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Introduction

Motivation

One of the greatest achievements of humankind, with art, is maybe science. For centuries,
humanity has strived for a better understanding of our Universe. If it was at first by
invoking mythological ideas such as gods and chimeras, we soon developed the basis
of what will become the scientific method. One of those big questions is the nature of
matter. At the birth of the twentieth century, two new theories questioned our perception
of concepts such as time, space, and matter: general relativity and quantum theory.
The former helped us to dive into the nature of spacetime, solving puzzles such as the
precession of the perihelion of Mercury or the medium carrying electromagnetic waves.
The latter shook our perception of reality, slaying concepts such as particle, position, and
determinism. Both theories were still partially understood and the next decades were
rich in discoveries and counter-intuitive phenomena.

In the second half of the century, what we now call the Standard Model of Particle
Physics (SM) began to emerge. Accelerators and cosmic rays allowed us to discover a
total of thirty elementary particles: twelve leptons and anti-leptons, twelve quarks and
anti-quarks, and five bosons, carriers of three fundamental interactions. The last particle
of the Standard Model, the Higgs Boson, predicted in the sixties, was found much later,
in 2012.

If the Standard Model seems to work exceptionally well, it cannot explain everything.
Indeed, some parameters such as the number of generations of leptons or the different
mixing angles are unexplained. Experiments such as Muon g-2 hint at Physics beyond
the Standard Model. Moreover, 95% of the content of our Universe is not encompassed
by the SM: dark energy, probably accountable for the expansion of the universe and dark
matter, which, as we will see in Chapter 1, cannot be neglected.

All these unanswered questions lead to a legitimate interrogation: may new undetected
particles exist? Plenty of theories predict a plethora of those. One of them, well-studied
and imagined by Frank Wilczek [2] is the axion, an ultralight particle that could be born
from a broken symmetry of the strong interaction. The idea is that if clouds of axions
have reached a sufficiently low temperature, due to their huge Compton wavelength and
their bosonic statistic, they could form a Bose-Einstein condensate. We are then left with
the following question: what would be the observational consequences of such condensates
of axions, and could those condensates explain dark matter?

Plan and goals of the thesis

The goal of this Master thesis is to study the hypothetical Bose-Einstein condensation
(BEC) of axions and its effect on galaxies. To reach this goal, we will first introduce
the dark matter problem. A brief history will be given as well as some evidence of its
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Figure 1: The Standard Model of Particles and its wealth of 30 particles: 6 quarks and
their associated anti-quarks, six leptons and their anti-twins as well as six bosons,
carriers of three fundamental interactions. Image taken from [1].

existence. The second half of the first chapter will be devoted to the candidates for dark
matter and further study of the axions: how could they have appeared, why and what are
their main properties. We will also talk about ALPs, axion-like particles, which appear
in theories beyond the Standard Model. Chapter 2 will present the theory behind Bose-
Einstein condensation in its full glory. We will discuss the conditions required to achieve
Bose-Einstein condensation, the description of a condensate as well as the excitations
that may appear in such a structure. This chapter will allow us to apply the BEC theory
to a cloud of axions. Chapter 3 will start with some reminders about quantum field
theory. Then, the self-interaction of axions will be studied and the consequences of this
interaction. Finally, we will try to describe a BEC of axions in different configurations.

Chapter 4 will step in the real world and compare our model to observations. The
first test for a dark matter model is the rotation curves of galaxies and we shall thus
confront our equations with data from the SPARC database, a catalogue of high-quality
rotation curves for 175 galaxies. The last chapter of this thesis will discuss our results, try
to explain the eventual divergences between theory and observations, and draw adequate
conclusions. We will also provide ideas and suggest further possible investigations.

Units and conventions

We will be dealing in this work with two very different mass and size scales. On the
one hand, we will be studying particles and Bose-Einstein condensates. On the other
hand, we will look at galactic-size structures. It may thus be difficult to choose the right
system of units and one is doomed to live with order of magnitudes strolling around the
calculations. For the sake of clarity and simplicity !, we chose to use natural units such
that

c=h=kp=1 (1)

where £ is the reduced Planck’s constant and kp the Boltzmann constant. As a conse-
quence, we will work with only one unit, the electron-volt. Since we should compare our

Tt is easier to remove a /i than keeping track of all constants.
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theoretical model to observation at the end of this thesis, one could argue that this is not
a wise choice. To ease conversion and understanding of this work, we shall thus grant the
reader with a conversion table for units and for the Cavendish constant G.

Conversion of Natural Units in SI
Energy 1eV=1610"171J
Mass 1eV=181073% kg
Length 1eV1=2010"m
Time 1eV1=6610"15

Temperature | 1eV = 1.210% K

This table will allow us to convert our astrophysical units into natural units. For instance,
one has

1 pc=3.0810" m = 1.5710% eV ™! (2)

An important point to remember concerns velocity. Since ¢ = 1, velocities are dimen-
sionless and will be expressed as fraction of ¢. As another example, one can convert the
Cavendish constant into natural units.

G=6.6710""m?kg! s72=6.98107°" eV 2 (3)

We shall now remind the reader of some usual notations used in this work. A scalar
number will be denoted by a plain letter such as a. For three-dimensional vectors, we
will use bold letters.

r = (7“1,7‘2,7"3) (4)

For operators, we use the usual notation O. We will make use of general relativity in
some parts of this thesis as well as quantum field theory. In this context, Greek indices
such as p will vary between 0 and 3 while Latin indices like ¢ will vary between 1 and 3
if not otherwise mentioned. Four-vectors will be written as

ue = (U°U" U U?) (5)

We shall also introduce the well-known Einstein convention for summation

Paq® = pod” + p1q" + P2’ + p3q® (6)

For a function depending of the coordinates, one should use parentheses. For a func-
tional, one will preferably use squared brackets. For instance, the action of a scalar field
depending of z#* will be written as

S¢l = Slp(a")] (7)

Scalar product in curved space-time will be defined as

g,ul/xuyy = xuyu (8)

where g, stands for the metric tensor. The author of this work decided to follow the
“general relativity” convention for the signature of the metric tensor i.e. the (— + ++)
convention, also called the East Coast metric. Particle physicists often use the (+ — ——)
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convention. However, for different technical reasons [3], we should prefer the first one.
For instance, the flat Minkowski space-time will be described by the usual metric

~100 0
0 100

Jw=10 010 ©)
0 001

Following this prescription, the interval element will be given by

ds® = g, datdz” (10)



Very light particles
and the Dark Matter Problem

Before asking ourselves what dark matter really is and beginning to devise complex and
intricate theories about it, it seems wise and discerning to brush firstly a brief history of
the main discoveries and hints that led to the concept of dark matter. Indeed, a deep
understanding of the problem can only be achieved by a well-suited contextualisation of
the topic. The goal here will not be to paint an exhaustive review of the field but rather
to introduce the main evidence for the existence of dark matter, its historical origin and
what it tells us about the nature of dark matter. A more thorough historical review of
the topic can be found in [4-6].

The first section of this chapter will be based mainly on those articles and will present
the early evidence in favour of dark matter. We will then discuss in greater details the
rotation curves of galaxies since we will use this phenomenon to test the model presented
in this master thesis. Following that, we will talk about some cosmological evidence such
as structure formation or the baryonic content of the Universe, essential to understand
the complexity of the dark matter issue. Finally, the different candidate solutions to the
dark matter problem will be briefly presented. We will justify our choice in favour of
axions or others very light particles and their main properties will be developed in more

depth.

1.1 The need for Dark Matter

As mentioned above, it seems wise to begin by analysing the different pieces of evidence
in favour of dark matter. The following sections will be mostly a qualitative description.
More accurate data concerning dark matter such as its average density in galaxies or
in the Universe and its precise ratio between baryonic matter and dark matter will be
mentioned when needed.

1.1.1 Early evidence

The idea of an invisible matter affecting the usual baryonic and luminous matter is not
new. Since the eighteenth century, the idea of dark stars possessing an escape velocity
greater than the speed of light was raised by Laplace and Michell. If their concept of what
we now call black holes was still very primitive and did not imply radical modification of
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concepts such as space and time, this idea of invisible bodies lurking in the heavens can
be seen as a kind of primitive dark matter. However their hypotheses were at that time
only theoretical and did not rely on any observational fact. One had to wait until the
dawn of the twentieth century to see in experimental data the hypothetical existence of
“dark matter”.

This first evidence came from measurements of the matter density in the surrounding
of our solar system notably made by Lord Kelvin in 1904 and Oort in 1932 among others
[7, 8]. Quite surprisingly, they concluded that the amount of dark matter, which they
believed composed of faint stars and gas, was at most of the same order of magnitude
as the amount of visible matter. The first serious hint in favour of greater quantities of
dark matter is the study by Fritz Zwicky of the Coma cluster, some 99 Mpc (~ 3 10*
m) away from Earth, concerning the red-shifts of galaxies in his seminal article of 1933
[9]. Zwicky’s idea was fairly simple. He began by deriving the observed velocities of
the galaxies by mean of their redshifts. Then, assuming that the cluster had reached a
mechanical stationary state, was of spherical shape and composed of more or less 800
nebulae of 107 solar masses (~ 2103 kg), he used the virial theorem stating that

(i) = 2 () (L1)

2

to find what should be the observed velocities of the galaxies. He then reached the
conclusion that the Coma cluster was 400 time heavier than one would expect if only
composed of luminous matter. Although further studies would reduce the estimated
amount of dark matter some 90%, one could not escape the qualitative conclusion of
Zwicky: a large amount, in fact most of the matter, was invisible to our instruments.
This first observation was corroborated by the study of 60 galaxies by Vera Rubin nearly
40 years later. As she considered the hydrogen and helium presents in those galaxies,
Rubin obtained the rotation velocity of the studied galaxies as a function of the radius.
While one should expect a decreasing velocity far from the galactic bulge, a Keplerian
behaviour, the rotation curves remain flat as if an important cloud of invisible matter
was present.

1
w
8
8

—— Sa NGC 4378

Sab-Sb NGC 72/7
TN B0 sencc s
- — _—Sbc NGC 1620
Soc-Sc NGC 1664

ROTATIONAL VELOCITY (km s~

I |
9 5 10 15 20 25
DISTANCE FROM NUCLEUS (kpc)

Figure 1.1: Rotation curves of seven galaxies taken from the Rubin article [10].

1.1.2 Gravitational lensing of galaxy clusters

Maybe one of the most striking pieces of evidence in favour of general relativity (GR) was
the famous observation made by Eddington in 1919 of a solar eclipse. GR predicted that
since the energy-moment tensor is able to curve space, one should be able to observe a
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star hidden behind the sun due to the curved geodesic followed by the emitted photons®.
It was indeed observed. This concept of curved space-time led to the idea of gravitational
lensing. If matter can bend the trajectory of light as a glass lens can?, then one should
be able to witness such lensing caused by very massive objects. The solutions for the
trajectories of photons just require basics of GR. Starting from the metric outside a
spherical body, it is straightforward to deduce two first integrals from the Lagrangian
and conclude by computing the geodesic of photons. However the calculation is not
needed here and we will only emphasise what lensing can teach us about dark matter.

Firstly discovered in 1979 [11], lensing soon opened the doors to numerous astro-
physical observations, notably through the lensing of galaxy clusters. Since it allows to
measure precisely masses independently of the kind of matter (baryonic or dark) [12], it
can be combined with others methods to evaluate the ratio between the usual baryonic
matter and the dark one (for the baryonic contribution, one of the most simple methods
is the direct observation of the cluster luminosity).

1.1.3 Hydrostatic equilibrium of clusters

Another method to weight galaxy clusters is by observing them at the x-ray wavelength.
Actually the x-rays luminosity L depends on the electron number density, which can thus
be inferred from the measured L. Furthermore, the intensity of the emission rays from a
cluster informs us about its temperature. Since the pressure depends on both quantities
[13], one can use the equation for a cluster having reached hydrostatic equilibrium

dp _ o Mpgas

dr r?
to obtain a measurement of the total mass of the cluster. For instance, the Chandra and
XMM-Newton satellites observations led to a baryonic to dark matter ratio of 1/6.

(1.2)

1.1.4 Rotation curves of galaxies

As mentioned in a previous section, one of the earliest and most striking proofs of the
existence of dark matter has been the rotation curves of the galaxies. Following the study
of Rubin and her collaborators, more galaxies were observed to confirm the observations.
One of the most recent ones is the database made by the SPARC team that used the
Spitzer Space telescope by observing the H1 and Ha emission lines of hydrogen [14].
Those data will be used in Chapter 4 to test our model.

While rotation curves allow us to compute the dark matter density inside galaxies,
the asymptotic velocities give us another important insight into the dark matter problem.
In 1977, Tully and Fisher computed those asymptotic velocities and made a capital
discovery: the Tully-Fisher relation. They found that the asymptotic rotational velocities
of galaxies were linked to their intrinsic luminosity [15]. Furthermore, it was shown that
plotting the asymptotic velocity as a function of the mass of baryonic matter in the

'In fact, Newtonian Gravity also predicts a deviation of light-ray. The true difference is that the GR
predicts a deviation twice as large as the Newtonian one.

20ne should however note that, if the effects are comparable, the fundamental nature of the lensing
is rather different. While the glass lens reorients a light beam, a large mass really bends space-time,
modifying the geometry in its surrounding.
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Figure 1.2: On the left panel, the stellar mass Tully-Fisher relation, directly derived
from the intrinsic luminosity Tully-Fisher relation. On the right panel, the baryonic
Tully-Fisher relation presenting a better fit. The v; stands for the final velocity of the

rotation curves while the M, and the M, stand for the total stellar mass and the total
baryonic mass. Figure taken from [16]

galaxy gives even stronger constraints on the relation between the quantity of baryonic
matter and dark matter in galaxies [16, 17] as can be seen on Figure 1.2. It is important
to understand at this point that the Tully-Fisher relation should not be regarded as
anecdotal. One could expect that the quantity of dark matter in a galaxy is more or less
linked to the quantity of baryonic matter, which seems obvious. However this relation
tells more than that. It tells us that from the mass of the baryonic matter in a galaxy,
it is straightforward to know the total mass of dark matter in this galaxy. The baryonic
matter seems to be a sufficient parameter to give the amount of dark matter. Therefore
the Tully-Fisher relation provides a deep link between the two kinds of matter. In fact,
this peculiar relation gave birth to an other hypothesis: the non-existence of dark matter
and the need to modify the theory of gravity itself.

We now discuss the different types of galaxies and give some numbers concerning
their structures to get an idea of the order of magnitude involved. We may class galaxies
following the Hubble classification, which relies on their appearance. The four main kinds
of galaxies are elliptical, spiral, barred spiral and irregular. Each of these categories is
then subdivided into multiple types depending on their bulge and their eventual arms as
is shown in Figure 1.3. We will restrict our study to galaxies that are at least cylindrically
axisymmetric and present in the SPARC database i.e. galaxies of types SO, Sa, Sb and
Sc. The corresponding shapes are shown in Figure 1.3. The SPARC data will be further
discussed in Chapter 4.

Galaxies come in all shapes and forms. They differ by their ages, their sizes, their
masses and it is difficult to precisely give a general description. We will thus try to fix the
order of magnitude by looking at a well-known galaxy, the Milky Way. A typical spiral
galaxy may be separated into three main parts: a bulge, a disk and a spherical halo, as
can be seen in Figure 1.4. The Milky Way weights between 0.8 10'2? solar masses. The
bulge accounts for more or less 101° solar masses. The disk weights six times more. Most
of the galaxy mass is composed of dark matter with nearly 70 10'° solar masses.

Concerning distance scale, the Bulge is 2 kpc wide, or 3.14 10%% eV~!. The diameter
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Figure 1.3: The “Hubble fork”, the classification introduced in 1926 by E. Hubble [18].

of the disk measures around 78.5 10?¢ eV~! while the dark matter halo can extend up to
3.1410% eV~

2 ANATOMY OF THE MILKY WAY

7Gluhular clusters

\Stellar halo

Figure 1.4: The structure of our Milky Way, a typical spiral galaxy [19].

1.1.5 Cosmological evidence

Even if the first evidence for dark matter came from rotation curves of galaxies and their
dynamics, we now have more stringent constraints coming from Cosmology. Indeed, dark
matter left during the early days of our Universe its fingerprint in the Cosmic Microwave
Background (CMB). By studying the anisotropies in it, one is able to highlight the
necessity for dark matter. Furthermore, the formation of large-scale structures, influenced
by gravity, is highly influenced by the mass content of our Universe and thus dark matter.

Some Cosmology reminders

We first recall some basics of cosmology. It will allow us to review the cosmological
evidence for dark matter as well as the birth of axions and ALPs during the early universe.
The geometrical structure of spacetime is described by the metric tensor g,,. Choosing
an arbitrary system of coordinates z*, the interval, which is our Lorentz-invariant notion
of distance, is defined as

ds® = g, drtdx” (1.3)

If one particularises this interval for an isotropic and homogeneous 3D space, one may
choose the FLRW metric
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ds® = —dt* + a(t) ( dr® 4+ r2df* + r? sin® 9d¢2) (1.4)

1 —kr?

where k characterises the curvature of space:
e k < 1: Negatively curved (Open) Universe
e k=0 : Flat Universe
e k> 1: Positively (Closed) Universe

What are we describing here? If we look closely at the metric above, it seems similar
to the Minkowski metric. In fact, we can think of it as a grid of coordinate lines. This
metric describes a 3D space expanding with a rate a. If we inject this metric into the
Einstein field equations

1
R, — §gWR + Agu = 87GT),, (1.5)

owe obtain the Friedman equation

NG
a 8rGp+A k
- === _Z 1.
(a) 3 a (16)

If one associates a density to the A parameter py = A/87G, one can rewrite this equation

as )
a 87TGptot k
- =— - 1.7
(a) 3 a (L.7)

We directly see that this equation links the content of the universe to its curvature k. Since
the results of the Planck collaboration [20] hint at a flat universe®, we will assume a null
value for k. Furthermore, the ratio a/a, often called the Hubble parameter and written
H, can be measured from the recession velocity of galaxies. This allows us to obtain
an observational value for p;,;. We can then define different parameters €2, {2,,, 25 and
Qpar which are respectively the fraction of photons, baryonic matter, vacuum and dark
matter contained in p;,;. We have from observational grounds:

o Qo ~ 0.05
° QDM ~ 0.25
[ QA ~ 0.70

Now that general relativity has endowed us with tools to describe the Universe’s history,
we should use them to introduce evidence in favour of dark matter. Thanks to the
Friedman equation, one can rewind the story and predict multiple events, for instance
the decoupling of radiation from matter.

CMB anisotropies

The Cosmic Microwave Background was first detected pas Penzias and Wilson in 1964.
This radiation was emitted during the decoupling between photons and matter 380000
years after the Big Bang. If this radiation may seem homogeneous at first sight, small
anisotropies in the temperature field are observed. The correlation between two points

3Technically, the issue is not totally settled and our Universe may be closed [21].
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Figure 1.5: The CMB observed by the Planck mission [22]. The temperature
fluctuations are caused by small variations in the matter density. Those variations will
later give birth to structures such as clusters.

separated by an angle § may be expressed as [23]

C(6) = % zl:(zz +1)C,P,(cos ) (1.8)
where the P, are Legendre polynomials and the C; are coefficients to be determined by
observation. Plotting these angular correlations, one obtains various peaks as shown in
Figure 1.6. The peaks are due to acoustic waves in the primordial fluid of photons coupled
to matter [24]. One would expect those peaks to decline uniformly for wider angles due
to dissipation of the acoustic waves. However, even peaks seems to be boosted compared
to odd ones. If a comprehensive explanation is out of the scope of this thesis, what we
can say is that this spectrum can only be explained by dark matter. MOND theories fail
at explaining it. Furthermore those peaks allow us to measure a variety of cosmological
parameter such as the total density of the Universe or the ratio between baryonic matter
and light.

1.2 Axions and axion-like particles as a solution

1.2.1 Plausible candidates

This master thesis aims at studying axions or ALP’s as candidate for dark matter. Other
candidates exists and we shall briefly introduce them before developing the theory of
the axion. We will try to list here the arguments in favour or disfavour of the different
plausible candidates. This discussion will allow the reader to understand why axions are
worth studying. To introduce the different candidates, we should first introduce some
basic notions about the Standard Model of particle physics. The Standard Model is based
gauge theories. This means that the physics underpinning our understanding of nature
is described by an action invariant under a local transformation belonging to the group

SUB)@SU(2),@U(1)y (1.9)
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Figure 1.6: Anisotropies spectrum of the CMB [25]. The second peak cannot be explain
by MOND theories and requires the existence of matter that does not interact with
light, i.e. dark matter.

An example of gauge theory is electromagnetism (EM), for which one can locally per-
form a transformation on the four-vector potential A* without disturbing the underlying
physics. Since the gauge can be fixed locally, one may want to compare a physical quan-
tity at two different points and run into a difficulty. We can illustrate this issue with
EM and its gauge group U(1), which basically embodies phase changes. For a given field
¥ (x), one can decide to change the phase locally:

) — ) = ey (1.10)

Since this phase is arbitrarly chosen for each value of x, it becomes impossible to compare
a quantity between two point x and y. We thus need a new field that will carry the phase
between two points. This field, in the case of EM, is the electromagnetic field. Following
the same logic with more complex symmetry groups such as SU(2) or SU(3), one sees
the emergence of different fields carrying the “phases” of those transformations: eight
gluons for SU(3), carriers of the strong interaction and three others bosons for the group
SU(2). We will not discuss comprehensively the group SU(2), ® U(1)y mentioned in
equation (1.9). We shall just mention that the correct mixing of the associated bosons
give rise to the four bosons Z° W= and +.

Apart from those bosons lives a variety of fermions, ruled by the SM Lagrangian
(invariant under the group (1.9)). For what we know, there are three generations of

leptons
(;) , (Z‘i) , (:1) (1.11)

as well as three generations of quarks, fermions that undergo strong interactions.
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As one can see, those particles are also ruled by certain symmetries and are classified
in isospin doublets, which means that the top and bottom particles of each doublet are
related to an SU(2) group. Now that we have introduced the main bricks of the SM and
the idea of gauge invariance, we are able to discuss the major candidates for dark matter
as well as the potential origin of axions and others ALPs.

WIMPs

One of the serious alternatives to axions are WIMPs or Weakly Interacting Massive
Particles. WIMPs are hypothetical particles that could have been thermally produced
during the early stages of the Universe. The interaction between those particles would
be governed by the SU(2);, bosons and could allow WIMPs to decay, thus explaining the
current Dark Matter density [26]. Those particles are especially interesting since they
should be found at the weak mass scale, around 250 GeV, which is a scale experimentally
reachable. Theoretically speaking, WIMPs naturally arose in extensions of the Standard
Model trying to address issues such as the hierarchy problem and well-known Beyond the
Standard Model theories such as SUSY, super-symmetry.

Even though they are theoretically relevant and could be at an energy-scale reachable,
no detection of WIMPs has been reported yet. Multiple experiments, notably searching
for gamma ray excess, are looking for WIMPs and constantly constrain [27] the parameter
space for such particles.

Other Exotic Particles

While axions and WIMPs are the main candidates, theorists are a prolific breed and have
imagined a wild variety of others candidates. Ranging from Fermi and GUT Balls [28]
to Little Higgs theories [29] and sterile neutrinos [30], one could discuss at great length
all those particles. The important fact to remember is the following: multiple candidates
exist, each having their own flaws and advantages. However none of those candidates has
been observed and the energy band where they could hide tends to diminish, leaving the
dark matter problem open and intriguing.

1.2.2 The axion and other ALPs

Goldstone’s theorem

To explain briefly the origin of the QCD axion and subsequently the origin of ALPs, one
has to introduced the Goldstone theorem. Let G be a local symmetry group and g its
algebra. Next, let £ be a G-invariant Lagrangian density governing the evolution of N
scalar fields {¢;} that can be chosen real without loss of generality. For an infinitesimal
transformation of the fields, we have

¢i — (L+iat,),; &5 (1.13)
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Figure 1.7: What hides behind dark matter? Different candidates exist. Figure taken
from [31].

where the t* are generators of the algebra g. Then, if we express the Lagrangian as the
sum of a kinetic term and a potential term, with ® = (¢4, ..., o).

L[] = K [®] - V[®] (1.14)

the Goldstone theorem states the following : each symmetries of V' [®] (i.e. transforma-
tions belonging to ) that are not symmetries of the vacuum ®q give rise to massless
scalar bosons. It is quite simple to verify. First, one can expand the potential term in a
power series around the vacuum.

VIR (2= R) (B~ By), 0V

V@] = VIo] + (& = 20); —5- e 2 00,00, | g,

+ ... (1.15)

Since we work at a minimum of V[®], the second term equals zero. Moreover, since

the second order term is a quadratic function of the fields, the diagonal elements of the
9%V (9]
6¢18¢] q):q)o
proof of the theorem, we look at transformations of the fields that keep the potential
term invariant.

matrix contain the information about the masses of the ¢;. To continue the

¢i — @i + A(P); : A(‘I’)zagf)] =0 (1.16)
Thus, we are led to the following condition
0?V (9]
AD)y——— = 1.1

which evaluated in ®g is fulfilled in two different cases:

o If A(®y) =0, then gz;?)[g o may be different from zero.



CHAPTER 1. VERY LIGHT PARTICLES & THE DARK MATTER PROBLEM 19

o If A(@g) # 0, then 212 o =0
which concludes the demonstration. If the symmetry is not a perfect symmetry of V' [®]
but is violated by a small amount, the Goldstone boson cannot rigorously have a null
mass and is rather called a “pseudo-Goldstone” boson [32]. The symmetry breaking
mechanism and the Goldstone theorem, which we will use to explain the origin of axions
and ALPs, is for instance at the core of the BEH mechanism or the explanati