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Introduction

The use of GPUs for general-purpose computing is a trend that has gradually estab-
lished itself over the years, gaining more and more momentum with the development of
modern programming models. Over the past decade, the use of GPUs for high perfor-
mance computing has enabled better performance on a variety of problem types, and it
is no coincidence that seven of the top ten supercomputers in the world feature graphics
accelerators. Much like parallel software development on CPUs however, development on
GPUs hides pitfalls and can become complex, especially in modern supercomputers where
the use of multiple GPUs opens up even greater challenges.

To build parallel applications with optimal performance, it is therefore necessary to be
aware of the issues of both the platforms for development and the hardware on which the
applications are developed. The developer going to implement solutions that aim for high
performance must not only use the abstractions made available by the programming model,
but must be aware of the impact that each instruction has with respect to performance.

This thesis focuses in particular on analyzing the performance and possible optimiza-
tions achievable on a solver based on the Discontinuous Galerkin method for Maxwell’s
equations, Gmsh DG!, developed at the Applied and Computational Electromagnetics re-
search group of the University of Liege. Applications of this type perform simulations that
deal with the computation of millions of floating-point values per second, and which require
appropriate optimization to be completed in a reasonable time. Thus, the main research

question that we are trying to answer is:
How well can a reasonably simple DG solver exploit modern hardware?
In order to get an answer to this question, we structured the work in the following objectives

1. propose new optimizations to be implemented to improve the current limits of the

application;

2. evaluate the performance of the application on real problems, perform scaling analysis

and specific analysis related to the stages of computation;

3. help in the implementation of support for the use of multiple GPUs and performance

analysis of the results obtained.

The solver has already been tested on real problems, for example, to simulate an electro-

static discharge on a device, and some performance results have been shown [1]. However,

"https://gitlab.onelab.info/gmsh/dg


https://gitlab.onelab.info/gmsh/dg

a comprehensive analysis that can direct future developments and provide further insights
had not yet been carried out. The starting point for performing these analyses is a thor-
ough study of the existing code and the numerical concepts behind it. Then, starting
with known bottlenecks, implementation of optimization strategies can be considered, fol-
lowed by an analysis of these strategies to validate improvements. Finally, performance
analysis must be performed both at the overall application level and at the level of individ-
ual computational kernels. Scaling analysis deals with overall performance on a real-world
problem, investigating how the application adapts as computational and memory resources
increase. The analysis of the kernels must be done through the use of specialized tools to
derive accurate data, particularly with regard to analyzing the number of floating-point
operations performed and memory traffic.

The first three chapters will be in a certain sense introductory to the work of this
thesis. Chapter 1 will explain the physical and mathematical foundations related to the
problem and the Discontinuous Galerkin method used to solve it, along with providing
insights regarding how the method can be parallelized on multiprocessor systems. Chapter
2 will introduce the reader to GPU architecture and programming for general-purpose
computing, with a special focus on the cautions needed to achieve good performance during
GPU development. Chapter 3 describes the implementation of the Discontinuous Galerkin
solver, starting by performing a review of the existing literature on solvers using graphics
accelerators and then moving to the details of the code, along with the strategy used for
parallelization.

The next three chapters are the heart of this work, showing the results obtained for
each of the set goals. Chapter 4 discusses the optimizations implemented in the code and
some of the optimization proposals that were considered for implementation. Chapter 5
focuses on analyzing the code from an application performance point of view through the
scaling analysis on a multiprocessor system, and from a kernel perspective through the use
of roofline analysis. Finally, Chapter 6 covers the multi-GPU implementation, describing
how systems composed by multiple GPUs can be built and interconnected, the difficulties
regarding the implementation, and showing the performance obtained on the platform at
our disposal.

This thesis has been carried out under the Erasmus+ program with the collaboration

between the University of Salerno and the University of Liege.



Chapter 1

Physical and mathematical con-

text

Electricity and magnetism are two phenomena that, at least qualitatively, are known
to humanity since the ancient times. Their systematic study however started only in the
late 17th century, and since then countless scientist contributed to the improvement of our
knowledge about these subjects.

Once thought as separate phenomena, it was only in 1820 that the first hints of a possible
connection between electricity and magnetism were discovered by Hans Christian Qersted.
By observing that the needle of a compass was deflected by a wire carrying an electric
current, we can confidently say that he started the journey to the unification of electricity
and magnetism. The subsequent studies carried out by Faraday, Ampere and Maxwell
provided new insights, that finally led to the Maxwell’s equations. Such equations represent
perhaps the major scientific achievement of the 19th century: electricity, magnetism and
optics unified in a single theory.

Maxwell’s equations are central in electrical engineering, as they allow to model and
predict the behaviour of the most disparate devices and systems. Their manual solution is
however impossible in almost every practical setting, therefore accurate, reliable and fast
numerical methods are needed. In this chapter we introduce the basics of the Discontinuous
Galerkin method, which is at the core of the code that was analyzed and optimized in this

thesis.

1.1 Vector calculus

We recall here the main vector calculus notions that are used in the electromagnetic theory.
For conciseness, we limit ourselves to R?.

A vector of R? is denoted with boldface font, as in wu; its x,y, 2 components are denoted
as Uy, Uy and u, respectively. Similarly, a vector-valued function is denoted with boldface
font, as in f(-) and its components as f5(-), fy(-), f2(-)-

The nabla operator V is defined as the column vector of the partial derivatives

v-[z 48]

6
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The nabla operator can be applied to sufficiently smooth scalar functions f : R®> — R or to

sufficiently smooth vector functions f : R® — R? yielding different quantities of interest:

of of: _ Ofy

ox Jy 0z 8f
Vi=|g| VxF= |-G Vof= > G ()

of Ofy _ 0f we{w,y,z}

0z oz oy

The three expressions appearing in (1.1) are the gradient of f, the curl of f and the
divergence of f respectively. We recall also that the following identities hold:

Vx(Vf)=0 Vf, V- (Vxf)=0 Vf. (1.2)

A central ingredient for the discussion of the numerical methods employed in this thesis

is the divergence theorem. For sufficiently smooth functions f : R? — R3, it holds that

/V(V~f)dv:/avf-ds. (1.3)

By applying the substitution f — fg to (1.3) and using the vector calculus identity
V- (fg9) = (V-flg+ f-(Vg) we obtain an important corollary that will be used in the

following:

/Vf-(Vg)dVJr/V(V-f)ng:/av(f-ﬁ)gdS. (1.4)

1.2 Maxwell’s equations

Let « € R? denote a position vector and ¢t € R the time, where Rt = {x : 2 € R,z > 0}.

The time-domain Maxwell’s equations are written in differential form as

V x e(@,t) = —ab(;”t), (1.5)
V X h(x,t) = 8dgz;,t) +j(z,t) + gs(x, t) (1.6)
V. b@,t) =0, (1.7)
V- d(w,t) = pla, 1), (1.8)

where the following quantities are involved:
e e: (R®x RT) — R3 is the electric field, which has units of V/m (Volts per meter),
o b:(R3xR") — R3 is the magnetic flur density, which has units of T (Tesla),

o h: (R®x R*) — R3is the magnetic field, which has units of A/m (Ampere per

meter),
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e d: (R® x RY) — R? is the electric displacement field, which has units of C/m?

(Coulomb per square meter)

e j:(R3x RY) — R3 is the current density in conductive media, whereas j, : (R3 x
R*) — R3 is the current density due to the sources. Both fields have units of A/m?

(Ampere per cubic meter)

e p: (R3x RT) — R is the charge density, which has units of C/m? (Coulomb per

cubic meter)

From now on, the spatial and temporal dependence of all the fields will be considered
implicit, therefore we will omit to indicate it in the equations. The four equations (1.5)-

(1.8) were devised by different scientists, in particular:

« Equation (1.5) is the Faraday-Neumann law, and states that a time-varying magnetic
flux density b induces a circulation of the electric field e. It formalizes the concept
of electromagnetic induction, discovered by Michael Faraday in 1831. The equation

in this form is due to Franz Ernest Neumann, who introduced it in 1845.

« Equation (1.6) is the Ampére-Maxwell law, and describes the magnetic fields that
form around electric currents. More in detail, a circulation of the magnetic field h is
given by the sum of j, which collects the current densities due to electrical conduction

in the materials and js, which collects the current density sources.

The third term, the temporal variation of the displacement field d, is named dis-
placement current and was introduced by James Clerk Maxwell in 1865. This led
to the unification of the magnetic and electric fields and to the formalization of the

propagation of electromagnetic waves.

« Equation (1.7) is the magnetic Gauss’ law. It states the non-existence of magnetic

monopoles, as in a zero-divergence field all the field lines are closed.

o The electric Gauss’ law (1.8) finally allows to state (by integrating on the considered
domain) that the electric flux through a closed surface equals the charge enclosed by

the same surface.

Normally, Maxwell’s equations are solved in a domain 2 C R? and subject to specific

initial and boundary conditions. The most common boundary conditions are:
o i x e =0, known as Perfect Electric Conductor (PEC),

o i Xx h =0, known as Perfect Magnetic Conductor (PMC),
8
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« Zfi x h =N x (e x 7), known as Impedance Boundary Condition (IBC).
Materials are taken into account by the three constitutive relations
d=ce, b= puh, j =oe, (1.9)

which are called electric constitutive relation, magnetic constitutive relation and Ohm’s
law respectively. The quantities €, p and o are the electric permittivity, the magnetic
permeability and the conductivity, and depend on the considered material; we will refer to
these quantities with the general designation of material parameters. In the most general
setting all the three quantities are tensors belonging to R3*3 and can be position- and
time-dependent. In the context of this thesis however, we will only consider materials
which are linear, locally homogeneous, isotropic and nondispersive, leading to piecewise
constant, scalar material parameters: this setting, despite not being fully general, covers a
huge class of practical engineering problems.

Electric permittivity and magnetic permeability are commonly further decomposed as
€ = 69 and p = p,po respectively, where the terms with the subscript 0 are the free
space parameters, whereas the terms subscripted with r are the relative parameters. In
SI units, the values of the free space parameters are ey = 8.8541878128 x 107!2 F/m and
o = 47 x 1077 H/m.

In order to show that the electromagnetic field propagates in waves, we consider the
source-free setting where 35 = 0,p = 0 and that there is no conductive media, therefore

o = 0. By substituting the constitutive relations (1.9) in (1.5)-(1.6) and rearranging, one

obtains
u%(&f’t) — _V xe(z,1), (1.10)
eacg;’t) =V x h(z,1). (1.11)

By taking the divergence of (1.10) and using the second identity in (1.2), we deduce that
(1.7) is automatically satisfied by (1.10). In addition, by taking the divergence of (1.10),
using the same identity as before and recalling that we are in a source-free setting, we
deduce that (1.8) is automatically satisfied by (1.11). Therefore, we do not need to enforce
explicitly (1.7) and (1.8) during the solution process.
Now, by taking the curl of (1.10) and substituting (1.11) in the result, one obtains
V xu(V xe) +e(§; =0, (1.12)
confirming that the electromagnetic field propagates as waves with speed ¢ = 1/,/J€.
In the following, the system of equations (1.10)-(1.11) will be called first order formu-

lation of the Maxwell’s equations, wheareas (1.12) will be called second order formulation

9
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of the Maxwell’s equations. In the context of this thesis, we will be interested in solving

the first order formulation using appropriate numerical methods.

1.3 Numerical solution of PDEs

Partial differential equations (PDEs) like Maxwell’s equations are rarely solvable analiti-
cally, therefore appropriate numerical methods must be used to approximate their solution.
In addition, it must be noted that differential equations are statements involving all the
points of a domain, which are clearly in infinite number and therefore intractable on a
computer. It is thus necessary to appropriately discretize the computational domain and
the differential equation at hand.

In order to gently introduce the subject of spatial discretizations for PDEs, we start by
describing the Finite Volume method in 1D before moving to the more complex Discon-
tinuous Galerkin method, also in 1D. Once all the basics are in place, we will finall move
to the Discontinuous Galerkin method for the Maxwell’s equations. We limit the level of
detail to what is needed for this thesis, we refer the interested reader to [2, 3, 4] for a more

in-depth discussion.

1.3.1 Computational domain and meshes

In this section, some general definitions about meshes will be recalled, see [5, Chapterl]

for more details.

Definition 1 (Mesh). Let Q be a polyhedral domain. A discretization of Q is a collection
of polyhedral elements T :={Ty,...,T,} such that

AT =0, Vi£je{l.. Tl UT=9 ie{l,...|[T}

Definition 2 (Mesh size). Let T be a mesh of Q. The quantity hp denotes the diameter

of an element T'. The mesh size is denoted as the real number

h := max hr.
TeT T

In the following, the notation T, will be used to denote a mesh whose size is h.

Definition 3 (Mesh skeleton). Let T;, be a mesh covering Q. The skeleton T', the internal

skeleton 'y and the boundary skeleton I'y,g are the sets

=) 0T, Tiu:=T\0Q  Tya=T\Ti.
TeT

10



Physical and mathematical context

Definition 4 (Mesh faces). Let Ty, be a mesh covering Q. A subset F C Q is defined to be

a face if one of the following two conditions hold:

o Given two distinct elements Ty and Ty, the set F' =Ty N1y C Ty is nonempty, and

in this case F is called internal face.

o Given an element T, the set F =T N 0Q C Tyng s nonempty, and in this case F is

called boundary face.

The faces of an element T are the elements F; C I' such that F; € 0T. We denote Fr the
set of the faces of T.

Definition 5 (Normals on faces). Let Tj, be a mesh covering Q. For each T and for each
F; € Fr, we denote with fv the outward normal on F;. Given two adjacent elements T
and T~ sharing the face F, At denotes the normal on F pointing from T+ to T—. The

normal A~ is similarly defined to be the normal on F pointing from T~ to T™.

o I':=Urey, 0T (skeleton)

o I =T\ 00

e T and T~ generic elements sharing a face
o F:=T"NT™ CTi

e AT and A~ normals of 77 and T~ on F

Figure 1.1: Visual summary of the symbols introduced to denote mesh elements.

1.3.2 Conservation laws in one dimension

Let u(z,t) : R x RT = R, f(u) a flur function and g(x,t) : R x Rt — R. We consider the

conservation law

ou of
aﬁL%—g, (113)

posed on a certain domain 2 and subject to the appropriate boundary conditions. In
addition, we consider only linear fluxes of the form f(u) = au. The equation (1.13) is
solved by some numerical method on a discretization of €2, obtaining a numerical solution

up, which is clearly different from the true solution u. The solutions u and u;, are sought in

11
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some spaces V and V}, respectively, which will be made more precise further ahead. Once

a solution uy, is obtained, by plugging wuy, in (1.13) it is possible to define the residual
R(x,t) == — + == — g, (1.14)
b

which clearly can not be zero, otherwise we would have obtained the exact solution u to the
equation. Our goal is to obtain a numerical method that solves (1.13) yielding a discrete
solution uy, such that the residual R has some properties. Such properties depend on the
chosen numerical method.

To fix the ideas, let the computational domain be 2 = [0,1]; we are thus considering a 1D
setting. In order to obtain a spatial discretization of {2 we can divide the interval [0,1] in N
segments. The segments so obtained are the elements 71, ..., Ty of the mesh. Each segment

T, has a start point z,,_1/5 and an end point x,, /o, therefore hr, = 2,12 — Tp_1/2.

1.3.3 The Finite Volume Method

A possible strategy to approximate the solution of (1.13) in our discrete domain, is to

consider its cell-by-cell average

1 duy, 1 ou
= — [ wav, “r-o [ Dy
T /T “ it hr, Jr, ot

In this way, the discrete approximation is a piecewise constant function whose value in
each element is the average of the solution in the considered element. In order to obtain a

numerical method from such strategy, we proceed as follows:

o Step 1: once the domain is discretized and the elements T, are identified, take the

average of (1.13) elementwise obtaining

1 1 1
Ly o1 gy

— — = — dv, VT, 1.15
th T, ot th T, oz th / g ’ €T ( )

Tn

« Step 2: Apply the divergence theorem (1.3) to the spatial term of (1.15)

/ Vde:/ f-ndS M) / gdl:fn+1/2_fn71/27
Ty Ty T, ox

where f"~1/2 and f"*1/2 are the values of the flux at the boundaries of T,,. We can

then obtain the element-local statement

di, fn+1/2 _ fn71/2
T h
12

= Gn (1.16)
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With the two steps above we obtained a semi-discrete scheme that provides N equations,
one for each element T,. The scheme however is still incomplete and does not allow to
approximate our original equation (1.13). Indeed, recalling that we consider only fluxes
of the type f(u) = au and that we chose a piecewise constant approximation for uy, one
immediately realizes that u, at the interfaces between elements is not single-valued.

In order to complete the scheme then, one needs to provide a way to specify the values
of the numerical fluzes f"~1/2 and f"+t1/2. It turns out that the choice of the numerical
fluxes is a major topic in the study of the discontinuous methods, therefore no attempt
will be made to discuss the subject further. We refer the reader to [4, 6] for the details,

here we limit to mention the two most simple and common possibilities:

o Centered fluxes: The centered fluxes are the simplest and most intuitive possibility.
In this case the value at the interfaces is fixed by taking the average between the

solution in the two adjacent cells. More formally:
Frr2 o g(an + TUny). (1.17)
o Upwind fluxes: The upwind fluxes have a slightly more complex expression:

a,_ _ a,_ — o
[ = S ) 5 (i — ) - (1.18)

The precise definition of the fluxes now allows us to obtain a usable numerical scheme. Let
us consider, only for illustration purposes, a forward finite difference discretization of the

time derivative. Let Ax = hyp , the finite volumes discrete update equations are

, , At
,lj:z’j’l _ ,a; _ E(fﬂ+1/2 _ fn71/2). (119)
If we consider centered fluxes we have
a i | i - a _; —i
[ = S W), ST = D ). (1.20)
By replacing (1.20) in (1.19) we obtain
» » aAt _ .
W = = S — ),

which is directly implementable in software. In order to have stability, the scheme is subject
to the Courant-Friedrichs-Lewy (CFL) condition

alt
— < 1.
2Ax
On the other hand, if we use upwind fluxes we have
[/ ) a, . . a ., . a, .
fr = 5(% + Upyq) + 5(% — iy, = 5(@;—1 + Uy,) — 5(52—1 — Uy,),
(1.21)

13
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therefore, by replacing (1.21) in (1.19) we obtain

up =, — E(ﬂl — ),

which again is easily implementable in software. In the upwind case the CFL is

alt
— < 1.
Ax —
We remark that the centered fluxes result in a method which is essentially equivalent
to a central finite difference, whereas the upwind fluxes result in a backward finite differ-
ence. This has important implications, the most significant being that the upwind fluxes

introduce numerical diffusion. More in detail, we recall that

d?v _ Unt1 — 2Up + Up1
dz? Azx?

Arranging appropriately the terms when replacing (1.21) in (1.19), it is possible to obtain

, . At , AtAz (ul,, — 2ul, + ul
ﬂ;-i—l _ ﬂ; o a (ﬂ:z-s—l o Z_L;_l) + a x ( n+1 n n 1)’
2Azx 2 Az?

where we remark the appearance of a diffusion term of purely numerical origin and whose
influence is reduced by either reducing the mesh size or the timestep. It is therefore of
considerable importance to be aware of the influence of upwind effects in the computation
results.

The method just described goes under the name of Finite Volume Method (FVM) and
is widely used in computational fluid dynamics. The FVM however is a low order method,
as the resulting approximation is only first order. In order to obtain increased accuracy,
it would be desirable to have high order approximation, and this is what brings us to the

Discontinuous Galerkin method discussed in the next section.

1.3.4 The Discontinuous Galerkin method

The ideas behind the Discontinuous Galerkin (DG) method are not dissimilar from those
behind the FVM. Indeed, DG can be seen as a FVM where instead of simply averaging
the solution, we use a more sophisticated technique.

Before going any further, we must define the discrete space used in the Discontinuous
Galerkin method (for a rigorous treatment see [5, 7]).

Let L?(Q) be the standard Lebesgue space of square integrable functions. The discrete

DG solution lives in the space
Vii={v e LX) top, €PET) ), i€ {1, |T]} (1.22)

14
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Intuitively, this definition asserts that the functions of V}, are piecewise polynomial func-
tions that can jump on the mesh interfaces.
We also recall that a d-variate polynomial p of degree k£ can be written as a linear

combination of basis functions
Ny
p(x) =) pioi(x)=p'Pp(x), xeT (1.23)
j=1

where the linear combination weights are denoted as pj, the basis functions as ¢;(x); in ad-
dition p is the column vector {p; }je{17...7N§} and ¢(x) is the column vector {gbj(az)}je{leg}.
Clearly, once a base is chosen and fixed, only the coefficient vector p needs to be stored
to fully represent the original polynomial. A function of V}, can therefore be represented
as a column vector [p;| ... |pn] which is the juxtaposition of all the coefficients of the
polynomials attached to the mesh elements.

In addition, we recall that polynomials can be integrated numerically exactly using
quadrature rules. Given a polynomial p(x) and a reference element T, the integral of
p in Tief can be computed as a sum of evaluations of p in the points q,, weighted by the

coefficients w,, specified by a quadrature rule @:

/ Dadv= Y wurla)

(Qu,ww)€Q
In order to integrate on a generic element T different from T,¢s using a quadrature, an
appropriate change of variable has to be made.
A possible choice for the basis functions ¢; are the Lagrange polynomials: for example,

if a 1-variate polynomial of degree k in the interval [z, x| needs to be interpolated, we

consider the k + 1 points {zy, ..., 2x} and define the functions
E](x) _ (1‘—1’0) ($—$j_1) ($—$j+1) (l’—$k) _ H L —Tm 7 (124)
(5 —wo)  (wj—wj) (w5 —wipn) (w5 —w) ey T~ Tm

mj
where we remark that (;(x,) = 0jm, being 0 the Kroneker symbol. Clearly, if zo and
are the endpoints of the element T},, the Lagrange functions form a polynomial basis on
that element; we use the notation K;‘-F" in that case. The Lagrange functions can be defined
also in 2D or in 3D, we refer the reader to the standard finite element literature for the

details [8]. Using the Lagrange basis functions, we can define the approximation space as

J T, X T,
Vi = ne?l {gjn}je{l,...,N(’;} - najl {e n} :

With all the preliminaries now in place, we can start to discuss the construction of the

Discontinuous Galerkin (DG) method. Let v € V}, be a test function. In order to devise the
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DG method, we start by requiring that the residual is orthogonal to all the test functions

in V},, or that the expression

dun _ Of(un) uar -
/g(@t + 2 Y vdV =0, Yv € Wy, (1.25)

holds. In particular, as the approximation space is discontinuous and piecewise polynomial,

(1.25) is equivalent to requiring for all 7,, € T that the local statement

Quy"  Of (uy") T, , .
/Tn< o T 96V =0 Vie{l,....Ng}, (1.26)

holds. This generates Né“ equations per element however, in an entirely similar manner
to the FVM case, the procedure would not yield a solvable discrete problem: we therefore
need to introduce the numerical fluxes f* in order to fix the values at the mesh interfaces.

Before, however, we need to slightly refine their definition. To this aim, we introduce the

Definition 6 (Average and Jump operators). Let v : Q — R and let F € T,y be the face

shared by elements TT,T~. We define the verage and ump operators as follows:

Average: {v}p(z) = % [v|7+ () + v|p- ()]

Jump: [l (&) = vlp+ (&) — vl (2)

If F belongs to the boundary of the domain (i.e. e C OT NIN):

{v}r() =vlr(z),  [o]lr(2) = vlr(z).

If v is vector-valued, the average and jump operators act component-wise.

{v} i

Figure 1.2: Graphical representation of the average (left) and jump (right).

If clear from the context, the subscript specifying the face on which operators act will be
omitted.
Using the notation just introduced, the centered fluxes are written as

= a{un},
16
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whereas the upwind fluxes take the form

f* = a{uh} + g[[uh]] -

With the new notation in place we proceed locally element-by-element, integrating by parts

two times the spatial term of (1.26). With the first integration by parts we obtain

oul ot

/ P gt gy — [ ) av = [ geav — [ (a0 ds,
n Th a T, aTn

and we remark that by replacing £7» with the constant function, the expression collapses

back to the FVM. Subsequently, we proceed with a second integration by parts on the

spatial term, obtaining

agZ"eT v + / of “h")eT qv = / gt dv + / (f = f)e™ ds.
Tn

Recalling that locally we approximate a polynomial and we use the Lagrange basis, we
have that

T T
n Zujgn ,

where {u;};cq  vry = u’" are the unknown coefficients of the local polynomial approxi-
mating the solution. We can now introduce the element mass matrix M and the element

stiffness matrix ST”

Tn
M = / (@)l (x)dw,  Sir = / 0 )gT( )dx
1) T, J ) ? 1) T, ax ’

where the integrals are computed with appropriate quadratures, to finally obtain the semi-

discrete scheme

duh
dt

MTn

W= MTggn = (@) = @) €0 )
= (") = po(ah)) €0 by,

Once a time integration algorithm and the appropriate numerical fluxes are chosen, the

(1.27)

scheme is directly implementable.

Computational properties of DG

For the aims of this work, it is of primary importance to realize which are the compu-
tational properties of (1.27). Indeed, all the volumetric terms are element-local and can
be computed independently and in parallel. The only communication between adjacent

elements takes place in the computation of the fluxes.

17
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In addition to the element-level parallelism the matrix-vector products offer another
level of parallelism, as they can be parallelized by row. Indeed, if we consider the matrix-

vector product y = Mx, all its entries
yi =Y Mijx;
J

can be computed in parallel. Taking into account the way in which GPUs work, this
enables DG to be extremely efficient on such architectures (See Chapter 2).

Another point that must be noted about (1.27) is that M™» and S”* depend on the
element T;, and they are potentially all different across the mesh. In order to reduce the
computational and memory costs it is possible however to introduce a reference element
and have a single mass matrix and a single stiffness matrix: we give the intuition in 2D, the
technique is easily extended to 3D. Let T}, be a triangle whose vertices are pip" = (x1,11),
plr = (x2,y2) and pg” = (x3,y3). In addition, let T;cs be the reference triangle whose
vertices are p; = (0,0), po = (1,0) and p3 = (0,1). Finally, let (x,y) be a pair of
coordinates on 7}, and (§,7) be a pair of coordinates in T;.¢. An affine transformation T
from T,y to T}, is obtained as follows:

1. Define a set of linear basis functions Ni(ﬁ,n) on the reference triangle such that

A

Ni(p;) = 0ij, where 0 is the Kroneker symbol. Such basis functions are
Nl(fan):1_§_7% NQ(&?”):ga N3(£777):77

2. Form the linear combination

T®) =T n) = Ni&n)p/",

i=1

which can be expanded as

T T T2 T3
H—[ ](1—£—n)+ £+ n
Yy n Y2 Ys
_[1‘2—961 x3—x1| |§ X T — T4+ b
Yo—Y1 Ys— Y] | U

It is easy to see that the last expression establishes a bijection between T;..; and T,.

It turns out that the functions Nj are the first order Lagrange functions on a triangle, and
NTw(x) = NT(T(&)) = N;(&). Therefore, by the change of variable rule for the integrals

M7 = /T NI (@)N] (@)de = [det T| | (@) Ri(@)da = |detT| My,
n ref
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where the integral is computed using a quadrature rule, or even manually for the lowest-
order cases. It is thus possible to compute the reference mass matrix only once, store it,
and obtain the physical mass matrix by a simple rescaling. Even if this procedure requires
some computation, especially at high order it enables huge memory savings and data reuse,
which are central for a GPU implementation of DG. The same idea can be applied to the
stiffness matrix too, however in multiple dimensions the procedure is a bit more involved.
In the following we will use the term differentiation matriz instead of stiffness matrix; the

reason for this will be clear in the next section. Let

_ | oz A 3
V= 917 V= 0
dy an

By the chain rule we have that
TT (VN[ oT) =V(N"oT) = VN[ =T ((VR)oT™),

which allows us to write the differentiation matrix in the direction w € {z,y} as

ONT V(&) «
DTn — / A B s (w)NiT"(m)daz:]detﬂ S T,. / 8NJ(Q':)Ni(i)daf: (1.28)

gw T n
w welen) Ty 0@
=|detT| > T, Diju- (1.29)
we{€,n}

The last formula in particular is telling us that the differentiation matrix in the physical
direction w is computed as a linear combination of the differentiation matrices in the
reference directions . The linear combination is weighted by the coefficients of T,
which turns out to be the inverse transpose of the Jacobian of T.

Finally, also the integral appearing in the boundary term can be pre-calculated, and
gives rise to the lifting matriz. In the 1D case shown above, the lifting matrix reduces to a
2 x 2 identity matrix, however in the multi-dimensional case the structure depends on the

type of element. We postpone the discussion of the lifting matrix to the next section.

1.4 The Discontinuous Galerkin method for Maxwell

equations

The 1D conservation law (1.13) is generalized to multiple dimensions as

dq
4 CFlag) =
Qat +V-F(q) =g,
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where ¢ € R™, n € N is the vector of the n state variables, or state vector, @ € R™*™ is
the matrix of the material parameters, g are the sources and F' is the fluzr function. In

particular

oFy,
VF:Z augq), we{x,y,z},

if we assume to be working in R3. The Maxwell’s equations (1.10)-(1.11) can be written

in form of a conservation law [2] by setting

e 0 e —F
- = F: =
Q L) J, q M [Fe] g=0,

where, by letting &; be the i-th vector of the canonical basis of R3,

(&0 x A)T 0 A -4,
Fo=|@&xA)T|=|-4. 0 A,
(ég X A)T Ay —Ay 0

Notice that V- F4 = V x A; in addition we consider a piecewise constant flux function. We
proceed as usual by testing the differential equation with a test function v and integrating
on 2

Qa/CI'UdV, +/(V-F)'vdV=/g-vdS.
ot Ja Q Q

As in the 1D case we proceed elementwise integrating by parts twice and introducing the

numerical flux F™*:

05 fa-vavs [(v-F@)-vav = [govav+ [ (4 (Flg)~ F)-vis

Also for the Maxwell’s equations it is possible to define the centered and the upwind fluxes

[2, 3]. In this case however, the fluxes are not as simple as in the 1D case. The expression

N

L x {e}

for the centered fluxes is

whereas the expression for the upwind fluxes is

P [—ﬁx{h}—gﬁx([e}]xﬁ)]
A x{e} —Zax ([h] xn) |’

where Z = Y1 = /u/e [2, 3]. In addition, on the boundary it holds
—fi X h
A F = [ " ] ,
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therefore it is now possible to compute the expression of the whole surface term on the

right-hand side in the two cases. For the centered fluxes we have

1| nx[h
am_p_ L[AxIl]
2 |—nx[e]
whereas for the upwind fluxes we have

nx [h] =Y x ([e] x
—n X [e] — Zn x ([h] x

~—

I

We remark that in both cases the surface terms are functions of only the jumps of the

ﬁ-(F—F*)_;[

S

fields, fact that must be taken into account in the implementation.
The compact form of the equation can now be expanded in the three electric and the
three magnetic components. In the case of the centered fluxes for example, we obtain the

element-local electric equations

0
ea/TezvdT —

1
2

vdl =

/BT(ﬁy[[hz]] — i [hy])vdS — /szv dr,

d h 1 .
—_— T =3 Az T _Az z - Ta
68 /eyvd +/ 8xv 5 8T(n [he] — g[h2])vdS /T]yvd
1
/ e.vdT — / [ (] = iy Tl s — / jvdT,
ot T2 T

(1.30)

where j;, j, and j, are the volumetric sources, and the element-local magnetic equations

ﬂa /h vdT+/ O¢ ar — /aey dT—f [ Galey] = iy fe-Dvds,

862 8635 1 ~ ~
,LLS / h vdl — / vdl + B vdl = 5 A (nx[[ez]] nzﬂewﬂ)v dS) ( )

aefﬁ 1 N .
,uat/h vdT—i—/ 6—vdT / = 5/8T(ny[[ex]] Nz ey])v dsS.

The surface sources (for example a plane wave source) do not appear in the above equations

and can be implemented simply by modifying the jumps [3].

The equations so obtained resemble closely what we obtained in the 1D case. In partic-
ular, we remark that for each equation there is a mass term and two differentiation terms,
in addition to the flux term that we are going to discuss.

In a setting where a nodal basis (like the Lagrange basis) is used, the jumps are com-
puted simply by subtracting the degrees of freedom on the face shared by two adjacent

triangles 77 and T (Figure 1.3 left). The process is done between each pair of adjacent
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Figure 1.3: Degrees of freedom involved in the computation of the fluxes between two
triangles 77 and 7% (left) and association between flux DoFs and element DoFs (right).
Both pictures are in the case where Lagrange basis functions are used.

elements, obtaining a new vector of jumps for each face (Figure 1.3 left). The jumps so ob-
tained are subsequently used, as we remarked before, to compute the flux in the boundary
of the element with an expression comparable to

/ afu]vdS = Z / afu]|pv ds, (1.32)

or rear’ ¥

where we split the integral on the boundary in a sum of integrals on the single faces.
We recognize that the integral on the face F is actually the mass matrix M of F' whose
entries we denote as mf; For second order elements for example, such a mass matrix has
dimension 3 x 3. In that case, if we denote with j = {ji}icf1,...01 the vector collecting all
the jumps on the faces of a triangle 7" (Figure 1.3 left) and with u = {u;},cq1,...6 the local
DoFs of T', we realize that a term like (1.32) is computed as the matrix-vector product

u = Lj where

. P ) Fy Fy Fy
myp Myy M3 M3y Mgy Mg3
i3} P P
Mgy Mgy Moz
F1 F1 F1 FQ F2 F2
Mgy Mgy Mgz | My My M3
L= P P Py
Mgy Mgy Moz
FQ F2 F2 F3 F3 FS
Mgy Mgy Mgz | M7 My M3
F3 F3 F3
L Mgy Mgy Mag |

From the previous discussion we can deduce that, once implemented, the resulting
computational structure will be that depicted in Figure 1.4. In particular, we recognize
a volumetric path and a boundary path. The volumetric path consists of the following

phases:

o Differentiate fields: the spatial derivatives of the six fields are computed,

o Compute curls: using the derivatives computed in the previous step, the curls are

computed by subtracting the degrees of freedom of the corresponding fields.
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Compute bound Memory bound

1 One operator application (Maxwell)

1

i
I . N I
[ | Differentiate .| Compute !
| fields curls j
| |
I I
1 1
I I

Compute Compute .
: > OMP > P »| Lift fluxes l
! jumps fluxes !
I I
1 1
Cache bound Memory bound Compute bound

Figure 1.4: Computational steps required in order to do one application of the Discontin-
uous Galerkin operator.
The boundary path, on the other hand, corresponds to the following phases:

« Compute jumps: compute all the quantities [-] appearing in the equations and store

them,

o Compute fluxes: using the jumps computed in the previous step, compute the full

expressions appearing inside the integrals on the right-hand sides of (1.30) and (1.31),

o Lift fluxes: bring the fluxes from the surfaces to the volumes using the matrix L.

Time integration

In the GMSH/DG code, the time integration of the equations is done via the Runge-Kutta
4 method or via the leapfrog method. Both methods are standard and we refer the reader
to [1] and [3] for the details.

23



Chapter 2

Graphics Processing Units

GPUs were born as specialized electronic circuits designed to accelerate image manip-
ulation and processing. However, their highly parallel structure can be used for general-
purpose computing, especially when dealing with embarrassingly parallel problems, to

reach better performance by mixing GPU and CPU execution.

GPUs must not be seen as a panacea though, instead they have to be seen as a useful
resource that can be used when certain conditions are met. In fact, not all tasks can
be parallelized in the expected way on GPUs: some of them are embarrassingly parallel
and benefit a lot from GPU parallelization; others on the other hand may have many

dependencies between data, which makes using GPUs pointless.

Another crucial difference between CPUs and GPUs is that the first can run tens of
threads in parallel, are equipped with broad instruction sets and are more devoted to data
caching and control flow; GPUs instead can run thousands of threads in parallel, which
means that most transistors are devoted to data processing and very few are used for
control flow and caching (an example of this can be seen in Figure 2.1). The computing
power derived from the transistors is exploited using the SIMT (Single Instruction, Mul-
tiple Thread) execution model in which a bundle of thread (possibly) executes the same

instruction on usually different data.

Finally, it has to be noted that the programming of parallel systems is not an easy task.
In the early days of general-purpose computing on GPUs (GPGPU), solving a problem on
a GPU required it to be reformulated to fit into the graphics pipeline, for example arrays
would become textures, the processing to be done would be a shader and the comput-
ing was done during the rendering phase: this was the only interface to GPU hardware.
Modern GPGPU makes developing solutions for GPUs easier, with the emergence of pro-
gramming models and platforms like CUDA and OpenCL, which allow developers to ignore
the underlying graphical concepts in favor of high-performance computing concepts. Some
of these platforms are developed by graphics unit vendors, like CUDA for NVIDIA GPUs
[9] and ROCm for AMD GPUs [10], while others are open standards for heterogeneous
computing such as OpenCL [11] and SYCL [12], that also support other accelerators like
FPGAs, DSPs and custom chipsets [12]. As CUDA is our platform of choice, the rest of
this chapter will be heavily based on the CUDA Toolkit documentation [9].
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Core Core

L1 Cache L1 Cache

Core Core

L1 Cache L1 Cache

L2 Cache L2 Cache

L3 Cache
L2 Cache

DRAM

CcPU GPU

Figure 2.1: GPUs devote more transistors to data processing (in green) and have much
fewer transistors for control units (in yellow) and caches (in purple) (NVIDIA Corporation
2022).

2.1 Architecture fundamentals

GPU cards are accelerators connected to the CPU via a bus (e.g. a PCle bus) which is
used for data exchange. The typical steps involved in using a GPU for GPGPU are the

following;:
1. Data is copied to the GPU memory
2. Computation is performed on the GPU
3. Results are copied back to the CPU

Different programming models have different terminology to refer to the components of
GPUs, we will use CUDA terminology because it is the one used throughout the work of
this thesis.

CUDA is a general purpose parallel computing platform and programming model in-
troduced by NVIDIA in 2006 for their GPUs to truly expose their devices as a generic
data-parallel computing device. Before CUDA, GPU could only be programmed using
a graphics API, imposing a high learning curve to the novices and the overhead of an
inadequate API to non-graphical applications.

The major point of CUDA was thus having a completely dedicated programming model
for developing general-purpose applications in a way that is familiar to specialists in parallel
computing. Therefore, from that point on a GPU could be really used as a highly-parallel

device and as such, organized in a set of processors, called Streaming Multiprocessors, made
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of compute elements, called CUDA Cores that are hardware units that run computations.
Figure 2.2 shows how a GPU device is organized. This type of organization is much more
similar to a collection of CPUs, each with its own cores, rather than a “black-box” accessible

through a graphics API.

Device

Multiprocessor N

Multiprocessor 2

Multiprocessor 1

Instruction
Unit

Figure 2.2: The hardware model of an NVIDIA GPU, showing the array of streaming
multiprocessors with their on-chip memories, cores and instruction schedulers and the off-
chip device memory (NVIDIA Corporation 2007).

2.1.1 CUDA Compute Capability

In CUDA terminology, the Compute Capability (CC) of a device is a version number that
identifies the features supported by the GPU hardware. Knowing the hardware compute
capability is crucial to fine tune the performance of applications; in fact, many strategies
to improve performance are based on values that depend on the hardware version.
Compute capability version number is composed by a major revision number X and

a minor revision number Y, and it is denoted by X.Y. Devices with the same revision
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number share the same core architecture which is identified by a codename. Some of core
architectures are consumer-oriented, while others are HPC-oriented. The latter have a
much higher bandwidth thanks to the use of HBM memory instead of GDDR memory and
have more double-precision floating-point core units than the consumer-oriented GPUs. In
this work, when analyzing single GPU performance, we worked with compute capability

7.0, based on the Volta core architecture.

2.1.2 Thread execution model

The programming model allows the developer to define C++ functions, called kernels,
which are executed in parallel by N threads on N different CUDA cores. CUDA Threads
are logically grouped in thread blocks that can be organized into a one-dimensional, two-
dimensional or three-dimensional layout to provide a natural way to invoke a kernel on dif-
ferent data layouts. Blocks are then also organized into a one-dimensional, two-dimensional
or three-dimensional kernel grid of thread blocks. An example of this organization can be
seen in Figure 2.3, showing a bidimensional grid in which also blocks are also bidimensional.

The dimensions of grids and blocks are independent of each other.

Grid

Block (0 0) || Blods (1 0) | Block (2, 0)

mml}; Blodk (1, 1) %[&u}

\ N

iV [Y

e N ' .
T

Block (1, 1)

Figure 2.3: Example of a bidimensional grid with bidimensional blocks (NVIDIA Corpo-
ration 2022).
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From a hardware point of view, when a kernel is launched, the thread blocks are dis-
tributed among the streaming multiprocessors of the GPU. When a multiprocessor is given
a thread block, it partitions it into groups of 32 threads called warps and each of them
is issued one instruction by the instruction scheduler, called warp scheduler. The way a
block is partitioned into warps is always the same, in fact each thread has a thread ID with
respect to the grid, and each warp contains threads of consecutive, increasing thread IDs
with the first warp containing thread 0.

Virtually, each thread of a warp may need to run a different instruction, for instance
the pseudocode in Algorithm 1 shows a situation in which half of the warp executes an
instruction and the other half another one. After the branch instruction has been executed
only one instruction can be issued by the scheduler to the whole warp, thus half of the

warp will be inactive while the other half will work.

if threadld < 16 then
‘ do something;
else
‘ do something else;
end
Algorithm 1: Pseudocode showing a situation in which some threads of the warp will
be inactive while the others work.

So, the idea of SIMT execution model that GPUs implement is to make an efficient use
of the limited warp schedulers — these are usually four per streaming multiprocessor — by
having all threads performing the same instruction.

To fully exploit the capabilities of the processing elements the GPU provides, the or-
ganization of computation is usually different from a multicore computation on CPU.
For instance, let us consider the vector sum between two vectors v = (vy,...,v,) and
u = (up,...,u,). In the usual “CPU approach” one would loop over the index of the
vectors and put the result in a new vector w, and in a multicore context we would split the
vector into chunks and give each chunk to a process. On GPU the approach is different, in
the sense that we use a much finer granularity: we launch a grid of n threads in which each
thread computes the sum w; = v; + u;, for ¢ € {1,...,n}. Thus, computation on GPU is
usually organized so that one thread is responsible for computing one output value of the
given problem.

The Discontinuous Galerkin method is more complex than a vector sum: as explained
in Subsection 1.3.4 the method ultimately approximates the solution by using piecewise
polynomial functions attached to the mesh elements. Thus, to approximate the solution,
once a base function is fixed (e.g. Lagrange polynomials) the values that the method will

compute are the coefficients of the polynomials, that are called degrees of freedom. As
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before, even if the computation is divided in many phases as will be shown in Chapter 3,
the code organization of each kernel is such that each thread is responsible to perform
the computations related to a single degree of freedom. This means that in the heaviest
computations we deal with millions of parallel threads, which may seem too much, but
actually it is exactly what we want — to a certain degree — to obtain maximum occupancy
and latency hiding, concepts that we will explain further in the upcoming section.
Having more threads also means more thread blocks, which are a very handy abstraction
for dealing with scalability. As Figure 2.4 shows, GPUs with more streaming multiproces-
sors will automatically be more performant with respect to a GPU with fewer multiproces-
sors, because the thread blocks will be distributed among more multiprocessors allowing

for a more efficient parallelization.

Multithreaded QUDA Program

r -
GPU with 2 5Ms GPU with 45Ms

SMD

| SM1

‘ SMD H SM1 ” 5M2 || 5M3 |

w

Figure 2.4: Example of how a kernel grid can automatically scale depending on the number
of streaming multiprocessors on a GPU (NVIDIA Corporation 2022).

2.1.3 GPU memories

From a hardware point of view, we can find two types of memories on a GPU board:
device memory (SDRAM) and on-chip caches. High-performance graphics accelerators for
general-purpose computing usually use High Bandwidth Memory (HBM) as SDRAM while
consumer GPUs for gaming usually employ GDDR, memories. On-chip memories include
a L2 cache that is shared by all SMs and other caches for each SM that depend on the

device compute capability. A generic view of this organization can be seen in Figure 2.2.
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Hardware memories are organized in different ways from a software point of view based on

what they memorize, how they exploit caches and what they are optimized for.

Global memory Global memory resides in device memory, is the same for all threads,
and it is where data from the host CPU is transferred and from which is fetched by the
CPU to get the results. Global memory accesses from the GPU are supported by the 1.2

cache. This memory is persistent across kernel launches by the same application.

Registers Fach thread has access to a private memory, used for local variables in a
kernel. These memory locations are called registers and there are a limited number of

these which depends on the device compute capability.

Local memory Another read-write memory area is the local memory, which also resides
in device memory and therefore has the same performance of global memory. Local memory
accesses occur only for some type of variables, such as arrays indexed with non-constant
quantities, large structures or arrays that would consume too much register space, and
register spills meaning any variable if the kernel uses more registers than available. Register
spills are cached in L1 cache. Normally, local memory accesses should be avoided to achieve

good performance.

Texture and surface memory Texture and surface memory are two kinds of memories
that reside on device memory. Accessing texture memory is done by using the texture object
API, thus creating texture objects (a piece of texture memory) at runtime that cannot be
subsequently modified. A texture can be addressed as a one-, two- or three-dimensional
array, while elements of the texture are called tezels and can store integers or single floating-
point values. The texture width, height, and depth refer to the size of the array in each
dimension. An interesting capability of textures fetching is that during fetching the value
returned by specifying the coordinates can be interpolated with the neighboring values,
thus performing linear interpolation for one-dimensional textures, bilinear interpolation
for two-dimensional textures, and trilinear interpolation for three-dimensional textures.

Surface memory is also accessed through its API, by creating surfaces objects, that
differently from textures, can be modified through the API calls. Thus, surfaces are very
similar to textures, except for being writable and not supporting interpolation during
fetching.

Both texture and surface memory accesses are cached into an on-chip texture cache,
that depending on the compute capability of the device could be dedicated or unified with

other memories.
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Shared memory FEach thread has access to a shared memory visible to all threads
of the block, this memory resides on-chip and because of that, it has higher bandwidth
and lower latency than global memory. Threads within a block can cooperate by sharing
data through this memory as a kind of communication between threads, however one has
to enforce synchronization across threads in the same block to make use of data among
different warps. This is due to the fact that the scheduler operates on warps, so for
instance a warp that need to read from shared memory some data written by another warp
could read incorrect data if synchronization had not been enforced. In order to obtain the
best performance, the access to shared memory must follow some conditions that will be

explained in Section 2.2.2.

Constant memory Finally, constant memory is a read-only memory which resides on
device memory and that is cached in constant cache.

Constant, texture, L1 caches and shared memory organization on the streaming mul-
tiprocessor change for each compute capability, therefore to get a clearer picture we sum-

marize caches and their uses in Table 2.1.

Dedicated read-only constant cache

CC 3.x | Unified L1 cache for local memory and shared memory
Dedicated read-only data cache for texture memory
Dedicated read-only constant cache

CC 5.x | Unified L1/texture cache for global and texture memory
Dedicated shared memory

Dedicated read-only constant cache

CC 6.x | Unified L1/texture cache for global and texture memory
Dedicated shared memory

Dedicated read-only constant cache

Unified L1/texture cache and shared memory

Dedicated read-only constant cache

Unified L1/texture cache and shared memory

CC 7.x

CC 8.x

Table 2.1: How memories organization on the streaming multiprocessor change per each
compute capability.

2.2 Performance optimization

To achieve the best performance on GPU one has to have a deep knowledge of the platform
on which a solution is being implemented and of the problem itself. The CUDA program-

ming guide asserts that performance optimization revolves around some basic strategies:
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o Maximize parallel execution to achieve maximum utilization;
o Optimize memory usage to achieve maximum memory throughput;

o Optimize instruction usage to achieve maximum instruction throughput;

A software using a GPU as an accelerator, may be composed by different parts that require
different kinds of optimization. The usual performance limiters are the floating-point

operation throughput and the memory throughput, depending on the kernel.

2.2.1 Maximize utilization

To make the most of the GPU resources, applications must be developed so that it is
possible to exploit as much as possible parallelism over the components of the system. The
first kind of parallelism to be exploited is the one between host (CPU) and devices (GPU):
one has to design their application to have all components working at the same time.

At device level, parallelism is exploitable by executing different kernels concurrently
by using streams. A stream is a sequence of commands (e.g. CUDA API calls or kernel
launches) that execute in order; in the code a stream is represented by a stream object which
can be created through the CUDA API. Different streams may execute their commands out
of order with respect to one another or concurrently, thus allowing for concurrent kernel
execution if enough resources are available.

Eventually, the last level is the multiprocessor one. At this level, we want to maximize
resident warps, meaning that at any time, we want to have an instruction ready for each
warp scheduler. In fact, at every instruction issue time, a warp scheduler gets a ready
warp and issues it an instruction. The time that a warp takes to be ready, measured in
number of clock cycles, is called latency. Therefore, full utilization is achieved when all
warp schedulers always have some instruction to issue for some warp during that latency
period, completely hiding the latency. Usually a warp is not ready because it is waiting for
the instruction’s operand, which means that it is waiting for a memory read. This shows
how important it is to fully exploit the memory hierarchy, taking advantage of registers

and on-chip memories and minimizing off-chip transactions.

2.2.2 Maximize memory throughput

To maximize memory throughput, we want to minimize data transfers with low band-
width. This means minimizing data transfers between host and device and global memory
data transfer, by exploiting shared memory and caches. Shared memory in particular is
equivalent to a user-managed cache: the developer has to allocate and access it. The usual

pattern when using shared memory is the following:
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Load data from global memory to shared memory
o Synchronize over the thread block
o Process data using shared memory

o Synchronize again, if necessary

Write the results to global memory

The memory throughput is also influenced by the access pattern used to access each type
of memory. Optimizing memory access patterns is particularly important for memories with
high latency, such as the global memory and is also important to exploit the full bandwidth

when working with shared memory.

Global memory Global memory is accessed via 32-, 64-, or 128- byte memory transac-
tions. These memory transactions must be aligned with the same byte size, meaning that
only addresses multiple of 32, 64, or 128 should be read or written by memory transactions.

Thus, to maximize memory throughput we would like a global memory access to be
coalesced, meaning that the threads in the warp access to a contiguous memory area,
this allows to reduce the number of memory transactions. Along with the coalescing we
also would like to access addresses aligned to the transaction size to completely minimize
memory transactions. In Figure 2.5 an example of coalesced access is shown, along with
the consequences of a misaligned memory access. The converse of this is that the more
scattered addresses are, the more reduced the throughput will be.

Accesses to the global memory are always cached in L2 for CC 3.x and higher. For
devices of CC 3.x the use of L1 cache can be customized at compile time, while for CC 5.x
and higher caching in L1 cache is only performed for data that is read-only for the entire
lifetime of the kernel. When using L1 cache, a load attempts to hit L1 cache, then L2 and
eventually global memory, and issues a 128-byte load. Uncached mode only attempts to
hit L2 cache and then global memory, here the lead granularity is 32-byte and can reduce
overfetching in case of scattered memory accesses. The results of cached and uncached

mode can be seen in Figure 2.5

Shared memory Shared memory is an on-chip memory, with much lower latency than
global memory. It is divided into equally-sized memory modules called banks, which can be
accessed simultaneously. So if there are some memory requests to n addresses that fall in n
distinct memory banks, those can be served simultaneously, yielding an overall bandwidth

which is n times as high as the bandwidth of a single module.
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Figure 2.5: Example of a coalesced global memory access with aligned and misaligned
addresses, also showing how an uncached memory access may reduce overfetching (NVIDIA
Corporation 2022).

In CC 5.x and higher shared memory has 32 banks, organized such that successive
32-bit words map to successive banks. Fach bank has a bandwidth of 32 bits per clock
cycle, which implies that reading a 64-bit word for each thread in a warp requires two
shared memory transactions. This is a disadvantage when an application is operating with
double-precision values.

If two addresses of a memory request fall in different words of the same memory bank
there is a bank conflict and the access has to be serialized. The hardware splits a memory
request into many conflict-free requests, decreasing throughput by a factor equal to the
number of separate memory requests. If the number of separate memory requests is n, the

initial memory request is said to cause n-way bank conflicts.

In CC 5.x and higher two (or more) thread accessing the same word in the same bank
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do not generate a bank conflict: in fact, the word is broadcasted for read accesses, while
for write accesses only one of the threads will write on the bank (which one is undefined).
Some examples of accesses to shared memory are shown in Figure 2.6, regarding both

regular and irregular accesses to the memory banks.
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(a) Strided memory accesses. Left and right
have no conflict, center shows a 2-way bank (b) Irregular memory accesses. All memory
conflict. accesses are conflict-free.

Figure 2.6: Examples of shared memory accesses (NVIDIA Corporation 2022).

Texture memory Texture memory resides in device memory and is cached in texture
cache, so a texture fetch costs one memory read from device memory only on a cache miss.
The texture cache is optimized for 2D spacial locality, to achieve best performance reading
addresses close in 2D. Also, it is designed for streaming fetches with a constant latency; a
cache hit reduces DRAM bandwidth demand but not fetch latency.

2.2.3 Maximize instruction throughput

As a first step, achieving maximum instruction throughput is only possible if memory loads

latency are completely hidden, as discussed in Subsection 2.2.1, thus always having a ready
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warp for each scheduler.

Now, let us focus on the instructions themselves. Arithmetic instructions have a
throughput, namely the number of results per clock cycle, thus if we want to maximize
instruction throughput, we want also to maximize the number of instruction with high
throughput because they will give more results in the same time unit.

Other types of instructions that significantly impact performance are flow control in-
struction: if the threads of a warp diverge because of a conditional branch, then the warp
has to execute each path separately, disabling the threads that are not on that path and
increasing the number of instructions executed from that warp. If the control flow depends
on the thread ID then the controlling condition should be written to minimize the number
of divergent warps.

Finally, reducing the number of instructions can increase throughput. For example by
optimizing out synchronization points whenever possible or by using the __restrict__
keyword in pointers declarations of CUDA kernels. The use of this keyword hints to the
compiler that for the lifetime of the pointer, no other pointer will be used to access the data
to which it points. This has to be specified to the compiler due to the fact that in C/C++
languages two different pointers can point to the same data, this situation goes under the
name of pointer aliasing. Thus, by using the _ restrict_ keyword, we are saying to the
compiler that all restricted pointers refer to not overlapping memory locations. This in
turn allows the compiler to optimize memory loads and to perform code re-ordering and
common sub-expression elimination, even though this could cause an increase of register

pressure, which may lead to negative code performance.
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Chapter 3

Discontinuous Galerkin solver

In this chapter the focus will be put upon the implementation of the DG solver. We
will not focus on the theoretical point of view of the method, but on how it can be mapped
on GPU and CPU hardware. The first section of this chapter will present other implemen-
tations based on GPU hardware, so that we can compare the various approaches followed
in our solver Gmsh DG.

Gmsh DG will then be introduced and its functioning will be explained in detail. The
solver consists in a CPU and GPU implementation, with MPI parallelization for both
CPU and GPU. The DG solver architecture will be shown, and we will illustrate the most
important computational steps in the current solver for Maxwell’s equations along with
an intuition on their bottlenecks. The final section illustrates the parallelization strategy.
Looking at the problem from different perspectives we will give the insight on how to
arrange the computation so that it can adapt to multicore, single-GPU, and, by mixing

the two strategies, multi-GPU systems.

3.1 Solvers on GPU: state of art

In order to gain some insight on the various approaches that can be followed to implement
the DG method on GPU, we will make a historical survey of GPU implementations of
numerical methods applied to different problems, in particular we will focus on how the
problem has been mapped onto the GPU architecture.

One of the first usage of GPUs in computational electromagnetics can be found in the
work of Takada et al. [13] dating back to 2009, targeting 2-dimension FDTD for Maxwell’s
equations. The approach followed by the authors consisted in dividing the domain of the
FDTD simulation into small subdomains in order to store them in the shared memory
during the kernel execution. The values of the electromagnetics fields were stored in global
memory and during the execution of kernels were loaded into the shared memory of each
streaming multiprocessor. The analysis of the results was carried out over a consumer-
oriented GPU board, the NVIDIA GeForce GTX 280, featuring compute capability 1.3,
and the results show a 20-fold maximum speedup comparing the GPU computation with
a conventional CPU one.

Also in 2009, Klockner et al. implemented a solver for Maxwell’s equations using the
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DG method [14]. The authors also carried out their computation and measurements on
an NVIDIA GTX 280. DG is very different and more complex than FDTD: one moves
from regular grids to unstructured meshes, and one deals with finite elements; hence the
mapping onto the GPU hardware can be much more complicated.

In order to store the degrees of freedom of the elements, the authors use a layout
that enforces memory alignment: they pack together a certain number of elements (i.e.
tetrahedra) and add some padding at the end so that their size is multiple of the transaction
size, these microblocks are then stored contiguously one after the other. Microblocks are
mapped to thread blocks during the computation of kernels and the approach is that each
thread has to compute the output value of one degree of freedom.

Because the method features frequent matrix-matrix multiplication and matrix-vector
multiplication, the algorithm developed by the authors use shared memory to reduce re-
peated global memory accesses and to share data among threads. The use of shared
memory enforces a certain organization of the computation: shared memory is a scarce
resource, thus simulations with many elements require multiple rounds of fetching data
from global memory because otherwise shared memory would be saturated. Having mul-
tiple fetch rounds requires synchronization of threads in order to avoid race conditions
in thread blocks. This situation becomes even worse when considering double-precision
values. Furthermore, code complexity arises due to the fact that the computation has to
be organized so that it avoids bank conflicts. The implementation on GPU accelerated the
solver performance by a factor of 50 relative to a serial computation on the CPUs of that
period.

In 2010 a DG implementation for a multi-GPU system [15] was introduced by Godel
et al. The parallelization strategy of the authors for the multi-GPU is based on three levels
of abstraction: at the first level the mesh is partitioned, and each partition is assigned to a
different GPU; at the second level each finite element is mapped to a single thread block;
finally, on the last level each degree of freedom is mapped to a CUDA thread. Thus, at
the thread block level, the approach is different from the previous work: the microblocks
approach of Klockner et al., in which many elements are assigned to a single thread block,
is abandoned in order to simplify the code [15].

Another way to organize computation, and data, is presented in the work of Fuhry,
Giuliani, and Krivodonova [16] dated 2014, in which the DG method is used to solve
nonlinear hyperbolic conservation laws. The main differences lie in the data layout for the
degrees of freedom and in the approach for the parallelization on GPU. The data layout
is organized so that degrees of freedom corresponding to one basis function, over different
elements, are placed side by side, differently from previous works that store the degrees

of freedom element-wise. Furthermore, their approach to parallelization is based on a
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one-thread-per-element approach, thus each thread will compute the value for the entire
element, or edge, depending on the kernel. The implementation uses double-precision
floating-point values and does not make use of any strategy to enforce memory alignment,
neither of shared memory. Nevertheless it succeeds in achieving comparable performance
with existing DG implementation for linear problems [16] such as the one of Klockner et al.
[14].

Finally, the work of Modave, St-Cyr, and Warburton [17] in 2016 analyzes the perfor-
mance of different implementation of a DG solver for acoustic and elastic models. The
authors provide three implementations: one with the one-thread-per-element strategy used
by Fuhry, Giuliani, and Krivodonova, one with the one-thread-per-DoF strategy followed
by Klockner et al. and the third one based on the use of Single-precision GEneral-sized
Matrix Multiply (SGEMM) routine of the NVIDIA library cuBLAS. The results show that
the best GPU implementation depends on the polynomial degree. The computational re-
sults show a strong performance of the one-thread-per-DoF strategy until fifth polynomial
degree, while the strategy using SGEMM performs better for higher polynomial degrees.

Overall, considering previous work regarding DG implementations, we note how the
use of sophisticated techniques for alignment management is not particularly necessary to
achieve good performance. Moreover, the use of shared memory, in addition to increasing
code complexity, also clashes with the increasing size of the simulation. This therefore
justifies the introduction of an implementation with a simple memory layout that relies

primarily on global memory access caching to achieve good performance.

3.2 The Gmsh DG solver

Gmsh DG is a Discontinuous Galerkin solver for conservation laws. In this section we
will present the architecture of the solver, going gradually down into the details of the
implementations.

The architecture Gmsh DG is a layered architecture in which the base layer is occupied
by Gmsh. A view of the architecture is shown in Figure 3.1. Gmsh [18] is the 3D finite
element mesh generator used in order to discretize the work domain, once installed on a
system, it provides an API in many programming languages to use its functionalities. The
middle layer is an abstraction layer over the Gmsh API called 1ibgmshdg. This allows
decoupling from the Gmsh data structures and allows to have a coherent collection of
structures for the upper layer to work on. The upper layer is the layer where solvers are
implemented, they include the data structures and algorithms to make the DG method
work on a certain problem. We can see the solvers as modules that use the data structures

of the 1ibgmshdg to do their computations. In turn, these modules are composed by some
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common components and some deployment specific component, for example the algorithms
to run on CPU and on GPU. At the moment, the only solver module implemented is related

to Maxwell’s equations.
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Figure 3.1: The three-layer architecture of Gmsh DG.

Before moving into the in-depth discussion of the layers of the architecture, we will talk
about some general details of the implementation. Gmsh DG is implemented based on the
revisiting of the work of Kléckner et al. [14], to determine to which extent the improve-
ments of recent hardware would allow an algorithmic simplification without compromising

efficiency.

The code is written in C4+417, uses cmake as a build tool and targets distributed
memory HPC systems. The deployment can be performed for CPU or GPU architectures,
in particular the solver supports MPI parallelization on CPU and, carried out with this
work, GPU. The MPI and/or GPU solver options must be chosen at compile time by

setting the appropriate cmake compilation flags.

In our implementation GPU kernels are written using the CUDA C++ language ex-
tension and CUDA Runtime. The code is portable to the AMD ROCm platform by using
the Hipify [19] tool that comes with the ROCm environment. The build environment is
already set up to compile the code using Hipify by setting up the build configuration. The
use of texture memory can be turned off or on at compile time for both AMD and CUDA

environments. This is useful because HIP does not support textures.
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Gmsh DG I/O To set up the simulation, the solver takes a Lua configuration script.
Lua is lightweight, has very few dependencies, and it is easy to integrate into the appli-
cation. The Lua configuration has a general part and a problem-specific part, the latter
comprehends only the Maxwell solver module configuration for now and will be expanded
as soon as other modules will be developed. The Lua configuration file also allows for the
customization of the post-processing.

The output of the simulation is produced by the process with rank zero and is stored
in SILO format [20], a standard regarding meshes and data upon those meshes. The Lua
configuration script allows the user to choose how often in simulation timesteps a SILO

output file is saved. Figure 3.2 shows Gmsh DG (Solver in the figure), its inputs and

outputs.
GMSH
model
Solver D LU'A.‘
config
SILO other
output outputs

Figure 3.2: Workflow of Gmsh DG, showing inputs and outputs.

3.2.1 The libgmshdg layer

Since Gmsh DG is built on top of Gmsh and this application layer is built as an abstraction
over it, we will illustrate some concepts regarding meshes in Gmsh.

A 3D model can be defined using its Boundary Representation: a volume is bounded by
a set of surfaces, a surface is bounded by a series of curves, and a curve is bounded by two
end points. [18]. Model entities are thus defined in four kinds: vertices, edges, faces and
volumes. The model can be seen from a topological point of view, dealing with adjacency
in the between model entities, and by a geometrical point of view, dealing with the shape
(or geometry) of each model entity.

A finite element mesh of a model in Gmsh is a tessellation of its geometry by geomet-

rical elements of various shapes [18]. In our solver we only work with meshes built with
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Figure 3.3: Example of 2D meshes, (A) shows a conformal mesh, while (B) shows a non-
conformal mesh: in the second nodes intersect with faces and viceversa.

tetrahedral elements. Gmsh builds conformal meshes, meaning that elements are arranged
such that if two of them intersect, they do so only along a face, edge or a node, an example
of conformal and non-conformal meshes can be seen in Figure 3.3. An element is defined
by an ordered list of its nodes and are stored in the model entity they discretize.

The first step of the implementation is to read the mesh. If a .geo script is provided,
Gmsh DG will generate the mesh on the fly using the Gmsh API, otherwise if a mesh is
provided, Gmsh DG will load that mesh in memory. The model component in Figure 3.1
contains the entity objects and the information pertaining the whole structure of the model,
such as the interfaces and boundary surfaces descriptors. To accomplish parallelization at
a process level the mesh is partitioned, and then one partition assigned to each process,
thus the partition is the computational unit of an MPI process. The only exception to
this is the process with rank zero, which has information about the whole Gmsh mesh for
post-processing purposes.

In Gmsh DG the word entity has a different meaning than it does in Gmsh. Here entities
simply represent a part of the domain. From a computational point of view, entities are
collection of elements, distinguishing between the tetrahedra and their triangular faces.

In Subsection 1.3.4, when talking about the computational properties of the DG method,
we mentioned that basing our computation on the actual elements of the mesh is not a
feasible technique because it would require us to store a mass matrix, a stiffness matrix

and a lifting matrix for each element. Thus, in order to reduce computational costs, we
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introduce a reference element and therefore a single mass, stiffness and lifting matrix can
be used, allowing to pre-compute these matrices, and obtain the physical matrices by
rescaling, as seen in Chapter 1.

These pre-computed data as well as the data needed for rescaling are stored into the
entity_data object, which has an implementation for CPU and one for GPU, because of

the different memory layouts of the deployment platforms.

3.2.2 The Maxwell solver module

As shown in Figure 3.1, the solver module contains some common utilities, and then
specific code for the CPU and GPU version. The common part contains functions for the
initialization and post-processing part and to evaluate boundary and interface sources.

Both the CPU and the GPU code were developed based on the flow graph of compu-
tation showed in Figure 3.4 that we recall from Chapter 1. The solver implements three
methods for time integration: Euler, 4th order Runge-Kutta method, and leapfrog.

In order to carry out the simulation, the Maxwell solver module has a main data struc-
ture that is the solver_state. Because of the differences between CPU and GPU, two
solver states are implemented, and the correct one is chosen based on the Lua configura-
tion script. The solver state contains all the structures needed for storing the degrees of
freedom during the computation, the values relative to the time integration and to material

parameters.

Data layout

The organization of the degrees of freedom is particularly important because it affects how
computation is performed and the possible attainable performance. We can distinguish
two layouts, depending on whether we are considering volumes DoFs or surface DokFs.
Regarding the volumes, the values relative to the DoFs are stored in a 1-dimensional vector
and are organized by entity first, then within an entity by orientation (orientations are
an implementation detail of Hl-hierarchical basis functions; for more details we refer the
reader to [21]) and within an orientation by element. The structure for the surface DoFs is
very similar to the one of volumes, in fact the organization is the same until the element
level, where they are further organized by face. In order to access the values within an
entity or within an orientation, the entity_data object stores the offset relative to the
entity and the number of elements that each orientation has, using this information it is
possible to index any degree of freedom.

At each timestep, the computation steps shown in Figure 3.4 are performed. The

computation made in each step will be presented below.
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Figure 3.4: Computational steps required in order to do one application of the Discontin-
uous Galerkin operator.

Volumetric path

The volumetric path is depicted in red in Figure 3.4, and it is relative to the volume
integration terms of (1.30) and (1.31) where we first compute the spatial partial derivatives
of the six fields, and then curls are computed by subtracting the values of the derivatives.

The differentiation step consists in computing the partial derivatives of the electric and
magnetic fields with respect to the coordinates. In order to find the differentiated value
of the DoFs of one element, three matrix-vector multiplication between the differentiation
matrices (one for each direction) and the sub-vector of DoFs relative to the element must
be computed. This will result in three vectors, each of these vectors will then be weighted
using the values of the Jacobian’s row in order to rescale to the physical element. Finally, by
summing the weighted vectors together, the differentiated degrees of freedom are computed
as shown in (1.28). The computation of curls is then very simple, in fact it is a simple
subtraction among the derivatives of the fields that were computed in the previous step.

Here, we also apply the volumetric field sources to the electric field.

Flux path

The flux path refers instead to the surface integration term in the right-hand side of (1.30)
and (1.31). In this path the field data uses the surface DoFs layout, during the lifting
phase, the values are reported back to the volume layout, in particular, they are lifted and
added to the output of the volumetric path.

The first step for this phase is computing the inter-element jumps. During the initializa-
tion phase of the solver, a map of neighboring nodes is built, thus accessing the map allows

to get the index of the neighboring DoF in order to compute the jump. Subsequently,
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the values obtained by the jumps are used for computing the upwind fluxes, this step we
also apply interface and boundary sources, modifying the flux term. The jump and fluxes
definitions can be found in Subsection 1.3.4. Finally, in the lifting phase the lifting matrix
is multiplied against the sub-vector of DoFs relative to one element in order to lift from
the surface to the volume layout. The result is finally added to the result of the volumetric

phase.

3.2.3 Computational bounds

We now start to present the critical points and bottlenecks of the code: Figure 3.4 is used

as a reference for the computational steps.

Fields differentiation During the differentiation of fields, because both the fields and
their derivatives are stored as a one-dimensional array, we have an optimal locality both
on CPU and on GPU. Moreover, in the GPU code, the differentiation matrix is stored in
the texture memory while Jacobians are fetched directly from global memory.

The current code computes all the fields partial derivatives, but actually we do not need
all of them. Because we want to compute the curl, as we recall from (1.1), we only need
six partial derivatives instead of all nine. Moreover, the kernel used to compute the field
derivative computes only one of the field derivatives coordinates at a time, which means
that the kernel will be called six times: three for computing the partial derivatives of E and
three for the partial derivatives of H. As we will see in Chapter 4, we can actually “one-
shot” the derivatives’ computation for each field, reducing memory accesses. We observed
that the actual kernel that computes one field derivative is memory bound, but also that
performance are close to the peak performance, thus the new optimization will make the

kernel become compute-bound, as Chapter 5 will show.

Curls computation As discussed before, the computation of curls is a simple step in
which the degrees of freedom obtained during the differentiation are subtracted among
them as (1.30) and (1.31) show. The current implementation separates this step from the
previous one, which is suboptimal because the values can be subtracted directly when they
are computed, avoiding additional memory accesses. Because the operation has a very
good locality (it is indeed just a vector subtraction) then the major bound here is the

memory bandwidth.

Jumps computation As mentioned in Subsection 3.2.2, during the computation of

jumps we consider two neighboring elements. Even if topologically these two elements
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are neighbors, it does not mean that the values accessed in memory are close. They can
actually be very scattered in memory: an example can be seen in Figure 3.5. This problem
led Klockner et al. in their work to come up with a reordering algorithm in order to improve
locality.

Our implementation does not implement this reordering algorithm, thus one could con-
sider this phase a bottleneck of the application. However, we have observed that on recent
hardware, both on CPU and on GPU, the improvement to memory hierarchy made this
non-locality not problematic. In fact, here we reach a good bandwidth utilization, es-
pecially at higher polynomial order on GPU. Further optimization could include a more
extensive use of caches during this phase, but as the analysis will point out in Chapter 5, the
computation of jumps is not one of the most time-consuming tasks, thus its optimization

can be delayed.

VAN

Figure 3.5: The computation of inter-element jumps can involve elements that are very
scattered in memory, for example T15 and Tr7.

Fluxes computation We are here computing the upwind fluxes from Section 1.4, it
consists of a series of vector operations with perfect locality, so the only bound is the

available memory bandwidth.

Fluxes lifting The lifting is a repeated matrix-vector multiplication between the lifting

matrix and the fluxes in order to obtain the relative degrees of freedom of the element. This
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step is compute bound, but its performance could be improved by maximizing data reuse.
In fact the matrix-vector multiplication could be transformed in a matrix multiplication,
allowing the use of optimization techniques such as tiling to enhance locality. Unfortunately
we will see that some difficulties arise because of the actual memory layout data structures.

On GPU, we make use of the texture memory to store the lifting matrix.

Sources As we previously told, volumetric sources are applied during the step of the
computation of curls and interface and boundary sources are applied during the compu-
tation of fluxes. To evaluate the sources’ contributions when running on GPU, we exploit
the asynchronous CPU computation and compute the sources for time step n 4+ 1 on CPU
while the GPU is computing time step n. This is a crucial step for the implementation
because it exploits the CPU that otherwise would be waiting for the GPU computation

to finish. The sources contributions are then uploaded to the GPU with an asynchronous

copy.

3.3 Coarse- and fine-grained parallelization

Computing the degrees of freedom of a large mesh, based on a real test case, is not a fast
task. For this reason, we need to exploit parallelization to improve the performance of the
solver so that we can tackle more complex problems that would take days running on a
single core.

Looking at the problem from afar, it all comes to the number of elements (tetrahedra)
that are involved in the computation. So if we want to subdivide this work among many
processes, which can be on the same machine or distributed on multiple nodes, the first
idea is to assign each process a part of the elements and let it compute the output of the

simulation over those elements.

Rank 1

Original domain . /\

Rank O Rank 2

Figure 3.6: Partitioning and assignation of the mesh chunks to the processes.
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Gmsh allows to partition the mesh into smaller chunks using METIS [22] [23]. The
obtained partitions will have, roughly, the same number of elements so that the compu-
tation is balanced among the processes. This kind of coarse-grained parallelization is a
perfect fit for the multicore model using MPI: if the mesh is big enough, every process will
have a good amount of work to do, but neither too much, nor too few. Unfortunately,
the implementation of the DG method is not embarrassingly parallel, which means there
is the need of communication between processes. In fact, for each partition, the elements
on the partition boundary need data from other elements in another partition in order to
compute the jumps. The partition of the domain can be seen in Figure 3.6, which shows
the interfaces between the subdomains where processes need to exchange data.

The GPU computation, though, does not fit well into this parallelization. The archi-
tecture of GPUs is built to have thousands of simple and independent threads working
“at the same time”, this means we need a much more fine-grained parallelization than
partitioning the original domain. This kind of parallelization can be found at a degree of
freedom level: each computation phase has some output results, i.e. the curls, the jumps,
the fluxes and the lifted fluxes. All these “output degrees of freedom” are independent of
each other because each of them is computable in parallel as they resemble a matrix-vector
product. Thus, the output DoFs can be used as the output value that a thread has to
compute in the GPU model.

Most simulations have to compute hundreds of millions of degrees of freedom per iter-
ation: this means that a very high number of threads will be generated for the GPU. This
is not a problem, in fact that is exactly what we want: to maximize device occupancy and

latency hiding, especially in the case of global memory accesses, which are the majority

Rank 2
GPU Accelerated

Rank 1
GPU Accelerated

P

Rank 0
GPU Accelerated

Figure 3.7: Domain partition and distribution over GPU-accelerated processes.
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of memory traffic. The amount of threads also goes well with the automatic scalability of
the GPU model, shown in Section 2.1.2, so that newer and more performant devices will
automatically unlock better performance.

The next step is to merge these two kinds of parallelizations so that we can exploit the
advantages of both. The idea is therefore to split the domain in partitions, assigning a par-
tition to each process and then each one of these processes will solve the simulation by using
a GPU accelerator, as whown in Figure 3.7. This means using multiple GPUs to compute
the results and that data must be exchanged from GPU to GPU. Fortunately, thanks to
recent middleware advancements, it is possible to exchange data between GPUs by simply
using the usual MPI communication primitives, because the underlying implementation
will deal with moving data efficiently [24][25].
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Chapter 4

Proposed optimizations

This chapter will present some of the optimizations that have been implemented or
proposed to improve the performance of the code. Along with these we will present some
post-optimization performance analysis showing how the overall code is behaving. To ob-
tain the results, we implemented a basic profiling infrastructure, toggleable at compilation
time, that can be used to track metrics over a time period, like the number of floating-point

operations or memory traffic.

4.1 Curls optimization

As mentioned before, this optimization has the main purpose of removing unnecessary
computations and condensing memory accesses.
To better explain the reason behind the optimization, we remind that the curl of a

vector field F in 3-dimensional Cartesian coordinates can be written as

i 7k
— |0 0 el
VxF= 5 B Bl
F, F, F,
which leads to the vector:
oF, _ OF,
dy 0z
oFr, OF, OF, 8FZ> <8F OF,\ =~

VxF= —¥)3 — 3 ¥ _ )k: OF, _ 9F,
% < oy 0z ) th ( 0z oz I ox dy 0z oz
OFy oF,
bx Oy

The original code would first compute all the partial derivatives of the fields E and H,
even the ones not needed for the curl computation, then it would compute the subtraction

to obtain the curl.
For example the kernel would take the component E, of E of one mesh entity and

compute 65%, a(% and aab;’”, for each degree of freedom, whereas the first partial derivative
is not needed. This call to the kernel then needs to be repeated for the other components
of E, and of course for all the components of H for a grand total of six kernel calls.

The new kernel fuses the two old kernels, taking all the fields components as input and

only computes the needed partial derivatives and performs the subtractions to obtain the
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curl of the field. The number of kernel calls is then just two: one for computing V x E

and one for V x H. It also applies boundary sources to the electric field.

We measured the execution time of the new version and compared it with the old version.
To understand the reported data, it must be clear that the measurements were made only
on the kernel itself. The differentiation kernel only computes the partial derivatives of
one field coordinate, while the new kernel computes the entire curl of the field. Thus,
the new kernel does roughly three times the work that the differentiation kernel does. We
also reported the expected G Flops/s, based on the number of floating-point operations of
both kernels. The “Actual Speedup” column in Table 4.1 comes from the fact that in the

application we need three calls to the differentiation code to obtain the curl of the field.

Approx. Diff. Diff. Curl Curl Speedup Sjgztelcllilp
Order Time GFlops/s Time GFlops/s (Speedup x 3)
1 6.92e-04 16.820 1.50e-03 17.171 0.46 1.383
2 3.34e-03 21.803 7.57e-03 20.860 0.44 1.322
3 5.69¢-03 51.159 1.20e-02 52.294 0.47 1.422
4 1.88e-02 47.409 7.15e-02 26.8192 0.26 0.789
5 7.43e-02 30.699 1.49e-01 32.8295 0.50 1.494

Table 4.1: Elapsed time, GFlops/s and speedup of the old differentiation kernel and the
new curls kernel on a test sample of 34632 elements.

The obtained speedup and the number of floating-point operations imply that the im-
provement was mainly due to the reduction of memory accesses. However, the kernel anal-
ysis in Chapter 5 will point out that also the performance in terms of GFlops/s increases.
This discrepancy is due to the pen-and-paper computation of the number of operations,

while later we use specialized profiling tools to count the operations.

To have feedback on the overall performance of the solver after this change, we also
measured the speedup based on the degrees of freedom per second that we obtained on
the [0,1] resonant cavity problem model used as a validation example. Data are shown in
Table 4.2.

The GPU solver was modified in the same fashion as the CPU code. The implementation
has been tested on the same resonant cavity example to measure the overall performance
of the solver. The measurements and the speedups are reported in Table 4.3 and show a

more satisfying improvement, especially for higher approximation order.
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Approx. Mesh DoF/s DoF/s

Order Size Original New Speedup
1 0.05 7.91e+6 9.08e+6 1.148
2 0.05 6.58e+-6 7.56e+-6 1.150
3 0.05 7.27e+6 8.34e+6 1.148
1 0.04 7.21e+6 8.26e+-6 1.147
2 0.04 6.12e+6 7.12e+6 1.163
3 0.04 7.04e+6 8.27e+6 1.176
1 0.03 5.56e+6 6.92e+-6 1.244
2 0.03 5.17e+6 5.95e+-6 1.149
3 0.03 6.55e+6 7.42e+-6 1.133

Table 4.2: Degrees of freedom per second and speedups of the computation of curls on the
resonant cavity validation example using RK4 time integration on CPU.

Approx. Mesh DoF/s DoF/s

Order Size Original New Speedup

1 0.05 2.75e+8  2.76e+8 1.004
2 0.05 3.84e+8  4.72e+8 1.228
3 0.05 3.64e+8  4.70e+8 1.292
4 0.05 3.05e+8  4.24e+48 1.391
5 0.05 2.55e+8  3.75e+8 1.471
1 0.04 3.34e+8  3.32e+8 0.996
2 0.04 3.94e+8 4.71e+8 1.196
3 0.04 3.63e+8  4.75e+8 1.309
4 0.04 3.06e+8  4.21e+8 1.377
5 0.04 2.57e+8  3.77e+8 1.464
1 0.03 3.67e+8  3.78e+8 1.030
2 0.03 3.99e+8  4.79e+8 1.201
3 0.03 3.64e+8  4.62e+8 1.270
4 0.03 3.08e+8  4.26e+8 1.384
5 0.03 2.58e+8  3.78e+8 1.465

Table 4.3: Degrees of freedom per second and speedups of the computation of curls on the
resonant cavity validation example using RK4 time integration on GPU.

4.2 Proposal: differentiation matrix layout

A change to the differentiation matrix memory layout was also considered for optimizing
memory accesses. During differentiation, in order to obtain one differentiated DoF of an

element we need to perform the operation explained in Subsection 3.2.2 and in (1.28).
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However, in the code we do not perform the operations in the same order as explained
there. The three reference differentiation matrices are stored as a single matrix in memory,
as can be seen in Figure 4.1a. In order to exploit locality (and memory coalescing on GPU)
we compute one differentiated DoF at a time without computing the matrix multiplications.
Let us say that the differentiated DoF is the i-th of the element, then the computation is

reorganized as follows:

1. Extract the vector v = (vg,v1,v2) from the i-th row of the differentiation matrix,
where the value corresponds to the current input degree of freedom f. For example
in Figure 4.1a if we consider the blue DoF, then we are fetching the blue values from

the matrix.
2. Compute the multiplication w = v f between v and the input degree of freedom f;

3. Scale back to the physical element by multiplying a Jacobian’s row with w in order

to get the derivative over one coordinate;
4. Accumulate the result and repeat for each input DoF of the element.

The accumulators value will be in turn used to compute the curl. In Figure 4.1a the
corresponding involved values are shown.

Accessing the differentiation matrix to get the values of the vector v will of course cause
some compulsory cache misses. In fact, the number of degrees of freedom in a tetrahedron
is

e (E+3)(k+2)(k+1)

N pr—
3 6 ’

where k is the approximation order, and the values v, vy, v have stride equal to N¥. Then
if we consider a 64-byte cache line, accessing the elements in this fashion would cause at
least two cache miss, and a maximum of three when considering k£ > 1 (note that we work
with double-precision values).

The proposed layout, shown in Figure 4.1b, would have optimized the cache misses
for accessing values belonging to the same input degree of freedom, reducing them to
one, compulsory, cache miss. The change in the layout was achieved by performing a
permutation of the columns of the matrix.

It was observed, however, that the achieved performance were not as good as expected.
That is probably due to the fact that even if the number of cache misses is almost the
same, the frequency of the misses is different.

With the original layout, we have (for k£ > 1) three cache misses for every eight iterations

over the input degrees of freedom.
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The new layout, on the other hand, performs one cache miss every (roughly) three
iterations over the input degrees of freedom, because a 64-byte cache line can contain only
up to eight double-precision values. This seems to lead to worse performance than the

original layout and therefore this change has been discarded.

3 x N}

B

(a) The original memory layout.

3 x Ny

B

(b) The proposed new memory layout.

Figure 4.1: The memory layout of the differentiation matrices.

4.3 Proposal: fluxes lifting optimization

The current phase of fluxes lifting consists of a matrix-vector multiplication between the
lifting matrix and the fluxes of the element face, as explained in Subsection 3.2.2. This
has the advantage to be a very easy operation, but on the other hand it does not take
advantage of data locality. The lifting matrix is in fact the same for each element having
the same orientation, for this reason locality could be improved by using the cached row of
the lifting matrix to compute the product with the corresponding column of the fluxes of
the other elements. This will actually transform the computation from a series of matrix-
vector multiplication to a matrix multiplication that can be in turn optimized by using
techniques to exploit locality.

Doing this may raise some difficulties when trying to implement this approach in the
existing solver. The main problem is due to fact that the Gmsh model has a number of
orientations, and each of these has a different number of elements, therefore on CPU for

each orientation we can rearrange a part of the fluxes and lifting vector as a matrix to
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make a matrix multiplication.

This is non-trivial on GPU because the approach is to have one thread for each entry
of the matrix of lifted fluxes. Hence the usual approach of GPU matrix multiplication
with tiling does not suit well with the multiple orientations. In fact, because of this, there
are many matrix multiplications with different matrices size, and this forces us to launch a
kernel for each orientation, leading to a higher overhead and to a very low occupancy of the
GPU. A potential way to make this approach work is to use concurrent kernel execution so
that these multiplications can be run at the same time, on different streams, obtaining the
same occupancy of the current approach. This solution has not been implemented though

because of the invasiveness of the change in the current codebase.

4.4 One-shot lifting and jumps

By following the same approach as for the curl optimization, lifting and jumps kernels also
have been optimized to reduce memory accesses.

In fact, the current lifting kernel was made so that it worked only on one field coordinate,
thus requiring six calls to the kernel in order to complete the lifting. The same can be said
for the kernel that computes the jumps, also requiring three kernel calls for E and three
for H.

Kernel fusion is an optimization technique employed to make generic kernels that are
called many times into a single kernel, in order for the kernels to share data and thus
reduce memory accesses and possibly enable compiler optimizations. This optimization is
especially useful for memory-bound kernels, as it can improve the use of caches and thus
increase arithmetic intensity, in turn unlocking better performance.

This optimization has been partially implemented on CPU, where we use Eigen [26] to

manage matrices and vectors, while on GPU both optimizations have been applied.
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Chapter 5

Gmsh DG performance analysis

This chapter will present the performance of our solver on two levels: kernel and appli-
cation level. For the kernel level analysis each of the computation steps has been analyzed
in terms of performance over the different deployment platforms (except for multi-GPU,
that will be treated in the next chapter). The application level analysis has been carried
out in order to assess the overall application performance on real workloads. Then, we will
show and discuss the results obtained by our measurements, while also having a focused
look on the deployment hardware details, which can truly change how the applications
scales if not taken into account. A profiling infrastructure has been implemented in the
solver codebase in order to provide insights before the analyses were carried out. The in-
frastructure was also used to gather some data on the kernel analysis as well as the scaling

analysis.

5.1 Profiling infrastructure

The first step in order to provide a thorough performance analysis is, as a preliminary
phase, to get an idea of the expected results. Usually, a pen-and-paper evaluation is done
in this phase. For instance when looking at the kernel, one can count memory accesses and
the number of operations in the code to have an idea of the performance and arithmetic
intensity of a kernel. This kind of analysis is not very accurate and specialized tools can
be used in order to extract these data from executions.

However, some kind of middle ground is possible and has been implemented during this
thesis. In our work we often need to know how much time one part of the computation
requires. This portion of the code can be composed of many instructions and kernel calls,
thus the idea is to implement an infrastructure that could record the execution time of these
phases. In addition to execution time, sometimes we also need the number of operations
and/or the memory bandwidth of a certain kernel; these values are the result of evolution
of some metric over a given amount of time. In this phase we are not interested in the
exact metric value, so we can use a pen-and-paper estimate, while the time is given by the
profiler infrastructure, and we can then compute the final value in GFlops/s or GB/s.

The profiling infrastructure was implemented in order to record these estimated quan-

tities, introducing three new classes and two subclasses represented in Figure 5.1 and that
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will be explained below. Profiling can be turned on or off through the ENABLE_PROFILING

flag in the cmake configuration.

Time counter The first class is the timecounter class. Its responsibility is to record
the time, thus it has two member functions: tic that records the start time, and toc that
records the end time and returns the difference between the two. Since Gmsh DG has both
a CPU and GPU implementation, two specialized timecounter have been implemented,
each of them using the appropriate functions to record time. Both the specialization
descend from an abstract base class containing only the interface of the member functions.
In particular the GPU specialization uses the CUDA Runtime events to capture the elapsed
time; thus in order to record this time, the CPU thread will be blocked until the recording

finishes. It is therefore critical to avoid profiling on GPU while testing for real performance.

Profiler The profiler class stores the information regarding the time of a certain part
of code. Since the solver is iterative, a certain part of code will be repeated more than
once. Thus the profiler will store the last time recorded and the average time. The profiler
is the actual object that will be used in the code to record time, using its two member
functions tic and toc, that in turn make use of a timecounter object. The profiler
takes care of storing the average time of execution of the said code part. Profilers can be
used through two macros that will be replaced with the actual function call when profiling
is active, and will be replaced with null operations when the profiling is turned off. In order
to compute time-dependent metrics such as GFlops/s, profilers also provide the interface
to specify which quantities need to be tracked and the interfaces to access their average

and last value.

Profiler logger The profiler_logger class is used as a container to register and retrieve
the profilers, indexed by their name. The profiler logger is attached to the solver_state
structure presented in Subsection 3.2.2. When registering a profiler, the profiler logger will
take care of creating the actual object and store it. The class also provides some utility
functions to print the value of all the profilers and their attached metrics.

The usual workflow to use the infrastructure is the following:
1. Create a new profiler through the profiler_logger attached to the solver_state
2. Optionally, add some metric to the profiler

3. In the code, get the profiler from the profiler_logger and use it through the

macros
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profiler_logger R profiler ’— timecounter

timecounter_cpu timecounter_gpu

Figure 5.1: Class diagram of the class implemented for the profiling infrastructure.

5.2 Kernels analysis

Before analyzing the whole application performance, it is desirable to make some analysis
at a fine granularity level to get a comprehensive idea of the performance of the solver.
Moreover, this kind of analysis can give empirical data about the bottlenecks of the appli-
cation and can provide useful insights on which could be the focus of next optimizations.

In order to make the analysis, we first need to gather some metrics from the kernels.
These have been obtained by exploiting the profiling infrastructure when it comes to the
execution times. Other specialized tools for each platform, i.e. Intel Advisor [27] for CPU
and NVIDIA Nsight Compute [28] for GPU, were instead used for getting precise metrics
about memory traffic and number of operations. The use of these tools is especially im-
portant when dealing with such values, as the evaluation of traffic or operations cannot
be done accurately by a pen-and-paper approach. Note that even if the pen-and-paper
approach can be inaccurate, it can still provide useful insights in a preliminary phase of
the analysis, without the need of using tools and scripts to automate data gathering and

organization.

5.2.1 Time comparison

This analysis has been carried out in order to understand which kernels take more time
during the application execution and how this time evolves while increasing the approx-
imation order. We targeted three of the possible execution modes: serial, multicore and
GPU-accelerated; and both time integration methods: leapfrog and RK4.

The measurement of execution times has been made by using the solver profiling in-
frastructure. The results show the percentage of time that the solver takes in each of the
computation and communication stages, over the time of one iteration. The mesh used for
the serial and GPU measurements is the same, and is composed by 31543 elements, mean-

ing that for each iteration 757032 degrees of freedom must be computed at approximation
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order one while around ten millions must be computed at approximation order five.

Serial analysis The serial solver has run on a platform with an Intel® Xeon® Gold 6126
CPU. It can be clearly seen in Figure 5.2 that with the increase in approximation order,
the most time-consuming activity is the computation of curls, which is also one of the

motivations that led to its optimization.

Leapfrog RK4

Relative time breakdown

1 2 3 4 5 1 2 3 4 5
Order Order
compute_curls_E
compute_curls_ H
compute_field_jumps === compute_curls
compute_fluxes_planar === compute_field_jumps_and_fluxes ===
compute_flux_lifting —— compute_flux_lifting ==—=
compute_sources compute_sources I
other o other T

Figure 5.2: Serial solver kernels relative time comparison for leapfrog and RK4 methods
over different approximation orders.

GPU analysis The single GPU results shown below have been taken on an NVIDIA
TITAN V graphics processor which features the Volta microarchitecture and supports
compute capability 7.0. For these results, we had to work in two stages: the first one in
order to gather the execution time of the kernels, the second one in order to get the actual
iteration time. In fact, because our profiling infrastructure is based on exploiting CUDA
Runtime events, waiting for an event to complete would block the calling CPU thread
making ineffective the asynchronous computation of sources, that would be serialized after

the timestep computation.
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Figure 5.3: GPU solver kernels relative time comparison for leapfrog and RK4 methods
over different approximation orders.

The relative time breakdown in Figure 5.3 only shows the kernels that run on GPU and
the remaining time doing other tasks. The absolute time breakdown in Figure 5.4 shows
both the absolute time of the kernels and the computation time of the sources that, in the
GPU implementation, are computed asynchronously on CPU (cf. Subsection 3.2.3). As
the figures show, on GPU the time required for computing jumps and fluxes decreases, but

with a reduced rate when compared to the CPU execution.

Multicore analysis The multicore results have been obtained during the strong scaling
analysis of the CPU solver, meaning that the amount of total work for the solver would
remain constant during the whole analysis. These results also show the amount of time that
the solver takes to exchange data between processes. The multicore measurements have
been taken on eight reserved nodes on the CECI cluster NIC5, each node consisting of a
two-socket AMD Epyc Rome 7542 CPU, with 64 total cores. The nodes are interconnected
with a 100 Gbps HDR InfiniBand. More details on the testing platform and execution

configuration will be given in the upcoming Section 5.3.
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Figure 5.4: GPU solver kernels and CPU asynchronous kernels absolute time comparison
for leapfrog and RK4 methods over different approximation orders.

The results in Figure 5.5 show a very high variability in communication time, especially
when considering the communication among many nodes and processes. In order to explain
this behavior we also tested an implementation of the solver using non-blocking commu-
nication between processes in order to reduce the receiver blocking wait time. We noticed
that the time for communication was roughly the same that resulted during the previous
tests, thus we would exclude blocking communication to be the cause of these anomalies.
This phenomenon is still not very clear and will need some further investigation, because
the pattern seems irregular and targets only some approximation orders. Furthermore we
observed this issue when running other applications on the cluster, thus the problem might

be due to some misconfiguration in the hardware or software facilities.

5.2.2 Roofline analysis

Roofline analysis [29] [30] is a great tool to have a visual and intuitive estimate of kernels
optimization, comparing their performance to hardware limitations, providing a way to

identify bottlenecks and drive code optimization.
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Figure 5.5: Kernels relative time comparison on multiple processes, single node, for leapfrog
and RK4 methods over different approximation orders.
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Each kernel has three associated metrics:

o the work W, that is the number of operations performed by the kernel; in our case it

will be the number of double-precision floating-point operations;

o the number of bytes ) of memory traffic generated by executing the kernel; this

quantity depends on the details of the platform, such as cache hierarchy;

o the arithmetic intensity

w
Q )

that determines the number of operations per byte of memory traffic.

I =

The roofline plot has on the z-axis the arithmetic intensity and on the y-axis the perfor-
mance. A Kkernel is represented as a point in the plot, with a given arithmetic intensity
and a performance value.

Attainable performance are bounded by hardware limitations: peak performance m,
measured in Flops/s and peak bandwidth 3, measured in Byte/s. This is based on the
assumption that memory transfers and computation can overlap, so a kernel execution

time 1" is limited by 7 or 3

T:max{lj:,g}:W-max{i,Bl‘]}.

Then, maximum attainable performance P are given by

1
P:K:—:min{w,ﬁ-l}.
T e (L)

This bound translates to the ceiling of the roofline plot, with a diagonal line, the function
B - I; and a horizontal one, 7w, where the intersection of the two bounds is at arithmetic
intensity I, = % Kernels with I < I, are in the slanted part of the model and are
memory bound, while kernels with I > [,,, are compute bound.

The original roofline model [29] relied on considering memory traffic between (theoret-
ically optimal) caches and main memory, while the current approach is to consider the
traffic between the core and the cache, allowing for the derivation of new bounds related
to a given cache level, obtaining a cache-aware roofline model [31].

To build the roofline model, we need the ceilings of the models and the metrics of
the kernels. To obtain the ceilings our approach involved the use of micro-benchmarks to
obtain the empirical hardware limitations. The building of the roofs for the CPU model was
made using the Intel Advisor tool, because the measurements were taken on an Intel CPU

powered machine. The roofs for the GPU model were obtained using the Empirical Roofline
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Tool (ERT) [32], which obtains the ceilings by running micro-benchmarks. Because the L1
cache roof was not obtainable using ERT, we based that roof on the results by a technical
report about the NVIDIA Volta microarchitecture [33].

The metrics of the kernels were obtained using Intel Advisor for the CPU and using
NVIDIA Nsight Compute for the GPU. The data were then extracted by both tools outputs
and put in a plot along with the ceilings. Multiple dots on the plots are due to the fact
that we made the roofline plots based on the leapfrog method, which has different kernels

for the electric and magnetic field.

CPU Roofline Model, Old Version
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Arithmetic Intensity [Flops/Byte]

Figure 5.6: Pre-optimization roofline analysis of CPU kernels.

CPU Roofline We present the roofline results of the kernels, where we measured both
the old and the new version, after the optimizations described in the previous chapter. The
measurements were taken on an Intel® Xeon® Gold 6126 CPU, while the solver worked with
the [0,1]® resonant cavity problem model with approximation order four.

Figure 5.6 shows kernels performance plotted on the roofline, and Figure 5.7 the per-
formance after the optimization of the curls computation. The only kernel that changed
its performance is the one relative to the field derivatives and the curls. We picked the

performance relative to the most inner loop of the kernel, and as is clearly visible, the
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CPU Roofline Model, New Version
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Figure 5.7: Post-optimization roofline analysis of CPU kernels.

arithmetic intensity of the kernels has changed. This is due to the fact that in the curls
kernel we are computing the derivatives relative to a field all at the same time as explained
in Section 4.1, thus memory traffic is increasing because we are getting the values of the
degrees of freedom for each component, but the number of operations is increasing at a
higher rate because we are essentially tripling the arithmetic operations while recycling
data accesses to the differentiation matrix and Jacobians.

On the other hand, this analysis also proves the boundaries stated in Section 3.2.3,
showing that the implementation of the kernels, despite its simplicity, makes a good use of

memories, and increasing the use of caches would unlock even better performance.

GPU Roofline We show two GPU rooflines. The first, Figure 5.8, at approximation
order one and the second, Figure 5.9, at approximation order five. The first thing to
notice, as a difference compared to the CPU code, is that the lifting kernel exhibits better
performance due to a different arithmetic intensity: the difference is probably caused by
the fact that on CPU data is accessed in a non-optimal way using Eigen, since the number
of operations is the same.

Moving from order one to five, the arithmetic intensity of the lifting and curls kernels
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GPU Roofline Model, Order=1
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Figure 5.8: Roofline analysis of kernels on GPU, approximation order one.

increases. From Figure 5.8 we can see that curls and lifting kernels are memory bound
at order one. When approximation order reaches five in Figure 5.9, the increased arith-
metic intensity allows the two kernels to increase their performance, thus the curls kernel
becomes compute bound while the lifting kernel is still memory bound but with increased
performance.

In both CPU and GPU kernels, performance could be further improved by using caches
more intensively. Some kernels like the computation of jumps are however not very well
suited for caching due to the data layout. This could be resolved by using different strate-
gies, like degrees of freedom reordering [14], but it is important to point out that even
without such strategies they can reach full DRAM bandwidth. Moreover, as the time anal-
ysis highlights, the kernel that tends to take more time when increasing the approximation

order is the computation of curls, which is already very close to the ceilings of the model.

5.3 Solver scaling

After showing how kernels perform and highlighting how the optimizations and execution

time parameters can affect performance, it is time to show the scaling behavior of the
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GPU Roofline Model, Order=5
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Figure 5.9: Roofline analysis of kernels on GPU, approximation order five.

solver. In this discussion we will heavily focus on the multicore scaling, comparing it
with the GPU execution performance, while the next chapter will focus on the multi-GPU
execution.

Scaling measures how the performance of a parallel application changes as the number
of processes is increased, and whether it correctly exploits the hardware resources. There
are two ways to measure scaling: strong and weak scaling. Both methods increase the
number of processors N, but they differ in how they treat the problem size and are tied,
respectively, to Amdahl’s [34] and Gustafson’s [35] laws.

For strong scaling, two metrics are used: the speedup and the parallel efficiency; both
of them require the application execution time to be known. Let N be the number of
processors, and T'(N) the execution time of the application with N processors. The speedup

of the application with N processors is defined as

T(1)
N)=—=
S(N) T(N)’
and the parallel efficiency over N processors as
S(N)
E(N)=——+=.
(V) N
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Typically, the speedup is bounded by the number of processors, having S(N) < N. The
parallel efficiency is therefore bounded by 1: E(N) < 1. It is however sometimes possible to
have a superlinear speedup [36], meaning that the speedup will exceed N. This can happen
due to a series of reasons: because the number of performed operations is smaller than
the serial version, because of more caches for parallel execution or because the application
runs in a heterogeneous environment.

Strong scaling considers a fixed problem size, and here Amdahl’s law comes into play,
which bounds the speedup of a program. In fact each program has a sequential portion s
and a parallel part p, where s + p = 1, thus if 7'(1) is the serial execution time, then the

execution time on N processors can be written as

T(1
T(N) = sT(1) +pd),
N
and the speedup will be
A T(1) 1
T(N)  sr(1)+pTH s+ %

For N — oo we have that S(N) = 1/s, meaning that the speedup is bounded by the
sequential part of the program. The link with strong scaling is then clear: with strong
scaling we fix the size of the problem and, by increasing the number of processors, we
are dividing the amount of work; this in turn will make each process have less and less
work, reducing the parallel part of the program and eventually leading to a degradation of
performance due to the serial part of the program.

Strong scaling is therefore difficult to obtain, because in order to reach a good one, code
must have been finely optimized to maximize the parallel execution of the code. Moreover,
in our discussion we omitted that the execution time also involves some overhead due to
communication or synchronization, that can harm parallel execution when the number of
processors increases.

Weak scaling instead considers the problem size to increase as the number of processors
increases. This is not a so bold assumption, because in practice if we have more processors
we scale the problem size to make use of all the computing power. By doing this it is
possible to adjust the size so that the program always runs in the same amount of time for
every N > 1.

In this context, Gustafson’s law operates: we assume that the run time is constant,
then we can say that for every number of processors T'(N) = s + p, where s and p are the
serial and parallel part of the program. As an approximation, the law considers that only
the parallel part of the program scales with the problem size. The key here is that when

the problem size scales, also the number of processors scales because run time remains
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constant; thus we can say that “the amount of work that can be done in parallel varies
linearly with the number of processors” [35]. If we consider a serial processor to run the
same task, then it would require time Ty = s+ pN and the scaled speedup relative to this

hypothetical serial processor would be

Tseq s + pN

SSIN) = T(N)  s+p

=s+pN =N+ (1—N)s.

Hence, when considering Gustafson’s law, we do not have any kind of upper bound on the
speedup, but of course, as for the strong scaling, we are not considering overheads and
the scaling of serial parts of the problems that were approximated by the analysis from
Gustafson.

During weak scaling analysis, the objective is to achieve a constant run time while
varying the number of processors and the size of the problem linearly. In this analysis we
are interested in two metrics: the execution time and the weak scaling efficiency, defined
as

T(1)

B(N) = 38y

5.3.1 Platform details

In modern clusters and supercomputers, details are important when pursuing performance
measurements of an application. As systems become bigger their complexity also grows
both at the hardware and software level. For this reason gathering as much information as
possible about the execution environment of the target application is important.

Clusters are employed by a community of people, thus their management is done by

some kind of cluster management and job scheduling software in order to:
« allocate resources to users for some duration of time;
e provide a way to start, executing and monitoring jobs;
e manage contention of resources among users by creating queues of jobs.

The clusters where we had the chance to test our application on were managed by the
Slurm [37] job scheduler. Our strong and weak scaling analysis was carried out on the
CECI cluster NIC5 hosted at the University of Liége, with the following characteristics:

TM

o 4672 cores spread across 73 compute nodes, each with two 32 cores AMD EPYC
Rome 7542 [38] CPUs at 2.9 GHz;

« 256 GB of RAM;
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o 100 Gbps InfiniBand HDR, interconnect;
« 520 TB fast BeeGFS /scratch space.

To correctly exploit a processor, it is highly recommendable to study its microarchitec-
ture and how to fine tune the execution to obtain the expected optimal behavior from it.
The following in-depth analysis of the AMD Rome processor series makes use of the HPC
Tuning Guide [39] from AMD, the work of Suggs, Subramony, and Bouvier [40] on the
Zen?2 microarchitecture [40] and the in-depth comparison concerning AMD Rome series
[41] from which we took the finely composed Figure 5.10.

AMD EPYC 7542 is a 32 cores socket, from the AMD EPYC 7002 series which is based
on the AMD Zen2 microarchitecture [40] which supports Simultaneous Multi-Threading.
The silicon package is composed by up to 8 Core Complex Die and a central 1/0O Die. Each

socket supports up to 8 memory channels and 128 lanes of PCle Gen 4.

Core Complex Die A Core Complex Die (CCD) contains the cores and the caches of
the CPU. The Core Complex Dice are connected to the I/O Die by AMD’s Infinity Fabric"
[38], this allows it to access memory, I/O and each other. Each Core Complex Die contains

up to two Core Complexes.

Core Complex A Core Complex (CCX) contains up to four cores with a per-core L1 and
L2 cache and a shared 16 MB L3 cache. The Infinity Fabric connects each Core Complexes
to the I/O Die, but not to each other [41].

The Infinity Fabric also connects the CPUs in a two socket system, which is our case.
All memory and I/O connect to the I/O Die, but they can be abstracted into four logical
quadrants, each with two memory channels, 32 I/O lanes and up to two Core Complex
Dice.

The quadrants partition is not only logical though; in fact all the cores in a single
quadrant are physically closer to the two memory channels, thus forming a Non-Uniform
Memory Access (NUMA) memory architecture in which each quadrant is a NUMA domain.
This can also be seen from Figure 5.10, where each Core Complex Die has its nearest
Infinity Fabric switch (used to route data in the I/O Die) connected to a Unified Memory
Controller (UMC). Thus, accessing memory from another NUMA domain would imply to
hop on multiple switch which will introduce more latency.

These NUMA domains can be exposed to the operating system through BIOS settings,
allowing to partition the processor in one, two, and four NUMA domains, interleaving
memory access across eight, four and two memory channels in each NUMA domain, re-

spectively. Settings also allow interleaving memory access across all memory channels on
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Figure 5.10: The AMD EPYC Rome processor layout (Velten et al. ACM 2022).

a 2-socket system, which is to be avoided for HPC systems, as it introduces inter-socket

latency. Finally, each L3 cache can be exposed as a NUMA domain.

The AMD EPYC 7542 processor on our cluster is a 32 core socket, with 4 CCDs, one
for each NUMA domain, each of which has 2 CCX. Each node has two sockets for a total of
64 cores and Simultaneous Multi-Threading is disabled. Memory is divided equally among
NUMA domains, meaning that each of them will have 32 GB. Finally, the InfiniBand
adapter is only connected to the PCle adapter of the fourth NUMA domain in the first

socket.

A key result is that benchmarks performed on the AMD Rome processors have shown
that the RAM bandwidth of the memory channels relative to one CCD is saturated by just
using three cores of a single CCX. Moreover, adding access from the second CCX on one
CCD does not accomplish any increase of performance [41]. This is a behavior that has
showed up during our scaling measurement and that, if not taken into account, can lead

to suboptimal results.

Before moving to the scaling results, we remark how the problem is parallelized for
the multicore execution: the model is partitioned using METIS and each partition is
distributed to the processes that will deal with the computation. At each timestep there

will be a blocking communication phase in order to exchange jumps data among processes.
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5.3.2 Execution configuration

Our measurements were carried out on eight reserved nodes with the above-mentioned
specifications. We analyzed scaling on one, two, four and eight nodes, distributing processes
in a round-robin fashion over nodes, always starting with a number of processes equal to
the number of nodes and subsequently doubling it.

As for strong scaling analysis, for each “#nodes : #processes” configuration we tested
approximation orders from one to five having one pre-generated mesh per approximation
order so that the number of degrees of freedom is roughly the same for all orders. For each
iteration, the solver had to compute around 100 millions degrees of freedom.

In weak scaling we tested up to approximation order three, because we could not create
a small enough mesh at higher order that would be still be comparable with the strong
scaling results. Because meshes of different approximation order for the same number of
processes must have the same amount of degrees of freedom, we had to generate different
meshes for each “order : #processes” configuration. For the smallest mesh, the solver
computes around 188 thousand degrees of freedom, while the larger is composed by 96
millions degrees of freedom. For both scalings we tested both the leapfrog and the RK4
methods.

The execution launch was made by using Slurm scripts with the ~exclusive option, so
that a job could not share nodes with other running jobs. Our application is parallelized
using MPI, which allows to specify some options when launching parallel applications. Two
options that can affect performance, especially with a NUMA microarchitecture, are the
process mapping and binding. When talking about process assignment in the MPI context,
we talk about slot, which is the allocation unit for a process. The number of slots on a
node indicate how many processes can potentially execute on that node. Usually slots are
different from hardware resources, for example because a resource manager could expose
fewer slots than those available to MPI or because you can have more slots than cores.
However, in our case slots and cores actually match, because we need that a process has
the full computing capabilities of a core, and also for this reason we use the -exclusive
option, so that we have the full node resources for our application.

With the process mapping policy, the process assignment to slots is made by iterating in
a round-robin fashion over the specified unit. The process binding policy specifies to which
unit the processes must be bound (another common term is pinned). For both policies, the
unit can be one of, but not limited to: core, Licache, L2cache, L3cache, socket, numa,
board, node. If a mapping is specified but a binding is not, then the binding unit is the
same unit of the mapping.

So, for instance, if four processes are mapped by socket and bound to core on a node
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with two sockets, then process with ranks 0 and 2 will be assigned to two cores on socket
0 and processes with ranks 1 and 3 will be assigned to two cores on socket 1.

The default mapping policy is by socket, while the default binding policy depends on
the number of processes: processes are bound to core when the number of processes is less
or equal than two and are bound to socket otherwise.

Our first testing was made without specifying any kind of mapping or binding, thus using
the default mapping and binding. This led, as will be seen, to a linear but inefficient scaling,
which is due to having ignored the NUMA domain configuration on the test processor. The
second testing, in which we specified the mapping, in this case by NUMA domain, led to
much better performance, with heavy superlinear speedup when scaling on multiple nodes,
probably due to an optimal bandwidth usage and to an increased number of available

caches.

5.3.3 Strong scaling

The following pages contain the results of the strong scaling analysis. The first thing that
catches the eye in our opinion is the high variability of the communication times. As we also
mentioned before in Subsection 5.2.1, this could be due to the configuration of the facilities
used for the measurements. However, from the results we can also see some regularities,
thus we are still investigating this behavior. In fact, the strong scaling results show a
regularity in its irregularity: there is always an abnormal peak in communication time at
approximation order one, with 16 processes no matter the mapping policy or the number of
nodes. Communication time also starts high with high approximation orders, and then it
descends with a minimum at 32 processes. This is not always the case with approximation
order three, which shows a minimum at 32 processes when using leapfrog time integration
and a minimum at 8 processes when using RK4. With lower approximation order, this
minimum seems to be always at eight processes. This number of processes for which the
communication time is minimum is probably the best balance between exchanged data size
and communication overhead.

The second thing that stands out is the shape of the strong scaling curve, and especially
the difference between the one using the mapping by socket and the mapping by NUMA
domain. The curve of the former starts linear, with a high enough efficiency, then speedup
decreases and thus efficiency drops and becomes almost constant, but the scaling continues
to be linear. This is a very bizarre curve coming out from a scaling analysis. The curve
obtained with the mapping by NUMA domain is a more “traditional” one: it starts linear,
with very high efficiency, the phenomenon of superlinear scaling comes in, and finally it
flattens out at the end, usually due to a bandwidth saturation effect. The bandwidth
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(a) Four processes are assigned with the socket mapping policy on a node.
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(b) Eight processes are assigned with the socket mapping policy on a node.

Figure 5.11: Process assignments to slots with the socket mapping policy with four and
eight processes over a single node. Bandwidth for NUMA domains is not saturated in (a),
while it is in (b).

is indeed the key here: both the drop of performance with the socket mapping and the
flattening of the curve in the NUMA domain mapping are due to bandwidth saturation;

the difference is when, where and why the saturation happens.

We anticipated it in the previous sections, but here we will explain it in detail. The
saturation of bandwidth is actually at NUMA domain level: one NUMA domain corre-
sponds to one CCD on the AMD Epyc processor, thus as mentioned in Subsection 5.3.1
and as extensively investigated in the work of Velten et al. [41], and the bandwidth for
one NUMA domain is saturated by using just three of the cores that resides on it [41].
This explains the behavior of both curves: if n is the number of nodes, then for the socket
mapping the drop in performance always happens between 4n and 8n processes, exactly
when the number of processes per NUMA domain goes from two to four. We show this

situation in Figure 5.11 showing how the processes are mapped using the socket mapping
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(b) Eight processes are assigned with NUMA domain mapping policy on a node.

Figure 5.12: Process assignments to slots with the NUMA domain mapping policy with
four and eight processes over a single node. Bandwidth for NUMA domains is not saturated

in both (a) and (b).

(binding is not shown in the pictures) on one node. We do not have a flattening of the curve
but a linear behavior because when the number of processes is doubled, the bandwidth of

another NUMA domain is also exploited.
If the mapping policy is by NUMA domain, we have that the bandwidth of the NUMA

domain is saturated much later, because processes are first distributed among those. The
drop in performance happens between 16n and 32n processes, as before, when the number
of processes per NUMA domain goes from two to four. Figure 5.12 shows the assignment
to slots of four and eight processes using the NUMA domain mapping, thus, the NUMA
domains are saturated at the same time when there are 32 processes on each node (four per
NUMA domain) and subsequently the scaling curve flattens because there is no bandwidth
left to exploit. By looking at the plots of speedup with the same number of processes

and nodes we can see that the end point of the curve for both socket and NUMA domain
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mapping is almost the same for each approximation order. This is a natural consequence
because regardless of the mapping policy, the final assignation of processes to slots will be

the same.

5.3.4 Weak scaling

After the strong scaling plots, the results pertaining the weak scaling analysis are shown. In
weak scaling we want time to remain constant while increasing the processors and problem
size linearly. The results that we get from the socket mapping are in line with those
obtained in the strong scaling: the number of degrees of freedom per second is almost the
same, but the efficiency is a bit lower, probably due to the fact that in the weak scaling we
start with a mesh having very few elements. With this processes mapping, communication
time also show variability with a certain degree of growth that increases with the number
of nodes.

The results with the NUMA mapping also show a similarity with the strong scaling.
We do not get any superlinear behavior because the size of the problem grows with the
number of processed, but a perfectly linearity of the scaling can be observed by looking at
the number of degrees of freedom computed, as well as the time for each iteration, which
remains constant until the saturation of the bandwidth comes in.

Differently from the socket mapping policy, with the second one the communication
time is also kept constant most of the time and grows only with a higher number of nodes
and processes, especially with the RK4 method.

Wherever possible, we show the performance results obtained by the GPU execution on
the same meshes used for the weak scaling analysis. In fact, not all meshes could be tested
because there was not enough memory on the GPU. The performance in terms of degrees
of freedom is stable from the mesh used for eight processes on. Low performance before
that point are essentially caused by the size of the mesh that is too small. As expected, the

iteration time increases with the mesh size because we are working with only one device.
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Figure 5.13: Strong scaling analysis of the solver on one node using the socket mapping,
the left column shows the results using the leapfrog method and the right column shows the
results using the RK4 method. The plots show respectively: speedup, efficiency, degrees
of freedom per second and communication time.
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Figure 5.14: Strong scaling analysis of the solver on two nodes using the socket mapping,
the left column shows the results using the leapfrog method and the right column shows the
results using the RK4 method. The plots show respectively: speedup, efficiency, degrees
of freedom per second and communication time.
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Figure 5.15: Strong scaling analysis of the solver on four nodes using the socket mapping,
the left column shows the results using the leapfrog method and the right column shows the
results using the RK4 method. The plots show respectively: speedup, efficiency, degrees
of freedom per second and communication time.
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Figure 5.16: Strong scaling analysis of the solver on eight nodes using the socket mapping,
the left column shows the results using the leapfrog method and the right column shows the
results using the RK4 method. The plots show respectively: speedup, efficiency, degrees
of freedom per second and communication time.
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Figure 5.17: Strong scaling analysis of the solver on one node using the numa mapping, the
left column shows the results using the leapfrog method and the right column shows the
results using the RK4 method. The plots show respectively: speedup, efficiency, degrees
of freedom per second and communication time.
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Figure 5.18: Strong scaling analysis of the solver on two nodes using the numa mapping, the
left column shows the results using the leapfrog method and the right column shows the
results using the RK4 method. The plots show respectively: speedup, efficiency, degrees
of freedom per second and communication time.
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Figure 5.19: Strong scaling analysis of the solver on four nodes using the numa mapping,
the left column shows the results using the leapfrog method and the right column shows the
results using the RK4 method. The plots show respectively: speedup, efficiency, degrees
of freedom per second and communication time.
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Figure 5.20: Strong scaling analysis of the solver on eight nodes using the numa mapping,
the left column shows the results using the leapfrog method and the right column shows the
results using the RK4 method. The plots show respectively: speedup, efficiency, degrees
of freedom per second and communication time.
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Figure 5.21: Weak scaling analysis of the solver on one node using the socket mapping,
the left column shows the results using the leapfrog method and the right column shows
the results using the RK4 method. The plots show respectively: iteration time, efficiency,
degrees of freedom per second and communication time.
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Figure 5.22: Weak scaling analysis of the solver on two nodes using the socket mapping,
the left column shows the results using the leapfrog method and the right column shows
the results using the RK4 method. The plots show respectively: iteration time, efficiency,
degrees of freedom per second and communication time.
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Figure 5.23: Weak scaling analysis of the solver on four nodes using the socket mapping,
the left column shows the results using the leapfrog method and the right column shows
the results using the RK4 method. The plots show respectively: iteration time, efficiency,
degrees of freedom per second and communication time.
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Figure 5.24: Weak scaling analysis of the solver on eight nodes using the socket mapping,
the left column shows the results using the leapfrog method and the right column shows
the results using the RK4 method. The plots show respectively: iteration time, efficiency,
degrees of freedom per second and communication time.
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Figure 5.25: Weak scaling analysis of the solver on one node using the numa mapping,
the left column shows the results using the leapfrog method and the right column shows
the results using the RK4 method. The plots show respectively: iteration time, efficiency,
degrees of freedom per second and communication time.
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Figure 5.26: Weak scaling analysis of the solver on two nodes using the numa mapping,
the left column shows the results using the leapfrog method and the right column shows
the results using the RK4 method. The plots show respectively: iteration time, efficiency,
degrees of freedom per second and communication time.
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Figure 5.27: Weak scaling analysis of the solver on four nodes using the numa mapping,
the left column shows the results using the leapfrog method and the right column shows
the results using the RK4 method. The plots show respectively: iteration time, efficiency,
degrees of freedom per second and communication time.
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Figure 5.28: Weak scaling analysis of the solver on eight nodes using the numa mapping,
the left column shows the results using the leapfrog method and the right column shows
the results using the RK4 method. The plots show respectively: iteration time, efficiency,
degrees of freedom per second and communication time.
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5.4 Validity Evaluation

Due to the large experimental part of this thesis, it is important to point out the validity
of our results and conclusions. Thus, in this section we will state why the research findings
are adequate and whether they can be generalized. The evaluation presented in this section
can be applied also the experiments that will be shown in Chapter 6, since the methodology

is the same.

5.4.1 Threat classification

The need for validation of results is dictated by the fact that during the experimental
phase, some fallacies could be introduced because of a series reasons. We call these fallacies
threats. A classification scheme of threats was given by Cook, Campbell, and Day in 1979,
targeting a broad variety of experiments [42]. In this context an experiment is usually
needed because a research want to prove some kind of causal relationship. Thus, in order
to prove a research hypothesis one has to test it experimentally. These principles are
shown in Figure 5.29: on top there is the hypothesis area. The conclusion is based upon
the observation part shown in the bottom area.

Threats to validity can be found in the steps involved in the conducting of an experi-
ment. In particular, threats can be found when we move from the theory to the observation,
or from the cause to the effect, both in the theoretical and the experimental area. Thus,

in general, there are several types of validity to be assessed:

1. Conclusion validity concerns the statistical relationship between treatment and out-

come, making sure that there is a relationship with a given significance.

2. Internal validity is about making sure that the relationship observed between treat-
ment and output is a causal relationship, and that all the factors that lead to that

outcome have been considered.

3. Construct validity is concerned with the relation between theory and observation.
Essentially the validity of the conclusions could be affected by the fact that the
treatment and/or the outcome do not reflect well, respectively, the cause and the
effect.

4. FEaxternal validity deals with generalization, thus if there exist a relationship between
cause and effect, we must assess whether it can be generalized out of the scope of the

study.
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Figure 5.29: Experiment principles (Wohlin et al. Springer 2012).

The experimental principles shown in Figure 5.29 are very broad and can apply to sev-
eral kinds of experimentation in many fields, so we now explain how our methodology maps
to the theoretical framework. In our case the treatment in Figure 5.29 is the experiment
input, thus the Lua configuration script, the mesh and the execution configuration. The
output is the data relative to the memory traffic, number of operations and performance
for the analysis of kernels, and are the average iteration time, the number of DoFs/s and
communication time for the scaling analysis.

The observation part maps well, but the same cannot be said for the theoretical part,
because the methodology of our analysis is slightly different from the usual experiments.
In our context we cannot make theoretical assumptions on the performance of the code:
we have to run it in order to get the data. Then, based on the data we can draw our
conclusions, thus the process is reversed: from observation we move to theory. This requires
to pay a lot of attention to external validity, because the conclusions drawn based on the

experimentation on one environment could not be the same on another.

5.4.2 Threats mitigation

Once the basis of validity evaluation are given, and we have explained how our methodology
interfaces with it, we can move to explain more in detail which threats could affect the
work and how they were mitigated. The threats considered are taken from Wohlin et al.
[43], and since our methodology is different, construct validity threats do not apply to our

analysis.
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Conclusion validity

Threats to this validity comes from issues that affect the ability to draw the correct con-

clusion about relations between the treatment and the outcome of an experiment.

Low statistical power The power of a statistical test is the ability of the test to reveal a
true pattern in the data. This threat has been mitigated at two levels: (i) when measuring
performance for both kernel and scaling analysis we launched the solver with a high number
of iteration in order to get meaningful results; (ii) necessarily, for the scaling analysis, we
had to perform a high number of experiments and, albeit with different configurations, the

pattern of data was always reconfirmed.

Reliability of measures Concerning kernel analysis, our measures were performed with
specialized tools that allow to take precise measurements of memory traffic, number of
operations and performance. The data obtained for the scaling analysis, thus primarily
time measures, were taken using standard functions in C++ for the CPU implementation
and using CUDA events for GPU, both of which are reliable.

Reliability of treatment implementation The implementation of the treatment means
the application of treatments to subjects. In the context of this work the subjects are the
machine on which we run the solver. During the scaling analysis the solver was launched
on the cluster through the SLURM scheduler, we prepared scripts in order to submit the

job, thus the correct configuration was always enforced.

Random irrelevancies in experimental setting This threat refers to elements outside
the experimental setting that may disturb the results. In our case we had such a threat
with the variability of communication time during the scaling analysis. However, this
“noise” did not affect the analysis considerably, as it did not occur consistently, and also

due to the large number of experiments, the results are still consistent.

Internal validity

Threats to internal validity are influences that can affect the experiment, without any
awareness from the researcher. Thus, they threaten the conclusion about a possible causal

relationship between treatment and outcome.

History When experiments are applied different times to a subject, there could happen

that the circumstances are not the same. As before, the subject are the machine on which
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we run the application. This mainly concerns the scaling analysis, where many repeated
experiments were executed. The condition in which we made the measurements were always
the same, especially because the solver was launched on reserved nodes on the cluster, thus

without the threat of resource contention.

Instrumentation If the artifacts for collecting data are badly designed the experiment
is affected negatively. In our context this is very related to the reliability of measures: since

we get our data using standard methods and profiling tools, this risk is totally mitigated.

External validity

Threats to external validity are conditions that do not allow us to generalize the results

and the conclusion of our experiments.

Interaction of selection and treatment This is an effect of having a subject pop-
ulation, not representative of the population we want to generalize. This threat affects
the scaling analysis, in fact we did not measure the multicore execution on every kind of
system, for example we did not target Intel processors, and we only tested it on one cluster.
Anyway, this does not jeopardize our conclusions: the execution on other processors can
be tuned by changing the configuration execution in order to adapt to a given system, an

example of this is the process mapping discussed in Subsection 5.3.2.

Interaction of setting and treatment This is the effect of not having the experimental
setting or material representative of, for example, industrial practice. This is also a threat
for us, and it is also the cause of the previous threat being present in our analysis. As we
mentioned earlier, we can extend our conclusions on multicore execution to other multicore
systems, however we cannot with regard to the multi-GPU execution that will be discussed
in Chapter 6. The problem with generalization in this case is that we did not have the
platform on which to test, thus we only assess the performance on the platform at our

disposal and leave this generalization to future works.
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Multi-GPU implementation

Multi-GPU is probably the best approach for solving massively-parallel and large-scale
problems using general-purpose devices. Thus, we need two things: a problem that can be
parallelized, and a large amount of data; we have a strategy to parallelize the DG method,
and we also have large amount of data to be computed because of more complex and
precise simulation to be performed. The multi-GPU approach also permits tackling larger
problems than a single GPU approach with a better efficiency than a multicore approach.
In fact when we increase the number of GPUs we also increase the available memory, that
as mentioned in the previous chapter is a limited resource when working on a single GPU.
Finally, the need for a multi-GPU approach is also justified by the fact that in order to
obtain the same performance of a single GPU accelerator, we need much more CPUs, which

means a greater consumption of money and energy.

In this chapter we will give an overview about multi-GPU architectures, how they can
be built and which are some of the problematics that arise in the development on GPU
clusters. Subsequently, we will address our implementation and the reference architecture
for our implementation, along with some observations on the expected performance based
on the problem size. Finally, we will present some early results of the implementation on

a small GPU-powered cluster.

6.1 Multi-GPU architectures

Differently from multicore systems, that have been profusely studied, multi-GPU systems
and execution are far less documented. This is due to different factors: the lack of a unified
interface for programming the GPU systems, as evidenced by the presence of vendor-specific
platforms; different technologies for interconnecting the GPUs and ultimately the lack of
a technology that can create the right amount of abstraction over the components of the
system. There exist some technologies that are tackling this challenge, but they have not
yet reached maturity and support in every environment. The programming model that is
trying to do so is SYCL [12], but it is very far from being a de facto standard as the MPI

parallel programming model.
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6.1.1 GPU interconnects

As a first step, we will highlight a variety of GPU interconnects technologies. This section
is based on the work of Li et al. [44], in which they present and evaluate a number of
modern GPU interconnects and show their performance in terms of latency and bandwidth

exploitation in Peer-to-Peer and collective communication patterns [44].

PCle Peripheral Component Interconnect Express is a high-speed serial expansion bus
standard and is the most traditional method to connect a GPU to the CPUs. PCle is
much slower than the connection between CPUs and DRAM, thus could become one of the
bottlenecks in a multi-GPU architecture. Other than PCle, systems that support multiple
socket could employ also a CPU-CPU interconnect functioning as a bridge, such as AMD’s
Infinity Fabric [38] or Intel’s QuickPath Interconnect (QPI) [45].

NVLink NVLinkisa proprietary technology from NVIDIA designed as a high-bandwidth
interface that supports GPU-GPU and GPU-CPU communications [46]. The first genera-
tion of NVLink was available with the Pascal core architecture, while the fourth generation
NVLink is expected to be out with the Hopper architecture. It allows direct read and write
on host-memory of the remote CPU and/or the device-memory of the peer GPU. NVLink
is a bidirectional interface, in first generation data is sent at up to 20 GB/s, yielding a
peak bidirectional bandwidth of 40 GB/s for single NVLink [47]. Furthermore, there can
be multiple links per GPUs, four for the first generation, thus increasing the maximum
reachable bandwidth to around 160 GB/s. The declared peak bandwidth for fourth gen-
eration is 900 GB/s. Based on how the NVLink slots of the GPUs are connected to each
other, the topology and bandwidth of the GPU network changes. For instance, we can
increase bandwidth between two GPUs by connecting them with four NVLinks, or we can
connect each GPU with other four GPUs, of course, the more the technology advances,

the more links can be made.

NVSwitch NVSwitch is an NVLink switch chip with 18 ports of NVLink per switch
[48], in which any port can communicate with any other port at full NVLink speed. This
technology is proposed to address all-to-all communication. In fact with only NVLink,
point-to-point bandwidth is increased, but some pairs of GPUs could have worse perfor-
mance due to the GPU network topology that could imply an intermediary GPU hop.
The above-mentioned are some of the hardware technologies that can be involved in

the design of multi-GPU systems. There exist some specialized devices using multiple
GPUs that exploit those technologies, such as NVIDIA DGX-1 and DGX-2 systems, but
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also supercomputers like the Summit [49] and SummitDev supercomputers at Oak Ridge
National Laboratory. Finally, there exist also AMD analogous technologies: the new AMD
Instinct”™ GPUs exploit AMD Infinity Fabric to add GPU-GPU and GPU-CPU commu-
nication increased bandwidth, like NVIDIA NVLink does.

6.1.2 Communication middleware

Software support for multi-GPU system is also crucial and in this context the support
for MPI is fundamental. Thus, specialized technologies to efficiently communicate between
GPUs have been developed, which are completely transparent to the application developer.
To have an idea of what this means, let us think about a node with two GPUs that need
to exchange data that reside on the device memory. There are thus two processes, each
one with a different GPU assigned: in order to exchange data, the first step is to copy the
data from GPU to CPU memory, then send the data to the other process and finally copy
the data to the receiving GPU. This process is very ineflicient because of the many data
copies and transfer we make.

A more intelligent approach is therefore developing a technology that can make this
process efficient and make the MPI middleware aware of it. For this reason, nowadays
most MPI implementation are GPU-aware, it is in fact possible to use the MPI operations
on buffers that resides on GPU memory transparently. The implementation will in turn
decide how to make the communication happen, based on the supported technologies.
However, in order to transparently handle host and device addresses, there is the need for
some other feature that tells MPI where an address resides without needing a change in
the MPI API. This feature was introduced in CUDA 4.0 for NVIDIA devices, and it is
called Unified Virtual Addressing, with this the host memory and the memory of all GPUs
in a node are combined in one virtual address space.

From the NVIDIA side, the above-mentioned acceleration technologies are gathered
under the umbrella name of GPUDirect. Two in particular are very interesting and can
affect performance: the first is GPUDirect P2P which is used in intranode communication,
it allows buffers to be directly copied between the memories of two GPUs; the second,
GPUDirect Remote Direct Memory Access (RDMA) is for internode communication, with
this technology GPU buffers can be directly sent to the InfiniBand network adapter, with-

out staging through host memory.

6.1.3 Challenges

Some challenges arise with the increased complexity of a multi-GPU architecture and
are related to the communication, thus strictly coupled with the GPU-GPU, GPU-CPU
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interconnects, with the internode connection and with the technologies that are used in
order to make these connections efficient. The main problem with communication is of
course latency: the time elapsed between the time an MPI message is generated at its
source process and the time the message is delivered at its destination process. Another
important factor is that the application have to exploit the available bandwidth of the

communication channel, if not, it will have suboptimal performance.

The overall performance of an application can thus be impacted from the communication
latency and bandwidth, therefore it is crucial to have a clear idea on how the network

topology impacts on them and in which ways these undesirable effects can be alleviated.

Let us focus on the latter first. The way to make communication “disappear” is to lever-
age non-blocking communication, so that communication can overlap with computation,
this is not an easy task on many points. Non-blocking communication makes the whole
code more complex: from the sender point of view, the developer must ensure that the data
sent is not modified in any way until it is received; from the receiver point of view, it must
be checked that the process has actually received the data before moving to a phase of the
program when that data can be used. The main difficulty though is to adjust the execution
flow of an application to allow the overlapping of communication and computation, this is
usually a very intrusive change that requires an analysis of the dependencies between the
data that needs to be exchanged, and the data used for the current computation phase,
an analysis and optimization of the communication patterns (point-to-point or collective)
and an analysis of the phases of computation in order to find the suitable candidates that

will hide the latencies.

We will now present some results regarding latency and bandwidth from the work of Li
et al. [44], it provides interesting insights on how the interconnects impact on performance
of real-world multi-GPU applications. Their work was based on measuring latency and
bandwidth of intranode and internode communication, the first by measuring them on the
NVIDIA DGX-1 and DGX-2 systems, while the latter on the Summit and SummitDev
supercomputers. For both they measured point-to-point and collective communication
latency and bandwidth. We will focus on summarizing only the point-to-point commu-
nication — which is the main pattern in our solver — on PCle interconnect, the only one
available for our measurements. In order to have a clear idea of the internal topology of
the PCle interconnect on the DGX systems, Figure 6.1a and Figure 6.1b show their orga-
nization, which is basically a balanced tree structure, with one level for DGX-1 and two
levels for DGX-2.

o For intranode P2P communication, the PCle latencies for accessing different pairs

of GPUs are similar, meaning that the latencies that we have going through a PCle
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Figure 6.1: Different PCle topologies in DGX-1 and DGX-2 (Li et al. IEEE 2020).

switch (e.g. GO and G1), across a local CPU (e.g. GO and G2) and across the QPI
bridge (e.g. GO and G4) as Figure 6.1a shows, are roughly the same. Regarding
bandwidth on PCle, the work shows an interesting behavior labeled as anti-locality
in which two GPUs sharing the same PCle switch exhibit lower bandwidth in mea-
surements than the bandwidth measured between GPUs going across the CPU socket
or the QPI bridge.

o Regarding internode P2P communication, the measurements show that on Summit-
Dev GPUDirect RDMA was not optimal, but this behavior can be explained by the
limitations in the chipsets used on the system [44, 50]. On Summit though, GPUD:i-
rect RDMA show the best performance among all the configuration used for the

measurements, showing the lowest latency and the highest bandwidth.

6.2 Multi-GPU on Gmsh DG

The approach for implementing the multi-GPU in the existing codebase is intuitive: port-
ing the same behavior that we have in the multicore code to the GPU code. We recall that
the decomposition of the problem for parallelization is based on partitioning the mesh, and
assign each partition to one process. The only phase of computation that is not element-
local is the computations of jumps, this involves two adjacent elements, thus when two
elements are in different partitions, their respective process need to communicate. Since
communication happens in both ways, an inter-process buffer to store the values exchanged
is needed, and since we are operating on GPU memory, there are kernels to map data from
the jumps buffer to the inter-process buffer and vice-versa. The communication is accom-
plished using the standard MPI primitives for point-to-point communication, MPI_Send
and MPI_Recv.
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Reference architecture Since our implementation needs to run on any kind of system,
we kept a simple approach here too. For our application to run, we need a system in
which each process has a different GPU device, thus if the application is launched with
four processes per node, then four GPUs are needed for each node.

At the moment, our code do not provide any strategy based on locality of processes, thus
for example it does not optimize the distribution of the meshes based on the proximity of
processes within the topology. This kind of optimizations could be implemented in future
releases of the solver, along with or preceded by the use of non-blocking communication

mentioned in Section 6.1.3.

6.2.1 Solver scaling

Our scaling analysis has been carried out on a machine from the unit of applied mathematics
of the Ecole Nationale Supérieure des Techniques Avancées. The machine features two
NVIDIA K80 GPUs which have compute capability 3.7. Because of the limited number of
GPUs we could only test intranode strong and weak scaling with one and two processes.
The next step could be verifying the performance on systems with a more complex topology,

with more GPUs (and more recent ones) and obtain the scaling results over different nodes.

if (world _rank = 0) {
MPI_Send (message_device, BUFFER_SIZE, MPI DOUBLE, 1, tag,
MPL_ COMM._WORLD) ;
MPI_Recv(message_device, BUFFER_SIZE, MPI DOUBLE, 1, tag,
MPL COMM._WORLD, MPI _STATUS IGNORE) ;
} else {
MPI_Recv(message device, BUFFER SIZE, MPI DOUBLE, 0, tag,
MPL COMM_WORLD, MPI_STATUS_IGNORE) ;
MPI_Send(message device, BUFFER _SIZE, MPI DOUBLE, 0, tag,
MPL COMM_WORID) ;

}

Listing 6.1: This simple communication between GPUs, message_device is in fact a GPU

memory buffer, fails to execute on LUMI roughly half the time.

Our original plan was actually to test the multi-GPU code on the LUMI supercomputer,
in particular targeting the LUMI-G Early Access Platform [51], a partition of the system
composed of four nodes, each one with four MI250x GPUs. However, we found out that
the only MPI implementation on LUMI that could be used to compile MPI+GPU code

was not stable, causing our application to crash. Even a simple “ping-pong” code, sending
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some data from one GPU to the other, such as the one in Listing 6.1 (of which we only
report the core), failed to execute consistently. For this reason our measurements were
carried out on the ENSTA machine.

The measurements have been realized by using the same meshes from the weak scaling
and testing on both single and two GPUs, thus going from 188 thousand degrees of freedom
to 96 millions, we tested approximation order one, two and three on the leapfrog time
integration method. The first accomplishment is that the biggest mesh, the 96 millions
one can now be given as input to the solver because we have of course the double of
available memory. Our analysis measured the average iteration time, the performance in

terms of degrees of freedom per second and the communication time.
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Figure 6.2: Communication times over two GPUs for approximation order one, two and
three.

The time plots in Figure 6.3 show the results for both strong and weak scaling. In order
to read the strong scaling results, one has to fix the problem size and look at the values of
the curves vertically in that point. The ideal iteration time for two GPUs is reported in
order to provide a quick way to have an idea of the speedup.

The weak scaling results, on the other hand, can be read by fixing a couple of adjacent

mesh sizes: my and ms. Because we always doubled the size of the mesh, then by reading
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the results of the single GPU and of the two GPUs execution, respectively for m; and for
mo, one can have look at the weak scaling behavior. We recall that for the weak scaling
the execution time should be constant when increasing the number of processors, thus one
can draw an imaginary horizontal line passing by the iteration time on a single GPU for
my and see if the iteration time on two GPUs for ms is constant or not and evaluate the
scaling.

Performance metrics in terms of degrees of freedom per second can be seen in Figure 6.3,
on the right side of the figure. The scaling results in Figure 6.3 show that scaling matches
the ideal scaling from the 12 million DoFs mesh onward for all approximation orders, even
though a performance improvement is already visible from the mesh with 752 hundreds
DoFs onward for order one. This is not true for all approximation orders. In fact, looking
at the curves for different approximation orders, we can see that with the increasing or-
der, the implementation needs more degrees of freedom to reach the ideal speedup. This
behavior is due to the communication time, that with a few number of degrees of freedom
becomes a bottleneck of the application, reducing performance. Figure 6.2 shows commu-
nication times, we can see that the behavior changes from one mesh to another, for each

approximation order.
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Figure 6.3: Scaling analysis of the solver on one node at approximation order one, two and
three using the leapfrog method. The plots show: iteration time (left), degrees of freedom
per second (right).
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Conclusions

The research question that this thesis wanted to answer was the following “How well
can a reasonably simple DG solver exploit modern hardware?”, and a concise answer to it
can be given by Figure 5.20 for multiprocessor systems and by Figure 5.9 for GPUs, while
an answer for the multi-GPU systems can be explored in future works. In order to answer
to this question we operated on three objectives.

The first objective of the thesis was to optimize the Gmsh DG solver based on its known
bottlenecks. Four optimizations were proposed and two were implemented: the optimiza-
tion of the computation of curls and the fusion of the kernels related to the computation of
jumps and to lifting. As the analysis of the kernels showed, the new computation of curls
resulted in much improved performance, this is due both to a reduction in memory accesses
and increased locality, and to the possibility for the compiler to optimize operations present
in the kernel. The proposal regarding the lifting of fluxes could be explored further as a
possible future development, particularly on GPUs, where the use of concurrent kernels
and the new computation layout could improve performance.

The second objective concerned a thorough performance analysis of the solver. The
performance analysis regarding computational kernels provided accurate results through
the use of the Intel and NVIDIA profiling tools and allowed to highlight how all kernels,
both on CPU and GPU, exploit to the maximum the bandwidth available to the machine
and especially for high orders of approximation some kernels show performance very close to
the maximum peak achievable by the hardware. From this point of view, in future attention
should be paid to those kernels that exhibit low arithmetic intensity, concentrating efforts
on trying to increase cache utilization.

Scaling analysis on multiprocessor systems showed excellent results, especially by mak-
ing the right allocation of processes, scaling perfectly up to the bandwidth saturation of
the NUMA domains of the AMD processors used for testing. Weak scaling confirmed
the results obtained with strong scaling and allowed us to compare the performance ob-
tained with that relative to single GPU execution, showing that for multicore execution
to outperform single GPU execution, about 64 dedicated cores are required. The results
obtained also show abnormal execution time behavior in some cases that needs to be inves-
tigated further. The codebase could benefit from the use of non-blocking communication,
which in some cases might reduce delays and, with some reorganization of the computation
stages, might be used to hide communication times by overlapping computation with com-
munication. Finally, it would be interesting to test the performance on Intel processors,
especially to understand which could be the optimal execution configuration to achieve

optimal performance.
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Conclusions

Finally, the code for multi-GPU support has been implemented without much difficulty
based on the abstractions provided by the GPU-aware MPI implementation, and the solver
has been tested on a machine with two GPUs achieving good performance that becomes
optimal as the problem size increases. A next development, once the platform has achieved
stability, is to test the multi-GPU implementation on the LUMI supercomputer, so that
performance can be verified with newer GPUs and performance can be analyzed by scaling

to multiple nodes.
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