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Introduction

Motivation

One of the greatest achievements of humankind, with art, is maybe science. For centuries,
humanity has strived for a better understanding of our Universe. If it was at first by
invoking mythological ideas such as gods and chimeras, we soon developed the basis
of what will become the scientific method. One of those big questions is the nature of
matter. At the birth of the twentieth century, two new theories questioned our perception
of concepts such as time, space, and matter: general relativity and quantum theory.
The former helped us to dive into the nature of spacetime, solving puzzles such as the
precession of the perihelion of Mercury or the medium carrying electromagnetic waves.
The latter shook our perception of reality, slaying concepts such as particle, position, and
determinism. Both theories were still partially understood and the next decades were
rich in discoveries and counter-intuitive phenomena.

In the second half of the century, what we now call the Standard Model of Particle
Physics (SM) began to emerge. Accelerators and cosmic rays allowed us to discover a
total of thirty elementary particles: twelve leptons and anti-leptons, twelve quarks and
anti-quarks, and five bosons, carriers of three fundamental interactions. The last particle
of the Standard Model, the Higgs Boson, predicted in the sixties, was found much later,
in 2012.

If the Standard Model seems to work exceptionally well, it cannot explain everything.
Indeed, some parameters such as the number of generations of leptons or the different
mixing angles are unexplained. Experiments such as Muon g-2 hint at Physics beyond
the Standard Model. Moreover, 95% of the content of our Universe is not encompassed
by the SM: dark energy, probably accountable for the expansion of the universe and dark
matter, which, as we will see in Chapter 1, cannot be neglected.

All these unanswered questions lead to a legitimate interrogation: may new undetected
particles exist? Plenty of theories predict a plethora of those. One of them, well-studied
and imagined by Frank Wilczek [2] is the axion, an ultralight particle that could be born
from a broken symmetry of the strong interaction. The idea is that if clouds of axions
have reached a sufficiently low temperature, due to their huge Compton wavelength and
their bosonic statistic, they could form a Bose-Einstein condensate. We are then left with
the following question: what would be the observational consequences of such condensates
of axions, and could those condensates explain dark matter?

Plan and goals of the thesis

The goal of this Master thesis is to study the hypothetical Bose-Einstein condensation
(BEC) of axions and its effect on galaxies. To reach this goal, we will first introduce
the dark matter problem. A brief history will be given as well as some evidence of its
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Figure 1: The Standard Model of Particles and its wealth of 30 particles: 6 quarks and
their associated anti-quarks, six leptons and their anti-twins as well as six bosons,

carriers of three fundamental interactions. Image taken from [1].

existence. The second half of the first chapter will be devoted to the candidates for dark
matter and further study of the axions: how could they have appeared, why and what are
their main properties. We will also talk about ALPs, axion-like particles, which appear
in theories beyond the Standard Model. Chapter 2 will present the theory behind Bose-
Einstein condensation in its full glory. We will discuss the conditions required to achieve
Bose-Einstein condensation, the description of a condensate as well as the excitations
that may appear in such a structure. This chapter will allow us to apply the BEC theory
to a cloud of axions. Chapter 3 will start with some reminders about quantum field
theory. Then, the self-interaction of axions will be studied and the consequences of this
interaction. Finally, we will try to describe a BEC of axions in different configurations.

Chapter 4 will step in the real world and compare our model to observations. The
first test for a dark matter model is the rotation curves of galaxies and we shall thus
confront our equations with data from the SPARC database, a catalogue of high-quality
rotation curves for 175 galaxies. The last chapter of this thesis will discuss our results, try
to explain the eventual divergences between theory and observations, and draw adequate
conclusions. We will also provide ideas and suggest further possible investigations.

Units and conventions

We will be dealing in this work with two very different mass and size scales. On the
one hand, we will be studying particles and Bose-Einstein condensates. On the other
hand, we will look at galactic-size structures. It may thus be difficult to choose the right
system of units and one is doomed to live with order of magnitudes strolling around the
calculations. For the sake of clarity and simplicity 1, we chose to use natural units such
that

c = ~ = kB = 1 (1)

where ~ is the reduced Planck’s constant and kB the Boltzmann constant. As a conse-
quence, we will work with only one unit, the electron-volt. Since we should compare our

1It is easier to remove a ~ than keeping track of all constants.
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theoretical model to observation at the end of this thesis, one could argue that this is not
a wise choice. To ease conversion and understanding of this work, we shall thus grant the
reader with a conversion table for units and for the Cavendish constant G.

Conversion of Natural Units in SI
Energy 1 eV = 1.6 10−19 J
Mass 1 eV = 1.8 10−36 kg

Length 1 eV−1 = 2.0 10−7 m
Time 1 eV−1 = 6.6 10−16 s

Temperature 1 eV = 1.2 1013 K

This table will allow us to convert our astrophysical units into natural units. For instance,
one has

1 pc = 3.08 1016 m = 1.57 1023 eV−1 (2)

An important point to remember concerns velocity. Since c = 1, velocities are dimen-
sionless and will be expressed as fraction of c. As another example, one can convert the
Cavendish constant into natural units.

G = 6.67 10−11 m3 kg−1 s−2 = 6.98 10−57 eV−2 (3)

We shall now remind the reader of some usual notations used in this work. A scalar
number will be denoted by a plain letter such as a. For three-dimensional vectors, we
will use bold letters.

r = (r1, r2, r3) (4)

For operators, we use the usual notation Ô. We will make use of general relativity in
some parts of this thesis as well as quantum field theory. In this context, Greek indices
such as µ will vary between 0 and 3 while Latin indices like i will vary between 1 and 3
if not otherwise mentioned. Four-vectors will be written as

Uα =
(
U0, U1, U2, U3

)
(5)

We shall also introduce the well-known Einstein convention for summation

pαq
α = p0q

0 + p1q
1 + p2q

2 + p3q
3 (6)

For a function depending of the coordinates, one should use parentheses. For a func-
tional, one will preferably use squared brackets. For instance, the action of a scalar field
depending of xµ will be written as

S [φ] = S [φ(xµ)] (7)

Scalar product in curved space-time will be defined as

gµνx
µyν = xνy

ν (8)

where gµν stands for the metric tensor. The author of this work decided to follow the
“general relativity” convention for the signature of the metric tensor i.e. the (−+ ++)
convention, also called the East Coast metric. Particle physicists often use the (+−−−)
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convention. However, for different technical reasons [3], we should prefer the first one.
For instance, the flat Minkowski space-time will be described by the usual metric

gµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (9)

Following this prescription, the interval element will be given by

ds2 = gµνdx
µdxν (10)



1
Very light particles
and the Dark Matter Problem

Before asking ourselves what dark matter really is and beginning to devise complex and
intricate theories about it, it seems wise and discerning to brush firstly a brief history of
the main discoveries and hints that led to the concept of dark matter. Indeed, a deep
understanding of the problem can only be achieved by a well-suited contextualisation of
the topic. The goal here will not be to paint an exhaustive review of the field but rather
to introduce the main evidence for the existence of dark matter, its historical origin and
what it tells us about the nature of dark matter. A more thorough historical review of
the topic can be found in [4–6].

The first section of this chapter will be based mainly on those articles and will present
the early evidence in favour of dark matter. We will then discuss in greater details the
rotation curves of galaxies since we will use this phenomenon to test the model presented
in this master thesis. Following that, we will talk about some cosmological evidence such
as structure formation or the baryonic content of the Universe, essential to understand
the complexity of the dark matter issue. Finally, the different candidate solutions to the
dark matter problem will be briefly presented. We will justify our choice in favour of
axions or others very light particles and their main properties will be developed in more
depth.

1.1 The need for Dark Matter

As mentioned above, it seems wise to begin by analysing the different pieces of evidence
in favour of dark matter. The following sections will be mostly a qualitative description.
More accurate data concerning dark matter such as its average density in galaxies or
in the Universe and its precise ratio between baryonic matter and dark matter will be
mentioned when needed.

1.1.1 Early evidence

The idea of an invisible matter affecting the usual baryonic and luminous matter is not
new. Since the eighteenth century, the idea of dark stars possessing an escape velocity
greater than the speed of light was raised by Laplace and Michell. If their concept of what
we now call black holes was still very primitive and did not imply radical modification of

9
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concepts such as space and time, this idea of invisible bodies lurking in the heavens can
be seen as a kind of primitive dark matter. However their hypotheses were at that time
only theoretical and did not rely on any observational fact. One had to wait until the
dawn of the twentieth century to see in experimental data the hypothetical existence of
“dark matter”.

This first evidence came from measurements of the matter density in the surrounding
of our solar system notably made by Lord Kelvin in 1904 and Oort in 1932 among others
[7, 8]. Quite surprisingly, they concluded that the amount of dark matter, which they
believed composed of faint stars and gas, was at most of the same order of magnitude
as the amount of visible matter. The first serious hint in favour of greater quantities of
dark matter is the study by Fritz Zwicky of the Coma cluster, some 99 Mpc (∼ 3 1024

m) away from Earth, concerning the red-shifts of galaxies in his seminal article of 1933
[9]. Zwicky’s idea was fairly simple. He began by deriving the observed velocities of
the galaxies by mean of their redshifts. Then, assuming that the cluster had reached a
mechanical stationary state, was of spherical shape and composed of more or less 800
nebulae of 109 solar masses (∼ 2 1039 kg), he used the virial theorem stating that

〈Ek〉 =
1

2
〈Ep〉 (1.1)

to find what should be the observed velocities of the galaxies. He then reached the
conclusion that the Coma cluster was 400 time heavier than one would expect if only
composed of luminous matter. Although further studies would reduce the estimated
amount of dark matter some 90%, one could not escape the qualitative conclusion of
Zwicky: a large amount, in fact most of the matter, was invisible to our instruments.
This first observation was corroborated by the study of 60 galaxies by Vera Rubin nearly
40 years later. As she considered the hydrogen and helium presents in those galaxies,
Rubin obtained the rotation velocity of the studied galaxies as a function of the radius.
While one should expect a decreasing velocity far from the galactic bulge, a Keplerian
behaviour, the rotation curves remain flat as if an important cloud of invisible matter
was present.

Figure 1.1: Rotation curves of seven galaxies taken from the Rubin article [10].

1.1.2 Gravitational lensing of galaxy clusters

Maybe one of the most striking pieces of evidence in favour of general relativity (GR) was
the famous observation made by Eddington in 1919 of a solar eclipse. GR predicted that
since the energy-moment tensor is able to curve space, one should be able to observe a
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star hidden behind the sun due to the curved geodesic followed by the emitted photons1.
It was indeed observed. This concept of curved space-time led to the idea of gravitational
lensing. If matter can bend the trajectory of light as a glass lens can2, then one should
be able to witness such lensing caused by very massive objects. The solutions for the
trajectories of photons just require basics of GR. Starting from the metric outside a
spherical body, it is straightforward to deduce two first integrals from the Lagrangian
and conclude by computing the geodesic of photons. However the calculation is not
needed here and we will only emphasise what lensing can teach us about dark matter.

Firstly discovered in 1979 [11], lensing soon opened the doors to numerous astro-
physical observations, notably through the lensing of galaxy clusters. Since it allows to
measure precisely masses independently of the kind of matter (baryonic or dark) [12], it
can be combined with others methods to evaluate the ratio between the usual baryonic
matter and the dark one (for the baryonic contribution, one of the most simple methods
is the direct observation of the cluster luminosity).

1.1.3 Hydrostatic equilibrium of clusters

Another method to weight galaxy clusters is by observing them at the x-ray wavelength.
Actually the x-rays luminosity L depends on the electron number density, which can thus
be inferred from the measured L. Furthermore, the intensity of the emission rays from a
cluster informs us about its temperature. Since the pressure depends on both quantities
[13], one can use the equation for a cluster having reached hydrostatic equilibrium

dp

dr
= −GMρgas

r2
(1.2)

to obtain a measurement of the total mass of the cluster. For instance, the Chandra and
XMM-Newton satellites observations led to a baryonic to dark matter ratio of 1/6.

1.1.4 Rotation curves of galaxies

As mentioned in a previous section, one of the earliest and most striking proofs of the
existence of dark matter has been the rotation curves of the galaxies. Following the study
of Rubin and her collaborators, more galaxies were observed to confirm the observations.
One of the most recent ones is the database made by the SPARC team that used the
Spitzer Space telescope by observing the H1 and Hα emission lines of hydrogen [14].
Those data will be used in Chapter 4 to test our model.

While rotation curves allow us to compute the dark matter density inside galaxies,
the asymptotic velocities give us another important insight into the dark matter problem.
In 1977, Tully and Fisher computed those asymptotic velocities and made a capital
discovery: the Tully-Fisher relation. They found that the asymptotic rotational velocities
of galaxies were linked to their intrinsic luminosity [15]. Furthermore, it was shown that
plotting the asymptotic velocity as a function of the mass of baryonic matter in the

1In fact, Newtonian Gravity also predicts a deviation of light-ray. The true difference is that the GR
predicts a deviation twice as large as the Newtonian one.

2One should however note that, if the effects are comparable, the fundamental nature of the lensing
is rather different. While the glass lens reorients a light beam, a large mass really bends space-time,
modifying the geometry in its surrounding.
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Figure 1.2: On the left panel, the stellar mass Tully-Fisher relation, directly derived
from the intrinsic luminosity Tully-Fisher relation. On the right panel, the baryonic

Tully-Fisher relation presenting a better fit. The vf stands for the final velocity of the
rotation curves while the M∗ and the Md stand for the total stellar mass and the total

baryonic mass. Figure taken from [16]

galaxy gives even stronger constraints on the relation between the quantity of baryonic
matter and dark matter in galaxies [16, 17] as can be seen on Figure 1.2. It is important
to understand at this point that the Tully-Fisher relation should not be regarded as
anecdotal. One could expect that the quantity of dark matter in a galaxy is more or less
linked to the quantity of baryonic matter, which seems obvious. However this relation
tells more than that. It tells us that from the mass of the baryonic matter in a galaxy,
it is straightforward to know the total mass of dark matter in this galaxy. The baryonic
matter seems to be a sufficient parameter to give the amount of dark matter. Therefore
the Tully-Fisher relation provides a deep link between the two kinds of matter. In fact,
this peculiar relation gave birth to an other hypothesis: the non-existence of dark matter
and the need to modify the theory of gravity itself.

We now discuss the different types of galaxies and give some numbers concerning
their structures to get an idea of the order of magnitude involved. We may class galaxies
following the Hubble classification, which relies on their appearance. The four main kinds
of galaxies are elliptical, spiral, barred spiral and irregular. Each of these categories is
then subdivided into multiple types depending on their bulge and their eventual arms as
is shown in Figure 1.3. We will restrict our study to galaxies that are at least cylindrically
axisymmetric and present in the SPARC database i.e. galaxies of types SO, Sa, Sb and
Sc. The corresponding shapes are shown in Figure 1.3. The SPARC data will be further
discussed in Chapter 4.

Galaxies come in all shapes and forms. They differ by their ages, their sizes, their
masses and it is difficult to precisely give a general description. We will thus try to fix the
order of magnitude by looking at a well-known galaxy, the Milky Way. A typical spiral
galaxy may be separated into three main parts: a bulge, a disk and a spherical halo, as
can be seen in Figure 1.4. The Milky Way weights between 0.8 1012 solar masses. The
bulge accounts for more or less 1010 solar masses. The disk weights six times more. Most
of the galaxy mass is composed of dark matter with nearly 70 1010 solar masses.

Concerning distance scale, the Bulge is 2 kpc wide, or 3.14 1026 eV−1. The diameter
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Figure 1.3: The “Hubble fork”, the classification introduced in 1926 by E. Hubble [18].

of the disk measures around 78.5 1026 eV−1 while the dark matter halo can extend up to
3.14 1028 eV−1.

Figure 1.4: The structure of our Milky Way, a typical spiral galaxy [19].

1.1.5 Cosmological evidence

Even if the first evidence for dark matter came from rotation curves of galaxies and their
dynamics, we now have more stringent constraints coming from Cosmology. Indeed, dark
matter left during the early days of our Universe its fingerprint in the Cosmic Microwave
Background (CMB). By studying the anisotropies in it, one is able to highlight the
necessity for dark matter. Furthermore, the formation of large-scale structures, influenced
by gravity, is highly influenced by the mass content of our Universe and thus dark matter.

Some Cosmology reminders

We first recall some basics of cosmology. It will allow us to review the cosmological
evidence for dark matter as well as the birth of axions and ALPs during the early universe.
The geometrical structure of spacetime is described by the metric tensor gµν . Choosing
an arbitrary system of coordinates xµ, the interval, which is our Lorentz-invariant notion
of distance, is defined as

ds2 = gµνdx
µdxν (1.3)

If one particularises this interval for an isotropic and homogeneous 3D space, one may
choose the FLRW metric
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ds2 = −dt2 + a(t)

(
1

1− kr2
dr2 + r2dθ2 + r2 sin2 θdφ2

)
(1.4)

where k characterises the curvature of space:

• k < 1 : Negatively curved (Open) Universe

• k = 0 : Flat Universe

• k > 1 : Positively (Closed) Universe

What are we describing here? If we look closely at the metric above, it seems similar
to the Minkowski metric. In fact, we can think of it as a grid of coordinate lines. This
metric describes a 3D space expanding with a rate a. If we inject this metric into the
Einstein field equations

Rµν −
1

2
gµνR + Λgµν = 8πGTµν (1.5)

owe obtain the Friedman equation(
ȧ

a

)2

=
8πGρ+ Λ

3
− k

a
(1.6)

If one associates a density to the Λ parameter ρΛ = Λ/8πG, one can rewrite this equation
as (

ȧ

a

)2

=
8πGρtot

3
− k

a
(1.7)

We directly see that this equation links the content of the universe to its curvature k. Since
the results of the Planck collaboration [20] hint at a flat universe3, we will assume a null
value for k. Furthermore, the ratio ȧ/a, often called the Hubble parameter and written
H, can be measured from the recession velocity of galaxies. This allows us to obtain
an observational value for ρtot. We can then define different parameters Ωγ,Ωbar,ΩΛ and
ΩDM which are respectively the fraction of photons, baryonic matter, vacuum and dark
matter contained in ρtot. We have from observational grounds:

• Ωbar ≈ 0.05

• ΩDM ≈ 0.25

• ΩΛ ≈ 0.70

Now that general relativity has endowed us with tools to describe the Universe’s history,
we should use them to introduce evidence in favour of dark matter. Thanks to the
Friedman equation, one can rewind the story and predict multiple events, for instance
the decoupling of radiation from matter.

CMB anisotropies

The Cosmic Microwave Background was first detected pas Penzias and Wilson in 1964.
This radiation was emitted during the decoupling between photons and matter 380000
years after the Big Bang. If this radiation may seem homogeneous at first sight, small
anisotropies in the temperature field are observed. The correlation between two points

3Technically, the issue is not totally settled and our Universe may be closed [21].
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Figure 1.5: The CMB observed by the Planck mission [22]. The temperature
fluctuations are caused by small variations in the matter density. Those variations will

later give birth to structures such as clusters.

separated by an angle θ may be expressed as [23]

C(θ) =
1

4π

∑
l

(2l + 1)ClPl(cos θ) (1.8)

where the Pl are Legendre polynomials and the Cl are coefficients to be determined by
observation. Plotting these angular correlations, one obtains various peaks as shown in
Figure 1.6. The peaks are due to acoustic waves in the primordial fluid of photons coupled
to matter [24]. One would expect those peaks to decline uniformly for wider angles due
to dissipation of the acoustic waves. However, even peaks seems to be boosted compared
to odd ones. If a comprehensive explanation is out of the scope of this thesis, what we
can say is that this spectrum can only be explained by dark matter. MOND theories fail
at explaining it. Furthermore those peaks allow us to measure a variety of cosmological
parameter such as the total density of the Universe or the ratio between baryonic matter
and light.

1.2 Axions and axion-like particles as a solution

1.2.1 Plausible candidates

This master thesis aims at studying axions or ALP’s as candidate for dark matter. Other
candidates exists and we shall briefly introduce them before developing the theory of
the axion. We will try to list here the arguments in favour or disfavour of the different
plausible candidates. This discussion will allow the reader to understand why axions are
worth studying. To introduce the different candidates, we should first introduce some
basic notions about the Standard Model of particle physics. The Standard Model is based
gauge theories. This means that the physics underpinning our understanding of nature
is described by an action invariant under a local transformation belonging to the group

SU(3)⊗ SU(2)L ⊗ U(1)Y (1.9)
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Figure 1.6: Anisotropies spectrum of the CMB [25]. The second peak cannot be explain
by MOND theories and requires the existence of matter that does not interact with

light, i.e. dark matter.

An example of gauge theory is electromagnetism (EM), for which one can locally per-
form a transformation on the four-vector potential Aµ without disturbing the underlying
physics. Since the gauge can be fixed locally, one may want to compare a physical quan-
tity at two different points and run into a difficulty. We can illustrate this issue with
EM and its gauge group U(1), which basically embodies phase changes. For a given field
ψ(x), one can decide to change the phase locally:

ψ → ψ′ = eiα(x)ψ (1.10)

Since this phase is arbitrarly chosen for each value of x, it becomes impossible to compare
a quantity between two point x and y. We thus need a new field that will carry the phase
between two points. This field, in the case of EM, is the electromagnetic field. Following
the same logic with more complex symmetry groups such as SU(2) or SU(3), one sees
the emergence of different fields carrying the “phases” of those transformations: eight
gluons for SU(3), carriers of the strong interaction and three others bosons for the group
SU(2). We will not discuss comprehensively the group SU(2)L ⊗ U(1)Y mentioned in
equation (1.9). We shall just mention that the correct mixing of the associated bosons
give rise to the four bosons Z0, W± and γ.

Apart from those bosons lives a variety of fermions, ruled by the SM Lagrangian
(invariant under the group (1.9)). For what we know, there are three generations of
leptons (

νe
e−

)
,

(
νµ
µ−

)
,

(
ντ
τ−

)
(1.11)

as well as three generations of quarks, fermions that undergo strong interactions.
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(
u
d

)
,

(
c
s

)
,

(
t
b

)
(1.12)

As one can see, those particles are also ruled by certain symmetries and are classified
in isospin doublets, which means that the top and bottom particles of each doublet are
related to an SU(2) group. Now that we have introduced the main bricks of the SM and
the idea of gauge invariance, we are able to discuss the major candidates for dark matter
as well as the potential origin of axions and others ALPs.

WIMPs

One of the serious alternatives to axions are WIMPs or Weakly Interacting Massive
Particles. WIMPs are hypothetical particles that could have been thermally produced
during the early stages of the Universe. The interaction between those particles would
be governed by the SU(2)L bosons and could allow WIMPs to decay, thus explaining the
current Dark Matter density [26]. Those particles are especially interesting since they
should be found at the weak mass scale, around 250 GeV, which is a scale experimentally
reachable. Theoretically speaking, WIMPs naturally arose in extensions of the Standard
Model trying to address issues such as the hierarchy problem and well-known Beyond the
Standard Model theories such as SUSY, super-symmetry.

Even though they are theoretically relevant and could be at an energy-scale reachable,
no detection of WIMPs has been reported yet. Multiple experiments, notably searching
for gamma ray excess, are looking for WIMPs and constantly constrain [27] the parameter
space for such particles.

Other Exotic Particles

While axions and WIMPs are the main candidates, theorists are a prolific breed and have
imagined a wild variety of others candidates. Ranging from Fermi and GUT Balls [28]
to Little Higgs theories [29] and sterile neutrinos [30], one could discuss at great length
all those particles. The important fact to remember is the following: multiple candidates
exist, each having their own flaws and advantages. However none of those candidates has
been observed and the energy band where they could hide tends to diminish, leaving the
dark matter problem open and intriguing.

1.2.2 The axion and other ALPs

Goldstone’s theorem

To explain briefly the origin of the QCD axion and subsequently the origin of ALPs, one
has to introduced the Goldstone theorem. Let G be a local symmetry group and g its
algebra. Next, let L be a G-invariant Lagrangian density governing the evolution of N
scalar fields {φi} that can be chosen real without loss of generality. For an infinitesimal
transformation of the fields, we have

φi → (1 + iαata)ij φj (1.13)
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Figure 1.7: What hides behind dark matter? Different candidates exist. Figure taken
from [31].

where the ta are generators of the algebra g. Then, if we express the Lagrangian as the
sum of a kinetic term and a potential term, with Φ = (φ1, ..., φN).

L [Φ] = K [Φ]− V [Φ] (1.14)

the Goldstone theorem states the following : each symmetries of V [Φ] (i.e. transforma-
tions belonging to G) that are not symmetries of the vacuum Φ0 give rise to massless
scalar bosons. It is quite simple to verify. First, one can expand the potential term in a
power series around the vacuum.

V [Φ] = V [Φ0] + (Φ− Φ0)i
∂V [Φ]

∂φi

∣∣∣∣
Φ=Φ0

+
(Φ− Φ0)i(Φ− Φ0)j

2

∂2V [Φ]

∂φi∂φj

∣∣∣∣
Φ=Φ0

+ . . . (1.15)

Since we work at a minimum of V [Φ], the second term equals zero. Moreover, since
the second order term is a quadratic function of the fields, the diagonal elements of the

matrix ∂2V [Φ]
∂φi∂φj

∣∣∣
Φ=Φ0

contain the information about the masses of the φi. To continue the

proof of the theorem, we look at transformations of the fields that keep the potential
term invariant.

φi → φi + ∆(Φ)i : ∆(Φ)i
∂V [Φ]

∂φi
= 0 (1.16)

Thus, we are led to the following condition

∆(Φ)i
∂2V [Φ]

∂φi∂φi
= 0 (1.17)

which evaluated in Φ0 is fulfilled in two different cases:

• If ∆(Φ0) = 0, then ∂2V [Φ]
∂φi∂φi

∣∣∣
Φ=Φ0

may be different from zero.
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• If ∆(Φ0) 6= 0, then ∂2V [Φ]
∂φi∂φi

∣∣∣
Φ=Φ0

= 0

which concludes the demonstration. If the symmetry is not a perfect symmetry of V [Φ]
but is violated by a small amount, the Goldstone boson cannot rigorously have a null
mass and is rather called a “pseudo-Goldstone” boson [32]. The symmetry breaking
mechanism and the Goldstone theorem, which we will use to explain the origin of axions
and ALPs, is for instance at the core of the BEH mechanism or the explanation of supra-
conductivity [33]. In the next sections we will briefly describe how the theorem applies
to QCD and other Beyond the Standard-Model theories.

QCD axions

Now that we understand how particles arise from symmetries, we will briefly discuss the
origin of the QCD axion, the “primordial” axion. The QCD Lagrangian LQCD rules the
three generations of quarks. In the limit of vanishing masses for quarks, LQCD exhibits
a new symmetry [34]. Since the masses of the up and down quarks are small compared
to the strong interaction energy scale ΛQCD, we obtain new symmetries for the following
Lagrangian

LudQCD = −iūγµDµu− id̄γµDµd (1.18)

where the covariant derivate Dµ takes into account gauge invariance. Taking the Dirac
matrices in the Weyl representation4, one may rewrite this Lagrangian

LudQCD = −iūLγµDµuL − id̄LγµDµdL − iūRγµDµuR − id̄RγµDµdR (1.19)

Apart from the SU(3) symmetry of the Strong Interaction, this Lagrangian is endowed
with 4 new symmetries due to the vanishing masses of the up and down quarks:

• U(1)V : q → q′ = eiαq

• SU(2)V : Q→ Q′ = ei~α·~σQ

• U(1)A : q → q′ = eiηγ5q

• SU(2)A : Q→ Q′ = ei~η·~σγ5Q

where V stands for vector and A for axial. The issue is that quark and anti-quark may
form condensates of fermions in the vacuum such that

〈uū〉 = 〈dd̄〉 ≈ 300 MeV3 (1.20)

Those condensates break the axial symmetries SU(2)A and U(1)A [36] and we should
thus expect the existence of four particles, three associated with SU(2)A and one with
U(1)A. However, only three of those particles, the pions π−, π0 and π+ are observed.
The next scalar particle in the hadronic spectrum is the η but it is too heavy to be a
pseudo-Goldstone particle. We thus reach the following conclusion : maybe U(1)A is not
physically a symmetry of the strong interaction although it is a symmetry of (1.19). The
solution to this problem came from ’t Hooft who showed that the QCD vacuum was more

4The reader unfamiliar with Dirac matrices and Quantum Field Theory would perhaps find useful
the book from Peskin and Schroeder [35]
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complex then expected [37]. He postulated that the true vacuum of the theory was in
fact a superposition of vacua

|θ〉 =
∑
n

einθ |n〉 (1.21)

where the |n〉 are different vacua. This is this particular vacuum structure that allows one
to add a non-vanishing four divergence to the action and the existence of instantons. The
comprehensive study of the instanton effects would not fit into this thesis. The curious
reader could be interested in the t’Hooft article cited above. Right now we have done
fairly well, but we are not out of the woods. Indeed, the resolution of the U(1)A problem
adds a new term to our Lagrangian

L′QCD = LQCD + θ
g2

32π2
F µν
a F̃aµν (1.22)

where g is the strong interaction coupling constant and F̃aµν = 1
3
εµναβF

αβ. The F µν
a

fields are the strong interaction equivalents of the Fµν field for Electromagnetism however
adapted to non-abelian gauge theories. θ5 is an unconstrained angle and could thus take
any value.

While it seems that we solved our problem, the term in (1.22) violates the CP symme-
try, but only by a small amount if the angle θ stays small too. By measuring the neutron
electric dipole moment, one can put strong constraints on the value of θ [38]:

θ < 10−9 (1.23)

This is what is called the strong CP problem and it is at this point of the story that
our main actor enters the play. In 1977, Peccei and Quinn proposed a beautiful solution
to the strong CP problem [39, 40]. They promoted θ to the vacum expectation value of
a field that broke new global chiral symmetry U(1)PQ. Technically, adding this broken
symmetry consists in adding a dynamical field to our Lagrangian. This dynamical field,
which restores the CP symmetry, will be able to “rotate away” the CP-violating term.
It was then remarked by Wilczek, that this broken symmetry would give birth to a new
pseudo-scalar bosonic particle, the axion. It also implied the addition of interaction term
to LQCD, mainly to the electromagnetic field.

Axion-Like Particles

If the QCD axion was introduced to solve the strong CP problem, many theories beyond
the Standard Model give birth to axion-like particles. They carry this name due their
shared properties with QCD axions. They are pseudoscalar ultralight bosonic particle
coupled to the electromagnetic field. For instance, superstring theory sees the emergence
of ALPs due to compactification6 of ten-dimensional massless fields [41]. Moreover, many
other extensions of the Standard Model [42, 43] involve broken U(1) symmetries. Since
this work does not intend to study a particular ALP but rather their whole family and

5Technically, a contribution to θ also come from the re-phasing of the CKM matrix, which rules the
flavour mixing between quarks.

6Compactification, one of the cornerstone of String Theory, basically consists in wrapping up an
infinite dimension (for instance one can imagine a infinite line) into a finite one (we take our previous
line and curl it into a circle).
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their condensation, it is not useful to discuss those different extensions with much de-
tails. One should only remember the general properties of this kind of particles. Indeed,
those properties will give rise to a broad range of phenomena, notably the Bose-Einstein
condensation of ALPs.



2
The theory of Bose-Einstein
Condensation

This chapter will be dedicated to the theoretical study of Bose-Einstein condensate
(BEC). First, the theory of BEC of non-interacting particles will be discussed. This
will allow us to develop some intuition about this phenomenon and to introduce funda-
mental concepts. Then, we will pursue by adding trapping and self-interaction to the
discussion. Finally, the Gross-Pitaevski and Bogoliubov-de Gennes equations will be
studied for some trapping potentials of interest. Since the theory of BEC will not be
applied to cold atoms as it is usually the case, particular attention will be made to keep
the analysis as general as possible. The Bose-Einstein distribution and the concept of
BEC were first introduced by A. Einstein in 1925 [44] following an article of S. Bose
about light quantum published in 1924. It is interesting to note that although Einstein
correctly deduced the physical consequences of the condensation, he did not believe in its
reality. It was not until 1995 that a BEC was observed [45]. Nowadays, a broad literature
can be found on the topic and BEC are experimentally well-studied objects. They have
even been produced in space [46].

It is rather simple to give an intuitive idea of Bose-Einstein Condensation. Let a gas
of N non-interacting bosons, an ideal Bose gas, be in a box of volume L3. Naively, we
have two length scales at our disposal: the inter-particle distance l and the de Broglie
wavelength λB, given by:

l =
L

N1/3
(2.1)

λB =
h

p
(2.2)

Now, let us look at what happens when we lower the temperature. As the system cools
down, the momentum of the bosons tends to zero, leading to an overlapping of the de
Broglie wavelengths. This overlap of the particles allows us to treat the system as a new
object: a condensate. As it will later be shown, the condensation consists in the preferred
occupation of a given eigenstate of the Hamiltonian. This intuitive vision of the BEC
obviously needs some refinement. It will be necessary to use the many-body formalism.

22
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2.1 Description of many-body quantum systems

In this section, we will introduce the many-body formalism and deduce the equations
describing a gas of bosons. As the topic of this master thesis is the BEC of axions, we
will consider the case of a number N of indistinguishable scalar particles. Since those
particles are indistinguishable and are of bosonic nature, the Hamiltonian of our system is
invariant under particle permutations and the wave function describing the N bosons will
be fully symmetric in the coordinates of the particles. As we intend to work in a quantum
field theory framework, sometimes involving annihilation and creation of particles, the
use of a one-particle Hilbert space is not practical. Indeed, if such a space is well-suited
to deal with usual non-relativistic quantum mechanics and a fixed number of particles,
we should rather introduce the concept of Fock space. Let H+

n be the symmetric subset
of the n-body Hilbert space Hn =

⊗n
i=0H with ⊗ denoting the tensor product of two

Hilbert spaces and the + designating the symmetric nature of the space. Then one can
define a bosonic Fock space as:

F =
∞⊕
n=0

H+
n (2.3)

with ⊕ denoting the direct sum of Hilbert spaces. Defined as above, all the symmetries
of our system due to the bosonic nature of the particles are embedded in the concept of
Fock space. It seems wise to endow it with a proper basis. Let a basis of a one-body
Hilbert space H1 be given by:

B1 = {|φk〉}k∈N0
, |φk〉 : R3 → C (2.4)

Then one can build a basis state for a H+
n as follow:

|Φk1...kn〉 =
1√

n!
∏∞

k=0 nk!

∑
π∈Πn

∣∣∣φkπ(1)〉⊗ ...⊗ ∣∣∣φkπ(n)〉 (2.5)

where the nk count the number of times that k appears in the quantum numbers k1, ..., kn
and Πn denotes the set of all permutations of n items. Following this definition, it is then
trivial to define our Fock basis as:

BF =
∞⊕
n=0

B+
n (2.6)

where the B+
n are the basis composed of states defined as in (2.5). The states composing

such a basis are written |n0, n1, ...〉. For instance, the basis state corresponding to two
particles in the first quantum state and one particle in the third can be written |2, 0, 1〉.
We can now introduce the annihilation and creation operators as:{

âk |n0, n1, ..., nk, ...〉 =
√
nk |n0, n1, ..., nk − 1, ...〉

â†k |n0, n1, ..., nk, ...〉 =
√
nk + 1 |n0, n1, ..., nk + 1, ...〉 (2.7)

These operators follow the usual bosonic algebra:
[
âk, â

†
k′

]
= δkk′

[âk, âk′ ] =
[
â†k, â

†
k′

]
= 0

(2.8)
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It could also be useful to define operators able to annihilate and create particles at a
given position. Thus, we define the field operators ψ̂(r) and ψ̂†(r):

ψ̂(r) =
∞∑
k=0

〈r|φk〉 âk , ψ̂†(r) =
∞∑
k=0

〈φk|r〉 â†k (2.9)

These operators also follow a typical bosonic algebra:[
ψ̂(r), ψ̂†(r)

]
= δ(r − r′) (2.10)

Those operators will be of great use to simplify computations. Indeed, such quantized
fields are equivalent to our many-body system i.e. all the information about our system
is contained in those field operators [47]. To conclude this section, one should notice that
observables can be expressed in terms of ψ̂(r) and ψ̂†(r):

One-body observable: M̂ =

∫
R3

dr ψ̂†(r)M(r)ψ̂(r) (2.11)

Two-body observable: M̂ =
1

2

∫
R3

dr

∫
R3

dr′ψ̂†(r)ψ̂†(r′)M(r, r′)ψ̂(r′)ψ̂(r)(2.12)

2.2 Description of a BEC

2.2.1 One-body density matrix and the Penrose-Onsager crite-
rion

We are now able to describe a system of N scalar bosons. However we still lack a definition
of Bose-Einstein condensation in that formalism as well as a criterion to determine if the
system has condensed. Let us define the one-body density matrix:

n(1)(r, r′) = 〈ψ̂†(r)ψ̂(r′)〉 (2.13)

It is easily shown using (2.9) that one can rewrite this hermitian matrix as:

n(1)(r, r′) =
∑
k

nkφ
∗
k(r)φk(r

′) (2.14)

where nk is the occupation number of the state |φk〉. It is important to emphasise that
the set of vectors |φk〉 are in fact the eigenstates of the one-body density matrix. The
discussion here is highly formal and this formalism can be applied to non-interacting,
interacting and even trapped particles [48]. Given this density matrix, we are now able to
give a proper definition of BEC in the many-body formalism. A BEC is characterised by
the occupation of one of the eigenstates of n(1)(r, r′) by a macroscopic number of particles.
Thus, a natural criterion to characterise the condensation, introduced by Penrose and
Onsager [49], is that a BEC will occur if:

lim
N→∞

supk nk
N

> 0 (2.15)

This limit will give us the fraction of condensed particles N0/N , where the index 0 refers
to the macroscopically occupied state. Experimentally, a Bose-Einstein condensate will
be characterised by a peak of density at low momentum as can be seen in Figure 2.1.
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Figure 2.1: The 2D velocity distribution observed by Anderson and al. in 1995. The
colour scale refers to the density for a given velocity. A bluer color indicates a larger
density. On the left, the critical temperature was not reached yet. On the right, the

condensation had happened and a peak may be observed for a quasi-null velocity [45].

2.2.2 The Hartree-Fock approximation

The next step to investigate our many-body system of N bosons and its condensation is
the Hartree-Fock approximation. We will postulate that each boson is in the one-body
eigenstate φ0. In practice this means that the wavefunction of the system is given by the
product of N one-body wavefunctions. Given the fact that we want to find the ground
state of our system, it is wise to choose those one-body states to be the ground states of
N one-body Hamiltonian. We have:

|Ψ0〉N = |N, 0, 0, ...〉 (2.16)

To keep the notation simple, we will drop the N index for the fundamental state. The
field operators needed to create and annihilate particles in the ground state are easily
derived from (2.9):

ψ̂0 = φ0(r)â0 , ψ̂†0 = φ∗0(r)â†0 (2.17)

Considering a many-body Hamiltonian composed of a kinetic term, an interaction term
and an external potential:

H =
N∑
i=1

− 1

2m

∂2

∂r2
i

+ V (ri) +
1

2

N∑
i,j=1

U(ri − rj) (2.18)

one can rewrite this Hamiltonian as prescribed by (2.11) and (2.12):

Ĥ =

∫
R3

ψ̂†0(r)

(
− 1

2m

∂2

∂r2
+ V (r)

)
ψ̂0(r) dr

+
1

2

∫∫
R3

ψ̂†0(r)ψ̂†0(r′)U(r − r′)ψ̂0(r′)ψ̂0(r) drdr′
(2.19)

We now define the energy of the ground state as E0 ≡ 〈Ψ0| Ĥ |Ψ0〉. Using the commuta-
tion relation of the field operators leads to the following functional for E0:
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E0 = N

∫
R3

φ∗0(r)

(
− 1

2m

∂2

∂r2
+ V (r)

)
φ0(r) dr

+
N(N − 1)

2

∫∫
R3

U(r − r′)|φ0(r)|2|φ0(r′)|2 drdr′
(2.20)

To find the energy ground state, one minimises the above functional. Employing the
Lagrange multipliers technique to ensure the correct normalisation of φ0 , we are led to
take the functional derivative of E0 −Nµ

(∫
dr|φ0(r|2 − 1

)
with respect to φ∗0(r) rather

than simply the functional derivative of E0. One should also notice that, as is usually the
case in QFT, the function φ∗0(r) should be treated as a complex scalar field independent
of φ0(r). Therefore we obtain:

δE0

δφ∗0
= N

(
1

2m

∂2

∂r2
+ V (r)− µ+ (N − 1)

∫
R3

U(r − r′)|φ0(r′|2 dr′
)
φ0(r) = 0 (2.21)

One can wonder about the physical significance of µ. In the limit N � 1, it is easy to
check that:

dE0

dN
= µ⇐⇒ dE = µdN (2.22)

Hence µ can be interpreted as the chemical potential of our bosonic system.

2.2.3 The Gross-Pitaevskii equation

Since we work at large N , we can safely make the approximation N − 1 ∼ N . More-
over, we will limit our investigations to ultra-cold clouds of particles. Working at very
low temperature allow us to replace our two-body interaction term by the Fermi-Huang
pseudo-potential [50]:

Unew = g
∂

∂|r − r′|δ(r − r′) (2.23)

where the constant g is related to the scattering of two particles. The value of g will be
crucial to study the feasibility of a BEC of axions and we shall discuss it later in this
work. Injecting this potential in (2.23) leads to the following equation:(

1

2m

∂2

∂r2
+ V (r) +Ng|φ0(r)|2

)
φ0(r) = µφ0(r) (2.24)

Thereafter one can redefine the wavefunction of the BEC, Ψ0, in such a way that the
integral

∫
|Ψ0(r)|2dr returns us the number of particles in our BEC:

Ψ0(r) =
√
Nφ0(r) (2.25)

Rewriting (2.24 with this definition, one obtains the Gross-Pitaevski equation, which can
be seen as a non-linear Schrödinger equation:(

1

2m

∂2

∂r2
+ V (r) + g|Ψ0(r)|2

)
Ψ0(r) = µΨ0(r) (2.26)
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If the condensate is trapped in an external potential well, one can make a further ap-
proximation, called the Thomas-Fermi approximation (TF), consisting in neglecting the
kinetic energy of the BEC. Therefore one can approximate the Gross-Pitaevskii equation
by:

V (r) + g|Ψ0(r)|2 = µ⇐⇒ Ψ0(r) =

√
1

g
(µ− V (r)) (2.27)

This expression will allow us to compute the wavefunction of our BEC for a given trapping
potential in the next chapter. However those solutions will be static ones and we shall
refine our analysis to take into account the kinetic term of the Gross-Pitaevskii equation
as well as an hypothetical and non-trivial time dependence of the wavefunction. The
Thomas-Fermi approximation will hold as long as the length scales associated to the

BEC are larger than its healing length that we define as ξ =
√

~2
2maµ

. The healing length

may be seen as a comparison between the kinetic energy and the chemical potential. For
the Thomas-Fermi approximation to hold, we require that the healing length should be
small compared to other length scales of the system.

2.3 Collective excitation in BEC

When the bosonic particles composing the BEC interact, i.e. when the constant g defining
the potential in (2.23) takes a non-zero value, collective behaviours may appear in a
condensate subjected to a perturbation. This perturbation may give rise to a wide range
of phenomena such as phonons, vortices, long-range interactions and superfluidity. To
analyse their possible observational consequences, one has to introduce the Bogoliubov-de
Gennes equations.

2.3.1 The Bogoliubov-de Gennes equations

Let us take Ψ0 as solution of the Gross-Pitaevskii equation and add to it a small pertur-
bation δΨ such that we can write down the wave-function of our BEC as

Ψ(r, t) = (Ψ0(r) + δΨ(r, t)) e−i
µ
~ t (2.28)

Ψ will be our new ground state. Note that we dropped the null-index to avoid the
confusion with the solution of the non-perturbed Gross-Pitaevskii equation. Now, we
inject the wavefunction (2.28) in the equation (2.26). Keeping the terms of first order in
δΨ, one obtains the following equation

i~
∂

∂t
δΨ =

[
− 1

2ma

∆ + V (r)− µ+ 2g|Ψ0|2
]
δΨ + gΨ2

0 δΨ
∗ (2.29)

To solve and gain some physical insights about this equation, one should now apply a
Fourier transform from time to angular frequency to the perturbation

δΨ(r, t) =
1

2π

∫ ∞
0

uω(r)e−iωt + v∗ω(r)eiωt dω (2.30)

This allows us to rewrite (2.29) as a system of two coupled differential equations, the
Bogoliubov-de Gennes equations.



CHAPTER 2. THE THEORY OF BOSE-EINSTEIN CONDENSATION 28


[
− ~2

2ma
∆ + V (r)− µ+ 2g|Ψ0|2

]
uω(r) + g (Ψ0)2 vω(r) = ωuω(r)

[
− ~2

2ma
∆ + V (r)− µ+ 2g|Ψ0|2

]
vω(r) + g (Ψ∗0)2 uω(r) = −ωvω(r)

(2.31)

Unfortunately, those equations are usually not solvable and one has to use numerical
tools to obtain the functions uω(r) and vω(r). We will not try to solve the Bogoliubov-de
Gennes equations in this work since it would require much supplementary work for a
Master thesis. However, we wanted to introduce them due to their potential utility for
explaining such phenomena as the long range interaction discussed by Berezhiani [51].
We are now well equipped to study the Bose-Einstein condensation of axions and others
ALPs.



3
BEC of axions

3.1 Axions and ALP self-interaction

3.1.1 Some QFT reminders

As mentioned in section 2.2.3, the interaction between our constituting particles is decisive
to the Bose-Einstein condensation. The axion-axion interaction is usually treated as a
triviality in the literature. Most authors neglect it in the first stage of their development
[51, 52]. However, one has to take into account that such light scalar particles possess
Compton wavelength reaching parsecs in length. Hence the interaction cannot be treated
as a short-distance scattering as is usually the case. We shall thus compute the cross-
section of axion-axion scattering properly to extract the g constant that describes the
two-body interaction in (2.26). To do so, some scattering theory basics in the QFT
formalism could be useful and we should thus begin this section by a brief reminder of
the topic.

Free scalar field

Since the axion is a scalar field, we will take for our discussion a general free scalar field
described by the action

S [φ] =

∫
L d4x (3.1)

where the Lagrangian density L takes the form

L = −1

2
∂µφ∂

µφ− m

2
φ2 (3.2)

Taking the extremum of this action leads us to the usual Klein-Gordon equation(
� +m2

)
φ = 0 (3.3)

and we thus have the general solution

φ(t) =

∫
d3p

(2π)3

1√
2p0

(
ape

ipµxµ + a∗pe
−ipµxµ

)
(3.4)

where we should not worry too much about the 1√
2p0

factor, present to ensure relativistic

normalisation. Applying second quantization to our scalar field promotes φ(t) to φ̂(t) and

29
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the coefficient ap and a∗p also become operators assuming roles similar to that of the the

operators introduced in equation (2.7). Thus, the operator φ̂†(x) applied to the vacuum
state |0〉 creates a scalar particle at a point x in space-time while the operator φ̂(x)
annihilates one. The free field theory is quite simple. However our goal is to describe
interaction between the scalar field and itself and we should introduce a term to our
Lagrangian density to describe this interaction. Nevertheless it will prove more difficult
than it may seem at first glance and one should introduce the interaction picture before
looking at the problem.

The different pictures of Quantum Mechanics

We have two objects in a quantum theory: a Hilbert space where the quantum state
describing our system lives and the set of operators that can act on this Hilbert space.
Choosing a picture consists in choosing between the operators and the vector states which
will carry the time dependence and we can define three main pictures.

• The Schrödinger picture places the time dependence on the quantum state and the
time evolution of this state is given by

|ψ(t)〉 = Û(t, t0) |ψ(t0)〉 = e−iĤ(t−t0) |ψ(t0)〉 (3.5)

• The Heisenberg picture places the time dependence on the operators while keeping
the vector space frozen in time. The time evolution of an operator M̂ is given by

dM̂

dt
= i
[
Ĥ, M̂

]
+
∂M̂

∂t
(3.6)

• The interaction or Dirac picture takes a hybrid position and is a little more subtle.
The idea is to decompose the Schrödinger Hamiltonian appearing in (3.5) into two
parts

Ĥ = Ĥ0 + ĤI (3.7)

where Ĥ0 is well known (the Hamiltonian for the theory without interaction) and
ĤI is a perturbation to the free Hamiltonian due to interaction with other fields.
This perturbative Hamiltonian will be accountable for the time evolution of the
Hilbert space

|ψ(t)〉 = e−iĤI t |ψ(0)〉 (3.8)

while the operators will be evolving as they were in the free theory described by Ĥ0

dM̂

dt
= i
[
Ĥ0, M̂

]
+
∂M̂

∂t
(3.9)

While these pictures seem mathematically equivalent and related by unitary transfor-
mations, we could discuss the physical significance of those different representations and
what they tell us about the nature of vector states and observables then leading us to
more fundamental questions about the content of a vector state or the meaning of a
measurement. However, we will restrict ourselves to choosing a picture according to its
technical usefulness. It happens that in the case of a quantum field theory, it will be
easier to use the interaction picture.
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The interaction Hamiltonian and the S matrix

From the Lagrangian for our free scalar field, we have seen that it is easy to compute
the equations of motion for the field. Alternatively, one could have derived the equations
governing the field thanks to the Hamiltonian corresponding to the free theory. Now, one
should find the self-interaction Hamiltonian for a scalar field. The interaction Lagrangian
density is given by [35]

LI = − λ
4!
φ4 (3.10)

where the λ parameter describe the strength of the self-interaction. Since this Lagrangian
is not a function of the conjugated momenta, one obtain for the interaction Hamiltonian
density

HI = −LI =
λ

4!
φ4 (3.11)

We should then study the evolution of a quantum state under the action of HI . Let us
look at a state in the distant past, governed by the free Hamiltonian.

|Ψ(t = −∞)〉 = |i〉 (3.12)

We then define a matrix S such that the free state in a far future is given by

|Ψ(t = +∞)〉 = S |i〉 =
∑
f

Sfi |i〉 (3.13)

We next have to find a link between the Hamiltonian and the S matrix. From (3.8), one
has the Schrödinger equation

i
d

dt
|Ψ(t)〉 = ĤI |Ψ(t)〉 (3.14)

where ĤI is the Hamiltonian associated to the Hamiltonian density (3.11). One can use
a perturbative approach to rewrite this equation. At the first order one obtains

|Ψ(t)〉 = |i〉+

∫ t

−∞
dt1

HI(t1)

i
|Ψ(t1)〉 (3.15)

= |i〉+

∫ t

−∞
dt1

HI(t1)

i
|i〉+

∫ t

−∞
dt1

∫ t1

−∞
dt2

HI(t1)

i

HI(t2
i
|Ψ(t2)〉

...

And thus one can write the state in a faraway future as

|Ψ(t = +∞)〉 =
∞∑
n=0

1

in

∫ +∞

−∞
dt1

∫ t1

−∞
dt2 . . .

∫ tn−1

−∞
dtnHI(t1) . . . HI(tn) |i〉 (3.16)

One can compare this equation to (3.13) and re-express the integral boundaries. More-
over, one can use the definition

HI(t) =

∫
d3xHI(t) (3.17)

to write the S matrix as
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S =
∞∑
n=0

(−i)n
n!

∫
d4x1 . . .

∫
d4xn T (Hi(t1) . . .Hi(tn)) (3.18)

with T the time-ordering operator such that

T (f(t1)f(t2)) =


f(t1)f(t2) if t1 > t2

f(t2)f(t1) if t2 > t1

(3.19)

Since the self-interaction parameter λ is extremely small for the axion field, one can keep
only the first order terms in (3.18). One obtains

S = 1− iT
(∫

d4x HI(t1)

)
= 1− iT

(
λ

4!

∫
d4x φ4

)
(3.20)

Elements of the S matrix and cross-section

Given the approximate expression obtained for the S-matrix, one can compute its ele-
ments for free particles in the initial and final states. We are interested by axion-axion
scattering (aa→ aa) and we will thus study the following case: two particles of momenta
k1 and k2 in this initial state giving two particles with momenta p1 and p1 in the final
state. Thanks to the creation operators defined earlier, it is easy to write those states as

|k1k2〉 = 2
√
Ek1Ek2a

†
k1
a†k2
|0〉 (3.21)

|p1p2〉 = 2
√
Ep1Ep2a

†
p1
a†p2
|0〉

where the prefactors ensure relativistic normalisation of our states. Hence we can try to
compute the S-matrix elements. The first term due to the identity matrix leads to

〈p1p2|k1k2〉 = 4Ek1Ek2(2π)6
(
δ(3)(p1 − k1)δ(3)(p2 − k2) + δ(3)(p1 − k2)δ(3)(p2 − k1)

)
(3.22)

Obviously this matrix element does not really contribute to scattering and corresponds
to the case where our particles do not interact. The interesting part lies in the term
involving our interaction Hamiltonian. This element reads

〈p1p2| − iT
(
λ

4!

∫
d4x φ4

)
|k1k2〉 (3.23)

Due to the presence of the time-ordering operator, it may seem difficult to compute such
a matrix element. Fortunately enough one may use here the Wick theorem to simplify
this expression. Wick’s theorem states that the time-ordered product of operators can be
expressed as the sum of normal-ordered field operator and Feynman propagators. The
Feynman propagator, which is a specific Green’s function, takes a particle in a space-time
event x1 and brings it to the event x2. We will use the following notation

DF (x1 − x2) ≡ φ1φ2 (3.24)

For four fields, as we will need for our Hamiltonian, Wick’s theorem reads
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T (φ1φ2φ3φ4) = N
(
φ1φ2φ3φ4 + φ1φ2φ3φ4 + φ1φ2φ3φ4 + φ1φ2φ3φ4

+φ1φ2φ3φ4 + φ1φ2φ3φ4 + φ1φ2φ3φ4

+φ1φ2φ3φ4 + φ1φ2φ3φ4 + φ1φ2φ3φ4

) (3.25)

It can be shown [35] that the only term contributing to the scattering is the first term. We
are thus left with four field operators. Two of them should be applied to annihilate the
two incoming particles and two should recreate them with the right momenta in the final
state. However, due to the symmetry of the Hamiltonian with respect to the permutation
of the four field operators, we are led to the following expression

〈p1p2| − iT
(
λ

4!

∫
d4x φ4

)
|k1k2〉 = 4!

(
−i λ

4!

)∫
d4xe−i(k1+k2−p1−p2)µxµ

= −iλ(2π)4δ(4)(k1 + k2 − p1 − p2) (3.26)

Reinserting this matrix element into the expression for the cross-section of two-body
scattering in the center-of-mass frame and integrating over the Lorentz-invariant phase
space finally give

σ =
λ2

32πE2
cm

(3.27)

where E2
cm is the energy in the center of mass.

3.1.2 S-Wave scattering length and self-interaction

At low temperature, the only relevant parameter for the scattering is the s-wave scattering
length, the value of which is given by

as = lim
p,k→0

√
σ

4π
=

λ

16πma

(3.28)

The relation between the s-wave scattering length and the constant g of chapter 2 defining
our two-body interaction may be derived from scattering theory [53]

g =
4πas
ma

=
λ

4m2
a

(3.29)

The s-wave scattering length can be positive or negative. Negative values of this parame-
ter are associated with an attractive interaction while the positive values correspond to a
repulsive interaction between particles. Taking a postive value of as thus ensures a posi-
tive value of the lambda parameter. Having a repulsive self-interaction (λ > 0) allows us
to have a stable vacuum. For negative values of λ, one obtains an attractive interaction.
However, this attractive interaction leads to a metastable vacuum. This is the case for the
QCD axion. For a very narrow range of values, QCD axions and self-attractive ALPs can
form small metastable condensates called Bose stars. These stars, comparable to black
holes or neutron stars in term of density and size, could theoretically account for a part
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Figure 3.1: The potential V [φ] for different values of the ratio λ/m2
a.

of dark matter [54]. We shall now discuss the problem of the metastable vacuum. We
can give an intuitive argument by looking at the potential appearing in the Lagrangian
to see that an attractive interaction is viable in that case. On the figure 3.1, we can
clearly see that the vacuum of the theory at |φ|/ma = 0 is metastable and that it could
cause some issue even at low energy. However, if the self-interaction constant λ becomes
small enough compared to the mass, the vacuum of our theory becomes more stable. We
can thus safely work with an attractive self-interaction for our scalar field without fearing
disasters to occur. To show that the model is coherent, it is of interest to derive the half-
life of our Universe as a function of ma and λ for such a false vacuum. It is important
here to understand that this argument only gives a hint of how and why attractive scalar
fields may be viable. Rigorous treatment of the matter is highly non-trivial and the topic
is still open to discussion [55].

Lifetime of the Universe

It is possible for a purely classical field to possess two stable vacua. Once the system
reaches one of those vacua, it remains there forever. However, this is not the case for
a quantum theory. Indeed, if the field reaches a false vacuum, i.e. a local vacuum of
higher energy than the true vacuum, it can tunnel through the potential barrier. One
may imagine this phenomenon as beautifully explained by Sidney Coleman in [56]. The
transition between the two vacua can be compared to a nucleation process. We take an
expanding universe endowed with our scalar field. Due to quantum fluctuations, bubbles
of absolute vacuum may appear. However, if the bubble is small enough, its creation is
not energetically favourable. Nevertheless, one could imagine a bubble large enough to be
energetically favourable which would then expand and convert the false vacuum into the
true vacuum, leading to the annihilation of stars, galaxies and others structures. Since
all those types of structures are still observed today, our model should predict a lifetime



CHAPTER 3. BEC OF AXIONS 35

for the Universe large enough. In fact, the important factor here is the probability of
transition per unit of time and volume, Γ/V . To find the predicted age of the Universe,
we would like to find the cosmic time t for which the four-volume of the past light-cone
multiplied by the ratio Γ/V is equal to one. If the time obtained is larger than the
present cosmic time by multiple orders of magnitude, we could then safely assume that
the vacuum of the theory is stable enough. Γ/V can be expressed as [56]

Γ/V = Ae−B (3.30)

Our duty is thus to determine the two parameters A and B as functions of ma and λ.
We now derive the B parameter following the procedure described in [56]. To do so, we
first need to use a special trick. Our potential is given by

V[φ] =
m2
a

2
φ2 +

λ

4!
φ4 (3.31)

Technically, the vacuum can only be defined at φ = 0 since this potential has no global
minimum (for a negative value of λ). However, we need two vacua to apply the formalism
developed by Coleman. We will thus assume that the field would tunnel to a state of
smaller energy with a difference ε between the original vacuum and the final state located

at φ = l =
√

12m2
a

λ
. We now have to compute

S =

∫ l

0

√
2V [φ] dφ =

∫ l

0

√
m2
aφ

2 +
λ

12
φ4 dφ (3.32)

Choosing ma = 10−20 and λ = 10−40, which are reasonable values considering our hy-
potheses, we get S = 4 10−20. We will use this value to obtain an estimation of the
life-time predicted for our universe. According to Coleman, the B coefficient is given by

B = 27π2 S
4

2ε3
(3.33)

with the condition that ε be small compared to the natural scale m4
a/λ of our field

m4
a

λε
>> 1 (3.34)

The theory behind the A parameter is somewhat more technical and implies Feynman’s
sum over histories as well as complex analysis computation beyond the scope of this work.
Nevertheless, [57] gives us an expression for A and we thus reach the following

Γ/V ≈ B2

4π2
e−B eV4 (3.35)

The last step of the calculation consists in finding the four-volume of the past light-cone.
The expression for this volume obviously varies as a function of the metric tensor. We
have

V =

∫
C

√−g d4x (3.36)

where C describes our light cone and is still to be determined. For the FLRW metric
expressed in conformal time and spatial spherical coordinates

ds2 = a2(η)
(
−d2η + d2r + r2d2θ + r2 sin2 θd2φ

)
(3.37)
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one can easily find the null-geodesic equation for purely radial geodesics

dη = ±dr (3.38)

Once this equation obtained, we can finally write the following expression

V =

∫ 2π

0

∫ π

0

∫ η0

0

∫ η

−η
a4(η)r2 sin θdθdφdηdr (3.39)

which leads, after integration, to

V =
8π

3

∫ η0

0

a4(η)η3 dη (3.40)

The last unknown of our derivation is the scale factor a(η), needed to find the four-
volume as well as the conformal time. It obviously varies as a function of the content of
the Universe. Since we have the following definition for the conformal time elapsed since
the Big Bang

η =

∫ t

0

dt

a(t)
(3.41)

one can easily find the expression of a(η) for a given a(t). For instance, in the case
of a radiation-dominated universe one has a(t) =

√
t thus leading to a(η) = η/2 with

η ∈ [0,+∞]. For such a universe one would get a four-volume

V =
π

48
η8

0 (3.42)

We should now solve the following equation

B2η8
0

192π
e−B = 1 (3.43)

Thus we have

η0 =

(
192π

B2
eB
)1/8

(3.44)

We see here that we have a competition between the prefactor that tends to diminish the
conformal time and the age of the universe and the exponential which tends to increase
this age. To compute a numerical value, we should fix the value of ε. Looking at the
worst scenario where m4

a/λε ≈ 1 i.e. ε ≈ 10−40, we obtain

t ≈ η2
0

4
= 1.63 10−11

(
e8.5 1043π2

)1/8

eV−1 (3.45)

This time is far greater than the current age of the universe by multiple orders of magni-
tude and the model does not contradict the observation at this point. We have neglected
multiple factors during this analysis. We applied the tunnelling theory without the exis-
tence of a second vacuum and we did not take into account other interactions. A more
comprehensive discussion of the problem, including the effects of gravity on vacuum decay
may be found in [58]. Nevertheless this computation endows us with a first approxima-
tion and fainter effects should not modify the qualitative results. One can thus imagine
ALPs or QCD axions with an attractive interaction forming small BEC. We will not try
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to discuss this kind of structures further for their number would be hard to quantify and
no easy observational comparison could be made. In the next sections and chapters of
this work, we will work with a positive value of λ, leading to more stable BEC that can
reach galactic size, as it will be shown later.

3.1.3 Parameter space

Mass and decay constant

At this stage one could look at the values of different parameters such as ma or λ.
The parameter space is still very wide despite the fact that numerous experiments have
drastically reduced the viable values for the mass and the interaction between hypothetical
dark matter constituents. We cannot emphasise enough the importance of these values.
On the one hand, they could discard the BEC model if they do not allow the condensation.
On the other hand, they could also discard some dark matter models and thus point
towards a physical origin of the axion. Suffice to say that the analysis of the parameter
space is essential. We will not discuss here the different experiments neither will we
discuss how various astrophysical observations allow us to constrain the parameter space.
We will restrict ourselves to a review of the allowed values and their impact on a plausible
BEC of axions. As is shown in Figure 3.2, axions or ALPs with a mass above 10−3eV

Figure 3.2: Exclusion ranges from laboratory experiments and astrophysical constraints.
The grey area for the ADMX experiment corresponds to its nowadays range. The figure

was taken from [59]
.

can be safely ruled out. Cold dark matter models (CDM) predict particles having a
mass around 10−6 eV. We could also find the axions at a much lower mass scale. A
serious alternative to CDM is the fuzzy dark matter (FDM), which could be composed
of ultralight bosons with a mass around 10−22 eV [60]. Thus the possible mass covers a
range of sixteen orders of magnitude. Now, one should discuss the λ parameter.
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Figure 3.3: Exclusion plot for the coupling between an ALP and two photons. Figure
taken from [61].

Self-interaction and Other Interactions

Axions and ALPs may interact with themselves as well as with electromagnetic fields,
however weakly. Multiple astrophysical observations and experiments allow to constraint
the parameter space for the λ parameter of self-interaction and for the other coupling.
As mentioned above, the QCD axion is not a good candidate for our galactic condensate
but the tables presented in this section are more general and concerned all ALPs. For the
self-interaction parameter, no real exclusion areas exist except for the one that would lead
to a metastable universe with a short lifetime. The other interactions are extremely weak
and will be neglected in our simple model. Why do so while gravity is also extremely
weak? Simply because gravity is a long-range interaction whereas axions interact with
photons and baryons on shorter distances. However, they should be taken into account
to develop more precise BEC models or verify certain predictions, especially the coupling
to photon. The allowed parameter space for axion-photon coupling is shown in Figure
3.3.

3.2 Wave-function and density profile of the BEC

3.2.1 Gravitational self-trapping

The first attempt that can be made to describe a BEC is perhaps the simplest physical set-
up. As mentioned earlier, the Compton wavelength of axions spreads over many parsecs.
Hence the simplest case is that of an axion cloud only trapped by its own gravity. Let a
cluster of N axions be in an area only subject to their own gravitational field. The ground
state of the system can be described via the formalism introduced in Chapter 2. The
axion BEC follows the Gross-Pitaevskii equation (2.26). Furthermore, one shall define
the matter density ρ(r) = ma|Ψ0(r)|2 . We may use a non-relativistic expression for the
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gravitational potential since the masses and the momenta of our bosons are quasi-null.
Working in the Thomas-Fermi approximation, which, as mentioned earlier, consists in
neglecting the kinetic energy of the axions, we can describe our system by a set of two
coupled differential equations:

V (r) + g
ma
ρ(r) = µ

∆Φ = 4πGρ(r)
(3.46)

Taking the Laplacian of the first equation then leads to

4πGρ(r)ma +
g

ma

∆ρ(r) = 0 (3.47)

By substituting g with its expression in terms of as and assuming spherical symmetry,
we can rewrite this equation as

1

r2

∂

∂r
r2 ∂

∂r
ρ = −Gm

3
a

as
ρ (3.48)

Next we shall define two new variables to make our equation dimensionless

θ = ρ/ρ0 τ =

√
Gm3

a

as
r (3.49)

By injecting those two expressions in (3.48), one can rewrite it as a Lane-Emden equation
[62], which is a well-studied class of equations often used in astrophysics

1

τ 2

∂

∂τ
τ 2∂

τ
θ + θ = 0 (3.50)

The solution of this kind of equations is then given by a sampling function

θ(τ) =
sin τ

τ
↔ ρ(r) = ρ0

sin
√

Gm3
a

as
r√

Gm3
a

as
r

(3.51)

Mathematically speaking, we could also have looked at other solutions implying cosines
functions or an imaginary exponential. However, using a cosines instead of a sines in
(3.51) leads to a divergence in the density profile at 0, which we try to avoid, and the
general solution implying the imaginary exponential carries an imaginary part and cosines
functions also leading to unwanted divergences. One should notice that (3.51) can also
be obtained from the hydrodynamic equations describing a quantum fluid [63]. Since the
density profile of the BEC has been derived, one can try to compute the radius and the
total mass of the condensed cloud as functions of ma and as.

BEC radius and mass

The maximum radius Rmax is given by the first root of our function ρ since it takes
negative values after it

Rmax =

√
as
Gm3

a

π (3.52)
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For an axion mass of 1020 and a self-interaction parameter of 1080, we would get a maxi-
mum radius of ∼ 1028 eV−1, i.e. around 100 kpc. Is this value realistic? Yes, the galactic
halo of the Milky Way for instance is some 400 kpc wide [64]. Nevertheless, if we work in
the Thomas-Fermi approximation, the model provides a single radius for the dark matter
cluster, which is not what one can observe. However, one should not forget that this
is still a toy model and that our only constraints were the interaction between particles
through gravity. It is to be expected that a single radius emerges. This computation
allows us to write down the wavefunction of our BEC for a TF self-trapping potential

|Ψ0(r)|2 = N
sin
√

Gm3
a

as
r√

Gm3
a

as
r

(3.53)

where N is a normalisation factor still to be determined. To do so, we use the fact that
the integral of the probability density over the confinement space should return N for an

N -body system. Using the notation κ =
√

Gm3
a

as
to ease the reading, one finds

4π

∫ Rmax

0

dr |Ψ0|2r2 = 4πN
∫ π/κ

0

dr
sinκr

κ
r =

4π2N
κ3

= N (3.54)

Therefore, with a normalisation factor N = κ3N
4π2 , one can link the central density of the

cluster ρ(0) = ρ0 to the number of axions and thus to the total mass Mtot of the cloud

ρ0 =
κ3Mtot

4π2
=

(
Gm3

a

as

)3/2

Mtot

4π2
(3.55)

This equation can be rewritten more compactly using Rmax

ρ0 =
πMtot

4R3
max

(3.56)

On a less technical side, one could ask whether or not we are entitled to use quantum
mechanics to describe such a cloud of axions. We mean by this that, of course, the
equations are solvable and the conditions to reach Bose-Einstein condensation are satisfied
but can quantum physics describe a galactic-size cloud? If the question may seem a bit
philosophical, we should not ignore the insights that such a question can bring to the
discussion.

Chemical potential and healing length

We are now able to derive the expression of the chemical potential and of the healing
length of the condensate, which will be helpful in further developments. From equation
(3.46), one has

N =
4π

g

∫ Rmax

0

(µ− V (r)) r2dr (3.57)

with V (r) the potential energy that we can easily compute

V (r) =
4πGρ0ma

r

(
sinκr − κr cosκr

κ3

)
(3.58)

=
GMtotma

πr
(sinκr − κr cosκr) (3.59)
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Figure 3.4: Density profile of the axion cloud in its BEC state. The axes have been
normalised and made dimensionless.

We obtain the following equality

N =
π

3g
R3
maxµ (3.60)

which can be rewritten as

µ =
12N

π3

√
G3m7

a

as
(3.61)

The healing length of our condensate is then given by

ξ =

√
1

2maµ
=

(
π6as

576N2G3m9
a

)1/4

(3.62)

Those different values are function of N , the number of particles in our condensate or of
the total mass Mtot. If we take a total mass of 60 1010 solar masses,which equals ∼ 1077

eV, we obtain N ≈ 1097 axions in our galaxy. Equation (3.62) then leads to a healing
length of 1022 eV−1 or 0.1 pc. The typical scale of our condensate here is of the order of
1 kpc. The Thomas-Fermi approximation thus holds in our case.

3.2.2 Rotating BEC

Now that we have a simple model, we can try to improve it to take into account effects such
as the rotation of the axion halo. At this stage we can still work in the TF approximation
and add an energy term Vrot(r) = maω

2r2/2 to take the rotation into consideration. This
approach may seem naive since the angular velocity ω should realistically be a function
of the radius and thus depend of the wavefunction itself. However we will consider that
the BEC is slowly rotating and that ω is approximately constant. Taking the Laplacian
of this term and adding it to Equation (3.47) we obtain
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4πGρ(r)ma +
g

ma

∆ρ(r) +maω
2 = 0 (3.63)

which can once again be rewritten as a Lane-Emden equation. By defining Ω = ω2

2πGρ
, the

solution of this equation and a derivation similar to section 3.2.1, one finds

Rrot = Rmax (1 + 3Ω)1/3 M tot
rot = Mtot

(
1 +

[
π2

3
− 1

]
Ω

)
(3.64)

So we see that the rotation of the BEC tends to increase its radius, which could be
expected, and therefore its total mass. Given a certain angular velocity ω, the maximum
radius is once again fully defined by two parameters, the axion mass and the strength
of the self-interaction. The equilibrium radius comes from the balance between two
phenomena. On the one hand, the mass of the axions tends to collapse the cluster. On
the other band, the repulsive self-interaction counters the collapse and allows the BEC
to remain stable. In the rotating case, the self-interaction is helped by the rotation of the
cluster. For high angular velocity, the model predicts a growth of the radius as ∼ ω2/3.
However one may expect that above a given threshold the condensation disappears. The
scaling of the maximum radius and total mass of cluster for low ω are depicted in Figure
3.5.

3.2.3 Beyond the TF approximation

One may reasonably ask the question “What if we cannot neglect the kinetic term in
the Gross-Pitaevskii equation ?”. The resolution of a Schrödinger-like equation, in this
case the Gross-Pitaevskii equation, assuming spherical symmetry follows a well-known
procedure. First, we define the sought wavefunction

Ψ(r, t) = R(r)Y (θ, φ) (3.65)

where R(r) is the radial wave-function of the BEC and Y (θ, φ) the angular dependence.
As is usually the case, for the ground state the Y function is just a factor and we will
absorb it in the normalisation factor to be found later. One shall notice that “Ψ” is the
wave-function of the ground state. We did not re-use the notation ‘Ψ0” in order to avoid
confusion with the solution found in the previous section, which will be used in this part
of the work. Rewriting the comprehensive Gross-Pitaevskii equation (2.26) in spherical
coordinates leads to:

− 1

2mar2

d

dr
r2dR

dr
+
[
V (r) + g|Ψ(r, t)|2

]
R = µR (3.66)

Introducing the function X = rR allows to obtain the following equation which is similar
to the Schrödinger equation in one dimension.

1

2ma

d2χ(r)

dr2
+
[
µ− V (r)− g|Ψ|2

]
χ(r) = 0 (3.67)

Let us take a closer look at the potential term. Due to its form, the equation is non-
linear in χ(r). Adding the fact that the gravitational self-trapping implies that V (r) is
also a function of χ(r), we are one more time led to perform some approximations to solve
this equation. To do so, one can use a series expansion of the potential and only keep
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Figure 3.5: Maximum radius (top) and total mass (bottom) of a rotating BEC
normalized by the radius and mass of a non-rotating one. They were plotted for three

plausible densities of dark matter.
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the first terms corresponding to the ones depending of Ψ0, the wave-function obtained in
the TF approximation. Therefore we can write (3.67)

1

2ma

d2χ(r)

dr2
+

[
µ+ 4π

Gm2
a

r

∫ r

0

|Ψ0(r)|r2 dr − g|Ψ0|2
]
χ(r) = 0 (3.68)

We are now able to substitute |Ψ0|2 with its expression (3.53) to obtain the differential
equation for χ(r)

1

2ma

d2χ(r)

dr2
+

[
µ+

NGm2
a

πr
(sinκr − κr cosκr)− gκ

2N

4π2

sinκr

r

]
χ(r) = 0 (3.69)

Replacing κ by the definition given in section 3.2.1, one get the following equation to
solve

d2χ(r)

dr2
+ 2ma

[
µ− NGm2

aκ

π
cosκr

]
χ(r) = 0 (3.70)

This equation is in fact Hill’s equation

d2y(x)

dx2
+ (λ+Q(x)) y(x) = 0 (3.71)

Hill’s equations, notably used by H.G Hill to study the motion of the lunar perigee [65],
encompass the class of homogeneous linear second-order differential equations with real
periodic coefficients. As they possess numerous common features with the Sturm-Liouville
theory, Hill’s equations can for instance reduce to Mathieu’s equations. We should not
reasonably hope to find an analytical solution for the general equation (3.71). However,
using the general theory developed around Hill’s equation, one can discuss important
properties of the solutions and hope to find approximate or numerical solutions. A rapid
numerical verification shows that the correction is not very important (less than 1%) and
we should neglect it to ease our work.

3.3 Trapping by Galaxies and Black Holes

We will not start to discuss at great length a model with a relativistic approach to gravity.
However, for the sake of completeness, we should mention some interesting tracks. At
the beginning of this chapter, we studied how a BEC of axions can be trapped under its
own gravity. Although easier to describe, isolated clusters of dark matter have not been
observed yet. However, dark matter also accounts for most of the mass inside galaxies.
Thus, we should study the trapping of a BEC by the gravitational potential of a galaxy.
One will encounter two issues in trying to do so.

Firstly, the shapes encountered among galaxies are not unique. Therefore their inner
structures and dynamics cannot be described by a unique analytical potential. Secondly,
even for a common shape of galaxy such as a spiral one, the structure can exhibit a high
degree of sophistication. As a matter of fact, one shall consider the arms, the bulge, the
disk and the loss of the spherical symmetry among others details. Further more, spiral
galaxies harbour super-massive black holes. Facing such difficulties, one should begin by
adding simple features to our model. The simplest one would be to add a spherically
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symmetrical potential well to the one created by the cloud of axions. This potential would
account for the baryonic contribution to the trap as well as the central black hole. On
galactic scales, it is equivalent to adding a Newtonian potential term to our equations.
We may expect an enhancement of the trapping and thus, for a given mass, smaller and
denser clusters of particles. Nevertheless, we should carefully treat the area near the
centre of the potential where we cannot simply add a Newtonian term for a certain class
of objects: black holes. Moreover, the baryonic contribution itself depends on the density
profile of the BEC. We thus have to take into account the retro-action of one type of
matter on the other and vice-versa. It is quite easy to modify Equations (3.46) to add a
baryonic contribution to Poisson’s equation.

∆Φ = 4πG(ρDM + ρBar) (3.72)

Applying the Laplacian operator the Gross-Pitaevski equation as in our first model, one
gets

4πG(ρDM + ρBar)ma +
g

ma

∆ρDM = 0 (3.73)

This system of two differential equations may then be solved to provide a better approxi-
mation than the one in Section 3.2.1. We also mentioned the issues that could arise near
the central black hole, when Newtonian gravity shatters. To correctly treat this area, one
should first modify the action of our field into a covariant one

S =

∫
L√−g d4x (3.74)

where g is the determinant of the metric. It is simple to show that this expression is indeed
covariant. By obtaining the Klein-Gordon equation in the General Relativity framework,
one may obtain a Gross-Pitaevski type equation [66, 67]. This equation, implying the
metric tensor, can then be numerically solved. One more time, this is out the scope of
this thesis and is mentioned here to suggest different paths of investigation. However,
we should first test our simplest model to check the consistency and credibility of our
hypotheses.



4
Observational consequences

4.1 The SPARC Data

The observation of rotation curves can be difficult and cumbersome. The challenge con-
sists in finding an appropriate tracer to map the gravitational potential around a galaxy,
which is not a trivial task. Indeed, one has at one’s disposal multiple tracers such as the
CO transition lines, which lie in the millimetre wave range, or the SII and NII emission
lines [68]. However, one of the best tracers is atomic hydrogen (HI) due to two mains ad-
vantages. HI is relatively cold and thus follows near by circular orbits with small velocity
dispersion. Moreover, the HI contribution extends further from the galactic centre than
stars or others gases [14]. The SPARC catalogue aims at gathering data from published
papers and previous studies concerning rotation curves observed via atomic hydrogen. It
consists in 175 late-type galaxies, most of which observed by the Spitzer Space Telescope.

Some data are not of interest for this Master thesis. We will restrict us to the de-
scription and commentary of the interesting ones. One of those important pieces of
information is the Hubble type of the galaxies (see figure 1.3). Indeed, since our model
is rather simple and does not include features such as a central bar, we should apply our
equations to the most symmetric galaxies. As a consequence, we will restrict ourselves to
a selection of 34 galaxies. Next, the data contain the rotation velocity for different radii
as well as the contribution to this velocity from the bulge, the disk and the gas. How-
ever, those three contributions are normalised assuming a matter to light ration Υ? of 1.
This is not the case for the bulge and the galactic disk and one should find appropriate
ratios Υbul and Υdisk consistent with multiple observations to compute the total baryonic
contribution.

4.1.1 Data processing

The first step is to retrieve the interesting data from the SPARC catalogue, which can be
found online [69]. To do so, a Python script was written to isolate the names of the most
symmetric galaxies and their types. Here, a compromise had to be made between a low
number of highly symmetrical galaxies and a large number of galaxies with all sizes and
shapes. Taking those considerations into account, we limited our choice to four Hubble
type, S0, Sa, Sb ,and Sc, which correspond to spiral and lenticular galaxies. Then, a
second script was written to collect the velocities and baryonic contributions. Once those
data were obtained, their were converted in the adequate units and the rotation curves
were plotted.

46
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Figure 4.1: Rotation curves rebuilt using the SPARC data for our sample of galaxies.

4.2 Rotation curves

4.2.1 Baryonic contribution

One should compare our model to the rotation curves of galaxies. To compare our
equations with actual data, we should derive the speed of a test particle as a function of
the radius. In the Newtonian approximation, the velocity due to a spherical distribution
of dark matter can be expressed as

VDM(r) =

√
GMDM(r)

r
(4.1)

The total rotation velocity can be decomposed into two contributions: the baryonic part
due to MB composed of gas, stars and dust and the dark matter part due to MDM , that we
assumed made of an axion BEC in this work. The baryonic contribution can be extracted
from the SPARC data and is composed of the gas contribution, the bulge contribution
and the disk contribution. The baryonic contribution to the rotation velocity is thus
given by [14]

Vbar =
√
Vgas|Vgas|+ ΥbulVbul|Vbul|+ ΥdiskVdisk|Vdisk| (4.2)

The absolute values are necessary here because of negative contributions in the centre of
some galaxies due to gas depression resulting in a stronger gravitational pull from outer
regions. We decided here to take the experimental baryonic contribution but one should
notice that it is also possible to use theoretical models for the baryonic matter profile of
galaxies such as the one proposed in [70].
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To compute this baryonic contribution, one should choose a value for the parameters
Υbul and Υdisk. Those two parameters are difficult to measure and explain theoretically.
However, one may try to minimise the Baryonic Tully-Fisher relation with respect to
Υdisk, giving a value of 0.5 [71, 72]. We can then assume [14]

Υbul = 1.4Υdisk (4.3)

One should note that the correct evaluation of those two parameters is extremely difficult
and no universal consensus exist nowadays. Moreover, those values are taken equal for
all our galaxies but it could be otherwise.

4.2.2 Dark Matter contribution

The Dark Matter contribution to the rotation velocity can be expressed thanks to our
model. Given the matter density (3.51), one can write the total mass of Dark Matter
encompassed in a sphere of radius r as

MDM = 4π

∫ r

0

ρ(r′)r′2 dr′ (4.4)

which leads after integration of the density profile to the following expression

MDM = 4πρ0
sinκr − κr cosκr

κ3
(4.5)

Since κ is a function of ma and λ, we still have three free parameters if we add to those
two the central density of the axion cloud. We thus have a contribution to the velocity
by the Dark Matter given by

VDM =

√
4πGρ0

sinκr − κr cos kr

rκ3
(4.6)

with our usual κ defined earlier as
√

Gm3
a

as
.

4.2.3 Model calibration

A simple but easy to implement calibration method is a non-linear least-squares fit. Our
null hypothesis will be in this case: the theoretical distribution of velocity predicted by
our model is the real one, i.e. the theoretical distribution of velocity fits the observed
data well. Obviously one should note that the test allows us to reject our null hypothesis
H0 but not confirm it. The idea is to compute the following statistics

χ2 =
n∑
i

(
V th
i − V obs

i

σ

)2

(4.7)

In fact, we will preferably use the reduced χ2 statistics, which takes into account the
number of points n for a galaxy as well as the number of degrees of freedom p.

χ2
red =

χ2

n− p (4.8)

We optimised this function of the three parameters ma, λ, and ρ0. One can then compare
the value of our χ2

red with a chosen threshold. For instance, if one gets a value X2
red = 7.81

for three degree of freedom, one may reject the null-hypothesis with a certitude of 95%.
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Although this statistical test was used in many papers on the topic, we should em-
phasise that it may not be the best way to calibrate the model, as is suggested in [73].
However, the main idea of this work is to develop the theoretical ground while looking at
the coherence of the model and not giving a final answer concerning BEC of axions. We
thus restrict ourselves to this simple statistical analysis. The ones wishing to go further
into the analysis are invited to follow the track of [74]. Bayesian statistics and more
complex algorithms can indeed be of great use for this kind of computation [75].

4.2.4 Results

In this section, the main results will be presented. Their discussion is kept for the next
section. Multiple graphs showing the theoretical and observed contributions from dark
matter to the rotation velocity may be found in appendix. One of those curves is shown
in Figure 4.2. A badly fitted curves is also shown. Table 4.1 shows the best-fitting
parameters for our sample of galaxies as well as the χ2 value. As mentioned in the
previous section, the three free parameters were the mass of the particle, the interaction
parameter and the central density of the DM halos. The log10ma lies around −23.3
with a standard deviation of 1.4. The mean value for log10 λ is −70.9 with a standard
deviation of 4.01 among the galaxy sample. Finally, the fitted central density log10 ρ0

was on average −7.5 with a standard deviation of 0.9

4.2.5 Discussion

We shall now discuss our results more extensively. We made the hypothesis that dark
matter in galaxies was a Bose-Einstein condensate of ultralight particles with extremely
weak self-interaction. Such particles are expected to have a very weak mass lying around
10−22 eV [60]. As one can see on Table 4.1, the estimated parameters are in the expected
range for an ultralight axion or another ALPs with an average mass of ∼ 10−23 eV. We
should emphasise that this result agrees with other studies of the BEC model such as
[74].

Concerning the interaction parameter, we developed this model expecting an ex-
tremely weak repulsive interaction and thus a weak value of λ. The mean estimated
interaction parameter lies around 10−70, which is indeed almost negligible compared to
the value of the mass. If we look at the mean value found for the central density of
the dark matter halo, we obtain a value of approximately 10−7.5 eV4. This value is also
plausible. For instance, the local density of dark matter in the solar system is more or
less 10−6 eV4 [76]. It is an order of magnitude larger than the fitted density obtained.
However, most of the galaxies in our sample are smaller than the Milky Way. While we
should be cautions about the obtained value, it is not an unrealistic result either. A plot
of the different galaxies in the (ma, λ) and (ma, ρ0) plans is shown in Figure 4.4. One can
observe a clustering of the fitted values.

If the mean values obtained for our parameters are satisfying, we should concern
ourselves with the statistical quality of the fit and with the likelihood for such parameters
to be the right ones. To perform the analysis, we will look at the χ2 statistics. The χ2

value is under 2 for ten galaxies. Seven galaxies lie between 2 and 10 while the others are
far from what could be called a good fit. We will start by discussing the group of ten well-
fitted galaxies. One could ask if the Hubble type of the galaxy impacts the performance
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Figure 4.2: Top: observed and theoretical DM contribution to the rotation velocity for
the galaxy NGC 3893. Bottom: A badly fitted curve. In this case the model is unable

to fit the data. Other fitted rotation curves may be found in appendix
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Id log10ma/1 eV log10 λ log10 ρ0/1 eV4 χ2
red

F568-1 −23.09± 0.02 -76.41± 0.07 −6.40± 0.11 0.6
F571-8 −21.77± 2.04 −62.05± 5.36 −7.19± 0.06 19.6

F579-V1 −21.44± 0.01 −71.16± 0.02 −5.28± 0.14 0.6
F583-4 −21.21± 0.04 −68.96± 0.24 −7.17± 0.12 0.8

NGC0024 −21.76± 2.14 −62.07± 6.21 −7.21± 0.09 14.4
NGC0801 −23.75± 1.61 −70.53± 7.44 −8.54± 0.05 13.8
NGC0891 −24.35± 1.93 −72.33± 6.15 −7.87± 0.06 21.2
NGC2683 −24.23± 1.91 −72.26± 7.26 −7.92± 0.10 11.9
NGC2841 −24.38± 1.80 −72.46± 6.59 −7.83± 0.03 70.6
NGC2955 −23.92± 1.66 −71.99± 8.13 −8.19± 0.20 4.9
NGC2976 −21.71± 1.66 −65.46± 8.77 −6.81± 0.18 0.4
NGC2998 −24.48± 1.94 −72.44± 6.18 −8.09± 0.03 24.8
NGC3198 −23.14± 0.01 −75.85± 0.01 −7.25± 0.03 39.5
NGC3726 −23.98± 1.66 −71.93± 8.09 −8.13± 0.11 2.0
NGC3769 −24.28± 1.91 −72.48± 7.46 −8.01± 0.11 9.7
NGC3877 −24.38± 2.25 −72.46± 6.43 −7.83± 0.15 10.8
NGC3893 −21.73± 0.04 −70.30± 0.20 −7.25± 0.10 0.5
NGC4013 −24.19± 1.75 −72.21± 7.42 −7.94± 0.06 1.1
NGC4085 −26.56± 1.87 −82.87± 7.82 −7.71± 0.20 5.8
NGC4138 −21.19± 0.01 −72.32± 0.01 −3.20± 0.14 0.7
NGC4157 −24.32± 1.83 −72.63± 7.46 −8.05± 0.12 0.5
NGC4217 −25.65± 0.03 −69.62± 0.11 −8.37± 0.19 31.6
NGC5033 −24.27± 1.86 −72.28± 6.63 −7.90± 0.02 89.9
NGC5907 −24.19± 1.72 −72.13± 6.77 −8.13± 0.02 75.7
NGC5985 −21.83± 1.51 −64.05± 7.69 −7.40± 0.03 103.5
NGC6195 −23.26± 1.32 −70.10± 9.21 −8.45± 0.14 2.3
NGC6674 −21.42± 0.01 −67.96± 0.03 −7.84± 0.01 44.9
NGC7331 −24.25± 1.75 −72.01± 6.86 −8.10± 0.05 7.9
UGC02487 −24.32± 1.63 −72.53± 6.63 −7.95± 0.01 167.6
UGC02885 −21.80± 0.02 −69.38± 0.10 −7.86± 0.07 4.2
UGC03546 −24.62± 2.12 −72.69± 5.46 −7.72± 0.02 9.2
UGC03580 −24.36± 1.96 −72.36± 5.58 −7.86± 0.04 37.1
UGC06614 −22.50± 0.09 −72.03± 13.56 −8.16± 0.14 1.1
UGC06786 −21.85± 1.52 −64.05± 7.65 −7.38± 0.02 59.0

Table 4.1: Estimated parameters for our galaxy sample as well as their confidence
interval.
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of the model. Looking at our group of ten galaxies, it appears that it does not depend
strongly of the type (and thus of the symmetry) of the galaxy. How could we explain
this? One should remember that Dark Matter only interact weakly with baryonic matter.
The interaction between the two kinds of matter is mainly gravitational. Thus, the small
asymmetries such as arms in the baryonic matter distribution could be neglected.

Figure 4.3: Abel 520, which consists in two cluster of matter colliding. Such collisions
could lead to the destruction of the Bose-Einstein condensate [77].

However, if the χ2 is convincing, the confidence intervals on the parameters do not
allow to draw a strong conclusion. Indeed, the error margins found for the different
galaxies do not overlap and thus it may be daring to make strong statements on those
results. Moreover, if one looks at the rotation curves in Appendix A, one can observe that
the discrepancies between the model and the observed dark matter contribution are more
glaring at short radius. How could we explain those different observations? The reader
should remember that our model is an overly simplified one. We neglected asymmetries,
the modification of the trapping by baryonic matter, the central black holes contained
at the heart of galaxies as well as general relativistic considerations. It could be useful
to develop the model more precisely to verify if such details may correct the short-radius
issues of the model. One may also note from the rotation curves in Appendix A that
some curves such as the one from NGC4013 exhibit oscillations. The model obviously
does not explain those. Perhaps these are due to the caustic rings,i.e. over-densities in
the dark matter density profile caused by the in-fall of dark matter into galaxies [78].

Apart from those ten galaxies, the last 24 cannot be fitted correctly by the model.
We should here reflect on what could explain such a difference between galaxies. At least
two interesting pathways may be explored here. On the one hand, we could make the
hypothesis that dark matter is not a unique kind of particles but a family of different
particles. Such multi-component dark matter could easily emerge from extensions of the
Standard Model [43]. Indeed, as explained in Chapter 1, symmetry breaking may give
rise to a broad range of particles. On the other hand, it is possible that events such
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as collisions between galaxies, as shown in Figure 4.3, or a high number of supernovae
have ejected dark matter and destroyed the condensate. Each galaxies having its own
history and specificity, it is difficult to draw conclusion concerning those galaxies and the
efficiency of the model. We discuss ideas for future works in the next chapter.
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Figure 4.4: Top: scattering plot of the obtained parameters with the masses in abscissa
and interaction parameters in ordinate. The centre of the cross is the mean mass and λ
value. The arms of the cross show one standard deviation. Bottom: same plot for the

masses and the central densities.



5
Conclusion

It is now time to summarise our journey through the Bose-Einstein condensation of axions
and draw some conclusions on our work. We aimed at synthesising and comparing to the
observation a specific model of dark matter, a BEC of axions. This master thesis started
by recalling some evidence in favour of dark matter. The possible origin of the axion was
discussed as well as why it is an interesting candidate. We have seen that the existence
of ultralight scalar bosons was predicted by multiple extensions of the Standard Model
thanks to symmetry breaking.

We then introduced the BEC theories and some interesting equations and properties
of such systems. It allowed us to discuss the case of axions in Chapter 3. We have seen
that the condensation of axions was indeed possible if we imposed some condition on the
self-interaction. We showed that despite the repulsive self-interaction needed to form a
stable condensate, the Universe could exhibit a sufficient lifetime. We also concluded that
the usual QCD axion could not form a galactic-size condensate. Subsequently we derived
a solution for the wavefunction and the density profile of the BEC inside a gravitational
trap. We have seen that such a solution predict a unique radius for the dark matter halo
has a function ofma and λ. We ended this chapter by solving the Gross-Pitaevski equation
for a slowly rotating BEC and taking a look beyond the Thomas-Fermi approximation.

The next chapter was dedicated to the comparison of our model to actual data. We
used the SPARC database to obtain the observed Dark Matter contribution to the rota-
tion of galaxies and then tried to fit those data with our simplified model. We noticed
a clustering in the parameter space around a mean mass of 10−23.3 eV and an mean in-
teraction parameter of 10−70.9. Those results were consistent with our initial hypotheses.
However, two thirds of the galaxies had a χ2

red too high to draw sensible conclusions on
our model’s validity. Further investigations are thus needed.

Concerning the description of the BEC, we neglected a lot of different features such
as fast rotation of galaxies or more complex gravitational traps. One could numerically
study more realistic galactic trapping and thus improve our results. We also did not
take into account some known phenomena such as caustic rings. We quickly mentioned
phonons through the condensate and laid the ground for further studies. These phonons
could give rise to intriguing coupling between baryonic sources and long-range interaction.

One could add layers of complexity by studying events such as galactic collisions and
thus collisions between two condensates, or multi-component dark matter. Indeed, a
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mixing of laser-trapped BEC often exhibit unusual behaviour such as coupling between
different components [79] or even multiple macroscopic eigenvalues for the density matrix
[80]. We treated gravitation in the Newtonian regime to describe the trap. Moreover, we
did not describe the central black holes at the heart of certain galaxies. Working with a
curved background could lead to improvement of the model and the emergence of new
phenomena [66]. On the observational side, the polarisation of light by dark matter has
been studied in the case of a cloud of axions. One could study the hypothetical effect if
this cloud is condensed.

As one can see, there is an endless list of further studies possible. We only talked about
new Physics but we could also perform a deeper and more rigorous statistical analysis of
the results for our simple model. We only looked at some basic features of our results.
However, it could be appropriate to inspect the error bar on the different parameters
and carry out a more comprehensive discussion about the credibility of the model. The
topic of BEC of axions is thus promising and abounds with beautiful Physics. Moreover,
it brings insight into what dark matter could be while unravelling curious consequences
and phenomena. If the riddle is far from being solved, we continue to probe deeper and
deeper into the mystery of dark matter. New experiments flourish each year and the
quest for the solution will surely lead to a great breakthrough one day or the other.
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