
https://lib.uliege.be https://matheo.uliege.be

Design and Performance Analysis of a Neuromodulable Spiking Recurrent Cell

in the Context of Supervised Learning

Auteur : Bernard, Aurélien

Promoteur(s) : Drion, Guillaume

Faculté : Faculté des Sciences appliquées

Diplôme : Master : ingénieur civil électricien, à finalité spécialisée en "signal processing and

intelligent robotics"

Année académique : 2022-2023

URI/URL : http://hdl.handle.net/2268.2/18193

Avertissement à l'attention des usagers : 

Tous les documents placés en accès ouvert sur le site le site MatheO sont protégés par le droit d'auteur. Conformément

aux principes énoncés par la "Budapest Open Access Initiative"(BOAI, 2002), l'utilisateur du site peut lire, télécharger,

copier, transmettre, imprimer, chercher ou faire un lien vers le texte intégral de ces documents, les disséquer pour les

indexer, s'en servir de données pour un logiciel, ou s'en servir à toute autre fin légale (ou prévue par la réglementation

relative au droit d'auteur). Toute utilisation du document à des fins commerciales est strictement interdite.

Par ailleurs, l'utilisateur s'engage à respecter les droits moraux de l'auteur, principalement le droit à l'intégrité de l'oeuvre

et le droit de paternité et ce dans toute utilisation que l'utilisateur entreprend. Ainsi, à titre d'exemple, lorsqu'il reproduira

un document par extrait ou dans son intégralité, l'utilisateur citera de manière complète les sources telles que

mentionnées ci-dessus. Toute utilisation non explicitement autorisée ci-avant (telle que par exemple, la modification du

document ou son résumé) nécessite l'autorisation préalable et expresse des auteurs ou de leurs ayants droit.
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Abstract

From the desire to understand how neurons work and how we learn, neuroscientists from early 1900
to the 1950s proposed increasingly more complex neuron models. However, no learning rule seemed
to have a satisfactory performance until the invention of back-propagation which uses optimisation and
calculus to optimise the performance at a certain task. This new learning rule required neural networks to
steer away from highly non-linear biological neuron models to ones with continuous properties that allow
them to work. Machine Learning researchers favoured this new technique and have obtained increasingly
better results with increasingly larger networks, large amounts of data, more computing power necessary
to use them, and inevitably, higher power requirements. In an attempt to solve the shortcomings of modern
artificial neural networks, the machine learning community is looking again into bio-inspired spiking neural
networks and new learning rules that would perform as well as backpropagation. To this date, these attempts
have had varying levels of success but have all fallen short of the modern standards of machine learning.
However, a recent contribution has proposed a new way of creating and training spiking neural networks
by re-designing classical recurrent neural network cells to force them to exhibit spiking behaviour. This
allows the use of backpropagation without the need for approximations or adaptations as other spiking
neural network training methods have proposed in the past. In this work, we analyse the proposed spiking
recurrent cell from a nonlinear systems dynamics perspective and observe some of its shortcomings. Then,
we propose two new cells that extend and reduce some of the previously observed issues. Namely, we
extend the cell by introducing neuromodulation capabilities to have 3 distinct types of excitability through
the addition of a single parameter, and with the second proposed cell, we extend further its capabilities by
introducing bursting behaviour. Finally, we perform tests on small neural networks composed of 42 neurons
based on the former cell on the MNIST benchmark coded in spikes through latency, and rate coding. In the
experiments, we first modulate the neurons to fixed firing types and analyse the performance and behaviour
of the network on the 2 tasks. We then randomly initialise the modulation through the network and set
it as a learnable parameter for the same tasks. In these tests, we have achieved 91% accuracy which is
close to state-of-the-art performance on SNNs that contain more than 100 times the number of neurons.
Furthermore, we have observed that in the current setup, the network does not use a heterogeneity of firing
types in the network to obtain the best results. Instead, it converges to one of the newly introduced firing
types.

Concisely, the main goal of this work is to introduce neuromodulation to a spiking neural network cell
that learns through direct backpropagation, and show that modulation can also be learned through this same
learning algorithm to obtain satisfactory results.



Chapter 1

Introduction

Since the first neural network model was proposed by McCulloch & Pitts in 1943 [1], it would be an under-
statement to say that machine learning and neuron models have improved. At the time of writing, a large
language model has been able to pass the bar exam scoring in the 90th percentile of real exam tackers [2].
However, the field of machine learning that started by finding inspiration in biological brains [1] has di-
verged since the advent of automatic differentiation. It has shifted towards Artificial Neural Network(ANN)
models that show pragmatic and useful mathematical properties leaving behind bio-plausibility and the in-
spiration in biologically intelligent agents. Even though this approach has shown performances that surpass
humans in specific tasks it has also shown several limitations that are inherent to its paradigm.

In 2016 AlphaGo [3], a program powered by ANNs beats Lee Sedol, the world’s best Go player at the
time. This was thought impossible due to the highly abstract nature and combinatorial number of possible
actions at every turn. However, AlphaGo lost on several aspects compared to its human adversary. The first
is that AlphaGo was able to play but not to see or move its own pieces. Indeed, current AI tends to have
incredibly narrow scopes as they are specifically trained to optimise a score. More importantly, current AI
systems have an energy consumption of several orders of magnitude greater than a human’s performing the
same task. A human consumes around 100W of energy, of which 20W is used by the brain[4]. AlphaGo ran
on several servers that consumed approximately 1.5 MW of power during the encounter. Not to mention
that these 1.5 MW only take into account the energy consumption during a game, the training process of
ANNs is also highly energy-demanding.

The high energy consumption of computers compared to a brain is mainly due to the time sparse nature
of neural communication compared to digital electronics. Neurons mainly communicate through sparse
and short all or none pulses referred to as ”spikes”. Communication through discrete pulses makes it
low energy consuming as well as resilient to noise. Biological neurons use spike timings and frequencies to
transmit information[5]. On the other hand, digital computers rely on transistors for their signal processing.
Transistors require constant power levels to communicate between them. Furthermore, to be resilient to
noise, computers have to use high voltages relative to neurons for the transistors’ output not to be affected.

The spike-generating process is a well-studied process that can be simulated using models with varying
levels of complexity, from simple Integrate and Fire(IF)[6] neurons introduced in the early 1900s to pre-
cise conductance-based models such as the Hodgking-Huxley (HH) model [7] proposed in 1952. However,
using these models for machine learning applications present various challenges. IF networks are computa-
tionally efficient but are not able to capture common behaviours seen in neurons, like different excitability
types and the ability to switch between them. On the other hand, sophisticated conductance-based neuron
networks allow to recreate many known firing patterns but their high complexity makes large-scale simu-
lations unfeasible. Furthermore, all spiking neuron models share a single limiting factor which is the lack
of knowledge about the learning process in biological brains. The precise mechanisms involved in how
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we learn have yet to be discovered. This is reflected in the abundance of proposed learning algorithms in
Spiking Neural Networks (SNN)[8] with limited performance and a lack of well-formalised ideas akin to
Back Propagation (BP) [9] in current ANNs.

In this thesis, we explore a technique that allows the use of the well-formalised BP algorithm on a
spiking neural network. To do so, we use the idea of using an ANN with feedback connections more
commonly referred to as Recurrent Neural Networks(RNN) to modify the Spiking Recurrent Cell(SRC)
and create the Modulable Spiking Recurrent Cell(mSRC). The mSRC is able to spike like the SRC but adds
the ability to switch between 3 different spiking modes. Furthermore, the neuromodulation capability is
regulated by a single parameter that can be learned through backpropagation which allows the network to
learn the optimal firing mode at the neuron level.

This thesis will be organised as follows:

• We start by laying the basis of neuron modelling and current machine learning techniques.

• Then, we formalise how the parallel between a feedback system and a recurrent neural network was
used to analyse the SRC and develop its modulable mSRC extension and its bursting extension.

• We continue by analysing the proposed mSRC in order to show that it is able to capture 3 different
spiking behaviours that can be modulated with a single parameter.

• Next, we implement the mSRC in a machine-learning environment and assess its performance on a
latency and rate-coded image classification task.

• We finish by discussing the limitations of the technique as well as avenues to improve and expand
this idea.
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Chapter 2

Modelling Neuronal Excitability

Neurons are cells that constitute the basic building block of the nervous system. We can find them in the
brain but also in the spinal cord, or attached to other tissues. Neurons are the main cells responsible for
carrying and processing signals all around the body. Transmission between each other is done through their
connections referred to as synapses. Neurotransmitters made up of chemicals and ions, are the vehicle that
crosses synapses between neurons to establish electrochemical connections between them.

Figure 2.1 shows the structure of a neuron with its 3 main parts:

• Dendrites are the receiving end of neurons. They collect incoming neurotransmitters from the ”pre-
synaptic” or sender neurons. They integrate the inputs and transmit them to the body of the cell as
graded potentials.

• The soma contains the nucleus of the cell. Its main function from a signal processing perspective is
to integrate the graded potentials as they come from dendrites and generate short electrical impulses
referred to as spikes or action potentials.

• The axon transmits the action potentials generated by the soma over long distances to post-synaptic
neurons or other tissues. At the end of axons, we can find synaptic vesicles full of neurotransmitters
that are opened when the action potential is received. A simplified depiction of an axons terminal
can be seen in figure 2.2

From the description of a neuron alone, we can already see the basics of neuron communication and
information processing. Communication starts at the pre-synaptic neuron where a spike is generated at the
soma and transmitted down the axon. The axon then releases neurotransmitters from its vesicles that cross
the synapse gap and get to the dendrites of the postsynaptic neuron. There, dendrites receive the neuro-
transmitter and create small graded electrical potentials that are transmitted to the soma of the postsynaptic
neuron. Finally, the postsynaptic soma integrates these potentials coming from different synapses through
time and decides if it should, or not, send a spike along its axons.

How does the soma make this decision? This is one of the main basis of computation in the brain. In
this chapter, we aim at giving a deeper mathematical framework from which the operations performed by
neurons can be formalised, better understood, and more importantly, replicated.

2.1 Biophysical Neuron Models

The working principles of neurons are simple however, the complexity lies in the spike generation mecha-
nism. The main stages that are observed in a spike can be seen in figure 2.3. Spikes can be generated as a
result of specific input intensities, their temporal pattern, and their spatial patterns. Furthermore, as figure

3



Figure 2.1: Simplified diagram of a neuron’s anatomy. Taken from source.

Figure 2.2: Simplified diagram of a neuron’s axon terminal anatomy. Adapted from source.
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Figure 2.3: Description of the main stages in generating an action potential taken from [10]. During stage
A the dynamics of the system are balanced. In B the equilibrium is disturbed by an input current and the
membrane potential increases steadily. With sufficient input, stage B will evolve into B’, a rapid accel-
eration of the membrane depolarisation creating the ’Upstroke’ of the spike. After reaching a maximum
voltage, in C, the neuron returns to its resting state by overshooting the equilibrium which is known as
hyperpolarisation. Finally, a slow repolarisation(D) returns the membrane potential to its equilibrium.
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 II. CELLULAR AND MOLECULAR NEUROSCIENCE
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FIGURE 6.10 Neurons in the mammalian brain exhibit widely varying electrophysiological properties. (A) Intracellular injection of a 
depolarizing current pulse in a cortical pyramidal cell results in a train of action potentials that slow down in frequency. This pattern of activity 
is known as “regular fi ring.” (B) Some cortical cells generated bursts of three or more action potentials, even when depolarized only for a short 
period of time. (C) Cerebellar Purkinje cells generate high-frequency trains of action potentials in their cell bodies that are disrupted by the 
generation of Ca2+ spikes in their dendrites. These cells can also generate “plateau potentials” from the persistent activation of Na+ conductances 
(arrowheads). Thalamic relay cells may generate action potentials either as bursts (D) or as tonic trains of action potentials (E) due to the pres-
ence of a large low-threshold Ca2+ current. (F) Medial habenular cells generate action potentials at a steady and slow rate in a “pacemaker” 
fashion.

Figure 2.4: Mammalian brain neurons exhibit widely varying electrophysiological properties in response
to a current step depending on sampled areas of the brain. Figure taken from [11].

Figure 2.5: Simplified diagram of ion channels on dendrites. Adapted from [10].
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2.4 shows, the shape and intensity of the generated spikes can also be widely different from one neuron
to another. To recreate these behaviours, a large variety of models have been proposed, from the simple
Integrate and Fire models to more sophisticated biophysical models like the HH model.

One of the bases of these models is to consider neurons as circuits. Seen from a circuit’s perspective,
a neuron’s membrane can be seen as a capacitor Cm, separating the ions stored in the neuron from the
extra-cellular solution. This separation creates a membrane potential Vm. In a neuron, external currents
are allowed to go through the layer via what are called ion channels. Indeed, currents in neurons are not
transported by electrons as in typical circuits with conductors but through a variety of different charged
ions. A neuron membrane sketch with its ion channels si shown in 2.5. Ion channels open, close, and even
can force the transport of ions through the membrane of the neuron depending on different conditions. They
do so by sensing the potential difference across the membrane or the concentration of a given chemical in its
surroundings and opening, closing, or pumping a certain ion through the membrane. The gating mechanism
created by ion channels can be modelled as resistors Rion(or gion when referring to a conductance) and a
voltage source Vion in series. Then, each ion channel can be set in parallel with the capacitor representing
the membrane. By using the differential equation for the voltage across a capacitor, the basic equation used
in biophysical models can be derived to be Cm

Vm
dt

= I(t) where I(t) = Iext +∑gion(Vm−Vion) is the sum of
all currents across the membrane at a given time.

In the following subsections, we will discuss some of the most prevalent models and how they approach
the computation of I(t).

2.1.1 Leaky Integrate and Fire (LIF) Model

Leaky Integrate and Fire Models are an attempt at replicating the purely integrative effect of neurons. In
a simplified view, a neuron receives signals through time I(t) and integrates this input in the capacitor as
the voltage Vm. When the sum of the past received signals is above a threshold Vth, a spike is generated and
the sum is reset. This is the principle of the Integrate and Fire (IF) neuron. However, neurons do not have
infinite memory, receiving small signals separated in time will often not trigger a spike. Likewise, practical
capacitors always have a small leakage current that discharges the capacitor. The Leaky Integrate and Fire
model (LIF)[6] whose equations can be seen in equation 2.1, replicates this with a leak current that acts as a
negative feedback term: −(Vm−Vrest)

R . The effect of the negative feedback is shown in figure 2.6: the potential
decreases between stimulation. {

Cm
dVm
dt = −Vm

R + Iext , if V <Vth

Vm← 0, Outt ← 1, ifV ≥Vth
(2.1)
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Figure 2.6: Simulation over 300 time steps with a 10ms dt of a LIF neuron with different input intensities
and lengths.

LIF neurons have the great advantage of being extremely simple and efficient. This is the main reason
for their widespread use in Spiking Neural Networks. However, the sub-threshold dynamics are so simple
that they only capture the temporal and spatial input integration aspect that neurons can have. Biologi-
cal neurons display much richer behaviours that allow them to recognise temporal and spatial patterns in
their input. Furthermore, the hard reset used after generating a spike is a pragmatic, non-physiological
approximation. In order to accurately model the reset mechanism in biological neurons and all the intricate
sub-threshold dynamics and firing patterns, more complex models need to be used.

2.1.2 Conductance Based Models

The Hodgkin and Huxley(HH) model[7] can be seen as the response to the shortcomings of the LIF model.
It is the first model based on empirical data. It was obtained by blocking ion channels on the membrane
and observing its effects on the input-output behaviour of the neuron. In order to model the impact of the
two primary ions causing spikes, Hodgkin and Huxley used a system of 4 differential equations in order to
fit the experimental data. The original equations of the model are given in appendix A.1.

The HH model was proposed in 1952 and was based on experimental recordings of the conductances
of a squid’s neuron. Conductance-based models continue to be developed to refine and expand Hodgkin
and Huxley’s work by adding ion channels[12] and basing it on other cell types[13]. Introduced in 1977,
the Connor Stevens model[13] is a notable example of the expansion of the HH model. It is based on
experiments on a crustacean leg axon cell and adds a delayed potassium current IA. Figure 2.7 shows
the circuit corresponding to the CS model with the newly introduced channel. The same model is also
expanded in [14] adding calcium currents ICa to explore their effect on the modulation of the cell. The
equations describing the dynamics proposed in this model are shown in equation 2.2. The n,m,h,a,b,mCa

variables model the activation and inactivation of the channels in the gating mechanism. This increased
complexity allows the model to simulate 3 different neuron behaviours shown in figure 2.8. The full model
and its gating dynamics equations are given in appendix A.3 for conciseness.
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Figure 2.7: Circuit represented by the original Connor Stevens model with Sodium(Na), Potassium(K) and
Delayed Potassium(A) currents.



Cm
dVm

dt
= gl(Vm−Vl)+gNam3h(Vm−VNa)+gKn4(Vm−VK)+gAa3b(Vm−VK)+gCam2

Ca(Vm−VCa)+ Iext

dm
dt

=
m∞(Vm)−m

τm(Vm)

dh
dt

=
h∞(Vm)−h

τh(Vm)

dn
dt

=
n∞(Vm)−n

τn(Vm)

da
dt

=
a∞(Vm)−a

τa(Vm)

db
dt

=
b∞(Vm)−b

τb(Vm)

dmCa

dt
=

mCa∞(Vm)−mCa
τmCa

(2.2)
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Figure 2.8: Simulation of the Connor Stevens model with 3 different gA parameter values. From left to
right gA = 20mS/cm2, gA = 90mS/cm2, and gA = 180mS/cm2. Using the same ramp input, 3 different
behaviours are displayed with 3 different thresholds.

When compared to a model like the LIF, large biophysical models make simulations that are physio-
logically more accurate. They allow the study of the effects of modulation of parameters on the output with
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the advantage of staying in silico. However, the computation of large differential equations systems and
auxiliary functions is costly and makes the simulation of large populations unfeasible. To this end, reduced
models that retain the main characteristics of neuronal excitability have been, and still are, the subject of
considerable research efforts.

2.2 Model Development

The HH model was synthesised by modelling the potassium and sodium currents in a neuron. This was
enabled by experiments using the voltage clamp technique. This crucial technique can be better understood
by seeing a neuron as a dynamically controlled feedback system [15]. From a control perspective, the
membrane capacitance and leak resistance act as the plant of the system, while the variable resistors with
their voltage source act as the controllers. In this manner, each ionic current contributes to the final feedback
signal that results in the generation of spikes. Figure 2.9 shows a sodium and potassium conductance model
viewed as a system diagram.

g K(Vm)

1

Cm s + g leak

VmI ext

g Na(Vm)
I Na

I ionic

I K

-

Figure 2.9: Biophysical conductance model with potassium and sodium channels as a feedback system. The
system plant is shown in blue and corresponds to the membrane capacitance and leak current. Controllers
are shown in yellow and correspond to gating mechanisms that control ionic currents.

2.2.1 Voltage Clamp Experiment

Using the control systems’ point of view, we can observe the contribution of each current to the phases
generating a spike and classify them by their sign and activation speed. To this end, the voltage clamp
experiment was developed as a tool to determine the dynamics of each controller of the system. The
principle of the voltage clamp experiment is to observe the step response of the system and obtain a value
of gion(V, t). Figure 2.10 shows the experiment setup. In this set-up, we see that a feedback amplifier is
used to maintain (”Clamp”) the voltage across the membrane Vm to a desired level. The amplifier’s output
current required to balance the ionic currents through the membrane and keep this voltage is read through
an A-meter. Using this setup, the current through a particular voltage-gated channel can be measured by
chemically blocking all the other channels. When a step voltage Vstep is applied, the step response of
the specific ionic current Iion(Vstep, t) can be recorded. Then, through the capacitor current equation, we
can determine gion(Vstep, t). By repeating the experiment with different Vstep values and fitting a curve we
determine gion(V, t), and by repeating the experiment with several channels and aggregating the results we
finally obtain biophysical models.
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Figure 2.10: Voltage clamp experiment setup. Taken from source
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Figure 2.11: Voltage clamp experiment simulation of the Connor-Stevens model with 2 different voltage
steps. On the left, the step does not trigger a spike. On the right, a peri-threshold step is given and we can
observe the fast increase in Na currents that generate the spike upstroke.

Figure 2.11 shows simulations of the voltage clamp experiment on a neuron modelled using the Connor-
Stevens equations. In the voltage clamp experiment, we can see that sodium channels generate a negative
current which brings positive feedback that depolarises the neuron to start a spike (regenerative current).
Then, potassium channels create positive currents which act as negative feedback that repolarises the mem-
brane (restorative currents). We also see that sodium currents react faster after the step than potassium
currents which indicates a slower timescale of potassium compared to sodium. It is this mixed-feedback
control across different time scales where the negative feedback takes place after the positive feedback that
enables excitability[16]. This pattern can also be observed in the simulation of a spike seen in figure 2.12
where the potassium currents are delayed compared to the sodium currents.
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Figure 2.12: Zoom on simulation of a neuron spike using the CS model with gA = 20mS/cm2. We can see
that the potassium currents are delayed compared to the sodium currents

2.2.2 Model Reductions

Voltage clamp experiments based models lead to accurate but large models. As it was previously discussed,
this is useful to understand single neurons but it entails drawbacks at the network level due to heavy com-
putational requirements. In order to obtain smaller models that behave like the original large conductance
models, 3 main approaches can be taken. The first one is to approximate the conductance model by re-
placing differential equations with approximate functions. The second one is to aggregate the different ion
channels into a few characteristic time scales. Finally, the third one is using qualitative approaches that
can be used to develop systems that replicate the excitable behaviour but whose parameters bear no direct
relationship with biological neurons.

a Approximation Approach

The main example of model simplification can be seen in [17]. The first approximation that can be done in a
conductance-based model is to replace the fastest differential equations with their steady-state equations. In
the case of the HH model, m(t) can be replaced by m∞(V ) with little qualitative differences to the behaviour
of the model and removing a differential equation. Furthermore, the authors also make the observation that
in the HH model h(t)≈ n(t)−0.8 in a repeated action potential regime. Thus, dh

dt can also be eliminated to
reduce the HH model to the 2-dimensional system 2.3 shown here below.

C
dV
dt

=I− ḡNa[m∞(V )]3(0.8−n)(V −VNa)− ḡKn4 (V −VK)−gL (V −VL) ,

dn
dt

=αn(V )(1−n)−βn(V )n.
(2.3)

b Quantitative Approach

Quantitative approaches like [18] and [19] find parameters to aggregate different time scales into a few rep-
resentative ones. In particular, the Dynamic Input Conductance (DIC) method[19] proposes an algorithm to
extract the dynamics of any conductance-based model from voltage clamp experiment data. The algorithm
attributes the contribution of each ionic current to up to 3 distinct conductances characterised by their time
scales:
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• Fast conductance g f (V ): Determined by the fastest depolarisation current time constant usually τNa.

• Slow conductancegs(V ): Corresponding to the fastest repolarisation current time constant usually τK

• Ultra-slow conductancegu(V ): Determined by the slowest time constant of the system.

Each ionic channel Xi can then contribute to the different timescales by their voltage-dependent factor
wXi

tscale(V ) as shown in equation 2.4

g f =
∂ I f

∂V
= ∑

i
wXi

f s

(
∂V̇
∂Xi

∂Xi,∞

∂V

)
gs =

∂ Is

∂V
= ∑

i

(
wXi

su−wXi
f s

)(
∂V̇
∂Xi

∂Xi,∞

∂V

)
,

gu =
∂ Iu

∂V
= ∑

i

(
1−wXi

su
)( ∂V̇

∂Xi

∂Xi,∞

∂V

)
,

g = g f +gs +gu = ∑
i

(
∂V̇
∂Xi

∂Xi,∞

∂V

)
,

(2.4)

This approach not only has the advantage of being general and reducing conductance models to a
manageable number of dimensions, but it also quantifies the sensitivity of the behaviour of the system to
different ion channels. Intuitively, it gives a measure of how important certain ion channels are in the
different stages of generating a spike.

Equations 2.5 show the CS model reduced to only 2 equations using the DIC method 1. Figure 2.13
shows simulations of the reduced CS model using the DIC method compared to the full model with com-
parable parameters. As it can be seen, the qualitative behaviour is preserved while the system is reduced to
only 2 differential equations. This reduction to 2 dimensions also allows for easier analysis of the dynam-
ics of the system using phase portraits. As we will be seen latter sections, phase portraits are geometrical
representations of a system that help visualise and understand its dynamics and where they arise from.
Phase portraits usually include the nullclines of a system which are the curves where the equations are at
equilibrium. We will see that nullclines and their intersections direct the general behaviour of the system.


Cm

dVm
dt = Iext −gL(Vm−VL)−gNam∞(Vm)

3h∞(m−1
Kd,∞(W ))−gKw4(Vm−VK)−gAa∞(Vm)

3b∞(m−1
Kd,∞(W ))

τn(Vm)
dW
dt = mK∞(Vm)−W

m−1
Kd,∞(Vm) =−(200log(1/V −21/20))/13−208/5

(2.5)

1It is important to note that the equation mKd,∞ is not invertible in closed form in the CS model. Therefore, the last equation in
2.5 is the inverse of an approximation using the exponential fit mKd,∞(V ) = 1

1.05+exp(−0.065(41.6+V ))
.
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Figure 2.13: Comparison of 2 different spiking regimes of the full and the reduced CS model. Simulations
of the full system are on top, reduced model at the bottom. We can see that qualitative behaviour is
conserved even though parameter and excitation current values to achieve equivalent behaviour are not
identical.

c Qualitative Approach

Seeking a simplified set of equations that would be qualitatively similar to the HH model, the Fitzhug-
Nagumo model[20] was proposed. This model was developed using the observations made in the voltage
clamp experiment. On one hand, sodium acts in a nearly instantaneous timescale and provides positive
feedback when a threshold voltage is crossed. On the other hand, potassium has a slow timescale and
provides negative feedback. These assumptions coupled with a geometric approach using phase portraits
as shown in 2.14 were used to develop the equations 2.6. Where Vm is the membrane potential, W is
a slower recovery variable, and τ is the speed of its change. Using the cubic term V 3

m term in the fast
equation provides a small region of positive feedback surrounded by negative feedback. This creates the
contained positive feedback effect. Then, the second equation provides negative feedback that increases
proportionally with the difference of Vm and W . The negative feedback also lags behind Vm due to τ > 1.

dVm

dt
=Vm−

V 3
m

3
−W + Iext

τ
dW
dt

= (Vm +a−bW )

(2.6)
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Figure 2.14: Simulation and phase portrait of Fitzhugh-Nagumo model with Iext = 0.5

However, the Fithugh-Nagumo model only allows the simulation of one type of excitability. In recent
work, [21],[22] and [23] have expanded the equations to model 5 different excitability types. The expanded
equations can be seen here bellow in 2.7 where w∞ is a sigmoid function. In the next section, the 3 main
excitability types in the context of this thesis will be further developed from a system dynamics perspective.

dVm

dt
=Vm−

V 3
m

3
− (W +W0)

2 + Iext

τ
dW
dt

= w∞(Vm−W )

(2.7)

2.3 Excitability Types and Modulation

As part of his contributions to computational neuroscience, Hodgekin also proposed the first way of clas-
sifying spiking behaviours. He did so by observing the spiking frequency in response to a step input of
current [24]. In his experiments, he recognised 3 different firing patterns commonly referred to as types 1,
2, and 3 :

• Type-1 neurons have a gradual increase in frequency as the input step current is increased. In this
sense, their main characteristic is a smooth and continuous frequency-input current(F-I) curve.

• Type-2 neurons are either silent or fire at high frequencies, creating a discontinuity in their FI curve.

• Type 3 neurons do not repeatedly fire upon the onset of a stimulus. They only fire once, therefore,
an FI curve cannot be drawn.

From a signal processing perspective, the FI curves of these neurons show interesting properties. type-1
works as a spiking rate encoder of the input as it provides a continuous relationship between input intensity
and frequency. Type-2 provides a step function where the neuron starts rapid spiking if the input is strong
enough. Type 3 can be used as specific event start detectors as they will not fire again for sustained inputs.

Figure 2.15 shows the FI curves for 3 increasing values of the delayed potassium conductance gA in the
reduced CS model. From these plots, it would be reasonable to think that the behaviour that is seen is a shift
from type-2 to type-1, then to type-2 again with a higher threshold. However, the previously shown current
ramp plots in 2.8 correspond to the same gA values but display different behaviours. Therefore, one can
deduce that spiking frequency does not show the whole picture of the dynamics of excitability. In [14] the
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behaviour of the rightmost type-2-like simulation is further explored and a new class, type-2*, is introduced
to differentiate it from its FI curve analogue type-2 neurons. In figure 2.8, we can see on the ramp-up that
the neuron starts firing at a 90A/cm2 input. However, it only stops firing after going below 50A/cm2 on the
down ramp. On the other hand, the leftmost simulation shows a symmetric start and stop to spiking. This
is evidence of a mechanistic difference that allows type-2* to have a hysteretic-like behaviour. Hence, this
new type introduces memory at a cellular level in neurons which is not present in the two other discussed
types. Furthermore, we will see that type-2* also exhibits a delayed response to inputs that allows for the
temporal coding of input strength.
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Figure 2.15: FI curves computed on simulations of the reduced Connor-Stevens model for increasing values
of gA.

It is important to note that these behaviours can easily be obtained by tuning a single model parameter
in the CS model. This characteristic commonly referred to as neuromodulation is a major contributor to
efficient information processing and adequate behaviour in all animals [25]. Indeed, neuromodulation is a
key property that models must keep in order to reflect the computational capabilities of biological neurons.

These large qualitative changes in the system when a small perturbation is made to its parameters
indicate what is referred to as a bifurcation. This type of behaviour is a property of many non-linear systems.
Excitability models are a prime example of non-linear systems. It is through the lens of bifurcation theory
and phase portraits that the changes taking place to transition between the different excitability types can
be explained.

2.3.1 Type-2: Hopf Bifurcation

Type-2 excitability is qualitatively characterised by a discontinuity in the FI curve. This type of excitability
is created by a Hopf bifurcation[26] [27] [20]. The bifurcation is caused as Iext increases and the system’s
fixed point is destabilised, creating a stable limit cycle. This periodic solution is perceived as spiking at a
specific frequency. This bifurcation can be seen in the previously discussed simulation of the FHN model
in figure 2.14, and also in the reduced CS model simulation in figure 2.16. In both instances, we can see
the dip in the V nullcline is vertically translated in the reduced CS model as the stimulation increases. As
the fixed point travels right on the nullcline, it changes from stable to unstable after passing the dip. At this
point, the dynamics of the system are no longer ruled by the point attractor. Spiking starts as the trajectory
opens up and follows a limit cycle that stays close to the V nullcline, switching between the leftmost and
rightmost branches.
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Figure 2.16: Simulation of the reduced Connor-Stevens model using gA = 0 to obtain type-2 behaviour.
Stimulation current is increased from left to right to observe the qualitative change of the phase portrait.
Currents are respectively below the threshold, at the threshold, and above the threshold. It can be seen that
a Hopf bifurcation takes place to initiate spiking.

2.3.2 type-1: Saddle-Node On Invariant Circle and The Organising Centre Of Excitability

type-1 excitability which is qualitatively characterised by a continuous FI curve is created by a Saddle Node
on Invariant Circle (SNIC) bifurcation ([28][26][29]). The traditional form of obtaining this bifurcation in
neuronal excitability is created by shifting the V-nullcline to create a stable and unstable fixed point that
collide annihilating each other when the excitation current is increased. In the case of a SNIC, trajectories
that were previously attracted by the stable fixed point now oscillate around a limit cycle that passes through
what is referred to as the ’ghost’ of the fixed point. Ghosts can be seen as the remnants of fixed points that
still affect the phase portrait even if it they are not present anymore. They do so by decelerating trajectories
in its neighbourhood. It is the ghost of the fixed point that slows the limit cycle and allows for low-frequency
oscillations close to the bifurcation value of the parameters. Furthermore, it also allows for the continuous
modulation of the frequency by going further into the bifurcation, effectively reducing the effect of the ghost
stable node. The bifurcation can be seen in the phase portrait of the reduced CS in figure 2.17. However, as
it can be seen on the leftmost plot in figure 2.17 the location of the stable fixed point is not on the N-shaped
nullcline. A new lower V nullcline branch that intersects the W nullcline emerges as ga increases. It is
at this intersection of both nullclines that the stable fixed point is found. In figure 2.17, as the excitation
current is increased we can see that in addition to the previously described SNIC bifurcation, there is also a
bottleneck created from the merging of the two V-nullcline branches. This phenomenon further decreases
the speed of the trajectory in that region, effectively participating in the qualitative observation of type-1
excitability.
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Figure 2.17: Simulation of the reduced Connor-Stevens model using gA = 25 to obtain type-1 behaviour.
Stimulation current is increased from left to right. It can be seen that the created limit cycle goes through a
bottleneck created by the V nullcline.
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The lower branch of the reduction was first observed in [30] using the reduction proposed in [18].
Previous to this observation, type-1 was thought to be obtained solely by shifting the N-shaped nullcline to
force the bifurcation to take place along the limit cycle. In [31],[21] and [22], the physiological significance
and mathematical properties of the new branch were studied using singularity theory. Its addition was
revealed to be fundamental in neuronal excitability by creating a transcritical bifurcation that is at the
centre of the 3 discussed excitability types. Not only it is consistent with the mechanisms involved in type-
2 and type-1 excitability, but it also creates the ability to reproduce type-2* behaviour that is consistent with
recordings of thalamocortical neurons.

From a feedback systems perspective of the CS model, this new branch brings a small positive feedback
on the slow timescale. In the case of type-1 excitability, the positive feedback brought by calcium or delayed
potassium channels balances the slow negative feedback of potassium channels at the threshold potential.
This effectively slows the creation of new spikes in repetitive firing and increases the inter-spike time
interval which is the qualitative behaviour observed in type-1.

2.3.3 Type-2*: Saddle-Node Onset, Fold Limit Cycle Termination

In figure 2.18 we can see that increasing gA conserves the lower branch as in type-1 and further shifts up the
phase portrait. Increasing stimulation merges the left and right branches to obtain the previously seen upper
N-shaped branch as in type-1. However, unlike type-1 excitability, it does not give rise to a bifurcation .
It only shifts an unstable fixed point from the upper branch to the lower branch. Further increasing the
stimulation creates a Saddle-Node bifurcation on the lower branch of the V-nullcline that onsets the limit
cycle. As it can be seen in the transition from figure 2.18 middle to 2.18 right, the ghost of the stable node
and bottleneck effects are reduced as the bifurcation takes place outside the invariant circle which explains
the discontinuity in the FI curve. Furthermore, in 2.18 middle it can also be seen that the trajectory follows
a stable limit cycle even though the stable FP is still on the lower V-nullcline branch.

100 80 60 40 20 0 20 40
V

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

w

G_A = 50, I ext = 0
V nullcline
W nullcline
trajectory

100 80 60 40 20 0 20 40
V

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

w

G_A = 50, I ext = 7
V nullcline
W nullcline
trajectory

100 80 60 40 20 0 20 40
V

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

w

G_A = 50, I ext = 10
V nullcline
W nullcline
trajectory

Figure 2.18: Simulation of the reduced Connor-Stevens model using gA = 50 to obtain type-2* behaviour.
Stimulation current is increased from left to right. In the middle phase portrait, it can be seen that the stable
limit cycle is created while other fixed points are still present in the system. Further increasing stimulation
annihilates the 2 other fixed points leaving only the stable limit cycle.

Bistability through the coesxistanc of a stable fixed point and stable limit cycle separated by an unstable
fixed point is one of the 2 core properties of type-2* excitability. The second one comes from the onset and
termination of spiking at different bifurcations. Termination of the limit cycle occurs when the unstable
node creating the separation between the 2 stable regions crosses the limit cycle. This break creates a
Hopf bifurcation termination at a stimulation value that is lower than the onset bifurcation value, resulting
in hysteresis in the FI curve. Hysteresis can be seen in figure 2.19. From a pure feedback perspective,
increasing gA increases the slow positive feedback experienced by the membrane at voltages close to the
threshold potential. Having this small positive feedback promotes the discharge of the neuron after a first
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spike is triggered, effectively lowering the threshold after the onset and creating high-frequency spiking
and the observed hysteresis in type-2* neurons.
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Figure 2.19: Superimposed FI curves of a step up and step down protocol simulated using the full Connor-
Stevens model modulated in type-2* excitability. The difference between the two curves is an indication of
hysteresis.

2.3.4 Bursting

Bursting refers to a rhythmic pattern of electrical activity exhibited by certain types of neurons. It is
characterised by a sequence of spikes, followed by a period of quiescence. The exact roles that bursting
takes in the brain is still a current subject of research but it has been linked to processes such as central
pattern generation, synchronisation, attention, and sleep to name a few. This firing pattern can be seen in
figure 2.20. It can be obtained by adding a third controller to the previously discussed feedback system with
a new even slower timescale. To obtain robust bursting dynamics, it has been shown[32] that this timescale
needs to be at least 10 times slower than the previously discussed slow timescale. For this reason, the
third time scale is referred to as ultra slow. The incorporation of the ultra-slow timescale in the previously
discussed extended Fitzhugh Nagumo model yields the equations seen in 2.8 where s∞ and u∞ are sigmoid
functions. 

dVm

dt
=Vm−

V 3
m

3
− (s+ s0)

2− kuu+ Iext

τs
ds
dt

= s∞(Vm− s)

τu
du
dt

= u∞(Vm−u)

(2.8)
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Figure 2.20: Simulation of the extended Fitzhugh-Nagumo model with ultra-slow timescale feedback in
bursting regime.

20



Chapter 3

Machine learning

Machine learning(ML) is a branch of artificial intelligence that focuses on the development of algorithms
and models that enable computers to learn from data and make predictions or decisions without explicit
programming. It is based on the idea that computers can learn patterns and extract insights from large data
sets, allowing them to generalise and perform tasks without being explicitly programmed for each specific
scenario. At the core of machine learning are mathematical and statistical techniques that enable computers
to learn from data. Machine learning has gained significant attention and popularity due to its ability to
tackle complex problems across various domains. The amazing feats that have been achieved are as much a
result of improved algorithms than the increased amount of data available and improvements in computing
power.

The learning process in machine learning involves training a model using labelled (Supervised ML) or
unlabelled (Unsupervised ML) examples, and then using the trained model to make predictions or classify
new, unseen data. In supervised learning data is labelled meaning that the desired output or target is known.
The model learns to map inputs to outputs by minimising the difference between its predicted outputs and
the true labels. Unsupervised learning, on the other hand, aims to uncover hidden insights or clusters in the
data without explicit guidance.

Machine learning has revolutionised many industries and has the potential to continue to transform
how we solve complex problems. In this chapter, we will give a brief introduction to machine learning
techniques focusing on deep learning. Which is a machine learning technique that focuses on learning
performed by artificial neural networks (ANNs). We will discuss their evolution through time, and new
interesting avenues to solve some of their main limitations.

3.1 Perceptron

In 1943, researchers Warren McCullock and Walter Pitts published a simplified model of a brain cell de-
scribed as a logic gate, the McCullock-Pitts (MCP) neuron[1]. Based on the MCP neuron, in 1958 Rossen-
blat. F proposed the perceptron model[33] with an associated learning rule that was able to learn a binary
classification of the data points from a labelled data set. This model simplified a neuron to a threshold-
ing unit and synapses as multiplicative factors of the output of incident neurons. Equation 3.1 shows the
original function defining a perceptron neuron and figure 3.1 shows a depiction of the working of a single
neuron through a computational graph with 3 inputs.

f (x) =

{
1 if ∑i wixi +b≥ 0
0 otherwise

(3.1)
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can be represented as a
computational graph where

white nodes correspond to
inputs and outputs;

red nodes correspond to
model parameters;

blue nodes correspond to
intermediate operations.

Computational graphs

f(x) = sign( w x + b)
i

∑ i i

9 / 64Figure 3.1: Computational graph of a perceptron unit. Taken from Pf.Louppe’s INFO8010 course.

Perceptrons can be stacked in parallel to form a layer in order to increase their representation power and
perform multiple class classification. However, with a single layer, only linear separation of the data points
is possible. Staking layers in series solves this limitation and create a multi-layer perceptron network with
the structure that can be seen in figure 3.2. However, the learning rule proposed by Rosenblatt only works
for linearly separable problems and one layer of neurons. Solving this issue would require modifications to
the base perceptron architecture and the development of more sophisticated learning algorithms.
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Figure 3.2: Sketch of a fully connected multi-layer perception(MLP) network with 3 input, 2 hidden layers
of 5 nodes each and 4 output values.

3.2 Modern Machine Learning

Modern machine learning success can be mainly attributed to two properties of neural networks that make
them extremely powerful as learning algorithms. It has been proven that adding layers to a neural net-
work gives them the capacity to be universal function approximations[34], meaning that if there is an in-
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put/output relationship in the data, a large enough network can learn it. Furthermore, it has also been shown
that increasing the number of layers of a network(increasing its depth) improves its maximum achievable
performance[35]. However, these two properties could not have been utilised without an algorithm to train
deep networks. Two contributions improved the perception concept and learning algorithms allowing deep
networks to learn. These improvements have since become the backbone of what we call deep learning.

3.2.1 Introduction of Back Propagation and the Sigmoid Neuron.

In 1960 the ADALINE neural network[36] was proposed where the sign function was removed. Removing
the non-linearity of the step function allowed the use of a new learning algorithm, however, it also restricted
the network to linear classification as only linear functions of the input could be learned. The new learning
algorithm focused on minimising the least squared error of classification given a set of weights w in the
network. The learning rule can be seen in the following equation where α is a positive constant that we will
call the learning rate, ŷ is the network output, x is the input, and y is the ground truth label. This algorithm
only worked for a single layer but the concept of minimising the error by tuning the parameters was the
precursor of what is used in modern machine learning.

w← w+α(ŷ− y)x (3.2)

In order to overcome the linear classification limitation, in the 1970s several researchers replaced the
sign function with a sigmoid function as defined here below in equation 3.3 in order to have a smooth and
differentiable function that allowed the use of gradient descent.

sig(x) =
1

x+ exp(−x)
(3.3)

Latter, Hinton et al. [37] generalised and popularised the error minimisation method so that it would
work on deep networks through an algorithm called backpropagation(BP). The algorithm relies on a func-
tion that measures the error of the prediction of the network called a Loss function, calculus to attribute the
error to the values of the different parameters, and gradient descent to minimise it. This algorithm is at the
core of most modern machine learning applications and can be described in 4 steps:

1. Initialise the network with a chosen structure and initialise the weights W.

2. Compute the forward pass, by feeding an input x through the ANN network to obtain the predicted
output ŷ = ANN(W,x). This computation is carried out iteratively layer by layer using the following
linear algebra equations:

zl = Wlal−1 +bl

al = σ(zl)

Where Wl are the weights incident to the nodes in layer l, bl are the biases, zl are the inputs of a
layer and al is the output the node with σ(·) a nonlinear function. For the input we set a0 = x

3. Compute the loss function LF(y, ŷ). The used loss function is selected by the network designer and
is problem dependent. The used function is a key element of network design and training that will be
further discussed in the following section.
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4. Compute the gradient ∇WLF(y,ANN(W,x)) of the loss function with respect to the weight in the
network. This is done with what we commonly name the backward pass. We use the chain rule to
iteratively compute the gradient with respect to the weights from the last layer L to the first one.

At the last layer, we have :
∂LF
∂a(L)

To obtain the gradient with respect to the weighted inputs zL using the chain rule with the derivative
of the nonlinear function σ ′(zL):

∂LF
∂ z(L)

=
∂LF
∂a(L)

·σ ′(z(L))

We can then use iteratively the chain rule to compute the gradient of every layer with :

∂LF
∂ z(l)

=
∂LF

∂ z(l+1) ·
∂ z(l+1)

∂a(l)
· ∂a(l)

∂ z(l)

5. Update the parameters in the direction that minimises the loss :

Wi+1 = Wi−α∇WLF(y, ŷ(Wi),x)

6. Repeat steps 2 to 5 until the termination condition is met. This could be a finite number of iterations
or a convergence criterion on the value of the loss.

3.2.2 Loss functions

Loss functions are a crucial part of the learning process and are problem-dependent. There is a wide variety
of loss functions that can be used in machine learning [38], each tailored to specific tasks and objectives.
The two broadest problems in supervised learning are regression and classification.

In regression, the goal is to predict a continuous or numerical output value based on input features. The
most popular loss function for this kind of task is the previously mentioned Mean Squared Error (MSE)
loss :

MSE =
1
n

n

∑
i=1

(yi− ŷi)
2

MSE is continuously differentiable, making it suitable for optimisation using gradient descent, however, it
does penalise large errors heavily due to the squared term, making it sensitive to outliers.

In classification, the goal is to assign input data points to specific categories or classes based on their
features. The algorithm essentially learns a decision boundary that separates different classes in the feature
space. The output is either discrete and represents the class label or is a probability distribution over classes.
The most popular loss function for classification is the Categorical Cross-Entropy Loss (CCE):

CCE =−1
n

n

∑
i=1

C

∑
j=1

yi j log(ŷi j)

CCE is non-negative, and it converges to zero when the predicted probabilities align with the true class
labels. Furthermore, it penalises confident incorrect predictions heavily, encouraging the model to be more
certain of its correct predictions.
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3.2.3 Activation function

Since the invention of backpropagation, several different nonlinear functions that are applied to the input
of a neuron have been proposed [39]. These activation functions are one of the essential building blocks of
ANNs and have been used to obtain different properties from the neurons. Equation 3.4 shows the general
equation describing an ANN neuron where f (·) is the activation function of the neuron.

y(x) = f (∑
i

wixi +b) (3.4)

Three of the most commonly used types of neurons in modern deep learning with their properties are
the following:

• Softmax Activation Function f (xi) =
exi

∑
n
j=1 ex j :

– It normalises the outputs into a probability distribution, where the sum of the probabilities is
equal to 1. In the case of 2 classes, it simplifies to the sigmoid function.

– The softmax function is typically used in the output layer of a neural network for multi-class
classification problems.
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Figure 3.3: Plot of the sigmoid function that is a special case of the softmax function in the case of 2 classes.

• Hyperbolic Tangent Activation Function f (x) = tanh(x):

– It squashes the input values between -1 and 1, which makes it suitable for outputs that need to
be negative or positive.

– It is zero-centred, which helps with training by having a layer mean output often close to 0.

– Even though it is less pronounced than in the sigmoid function case, it also suffers from the
vanishing gradient problem. The vanishing gradient problem comes from the computation of
the gradient when the network is deep and it uses sigmoid-like activation functions. Sigmoid-
like functions have derivatives that are bounded in the [0,1] range. Using the chain rule in
deep networks multiplies several times this derivative. Effectively, this attenuates the gradient
magnitude and impedes learning in the early layers of the network. In figure 3.5 we can see
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the derivative of a tanh(·) function multiplied by itself to show that it can become an important
source of the attenuation when using the chain rule.
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Figure 3.4: Plot of the tanh(·) function.
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Figure 3.5: Plot of the derivative of the tanh(·) functions multiplied by itself 10 and 100 times. This shows
how gradients can vanish and degrade learning in deep ANNs.

• Rectified Linear Unit (ReLU) Activation Function f (x) = max(0,x):

– It is computationally efficient to compute compared to sigmoid and hyperbolic tangent func-
tions.

– It does not suffer from the vanishing gradient problem for positive inputs, promoting faster
convergence during training.

– However, ReLU neurons can suffer from the ”dead neuron” problem. when a neuron starts
outputting 0, it permanently does so as the derivative with respect to that neuron is also zero in
that region and no learning can be induced.
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Figure 3.6: Plot of the ReLU function

3.2.4 Parallels Between ANNs and Biological Neural Networks

In the first chapter, we saw the structure of a neuron and the classification of firing types through their FI
curve. From the structure, we can see that both have synapses and dendrites that perform spatial integration.
However, biological neurons integrate discrete inputs through time whereas ANNs perform matrix-vector
multiplications. To bridge this gap, we can see the output of a neuron in an ANN as a frequency value.
This parallel is not perfect as negative outputs can be obtained in ANN and there is no such thing as
negative frequencies. However, we can see that the non-linearities applied to ANN neurons and FI curves
do resemble each other. The FI curve of type 1 neurons and the ReLU(·) activation function essentially
both project linearly the input strength. Type 2 neurons on the other hand are thresholding units, akin to
the step function in the perceptron of its continuous evolution the sigmoid neuron. Finally, the softmax
activation is again a type 2 of neuron with normalisation of neural activity in the layer. However, even
in this frequency analogy, we can see that ANNs are not able to recreate temporal integration or other
interesting time-dependent properties that biological neurons can have as in type 2*.

3.3 Spiking Neural Networks

The rise of Deep Neural Networks(DNNs) has been able to solve many problems with superhuman per-
formance. However, they have done so by using increasing amounts of data, computing power, and as
a consequence huge amounts of energy. Biological brains, on the other hand, use less power due to the
sparse nature of communication. It has also been challenging for DNNs to obtain good performance with
time-dependent tasks and online learning. These are also two areas of cognition where biological neural
networks excel compared to DNNs. To bridge the gap in performance and reduce the energy, data, and
compute requirements of modern deep learning, considerable research effort has been directed towards cre-
ating machine-learning algorithms that are more closely inspired by biology. With this in mind, a new field
of machine learning that uses networks that spike, Spiking Neural Networks(SNNs), has been developed.
Nevertheless, this new paradigm creates challenges of its own as the discrete nature of spike times does not
allow the direct use of backpropagation to update the weights of the network.

In SNNs, the neuron models seen in the first chapter are simulated and linked together with the goal of
performing a specific task. The choice of the neuron model becomes a new design choice for the engineer as
more powerful models are able to reproduce more complex signalling but also have many more parameters.
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Effectively, this makes them more difficult to simulate and create large networks with. For this reason,
most of the SNN literature is based on the LIF neuron model which is one of the most simple and well-
understood models. Furthermore, the synaptic connections that transform spikes into currents also have to
be modelled and chosen for a given application. The most popular synaptic models in SNNs are defined
here below:

1. Static Synapse Model:

This is the simplest synaptic model used in SNNs. It simply transmits the spike modulating its
strength with a static weight w.

The synaptic current generated by a spike at time tpre from the pre-synaptic neuron to the post-
synaptic neuron can be represented as follows:

Isyn(t) = w ·δ (t− tpre)

Where w is the fixed weight of the synapse and δ (t− tpre) is the Dirac delta function, representing
the spike event.

2. Exponential Synapse Model:

The exponential synapse model introduces a time decay factor to model the dynamics of synaptic
transmission. It models the decay of neurotransmitters as they diffuse in the synapse junction.

With a spike generated at time tpre from the pre-synaptic neuron, and τsyn the decay time constant:

Isyn(t) = w · exp
(
−(t− tpre)

τsyn

)
3. Double Exponential Synapse Model:

The Double Exponential Synapse Model is an extension of the Exponential Synapse Model, capturing
both the rise and decay phases of the synaptic response. It provides a more accurate representation
of synaptic transmission dynamics at the cost of increased complexity.

The synaptic current generated by a spike at time tpre from the pre-synaptic neuron to the post-
synaptic neuron can be represented as follows:

Isyn(t) = w · (e−
(t−tpre)

τrise − e
− (t−tpre)

τdecay )

where w is the weight of the synapse, τrise is the rise time constant, τdecay is the decay time constant,
and t is the current time.

The effect of some of the most popular synaptic models in SNNs can be seen in figure 3.7.
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Figure 3.7: Plot of 3 different synaptic models to connect neurons in SNNs.

The afford mentioned synaptic models give a framework that performs time integration of spikes as we
observe it in biological neurons. In order to perform spatial integration we simply sum the incident synaptic
current to the neuron Iin(t) = ∑i Isyni(t)

3.3.1 Current SNN Training Rules

As previously mentioned, the largest challenge in spiking neural networks resides in their learning algo-
rithms. The non-differentiable nature of the models renders the use of the well-established backpropa-
gation algorithm unusable in SNNs. To solve this issue, 3 major avenues have been proposed, from the
more biologically plausible Hebbian learning rules to the more pragmatic conversions from ANN to SNN
techniques.

a Hebbian Learning

Hebbian learning rules are a set of biologically inspired local learning rules based on the principle that
”cells that fire together, wire together.” They are also commonly referred to as Spike time-dependent
plasticity(STDP) rules. They strengthen the connections between neurons that have synchronised spik-
ing activity, thereby enhancing the network’s ability to recognise patterns and associations between input
signals. The Hebbian learning rule can be stated as follows:

When a pre-synaptic neuron fires and causes the postsynaptic neuron to fire, the synaptic connection
between them is strengthened. There is long-term potentiation(LTP) of the connection. Conversely, when
the pre-synaptic neuron fires, after the postsynaptic neuron, the synaptic connection is weakened inducing
long-term depression(LTD) in the connection. Equation 3.5 shows the formal definition of an STPD rule,
and in figure 3.8 the effect of this equation on potentiation can be seen with respect to the spike timings.
However, in this definition, the weight can be increased to infinity which is not biologically plausible and
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worsens learning by rendering it unstable. In order to limit this effect in STPD rules, homeostatic weighing
rules as shown in equation 3.6 are used to preserve the relative weights of the network constant by making
the potentiation/depression of connections weight dependent.

∆w =

A+ exp
(

tpre −tpost
τ+

)
if tpre ≤ tpost

−A− exp
(
− tpre −tpost

τ−

)
if tpre > tpost

(3.5)

{
A+(w) = η+ exp(winit −w)
A−(w) = η− exp(w−winit )

(3.6)

−A−

A+

tpre− tpost

∆w

A+ exp
(

tpre−tpost
τ+

)
−A− exp

(
− tpre−tpost

τ−

)
Figure 3.8: Plot of a Spike Time-Dependent Plasticity Rule showing how the pre-post synaptic spike time
interval affects the potentiation of the connection ∆w.

Many variations of STDP rules have been proposed with varying success. The unsupervised aspect of
this technique with its asynchronous nature makes it very appealing as a biologically plausible learning
rule. Nevertheless, the locality of this technique makes it challenging to obtain state-of-the-art performance
for tasks that require larger networks. Furthermore, there is no learning if there is no spike which can lead
to problems similar to the ReLU dead neuron problem.

b Surrogate Gradient

Bio-plausibility of backpropagation and how it would manifest in the brain is a controversial topic in neu-
roscience. However, it has been proven to work well and contrary to STDP, it is a global error signalling
that is able to attribute blame specifically the weights that will minimise the error of the task at hand.

The surrogate gradient descent method originally proposed in [40] makes the use of gradient descent
possible in SNNs by replacing the non-differentiable thresholding function that neurons use to trigger
spikes. It does so only during the backward pass of the backpropagation algorithm by replacing it with
an approximate continuous function. This approximation allows the use of backpropagation but adds one
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more complexity to the design of an SNN, which is the choice of the surrogate function used. Furthermore,
this technique is an approximation which means that it is sensitive to the chosen surrogate function and that
there is a possible loss of performance due to it. Another disadvantage of the smoothing of the threshold
function comes from the participation of subthreshold dynamics in the weight update of non-firing neurons.
This can further decrease the learning performance of the SNN. Even though surrogate gradient descent ob-
tains better performances than using STDP rules, ANNs still outperform SNNs that use this technique.

c ANN to SNN Transfer

Another solution to train SNNs with backpropagation is to use the analogy previously made of how ANN
neurons are similar to biological neurons. An ANN can be trained using a backpropagation and then the
weights can be swapped into an equivalent SNN as originally proposed in [41]. This conversion is usually
done between ReLU units in the ANN and IF neurons in the SNN.

ANN to SNN conversions are a convenient way to train networks using known techniques and then
transform the network to be more energy efficient at inference time if used on neuromorphic hardware.
However, there are several drawbacks to training an SNN in this way. First of all, the transfer makes
neurons that fire often as they only encode knowledge in the firing frequency and do not use spike timings.
Not only this is less energy efficient but it also cripples the achievable performance of SNNs. Indeed, doing
ANN to SNN transfer sets a maximal performance limit as the SNN will not be able to perform better than
the ANN it is converted from.

3.3.2 Input Encoding

SNNs face a significant challenge due to the nature of the data they operate on. Unlike ANNs, where data
is commonly in the form of digital values, SNNs require input data in the form of spikes. However, the
availability of neuromorphic sensors that directly produce spikes is still limited, making it necessary to
transform digital data sets commonly used for ANNs into a format suitable for SNNs. This transformation
process is crucial, as the disparity in performance between ANNs and SNNs could, in part, be attributed to
the sub-optimal representation of input data in SNNs.

To bridge this gap and enable proper data handling in SNNs, two commonly used approaches for
converting digital data to spiking data are rate coding and latency coding. The effect of the different
encoding styles on 5 values can be seen in figure 3.9.

a Rate Coding

Rate coding entails representing information in SNNs based on the frequency or rate of spikes. It translates
continuous values from the digital data set into spike rates, where higher rates indicate higher intensity. Rate
coding is a simple and easy to implement manner to encode digital data. However, the precise timing of
individual spikes is not considered, potentially affecting the overall performance of the SNN. Furthermore,
this usually leads to a very dense spike encoding, reducing the energy efficiency benefits of SNNs.

b Latency Coding

Unlike rate coding, latency coding considers the precise timing of spikes as crucial information. In this
approach, the relative timing of spikes encodes the data. It can provide better temporal precision and poten-
tially higher efficiency in information representation for SNNs than with rate coding, leading to improved
performance.
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Figure 3.9: Comparison between the coding of 5 different values using rate coding on the left vs latency
coding on the right over 1000 time-steps.

3.4 Benchmarks

As the complexity and variety of machine learning models grow, it becomes increasingly important to not
only assess their performance but to easily compare their effectiveness in a standardised manner with other
techniques. This is why benchmarks were created in the field. Benchmarks are standardised data sets, tasks,
or evaluation protocols used to measure and compare the performance of different models. They serve as a
fair common ground for researchers to understand the strengths and weaknesses of their models, allowing
them to identify areas for improvement. Moreover, benchmarks help in establishing a baseline performance
for specific tasks, making it easier to gauge the progress made in the machine learning community over time.
Some of the most popular benchmarks like MNIST[42], CIFAR[43], or IMAGENET[44] assess image
classification but there are many more that asses tasks such as machine translation and image segmentation
to name a few.

3.4.1 MNIST

In particular, the MNIST (Modified National Institute of Standards and Technology) database was created
in the late 1990s but has become a cornerstone in the development and evaluation of image classification
algorithms. The dataset consists of handwritten digits (0 to 9) resized to 28x28 pixels grayscale images
as can be seen in figure 3.10. With 70,000 images, MNIST is small compared to modern datasets, yet, its
simplicity and small size allow researchers to use it as a fast first assessment for their algorithms.

3.4.2 Performance SNNs Learning Rules on MNIST

The MNIST benchmark can be used to show the performance obtained with some implementations of the
previously discussed SNN learning algorithms. Table 3.1 summarises some of the performance of published
SNNs and their training approach on MNIST adapted from the tables in [45]. As we can see, ANN to SNN
transfer is what works best, followed by surrogate gradients, and STDP-based rules. It is also important
to mention that the architecture of the networks has a significant impact on their performance. Indeed, we
can see that convolutional networks generally work better on image recognition tasks than fully connected
ones.
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Figure 3.10: MNIST database sampled image with displayed pixel value and label.
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Table 3.1: Summary of SNN network performance on the MNIST dataset and their training method adapted
from [45].

Network Method Accuracy (%) Reference
Surrogate gradient Fully connected networks

FCN (169–500–10) MT-10 (heu/noheu) 99.10 [46]
FCN (784–800–800–10) BP with rate-coded 98.66 [47]
FCN (784–800–10) SLTCSNN 97.20 [48]

Surrogate gradient Convolutional networks
LeNet Spike-based BP 99.59 [49]
CNN (32C3-32C3-64C3-P2-64C3-P2–512-10) IIR-SNN 99.46 [50]
CNN (5,32,2-5,16,2–10) SNN+DT 99.33 [51]

STDP based learning on fully connected SNN
FCN (784–4500–10) VPSNN STDP 98.52 [52]
2-Layer (784–6400) Exponential STDP 95.00 [53]
MLP (784–1600-10) SIF-STDP (Q2PS) 89.70 [54]

STDP based learning on convolutional SNN
ConvNets (2Cov.+3FCN) STDP+BP 98.60 [55]
Spiking CNN (H128-D32) Probalistic-STDP 98.36 [56]
CSNN+SVM THRADA-STDP 98.60 [57]

ANN to SNN transfer FCN Networks
FCN Data-Based 98.64 [58]
FCN Model-Based 98.61 [58]

ANN to SNN transfer CNN Networks
SNN SNN 99.44 [59]
VGG-19 M-SNN 99.57 [60]
CNN CNN(LRN/noise) 99.09 [61]
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Chapter 4

Recurrent Neural Networks

Many real-world problems entail data of a sequential nature. Some examples are dialogues, stock market
valuations, or even neuron potential. With the goal of processing sequential data, in the 1980s Recurrent
Neural Networks (RNNs) were proposed as a solution to the problem. RNNs are neural networks whose
output is (partially)fed back to the input and inputs are fed in a sequential fashion. In this way, RNNs
are able to handle inputs of varying lengths and create a form of memory of past inputs. They are also
able to establish dependencies with respect to the context and order in which data is fed to the network.
In these networks, the output can be extracted after each token is fed in order to later make a prediction.
This new neural network architecture was used for different tasks such as sequence classification, sequence
synthesis, or sequence-to-sequence translation. These tasks have applications like, text sentiment analysis,
music synthesis, and stock price forecasting.

Recurrent nets were first proposed and then formalised by [62] in 1969 and [63] in 1988 respectively.
Since then, much research has developed the idea and many different recurrent networks have been pro-
posed to solve different shortcomings in RNNs. In this chapter, we will go over the principles behind RNNs,
the challenges that this architecture face, and some of the principal contributions related to the mSRC, the
developed cell in this thesis.

4.1 RNN Working Principles and Challenges

The base structure of an RNN network can be seen in figure 4.1. Any feed-forward ANN can become
an RNN if a feedback connection is made by taking its output and feeding it to the input. The simplest
architecture for an RNN would be a multi-layer perception where the outputs of the network are fed back
into the inputs with the next input token. Nevertheless, vanilla RNN architectures like these are known to
be difficult to train. They can suffer from vanishing gradients, exploding gradients, and often have issues
capturing long-term dependencies in sequences.
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Figure 4.1: Structure of a simple recurrent neural network composed of an MLP. At every element of the
sequence, it takes an input vector Xi and a hidden state vector Hi, and outputs the next hidden state vector
Hi+1 and an output vector Oi+1.

4.1.1 Backpropagation Through Time (BPTT)

Back-Propagation Through Time (BPTT) is an extension of the traditional back-propagation algorithm. In
BPTT, the RNN is unfolded over time, creating a chain of interconnected neural networks, one for each
time step. The objective is to compute the gradients of the loss function with respect to the parameters so
that they can be updated through gradient descent even though the network has a feedback connection.

The unfolded RNN can be depicted as seen in figure 4.2. It is important to note that for long sequences,
the unfolded network can therefore be very deep, which creates challenges during training.

X1 X2 ... XT

RNN RNN ... RNN

O1 O2 ... OT

H1 H2 HT−1

Figure 4.2: Depiction of an unfolded RNN in order to perform backpropagation through time.

4.1.2 Vanishing Gradients

Vanishing gradients occur when the gradients become very small as they are propagated back through time
during BPTT. This phenomenon is particularly problematic in vanilla RNNs and is mainly attributed to the
nature of the activation function used in the network, typically the tanh(·) function.

In RNNs, the vanishing gradient problem becomes especially severe when processing long sequences,
as the gradients may become virtually zero after propagating through numerous time steps, preventing the
network from learning long-range dependencies.
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4.1.3 Exploding Gradients

Conversely, exploding gradients occur when the gradients become extremely large during BPTT. This phe-
nomenon often happens when the weights in the network are too large, causing the gradients to explode
exponentially as they are propagated back through time.

When the gradients become too large, the optimisation process becomes unstable, and the model’s
parameters can diverge, leading to training failure.

4.2 How to Attenuate the Challenges Observed in RNNs

In order to attenuate the afford mentioned challenges, researchers have proposed various solutions, includ-
ing Gated RNN architectures like Long Short-Term Memory (LSTM) and Gated Recurrent Unit (GRU)
that reduce the effect of vanishing gradients, gradient clipping that will scale down large gradients, and
normalised initialisation of weights that also attenuates the gradient problems.

4.2.1 Gated RNN Architectures

Gated RNN architectures, such as LSTM and GRU, are designed to address the vanishing gradient problem
and attempt to capture long-term dependencies more effectively. Their architectures can be seen in figure
4.3 and 4.4. Their main property is that they have what is commonly referred to as a ”gradient highway”
which is a path for the gradient to go through the cell without an activation function that will attenuate it.

a LSTM (Long Short-Term Memory)

The LSTM architecture was introduced by Hochreiter and Schmidhuber in 1997 [64]. It is a memory
cell that introduces an internal state Ct whose function is to retain information over time, and a gating
mechanism that will selectively modify this state. The internal state of the cell is modified according to the
output of 3 small NN layers that we call gates, namely, the input gate, forget gate, and output gate.

The equations describing the LSTM cell are given equation 4.1 where xt is the input at time step t, ht is
the hidden state, W and b denote weight matrices and bias vectors respectively, σ and tanh are the layers’
activation function, and ⊙ is element-wise multiplication.

it = σ(Wi · [xt ,ht−1]+bi)

ft = σ(Wf · [xt ,ht−1]+b f )

ot = σ(Wo · [xt ,ht−1]+bo)

C̃t = tanh(Wc · [xt ,ht−1]+bc)

Ct = ft ⊙Ct−1 + it ⊙C̃t

ht = ot ⊙ tanh(Ct)

(4.1)

In the LSTM equations, we can see that the internal state Ct does not go through a squashing function
to attenuate the vanishing gradient problem and improve the formation of long-term dependencies during
training. Furthermore, we can see that there are 4 different sets of weights and biases that are involved
in the gating mechanism. Namely: Wi, Wf , Wo, and Wc. These high amounts of complexity contribute to
the LSTMs’ performance but also slow training as for each token of the sequence, the output has to be
computed during the forward pass and then its gradient has to be computed during the backwards pass.
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Figure 4.3: Sketch on the architecture of an LSTM cell obtained from source

b GRU (Gated Recurrent Unit)

The Gated Recurrent Unit (GRU) was introduced by Cho et al. in 2014 [65] as a simplified version of
LSTM that still has a gradient highway. It uses two gates: the reset gate rt and the update gate zt . Due to
the reduced amount of gates involved, it is computationally less expensive than LSTM while still achieving
competitive performance.

The GRU cell equations can be seen in equation 4.2 here below, and a sketch of the cell is shown in
figure 4.4: 

rt = σ(Wr · [xt ,ht−1]+br)

zt = σ(Wz · [xt ,ht−1]+bz)

h̃t = tanh(Wh · [xt ,rt ⊙ht−1]+bh)

ht = (1− zt)⊙ht−1 + zt ⊙ h̃t

(4.2)
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Figure 4.4: Sketch on the architecture of a GRU cell obtained from source.

4.2.2 Gradient Clipping

Gradient clipping is a technique used to prevent exploding gradients during training. It involves measur-
ing the gradient and scaling it down if its norm exceeds a predetermined threshold th. This ensures that
the gradients remain within a reasonable range, preventing the model’s parameters from diverging during
training.

Let g be the computed gradient vector, ||g|| be its Euclidean norm, and ĝ the value of the gradient used
for the update. The gradient clipping process is described by equation 4.3:

ĝ =

{
g , ||g|| ≤ th

g
||g|| ∗ th ,otherwise

(4.3)

4.2.3 Orthogonal Initialisation of Weights

Orthogonal initialisation is another technique used to mitigate both the vanishing and exploding gradients
problem. It initialises the weight matrices in such a way that they have orthogonal columns. Orthogo-
nal matrices have the property that their singular values are all equal to 1, which helps in preventing the
gradients from vanishing or exploding during backpropagation.

This can easily be proven in the case of a simplified RNN with identity activation functions, 0 input and
0 bias. In that case, we can define the hidden state ht as :

ht =Wx · x+Wh ·ht−1 +b

⇐⇒ ht =Wh ·ht−1

For a sequence of length n and considering an identity initial hidden state h0 = I, we have :

hn =Wh · (...(Wh · (Wh ·h0))...)

⇐⇒ hn =W n
h ·h0

⇐⇒ hn =W n
h · I

⇐⇒ hn =W n
h
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With an orthogonal initialisation, the matrix is diagonalisable to Wh = S ·Λ ·S−1 where Λ is a diagonal
matrix of the eigenvalues of Wh and it has unit (1 or -1) eigenvalues. Therefore, hn =W n

h = SΛS−1 remains
bounded and attenuates the vanishing and exploding gradients problem.

4.3 Feedback Nature of RNNs and How to Harness the Possibilities it Offers

Even though the feedback connection that characterises RNNs makes them feedback systems, little work
has gone into their understanding under this light. In [66] RNNs are trained to replicate systems with known
behaviours and classical techniques in nonlinear dynamics analysis such as dimensionality reduction, fixed
point analysis, and phase portraits are used to characterise the dynamics of the RNN. In this paper, they
showed that RNNs do create fixed points and saddle points to generate memory and transition between
states in a similar manner to the systems they reproduced.

4.3.1 Brain-inspired RNN cells

In [66], they trained known systems into classic RNN architectures to replicate them. However, it was also
shown that the learnt systems did not reproduce identically the behaviour of the original systems leading to
degraded performance. This opened the question of whether RNN cells can be designed following feedback
system dynamics and add learned elements to these systems in order to perform a desired task harnessing
the properties of the dynamical system.

a Bistable Recurrent Cell (BRC) and network BRC(nBRC)

In a first attempt to answer the previous question, the Bi-stable Recurrent Cell(BRC)[67] was designed. The
BRC was thought with the intent to harness bi-stability, a nonlinear system property that allows for never-
fading memory that is notably found in neurons[68]. Never-fading memory is a highly desired property
in recurrent neural networks as one of their main challenges is learning long-term dependencies. The
equations defining the BRC cell can be seen in equations 4.4 here below, and a sketch of the cell is also
shown in figure 4.4. 

at = 1+ tanh(Uaxt +Waht−1)
ct = σ (Ucxt +Wcht−1)

ĥt = tanh(Uhxt +at ⊙ht−1)

ht = (1− ct)⊙ht−1 + ct ⊙ ĥt

(4.4)
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Figure 4.5: Sketch of the BRC cell architecture.

We can see that the BRC constrains the GRU to either obtain a faithful or categorical representation
of the input and creates memory through a pitchfork bifurcation. The update equations of the nBRC in
4.4 show a as the bifurcation parameter that is contained in the range [0,2]. For values below 1, a acts as
negative feedback, therefore, making the system produce a faithful representation of the input. For values
above 1, the update will exhibit positive feedback creating a categorical representation of the input by
pushing the state of the cell to either 1 or -1 depending on the input value. The range [0,2] is chosen so
there is an equally sized range of values for faithful and categorical representation of the input. Figure 4.6
shows the effect of the bifurcation parameter on a sinusoidal input. For values of a close to 2, the memory
is difficult to change creating that never fading memory.
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Figure 4.6: Bifurcation diagram showing the pitchfork bifurcation present in the nBRC equations. The
trajectory in red is generated through 500 time-steps with a sinusoidal input and linearly increasing value
of a. It can be seen that the representation is faithful for values below 1 and becomes categorical as a
increases.

In practice, the cell showed satisfactory results in the generation of never-fading memory matching and
outperforming GRU and LSTM cells in certain long-term memory tasks. More importantly, it was the first
confirmation that known nonlinear dynamics could be used to design RNN cells and that their properties
could be harnessed through learning with backpropagation. These findings paved the way to develop more
bio-inspired RNN cells.
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b Spiking Recurrent Cell (SRC)

Recently, the idea of creating a bio-inspired RNN cell was expanded to create a cell that would perform
spikes like biological neurons do. In [69] the Spiking Recurrent Cell(SRC) adds a negative feedback to the
BRC that allows it to perform spikes. Indeed, when the BRC is set to be bi-stable with a = 2, the cell has
local positive feedback. As it has been seen in the chapter about excitability, this is the main mechanism in
a biological spike upstroke that is led by sodium channels. Adding slower, negative feedback to the system
will then bring the cell to its rest state as the down-stroke does in a biological neuron with potassium chan-
nels. Furthermore, they propose a synapse connection that recreates the previously discussed exponential
synapse model to integrate the spikes at the input of the neurons. Equation 4.5 and 4.6 show the cell and
synapse equations respectively.

h[t] = z⊙h[t−1]+ (1− z)⊙ tanh(x[t]+ r⊙h[t−1]+ rs⊙hs[t−1]+bh)

zs[t] = zhyp
s −

(
zhyp

s − zdep
s

)
∗ 1

1+exp(−10∗(h[t−1]−0.5))

hs[t] = zs⊙hs[t−1]+ (1− zs)⊙h[t−1]
sout [t] = ReLU(h[t])

(4.5)

{
i[t] = αi[t−1]+Wssin [t]

x[t] = ρ · tanh
(

i[t]
ρ

) (4.6)

In the equations above we can see several changes with respect to the BRC cell :

• Introduction of a new variable Hs: This variable is responsible for the slow negative feedback
observed in excitability.

• Introduction of the r and rs gates: r takes the place of the a variable in the BRC and is now fixed
to r = 2 in order to be permanently bi-stable and create positive feedback. rs on the other hand
modulates the strength of the slow feedback on the fast variable h of the system. In practice, it is a
constant fixed to rs =−7 to have negative feedback.

• Introduction of the z and zs gates. z modulates the fast feedback speed and takes the place of the
c gate in the BRC. To obtain the desired spikes it is set to its maximum speed with z = 0. zs on the
other hand modulates the speed of the negative feedback. It is a function of h shaped by the constants
zhyp

s , zdep
s , and the function 1

1+exp(−10∗(h[t−1]−0.5)) . This allows the negative feedback to be slow at
low values of h values and larger for high values of h. This assists in the recreation of sub-threshold
dynamics as well as having a fast down-stroke like it is observed in biological neurons. In order
to obtain spikes similar to biologically generated ones, the zs constants are fixed to zhyp

s = 0.9 and
zdep

s = 0.

• The output of the neuron is the fast variable h. However, it goes through a ReLU(·) function in order
to cut the sub-threshold dynamics from propagating through the network as only spike communica-
tion is desired.

• A new learnable parameter bh is introduced to modulate the firing threshold of the neuron.

Figure 4.7 shows the simulation of the SRC equations using the PyTorch[70] Machine learning frame-
work. The two first panes show how the inputs are integrated over time using the exponential decay input
synapse. In the two next panes, we can see the fast and slow feedback that creates the spiking behaviour.
Finally, the fast dynamics of the neuron are filtered using a ReLU(·) function to remove the sub-threshold
dynamics from the output and only communicate spikes to the post-synaptic neurons.

42



0

2

4

In
pu

ts

0

20

40

Sy
na

pt
ic 

I

1

0

1

h

0

1

hs

0 100 200 300 400 500
0.0

0.5

1.0

Ou
tp

ut
s

Figure 4.7: Simulation of an SRC cell implemented using the PyTorch framework. In these simulations, the
dynamics of each component of the neuron have been separately plotted. Namely, one can see the synaptic
input, the SRC fast and slow dynamics, as well as the output of the cell as seen from the postsynaptic cell.

In their work, De Geeter et al. show that this new architecture can create a spiking neural network
that learns through back-propagation without the need for approximations, unlike the previously discussed
surrogate gradients. Furthermore, from the equations above, it can be seen that not only do networks learn
at the synapse as in traditional SNNs but they can also modulate the neurons’ sensitivity itself through bh
giving one more degree of freedom to the SNN. This novel approach to SNNs was tested on the MNIST
benchmark and obtained 98% accuracy which is close to state-of-the-art performances with relatively small
SRC-based spiking neural networks that consist of 1 to 3 hidden layers of 512 neurons per layer.
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Chapter 5

Designing RNN Cells From Known Neuron
Dynamics

The SRC paves the way towards a new way of creating SNNs that learn within the widespread RNN
framework learning through the successful back-propagation algorithm. However, there are several im-
provements that can be made to the SRC. Notably, the SRC is not modulable, meaning that it only performs
one type of spiking pattern. Furthermore, bursting is also a capability that has been observed across the
brain that is lacking from the SRC neuron. In order to expand the work done with the SRC, in this chapter
we will explain the tools that can be used to analyse the dynamics of RNN cells. We will then use these
tools to analyse the behaviour of the SRC. Finally, we will propose a cell that expands on the SRC and adds
modulation capabilities. The dynamics of this expanded cell will also be analysed and compared to known
neuron models capable of the same modulations.

5.1 RNNs Define Discrete Difference Equations of Continuous Differential
Equations

With complex partial differential equation(PDE) systems, it is often challenging to find analytical solutions
to the system. It is more convenient to solve the equations using numerical methods that approximate
the solution. In numerical analysis, the Finite Difference Method(FDM) approximates derivatives as finite
differences, both in the spatial and temporal domains. The domains are first discretised into a set of coordi-
nates or time steps of finite length and duration. Then, with the finite difference method, a set of PDEs can
be defined as a set of linear equations that is solved with classic linear algebra matrix and vector operations.

5.1.1 The Finite Difference Method (FDM)

The FDM is based on the Taylor expansion of a function. For a function f (·) that is at least n times
differentiable, the Taylor expansion is given in equation 5.1, where O(∆x)n+1 is the upper bound of the
approximation error.

f (x+∆x) = f (x)+
f ′ (x)

1!
∆x+

f (2) (x)
2!

∆x2 + · · ·+ f (n) (x)
n!

∆xn +O(∆x)n+1 (5.1)

Using the Taylor expansion the FDM approximates a derivative by the difference f ′(x)≈ f (x+∆x)−
f (x). More precisely by rearranging equation 5.1 we can obtain the Forward Difference Scheme of the
FDM which is shown in equation 5.2 here bellow.
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f ′(x) =
f (x+∆x)− f (x)

∆x
+O(∆x) (5.2)

Using the forward difference scheme one can go back and forth between an RNN update equation and
the differential equation that it simulates.

5.1.2 Applying the FDM on the SRC to Obtain its Equivalent Differential Equations

In order to show the equivalence between an RNN and a set of differential equations we can apply the
forward difference scheme on the SRC to obtain the equivalent differential equation that is modelled by the
RNN cell.

In equation 5.3 we rewrite the SRC equations shown in 4.5 replacing the constants r = 2, z = 0 ,
zhyp

s = 0.9, and zdep
s = 0 by their numerical values for conciseness.

h[t] = tanh(x[t]+2h[t−1]+ rs⊙hs[t−1]+bh)

hs[t] = zs(h[t−1])⊙hs[t−1]+ (1− zs(h[t−1]))⊙h[t−1]
zs(h) = 0.9−0.9∗ 1

1+exp(−10∗(h−0.5))

(5.3)

In equation 5.3 it can be seen that h[t] and hs[t] use difference equations in the time domain as the value
at time step t depends on values at time step t− 1. Let’s begin with the h[t] equation and relate it to the
forward difference scheme from equation 5.2 and develop the equivalence :

h(t +∆t) = h(t)+h′(t)∆t

h[t +∆t] = zh[t]+ (1− z) tanh(x[t]+2h[t]+ rshs[t]+bh)

set ∆t = (1− z), with z = 0⇒ ∆t = 1

⇒ h(t +1) = h(t)+h′(t) = tanh(x(t)+2h(t)+ rshs(t)+bh)

⇒ h′(t) = h(t +1)−h(t) = tanh(x(t)+2h(t)+ rshs(t)+bh)−h(t)

(5.4)

The same can be done with the hs equation to obtain the system of differential equations 5.5 that defines
the SRC continuous time system.

h′(t) = tanh(Iext(t)+ rh(t)+ rshs(t)+bh)−h(t)

h′s(t) =zs(h(t))⊙hs(t)+(1− zs(h(t)))⊙h(t)−hs(t)

zs(x) =0.9−0.9∗ 1
1+ exp(−10∗ (x−0.5))

(5.5)

5.2 Analysis of the SRC neuron

Once we have the differential equations defining the SRC neuron, the system can be simulated as shown in
figure 5.1 and the non-linear dynamics of the system can be studied using the same tools used to discuss
the different types of excitability chapter 2.
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Figure 5.1: Simulation of the continuous system defined by the SRC RNN cell equations for a step input
current.

We can start to analyse the cell by observing the FI curve shown in figure 5.2. We can see that the cell
has a significant step in the obtained frequencies at Iapp = 1. This discontinuity in the FI curve is conducive
to type 2 excitability. Further increasing Iapp increases the spiking frequency slightly until a sudden drop
to 0 Hz due to the cell reaching saturation.
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Figure 5.2: Frequency-Current curve for the SRC cell. A discontinuity in the frequencies can be seen
indicating type 2-like behaviour. The frequency drop above a certain input intensity is due to cell saturation.

The mechanism through which excitability is obtained can be studied further through the use of phase
portraits. Figure 5.3 shows the phase portrait at 3 different values of input currents. On the left, we see that
there is no cycle in the trajectory indicating a stable fixed point. The middle phase portrait shows damped
oscillations indicating that the stable point is destabilising as Iapp is increased. We can also see that the
effect of Iapp is to slide the z shaped h-nullcline to the right, effectively sliding the fixed point along the

46



h-nullcline. On the rightmost phase portrait, the fixed point is fully destabilised and a stable limit-cycle is
formed around it. The sequence of events describes a Hopf bifurcation which is the mechanism that creates
type 2 spiking, further confirming that the SRC cell only creates type 2 excitability.
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Figure 5.3: Phase portraits and voltage trace of the SRC cell at Iapp = 0, 0.85, and 3 respectively.

5.3 Design of a Modulable Spiking Recurrent Cell (mSRC)

In the previous section a limiting factor of the SRC cell was uncovered, that is, a lack of neuromodulation
capabilities. The cell can only modulate its sensitivity to input by modulating the firing threshold, it cannot
change its response to the input like biological neurons can by changing their excitability type. To overcome
this limitation, in this thesis, we take the SRC neuron as a base and draw inspiration from the extension
of the Fitzhugh-Nagumo model in [21],[22] and [23] to give neuromodulation capabilities to the SRC cell,
creating the modulable Spiking Recurrent Cell (mSRC).

5.3.1 Design

In order to obtain modulation from the classic Fitzhugh-Nagumo, a transcritical bifurcation is introduced
into the phase portrait. This bifurcation is described as the organising centre in neuronal excitability.
In order to create the transcritical bifurcation, they introduce symmetry by creating a reflection of the V-
nullcline along the vertical axis. This is done by making the slow feedback go through a symmetric function
like the squared function. As a reminder, equation 5.6 shows the equation of the Fitzhugh-Nagumo model
and 5.7 shows its modulable extension.
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
dVm

dt
=Vm−

V 3
m

3
−W + Iext

τ
dW
dt

= (Vm +a−bW )

(5.6)


dVm

dt
=Vm−

V 3
m

3
− (W +W0)

2 + Iext

τ
dW
dt

= (Vm +a−bW )

(5.7)
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Figure 5.4: Phase portraits(top) and voltage traces(bottom) of the original FitHugh-Nagumo model on the
left and its extension by adding the reflection of the V-nullcline on the right. We can see in this case that
the simple addition of the reflection decreases the frequency and introduces a spiking delay in the voltage
traces.

Figure 5.4 shows the FitzHugh-Nagumo on the left, and on the right, the effect of adding the squared
function around the slow feedback in the fast dynamics. From a pure feedback point of view, adding the
squared function allows modulating the negative feedback strength at the spiking threshold by modulating
its minimum value in the fast variable. This creates 3 different cases responsible for the 3 different studied
firing patterns.

• If the feedback is negative at the threshold, it promotes a competition between the fast and slow vari-
able. High input is necesary to overcome this competition and it results in rapid spiking characteristic
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of type2 firing.

• If the feedback is insensitive near the threshold we can obtain arbitrarily slow spiking, characteristic
of type1 excitability.

• With positive feedback near the threshold, there is cooperation between the fast and slow variables
of the system, effectively promoting the creation of subsequent spikes after the first one. This char-
acterises the hysteresis behaviour of type 2*.

From the Fitzhugh-Nagumo model to the SRC model we can see that the V is the fast variable rep-
resented as h in the SRC and w is the slow variable that corresponds to the hs variable in the SRC. The
main difference between the two models is the chosen non-linearity to create a pitchfork bifurcation around
the fast variable. In the phase portrait, this non-linearity gives the the z shape to the V nullcline. In the
Fitzhugh-Nagumo model, the cubed function is chosen, however, the SRC uses the tanh(·) function. From
a systems point of view, it does not change the bifurcations and the behaviours are qualitatively identical.
This change was made for its better Machine Learning properties. Indeed, the tanh(·) function has gradients
that are bounded by [0,1], this creates a vanishing gradients problem but alleviates the exploding gradients.
On the other hand, the derivative of the cubic function x3 is dx3

dx = 3x2 which not only suffers from vanishing
gradients when x is small but it also exacerbates the exploding gradients problem for large x.

In order to obtain the sought-out symmetry in the phase portrait of the SRC model we can use the
same strategy as with the extension of the Fithugh-Nagumo model and wrap the slow feedback in a squared
function with an hs0 parameter to modulate the behaviour of the cell. The modulable SRC(mSRC) system
equations can be seen here below in equation 5.8. In figure 5.5 we can see the simulation of a trajectory
along with the phase portrait corresponding to the new equations on the right compared to the original SRC
equations on the left. 

h′(t) = tanh
(
Iext(t)+ rh(t)+ rs(hs0 +hs(t))2 +bh

)
−h(t)

h′s(t) =zs(h(t))⊙hs(t)+(1− zs(h(t)))⊙h(t)−hs(t)

zs(x) =0.9−0.9∗ 1
1+ exp(−10∗ (x−0.5))

(5.8)
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Figure 5.5: Spiking phase portraits and traces of the SRC model on the left and its extended version on the
right.

In the previous simulations, we can see that both cells do not reach the upper part of the V nullcline,
meaning that spikes are not all-or-none events. This problem is caused by 2 main issues. The first is an
inadequate zs(x) equation which modulates the speed of the slow hs variable as a function of the value of
the fast h variable. Indeed, having the speed of hs that increases prematurely will stop the upstroke of the
spike before reaching its maximum by increasing the negative feedback too soon. This hinders the all or
none nature of spikes and makes their size sensitive to input strength. This is an undesirable behaviour of
the model as we do not want input strength to be encoded in the amplitude of the spike. To solve this issue
we can reduce the speed of hs for a value of h far from its maximum value of 1. In figure 5.6 we can see the
graphs of zs(h). On the left, we can see the original zs(h) as proposed for the SRC. On the right, we can see
a shifted version of the function with a faster change in speed. The second source of the issue comes from
the weak positive feedback that does not create a fast enough upstroke. This can be solved by increasing
the positive feedback term r = 2 to r = 4.

In figure 5.7 we can see the effect of these changes on the mSRC cell. On the right with the modified zs

and increased r we can see an improved all or none characteristic in the trajectories of the spikes compared
to the base mirrored SRC on the left. The resulting equations from these modifications can be seen in
equation 5.9. These equations will be the ones used for the rest of this chapter.
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Figure 5.6: Plots of the slow feedback speed modulating functions. On the left we can see the original SRC
equation and on the right the modified version for the mSRC simulations.


h′(t) = tanh

(
Iext(t)+4 ·h(t)−7 · (hs0 +hs(t))2 +bh

)
−h(t)

h′s(t) =zs(h(t))⊙hs(t)+(1− zs(h(t)))⊙h(t)−hs(t)

zs(x) =0.9−0.9∗ 1
1+ exp(−20∗ (x−1))

(5.9)
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Figure 5.7: Spiking phase portrait and voltage traces of the base mSRC model on the left and its improve-
ment with r = 4 and modified zs(h) on the right.

5.3.2 Analysis

Having obtained the mSRC equations, the qualitative behaviour, as well as the phase portraits of the systems
can be analysed. In this section, we discuss the behaviours obtained with the mSRC through, FI curves and
bifurcation analysis in an attempt of reproducing the 3 different spiking behaviours that were sought out in
this thesis.

a Qualitative Behaviour

Figure 5.8 shows 3 heatmaps corresponding to the mSRC neuron. On the left, the FI heatmap shows that
for values of hs0 close to 0.9, the FI curve shows a larger frequency range, indicating that this could be the
narrow type 1 firing region surrounded by type 2-like behaviour. Figure 5.9 takes slices of the FI heatmap
at 3 different values to more clearly show a the evolution of the behaviour when hs0 = 1.5,0.9, and 0.5.
The left and bottom heatmaps show the firing latency from rest, and the hysteresis size between the step-up
and step-down FI curves respectively. The rightmost FI curve in figure 5.9 also shows the difference in
frequency from step up and step down FI curves that take place at low values of hs0 . From these figures,
we can see that for small values of hs0 ≈ 0.5 we obtain behaviours that are characteristic of type 2* firing.
We also see in the FI heatmap that this type 2*-like region has lower current saturation values. Finally, this
leaves the region with high values of hs0 as a candidate for true type 2 firing. In the following subsections,
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we will study the phase portraits in these regimes and compare them to the previously seen phase portraits
of the reduced Connor-Stevens model.
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Figure 5.8: Heatmaps corresponding to the different mSRC hs0 modulation values. On the left, the FI
heatmap can be seen showing a decrease in discontinuity of frequencies around hs0 = 0.9. On the right the
spiking delays heatmap shows an increase in delays for lower values of hs0. At the bottom we can see the
increasing hysteresis range as hs0 decreases.

0 2 4 6 8 10
Applied Current (Iapp)

0

20

40

60

80

Fr
eq

ue
nc

y

mSRC Frequency-Current (FI) Curve for hs0 = 1.5

0 2 4 6 8 10
Applied Current (Iapp)

0

20

40

60

80

100

Fr
eq

ue
nc

y

mSRC Frequency-Current (FI) Curve for hs0 = 0.9

0 2 4 6 8 10
Applied Current (Iapp)

0

20

40

60

80

100

Fr
eq

ue
nc

y

mSRC Frequency-Current (FI) Curve for Hs0 = 0.5
Step Up
Step Down

Figure 5.9: FI curves computed at increasing values of hs0. From left to right hs0 = 1.5,0.9, and 0.5. We
can see how the discontinuous characteristic decreases with hs0 = 0.9 and then increases again with lower
values. With hs0 = 0.5 we can see that the step up FI curve behaves much like type2 while the step down
has a larger frequency range effectively creating hysteresis.
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b Type 2 : hs0 = 1.5

In figure 5.10 we can see the phase portraits of the mSRC neuron with a modulation bias hs0 = 1.5 at
subthreshold stimulation on the left, at the threshold in the middle, and at suprathreshold stimulation on
the right. From these phase portraits, we can see the merging of the two h-nullclines in the system as the
stimulation is increased, reminiscent of the extended Fitzhugh-Nagumo model and the reduction of the
Connor-Stevens model. Furthermore, there is always a single fixed point in the system, on the left we
can see it is stable. Increasing stimulation destabilises it, creating oscillations at the threshold, and finally
creating a stable limit cycle at suprathreshold stimulation. This behaviour describes the Hopf bifurcation
confirming type 2 excitability for elevated value of hs0.
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Figure 5.10: Phase portraits and voltage trace of the mSRC neuron in type 2 regime with hs0 = 1.5 at
Iext = 0,5, and 8 respectively.

c Type 1 : hs0 = 0.9

As it can be seen from figure 5.10 to 5.11, decreasing hs0 to 0.9 slides the V nullclines to the right. At this
value of hs0, we can see in figure 5.11 that increasing stimulation fuses the 2 h nullclines close to the fixed
point. Indeed, the fusing of the 2 nullclines approximately corresponds to the destabilising of the fixed
point. This creates a bottleneck between the left and right parts of the h nullclines and also destabilises the
fixed point through a SNIC bifurcation. These are characteristics that also described type 1 excitability in
the reduced CS model.
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Figure 5.11: Phase portraits and voltage trace of the mSRC neuron in type 1 regime with hs0 = 0.9 at
Iext = 0,2.15, and 2.3 respectively.

d Type 2* : hs0 = 0.5

Further shifting the h nullcline to the right with hs0 = 0.5, we obtain the phase portraits in figure 5.12. In the
middle phase portrait, we can see that after the 2 h nullclines fuse there is a coexistence of 2 fixed points.
The fixed point on the left is stable and we can see through the vector field that it attracts the trajectories
that are in the left region of the phase portrait. Further increasing stimulation destroys the leftmost fixed
point through a saddle-node bifurcation, only leaving the rightmost unstable fixed point and its stable limit
cycle to attract the trajectories. To terminate the trajectory after the onset of the limit cycle, stimulation
has to be decreased until the leftmost fixed point is created again and the trajectory crosses the separatrix
between the stable limit cycle and the stable fixed point. This is the source of the observed hysteresis and
is also the same mechanism observed in the type2* excitability of the Connor-Stevens model.
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Figure 5.12: Phase portraits and voltage trace of the mSRC neuron in type 2* regime with hs0 = 0.5 at
Iext = 0,3,3.6,and in the voltage trace,2.5 again. The voltage trace shows the two main characteristics of
type2*, the spiking delay at Iext = 3.6 and the hysteresis as Iext = 2.5 is above the threshold after the onset
of the spikes but not from quiescence.

5.4 Adding bursting capabilities to the cell, the BSRC

In order to complete the parallel with the extended Fitzhugh-Nagumo model discussed in Chapter 2, we
can also add an ultra-slow timescale negative feedback to the mSRC neuron in the same manner to obtain
bursting capabilities. The equations of the Bursting Spiking Recurrent Cell can be observed in 5.10. The
simulation of these equations in the bursting regime can be seen in figure 5.13. Even though bursting is out
of the scope of this thesis, it is important to mention that this third equation does not only bring bursting
capabilities to the cell. It has been shown [71] that ultra-slow feedback also assists in the broadening of the
type1 behaviour region while also linearising the FI curve.



h′(t) =z ·h(t)+(1− z) · tanh(x(t)+ r ·h(t)+ rs · (hs0 +hs(t))2 +b+ ru ·hu(t))−h(t)

h′s(t) =zs(h) ·hs(t)+(1− zs(h(t))) ·h(t)−hs(t)

h′u(t) =zu ·hu(t)+(1− zu) · (h(t)+0.5)−hu(t)

zs(x) =0.9−0.9
1

1+ exp(−20 · (x−1))

(5.10)
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Figure 5.13: Simulation of the BSRC equations 5.10 with the following constant values: x = 0, r = 4,
rs = −7, ru = −8.5, z = 0 zu = 0.999 , b = 0, and hs0 = 0.7. On the left we can see the variation of the
3 variables with time, and on the right a phase portrait of the fast and slow equations with a fixed to zero
ultra-slow variable. The trajectory over the fast and slow variables is overlayed in red.

5.5 Does adding a synapse model to the input alter the system?

When simulating a network of spiking neurons, not only the behaviour of the individual neurons has to
be taken into account, but their connections also play an essential role in the computations performed by
the network. As previously discussed, there are 3 main types of synapse models used in SNNs: static,
exponential, and double exponential models. Static models are a simple identity function with respect to
the dynamics of the presynaptic neuron which will not affect the behaviours of the postsynaptic neuron.
However, the two other models are systems on their own and coupling their dynamics to a neuron can alter
the qualitative properties of a neuron model.

Equations 5.11 integrate an exponential decay synapse to the input of the mSRC neuron as the one
described for the SRC neuron with a decay factor α .

x′(t) =αx(t)+ Iext(t)− x(t)

h′(t) = tanh
(
x(t)+4 ·h(t)−7 · (hs0 +hs(t))2 +bh

)
−h(t)

h′s(t) =zs(h(t))⊙hs(t)+(1− zs(h(t)))⊙h(t)−hs(t)

zs(x) =0.9−0.9∗ 1
1+ exp(−20∗ (x−1))

(5.11)

Figures 5.14 and 5.15 show the heatmaps for the new full system with the integration of a synapse
of decay factor α = 0.9 and α = 0.5 respectively. As can be seen in those figures, the integration of
the synapse greatly modifies the behaviours of the neuron. Indeed, the synapse acts as an integrator of
inputs on its own, amplifying the input and reducing the effect of type 1 behaviour. It also decreases the
input amplitude required for saturation. Furthermore, the spiking delay and hysteresis heatmap are very
different when a synapse is introduced. Even though memory and spiking delay can be observed at all
modulation values, it is important to note that the mechanisms through which they are created are different.
Indeed, leaky synapses have memory and delay on their own as they lag behind the input, meaning that
the current does not directly start or stop with the stimulation, this is why with the used protocol both are
still detected. However, we can see that the frequency gap and delays are small with a synapse as it is no
longer bistability but a lagged response to a change in input that is mainly observed in these heatmaps. It
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is therefore important to keep in mind that the synapses and their parameter are also central to the overall
network behaviour and performance of an SNN.
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Figure 5.14: Heatmaps corresponding to the different mSRC hs0 modulation values with an exponential
synapse at input with α = 0.9. We see the FI, spiking delay, and hysteresis amplitude heatmaps from left
to right.
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Figure 5.15: Heatmaps corresponding to the different mSRC hs0 modulation values with an exponential
synapse at input with α = 0.5. We see the FI, spiking delay, and hysteresis amplitude heatmaps from left
to right.

5.6 Using the FDM to go back to an RNN equation

Using the same derivation as before in equations 5.4 we can simply go back to an update equation by adding
a variable back to its differential equation. The update equations for the mSRC and BSRC can be seen in
5.12 and 5.13 respectively.

h[t +1] = tanh
(
x[t]+4 ·h[t]−7 · (hs0 +hs[t])2 +bh

)
hs[t +1] =zs(h[t])⊙hs[t]+ (1− zs(h[t]))⊙h[t]

zs(x) =0.9−0.9
1

1+ exp(−20∗ (x−1))

(5.12)



h[t +1] =z ·h+(1− z) · tanh(x[t]+ r ·h[t]+ rs · (hs0 +hs[t])2 +b+ ru ·hu[t])

hs[t +1] =zs(h[t]) ·hs[t]+ (1− zs(h[t])) ·h[t]
hu[t +1] =zu ·hu[t]+ (1− zu) · (h[t]+0.5)

zs(x) =0.9−0.9
1

1+ exp(−20 · (x−1))

(5.13)
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Figure 5.16 and 5.17 shows simulations of the cells implemented as RNN cells using the PyTorch[70]
machine learning framework. As can be seen, the obtained behaviour is similar to the behaviour obtained
in the continuous versions of the equations. In the mSRC simulation we can see the spiking delay with the
intermediate input.
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Figure 5.16: Simulation of an mSRC cell in type 2* regime hs0 = 0.77 with an exponential synapse of
decay factor α = 0.5 using the PyTorch framework.
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Figure 5.17: Simulation of a BSRC cell in bursting regime with the same parameters as in figure 5.13 with
an exponential synapse of decay factor α = 0.5 using the PyTorch framework.
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5.7 Limits and considerations of the FDM

As every approximation and numerical method, the FDM has limitations and conditions to full-fill in order
for the approximation to obtain the expected results. For this use case, there are 2 main criteria concerning
the approximation error and the sampling frequency of the approximation.

The Finite Difference Method needs to be a stable scheme of simulation, meaning that the approxima-
tion error needs to be bounded. Intuitively, this criteria is automatically full-filled in our application as the
cell uses gating to stay in the range [−1,1]. Therefore, no signal is amplified and the error stays bounded.

Using discrete time-step sizes to simulate the differential equation also brings sampling frequency lim-
itations to the scheme. Indeed, sampling the signal at too low frequencies will distort the signal and cause
aliasing. Aliasing in the context of neuron simulation would be particularly problematic as it could miss
spikes or fuse them together in worst case scenarios. To avoid this, the sampling frequency fs = 1/∆t
should be at least larger than twice the highest relevant frequency fmax < 2 fs as stated in the Nyquist-
Shannon theorem[72]. For our use case we know that ∆t = 1ms, therefore we know that to prevent aliasing
the dynamics of the cell should be contained in the [0,200]Hz range. As we have seen in the previous
heatmaps and FI curves, the spiking frequency of the cell lies within this range. However, an action po-
tential has a higher frequency spectrum than its firing frequency due to the fast dynamics in the generating
process, particularly at the peak of the spike. Therefore, we can expect spikes to have distorted dynamics
close to their peak due to aliasing.
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Chapter 6

Supervised Learning Tests

Having designed and analysed a Recurrent neural network cell from a system dynamics perspective, we
can now integrate this cell into an ML environment a perform tests to evaluate the learning capabilities of
the cell. In this chapter, we will provide the details of the machine learning implementation of an mSRC
network to perform supervised learning tasks. We will evaluate each spiking regime’s performance for the
task’s completion by forcing the modulation bias and learning other parameters. We will also assess the
performance and analyse the network behaviour when modulation is introduced as a learning parameter.

6.1 Task Description

In order to assess the performance of the proposed cell and compare it to the SRC cell which is based
on, image classification with the MNIST dataset will be used. However, as it is in digital form with pixel
values ranging from 0 to 255, for its use in an SNN context, it has to be coded into spikes. To this end, we
have decided to use both rate and latency coding approaches as described in the SRC tests to have a fair
comparison.

In both approaches, each pixel is transformed into a sequence of 200 timesteps that can or not have
a spike, respectively represented as values of 1 and 0. In the rate coding approach, the number of spikes
is made proportional by sampling a probability distribution at every time step Xt with the probability of
observing a spike P(Xt = 1) that is proportional to the normalized intensity I ∈ [0,1] of the pixel. With a
proportionality factor α = 0.25), the probability distribution is defined in equation 6.1. With this distribu-
tion, a black pixel (I = 0) will never spike whereas a white pixel(I = 1) has a 25% chance to spike at each
time step.

P(Xt = 1|I = i) = i∗α (6.1)

.
In the latency-based coding case, there is only one spike per pixel whose timing will depend on the

intensity of the pixel. This makes this encoding highly sparser than the rate coding approach. For latency
coding, brighter pixels will spike sooner than darker ones. The spike time tspk of a pixel is defined as the
duration needed by the potential of a linearised RC circuit of time constant τ to reach a threshold Vth if this
circuit was powered by a current equivalent to the normalised pixel intensity I as shown in equation 6.2. In
the performed tasks, τ = 10 and Vth = 0.01 were used to replicate the SRC tests. Finally, the timing was
normalised to fill the 200 timesteps of the sequence.

tspk = min(−τ(I−1),Vth) (6.2)
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Figure 6.1: MNIST sample of the left and its respective spike rate and latency coding on the right.

Figure 6.1 shows rate and latency coding raster plot examples of an MNIST sample using the previously
described approaches. Both were implemented using the SNNTorch library[73]. It can be seen that as
expected, the latency coding approach generates much sparser raster plots than the rate coding counterpart.
It is also important to note that rate coding introduces noise in the signal as it is a probabilistic sampling
which could help in the noise resilience of the training on the input data.

6.2 Network Architecture

In the following tests, the trained networks are fully connected with exponential decay synapses. As it has
been seen in the previous chapter, the decay factor heavily affects the behaviour of the system. For all
performed experiments, a decay factor of α = 0.5 was chosen as it seems to offer reduced amplification of
the signal while creating a good amount of memory as can be seen in the FI and hysteresis plots respectively.
Furthermore, the synapse input function that prevents the neuron from saturating was chosen to range
between -5 and +5 with ρ = 5. As we can see in the FI curve for the α = 0.5 synapse, this range maximises
the non-saturating FI range of neurons in the modulation values of interest.

Regarding the configuration of the neurons themselves, we have chosen to use the values determined in
the previous chapter to obtain all-or-none spikes. The final system of equations for the synapse and neuron
used in the network can be seen in 6.3.

i[t +1] =0.5 · i[t]+Wssin [t]

x[t +1] =5 · tanh
(

i[t +1]
5

)
h[t +1] = tanh

(
x[t +1]+4 ·h[t]−7 · (hs0 +hs[t])2 +bh

)
hs[t +1] =zs(h[t])⊙hs[t]+ (1− zs(h[t]))⊙h[t]

sout [t +1] = = ReLU(h[t +1])

zs(x) =0.9−0.9
1

1+ exp(−20∗ (x−1))

(6.3)

At a network level, we have trained the network using different modulation biases to observe the effect
on the performance of firing types. We have performed these tests on a reduced-size network with 1 input
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layer of 32 neurons and 1 hidden layer of 10 neurons fully connected to the output integrators.

6.3 Training Method

To perform the training we used the cross entropy loss function typically used for classification as defined
for the SRC and shown in equation 6.4 for our use case with 10 classes. In this equation ŷy denotes the
integrator value for the correct class at the end of the sequence and ŷc denotes the value for the other classes.
This will result in the network pushing the charge of the correct integrator up and minimising the charge in
the others.

l(ŷ,y) =− log
(

exp(ŷy)

∑
10
c=1 exp(ŷc)

)
(6.4)

The networks have learnable parameters in their current biases bh, the synaptic connections Ws, and the
modulation bias hs0. These parameters are initialised as follows:

• Current biases are initialised to bh = 1 as this is a value close to the firing threshold. It has empirically
been observed that this helps learning converge faster.

• Synaptic connections Ws are initialised using the Xavier[74] uniform initialisation rule as it alleviates
the vanishing and exploding gradient problems.

• The modulation bias hs0 has been fixed to a set firing type for several tests. When used as a learnable
parameter, it has been uniformly initialised within values of hs0 ∈ [0.5,1.3] to keep a symmetry
between the different firing types.

The weights are modified using the ADAM optimiser [75] and learning rates of 0.001 for both the
biases and the synaptic weights. In order to prevent exploding gradients, gradient clipping is used with a
maximum gradient value of 1.

During training, the ReLU(·) activation functions are bypassed during the backward pass to allow gradi-
ents to pass through the network even when no spikes take place. This was done by replacing the derivative
of the function with the unit function defining it as ReLU(·)′ = 1.

Finally, each training has been performed on 90% of the dataset using the 10% left for validation, and
over 50 epochs as it has been observed to be sufficient to attain convergence in most instances. Training
has been repeated 5 times in order to assess training stability.

6.4 Fixed Modulation Rate Coding Tests

It can be seen in figure 6.2 that good overall accuracies are achieved with respect to the small size of the
network which only contains 42 neurons. We see that modulation does impact performance in the rate-
coded task and the best type is type2* which obtains 91% validation accuracy. The worst performing is
type 2 with only 58% accuracy. These results may result surprising as intuitively type1 neurons should
be the most suitable type for rate-coded tasks. Furthermore, there is little difference between the onset FI
curves of type 2 and 2* but their performance varies widely.

Figure 6.2 also show encouraging results regarding the use of backpropagation on our bio-inspired
modulable RNN spiking cell as training is stable for all modulation values. Indeed, we can see that the
min-max area remains close to the average. Furthermore, the training converges rapidly in the first 10
epochs and progresses slowly after.
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Figure 6.2: Evolution of validation accuracy and loss during training of a small mSRC network modulated
in each firing type for the rate coded task. Solid lines show the mean over 5 trainings and shaded areas are
bounded by min/max values of the trainings.

6.4.1 Network Dynamics Analysis

In order to better understand the performances and verify that the neurons behave as desired, in this section,
we will delve deeper into the network dynamics. We will verify that spiking frequency and timing are the
main carriers of information in the network. To do so, we will compare the behaviour of the networks
using their average spiking time, max spike time, inter-spike intervals(ISI), spike widths, and spike heights.
Spiking time is computed as percentage of time steps where the value of the fast variable is above 0 over a
trace. In addition to the ISI it gives an indication of how much activation the is in the network on average
with the mean spike time and the maximum recorded activation for a sample with the maximum spike time.
Furthermore, samples of the dynamics through raster plots and neuron and synapse state plots can be found
in the Appendices for a better view of the dynamics in a network.

From the spiking data in figure 6.3 we can see that on average type 2* neurons spike more often than
the other types for a given image, followed by type 1 and then type 2. This trend is the same as what can
be observed in the accuracies and could lead us to think that more spiking is necessary to carry and process
more information. This observation is surprising as it would imply that the network does not effectively
use the Input strength to frequency mapping to carry the task, as we have seen that type 1 yields worst
accuracies than type2*. Another explanation for this result would be that the network is able to harness the
hysteresis in type2* neurons and its increased FI curve after the onset. Finally, it has been observed during
the development of the cell and in preliminary tests that type2* can in fact use its closeness to saturation to
its advantage to modulate the spike width and use that as the main source of its computational capabilities.
In order to remove that unwanted behaviour the variable zs(·) function was introduced.

In order to assess the efficacy of the variable zs(·) in preventing spike width modulation in the following
sections we present figures where the statistics regarding spike width are compiled. The statistics were
obtained through summation over the whole MNIST dataset and averaged over the 5 models with the same
modulation bias.
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Figure 6.3: Validation mean, and max spike time as a percentage of time steps throughout the training of
a small mSRC network modulated in each firing type for the rate coded task. Lines show the mean over 5
trainings and shaded areas are bounded by obtained min/max values.

a Type 2

In figure 6.8 statistics regarding the transmitted values through the network sout have been compiled.
Namely, the width of the spike has been computed as the number of consecutive positive values in each
pulse and the height has been recorded as the amplitude of all positive values of sout . From figure 6.8 we
can see that the design of the cell in type 2 modulation mainly produces all-or-none spikes as most values
are in the [0.8,1] range. Furthermore, with type 2 modulation, we can also see that most spikes are either
composed of 2 or 3 values. These two plots indicate that the network is not able to modulate the height and
the width of the spikes to transmit information in type 2.
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Figure 6.4: Spike width and height histograms obtained by inference over the whole rate coded MNIST
dataset of a type2 mSRC network. Spike width is counted as consecutive positive values whereas height is
counted as values above 0 in the voltage trace. For spike width, data is averaged over 5 trained models for
spike width where the standard deviation is shown as a red bar on top of each bar. Height data frequency is
accumulated over the same 5 models.

In figure 6.5 we can see the inter-spike intervals(ISI) in the traces of the Type 2 network over the whole
MNIST dataset. The plot shows a steep Poisson-like distribution around a 20 time step ISI, which is an
expected distribution for type2 neuron which does not have a wide firing frequency range like the two other
types.
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Figure 6.5: Inter-Spike Intervals (ISIs) obtained by inference over the whole rate coded MNIST dataset of
a type2 mSRC network. ISIs are counted as the number of below-threshold time steps between spikes in
the voltage traces. Data is averaged over 5 trained models.

b Type 1

Increasing the modulation bias to obtain a type 1 does not significantly change the spike widths and height
as shown in figure 6.6. Most spikes are still 2 or 3 time steps wide. We can however see that the maximum
width of the spikes increases to 10 but their occurrence is so sparse that they are not visible in the plot.
In the previous section, it was discussed that increasing the modulation bias has the adverse of decreasing
the saturation value. As the saturation moves closer this may cause a decrease in the speed of the system
close to the peak value causing some spikes to be larger. Nevertheless, the occurrence of these wide spikes
is negligible compared to the average spike width value, which indicates that the network is not able to
leverage spike width modulation for computation.
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Figure 6.6: Spike width and height histograms obtained by inference over the whole rate coded MNIST
dataset of a type1 mSRC network. Spike width is counted as consecutive positive values whereas height is
counted as values above 0 in the voltage trace. For spike width, data is averaged over 5 trained models for
spike width where the standard deviation is shown as a red bar on top of each bar. Height data frequency is
accumulated over the same 5 models.

66



Surprisingly, figure 6.7 shows an ISI plot very similar to the one obtained with the type2 network. Type
1 having a more significant frequency range it would be expected that the plot would be flatter. However,
it seems that the high activity of the network that was already observed in the mean spike time hinders the
ability of the network to use the whole frequency range of type 1 neurons.

0 25 50 75 100 125 150 175 200
Inter-Spike Interval [Time steps]

0

100000

200000

300000

400000

500000

600000

700000

Fr
eq

ue
nc

y

Average Inter-Spike Interval Bar Plot

Figure 6.7: Inter-Spike Intervals (ISIs) obtained by inference over the whole rate coded MNIST dataset of
a type1 mSRC network. ISIs are counted as the number of below-threshold time steps between spikes in
the voltage traces. Data is averaged over 5 trained models.

c Type 2*

Type 2* further increases the maximum width of the spikes as shown in figure 6.8. In this modulation, the
closeness of saturation seems to affect the system enough to change the modal spike width and increase
it to 4. Nevertheless, the spike width and height variance remain small enough to suggest that even with
wider spikes the network is not able to use it to code information.
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Figure 6.8: Spike width and height histograms obtained by inference over the whole rate coded MNIST
dataset of a type2* mSRC network. Spike width is counted as consecutive positive values whereas height is
counted as values above 0 in the voltage trace. For spike width, data is averaged over 5 trained models for
spike width where the standard deviation is shown as a red bar on top of each bar. Height data frequency is
accumulated over the same 5 models.

The ISI plot of type 2* in figure 6.9 shows an expected further narrowing of the used frequencies
compared to type 1. When observing the behaviour of the network coupled with the performance, it is
interesting to see that higher activity in the network and a seemingly narrower band of used spiking fre-
quencies obtain higher accuracies. In this setting consisting of a small network and the rate-coded MNIST
task, high average activity coupled with very distinct activity consisting of silence or high-frequency firing
seems to yield the best results.
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Figure 6.9: Inter-Spike Intervals (ISIs) obtained by inference over the whole rate coded MNIST dataset of
a type2* mSRC network. ISIs are counted as the number of below-threshold time steps between spikes in
the voltage traces. Data is averaged over 5 trained models.
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6.5 Fixed Modulation Latency Coding Test

6.5.1 Performance

For the Latency coded task, we can see in figure 6.10 that the network’s performance was poorer than in the
rate task. The best-performing modulation remains Type2* but this time only achieves 73% accuracy in the
best epochs. This time it was expected that Type2* would be the best-performing neuron as it is the only
modulation that creates a form of memory on top of the memory present in the exponential decay synapses.

From the loss plot, we can also see that convergence is slower for the latency-coded task. Both of these
results were expected as this coding of the task is much more difficult than its rate-coded counterpart as this
one requires memory and a relative measure of timing between the different input spikes. Furthermore, the
training is also more difficult as there is less stimulation and therefore less activity to generate the gradients
that allow for convergence during the backward pass.

Figure 6.10: Evolution of validation accuracy and loss during training of a small mSRC network modulated
in each firing type for the latency coded task. Solid lines show the mean over 5 trainings and shaded areas
are bounded by min/max values of the trainings.

6.5.2 Network Analysis

One of the main goals of the latency-coded task was to have sparser activity in the network which would
directly transfer to less energy expenditure in a neuromorphic hardware implementation of the network. At
this, the network did succeed as we can see in figure 6.11 that both the max spike time and mean spike time
for all modulation values are lower than the lowest values in the rate-coded task.

We can see that contrary to what we observe in the rate-coded task, there is a wide variation in activity
between models of the same type, for type 2* networks in particular. This might be due to the hysteresis
property of the firing type as high activity is required for the onset but once the onset is obtained activity
remains high for longer.

Finally, we can see that in the latency-coded task performance of the network is not directly linked
to its activity. Indeed, the epochs with the best accuracies are located in the 15 to 35 epoch range which
corresponds to lower values of mean spike time compared to the last epochs with lower accuracies.
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Figure 6.11: Validation mean, and max spike time as a percentage of time steps throughout the training of
a small mSRC network modulated in each firing type for the latency coded task. Lines show the mean over
5 trainings and shaded areas are bounded by obtained min/max values.

Figure 6.12 shows that changing from the rate to the latency-coded task does not change the behaviour
of the neurons or the ability of the network to harness spike height and width to perform computations as
expected.
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Figure 6.12: Spike width and height histograms obtained by inference over the whole latency coded MNIST
dataset. From the top row, the used mSRC networks are modulated in type 2, 1, and 2* respectively. Spike
width is counted as consecutive positive values whereas height is counted as values above 0 in the voltage
trace. For spike width, data is averaged over 5 trained models for spike width where the standard deviation
is shown as a red bar on top of each bar. Height data frequency is accumulated over the same 5 models.

a Type 2

In figure 6.13 we can see that the ISI distribution is much flatter, suggesting that latency coding exploits
better the frequency range of neurons. This is also due to the exponential decay synapses that probably
excite neurons in a wider range of currents.
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Figure 6.13: Inter-Spike Intervals (ISIs) obtained by inference over the whole latency coded MNIST dataset
of a type2 mSRC network. ISIs are counted as the number of below-threshold time steps between spikes in
the voltage traces. Data is averaged over 5 trained models.

b Type 1

In figure 6.14 we again see a flatter distribution of the ISI distribution is observed due to the sparser latency
coding of the task. We also see that the overall activity of the type 1 network is higher than type 2 which
is expected as the threshold is lower so the network can spike for longer during the synapse discharge.
Furthermore, we also see a wider peak of the distribution which is expected because of the larger frequency
range of type 1 neurons.
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Figure 6.14: Inter-Spike Intervals (ISIs) obtained by inference over the whole latency coded MNIST dataset
of a type1 mSRC network. ISIs are counted as the number of below-threshold time steps between spikes in
the voltage traces. Data is averaged over 5 trained models.

c Type 2*

The higher activity of the type 2* network that has been seen in the mean spike times plots is again seen in
figure 6.15 where the maximum frequency is 20 times higher than in type 2 and 7 times higher than in type
1. This shows the effect of hysteresis as the network needs to push excitation high in order to obtain a first
response and then the decay of the synapse coupled to a higher frequency range after the spiking onset will
obtain longer-lasting activity.
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Figure 6.15: Inter-Spike Intervals (ISIs) obtained by inference over the whole latency coded MNIST dataset
of a type2* mSRC network. ISIs are counted as the number of below-threshold time steps between spikes
in the voltage traces. Data is averaged over 5 trained models.

6.6 Training with modulation as a parameter

In the following experiments, the modulation bias hs0 was set as a learnable parameter of the network and
its value was uniformly initialised. With this test, we can determine the importance of heterogeneity in the
performance of this task. Furthermore, in these tests, we observe how the network modifies the values of
the modulation parameter to optimise the performance on the task.

6.6.1 Rate-Coded Task

a Performance

In figure 6.16 we can see that setting the modulation as a learnable parameter does not hinder learning as
we obtain 91% accuracy consistently. We can also see that the loss decreases rapidly within the first 10
time steps as it does with fixed modulation which further shows that modulation can be learned effectively
with backpropagation.
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Figure 6.16: Evolution of validation accuracy and loss during training of 5 small mSRC networks with
modulation as a learnable parameter on the rate coded MNIST.

b Network Analysis

The data regarding spike time in figure 6.17 shows activity throughout training that is comparable to fixed
modulation in type 2*. When looking at the modulation biases through training in figure 6.18 we can
see that the network converges towards type 2* values. This confirms that in a small network for the
rate-coded task, the behaviour of learnable modulation converges toward type2* behaviour. This could
signify that type 2* firing has the most computational power and the more useful properties for the current
task. Furthermore, the learning of this task suggests that there is no advantage in having a heterogeneous
population of neurons or that backpropagation is not able to harness heterogeneity effectively to complete
the task.

Figure 6.17: Validation mean, and max spike time as a percentage of time steps throughout the training of
5 small mSRC networks with the modulation as a learnable parameter for the rate coded task.
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Figure 6.18: Evolution of the modulation value hs0 throughout the training of an mSRC network with the
modulation as a learnable parameter for the rate coded task.

6.6.2 Latency-Coded Task

a Performance

Again, figure 6.19 shows that learning the modulation obtains a similar performance to fixed modulation
in the latency-coded MNIST. However, we can see that the convergence is faster and has a lower variance
suggesting that smoothly varying the modulation parameter helps with learning in this task.

Figure 6.19: Evolution of validation accuracy and loss during training of 5 small mSRC networks with
modulation as a learnable parameter on the latency coded MNIST.

b Network Analysis

In figure 6.20 we can see that making modulation learnable yields a network that has higher average acti-
vation than fixing the parameter. In the plots of figure 6.21 we can see that for the latency-coded MNIST,
modulation also tends to decrease to enter type 2* firing.
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Figure 6.20: Validation mean, and max spike time as a percentage of time steps throughout the training of
5 small mSRC networks with the modulation as a learnable parameter for the latency coded task.

Figure 6.21: Evolution of the modulation value hs0 throughout the training of an mSRC networks with the
modulation as a learnable parameter for the latency coded task.

6.7 Training Robustness in Spite of Aliasing

As discussed in the previous chapter, the discretisation of a continuous time system to create a discrete-
time RNN cell will cause the high frequencies to be aliased. In order to study the effect of aliasing on
the performance and spiking behaviour of the system we modified the zs(·) function by decreasing the zhyp

s

value from zhyp
s = 0.9 as it is in the previous test to zhyp

s = 0.5. This has the effect of highly accelerating
the slow feedback effect, effectively reducing the spike amplitude in continuous time and causing aliasing
when discretised. Figure 6.22 shows the continuous time system using the new zhyp

s = 0.5 value and the
trace in discrete time generate with an RNN cell using the same zhyp

s value. As it can be seen, spikes that
do not have full amplitude only reaching 0.5 in the continuous case are all-or-none in the discretised case
due to high-frequency behaviour being aliased.
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Figure 6.22: Phase portrait with a trajectory of the system with zhyp
s = 0.5 on the left. On the right, the

traces of the system without aliasing on top. The bottom trace shows the simulation with an RNN cell that
introduces discretisation noise and aliasing.

Figure 6.23 shows that aliasing does not hinder learning. Increasing the speed of zs by setting zhyp
s = 0.5

actually improves accuracy in the rate coded task. In the latency coded task the no value of zhyp
s has a clear

advantage. However, it is important to note that high aliasing is a source of error that would not be present
in a neuromorphic hardware implementation of the network. Therefore, it is unknown if the results obtained
in simulation where high aliasing is present would translate well to real application performance.

Despite faster spikes, in figure 6.24 we can see that the networks with lower zhyp
s have higher up time

than their slower zs counterpart. This shows that increasing the speed of zs increases the frequencies that
can be observed in the network. The increase in activity does correlate with accuracy as it has previously
been observed. However, in this case the activity doubles in some cases but accuracy is only marginally
better when comparing zhyp

s = 0.5 to zhyp
s = 0.9
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Figure 6.23: Validation accuracies and training loss for all the trained modulations and values of zhyp
s . Plots

in the left column corresponds to results of the rate coded task, latency coded is on the right.

Figure 6.24: Validation max and mean spike time for all the trained modulations and values of zhyp
s . Plots

in the left column corresponds to results of the rate coded task, latency coded is on the right.

Statistics regarding the spike widths heights and inter-spike intervals were also computed for the zhyp
s =

0.5 networks. For the sake conciseness these plots have been placed in appendices C.1 and C.2 for the rate
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coded task and C.3 and C.4 for the latency coded task. In those plots we see that the faster dynamics make
the spikes shorter in general but slightly increase the variance of the spike heights. The increase in different
spike heights does not seem to be significant enough for the network to use it as a means of computation.
Regarding the ISIs, we observe the same behaviours than with zhyp

s = 0.9 but with ranges that start lower
and that are more concentrated towards higher frequencies. This further indicates that increasing the speed
of the slow dynamics of the system dramatically increases the activation of the network.
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Chapter 7

Conclusion and Further Work

In this thesis, we have started by reviewing the state-of-the-art techniques and approaches to neuronal
excitability modelling. We have discussed the main branches of Machine Learning along with their short-
comings and opportunities, going more into detail regarding Recurrent Neural Networks. We have seen
how these networks, much like neurons, are feedback systems in nature. In particular, the recently pro-
posed Spiking Recurrent Cell(SRC) harnesses this feedback nature to create a cell that is able to simulate
spiking while learning through backpropagation. To analyse the behaviour of this cell, we have used the
Finite Difference Method to transform the SRC into a continuous time system that could then be analysed
using classical non-linear systems tools. The analysis of the SRC cell has shown that it is only capable of
type2-like excitability which is only one of the 3 main types of excitability discussed at the beginning of
this thesis. Furthermore, the analysis showed that the SRC does not make all-or-none spikes which is an es-
sential aspect of neurons which code information in either their firing frequency or timing. Seeking to solve
this problem we have proposed 2 recurrent cells based on the SRC. The first consists of a modified version
baptised the modulable-SRC(mSRC) that finds inspiration in state-of-the-art reduced models of excitabil-
ity. The mSRC is able to smoothly switch between type 2, 1, and 2* excitability through the help of a single
additional parameter. Furthermore, in this cell, the slow dynamics of the equation have been modified to
obtain spikes that are closer to the all-or-none biological spikes. The second cell consists of an extension of
the mSRC that adds a feedback equation with an ultra-slow timescale that allows for another fundamental
excitability behaviour that is bursting. Finally, these cells designed in continuous time have been translated
back into their RNN cell equivalent through the same Finite Difference Method. It has been noted, that
even though designing recurrent cells in continuous time and translating them into implementable RNNs
is a very convenient mode of operation, the Finite Difference Method does have shortcomings and care
should be taken when using it. In particular, one should keep in mind that not all discretisations are stable
and some can have exploding numerical errors. Moreover, due to sampling errors high frequencies might
become distorted due to aliasing if the time step is chosen too large for a given cell.

Having designed the mSRC cell, we have tested it and verified its correct behaviour with satisfactory
results. With only 42 fully connected neurons arranged in 2 layers accuracies of 90% were obtained on the
rate coded MNIST dataset. This result, even if it is below the state of the art for classical machine learning,
is very encouraging taking into account the small size of the network and the fact that these results should
be compared to spiking neural networks and not classical ML. Furthermore, one of the main goals of this
project was to design a cell that could learn its modulation through backpropagation which we succeeded
at doing. Surprisingly, the network converges to a purely type2* network to obtain the best results in both
the rate-coded and latency-coded tasks.

Further tests to assess the network learning resistance towards high levels of aliasing were also carried
out. From these tests, we have seen that aliasing and a change in the slow feedback speed have little impact
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on learning and even obtained higher results in some settings compared to the lower aliasing counterpart.
Nevertheless, it must be noted that if the end goal of the network is to be implemented in neuromorphic
hardware, aliasing during training will make the performance on hardware unpredictable and probably
worse as aliasing will not be present in hardware.

Many results in this thesis are encouraging and make a good case for the proof of concept of a modulable
spiking recurrent cell. However, this is a very new approach to SNNs and the cell has shortcomings that
ought to be addressed. Modulation increases the variance in spike width which is an undesired effect
of the model. Furthermore, the use of the squared function in a machine learning application has bad
properties for learning it squashes values that are smaller than one in absolute terms and amplify the rest. A
maybe more suitable function that would yield the effect of symmetry would be the absolute value function,
however, tests should be done to verify that it does improve training performance without compromising
on the functionality of the cell. Regarding the obtained results when modulation is a learned parameter,
the lack of use of heterogeneity by the network could be due to the reduced scope of the task or the small
size of the network. In order to validate this idea tests with a larger network should be carried out on
more sophisticated tasks. Such tasks could be more closely related to neuroscience tasks or reinforcement
learning as they often involve long-term memory dependencies and require the network to make different
outputs over time. Furthermore, these tests used the cross entropy loss with integrators at the output which
forced the activity to be as high as possible for the correct output. Although effective this loss function may
not be the best one can produce for a sparse spike generation.

Regarding the network architecture, the fully connected model is extremely flexible but is also difficult
to train. One of the next steps that could be taken to improve the performance of RNN-based spiking
neural networks would be to use other architectures like conventional architectures for image recognition.
Furthermore, the addition of synapses gives a new dimension to neural network design as synapses could
be connected together to form synaptic trees as they have been observed in biological neurons. The choice
of synapse model is also a crucial one that has not been explored in detail in this thesis but we have seen
how much they can affect the dynamics of the network.

It is also important to remember that the end use of SNNs is to create low-power intelligent systems.
Implementing these networks in hardware is also an avenue that should be researched as it will give further
insights into how to develop models that are more readily hardware implementable and that conserve their
performance in spite of all the challenges that hardware would offer like noise, components mismatch,
and chip footprint to name a few. As part of another project linked to this one, the mSRC neurons were
successfully implemented on a field programmable array(FPGA). FPGAs offer high levels of parallelism
which is useful regarding inference speed, however, they are still digital in nature meaning that there is no
advantage regarding power efficiency. One notable challenge in that implementation was the use of nonlin-
ear functions which are very resource intensive in a setting where resources are very limited. Simplifying
even further the design of the mSRC system could not only benefit its implementation on an FPGA but also
allow for faster inference on classical computers resulting in a training speed up.

It is needless to say that this novel SNN approach is still in its infancy and requires more work in
order to improve it and test it further. Nevertheless, the preliminary results are very encouraging, and the
ease and flexibility of implementation offered by using well-established frameworks such as PyTorch will
allow rapid iterations to come to life. It is exciting to see the growing interest in neuroscience-inspired
machine learning. Undoubtedly, it will bring progress to both fields and help shed light on one of the most
fundamental mysteries of nature which is learning.
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Appendix A

Additional Biophysical Neuron Models

A.1 Hodgkin and Huxley Model

The following equations and figure define and show simulations of the Hodgkin and Huxley Model. The
first developed conductance based model, rewarded with the Nobel Prize for Physiology or Medicine in
1963. 

Cm
dVm

dt
= Iext − ḡKn4(Vm−VK)− ḡNam3h(Vm−VNa)− ḡL(Vm−VL)

dn
dt

= αn(Vm)(1−n)−βn(Vm)n

dm
dt

= αm(Vm)(1−m)−βm(Vm)m

dh
dt

= αh(Vm)(1−h)−βh(Vm)h

(A.1)

with

αn(Vm) =
0.01(Vm +55)

1− exp(−0.1(Vm +55))
βn(Vm) = 0.125exp(−0.0125(Vm +65))

αm(Vm) =
0.1(Vm +40)

1− exp(−0.1(Vm +40))
βm(Vm) = 4exp(−0.0556(Vm +65))

αh(Vm) = 0.07exp(−0.05(Vm +65))

βh(Vm) =
1

1+ exp(−0.1(Vm +35))

(A.2)

A.2 Connor Stevens model

The Connor Stevens model expands the HH model with additional ion channels. These additional ion
channels require differential equations to model the gating mechanism as it can be seen in the equations
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Figure A.1: Simulation over 200 time steps with a 10ms dt of a HH neuron with different input intensities
and lengths.

here bellow. The model is able to recreate more firing patter but this is at the cost of increased complexity.

Cm
dVm

dt
= gl(Vm−Vl)+gNam3h(Vm−VNa)+gKn4(Vm−VK)+gAa3b(Vm−VK)+gCam2

Ca(Vm−VCa)+ Iext

dm
dt

=
m∞(Vm)−m

τm(Vm)

dh
dt

=
h∞(Vm)−h

τh(Vm)

dn
dt

=
n∞(Vm)−n

τn(Vm)

da
dt

=
a∞(Vm)−a

τa(Vm)

db
dt

=
b∞(Vm)−b

τb(Vm)

dmCa

dt
=

mCa∞(Vm)−mCa
τmCa

(A.3)
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with
αm(V ) = 0.38

V +29.7
1− exp(−0.1(V +29.7))

βm(V ) = 15.2exp(−0.0556(V +54.7))

m∞(V ) =
αm(V )

αm(V )+βm(V )

τm(V ) =
1

αm(V )+βm(V )

αh(V ) = 0.266exp(−0.05(V +48))

βh(V ) =
3.8

1+ exp(−0.1(V +18))

h∞(V ) =
αh(V )

αh(V )+βh(V )

τh(V ) =
1

αh(V )+βh(V )

αn(V ) =
0.02(V +45.7)

1− exp(−0.1(V +45.7))
βn(V ) = 0.25exp(−0.0125(V +55.7))

n∞(V ) =
αn(V )

αn(V )+βn(V )

τn(V ) =
1

αn(V )+βn(V )

αa(V ) =

(
0.0761

exp((V +94.22)/31.84)
1+ exp((V +1.17)/28.93)

) 1
3

τa(V ) = 0.3632+
1.158

1+ exp((V +55.96)/20.12)

βa(V ) =

(
1

1+ exp((V +53.3)/14.54)

)4

τb(V ) = 1.24+
2.678

1+ exp((V +50)/16.027)

(A.4)
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Appendix B

Additional mSRC network plots

In the following section we will give detailed plots corresponding to trained mSRC networks to help vi-
sualise the behaviour of the whole network. In these plots we can see the inputs as well as the synaptic
currents and cell state at each time step. The information is separated by layers and there is one pane per
element of the network. Namely, for each layer the synaptic currents are given followed by the fast and
slow variables of the neuron the pulses that are transmitted to the next layer. Following the state plots in
each of the 3 trained modulation values, a raster plot is given summarising the pulses at the input and at
each layer of the network.

B.1 Type 2 Rate Coding
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B.2 Type 1 rate coding
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B.3 Type 2* rate coding
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B.4 type 2 latency coding
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B.5 type 1 latency coding
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B.6 type 2* latency coding
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Appendix C

Spike Statistics For The Trained Network
With High Aliasing

In each section of this chapter, the plotted statistics regarding spike width, height, and inter-spike interval for
the high-aliasing network are provided. These plots demonstrate trends that are similar to the ones observed
in the low-aliasing networks presented in Chapter 6. However, high aliasing does result in narrower spikes
and higher spiking frequencies.
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C.1 zhyp
s = 0.5 rate coded spike statistics
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Figure C.1: Spike width and height histograms obtained by inference over the whole rate coded MNIST
dataset. From the top row, the used mSRC networks are modulated in type 2, 1, and 2* respectively and
with zhyp

s = 0.5. Spike width is counted as consecutive positive values whereas height is counted as values
above 0 in the voltage trace. For spike width, data is averaged over 5 trained models for spike width where
the standard deviation is shown as a red bar on top of each bar. Height data frequency is accumulated over
the same 5 models.
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Figure C.2: Inter-Spike Intervals (ISIs) obtained by inference over the whole rate coded MNIST dataset.
Starting from the top, the plots correspond to mSRC networks with zhyp

s = 0.5 and modulated in type 2, 1,
and 2*. ISIs are counted as the number of below-threshold time steps between spikes in the voltage traces.
Data is averaged over 5 trained models
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C.2 zhyp
s = 0.5 latency coded spike statistics

0.5 1.0 1.5 2.0 2.5 3.0 3.5
Spike Width [Time Steps]

0.0

0.5

1.0

1.5

2.0

2.5

Fr
eq

ue
nc

y

1e6 Average Spike Width Bar Plot

0.0 0.2 0.4 0.6 0.8 1.0
Spike Height

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Fr
eq

ue
nc

y

1e7 Agregate spike Height Histogram

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5
Spike Width [Time Steps]

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

Fr
eq

ue
nc

y

1e6 Average Spike Width Bar Plot

0.0 0.2 0.4 0.6 0.8 1.0
Spike Height

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Fr
eq

ue
nc

y

1e7 Agregate spike Height Histogram

1 2 3 4 5 6 7
Spike Width [Time Steps]

0

50000

100000

150000

200000

250000

300000

Fr
eq

ue
nc

y

Average Spike Width Bar Plot

0.0 0.2 0.4 0.6 0.8 1.0
Spike Height

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Fr
eq

ue
nc

y

1e6 Agregate spike Height Histogram

Figure C.3: Spike width and height histograms obtained by inference over the whole latency coded MNIST
dataset. From the top row, the used mSRC networks are modulated in type 2, 1, and 2* respectively and
with zhyp

s = 0.5. Spike width is counted as consecutive positive values whereas height is counted as values
above 0 in the voltage trace. For spike width, data is averaged over 5 trained models for spike width where
the standard deviation is shown as a red bar on top of each bar. Height data frequency is accumulated over
the same 5 models.
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Figure C.4: Inter-Spike Intervals (ISIs) obtained by inference over the whole latency coded MNIST dataset.
Starting from the top, the plots correspond to mSRC networks with zhyp

s = 0.5 and modulated in type 2, 1,
and 2*. ISIs are counted as the number of below-threshold time steps between spikes in the voltage traces.
Data is averaged over 5 trained models
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