SST

• URANS Transition SST

• SAS k − ω SST

• SAS Transition SST

Remind that compared to the static cylinder case, the incoming windspeed has increased up to
U∞ = 4.2786 [m/s] (Re ∼ 2.9 · 104) and consequently will be at higher y+ values. Exactly, the
maximum value is y+ ∼ 1.1. As mentioned several times previously, a recommendation done by
ANSYS Fluent Manual [73] is that for URANS and SAS k−ω SST turbulence model, it should
be around 1, which is not a problem at all. However, URANS and SAS Transitional SST should
be used at y+ ≤ 1. Boundary layer refinement study has been conducted and no significant
differences were found in terms of separation point and loading distribution. Eventually, it
was decided to use the same mesh for both turbulence models. subsection 6.10 presents the
discussion and comparison between the four turbulence models. SAS Transition SST turbulence
model will result in the most successful one and will be used for the lock-in analysis on section 7
and section 8.

6.8 Number of Iterations per Time Step

Another numerical key parameter for the convergence of the results is the maximum number
of iterations in each time step. As it happens with the time step size a balance between the
accuracy of the results and the computational cost is desired. A greater number of iterations
allows the CFD code to reach lower residuals down to the minimum (set by the user); however,
it will notably increase the computational time of the simulation. Table 20 presents the results
of the analysis. A good balance between accuracy and efficiency is acquired with 30 iterations
per time step.

#Iterations [-] c̄L [-] c̄D [-] Ave. c̄p [-] v̄out [m/s] m̄out [kg/s]

20 -0.0054 1.61 -0.7991 4.2784 8.3856
30 -0.0029 1.624 -0.8465 4.2786 8.3860
50 -0.0032 1.628 -0.8513 4.2786 8.3860

Table 20: Number of iterations per time step analysis for the CFD code of the moving cylinder
under imposed motion of fosc = 7.07 [Hz] & |y| = 0.038 [m] based on the SAS Transition SST
turbulence model at Re ∼ 2.9 · 104
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6.9 Running Procedure

The running procedure, as recommended in ANSYS Fluent [73] tutorial and done for the static
case (subsection 4.8), is performed in sequential steps. Each step will consist in one simulation;
being the first one the cheapest and simplest one computationally speaking and in increasing
order of complexity. The objective of this approach is to help the CFD code converge and avoid
possible divergence or excessive computational time. The process, which has being applied
during the whole validation process and the lock-in analysis, is the following one:

1. Steady State simulation: Convergence is verified when the steady aerodynamic coeffi-
cients (cL and cD) reach a steady value and the residuals lay below 10−12 or reach a low
steady value. Reynolds Averaged Navier-Stokes (RANS) turbulence models (k−ω SST or
Transition SST) are used in this first step. The chosen one will be applied to the different
simulations in its different versions (URANS & SAS). Also, at this point the y+ values are
checked.

2. First Transient simulation: The initial conditions will be the converged steady solution.
At this point the dynamic mesh is activated and Unsteady Reynolds Averaged Navier-
Stoques (URANS) turbulence models are used. As the behaviour of the aerodynamic
parameters cL and cD will vary from one imposed motion to another; also, the contours of
the turbulence viscosity will be used as explained in subsection 6.6.

3. Second Transient simulation: Once the transient solution of the URANS turbulence
model has converged. It is ran one more time (URANS k−ω SST or URANS Trans. SST
depending on the initial choice) during a number of time steps which makes possible the
correct extraction of time dependent parameters and statistics.

4. Third Transient simulation: From the converged transient results the turbulence model
is modified from URANS to SAS and ran until convergence is reached. Also, by recom-
mendation of the manual, the time scheme is changed from 2nd order implicit to bounded
2nd order implicit.

5. Forth Transient simulation: Once the transient solution with SAS turbulence model
has converged, it is ran one more time with the same turbulence model (SAS k − ω SST
or SAS Trans. SST) during a number of time steps which makes possible the correct
extraction of time dependent parameters and statistics.
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6.10 Results and Validation

6.10.1 Lift and Drag Coefficients
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Figure 47: Time distribution of the monitored lift and drag coefficients (cLmo(t) & cLmo(t)) in
ANSYS Fluent for the moving cylinder at imposed motion frequency of fosc = 7.07 [Hz] and
amplitude of |y| = 0.038 [m] at U∞ = 4.2786 [m/s] (Re ∼ 2.9 ·104). Results extracted from CFD
codes using k-ω SST turbulence model in both URANS (left) ans SAS (right) versions
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Figure 48: Time distribution of the monitored lift and drag coefficients (cLmo(t) & cLmo(t)) in
ANSYS Fluent for the moving cylinder at imposed motion frequency of fosc = 7.07 [Hz] and
amplitude of |y| = 0.038 [m] at U∞ = 4.2786 [m/s] (Re ∼ 2.9 ·104). Results extracted from CFD
codes using Transition SST turbulence model in both URANS (left) ans SAS (right) versions

As it has been discussed in subsection 4.5 and subsubsection 5.6.1, the time evolution of the
aerodynamic coefficients directly extracted from the commercial software vary from one turbu-
lence model to another. This difference is even greater for dynamic meshes. On the one hand,
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the only perfectly sinusoidal time signal (Figure 47a) is obtained by means of URANS k−ω SST
turbulence model. Moreover, the URANS transition SST (Figure 48a) and SAS transition SST
(Figure 48b) turbulence models present a beating phenomenon with a clearly marked pattern
and a wider frequency content. On the other hand, in general terms the SAS models present a
wider frequency expectrum compared to URANS models (as it happened in subsection 4.5 and
subsubsection 5.6.1). As discussed by Ju-Yeol You & Oh Joon Kwon in [55] URANS turbulence
models are more dissipative than SAS model which results in a 2D regular vortex shedding for
the former and 3D irregular for the latter. This behaviour is translated in the in cL(t) and cD(t)
time distributions given by the software and presented in Figure 47 and Figure 48.

The beating phenomenon that presents cL(t) in Figure 48 is the direct consequence of its fre-
quency components. On the one hand, the imposed frequency of motion (fosc) which is the main
frequency of the signal and presents the greatest amplitude. On the other hand, the frequency
which follows the Strouhal law (fvs).

Regarding the time mean values of the aerodynamic coefficients (Table 21), SAS and URANS
k − ω SST turbulence models result in slightly lower values of c̄D. However, no big differences
can be determined in c̄L.

URANS k − ω SST URANS Trans. SST SAS k − ω SST SAS Trans. SST

c̄L [-] -0.0421 -0.0029 -0.06 0.047
c̄D [-] 1.5701 1.624 1.546 1.650

Table 21: Time mean values of lift and drag coefficients obtained from each turbulence model
for the moving cylinder under an imposed motion of fosc = 7.07 [Hz] & |y| = 0.038 [m] at
U∞ = 4.8627 [m/s] (Re ∼ 2.9 · 104)

6.10.2 Shedding Frequency (fvs)

Table 22 presents the vortex shedding frequencies extracted from the cL(t) time signals. It
has been reasoned previously that the time distribution of the lift coefficient over a cylinder
fluctuates at the frequency at which the vortex shedding occurs. In overall, by means of a FFT,
the main frequency of those signals has been identified and in all of them lays really close to the
frequency of the motion of the structure. Hence, as the vortex shedding happens at the same
frequency as the imposed sinusoidal motion of the cylinder, the fluid-structure system is within
the lock-in region. Consequently, the CFD code is capable, at least in terms of frequency, of
capturing the experimental behaviour of the structure in the wind tunnel.

URANS k − ω SST URANS Trans. SST SAS k − ω SST SAS Trans. SST

fvs [Hz] 7.07 7.05 7.07 7.07

Table 22: Vortex Shedding frequency obtained from each turbulence model for the moving
cylinder under an imposed motion of fosc = 7.07 [Hz] & |y| = 0.038 [m] at U∞ = 4.8627 [m/s]
(Re ∼ 2.9 · 104)
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6.10.3 Time Mean 2D Loading

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
-2.5

-2

-1.5

-1

-0.5

0

0.5

1

Experimental

URANS k-  SST

SAS k-  SST

(a) URANS & SAS k − ω SST
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Figure 49: Spatial distribution of c̄p over the cylinder from URANS (black) and SAS (red)
Transition SST (right) and URANS (black) and SAS (red) k-ω SST (left) turbulence models.
Imposed motion of fosc = 7.07 [Hz] & |y| = 0.038 [m] and airspeed U∞ = 4.8627 [m/s] (Re ∼
2.9 · 104)
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Figure 50: Spatial distribution of c̄p over the 2D oscillating cylinder. Imposed motion of fosc =
7.07 [Hz] & |y| = 0.038 [m] and airspeed U∞ = 4.8627 [m/s] (Re ∼ 2.9 · 104). SAS Transition
SST (red) ; SAS k − ω SST (black)

As it was done for the static set up, URANS k − ω SST, URANS Transition SST, SAS k − ω
SST and SAS Transition SST turbulence models have been compared to the experimental data.
On the one hand, Figure 50 shows the time mean cp distribution on the cylinder as a function of
the streamwise coordinate x (see Figure 17) for the tested SAS models. Both turbulence models
resolved accurately the attached flow region around the front of the cylinder, but they fail to do
it with the near wake flow region. However, SAS Transitional SST turbulence model resulted
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in a closer c̄p distribution with slightly less negative values than the experimental data in the
wake region of the cylinder. The reason for that could be that while the experimental data
is undergoing VIV, its vibratory motion could not be perfectly sinusoidal in the perpendicular
direction of the mean flow, but it could contain components at other frequencies and directions
modifying the pressure distribution over the cylinder. Probably, the inherent damping of the
structure and the surface roughness of the cylinder could also affect the c̄p distribution over the
cylinder.

6.11 Conclusions

The current section has presented and discussed the numerical validation of the CFD code of
a 2D dynamic domain which intends to model the flow around an oscillating circular cylinder.
After having done a mesh independence analysis and a convergence study of several parameters
related to the numerical schemes used in the code, 4 turbulence models have being validated
against the experimental data extracted from the wind tunnel (section 3).

As it happened in the validation of the 2D static cylinder code, the attached flow over the
cylinder seems to be well captured by all the turbulence models tested in the current section.
Around the rare of the cylinder, however, the best behaviour is presented by SAS Transition
SST turbulence model. It presents a good balance between the accuracy of the results and com-
putational time for the resolution of the problem, even if the time mean cp distribution over the
cylinder slightly differs near the end of the cylinder with respect to the experimental data. It
could be due to several imperfects of the experimental set-up (inherent damping of the structure,
no perfect 1D motion of the cylinder, surface roughness...), the no perfectly 2D behaviour of the
vortex shedding at the imposed motion conditions and the fact that a cylinder undergoing VIV
does not vibrate in a pure sinusoidal way but close to it.

Even if some discrepancies have arisen in the new CFD code, it has been validated and it will be
used for the lock-in analysis in the present project. A list of the main parameters can be found
below:

• Number of Nodes: 65691

• Number of Elements: 83966

• First Cell Height in Inflation Layer: 0.00005 [m]

• Number of Cells in Inflation Layer: 20

• Dynamic Mesh Method: Diffusion Based

• Pressure-Velocity Coupling Scheme: SIMPLE

• Time Step Size: 0.001 [s]

• Iterations per Time Step: 30

• Turbulence Model: SAS Transition SST
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• Transient Integration Scheme: 2nd Order Implicit

and boundary conditions:

• Velocity Inlet

• Pressure Outlet

• Upper and Lower No-slipping Wall

• No-slipping wall on the cylinder

63



7 STUDY OF LOCK-IN REGION

7 Study of Lock-in Region

7.1 Introduction

Once the CFD code for the modelling of the 2D moving cylinder has been validated against
the experimental data extracted from the wind tunnel; in this section, an extensive and precise
analysis of the physical phenomena taking place under prescribed motion of oscillating cylin-
ders will be performed. In order to do that the following parameters will be analyzed: (a) the
unsteady pressure loading, cp(t); (b) the lift coefficient, cL(t), on the cylinder; (c) the energy
transfer between the cylinder and the fluid flow, cE); (d) modes/patterns of the shedding vortex
process in the wake. The study will be carried out at a free-stream velocity of U∞ = 4.2786
[m/s] (Re ∼ 2.9 · 104) and incoming turbulence level of 0.2%.

Two different analyses will be performed:

• Constant imposed amplitude at variable frequency

• Constant imposed frequency at variable amplitude

For this purpose, a wide range of frequencies will be examined in order to place precisely the
different transition points at three different imposed amplitudes (0.038 [m], 0.02 [m], 0.005 [m]).

The first big and obvious division is: when a oscillating cylinder sheds wake vortices at the
mean frequency which corresponds to the Strouhal law (unlocked) and the ones with a mean
shedding frequency equal to the frequency of the motion (locked). ”Mean frequency” defines
the frequency of highest magnitude, but it does not neglect the presence of different frequency
content in the vortex shedding. The transition between both situations will depend on both
amplitude and frequency of the imposed motion.

Then, it will be reasoned that the lock-in cases can be splitted in two subgroups. On the one
hand, a narrow region close to the transition presents a lower amplitude of the main frequency
of the lift coefficient, a bigger and positive phase difference between the motion and the compo-
nent related to the main frequency of the lift coefficient. On the other hand, a wider region at
higher imposed frequencies results in a higher amplitude related to the main frequency of the
lift coefficient and negative phase-difference. Hence, the energy transfer between the oscillatory
structure and fluid flow will switch directions. Furthermore, the spatial averaged value of c̄p on
the cylinder will reach its maximum value at the transition point between these two situations.
Eventually, the distribution of the time mean value of the unsteady pressure over on the cylinder
will be examined.

Further discussion of the time dependent properties of cp(t) and an analysis on the frequency
domain can be found in a separated section (section 8).
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7.2 Analyzed Cases

An eventual total number of 23 different combinations have been performed in order to carry out
a precise study of the evolution of the unsteady loading over the moving cylinder, different modes
of the wake and energy transfer between the cylinder and the fluid flow. Table 23 summarizes
the imposed parameters in each test case and Figure 51 gives a general overview of the transition
between the lock-in region and unlocked cases on the ”amplitude-frequency” plane.

Cases fosc/f
o
vs [-] |y|/D [-]

1 0.422 0.38
2 0.563 0.38
3 0.633 0.38
4 0.677 0.38
5 0.703 0.38
6 0.71 0.38
7 0.756 0.38
8 0.816 0.38
9 0.844 0.38
10 0.915 0.38
11 1 0.38
12 1.14 0.38
13 1.393 0.38
14 0.527 0.2
15 0.6328 0.2
16 0.716 0.2
17 0.774 0.2
18 0.816 0.2
19 0.915 0.2
20 1 0.2
21 0.677 0.05
22 0.816 0.05
23 1 0.05

Table 23: Properties of the prescribed motion of the analyzed cases

The locked cases define an inverted triangular shaped region (V shape) in which the frequency
range gets wider for increasing values of imposed amplitudes (Figure 51). Furthermore, this
region is not symmetric with respect to fosc/f

o
vs = 1. The ’unlocked-locked’ transition takes

place at fosc values which are closer to f ovs for the lower range of frequencies, than for the upper
range.
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Figure 51: Classification of the analyzed cases in locked (red-cross) and unlocked (blue circle)
conditions. Non-dimensional amplitude vs non-dimensional frequency of the imposed motion of
the cylinder. Re ∼ 2.9 · 104

7.3 Analysis at constant Imposed Amplitude ( |y|D )

Several performed cases with constant imposed amplitudes will be compared at different oscil-
lating frequencies. As presented in Table 23 three different amplitudes have been simulated:
|y|/D = 0.38; 0.2; 0.05. In this section they will be analyzed independently. The results at
|y|/D = 0.38 non-dimensional amplitude will be discussed in the present project in order to
have a wider range of oscillating frequencies and analyse the effect that this last parameter has
on the properties of both fluid and structure.

7.3.1 cL(t): Frequency Content

Figure 52 presents the FFT of the resultant cL(t) signals from the different simulated cases at
imposed motions with |y|/D = 0.38 and variable frequencies. Furthermore, Table 24 contains
the summary in terms of predominant frequency content of each cL(t) signal in order to make
easier the identification of the numerical values of Figure 52. All the performed simulations can
be divided in two big groups in terms of frequency content extracted from their Fast Fourier
Transform Analysis.

On the one hand, at low oscillatory frequencies, the time signal of the lift coefficient over the
cylinder is composed by two predominant frequencies. The greatest one, will be defined as the
vortex shedding frequency (fvs), which is not the same as the vortex shedding frequency of the
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static cylinder (f osv) but lays close to it. The next one, however, coincides with the frequency
of the imposed motion to the cylinder. As fosc increases, the difference between the amplitude
related to the previous frequencies decreases until fosc overcomes fvs and becomes the predomi-
nant frequency (see case fosc/f

o
vs = 0.703 in Table 24). At this point, the oscillatory motion of

the cylinder takes control over the vortex shedding process imposing its own frequency. This
transition takes places around fosc/f

o
vs ∼ 0.7 in Figure 52 where the main frequencies are not

extremely clear as the frequency content at this region is pretty wide. Moreover, generally the
frequency content of cL(t) for unlocked cases is wider and it keeps increasing until the transition
unlocked-locked takes place.
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Figure 52: FFT of cL(t) for the different cases performed with |y|/D = 0.38 at U∞ = 4.8627
[m/s] (Re ∼ 2.9 · 104)
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fosc/f
o
vs [-] Locked-On fvs1/f

o
vs [-] fvs2/f

o
vs [-]

0.422 NO 1.03 0.422
0.563 NO 0.95 0.563
0.633 NO 0.976 0.633
0.677 NO 1.01 0.678
0.703 YES 0.705 0.968
0.716 YES 0.716 1.01
0.756 YES 0.756 -
0.816 YES 0.816 -
0.844 YES 0.844 -
0.915 YES 0.915 -

1 YES 1 -
1.14 YES 1.14 -
1.393 YES 1.391 -

Table 24: Predominant frequencies extracted from the FFT of cL(t) resultant from numerical
simulation under imposed motion of |y|/D = 0.38 amplitude and variable frequency (fosc/f

o
vs) at

Re ∼ 2.9·104. fvs1, frequency of biggest magnitude; fvs2, frequency of second biggest magnitude.

On the other hand, there is a wide range of imposed frequency values at which the fvs coincides
with fosc. These time signals present narrower frequency content which is composed, generally,
by one predominant frequency (fvs = fosc) and its higher harmonics. However, close to the
transition point, the frequency content in the time signals is wide. It keeps decreasing until
around fosc/f

o
vs = 1. Hence, all the energy of the signal will be concentrating at a punctual

frequencies increasing the resultant amplitude related to the main frequency |cL|. Eventually, at
higher imposed frequencies, the frequency content of the signals will widen again until the right
’locked-unlocked’ transition.

Table 24 aims to reflect in a easy and simple way how the main frequency of cL(t) switches from
a close value to the vortex shedding frequency of a static cylinder that follows the Strouhal law
until it equates the imposed motion frequency as this last one gets closer to fosc/f

o
vs = 1.

7.3.2 cL(t): Amplitude (|cL|) and Phase (φL)

The lift coefficient will be modeled as a sinusoidal time signal of constant amplitude, |cL|, and the
phase difference, φL (Equation 42). Both parameters will be computed from the main component
of cL(t) time signal extracted from the numerical simulations, where |cL| is the amplitude related
to the main frequency of cL(t) and φL is the phase difference of the main frequency of cL(t) with
respect to the motion of the cylinder, y(t).

cL(t) = |cL| sin(2π fvs t+ φL) (6)

The previous definition (Equation 6) is accurate for the motions with locked vortex shedding
as shown in Figure 52 where there is only one predominant frequency at which fvs = fosc and
the frequency content of cL(t) is limited. For those cases which are unlocked or lay close to the
’unlocked-locked’ boundary, however, the frequency content of the cL(t) signal is wider and there
can be more than one predominant frequency with similar amplitudes (e.g fosc/f

o
vs = 0.703).
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In these cases, it is obvious that there is a loss of information that can be quite big, for exam-
ple, for the unlocked cases, a better approach could be the sum of two simple signals at fosc
and fvs. Nevertheless, this definition has also been applied as a reference is needed to ana-
lyze the evolution of the amplitude related to the main frequency of the lift coefficient, |cL|,
with fosc. Regarding φL, in the case of unlocked cases, where the main frequency of cl(t) is
different to the motion frequency, makes no sense to compare the phase difference between the
time signals as it will be different at each reference point, hence, it is not presented in Figure 53b.
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Figure 53: Evolution of the amplitude related to the main frequency of the lift coefficient (left)
and phase with respect to the imposed motion of the cylinder (right) as a function of the imposed
frequency. Motion with constant amplitude |y|/D = 0.38 at Re ∼ 2.9 · 104

In the same way as discussed in subsubsection 7.3.1, three big groups of imposed motions can
be defined. First, the value of |cL| decreases while the imposed frequency increases reaching the
minimum value at fosc/f

o
vs ∼ 0.7 which corresponds to the first value of locked cases. At this

point the main frequency of cL(t) switches from fvs to fosc. Then, a small range of frequencies
fosc/f

o
vs ∈ [0.7− 0.8] in which |cL| presents a low value precedes a steep increase of it. It reaches

close to its maximum value at fosc/f
o
vs ∼ 1. Then it keeps increasing in a lower rate (nearly

constant) until posterior locked-unlocked transition.

The evolution of |cL| could be explained looking at the frequency content presented in (Fig-
ure 52) of the time signal cL(t) for different imposed motions. The decrease of |cL| could be due
to the distribution of the energy in a bigger number of frequencies: moving from two predomi-
nant frequencies within the unlocked cases, to a noisy signal at transition. Amongst the locked
cases, as the structural motion leads the vortex shedding phenomenon, the energy is concentrated
at fvs = fosc resulting in a close to a sinusoidal time signal with a drastic increment in amplitude.

The phase difference between the components corresponding to the main frequency of cL(t) and
y(t), φL is not trivial. Theoretically, if both signals have the same harmonic properties (fre-
quency content), φL should be constant. However, even if the main frequency of the lift, fvs
for the locked cases is equal to the frequency of the motion (fosc), it is not a pure sinusoidal

69



7 STUDY OF LOCK-IN REGION

signal. Hence, φL will slightly vary depending on the reference point taken. The evolution
of the phase between the main component of the lift force and the structural motion with re-
spect to the frequency of the motion of the cylinder (Figure 53b) presents a hill shape with
its maximum peak value at around the ”unlocked-locked” transition boundary fosc/f

o
vs ∼ 0.7.

There is a narrow range of frequencies in which φL increases up to nearly 180o, but never reach-
ing it. It is remarkable the drastic decay that φL suffers down to negative values at fosc/f

o
vs ∼ 0.8.

7.3.3 Time Mean Pressure Coefficient: c̄p

The time mean values of the pressure coefficients have been calculated over 10 oscillation cycles.
The different resultant c̄p distribution over the cylinder can be split in three different groups
with common properties: clearly unlocked (Figure 54a) and locked cases (Figure 55a) divided
by a transitional period (Figure 54b).

On the one hand, the unlocked cases present the highest c̄p values at the foremost points of the
cylinder. Moreover, they do suffer the deepest decrease of pressure (consequently, the highest
acceleration and posterior deceleration of the flow). Due to the adverse pressure gradient (light
recovery of c̄p) the separation of the boundary layer takes place at x/D ∼ 0.1 (see Figure 56, it
coincides with the location at which the magnitude of the time mean friction coefficient c̄f = 0,
Equation 7). While the flow keeps detached, a nearly flat distribution of c̄p can be identified
between x/D ∈ [0.1, 0.3]. Eventually, the flow reattaches (see Figure 56) and c̄p moves to more
negative values as reaching the end of the cylinder.

c̄f =
τ̄wall
1
2
ρ u2in

[−] (7)

where, τ̄wall is the time mean value of the wall shear stress on the cylinder
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Figure 54: Time mean pressure coefficient distribution over the cylinder with constant |y|/D =
0.38 amplitude and different imposed frequencies at Re ∼ 2.9 · 104. Unlocked cases (left). Cases
close to the ’unlocked-locked’ transition (right)

.
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Increasing fosc, the maximum value of the pressure coefficient, which is located at the front of
the cylinder, decreases. However, the rest of the spatial distribution moves towards bigger values
with smaller negative slopes (smaller acceleration reaching a smaller maximum velocity of the
flow over the cylinder). Also, the separation point moves slightly to higher values of streamwise
coordinate but keeping within x/D ∈ (0.1− 0.2) values (Figure 56).
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Figure 55: Time mean pressure coefficient distribution over the cylinder with constant |y|/D =
0.38 amplitude and different imposed frequencies at Re ∼ 2.9 · 104. Comparison between one of
the cases of each characteristic groups (right). Locked case (blue), unlocked (yellow), transitional
region (orange)
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Figure 56: Time mean value of friction coefficient (c̄f ) over the cylinder with constant |y|/D =
0.38 amplitude and 3 different imposed frequencies at Re ∼ 2.9 ·104. Unlocked: fosc/f
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(blue). Transition: fosc/f
o
vs = 0.756 (orange). Locked: fosc/f

o
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On the other hand, the locked cases present the lowest c̄p values at the foremost points of the
cylinder followed by a smoother decay of it in streamwise direction (lower maximum flow veloc-

71



7 STUDY OF LOCK-IN REGION

ity). At some point around x/D ∈ [0.1 − 0.3], a peak arises resulting in a local increase of c̄p.
It is a local separation of the flow followed by a rapid reattachment (see Figure 56) that results
in a recirculation bubble. As fosc increases, the mean velocity of the separated flow decreases,
reaching lower c̄p values. Eventually, the pressure coefficient suffers a a steep increase on its
value close to the end of the cylinder (due to a second separation of the flow), reaching higher
values and starting at lower x/D values as switching to higher values of fosc. This could be
due to the fact that increasing the motion frequency, the flow of the vortex impacts the back
part of the cylinder at greater mean velocities in the opposite direction of the main fluid-flow.
Furthermore, at higher imposed frequencies of the motion, the whole spatial distribution moves
towards more negative values of c̄p.
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Figure 57: Spatial average of c̄p over the cylinder walls as a function of the non-dimensional
frequency of the imposed motion with |y|/D = 0.38 at Re ∼ 2.9 · 104

The values of fosc laying between the previously described groups, results in a transitional be-
haviour between the previously defined 2 situations. The maximum c̄p at the foremost point
of the cylinder and the characteristic negative slope of c̄p decrease while the flow is attached
to the cylinder. The separation point moves to slightly lower streamwise values, always staying
at around x/D ∼ 0.1 (see Figure 56). It is remarkable, that in this transition the flow around
the second half of the cylinder, while at low imposed frequencies the reattachment takes place
nearly at the rear of the cylinder, at higher values of fosc, this point moves towards less positive
values.

Figure 57 shows the evolution of the spatial averaged c̄p over the cylinder walls for increasing
values of the frequency of the imposed motion (fosc). The time mean pressure coefficient presents
a continuous increase on its spatial averaged value moving towards higher fosc value through the
unlocked cases up to its maximum at fosc/f

o
vs ∼ 0.8 which coincides with the first completely
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locked case (appearance of the re-circulation bubble and flat distribution at the rear), which
corresponds to fosc/f

o
vs = 0.816. It also coincides with the fosc value at which |cL| presents a

steep increase on its value (Figure 53a) and the drastic decrease of φL (Figure 53b).

7.3.4 Wake Mode

In the present section the wake mode will be characterized by its vortex shedding pattern and
classified by means of the vorticity.

The vorticity is a pseudovector field that describes the local spinning motion of the fluid flow, in
this case, of the wake behind the cylinder. The sign of this parameter will describe the direction
of the turning flow. The definition of vorticity2 for a 2D flow:

Ω =
∂u

∂y
− ∂v

∂x

[
1

s

]
(8)

Two patterns can be identified in the studied cases:

• 2S Vortex Shedding: The locked cases, which present a single predominant shedding
frequency (Table 24), shed vortices in 2S mode as shows Figure 58. The length of the
vortex attached to the cylinder gets shorter as imposing a higher frequency to the motion
of the cylinder.

(a) fosc/f
o
vs = 0.816 (b) fosc/f

o
vs = 1 (c) fosc/f

o
vs = 1.14

Figure 58: Vorticity (Equation 8) patterns in the wake behind the oscillatory cylinder with
|y|/D = 0.38 of 3 locked cases Re ∼ 2.9 · 104. Red color refers to positive vorticity and blue to
negative. It is shown a clear 2S vortex shedding mode. [73]

• 2P Vortex Shedding: Contrary to the previous cases, the locked cases laying near
the ”unlocked-locked” boundary do not have a well defined wake pattern but it could be
identified a tendency towards a 2P vortex shedding mode. However, as the frequency
content in the wake is wider compare to the ”clearly locked cases”, the shedding does not
happen at a well-defined frequency. Eventually, the unlocked cases do not present any
defined shedding pattern.

2The derivation of Equation 8 from the general 3D definition is presented in Appendix C
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(a) fosc/f
o
vs = 0.71 (b) fosc/f

o
vs = 0.703

Figure 59: Vorticity (Equation 8) patterns in the wake behind the oscillatory cylinder with
|y|/D = 0.38 at Re ∼ 2.9 · 104. Red color refers to positive vorticity and blue to negative

7.3.5 Energy Transfer

It is well-known that in aeroelastic systems there can be an energy transfer between the fluid
and the structure in either direction, which, actually, sets the stability of the system.

In VIV (Vortex Induced Vibration) the freely vibratory motion of the cylinder starts as a re-
sponse to the excitation that the natural instability of the wake (vortex shedding) produces
on the structure. Therefore, there is an energy transfer from the fluid to the structure which
produces the vibratory motion on it. In the present case, instead, the oscillatory motion of the
cylinder is imposed and the behaviour of the wake will be the direct response to the perturbation
introduced in the natural wake by the cylinder. Hence, the energy transfer could happen in both
directions.

The energy transfer per cycle will be defined as the work done by the lift force on the cylinder
in one period of the motion (Equation 9):

Ecycle = Wcycle =

∫
F (t) · dy =

∫
F (t) · ẏ(t) dt =

∫ T

o

L(t) · ẏ(t) dt (9)

where,

• y(t): Displacement of the cylinder in cross direction to the incoming fluid flow

• ẏ(t): Velocity of the cylinder in cross direction yo the incoming fluid flow

• L(t): Lift force acting on the cylinder. In other words, the fluid force acting on the cylinder
in the direction of its motion

• T = 1
fosc

: Period of the motion of the cylinder

Equation 9 defines the work done by the fluid on the cylinder per oscillation cycle. Therefore,
a positive energy will be translated in work done by the fluid on the structure, hence (unstable
system) and a negative, opposite direction (stable system). Note that in aeroelastic systems
energy needs to be transfer in the positive direction for VIV to happen.

Eventually, in order to deal with non-dimensional parameters a energy transfer coefficient (cE)
will be defined as done in [45]:

cE =
Ecycle

1
2
ρU2
∞D

(10)
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Figure 60: Evolution of the non-dimensional energy coefficient (cE) as a function of the frequency
of the imposed sinusoidal motion on the cylinder, fosc, with a constant amplitude of |y|/D = 0.38
at Re ∼ 2.9 · 104

Figure 60 represents the evolution of the energy transfer between the fluid flow and the vibra-
tory structure. It has been computed by direct numerical integration (trapezoidal integration)
of the cL(t) signal extracted from simulations and the imposed motion to the cylinder, y(t). Ap-
pendix D shows a simplified alternative procedure to compute the energy transmission for the
locked cases, for which the cL(t) can be modelled as a sinusoidal time signal without introducing
great discrepancies in the results. This method results interesting as it directly relates the phase
difference between cL(t) and y(t) to the energy transmission in the case of locked motion and
pure sinusoidal signals.

It can be deduced that at constant airspeed (U∞ = 4.2786 [m/s]) and amplitude of the mo-
tion (|y|/D = 0.38) nearly at the whole range of frequencies within and outside the lock-in
region, the cylinder is working on the fluid (negative energy transmission). However, there is
a narrow range of frequencies (fosc/f

o
vs ∈ [0.7 − 0.8]) where the energy goes in the opposite

direction. This region coincides with the start of the lock-in region where it seems there is a
2P vortex shedding mode and a phase difference between the main frequency of the lift and
the motion of the cylinder between 0 and 180 degrees. Moreover, the direction of the energy
transmission switches again when the spatial average of c̄p reaches its maximum and the vortex
shedding mode changes from 2P to 2S. It is also the point at which the amplitude of the main
frequency of the lift coefficient, |cL| suffers a rapid and violent increase and the phase difference
of that component with respect to the motion of the cylinder, φL, drops down to negative values.
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7.4 Analysis at constant Imposed Frequency (fosc/f
o
vs)

In this section, the impact of the imposed amplitude has on the fluid-flow will be analyzed.
For so, three amplitudes (|y|/D = 0.38; 0.2; 0.05) will be compared at three different constant
frequencies (fosc/f

o
vs = 0.677, 0.816, 1). The purpose of comparing these particular configurations

is to identify, analyse and discuss what the effect of the variation of the amplitude is when the
three cases lay on the unlocked (fosc/f

o
vs = 0.677) or locked region (fosc/f

o
vs = 1), as well as,

when increasing the amplitude triggers the transition between them (fosc/f
o
vs = 0.816).

7.4.1 cL(t): Amplitude (|cL|), Frequency (fvs) & phase (φL)

Figure 61 presents the FFT of the different compared imposed motions. Hence, three different
levels of amplitude will be compared at each imposed frequency. However, as the signals are
plotted one over the others at each of the three fosc/f

o
vs values, individual plots are presented

for a better visualization of the results.
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Figure 61: FFT of cL(t) for 3 different imposed motion amplitudes: |y|/D = 0.05, 0.2, 0.38 at 3
imposed frequencies fosc/f

o
vs = 0.677, fosc/f

o
vs = 0.816 & fosc/f

o
vs = 1 at Re ∼ 2.9 · 104

The frequency spectrum of the time signal of cL(t) at fosc/f
o
vs = 0.677 (Figure 62a) shows that

for the three different imposed motion amplitudes, all of them are unlocked. Furthermore, the
lower the amplitude of the imposed motion, the higher the amplitude of the main frequency
of the lift coefficient. This behaviour could be explained as one gets away from the triangular
shaped lock-in area presented in Figure 51 the energy concentrates rather in a single frequency,
the dynamic vortex shedding frequency (fvs). It varies from one case to another and defers from
the static (f ovs) but lays close to it. Hence, the amplitude related to fvs gets bigger compared to
the amplitude related to fosc of cL(t).
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Figure 62: Fast Fourier Transform of the lift coefficient time signal at 3 different imposed
motion amplitudes: |y|/D = 0.05, 0.2, 0.38 at Re ∼ 2.9 · 104. Frequency of the imposed motion
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Figure 63: Fast Fourier Transform of the lift coefficient time signal with 3 different imposed
motion amplitudes: |y|/D = 0.05, 0.2, 0.38 and fosc/f

o
vs = 1 imposed frequency at Re ∼ 2.9 ·104

In Figure 62b the three remarkable regimes explained in subsection 7.3 are easily identifiable.
This time, however, the trigger is the imposed amplitude (|y|) instead of the oscillatory frequency
(fosc). A motion with an amplitude which is 5% of the diameter of the cylinder (yellow line), lays
pretty far away from the lock-in region and consequently the most energy of the system is con-
centrated at fvs. Increasing the amplitude of the motion up to a 20% (red line), the boundary of
unlocked-locked is barely exceed. It results in a cL(t) time signal with wider frequency content.
The predominant vortex shedding frequency is locked with the motion frequency (fvs = fosc).
Moreover, due to the fact that the energy is spread over a wider range of frequency, |cL| suffers
a decay, resulting in the smallest amplitude of the presented cases. Eventually, moving up to
an amplitude of the motion of the 38% of the diameter of the cylinder, the amplitude related to
the main frequency, fosc, of the lift coefficient presents a steep increase of its value. Also, higher
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multiple harmonics of it can be identified which are negligible in magnitude compare to fosc.

At fosc/f
o
vs = 1 (Figure 63) all the imposed amplitudes result in locked systems in which cL(t)

time signal describes a nearly perfect sinusoidal signal with fvs = fosc and several negligible
higher harmonics. The higher the imposed amplitude, |y|, the higher the amplitude of the main
frequency of the lift coefficient, |cL|.

In overall, cL(t) presents the same behaviour in terms of frequency content and amplitude as
the one discussed in subsection 7.3 being the trigger for the unlocked-locked transition either
the frequency or the amplitude of the imposed motion. The imposed motions can be split in
three resultant differentiated groups: (a) Unlocked cases: the main component of cL(t) is at the
vortex shedding frequency that lays close to the static one that respects the Strouhal law. (b)
Locked cases: the main component of cL(t) is at the vortex shedding frequency that equates
the imposed motion frequency. (c) Transition regime between the two previous: cL(t) has those
two predominant frequencies of the same order of magnitude but the amplitude of each compo-
nent depends on how far the imposed motion lays from the static vortex shedding frequency (f ovs).

Figure 64b verifies the behaviour of the phase between the main frequency of lift coefficient and
the motion of the cylinder. As it has been done previously (subsubsection 7.3.2), only the phase
of the locked cases is presented. Moving to higher values of amplitudes at constant frequency it
can be seen for the cases of fosc/f

o
vs = 1 & fosc/f

o
vs = 0.816 while the case at |y|/D = 0.05 lays

close to the transitional boundary results in a phase close to 180o, moving to higher amplitudes
results into a sudden reduction of φL to negative values.
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Figure 64: Evolution of |cL| (left) and φL (right) as a function of the non-dimensional amplitude
of the imposed motion at constant imposed frequencies of fosc/f

o
vs = 0.677, 0.816, 1 at Re ∼

2.9 · 104

7.4.2 Time Mean Pressure Coefficient: c̄p

As it was done in subsubsection 7.4.1 three different amplitudes have been analyzed at three
constant frequencies. As a general rule, for the three imposed frequencies, independently of being
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locked or unlocked, a higher amplitude results in lower maximum c̄p value at the foremost point
of the cylinder in streamwise location. This difference gets more remarked as moving to higher
imposed frequencies. Moreover, the negative slope that the pressure presents in the first half of
the cylinder also is being reduced in magnitude. This could be seen as greater amplitudes of
motion reduces the maximum velocity that attached flow gets over the cylinder and the adverse
pressure that fluid suffers is smaller too. Hence, the separation point moves to higher x/D values.
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Figure 65: Time mean pressure coefficient distribution (right) and time friction coefficient (c̄f )
distribution (left) over the cylinder with constant fosc/f

o
vs = 0.677 frequency and different im-

posed amplitudes at Re ∼ 2.9 · 104 for locked and unlocked cases

Amongst the unlocked cases at fosc/f
o
vs = 0.677 (Figure 65a), the two lower amplitudes show a

flatter region at x/D ∈ (0 − 0.4) compared to |y|/D = 0.38 case as the separated flow region
is wider in the two first cases (see Figure 65b). Furthermore, the deep decrease of c̄p at the
end part of the cylinder (Figure 65a) could be due to the fact that the flow from the wake that
reattaches to the cylinder incides at higher mean velocity at lower imposed amplitudes.

At fosc/f
o
vs = 0.816, the characteristic bump in the c̄p distribution at the mid-region of the

cylinder discussed in subsubsection 7.3.3 arises and moves to lower streamwise coordinates when
increasing the amplitude of the imposed motion (Figure 66a). In other words, at this frequency
the amplitude triggers the transition from unlocked to locked situation. It makes the flow
detached region narrower (moving the separation point to higher streamwise coordinates and
the reattachment point to lower as it can be distinguished in Figure 66b), ”arising” the char-
acteristic bump (which illustrates a recirculation bubble) on the c̄p distribution over the cylinder.
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Figure 66: Time mean pressure coefficient distribution (right) and time mean friction coefficient
(c̄f ) distribution (left) over the cylinder with constant fosc/f

o
vs = 0.816 frequency and different

imposed amplitudes at Re ∼ 2.9 · 104 for locked and unlocked cases
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Figure 67: Time mean pressure coefficient distribution (right) and time mean friction coefficient
(c̄f ) distribution (left) over the cylinder with constant fosc/f

o
vs = 1 frequency and different

imposed amplitudes at Re ∼ 2.9 · 104 for locked and unlocked cases

At fosc/f
o
vs = 1 (Figure 67a) the three cases present locked shedding frequences. Apart from

the aforementioned behaviour discussed previously in this section, it can be seen that the bump
(recirculation bubble) in the c̄p distribution moves from nearly the end of the cylinder towards
mid-region of the cylinder as the imposed amplitude increases. Furthermore, a characteristic
steep climb of the loading at the end part of the cylinder arises. This last phenomenon was
also present in subsubsection 7.3.3 at frequencies close to fosc/f

o
vs ∼ 1 and getting more pro-

nounced as reaching this value. As mentioned before, it could be the consequence of a high mean
velocity vortex flow impacting the back part of the cylinder in opposite direction to the main flow.
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Summing up, as discussed in subsubsection 7.3.2 for cL(t), c̄p behaves in a similar way, either
modifying the amplitude or the frequency of the imposed motion in the cylinder, being the main
key how close the case (combination of amplitude and frequency of the imposed motion) lays to
the lock-in region, and more precisely to the static vortex shedding frequency set by the Strouhal
law (fosc/f

o
vs = 1).

7.4.3 Wake Mode

• fosc/f ovs = 0.677

(a) |y|/D = 0.05 (b) |y|/D = 0.2 (c) |y|/D = 0.38

Figure 68: Vorticity (Equation 8) patterns in the wake behind the oscillatory cylinder at
fosc/f

o
vs = 0.677 for three different motion amplitudes: (a) |y|/D = 0.05 ; (b) |y|/D = 0.2 ;

(c) |y|/D = 0.38. Red color refers to positive vorticity and blue to negative
.

• fosc/f ovs = 0.816

(a) |y|/D = 0.05 (b) |y|/D = 0.2 (c) |y|/D = 0.38

Figure 69: Vorticity (Equation 8) patterns in the wake behind the oscillatory cylinder at
fosc/f

o
vs = 0.816 for three different motion amplitudes: (a) |y|/D = 0.05 ; (b) |y|/D = 0.2 ;

(c) |y|/D = 0.38. Red color refers to positive vorticity and blue to negative
.

• fosc/f ovs = 1

(a) |y|/D = 0.05 (b) |y|/D = 0.2 (c) |y|/D = 0.38

Figure 70: Vorticity (Equation 8) patterns in the wake behind the oscillatory cylinder at
fosc/f

o
vs = 1 for three different motion amplitudes: (a) |y|/D = 0.05 ; (b) |y|/D = 0.2 ; (c)

|y|/D = 0.38. Red color refers to positive vorticity and blue to negative
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7 STUDY OF LOCK-IN REGION

Basically, no new conclusions have been taken from this analysis. The only difference between
the amplitude analysis at constant frequency and the frequency analysis at constant amplitude
is that the forcing parameter is different but the conclusions are the same. The wake patterns
depend on where the combination of the motion parameters (fosc and |y|) sets the case in the
locked-unlocked graph (Figure 51). If the motion results in being locked around fosc/f

o
vs = 1,

a clear 2S vortex shedding will arise. If the case is locked but close to the locked-unlocked
transition boundary, there is no well-defined wake pattern but looks like a 2P vortex shedding
mode will take place. Eventually, unlocked cases do not have a remarkable vortex shedding mode.
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8 Evolution of the Unsteady Pressure over Oscillating

Circular Cylinders

8.1 Introduction

The present section will analyse the evolution of the unsteady pressure distribution, cp(t), over
the moving cylinder under different imposed motions (combination of amplitude, |y|, and fre-
quency, fosc) at U∞ = 4.2786 [m/s] (Re ∼ 2.9 · 104). The final objective will be setting overall
behaviours that differentiates the unsteady pressure loading within the locked-in region and out-
side of it. The present study could have been introduced in the previous section but it has been
decided to pay special focus on it and reserve an individual section as it is at the same time the
direct consequence of the after-body wake behaviour and the imposed motion. Moreover, it is
the base cause of the lift and drag time signals behaviour over the circular cylinder that have
been analyzed previously along the present report.

Keeping the trend of working with non-dimensional parameters, the time evolution of the pres-
sure coefficient (Equation 11) at several points on the surface of the cylinder will be analyzed.
The reference values (ρref , uref , pref ) applied on the definition of the non-dimensional parame-
ters will be referred to the inlet boundary of the computational domain.

The results will be plotted against θ [o] angular coordinate defined in Figure 71. θ is null at
the front of the circular cylinder and increases clockwise reaching 180 [o] at the rear. The new
reference system has been chosen in order to unify the convention set in the current and Martina
Lomele’s final thesis [68] and enable direct comparison between the results. The comparison will
be developed in section 9

Figure 71: Definition of θ angular coordinate

8.2 Analysis of the time signal of the pressure coefficient

The present study will be a frequency based analysis by means of FFT procedure. The spatial
distribution of the component related to 0 frequency will not be discussed. The time mean value
has already being analyzed and scrutinized in subsubsection 7.3.3 and subsubsection 7.4.2. The
time dependent components are of main interest in the current section.
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As it could have been expected beforehand, once all the different combinations of imposed mo-
tion presented in Table 23 have been analyzed, two differentiated groups can be defined: locked
and unlocked cases. However, in contrary of what has being concluded in section 7, imposed
amplitude and frequency were different ways to trigger the same (or similar) consequences, it
will be shown that the amplitude of the motion of the cylinder introduces some differences in
the frequency content of the resultant time signals amongst unlocked cases.

8.2.1 Locked Cases

0 50 100 150 200 250 300 350

0

0.2

0.4

0.6

0.8

1

1.2

1
st

 Harmonic

2
st

 Harmonic

(a) fosc/f
o
vs = 1 & |y|/D = 0.38
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(b) fosc/f
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vs = 1 & |y|/D = 0.2

Figure 72: Unsteady components of cp(t) over the oscillating cylinder with locked vortex shedding
at Re ∼ 2.9 · 104. Magnitudes related to 2 frequencies are presented: fosc (blue) & 2 · fosc (red).
Imposed motions: fosc/f

o
vs = 1 & |y|/D = 0.38 (left) ; fosc/f

o
vs = 1 & |y|/D = 0.2 (right)

The extracted time signals of the pressure coefficient over the cylinder present similar time de-
pendent behaviour. Their frequency content is composed by the frequency of the imposed motion
and its multiple upper harmonics, being the greatest part of energy concentrated on the first
two harmonics and the steady component. All the spatial distributions of the main frequency
component of cp(t) present close to a symmetric shape; however, it is not. As the vortex shed-
ding pattern of these imposed motions resulted in 2S mode, it was expected this distribution to
be symmetric. Two possible reasons arise at this point: (a) 10 vortex shedding periods are not
enough to extract the unsteady frequency content of cp(t) due to the low resolution of the FFT
; (b) The 2D numerical simulation is not able to capture the exact numerical values of cp(t) over
the whole cylinder.

It is remarkable that for locked cases (see Figure 72, Figure 73 & Figure 75) at both, front (θ = 0
[o]) and rare (θ = 180 [o]) of the circular section, the main frequency of the resultant cp(t) is two
times the oscillating frequency. Furthermore, higher multiples of it are completely negligible.
However, the amplitude of this component is orders of magnitude lower compare to the static
component at the front of the cylinder (discussed in subsubsection 7.3.3) which is understand-
able as this location corresponds to the stagnation point of the cylinder and to center of the wake.
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Regarding the maximum amplitudes of the main component, they are located at θ ∼ 50o and
θ ∼ 310o and seem not to change with the imposed amplitudes. It also presents a local peak
between θ ∈ [110 − 160]

⋃
[200 − 240] [o] which slightly varies with the parameters of the im-

posed motion. These coordinates lay close to the local ”separation-reattachment” discussed in
subsubsection 7.3.3 for the time mean cp distribution over the cylinder. Actually, it coincides
with the re-circulation bubble that switches from the upper to lower part of the cylinder during
its vibratory motion.
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vs = 0.816 & |y|/D = 0.38
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Figure 73: Unsteady components of cp(t) over the oscillating cylinder with locked vortex shedding
at Re ∼ 2.9 · 104. Magnitudes related to 2 frequencies are presented: fosc (blue) & 2 · fosc (red).
Imposed motions: fosc/f

o
vs = 0.816 & |y|/D = 0.38 (left) ; fosc/f

o
vs = 1.14 & |y|/D = 0.38 (right)

Comparing the locked cases between them, the general trend of the different cp(t) time signals
is similar. However, the closer the imposed frequency (fosc) is to the static vortex shedding
frequency (f ovs), the ”cleaner” the signal becomes. ”Cleaner” signal means lower content of
frequency and smaller magnitude of the components related to higher multiples of the main
frequency. Hence, the simulated cases laying close to the unlocked-locked transition boundary
present a wider frequency spectrum than the ones near fosc/f

o
vs = 1, as it happened with cL(t)

in subsubsection 7.3.2. Figure 74 shows the FFT of cp(t) at θ = 50 [o] angular coordinate for
two different imposed motions of same amplitude. While the 3rd harmonic can barely be distin-
guished for fosc/f

o
vs = 1 (Figure 74a), one can identify up to the 5th harmonic for fosc/f

o
vs = 0.82

in Figure 74b.

Comparing the two imposed motions presented in Figure 72 (|y|/D = 0.38 (left) & |y|/D = 0.2
(right), it can be deduced that increasing the imposed amplitude of motion results in the in-
crement in amplitude of the main frequency of cp(t). Regarding the imposed frequencies of
motion, the magnitude of the main frequency of cp(t) presents the same trend as cL(t). The am-
plitude of it increases as getting closer to fosc/f

o
vs = 1 (see Figure 72a, Figure 73a & Figure 73b).
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Figure 74: FFT of cp(t) at θ = 50 [o] for fosc/f
o
vs = 1 & |y|/D = 0.38 (left) and fosc/f

o
vs = 0.816

& |y|/D = 0.38 (right) imposed motions at Re ∼ 2.9 · 104

Eventually, the imposed motions that result in locked vortex shedding process but lay close
to the ’unlocked-locked’ transition boundary will be analyzed. section 7 demonstrates even if
the component related to fosc of cL(t) is greater than the one related to fvs (vortex shedding
frequency that follows the Strouhal law), both present similar order of magnitude. Figure 75a
presents the amplitude of the components related to those frequencies over the cylinder. fosc
(blue line) is greater in magnitude compared to fvs (red line) over the cylinder apart from a
narrow range of θ values around the rare of the cylinder. Moreover, they present the same order
of magnitude over the range θ ∈ (120 − 250) [o]. Figure 75b demonstrates that these cases
follow the same trend as the rest of locked cases (Figure 72, Figure 73) regarding fosc and upper
harmonics of it.
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(a) Magnitudes related to frequencies: fosc (blue)
& fvs (red).
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& 2 · fosc (red)

Figure 75: Unsteady components of cp(t) over the oscillating cylinder with locked vortex shedding
aat Re ∼ 2.9 · 104. Imposed motion: fosc/f

o
vs = 0.816 & |y|/D = 0.2
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8.2.2 Unlocked Cases

The unlocked cases present a general cp(t) distribution over the cylinder which can be splitted
into two differentiated regions in terms of their frequency content (see Figure 76):

• A first region around the front of the cylinder in which the time signal is characterized by
the frequency of the imposed motion and its upper harmonics. The order of the higher
harmonics (3rd and following) is negligible compare to the steady component and the main
frequency.

• A second region (considerably wider in space than the first) in which the time signal is
characterized by the frequency of the dynamic shedding frequency (fvs) and its upper or
lower harmonics.
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Figure 76: Unsteady components of cp(t) over the oscillating cylinder with unlocked vortex
shedding at Re ∼ 2.9 · 104. Imposed motions: fosc/f

o
vs = 0.677 & |y|/D = 0.2 (left) ; fosc/f

o
vs =

0.677 & |y|/D = 0.38 (right)

Between these two marked regions, there is a transition (range of θ values) in which the cp(t)
time signal contains frequency components of both fosc and fvs of the same order of magnitude.
Moving to higher values of θ coordinate, the component related to fosc decreases in magnitude
and the one corresponding to fvs arises. At some point, the second overcomes the first. Note
that this location will depend of the properties of the imposed motion but it takes places around
θ ∼ 50 [o] & θ ∼ 300 [o] (Figure 76). The extension in which one component or the other is the
main one and their magnitudes varies with simulated case (imposed frequency and amplitude of
the motion).

This behaviour explains the fact that the time spectrum of cL(t) for the unlocked cases presents
two peaks at those frequencies and the resultant magnitude of each. For the cases of imposed
motion that lay closer to the unlocked-locked transition fosc will be the main frequency during
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a wider range of θ values which results in a higher magnitude related to this frequency in cL(t)
(Figure 52) and vice-versa.
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Figure 77: FFT of cp(t) at θ = 0 [o] for fosc/f
o
vs = 0.677 & |y|/D = 0.38 (left) and fosc/f

o
vs = 0.677

& |y|/D = 0.05 (right) imposed motions at Re ∼ 2.9 · 104

In the same way that the cases laying within the lock-in region, at both front (θ = 0 [o]) and
rare (θ = 180 [o]) coordinates of the cylinder section, the main frequency of the resultant cp(t)
is two times the main frequency of the signal (see Figure 77). However, locked cases present the
component related 2 · fosc, whereas unlocked case 2 · fvs. Furthermore, the rest of the higher
multiples of it are completely negligible and the main component is the steady part of the signal
(0 [Hz]).

It is remarkable that amongst unlocked cases, if the imposed frequency of motion is small enough
(e.g |y|/D = 0.05), the component of cp(t) that corresponds to fosc will never overcome the one
set by the Strouhal law (see Figure 78). This behaviour has been identified in both unlocked
cases at |y|/D = 0.05 (fosc/f

o
vs = 0.677 and fosc/f

o
vs = 0.816). However, amongst imposed

motions that lay within the lock-in region at that imposed magnitude (see Figure 79) the main
frequency is fosc.

The magnitude of the imposed amplitude also affects the oscillatory behaviour of cp(t). Com-
paring different imposed amplitudes, |y|/D, at the same motion frequency, fosc, a greater value
of |y| will result in higher magnitudes of the component related to fosc. Comparing subfigures
in Figure 72, one can observed that at |y|/D = 0.38 (Figure 72a) the magnitude of the first
harmonic barely goes under 0.4 and overcomes unity. At |y|/D = 0.2 (Figure 72b), instead, it
does never reach unity. Eventually, in Figure 79 it can be seen that at the imposed amplitude
of |y|/D = 0.05, the same component of cp(t) barely overcomes 0.5.
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Figure 78: Unsteady components of cp(t) over the oscillating cylinder with unlocked vortex
shedding at Re ∼ 2.9 · 104. Imposed motions: fosc/f

o
vs = 0.68 & |y|/D = 0.05 (left) ; fosc/f

o
vs =

0.81 & |y|/D = 0.05 (right)
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Figure 79: Unsteady components of cp(t) over the oscillating cylinder with locked vortex shedding
at Re ∼ 2.9 · 104. Imposed motion: fosc/f

o
vs = 1 & |y|/D = 0.05

8.3 Conclusions

It has being concluded that in overall the cp(t) over the cylinder can be divided in two differen-
tiated regions (for both locked and unlocked cases). The first part of the cylinder (narrow range
of θ around the front of the cylinder), related to the imposed motion of the cylinder; the sec-
ond part (wide range of θ that takes most of the cylinder), related to the vortex shedding process.

In the first region of the cylinder, the main component of the time signal of the different lo-
cations, is the one related to the frequency of the imposed motion. As moving to the rare of
the cylinder, there is a transition until, at some point which varies with the imposed motion,
the main component of the signal becomes the shedding frequency. Hence, for the cases laying
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within the lock-in region there will not be any transition as the imposed frequency and shedding
frequency is identical. The unlocked cases, however, present a transition region in which the
magnitude of the motion frequency component decays at the same time as the one related to
the shedding frequency gets greater until the second overcomes the first one. This point varies
with the imposed motion but lays around θ ∼ 50 [o] & θ ∼ 300 [o] for the analyzed cases. This
behaviour, as discussed before, justifies the frequency content of cL(t) presented in Figure 52.
Depending on the length and magnitude over the cylinder surface whether fosc or fvs is the main
frequency, it will affect correspondingly to cL(t).

In the second region of the cylinder, the time signal is composed basically by the frequency of
the vortex shedding process and its multiple higher harmonics.

All the analyzed cases present a interesting behaviour at the front, θ = 0 [o], and rare, θ = 180
[o], locations of the cylinder. The time signal presents a frequency spectrum in which the biggest
component is the steady one followed by the 2nd harmonic of the leading frequency over that
region.

Eventually, amongst the unlocked cases, when the imposed amplitude of the cylinder is small
enough, the component related to the shedding process of cp(t) presents always higher magnitude
than the imposed motion one. However, it cannot be taken as a strong conclusion as it was visu-
alized only at |y|/D = 0.05. Amongst the locked cases, instead, a higher imposed amplitude (and
constant imposed frequency) results in higher amplitude of the component related to fosc of cp(t).

90



9 COMPARISON BETWEEN 2D & 3D RESULTS

9 Comparison between 2D & 3D Results

This section aims to compare the 2D results presented in the current report and the ones dis-
cussed by Martina Lomele in her final thesis project (’Computational Study of the Unsteady
Pressure Around a 3D Circular Cylinder Undergoing Forced Motion’) [68].

As described in her report, a 3D computational domain has been built in order to model a 3D
circular cylinder with a spanwise length of Lz = πD. A free-stream velocity of U∞ = 4.282 [m/s]
(Re ∼ 2.9 · 104) and an incoming turbulence level of 0.2% has been assumed. The results are
extracted from the circular section at mid-span over 7 vortex shedding periods [68].

9.1 Lock-in Region

The lock-in region plotted on the imposed motion amplitude-frequency plane (Figure 80) presents
similar boundaries in both works. However, as different values of fosc and |y| have been analyzed
by the authors, the comparison between the boundaries of the theoretical V shaped lock-in re-
gion is not trivial. A greater number of simulated cases (combinations of fosc & |y|) would allow
a conciser analysis of its shape between the 2D & 3D numerical computations.

As discussed in section 7, both regions (3D & 2D) present a non-symmetric shape of the lock-in
region with respect to fosc/f

o
vs = 1 value. The locked cases extend to higher imposed frequencies

on the right side of fosc/f
o
vs = 1 (higher values of fosc) rather than on the left side (lower values

of fosc). Also, both show a wider range of locked frequencies for increasing amplitudes of motion.
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Figure 80: Lock-in region for the cylinder oscillation transverse to the incoming flow at Re ∼
2.9 · 104. Results from 2D domain (left): ◦, unlocked; +, locked. Results from 3D domain at
mid-span section (right): ◦, locked; �, unlocked [68]
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9.2 Time-varying lift coefficient

The comparison of the resultant unsteady lift coefficient, cL(t), will be performed in terms of
frequency, amplitude and phase difference with respect to y(t) of its main component. The 2D
lift coefficient, cL(t), will be compared against the lift coefficient on the mid-span section of the
3D computations, CL(t).

9.2.1 Main frequencies of the time signals cL(t) & CL(t)

Both numerical simulations confirm the results presented by the authors in the literature. On
the one hand, the imposed motions that lay within the lock-in region result in a main frequency
of the lift coefficient equal to the imposed motion. On the other hand, unlocked cases present
two predominant frequencies in the time-varying lift coefficient (see Figure 81). The shedding
frequency that follows the Strouhal law, the greatest in amplitude; and the imposed frequency
of motion:
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Figure 81: FFT of the lift coefficient for unlocked cases at Re ∼ 2.9 · 104. Results from 2D
domain (left): fosc/f

o
vs = 0.4 & fosc/f

o
vs = 0.38 . Results from 3D domain at mid-span section

(right): |y|/D = 0.5 & fosc/f
o
vs = 0.5 [68]

9.2.2 Amplitude of the main frequency: |cL| & |CL|

Table 25 collects the different resultant |CL| (amplitude related to the main frequency of CL(t))
values presented in [68] for the numerical 3D computations at Re ∼ 2.9 · 104. These values will
be compared to the ones extracted from 2D simulations discussed in section 7 and presented
again in Figure 82.

Analyzing the locked cases, two different behaviors of |CL| can be distinguished. On the one
hand, increasing the amplitude of the imposed motion results in higher values of the amplitude
related to the main frequency of CL(t). Same behaviour of |cL| can be detected in Figure 82b
for the case of fosc/f

o
vs ∼ in 2D simulations. On the other hand, analysing the effect that fosc

has on |CL| a clear difference can be detected between the results obtained from the 2D and 3D
simulations. The former, presents a violent increase around fosc/f

o
vs = 1 and it keeps increasing
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in a really low rate (nearly constant) for higher imposed frequencies (see Figure 82a). The later,
however, presents its lowest value at fosc/f

o
vs = 1 (Table 25). This will be the main difference

encounter in the project comparing results from 2D and 3D simulations. However, there are
only 3 cases of the 3D cylinder at |y|/D = 0.38 amplitude available and no concluding remark
should be taken as at fosc/f

o
vs = 1.8, |CL| keeps increasing with respect to the two lower values

of imposed frequency.

fosc/f
o
vs |y|/D |CL|

0.83 0.38 1.232
0.83 0.1 0.173

1 0.38 1.022
1.8 0.38 1.812

Table 25: Amplitude of the main frequency of CL(t) for different locked motions at Re ∼ 2.9·104.
Results at mid-span section of the moving 3D cylinder [68]
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Figure 82: Evolution of the amplitude related to the main frequency of lift coefficient as a
function of the imposed frequency (left) and of imposed amplitude (right). Results of 2D cylinder
at Re ∼ 2.9 · 104

fosc/f
o
vs |y|/D Amp. fvs Amp. fosc

0.5 0.38 0.312 0.111
0.5 0.5 0.36 0.176
1.8 0.1 1.263 0.2827

Table 26: Amplitude of the main frequency of CL(t) for different unlocked motions at Re ∼
2.9 · 104. Results at mid-span section of the moving 3D cylinder [68]

On the other hand, amongst the unlocked cases, two predominant frequencies can be distin-
guished. One related to the vortex shedding frequency and another to the imposed motion
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frequency. Relating the cases presented in Table 26 with Figure 80b it seems that the closer
the imposed motion lays to the lock-in region, the higher the amplitude of fosc becomes and
lower fvs. Same conclusion was reached in subsubsection 7.3.2 & subsubsection 7.4.1 from the
2D results.

Regarding the numerical values, the results from 2D and 3D simulations result in values of the
same order of magnitude even if they are not the same.

9.2.3 Phase difference of the main frequency with respect to y(t): φL

Table 27 collects the different resultant φL (phase difference between the main component of
CL(t) with respect to y(t)) values presented in [68] for the numerical 3D computations at Re ∼
2.9 · 104. These values will be compared to the ones presented in Figure 53b & Figure 64b.

fosc/f
o
vs |y|/D φL [o]

0.83 0.38 -58.945
0.83 0.1 93.831

1 0.38 -56.877
1.8 0.38 -4.112

Table 27: Phase difference between main component of CL(t) and y(t) for different imposed
motion at Re ∼ 2.9 · 104. Results at mid-span section of the moving 3D cylinder [68]

As discussed in subsubsection 7.3.2, the results from both computational domains (3D & 2D)
can result in a positive or negative values of φL. The imposed motions closer to the ’unlocked-
locked’ boundary (fosc/f

o
vs = 0.83 & |y|/D = 0.1 in Table 27) present positive values of it.

Moving away from the transition, instead, negative. The same happens in 2D simulations. In
terms of numerical values, however, the results from the 3D codes present lower values compared
to 2D results in general. While in Figure 53b & Figure 64b the phase difference barely goes
under φL = −50 [o], values in Table 27 are around φL = −50 [o], but always below it.

9.3 Unsteady pressure over the cylinder: cp(t)

As the last step of the comparison between 2D and 3D at mid-span results, the distribution of
the amplitude related to the main frequency of the unsteady pressure coefficient over the cylinder
will be compared. It is remarkable, that the curves present close to a symmetric distribution
around θ = 180 [o] for both 2D and 3D results. Also, the numerical values even if they are not
the same, their order of magnitude it is.

On the one hand, the locked cases present similar geometrical distribution over the cylinder
showing more or less the same trend with the key points of the spatial distributions about the
same θ coordinates (e.g see Figure 83b, 3D, & Figure 84b, 2D). The effect that the variation of
the imposed amplitude at constant imposed frequency will be discussed. Also, variation of the
imposed frequency at constant imposed amplitude. In both cases, 2D and 3D results, at lower
values of |y|/D, the amplitude of the main frequency (fosc) decreases as presented in Figure 83a
and Figure 84a. This is translated in a decline of the amplitude related to main frequency of lift
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coefficient as discussed in subsubsection 9.2.2. However, the variation of the imposed amplitude
of motion, produces contrary effects in the results from 2D and 3D simulations. As it happened
with the lift coefficient (subsubsection 9.2.2), fosc/f

o
vs = 1 presents the lowest values in the

magnitude of the main frequency of Cp(t) (Figure 83b) in the numerical data extracted from
3D simulations. In contrary, the results from 2D simulation presents close to their maximum
value at that imposed motion frequency (Figure 84b). However, there are only 3 cases of the
3D cylinder at |y|/D = 0.38 amplitude available and no concluding remark should be taken as
at fosc/f

o
vs = 1.8 the magnitude related to the main frequency of Cp(t) keeps increasing with

respect to the two lower values of imposed frequency.

(a) fosc/f
o
vs = 0.83 [68] (b) |y|/D = 0.38 [68]

Figure 83: Amplitude of the main frequency of Cp(t) over the mid-span section of the 3D cylinder
at Re ∼ 2.9 · 104. Comparison of the effect of the imposed amplitude at fosc/f

o
vs = 0.83 (left).

Comparison of the effect of the imposed frequency at |y|/D = 0.38 (right) [68]
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Figure 84: Amplitude of the main frequency of cp(t) over the 2D cylinder at Re ∼ 2.9 · 104.
Comparison of the effect of the imposed amplitude at fosc/f

o
vs = 1 (left). Comparison of the

effect of the imposed frequency at |y|/D = 0.38 (right)
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On the other hand, amongst the unlocked cases the distribution of the amplitudes related to
fosc and fvs will be analyzed. In both results, from 2D and 3D simulations, the components of
the time signal related to these frequencies are the predominant. Figure 85 & Figure 86 present
the results obtained from different imposed motions with the 3D and 2D computations. Even
if the spatial distributions are completely different (the properties of the imposed motion are
quite different), the point at which the magnitude of fvs overcomes fosc happens around the
same coordinates: θ ∼ 50 [o] & θ ∼ 300 [o].

(a) fosc/f
o
vs = 0.5 & |y|/D = 0.38 [68] (b) fosc/f

o
vs = 0.5 & |y|/D = 0.5 [68]

Figure 85: Amplitudes of the predominant frequencies of Cp(t) over the mid-span section of the
3D cylinder at Re ∼ 2.9 · 104. Two unlocked cases are presented: fosc/f

o
vs = 0.5 & |y|/D = 0.38

(left); fosc/f
o
vs = 0.5 & |y|/D = 0.5 (right) [68]
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Figure 86: Unsteady components of cp(t) over the 2D oscillating cylinder with unlocked vortex
shedding. Imposed motions: fosc/f

o
vs = 0.677 & |y|/D = 0.2 (left) ; fosc/f

o
vs = 0.677 & |y|/D =

0.38 (right)
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10 Conclusions

The report intends to analyze the evolution of several aerodynamic and aeroelastic parameters,
specially focused on the unsteady pressure distribution, over circular cylinders under imposed
oscillatory motion in cross direction with respect to the incoming airflow. The prime objective
is to characterize the time signals of the pressure over the cylinder in both locked and unlocked
cases, as well as, the transition procedure between both situations. Furthermore, the effect of
different imposed motions, varying frequency or amplitude, and how they trigger the vortex
shedding process at the motion frequency is discussed.

The numerical research has been developed in a sequential manner. First, two CFD codes (flow
over static, section 4, and moving, section 6, circular cylinder) have been built and validated
against experimental data extracted from ULiege wind tunnel (section 3). Then, the lock-in
region has been localized and analyzed based on key aerodynamic and aeroelastic parameters
found in literature (section 7). Also, locked and unlocked cases have been compared between
them in terms of those parameters. An independent section have been addressed for the anal-
ysis of the unsteady pressure time signals in section 8. Locked and unlocked cases have been
compared in terms of frequency content and magnitude of their main frequency components.

Eventually, the current numerical two-dimensional research has been developed parallel to Mar-
tina Lomele’s three-dimensional study and the results from both investigations have been ana-
lyzed, compared and discussed at the end of the report.

10.1 Conclusions on the Project

section 4 demonstrates that even after having done the corresponding mesh independence study,
the convergence testing of the parameters related to the numerical schemes, and independently
of the turbulence model implemented, no two dimensional code is able to well-represent and
capture the inherent unsteadiness of the wake region and vortex shedding process from the bluff
body. However, the fluid physics over the region of the cylinder where the flow is attached seems
to be captured. Furthermore, the Scale Adaptive turbulence models behave in a conciser way
rather than URANS models.

section 6 shows that in the case of the moving cylinder, the attached flow over the cylinder is well
captured by all the turbulence models tested. Once the separation point is reached, however,
the best behaviour is presented by SAS Transition SST turbulence model. It presents a good
balance between the accuracy of the results and computational time for the resolution of the
problem, even if the time mean pressure coefficient, c̄p, distribution over the cylinder slightly
differs near the rear of the cylinder with respect to the experimental data. It could be due to
several imperfections of the experimental set-up (inherent damping of the structure, no perfect
1D motion of the cylinder, surface roughness...) and the no perfectly 2D behaviour of the vortex
shedding at the imposed motion conditions. Moreover, the slight difference between the pure
sinusoidal motion of the cylinder imposed numerically and the close but not perfectly sinusoidal
motion of the cylinder undergoing experimental VIV could introduce some incoherence between
both results. In contrary, the numerical value of the vortex shedding frequency is captured.
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section 7 locates the lock-in region and analyzes several aerodynamic parameters (cL(t), cE, c̄p
and wake pattern) over the locked cylinders. Furthermore, it describes their evolution from
unlocked to locked situations being triggered the transition either by increasing the amplitude
or the frequency of the imposed motion. It results that all the parameters behave in a sim-
ilar way, either modifying the imposed amplitude or the frequency on the cylinder, being the
main key how close the case (combination of amplitude and frequency) lays to the lock-in region,
and more precisely to the static vortex shedding frequency set by the Strouhal law (fosc/f

o
vs = 1).

The time varying signal of the lift coefficient on the cylinder, cL(t), of the unlocked cases presents
two predominant frequencies: the biggest one at fvs and a lower one at fosc. As the imposed
motion gets closer to the synchronization region, the amplitude related to the second frequency
increases until it overcomes the first one. At that moment the case will become locked. There is
a narrow range of imposed motions that lay close to the unlocked-locked transition boundary at
which the frequency content is pretty wide. As moving towards fosc/f

o
vs = 1, the frequency con-

tent of cL(t) concentrates at fvs = fosc and the amplitude of the lift coefficient increases. Once
the frequency of the imposed motion overcomes the static shedding frequency, the frequency
spectrum of time signal gets wider again and the amplitude keeps increasing in a really low rate
(nearly constant).

Amongst the locked cases two groups can be divided: a narrow range of imposed frequencies
and amplitudes laying close to the unlocked-locked transition boundary and the cases around
fosc/f

o
vs = 1. On the one hand, the latter ones present a clear 2S vortex shedding mode and the

energy transfer happens from the cylinder to the fluid. On the other hand, the former cases, the
energy goes in the opposite direction and the wake mode seems to result in 2P (however, it is
not complete clear). Furthermore, the transition between these two modes happens at the same
fosc/f

o
vs value at which the spatial averaged of c̄p gets its maximum value, the amplitude related

to the main frequency of the lift coefficient, |cL|, presents a steep increase and the phase of it
with respect to the motion of the cylinder, y(t), decays abruptly.

Regarding unlocked cases, they do not present a well-defined vortex shedding pattern and the
energy transfer between the cylinder and the fluid presents the same direction as the 2S shedding
vortex mode does. The direction in which the energy flows, it is specially interesting as it defines
if the fluid-structure system is self-excited (air does work on the cylinder) or stable (cylinder
does work on the air).

Eventually, the evolution of the spatial distribution of c̄p has been analyzed in section 7. 3
different situations can be identified: unlocked, locked and transitional cases. As described in
subsubsection 7.3.3 each group of cases is characterized by its differentiated properties.

The extensive analysis carried out in section 8 concludes that the cp(t) distribution over the
cylinder in all the cases (locked or unlocked) can be divided in two main spatial regions.

In the first region (front of the cylinder), the main component of the time signal at the differ-
ent locations, is the one related to the frequency of the imposed motion. Also, higher multiple
harmonics of it are present but they can be neglected. As moving to the rare of the cylinder,
there is a transition until, at some point which varies with the imposed motion but lays around
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θ ∼ 50 [o] (upper) & θ ∼ 300 [o] (lower), the main component of the signal becomes the shedding
frequency. Hence, for the cases laying within the lock-in region there will not be any transition
as the imposed frequency and shedding frequency is identical. The unlocked cases, however,
present a transition region in which the magnitude of the motion frequency component decays
at the same time as the one related to the shedding frequency gets greater until the second
overcomes the first one. This behaviour, as discussed before, justifies the frequency content of
cL(t). Depending on the length and magnitude over the cylinder surface whether fosc or fvs is
the main frequency, it will affect correspondingly to cL(t).

In the second region of the cylinder, the time signal is composed basically by the frequency of
the vortex shedding process and its multiple higher harmonics.

At the front (θ = 0 [o]) and rear (θ = 180 [o]) of the cylinder, the time signal presents a frequency
spectrum in which the biggest component is the steady one followed by the 2nd harmonic of the
leading frequency over that region. Furthermore, the order of magnitude of the amplitude of the
rest frequencies is negligible compare to it. It is understandable as θ = 0 [o] coincides with the
stagnation point and θ = 180 [o] center of the wake.

It is remarkable that amongst the unlocked cases, it seems that when the imposed amplitude
of the cylinder is small enough, the component related to the shedding process presents always
higher magnitude than the imposed motion one. However, it is not a strong conclusion as this
result was only found at one value of imposed amplitude: |y|/D = 0.05.

Eventually a comparison between the 2D numerical results presented in the current report and
3D numerical results at the mid-span section (extracted from [68]) has been carried out. Even
if inconsistencies arise between the numerical values from the 2D & 3D simulations, the aero-
dynamic parameters seem to follow the same overall trend. Furthermore, the numerical values
present the same order of magnitude.

The prime difference has been detected in the evolution of the magnitude of the main compo-
nent of the unsteady pressure coefficient (and consequently in the lift coefficient) at constant
imposed amplitude and varying the motion frequency amongst the locked cases. It seems that
it produces contrary effects in the results from 2D and 3D simulations. On the one hand, an
imposed motion of fosc/f

o
vs = 1 & |y|/D = 0.38 presents the lowest values in the magnitude of

the main frequency of Cp(t) in the numerical data extracted from 3D simulations. On the other
hand, the same imposed motion in 2D simulations shows close to its maximum values of the
same aerodynamic property. However, there are only 3 cases of the 3D cylinder at |y|/D = 0.38
amplitude available and no concluding remark should be taken as at fosc/f

o
vs = 1.8 the magni-

tude related to the main frequency of Cp(t) keeps increasing with respect to the two lower values
of imposed frequency.

To sum up, it seems that numerical 2D simulations capture the overall trends of the different
aerodynamic and aeroelastic parameters that affect the flow around oscillating cylinders under
imposed motion. However, the exact numerical values are not captured and possible inaccura-
cies could be present in the results. However, compared to the 3D simulations, a considerable
reduction of computing time and CPU cost is introduced. Hence, it could be concluded that 2D
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simulations, as the one discussed in the current report, present an alternative to 3D simulations
or experimental experiments if a great accuracy or precision in the numerical values is not desired
and the overall behavior of several aerodynamic parameters as a function of the imposed motion
of the cylinder is of interest. However, further research and comparison between different im-
posed motions should be done, specially around the unlocked-locked transition boundary where
the results seem to be more confusing due to the wide frequency content of the time varying
signals.

10.2 Further Research on the Topic

The present work opens several paths in which the numerical research of the flow around oscil-
lating circular cylinders under imposed motion can be continued:

• An improved and more extensive validation of the developed 2D CFD code could be carried
out. Hence, it would be adequate to compare the computational and experimental data at
different airspeeds. Different values of imposed airspeeds will result in the modification of
y+ on the cylinder’s wall for each case. It would be necessary to re-mesh the model and
test the accuracy of the mesh for each value of U∞ (or Re) before being able to compare it
against the experimental results. Indeed, the turbulence models used in the current report
require y+ ≤ 1.

• A greater number of imposed motions (combinations of fosc & |y|) will give a preciser
comparison between the results from 2D and 3D computations. The limited number of
simulated imposed motions of 3D cylinders available makes hard to reach solid concluding
remarks. However, 3D dynamic computations require great computational time and cost.
Also, a higher number of 2D simulations could lead to preciser results and comparison.
Moreover, extracting the time dependent parameters over a higher number of vortex shed-
ding periods would possibly increase the accuracy of the results.

• Building an experimental rig of a 3D moving cylinder under imposed motion in a wind-
tunnel would be the precisest option to analyze the flow over it. Actually, it was the
first approach of the current project; however, the worldwide situation caused by Covid-19
pandemic did not allow it.
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A Definition of the Aerodynamic Coefficients

A.1 Introduction

This section introduces the different definitions of the aerodynamic coefficients used along the
report. The main challenge is to understand the differences between the difference expressions
for the lift coefficient (CL) and drag coefficient (CD). The usage of several coefficients is not
trivial and it is done to deal with the different data sets that are available (wind tunnel, numer-
ical, numerical from literature and experimental from literature). This is due to the fact that
the information available is not the same and a comparison for validation is needed.

First, the pressure coefficient cp is introduced, which is common for all of them, and how the
mean value of the time distribution is obtained. Then, the different definitions and applications
of CL(t) and CD(t) are discussed. The different aerodynamic coefficients present in the report:

• cp(θ, z, t): Pressure Coefficient

• CLmo(t) & CDmo(t): Monitored coefficients by ANSYS Fluent while running the numerical
simulations. They are defined by default and they can be 2D or 3D

• CL(t) & CD(t): Definitions of the coefficients widely used in the literature

• CLexp(t) & CLexp(t): Coefficients computed from experimental data. They do not contain
the component due to the wall shear stress as it is not available

• CLma(t) & CLma(t): Numerical expressions defined manually in ANSYS Fluent to compare
the obtained values to the results from the Wind Tunnel

A.2 Time Mean Value of the Pressure Coefficient: c̄p

One of the main aerodynamic parameters that will be used for experimental validation of the
numerical codes. The direct disposal of this parameter at 36 discrete points on the cylinder
surface and the ability to export it directly (via Time Statistics Section) from ANSYS Fluent
ables a simple and rapid procedure of comparison. It is highly desired to avoid exporting the
numerical cp distribution over the cylinder from the commercial software as it is a tedious and
time consuming process which depends on the size of the time step used in each simulation.
Hence, this process would have been a nightmare when dealing with small time step size in the
convergence study. Aiming to avoid the usage of the commercial software as a ”Black Box”
time step for the discretization was set to solid and equal to the one used in the time integra-
tion. This procedure does not allow the software to apply an automatic discretization of the
parameters and compute the time mean of them using unknown weighting functions for the user.

cpij(x, y, z, t) =
pij(x, y, z, t)− pref

qref
=
pij(x, y, z, t)− pref

1
2
ρref U2

ref

(11)

alternatively,

cpij(θ, z, t) =
pij(θ, z, t)− pref

1
2
ρref U2

ref

(12)
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where,

• x: Streamwise Coordinate

• z: Spanwise Coordinate

• y: Coordinate in the direction of the motion of the cylinder. It is orthogonal to x and y and
it compounds the plane that contains the sectional area of the cylinder with x coordinate

• θ: Angular coordinate that starts from the foremost point of the cylinder in x coordinate
and goes all around the surface of the sectional area of the cylinder

• i: Spatial discrete points

• j: Temporal discrete points

• pref : Reference static pressure

• qref : Reference dynamic pressure

• p(x, y, z, t) & p(θ, z, t): 3D pressure distribution on the cylinder surface. For 2D and
experimental results it will not depend on the spanwise coordinate as in the former z
coordinate does not exist and the later is only available at mid-span

• ρref : Reference air density

• Uref : Reference airspeed

Eventually, the time mean Cp

c̄pi(θ, z) =
1

K

K∑
j=1

cpij(θ, z, t) ; c̄pi(x, y, z) =
1

K

K∑
j=1

cpij(x, y, z, t) (13)

where j is the time discretization of each discrete spatial value of the pressure coefficient and K
is total number of them. In case of experimental data K = 9000. In the numerical simulations
will depend on the total number of time steps used once the result has converged.

A.3 ANSYS Fluent: Monitored CLmo
and CDmo

The time evolution of these two aerodynamic parameters are used to verify the convergence of the
numerical simulations. The force applied by the fluid on the cylinder is defined in Equation 14

~Fcylinder(t) = Fx(t) ~x+ Fy(t) ~y + Fz(t) ~z = D(t) ~x+ L(t) ~y + Fz(t) ~z (14)

where D is the Drag force(Equation 16) and L the Lift force(Equation 15) acting on the cylinder

Lj(t) =
M∑
i=1

(pij(θ, z, t) · nyi(θ) · Ai(θ) + τyi(θ, z, t) · Ai(θ)) (15)

Dj(t) =
M∑
i=1

(pij(θ, z, t) · nxi(θ) · Ai(θ) + τxi(θ, z, t) · Ai(θ)) (16)

where
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• M : Total spatial discrete points

• nyi: y component of the normal vector on the cylinder at each spatial discrete point

• nxi: x component of the normal vector on the cylinder at each spatial discrete point

• τyi: y component of the wall shear stress on the cylinder at each spatial discrete point

• τxi: x component of the wall shear stress on the cylinder at each spatial discrete point

• Ai: Surface area related to each spatial discrete point on the cylinder

Eventually, the monitored lift and drag coefficients by ANSYS Fluent commercial software are
shown in Equation 17. These definitions for the aerodynamic coefficients include both pressure
and shear forces applied by the fluid flow on the cylinder for their computation. Their usage is
limited to the verification of the converge for numerical simulations. No comparison to experi-
mental results can be done as there is no information about the wall shear stress in the latter
data.

CLmoj(t) =
Lj(t)

1
2
ρref U2

ref

; CDmoj(t) =
Dj(t)

1
2
ρref U2

ref

(17)

A.4 CL & CD from Literature

Equation 18 shows the widely extended definitions for the aerodynamic coefficients in the lit-
erature ([59] [9] [67]). This definition will me used to compared computational 3D results with
works of authors of reference. The data extracted from the wind tunnel does not account for
the wall shear stresses and only the mid-span cp distribution over the cylinder is known. Hence,
if this data is extended to 3D, uniform cp distribution in spanwise direction is assumed which is
not the real situation and ignoring the dependence on the z coordinate is not correct ([53] [37]).
Equation 18 presents the expression and Lj(t) and Dj(t) are extracted directly from ANSYS
Fluent [73].

CLj
(t) =

Lj(t)
1
2
ρref S U2

ref

; CDj
(t) =

Dj(t)
1
2
ρref S U2

ref

(18)

where,

• S = D and A = πD
M

in 2D

• S = L ·D and A = πD
M
· L in 3D

• D: Diameter of the cylinder

• L: Spanwise Length
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A.5 Experimental CLexp
& CDexp

The lift and drag coefficient from the experimental data will be obtained based only in the
pressure term that the fluid flow applies on the cylinder. There is not data related to the wall
shear stress available (Equation 19 & Equation 20).

CLexpj(t) =

∑M
i=1(pij(θ, z, t) · nyi(θ) · A(θ)

1
2
S ρref U2

ref

(19)

CDexpj(t) =

∑M
i=1(pij(θ, z, t) · nxi(θ) · A(θ)

1
2
S ρref U2

ref

(20)

where,

• M = 36. Number of pressure taps at midspan

• nxi & nyi : x and y components of the normal vector of the circular section of the cylinder
at the points where each pressure tap is located.

• A = πD
36

(2D)

• A = πD
36
· L (3D)

The time mean values are presented in Equation 21.

C̄Lexp =
1

N

N∑
j=1

CLexpj(t) ; C̄Dexp =
1

N

N∑
j=1

CDexpj(t) (21)

A.6 ANSYS Fluent: Manually Defined CLma and CDma

In order to compare the numerical values of CL and CD to the experimental ones, a new definition
was implemented manually which does not contain the force component related to the wall shear
stress. The definition of CLma and CDma are presented in Equation 22 and Equation 23 :

CLmaj(t) =

∑M
i=1(pij(θ, z, t) · nyi(θ) · A(θ)

1
2
S ρref U2

ref

(22)

CDmaj(t) =

∑M
i=1(pij(θ, z, t) · nxi(θ) · A(θ)

1
2
S ρref U2

ref

(23)

Practically, as these parameters will be used for comparison and verification of the experimental
data, they will be obtained from the time mean cp distribution at mid span (Equation 24 &
Equation 25).

C̄L =

∑M
i=1 c̄pi(θ, z) · nyi(θ) · A(θ)

S
(24)

C̄D =

∑M
i=1 c̄pi(θ, z) · nyi(θ) · A(θ)

S
(25)
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B Basics of SIMPLE and PISO Algorithms

SIMPLE & PISO algorithms are two of the most extended schemes to solve the pressure-velocity
coupling of the incompressible NSE in a segregated manner. Both of them are pressure based
predictor-corrector schemes which by means of a modification of the original continuity equation,
they apply an additional condition to the pressure field.

Incompressible NSE:

∇ · ~V = 0 (26)

∂~V

∂t
+ ~V · ∇~V − ν∇2~V =

1

ρ
∇p+ ~g (27)

The previous system of equations is composed by 4 equations and 4 unknowns (Vx, Vy, Vz, p).
The resultant velocity and pressure fields must satisfy both continuity and momentum equations
at the same time. Moreover, the continuity equation rather than being an easy equation to solve,
it works as a restriction on the computed momentum field [69] [70].

Starting from Equation 26 and Equation 27, an expression for pressure will be derived which
will be used as a corrector for the velocity so that it satisfies the continuity equation. Aiming to
keep the derivation simple, all the steps related to numerical discretization will be neglected and
focused on the main steps to obtain the resultant solution schemes or algorithms. The first step
consists in rewriting the momentum equation in matrix form (Equation 28), usually done by
means of a finite volume discretization. The coefficients of this matrixM are all known values.

M~V = −1

ρ
∇p (28)

At this point,M matrix will be decomposed into a diagonal matrix, D, and the residual matrix
H that is left when extracting the diagonal from M.

M~V = D~V −H (29)

H = D~V −M~V (30)

The point in doing that is on the one hand, a digonal matrix is really simple to inverse and
hence to solve the equeation; on the other hand, H ”matrix will allow us to calculate the source
term for the pressure equation” [69] [70].

Introducing Equation 29 in Equation 28 and operating, one obtains Equation 33.

D~V −H = −1

ρ
∇p (31)

D−1D~V = D−1H−D−1 1

ρ
∇p (32)

~V = D−1H−D−1 1

ρ
∇p (33)
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Eventually, combining Equation 33 and Equation 26 one ends up with the Poisson equation:

∇ ·
(
D−1 1

ρ
∇p
)

= ∇ ·
(
D−1H

)
(34)

B.1 Pressure-Velocity Coupling Algorithm

The base scheme for both approaches is the same: A pressure based predictor-corrector algo-
rithm. First, the momentum predictor (Equation 28) is solved for the velocity field ~V where
the coefficients of M are known and we do have a initial ”guess” (or the previous iteration) of

the pressure field. However, ~V does not satisfy the continuity equation yet. Then, H will be
calculated from the previous velocity field.

Now, the pressure field can be computed from Equation 34 which actually satisfies the continuity
equation. Eventually, by means of a pressure-corrector stage, the velocity field that satisfies the
continuity equation (corrected velocity field) will be extracted directly from Equation 33 using
the new pressure field.

After the velocity has been corrected, the pressure field does not satisfy Equation 34 as H does
depend on the velocity and it has been modified. At this point, SIMPLE and PISO algorithms
arise.

• SIMPLE Algorithm: It goes all the way back until the beginning and solves again the
momentum predictor. The resultant ~V it is used to compute a new H matrix. In other
words, it does an ”Outer Loop” or ”long loop” [70]. The procedure is repeated iteratively
until convergence is reached.

Figure 87: Basic Scheme of SIMPLE Algorithm [70]
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• PISO Algorithm: Instead of going all the way back and solving the momentum predictor
again, it uses the resultant velocity field, ~V , from Equation 33 to update directly H matrix.
In other words, it does an ”Inner Loop” or ”short loop” [69]. The procedure is repeated
iteratively until convergence is reached.

Figure 88: Basic Scheme of PISO Algorithm [69]
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C DERIVATION OF THE SCALAR EXPRESSION FOR VORTICITY

C Derivation of the Scalar Expression for Vorticity

Vorticity is generally defined as the pseudo-vectorial field obtained from the rotational of the
fluid velocity (~v). The resultant field, generally speaking, has three components (3D flows), one
component in each direction.

~Ω = Ωx ·~i+ Ωy ·~j + Ωz · ~k = 5× ~v =

(
∂w

∂y
− ∂v

∂z

)
~i+

(
∂u

∂z
− ∂w

∂x

)
~j +

(
∂v

∂x
− ∂u

∂y

)
~k (35)

However, in the present case:

• Two dimensional fluid domain. Homogeneous distribution of each velocity component in
spanwise (z coordinate) can be assumed: ∂u

∂z
= ∂u

∂z
= 0

• Two dimensional fluid flow: z component of the fluid does not exist in the current model:
∂w
∂u

= ∂w
∂v

= 0

Hence, Equation 35 will be simplified in Equation 36:

~Ω = Ωx ·~i+ Ωy ·~j + Ωz · ~k = 0 ·~i+ 0 ·~j +

(
∂v

∂x
− ∂u

∂y

)
~k (36)

Which written in the scalar way is presented in Equation 37. This version of fluid vorticity will
be used in the current report to visualize and compare the shedding vortices from the oscillating
circular cylinder:

ω =
∂v

∂x
− ∂u

∂y

[
1

s

]
(37)
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D ENERGY TRANSFER PER CYCLE

D Energy Transfer per Cycle

The energy transfer that happens in one oscillatory cycle between the two counterparts of the
fluid-structure system is defined as the work done by the fluid on the dynamic structure3:

E = W =

∫
F (t) ds −→ Ecycle = Wcycle =

∫ T

o

F (t) · dy =

∫ T

o

L(t) · ẏ(t) dt (38)

Defining the different terms of Equation 38:

dy = ẏ(t) · dt (39)

y(t) = |y| sin(2π fosc · t) (40)

ẏ(t) =
dy(t)

dt
= 2π fosc |y| cos(2π fosc · t) (41)

F (t) = L(t) =
1

2
ρU2
∞D cL(t) =

1

2
ρU2
∞D |cL| sin(2π fvs · t+ φL) (42)

where,

• y(t) [m]: Imposed sinusoidal displacement of the cylinder in cross direction to the fluid
flow

• ẏ(t) [m
s

]: Velocity of the cylinder in cross direction to the fluid flow

• L(t) [N
m

]: Lift force acting on the cylinder. In other words, the fluid force acting on the
cylinder in the direction of its motion, It has being modelled as a pure sinusoidal time
signal.

• fvs [Hz]: Frequency of vortex shedding or main frequency of L(t)

• fosc [Hz]: Frequency of the motion of the cylinder in y direction

• φL [o]: Phase between the motion of the cylinder and L(t)

• |y| [m]: Amplitude of the motion of the cylinder in y direction

• cL(t) [-]: Time signal of the lift coefficient

• |cL| [-]: Amplitude of the lift coefficient. It has been modelled as a pure sinusoidal signal

• ρ [ kg
m2 ]: Density of the fluid flow

• D [m]: Diameter of the cylinder

• U∞ [m
s

]: Airspeed

3Note that the force component in streamwise direction have been neglected as the motion in that direction
is null, and consequently, the work produced by that component of the force. Hence the force is treated as 1D
even if in reality is 2D in order to make the mathematical derivation more understandable
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• T = 1
fosc

[s]: Period of the motion of the cylinder

Substituting Equation 39, Equation 40, Equation 41 and Equation 42 in Equation 38, one can
obtain the energy transfer per cycle as a function of known parameters (Equation 43):

Ecycle =

∫ T

o

1

2
ρU2
∞D |cL| sin(2π fvs · t+ φL) · |y| sin(2π fosc · t) dt (43)

Applying general trigonometric rules (Equation 44), Equation 43 can be simplified in Equa-
tion 45:

sin(a+ b) = sin a · cos b+ cos a · sin b (44)

sin(2π fvs t+ φL) = sin(2π fvs t) · cos(φL) + cos(2π fvs t) · sin(φL) (45)

Ecycle =
2πfosc|y|ρU2

∞D|cL|
2

∫ T

o

cos(2πfosct) · [sin(2πfvst) · cos(φL) + cos(2πfvst) · sin(φL)] dt

The boxed equation is the general expression for the energy transfer between the fluid and
structure in each oscillatory cycle. It can be applied to both unlocked and locked cases in the
case of pure sinusoidal cL(t) signals. However, practically, the resultant cL(t) from unlocked cases
is composed by two main frequencies (fosc & fvs); hence, this approach would not be precise.
In contrary, locked cases laying around fosc/f

o
vs = 1 imposed frequency of motion, present close

to a sinusoidal cL(t) signal. Therefore, this modelling would be an adequate approximation and
further simplification can be developed. For locked cases where the vortex shedding happens at
the oscillating frequency of the motion : fvs = fosc

Ecycle =
2πfosc|y|ρU2

∞D|cL|
2

∫ T

o

cos(2π fosc t)·(sin(2π fosc t)·cos(φL)+cos(2π fosc t)·sin(φL)) dt =

= πfosc|y|ρU2
∞D|cL|

[∫ T

o

cos2(2π fosc t) · sin(φL) dt+

∫ T

o

cos(2π fosc t) · sin(2π fosc t) · cos(φL) dt

]
where, ∫ T= 1

fosc

o

cos(2π fosc t) · sin(2π fosc t) · cos(φL) dt = 0

∫ T= 1
fosc

o

cos2(2π fosc t) · sin(φL) dt =
1

2πfosc

[
2πfosct

2
+

sin (4πfosct)

4

] 1
fosc

o

=
sinφL
2 fosc

Eventually,

Ecycle =
π |y| ρU2

∞D |cL|
2

sin(φL) (46)
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The energy coefficient (cE) will be defined as the non-dimensional parameter that represents the
energy transfer between the solid-fluid medias of the system [45]:

cE =
Ecycle

1
2
ρU2
∞D

(47)

Simplified for locked cases:

cE = π|y||cL| sin (φL) [−] (48)

References

[1] A. Roshko. “On the drag and shedding frequency of two-dimensional bluff bodies”. In:
NACA Tech. Note N0. 3169 (1954).

[2] F. Abernathy and R. Kronauer. “The formation of vortex streets”. In: Journal of Fluid
Mechanics 13 (1962), pp. 1–20.

[3] R. Bishop and A. Hassan. “The lift and drag forces on a circular cylinder oscillating in
flowing fluid”. In: Royal Society London 277 (1964), pp. 51–75. doi: https://doi.org/
10.1098/rspa.1964.0005.

[4] J. Gerrard. “The mechanics of the formation region of vortices behind bluff bodies”. In:
Journal of Fluid Mechanichs 25 (1966), pp. 401–413.

[5] J. Lienhard. “Synopsis of lift, drag and vortex frequency data for rigid circular cylinders”.
In: Technical Extension service, Pullman, Washington 300 (1966), pp. 1–32.

[6] C. Feng. “The measurement of vortex induced effects in flow past stationary and oscillat-
ing circular and D-section cylinders”. In: MASc Thesis. Univ. Br. Columbia, Vancouver
(1968).

[7] J. Batham. “Pressure distributions on circular cylinders at critical Reynolds numbers”. In:
Journal of Fluids and Structures 57.2 (1973), pp. 209–228.

[8] J. Mercier. “Large amplitude oscillations of a cylinder in a low-speed stream”. In: Stevens
Institute of Technology, PhD (1973).

[9] S. Kacker and B. Pennington. “Fluctuating lift coefficient for a circular cylinder in cross
flow”. In: Department of Mechanical Engineering, The University of Newcastle (1974).

[10] M. Davies. “A comparison between the wake structure of a stationary and oscillating bluff
body, using a conventional averaging technique”. In: Journal of Fluid Mechanics 75 (1976),
pp. 209–231.

[11] T. Sarpkaya. “Vortex-Induced Oscillations: A Selective Review”. In: Journal of Applied
Mechanics 46.2 (1979), pp. 241–258. doi: https://doi.org/10.1115/1.3424537.

[12] T. Sarpkaya and R. Schoaff. “Inviscid model of two-dimensional vortex shedding by a
circular cylinder”. In: AIAA Journal 17 (1979), pp. 1193–1200. doi: https://doi.org/
10.2514/3.61300.

111

https://doi.org/https://doi.org/10.1098/rspa.1964.0005
https://doi.org/https://doi.org/10.1098/rspa.1964.0005
https://doi.org/https://doi.org/10.1115/1.3424537
https://doi.org/https://doi.org/10.2514/3.61300
https://doi.org/https://doi.org/10.2514/3.61300


REFERENCES
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