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Abstract

The aeronautical industry faces significant challenges in reducing fuel consumption to lower
CO2 emissions and operating costs. Computational fluid dynamics (CFD) plays a vital role
in modern aircraft design by numerically solving flow equations. However, the high computa-
tional cost of methods like Direct Numerical Simulation (DNS) and Large Eddy Simulation
(LES) makes them impractical in early design stages. While Reynolds-averaged Navier-
Stokes (RANS) simulations are widely used, they remain resource-intensive, necessitating
alternative approaches.

The viscous-inviscid interaction (VII) technique offers a promising solution by combining
an inviscid solver with a viscous boundary layer solver, accounting for fluid viscosity at
a lower computational cost than RANS. Despite its advantages, traditional VII methods
encounter challenges, particularly the occurrence of the Goldstein singularity in adverse
pressure gradient flows, causing convergence issues.

This thesis focuses on enhancing a VII code, BLASTER, by implementing a semi-inverse
coupling method. BLASTER integrates an unstructured full-potential finite element solver
for inviscid flow with an integral boundary layer solver using a quasi-simultaneous coupling
approach, which performs well in many scenarios but struggles with largely separated flows
or laminar separation, which might occur at low Reynolds numbers and high angles of
attack. These limitations are assumed to stem from Goldstein’s singularity, which the quasi-
simultaneous method is unable to fully overcome. The semi-inverse coupling method avoids
this singularity but converges slowly. To address this, the thesis combines both methods,
dynamically selecting the coupling approach based on local boundary layer conditions.

After deriving the equations for laminar and turbulent boundary layers, the semi-inverse
coupling and hybrid algorithm were implemented. Simulations on various flow cases showed
that while the semi-inverse method performs well for simple flows, it does not significantly
extend BLASTER’s applicability. The combined algorithm further limits the range of treat-
able flows.
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Résumé

L’industrie aéronautique est confrontée à des défis majeurs pour réduire la consommation de
carburant afin de diminuer les émissions de CO2 et les coûts d’exploitation. La dynamique
des fluides numérique (CFD) joue un rôle essentiel dans la conception des aéronefs modernes
en résolvant numériquement les équations d’écoulement. Cependant, les méthodes précises
comme la simulation numérique directe (DNS) et la simulation des grandes structures de la
turbulence (LES) ont un coût de calcul trop élevé pour être utilisées aux premières étapes de
la conception. Bien que les simulations moyennes de Reynolds (RANS) soient couramment
employées, elles demeurent gourmandes en ressources, ce qui justifie la recherche d’approches
alternatives.

La technique d’interaction visqueuse-inviscide (VII) offre une solution prometteuse en
combinant un solveur inviscide avec un solveur de couche limite visqueuse, prenant en compte
la viscosité du fluide à un coût de calcul inférieur à celui de la méthode RANS. Malgré
leurs avantages, les méthodes VII traditionnelles rencontrent certaines limites, notamment
la singularité de Goldstein dans les écoulements à gradient de pression défavorable, ce qui
peut engendrer des problèmes de convergence.

Cette thèse vise à améliorer un code VII, nommé BLASTER, en implémentant une méth-
ode de couplage semi-inverse. BLASTER associe un solveur d’éléments finis à potentiel
complet non structuré pour les écoulements inviscides à un solveur de couche limite inté-
grale, via une approche de couplage quasi-simultanée. Cette méthode donne de bons résultats
dans de nombreux cas, mais montre des limites pour les écoulements séparés ou soumis à une
séparation laminaire. La séparation laminaire, susceptible d’apparaitre à faible nombre de
Reynolds et pour des angles d’attaque élevés, semble liée à la singularité de Goldstein, que
la méthode quasi-simultanée n’est pas capable de surmonter entièrement. La méthode de
couplage semi-inverse permet d’éviter cette singularité, mais souffre d’une convergence lente.
Pour y remédier, cette thèse combine les deux méthodes en sélectionnant dynamiquement la
plus adaptée selon les conditions locales de la couche limite.
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Après avoir dérivé les équations des couches limites laminaires et turbulentes, le couplage
semi-inverse ainsi qu’un algorithme hybride combinant les deux approches ont été implé-
mentés. Les simulations effectuées sur différents cas d’écoulement montrent que, bien que la
méthode semi-inverse donne de bons résultats pour des écoulements simples, elle n’étend pas
significativement l’applicabilité de BLASTER. De plus, l’algorithme hybride s’avère encore
plus limité dans la gamme des écoulements traitables.
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Chapter 1

Introduction

1.1 Context

Nowadays, the aviation industry faces important challenges, regarding the need to reduce fuel
consumption, with the aim of reducing CO2 emissions as well as lowering aviation operating
costs. In this context, aerodynamic performance of the developed aircrafts have a central
place in aircraft design. Indeed, an efficient aircraft design, in terms of aerodynamics, tends
to maximize the lift-to-drag ratio. Maximizing this ratio leads to less fuel consumption for
the same flight conditions, as for a given lift force, the resisting force is lowered. Therefore,
it is crucial to accurately represent these forces, for optimization and aircraft design.

In the frame of aircraft design and the study of aerodynamic performances, Computational
Fluid Dynamics (CFD) simulations play a crucial role. Indeed, these simulations provide
numerical solutions of the constitutive flow equations and consequently allow to test and
refine designs without complex and expensive wind tunnel or in flight experiments. Thus,
this discipline has considerably improved the capacities of aircraft companies to develop
and analyse several designs, at minimal expense. For the majority of Newtonian fluids, the
constitutive equations are Navier-Stokes equations, which will be discussed later.

Among the various techniques commonly used in CFD, the following can be notably
mentioned, starting from the most accurate and expensive in computational resources to the
less precise and computationally affordable:

• Direct Numerical Simulation (DNS) : consists to solve exactly the flow, by solving the
Navier-Stokes set of equations. All scales of turbulence are resolved. This method is
computationally expensive. Consequently, it is inefficient in terms of time to use this
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method for aircraft design [28][43][11].

• Large Eddy Simulation (LES) : this method applies a filter to the Navier-Stokes equa-
tions to separate large-scale and small-scale turbulent motions. Only large-scale mo-
tions are resolved when small scales are modelled. Only resolving large-scale motions
reduces the cost of this method compared to DNS, but this method is also compu-
tationally too expensive for aircraft design [28] and still has some issues for complex
flows simulations [11].

• Reynolds Average Navier-Stokes (RANS) : Navier-Stokes equations are solved with an
additional closure model. This method is largely used in engineering applications and
is actually used for aircraft design and is the most affordable method for complex air-
craft configurations according Raymer [43]. Plenty of aircraft design and optimisation
examples, using RANS, can be found in the literature : e.g. [45] [36] [12] [37].

• Euler equations: are basically the Navier-Stokes equations from which the viscous
terms are neglected. Solving these equations is generally much easier than solving
Navier-Stokes equations, because of the non-linearities introduced by the viscous terms.
But, by introducing the simplification of inviscid flow, Euler equations cannot predict
drag and as mentioned before, this is very important for aircraft design. Euler codes
are used in aircraft design in cases where the effects of the boundary layer are neglected.
However, these codes are not able to predict pressure and skin-friction drag and flow
separation, and an additional separate code is required to predict these phenomena.
[43]

• Non-linear potential equations : these equations are simplified from Euler equations by
assuming the flow irrotational and neglecting the associated terms. This simplification
leads to the impossibility for these solvers to represent vortex flows, which is important
at high angle of attack. These solvers are widely used for transonic design because of
their ability to represent shocks formation, at reasonable cost [43]. Potential flow
equations are used by the very popular panel methods to represent the flow.

• Linear potential equations : neglecting the high-order terms in the non-linear potential
equations leads to the linear potential equations. This simplification is based on the
assumption that the non-linear terms involve small quantities and when multiplied,
provide negligible terms. This assumption is not valid for transonic flows, as these
terms are no longer negligible in this flow regime [43].
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The numerical algorithms used in CFD have seen great improvements in their accuracy
and computational speed, as a result of the incredibly fast-growing available computation
power. Although current CFD techniques are able to provide exact (e.g. DNS) or very
close approximations (e.g. LES, RANS) of the solution of the flow equations, the use of
simple and computationally inexpensive methods is still important at early stages of the
design process. This can be understood by the fact that the computational cost of these
methods increases with their level of fidelity. As a result, low fidelity methods are preferred
at early design stages in order to increase the number of possible simulations in a reasonable
time. But, as high-fidelity methods are too expensive in computational resources, low-fidelity
methods, based on the assumption of inviscid flow, like Euler equations solvers and potential
equation solvers, may be too approximate, as they fail to compute drag. Despite, being a
very popular choice for aircraft design, RANS simulations can remain too expensive when
considering multi-physics cases, as for aerostructural optimization for example. In order
to take into account viscous effects while combining the low computational cost of inviscid
methods, an alternative has been developed : the Viscous-Inviscid Interaction (VII) method.
The foundation of this method is to associate an inviscid solver and a viscous boundary layer
solver to take into account the effects of the fluid viscosity [35]. Thus, this method is located
between RANS and Euler equations in the enumeration above.

The focus of this work is made on viscous-inviscid interaction methods at the preliminary
stage of aircraft design. These methods are based on Prandtl’s theory [52], which assumes
that the viscous effects of the fluid are representative only in a very small region around
the body immersed in the flow, referred to as the boundary layer. Therefore, this enables
one to neglect viscous effects outside the boundary layer and solve inviscid equations in the
largest portion of the computational domain. In the boundary layer, viscous equations are
thus solved to take into account the effects of the viscosity of the fluid. This subdivision of
the computational domain into two parts is illustrated in Figure 1.1.
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δ

Freestream velocity

Outer region

Boundary layer

Figure 1.1: Subdivision of the computational domain in viscous-inviscid interaction meth-
ods. The thickness of the boundary layer δ is overestimated for illustration clarity.

In the viscous-inviscid interaction method, viscous effects in the boundary layer are itera-
tively taken into account in the inviscid region by changing the apparent shape of the airfoil
seen by the inviscid flow. Indeed, the main effect of the viscosity is to displace the stream-
lines of the inviscid flow, as stated by Lighthill [34]. This iterative resolution of the flow is
illustrated in figure 1.2, in case of direct coupling. Viscous inviscid interaction methods have
shown to accurately represent viscous flows at an affordable cost.

In figure 1.2, the base principle of VII coupling methods (direct coupling) is illustrated,
first, with an inviscid solver computing flow conditions at the edge of the boundary layer.
These edge conditions are then taken into account by a viscous boundary layer solver as
boundary conditions, in order to evaluate a displacement thickness δ∗. This parameter
corresponds to the distance by which flow streamlines have to be displaced, to take into
account viscosity effects. The initial idea is to add this thickness to the airfoil shape and
then compute the inviscid flow using this newly composed airfoil shape.

1.2 Motivations and objectives

It has been demonstrated by Goldstein that coupling viscous and inviscid in this way, where
an inviscid solver tries to impose a velocity (or equivalently the pressure) gradient to a
viscous solver, may lead to a breakdown of the viscous-inviscid interaction method [22].
Especially, this is the case for flow experiencing adverse pressure gradient. In such cases, a

4



ue

δ∗

Inviscid solver
direct

Viscous solver
direct

Figure 1.2: Direct coupling method and interactions between the solvers; the subscript e
stands for edge, which indicates that the quantity is evaluated at the edge of the boundary
layer, i.e. the interface between inner and outer regions.

direct coupling may lead to infinite pressure gradient in the boundary layer, which is not
physically consistent, and leads to the failure of the coupling algorithm. This is called the
Goldstein’s singularity. A more detailed explanation of this phenomenon, as well as the
underlying physics, is provided in Chapter 2. In order to overcome this issue, alternative
coupling strategies have been proposed over the years. For example, Catherall and Mangler
proposed an inverse coupling method [8], Leballeur [32] or Carter [7] semi-inverse coupling,
Veldmann proposed a quasi-simultaneous coupling method [55] which is a simplified version
of the fully-simultaneous coupling, notably used by Drela [19]. In the context of this work, a
pseudo unsteady quasi-simultaneous coupling method, based on the work of Veldmann [55],
has been proposed and developed by Bilocq [4] and Dechamps [16]. This viscous-interaction
coupling algorithm, called BLASTER, uses as inviscid solver a full potential finite-elements
solver named Dartflo and developed by A. Crovato [15]. At its current development stage,
BLASTER is able to solve compressible subsonic, transonic, and supersonic flows, laminar
and turbulent flows. This code has shown great capabilities to resolve attached to mildly
separated flows, at moderate to high Reynolds numbers. The Goldstein’s singularity is
overpassed in case of flow separation thanks to the quasi-simultaneous coupling. Further,
explanations on this are given in Chapter 3. But, this method has some limitations for very
challenging flow cases, for example in the presence of separation at trailing-edge. BLASTER
limitations are observed specifically at low Reynolds numbers and/or high angle-of-attack
configurations. The motivation of this thesis is to extend the range of flow configurations that
can be handled by this VII code. In particular, a focus is made on largely separated flows.
A particular attention will also be made on flow configurations in the presence of laminar
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separation bubbles. This phenomenon appears in cases of high angle-of-attack and relatively
low Reynolds numbers. As suggested by Dechamps [16] in his work, these limitations can
come from the fact that the quasi-simultaneous coupling is no longer able to overcome
Goldstein’s singularity for these extreme flow configurations.

Therefore, in this thesis, coupling methods alternative to the quasi-simultaneous method,
already implemented in BLASTER, are investigated. Among them, a particular method
—the Semi-Inverse method— is selected and implemented with the aim of overcoming this
singularity and, ultimately, maximizing the range of possible case studies achievable with
this code. Indeed, according Mangler and Catherall [8], that first introduced such inverse
formulation of the boundary layer equations, the use of an inverse viscous formulation allows
one to completely get rid of the Goldstein’s singularity. In the light of this observation,
full inverse coupling methods, where the inviscid formulation is also inverted, have been
developed [8]. However, according to Carter [7] and Leballeur [31] [32] [30], a full inverse
method has very slow convergence speed and a semi-inverse method is preferably used when
actually implemented. In this coupling method, the viscous modelisation is done by an
inverse formulation and the inviscid flow is modelled thanks to a direct formulation. The
semi-inverse implementation of this work is based on the works of Carter [7], and Leballeur
[31] [32].

In this thesis, a focus is also set on the simulation time. In particular, different strategies
will be analysed to accelerate the global convergence speed of the algorithm, despite the use
of the semi-inverse coupling method.

1.3 Layout

In Chapter 2, the physics of the airflow and its mathematical modelisation are explained. In
this chapter, the Prandtl’s boundary layer theory is exposed. First, the inviscid modelisation
of the outer region is described according to the work of Crovato [15]. Then, the modelisation
of the viscous part of the flow is derived from the worksl of Bilocq [4] and Dechamps [16]. This
chapter concludes with a deeper explanation of the working principle of VII methods.

Chapter 3 provides an overview of the different existing coupling methods, explanations
on their operating principle and highlights their potential advantages and disadvantages. In
light of these explanations, the chapter concludes with the selection and justification of the
coupling method actually chosen and implemented in the frame of this thesis.

After this, Chapter 4 describes the implementation of the Semi-Inverse method used for
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this thesis. First, the mathematical derivation of the inverse system is conducted. Then, key
choices and features of the implementation are highlighted. Whereafter, the assessment of
the derived inverse system of equations and of the implementation is done. This is realised
by means of a resolution of a simple test case and the comparison with reference solutions
together with results obtained thanks to the quasi-simultaneous coupling method of Blaster.
Finally, the convergence of the semi-inverse method and its sensitivity to different parameters
is studied.

Chapter 5 is a discussion about the possibility of the coexistence of both coupling methods
(Semi-inverse and quasi-simultaneous) inside of the same simulation algorithm. This chapter
first details the quasi-simultaneous method used by Dechamps in [16], the implementation
and the choices made in Blaster. Then, it highlights how the interaction between the two
methods is managed. In particular, the choice between one method or the other, depending
on the point of the domain being computed, is explained. As in chapter 4, an assessment of
the method is done and compared to results from other methods.

Finally, Chapter 6 gathers different test cases and compares some of them to results
retrieved from literature. The limitations of the interacting method are highlighted.

At last, Chapter 7 concludes this thesis and gives some hints on possible further improve-
ments and extension of this work.

1.4 Main contributions of the thesis

The main contributions of this work are the following:

• Inversion of the dissipation integral model for the boundary layer and identification of
the required boundary conditions.

• Implementation of a semi-inverse algorithm alongside a finite-differences compressible
potential solver.

• Selection of an update formula for the semi-inverse coupling method. This update
formula couples the viscous and the inviscid solver solutions.

• Creation of a global Viscous-Inviscid Interaction algorithm combining a quasi-simultaneous
coupling and a semi-inverse one.
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Chapter 2

Theoretical background

2.1 Modelisation of the flow

Viscous fluid motion can be described thanks to a set of non-linear partial equations, the
Navier-Stokes equations (2.1). The first equation (2.1a) is the continuity equation and repre-
sent the conservation of mass, the equation (2.1b) represent the conservation of momentum
and the equation (2.1c) is the conservation of the total energy of the system.

∂ρ

∂t
+∇ · (ρu) = 0 (2.1a)

∂ρu

∂t
+∇ · (ρu× u) = −∇p+∇ · τ + F (2.1b)

∂ρE

∂t
+∇ · (ρE) = ∇ · (k∇T ) +∇ · (−pu+ τ · u) + u · F+Q (2.1c)

These equations constitute the basis of almost all the viscous flow models. A small number
of analytical solutions of the Navier-Stokes equations can be obtained for very simple cases.
But, for more complex cases, analytical solutions are impossible to obtain without the help of
numerical methods. The description of flow cases of engineering and/or research interest thus
requires these numerical methods. In order to have rapid solutions, many models introduce
simplification to these equations. Despite these simplifications, many flow models provide
accurate results, under the condition to be in the range of validity of the model.

In this chapter, the mathematical models used to describe both the outer inviscid flow
and the viscous boundary layer flow. In the subsection 2.1.1, the full potential solver used in
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Dartflo to model the inviscid flow is explained. After, in subsection 2.1.2, the boundary layer
equations in the form of dissipation integral system, exposed by [4] and [16] is detailed.

2.1.1 Inviscid flow

The focus of this work being on the implementation of a semi-inverse method, using an
existing inviscid solver, deeper details are given on the viscous model.

Consequently, the inviscid model developed by Crovato [15] is only briefly explained in
this subsection. The following developments constitute a small summary of his work.

The mathematical model implemented in the unstructured finite-elements solver Dart-
flo of Crovato [15] is the full potential equations. This solver has been developed for the
simulation of inviscid, two or three-dimensional, transonic flows.

This model is derived starting from the momentum equation of Navier-Stokes (Eq. 2.1b).

Using the first law of thermodynamics

1

ρ
∇p = ∇h− T∇s (2.2)

and the Lagrange identity

u · ∇u = (∇× u) +
1

2
∇(u · u), (2.3)

where the vorticity vector ω is defined as

ω = ∇× u, (2.4)

in the momentum equation 2.1b, it gives the following Crocco’s equation derived by
Crocco [14]:

∂u

∂t
+ ω × u = T∇s−∇h0 − 1

ρ
∇ · τ. (2.5)

In addition, the total enthalpy H = h+ 1
2
u2 can be defined.

Under the assumption of steady isentropic and inviscid flow, equation 2.5 reduces to:
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ω × u = 0 (2.6)

which states that the flow is irrotational. Condition 2.6 implies that the flow velocity
derives from a potential. Thus, the velocity potential ϕ is defined as:

u = ∇ϕ (2.7)

Then, for compressible flows, the continuity equation of Navier-Stokes 2.1a:

∇ · (ρ∇ϕ) = 0 (2.8)

.

As stated previously, this equation 2.8 is only valid for irrotational flows and thus inviscid
flows. It is also worth noting that this assumption is only valid for weak shock waves. In
cases of strong shock waves, the flow would present an entropy layer and thus the flow would
be rotational. In his work, Crovato has derived a validity criteria for this assumption and
established that it is valid if the local Mach number of the flow does not exceed 1.3 in the
flow domain [15].

The full potential equation 2.8 is integrated on a domain Ω, to have a formulation for the
Finite Elements Method (FEM):

∫
Ω

ρ∇ϕ · ∇ψdV −
∫
Γ

ρ∇ϕ · nψdS = 0, ∀ψ (2.9)

.

where ψ is a test function and Γ is the boundary of the domain Ω. The equation 2.9 is
thus discretized on Ω and a Dirichlet boundary condition has to be imposed on the upstream
boundary Γu,

ϕ̄|Γu = ϕ∞. (2.10)

At the farfield boundary Γf a Neumann boundary condition is imposed:

∇ϕ · n|Γf
= U∞ · n. (2.11)
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Finally, a no penetration boundary condition is imposed at the body surface Γb :

∇ϕ · n|Γb
= 0. (2.12)

In the figure 2.1, the flow domain and the boundary conditions mentioned above are
illustrated.

α

U∞ = 1(cos(α), sin(α))

Ω

∇ϕ · n|Γb=0

ϕ̄|Γu = ϕ∞

∇ϕ · n|Γf = U∞ · n

Figure 2.1: Inviscid domain and the corresponding boundary conditions, adapted from
Crovato [15]

In order to ensure unicity of the solution, an additional condition has to be introduced :
the Kutta condition. This condition guarantees the continuity of the solution at the trailing
edge and is expressed as :

∫
Γw

ρu∇ϕu · nudS = −
∫
Γw

ρl∇ϕl · nldS (2.13)

where the subscripts u and l stand for lower and upper and indicates where the quantity
is evaluated. Additionally, zero pressure jump condition is also applied, which is equivalent
to satisfy the continuity of the velocity magnitude at the trailing edge. This conditions
writes:

∫
Γ

(ψ +Ψ)[|∇ϕ|2]dS = 0. (2.14)
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According to this condition, the test function Ψ becomes :

Ψ =
1

2

h

u∞
(u∞ · ∇ϕ). (2.15)

In this equation, u∞ is the freestream velocity magnitude and h is a characteristic length
of the flow.

2.1.2 Viscous flow

In this section, the theoretical model for the flow in the boundary layer is derived. Thanks to
Prandtl’s boundary layer theory [52] and steady Navier-Stokes equations, integral boundary
layer equation (IBL) are derived and expressed in their dissipation integral model form. In
order to represent more accurately the flow in the inner region, the flow model is completed
by using the eN method, used to provide an accurate prediction of the transition from
laminar to turbulent regime. One important property of turbulent flows is the influence of
the upstream flow on the downstream flow. This effect is represented in this work by the
shear-lag equation. In this section the derivation of the flow model in its direct form is
summarised from the works of Bilocq [4] and Dechamps [16]. Finally, the derivation of an
inverse form of these equations is presented. This inverse formulation of the boundary layer
equations constitutes a central part of this work and is essential to implement a semi-inverse
coupling method.

2.1.3 Boundary layer equations

As stated before, in the boundary layer, viscosity effects can not be neglected. In order
to quantify the effects of viscosity, one can relate viscous forces to inertial forces. The
ratio between these forces is given by an adimensional number: the Reynolds number. This
number is defined as:

Re =
uL

ν
=
ρuL

µ
(2.16)

where u and L are respectively a characteristic velocity and a characteristic length of the
problem ν is the kinematic viscosity, µ is the dynamic viscosity and ρ is the density of the
fluid. These last three quantities are linked by:

ν =
µ

ρ
. (2.17)
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When Prandtl presented its boundary layer model he has stated that this model is accurate
for large Reynold numbers flows, where inertial effects predominates the viscous effects. This
assumption constitute the main limitation of the viscous-inviscid interaction method. The
second assumption made by Prandtl is that the boundary layer thickness δ is small compared
to the characteristic length L. This condition is expressed by:

δ << L. (2.18)

Generally, when studying flows around airfoils, L is taken as the chord length c of the
airfoil.

In addition to this condition, a no slip boundary condition is imposed at the surface of
the airfoil:

u = 0, v = 0 at y = 0. (2.19)

If we further assume y ∼ δ and x ∼ L and we make an order of magnitude analysis on
the conservation laws 2.1, in two dimensions and neglecting the time dependent terms, we
obtain:

∂

∂x
(ρu) +

∂

∂y
(ρv) = 0 (2.20a)

ρu
∂u

∂x
+ ρv

∂u

∂y
= −∂p

∂x
+

∂

∂y

(
µ
∂u

∂y

)
(2.20b)

∂p

∂y
= 0 (2.20c)

ρu
∂h0

∂x
+ ρv

∂h0

∂y
= u

∂p

∂x
+ µ

(
∂u

∂y

)2

+
∂

∂y

(
µ

σ

∂h

∂y

)
(2.20d)

The detailed order of magnitude analysis is done by Sells in [47]. At the edge, i.e. the
interface between the two regions, the quantities of the boundary layer have to match the
quantities of the inviscid region:

u = ue, p = pe at y = δ. (2.21)

At this stage, we can define a new system of two coordinates attached to the immersed
body (ξ,η), where η is normal to the solid body surface and η is orthogonal to ξ and points in
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the downstream direction. This new system of coordinates is illustrated in figure 2.2.

c

x̂

ŷ ξ̂

η̂

V∞

Figure 2.2: Local system of coordinates attached to the airfoil surface

Using this new system of coordinates, the set of equations 2.20 can be expressed as:

∂

∂ξ
(ρu) +

∂

∂η
(ρv) = 0 (2.22a)

ρu
∂u

∂ξ
+ ρv

∂u

∂η
= −∂p

∂ξ
+

∂

∂η

(
µ
∂u

∂η

)
(2.22b)

∂p

∂η
= 0 (2.22c)

ρu
∂h0

∂ξ
+ ρv

∂h0

∂η
= u

∂p

∂ξ
+ µ

(
∂u

∂η

)2

+
∂

∂η

(
µ

σ

∂h

∂η

)
(2.22d)

According to equation 2.22c, the pressure is constant along the normal direction in the
boundary layer such that p(ξ, η) = p(ξ) inside the inner region. At the edge, the Euler
equations are verified and thus the term of pressure can be written:

−∂p
∂ξ

= −∂pe
∂ξ

= ρeue
∂ue
∂ξ

, (2.23)

where ue is called the edge velocity or the driving velocity and is prescribed by the
inviscid flow. The boundary layer flow model modifies the elliptic nature of the Navier-
Stokes equations to an easier parabolic behaviour. This constitutes the main benefit of
this model. An analysis of the boundary layer equations allows to conclude that the stable
direction depend on the sign of the velocity u and this direction can change in regions with
reverse-flow. Reverse-flow may appear with the development of an adverse pressure in the
boundary layer. Different methods exist to take into account this problem. These methods
will be discussed in chapter 3.
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2.1.4 Dissipation integral model

In 1921, Theodore von Kármán, an Hungarian engineer and physicist, has highlighted the
fact that depending the case, it is not always interesting to have the details of the flow inside
the boundary layer. Sometimes, it can be sufficient to describe the boundary layer in terms
of integral quantities [56]. Hence, the set of equations 2.20 is integrated over the boundary
layer thickness δ, in the transverse direction η. This integration reduces the problem to
only one dimension, but introduces new unknowns. The additional unknowns in the system
are called integral thicknesses and represent the displacement that the streamlines have to
undergo to ensure a certain quantity to corresponds to the same quantity in the inviscid
flow, as stated by Anderson [2].

For a compressible flow the integral thicknesses are defined as:

• Displacement thickness for the mass flow : δ∗ =
∫ δ

0
(1− ρu

ρeue
)dη

• Density thickness for the density : δ∗∗ =
∫ δ

0

(
u
ue

)
[1− ρ

ρe
]dη

• Momentum thickness for the momentum : θ =
∫ δ

0
( ρu
ρeue

)[1− u
ue
]dη

• Kinetic energy thickness for the kinetic energy : θ∗ =
∫ δ

0
( ρu
ρeue

)[1− u2

u2
e
]dη.

Based on these integrated quantities, we can also define additional parameters:

• Boundary layer shape factor: H = δ∗

θ

• Kinetic energy shape parameter: H∗ = θ∗

θ

• Density shape parameter: H∗∗ = δ∗∗

θ

• Kinematic shape parameter: Hk =
∫ δ
0 (1− u

ue
)dη∫ δ

0 ( u
ue

)[1− u
ue

]dη
.

Finally, we can introduce two adimensional quantities. First, the local skin coefficient cf ,
defined as:

cf =
τw

1
2
ρe(ξ)u2e(ξ)

, (2.24)
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where the shear stress at the wall τw is τw = µ∂u
∂η
|η=0. Then, the local dissipation coefficient

cd is given by:

cd =
1

ρe(ξ)u3e(ξ)

∫ δ

0

τ
∂u

∂η
dη, (2.25)

It is important here to note that cf and cd are defined using the edge velocity ue and not
the freestream velocity u∞, contrarily to other works.

Integrating the momentum equation 2.22b in the transverse direction, over the distance
δ and using the continuity equation Using the different definitions explained just above, the
steady integral boundary layer equations are obtained:

∂θ

∂ξ
+ (2 +H −M2

e )
θ

ue

∂ue
∂ξ

=
cf
2

(2.26a)

θ
∂H∗

∂ξ
+ [2H∗∗ +H∗(1−H)]

θ

ue

∂ue
∂ξ

= 2cd −H∗ cf
2

(2.26b)

The set of equations 2.26 represent the steady dissipation integral model, which is a math-
ematical model well suited for representing laminar and turbulent, attached and detached,
two-dimensional flows.

Equation 2.26a is the steady Von Kármán momentum integral equation for 2D compress-
ible flows. Many methods have been developed to obtain the solution to this equation. These
methods basically provide additional information to the system to help solving the problem.
For example, Thwaites derived empirical correlations between the flow variables, allowing the
resolution [50]. An alternative method is to add information by assuming the flow velocity
profile inside the boundary layer as proposed by Pohlhausen [42]. Other methods provide
similarity solutions for the momentum equation (2.26a). The similarity solutions can be
obtained from the Blasius solution [5] or the Falkner-Skan solution [20], which respectively
gives solution for the flow over a flat plate and its generalisation to the flow around a wedge.
These methods are only valid in case of laminar and attached flows. Thus, in order to rep-
resent turbulent and separated flows, the system is completed by the kinetic energy shape
parameter (2.26b). This set of equations, first introduced by Thomas [49], is the base model
for numerous boundary layer flows computations in the literature. This is notably the case
in the works of Drela [19], Nishida [40], Le Balleur [30] and Whitfield [58]. In the literature,
other equations are considered to close the system with the Von Kármán momentum integral
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equation. This alternative integral model is called entrainment integral model. It associates
Equation 2.26a with the mechanical energy equation in laminar case and the Head’s en-
trainment equation in turbulent case, as exposed by Green et al. [24], Green [23] and Head
[26]. Because of this change of equation according the flow regime, this integral model is not
considered in this work.

2.1.5 Derivation of the inverse formulation of IBL

As explained before, the coupling method used in this work needs an inverse formulation of
the viscous boundary layer equations, i.e. in the frame of VII methods, the displacement
thickness δ∗ is prescribed to the viscous solver and the output of this solver becomes the edge
velocity ue. This is called inverse by opposition to direct formulations for which the edge
velocity is prescribed and the displacement thickness is computed. Deeper details are given
in chapter 3. In this subsection, the derivation of such an inverse formulation is proposed,
starting from the dissipation integral model (2.26).

In this work, it is chosen to solve, and consequently express, the system for the edge
velocity ue and the boundary layer shape parameter H. The choice of the first variable is
natural as the essence of the semi-inverse method is to compute the edge velocity, knowing
the displacement thickness. The choice of the second variable is motivated by consistency
with the work of Dechamps [16] and the ease of implementation and thus the wish to use the
same closure equations as in its work. In the latter, the choice was made to solve the system
for H and θ, therefore in this current work the choice between these two last variables is
open and it is chosen to solve for H.

Starting from equation 2.26a, and replacing θ by θ = δ∗

H
, according the definition of H,

we have:

∂

∂ξ
(
δ∗

H
) + (2 +H −M2

e )
δ∗

Hue

∂ue
∂ξ

=
cf
2
.

The quotient rule for derivatives
(

f(x)
g(x)

)′
= f ′g−fg′

g2
is applied:

⇔ ∂δ∗

∂ξ

1

H
− δ∗

H2

∂H

∂ξ
+ (2 +H −M2

e )
δ∗

Hue

∂ue
∂ξ

=
cf
2
.

Finally, derivation chain rule is used in order to explicitly express the ξ derivative in
function of H and ue :
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⇔ ∂δ∗

∂H

∂H

∂ξ

1

H
− δ∗

H2

∂H

∂ξ
+ (2 +H −M2

e )
δ∗

Hue

∂ue
∂ξ

=
cf
2

The same way of proceeding is applied for equation 2.26b and leads to:

δ∗

H

∂H∗

∂ξ
+ (2H∗∗ +H∗(1−H))

δ∗

Hue

∂ue
∂ξ

= 2cd −H∗ cf
2

⇔ δ∗

H

∂H∗

∂H

∂H

∂ξ
+ (2H∗∗ +H∗(1−H))

δ∗

Hue

∂ue
∂ξ

= 2cd −H∗ cf
2

Finally, combining these two equations in their inverse form, the inverse formulation of
the dissipation integral model is obtained:

∂δ∗

∂H

∂H

∂ξ

1

H
− δ∗

H2

∂H

∂ξ
+ (2 +H −M2

e )
δ∗

Hue

∂ue
∂ξ

=
cf
2

(2.27a)

δ∗

H

∂H∗

∂H

∂H

∂ξ
+ (2H∗∗ +H∗(1−H))

δ∗

Hue

∂ue
∂ξ

= 2cd −H∗ cf
2

(2.27b)

This set of equations is the base model used in this work to represents the boundary layer
throughout this work. It is a system of two equations with six unknowns. The additional
information required to solve the system is given by a set of closure models, linking the
different parameters. These are empirical relations and will be detailed hereafter.

As mentioned before, in this work, the relations used by Dechamps [16] and Bilocq [4])
are presented and used without any modification, as it has appeared that these relations are
still valid with the presented inverse formulation. Inspecting the system, and recalling that
it is solved with δ∗ and H as primary variables, it can be inferred that four closure relations
are required, for H∗, H∗∗, cf and cd.

2.1.6 Closure sets

In this section, the closures models used by Dechamps [16] to close the dissipation integral
model are presented and explained. These closure models are taken from the work of Drela
and Nishida [40].

Before explicitly presenting the closure sets, it can be noted that according Drela and Giles
[19], the following dependencies for the parameters H∗, H∗∗, cf and cd are assumed:
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cf = f(Hk,Me,Reθ) (2.28a)

cd = f(Hk,Me,Reθ) (2.28b)

H∗ = f(Hk,Me,Reθ) (2.28c)

H∗∗ = f(Hk,Me), (2.28d)

where Me is the local Mach number evaluated at the edge of the boundary layer.

According to Whitfield [58], the kinematic shape parameter Hk is given by:

Hk =
H − 0.290M2

e

1 + 0.113M2
e

. (2.29)

Concerning the Reynolds number based on the momentum thickness θ, it is defined
as:

Reθ =
ρeueθ

µe

. (2.30)

While the dissipation integral model presented above is valid for both turbulent and
laminar flow regimes, the closure relations have to be considered differently depending on
the flow regime. The different closure relations are thus detailed for both regimes.

2.1.6.1 Laminar closures

The laminar closure relations have been derived based on velocity profile fitting. Indeed, for
steady incompressible laminar flows, the velocity profile is assumed self-similar. The velocity
profile is thus considered similar to the Falkner-Skan profile associated to the shape parameter
of the flow [20]. The following relations have been derived based on this assumption.

Kinematic energy shape parameter

H∗ =


1.528 + 0.0111 (Hk−4.35)2

Hk+1
− 0.0278 (Hk−4.35)3

Hk+1

−0.0002 [(Hk − 4.35)Hk]
2 , Hk < 4.35

1.528 + 0.015 (Hk−4.35)2

Hk
Hk ≥ 4.35

(2.31)

For compressible flows, a correction is applied to H∗, according to Whitfield [58]:
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H∗ =
H∗ + 0.025M2

e

1 + 0.014M2
e

. (2.32)

Density shape parameter

H∗∗ =

(
0.064

Hk − 0.8
+ 0.251

)
M2

e (2.33)

Skin friction coefficient

cf =


1
2

[
−0.07 + 0.0727 (5.5−Hk)

3

Hk+1

]
, Hk < 5.5

1
2

[
−0.07 + 0.015

(
1− 1

Hk−4.5

)2
]
. Hk ≥ 5.5

(2.34)

where cf = cf
Reθ
2

is cf is a normalized local friction coefficient.

Dissipation coefficient

cd =

0.207 + 0.00205 (4−Hk)
5.5 , Hk < 4

0.207− 0.0016 (Hk−4)2

1+0.02(Hk−4)2
, Hk ≥ 4

(2.35)

where cd = 2Reθ cd
H∗ is a normalized local dissipation coefficient.

2.1.6.2 Turbulent closures

As stated before, a different treatment needs to be given to the turbulent boundary layer.
In fact, the self-similarity assumption is no longer valid and alternative empirical relations
are required. This is due to the nature of the structure of the turbulent boundary layer,
composed of different layers. Indeed, similar velocity profiles can not correspond to all the
velocity profiles of the different layers.

First, an empirical relation for the skin friction coefficient is given, proposed by Nishida
and Drela [40]:

Fccf =
0.3e−1.33Hk(

lnReθ
2.3026

)−1.74−0.31H
+ 0.00011

[
tanh

(
4− Hk

0.875

)
− 1

]
(2.36)

where Fc =
√

1 + 0.2M2
e is given by Drela and Giles [19], for subsonic and transonic
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flows.

H∗ =


1.5 + 4

Rcs
+
(
0.5− 4

Reθ

)(
H0−Hk)
H0−1

)2 (
1.5

Hk+0.5

)
, Hk < H0

1.5 + 4
Reθ

+ (Hk −H0)
2

[
0.007 lnReθ(

Hk−H0+
4

lnReθ

) + 0.015
Hk

]
, Hk ≥ H0

(2.37)

with H0 defined as :

H0 =

3 + 400
Reθ

H0 ≥ 400

4. H0 < 400
(2.38)

The density shape parameter is given by :

H∗∗ =

(
0.064

Hk − 0.8
+ 0.251

)
M2

e . (2.39)

The last correlation for cd is more complex to derive, due to dependence of the dissipation
coefficient to the Reynolds stress. Indeed, it has been highlighted experimentally by Gold-
berg [21], in case of flow with adverse pressure gradient, that the upstream history of the
flow strongly influences the Reynolds stress. Especially, turbulent flows where the turbulence
production and dissipation mechanisms are out-of-equilibrium, experience large influence of
upstream effects on local solution. Therefore, it is not straightforward to derive a corre-
lation modelling the dissipation coefficient. In order to overcome this difficulty, a method
considering the contributions of the wake layer and the wall layer to the cd in two separated
parts, has been developed by Thomas [49]and Le Balleur [29]. This idea is illustrated by the
following equation:

cd =
cf
2
Us + Cτ (1− Us), (2.40)

where Us =
H∗

2

(
1− 4

(
Hk−1
3H

))
, is a equivalent normalized wall slip velocity. In Equation

2.40, the term Cτ is the shear-stress coefficient. This is an adimensional quantity that firmly
depends on upstream condition in the shear-layer. Therefore the term depending on Cτ in
the equation represent the upstream effect of the wake layer on cd, while the term depending
on cf , only determined by local conditions in the boundary layer, represent the local wall
contribution on the dissipation coefficient. Indeed, unlike the dissipation coefficient, the
friction coefficient does not depend on upstream effects.

An equation to model the shear stress coefficient, that represents the upstream history
effects, has been proposed by Drela [18]. This is the shear-lag equation :
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δ

Cτ

dCτ

dξ
= 5.6

(
C1/2

τEQ
− C1/2

τ

)
+ 2δ

{
4

3δ∗

[
cf
2

−
(
Hk − 1

6.7Hk

)2
]
− 1

ue

due
dξ

}
. (2.41)

This equation represents the lag between the shear stress of the outer layer and its lo-
cal equilibrium value. The equilibrium shear shear stress coefficient value is given by the
following relation :

CτEQ
= 0.015H∗ (Hk − 1)3

(1− Us)H2
kH

. (2.42)

Finally, in order to solve the shear-lag equation 2.41, an additional closure relation for the
boundary layer thickness δ is required. This relation is obtained according Green [24]:

δ = θ

(
3.15 +

1.72

Hk − 1

)
+ δ∗. (2.43)

In this section, closure relations for laminar and turbulent flows have been derived in
order to close the dissipation integral system of equations. However, as explained above, the
closures relations differ in case of laminar or turbulent regime and it is therefore essential
to know the flow regime at the considered location. This information can be obtained by
predicting the transition of the boundary layer from laminar to turbulent. This is the subject
of the next subsection.

2.1.7 Prediction of the laminar to turbulent transition

As explained, the prediction of the flow regime transition is crucial for modelling the bound-
ary layer. Especially, for external aerodynamics where most of the flows are experiencing
transition from laminar to turbulent regime in their boundary layer, as it is the case for the
aeronautics cases considered in this work. Thus, this section aims at providing a transition
model, valid for both attached and separated flows.

In order to develop a model for the prediction of the transition, it is of great interest
to provide a small theoretical reminder about the flow transition mechanism. In this work
only natural transition is considered as neither roughness nor freestream turbulence taken
into account. The most important property of this mechanism is that it occurs over a finite
distance and not at a specific location. Transition starts when the flow exceed a critical
Reynolds number and when unstable two-dimensional waves are developing and overlap the
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laminar boundary layer flow. These unstable waves are called Tollmien-Schlichting and are
transformed into secondary instabilities leading to three-dimensional disturbances. In order
to study the rate-of-growth of these disturbances, also called amplification rate, a linear sta-
bility analysis can be conducted. Downstream of these three-dimensional disturbances, flow
structures referred to as Λ structure appear and correspond to vortex formation. As these
structures growth, they progressively breakdown into turbulent spots. With this formation
of turbulent spots, the transition to fully-turbulent boundary layer is triggered. Three-
dimensional disturbances and turbulent spots involve highly non-linear effects. Consequently
semi-empirical or high-fidelity results are required to model these effects. The natural transi-
tion process and the different associated phenomena detailed above are illustrated in Figure
2.3.

Figure 2.3: Natural transition mechanism inside boundary layer in case of a flow over
a flat plate. Underlying phenomena are also illustrated : Tolmien-Schlichting waves, 3D
instabilities and turbulent spots. This illustration is taken from White [57]

.
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In this work, the model used for the prediction of the transition is a semi-empirical method
proposed by Smith and Gamberoni [48] and Van Ingen [27]. In this method, the amplification
ratio N(ξ), is defined as :

N(ξ) = ln
A

Acrit
, (2.44)

The value of N(ξ) is generally given at transition according experimental values. In
equation 2.44 A is the amplification rate of the wave and Acrit a critical amplification factor.
Using this method, the transition occurs when the most unstable Tollmien-Schlichting wave
has been amplified by a given critical value.

As proposed by Drela and Giles [19], this critical amplification ratio Ncrit can be expressed
by :

Ncrit = −8.43− 2.4 ln (Tu) (2.45)

where Tu is the free-stream turbulence level, defined by Marusic and Kunkel [38] :

Tu ≡ u′

U
. (2.46)

In Equation 2.46, u′ is a term representing the turbulent velocity fluctuations and U the
mean flow velocity.

Despite the equation for the critical amplification ratio proposed above, a practical value
Ncrit = 9, commonly used, is chosen for this work. This value corresponds to a free-stream
turbulence level of 7%.

In order to evaluate the disturbance growth rate N , one can express it as a function of
the coordinate ξ as proposed, presented by Drela et al. in [19]:

dN

dξ
(Hk, θ) =

(
dN

dReθ

dReθ
dξ

)
attached

+ As. (2.47)

The term As modifies the envelope amplification rate in order to allow the model to enforce
a prediction of transition for separated flows. This term can be evaluated thanks to an
empirical relation developed by Drela and Giles [19]:
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As =
1
θ

[
0.086 tanh [1.2 (log10 (Reθ)− 0.3 + 0.35 exp (−0.15 (Hk − 5)))]−

(
0.25
Hk−1

)1.5
]
. (2.48)

The derivative dN
dRcθ

in Equation 2.47 is also determined through an empirical correla-
tion:

dN

dReθ
= 0.028 (Hk − 1)− 0.0345 exp .

(
−
(

3.87

Hk − 1
− 2.52

))2

(2.49)

In order to evaluate relation 2.49, an additional empirical relation is given for dRe
dξ

:

θ
dRe

dξ
= −0.05 +

(
2.7

Hk − 1

)
−

(
5.5

Hk − 1

)2

+

(
3

Hk − 1

)3

+ 0.1 exp

(
−20

Hk − 1

)
(2.50)

Equation 2.47 is solved simultaneously alongside the integral dissipation model equations
for laminar flows. Once the critical value of the amplification ratio is reached, the amplifica-
tion ratio is set constant and equals to the critical value, at every location downstream the
point of transition. Therefore, everywhere downstream the transition point, this equation is
no longer solved.

It is mentioned here the fact that BLASTER allows the user to impose a location for the
transition from laminar to turbulent regime on the upper side and/or the lower side of the
airfoil.

2.1.8 Wake treatment

The model derived for the boundary layer 2.26 remain valid in the wake region. But, terms
involving the friction coefficient are set to zero. Indeed, this coefficient quantifies the wall
shear-stress applied to the fluid because of the contact between the fluid and a solid body.
Therefore, this term can be only zero in the wake of an immersed body. In case of flow at
high Reynolds numbers, free wakes show rapid transition from laminar to turbulent flow.
Thus, only turbulent wakes are considered in this work, as flows of interest do not imply
laminar wake, as Drela [18] has pointed out.

Therefore, turbulent closures for the wake are discussed in the following paragraph.
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2.1.8.1 Turbulent closures for the wake

According to Drela [18], the closures presented in section 2.1.6.1 remain accurate for the
wake region when neglecting the friction coefficient cf . Thus, the closure relation for the
dissipation coefficient cd becomes:

cd = Cr (1− Us) . (2.51)

The relation modelling the kinetic energy shape parameter H∗ (2.37) and the relation for
the density shape parameter H∗∗ (2.39) remain the same in case of turbulent wake.

Concerning the equilibrium shear-stress coefficient, a modified version is used in this work
:

CτEQ
= 4CrEQ

(H∗, H,Hk, US) . (2.52)

This modification has been proposed by Drela [17] in order to take into account increasing
mixing processes observed in the wake. According to Dechamps [16], even if this relation
has been proposed for blunt trailing edges, results for sharp trailing edges considered in this
work can be improved with Equation 2.52. Therefore, relation 2.52 is used in the present
work.
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Chapter 3

Viscous-inviscid interaction methods

At this point, complete viscous and inviscid models have been presented to model the flow
in both the outer and the inner regions. In order to complete the viscous-inviscid interaction
algorithm, a coupling method linking the viscous and the inviscid regions is required. The
present chapter, provide a discussion on the different existing coupling method.

The continuity of the solution must be ensured at the interface of the inviscid and viscous
domains to be physically consistent. As mentioned previously, this is possible by changing the
apparent shape of the body by changing the shape seen by the inviscid solver by adding the
displacement thickness δ∗ to the geometry of the immersed body. This option is not desirable,
as it implies changing the mesh of the flow domain at each coupling iteration, which is a
tedious process and is not computationally efficient. As an alternative, the impermeability
condition imposed on the inviscid solver can be modified to represent the displacement of the
streamlines in the boundary layer. This is done by imposing the blowing velocity Ve to the
inviscid solver, as a boundary condition. As it is illustrated in figure 3.1, the blowing velocity
is the normal velocity component at the boundary layer edge due to the displacement effect of
the boundary layer. Its effect is to modify the streamwise velocity distribution and provide
physical consistency of the solution by ensuring mass conservation through the interface
between the viscous and the inviscid regions. This concept has been first introduced by
Lighthill [34] for incompressible flows.
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δ∗

Ve =
1
ρe

d
dξ
(ρeueδ

∗)

Figure 3.1: Illustration of the blowing velocity. Adapted from Bilocq [4].

An alternative formulation, to the incompressible one presented by Lighthill, has been
presented by Bilocq [4] to be consistent with compressible flows :

Ve(x) =
1

ρe

d(ρe)Ueδ
∗

dx
. (3.1)

Using this definition of the inviscid velocity, the body boundary equation, imposed in the
inviscid solver (Eq. 2.12) is transformed into:

∫
Γb

ρ∇ϕ · nψdS =

∫
Γb

VenψdS. (3.2)

Introducing E an operator representing the inviscid flow equations and an operator B
representing the boundary layer system of equations, the viscous-inviscid interaction can be
schematically represented by the coupled system of equations

P :

ue = E(δ∗),

ue = B(δ∗),
(3.3)

In the following discussion, explanations are made with δ∗ and not Vn, since the displace-
ment thickness is easier to understand than the blowing velocity. Indeed, thanks to Equation
3.1, it is totally equivalent, and the reasoning is valid for both quantities.
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3.1 Coupling strategies

3.1.1 Direct coupling

The most intuitive method to couple both viscous and inviscid solvers is to impose the
edge velocity computed by the inviscid solvers as boundary condition for the viscous solvers,
which will compute the displacement thickness. Using this running order, the process can
reach a converged solution of the coupled model. This process is called direct method and
is illustrated on Figure 3.2.

ue

δ∗

Inviscid solver
direct

Viscous solver
direct

Figure 3.2: Direct coupling method and interactions between the solvers. Adapted from
Williams [60].

It exists two main families of coupling methods: strong interaction methods and weak
interaction methods. For the first type, none of the solvers have more influence on the
solution than the other, where for the second type one of the solver influences more the
solution. As stated by Veldman in 1980 [54], near separation point, both inviscid and viscous
region have a strong simultaneous influence on the flow. As a result, strong interactions
methods are more physically consistent. The direct method is a weak interaction method.
This method has been successfully implemented for subsonic attached flows by Thwaites
[51].

3.1.1.1 Goldstein’s singularity

Using the matrix operators introduced before, the direct method can be represented by the
system :

Pdirect :

une = E(δ∗
n−1

),

δ∗
n
= B−1(une ),

(3.4)
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where n is the current coupling iteration. In order to solve this system, matrix B must
be inverted and thus non singular. However, it has been proven that this situation can
occur. If the direct dissipation integral model 2.26 is expressed in the form AdU

dξ
= R where

U = [δ∗, H]T is the vector of unknowns, and R is the residual vector, it gives :

A =

[
1
H

− δ∗

H2

0 δ∗

H
dH∗

dH

]
;R =

[
cf
2
−
(

2
H
+ 1− M2

e

H

)
δ∗

ue

due

dξ

2cd −H∗Cf

2
−
(
H∗∗

H
+ H∗

H
(1−H)

)
δ∗

ue

due

dξ

]
(3.5)

Inspecting matrix A, it can be observed that it will be singular if dH∗

dH
= 0. Since δ∗ and

H are always non-zero, the system will be singular when dH∗

dH
= 0. This situation is the so

called Goldstein’s singularity, as mentioned earlier.

Thus, this situation corresponds to a minimum of the H −H∗ curve. As it is illustrated
on the Figure 3.3, this minimum exists and corresponds to the point where the flow start to
separate. In the literature, this point has been proven to be located near H ≈ 3 , for all flow
cases.

Figure 3.3: Curve between shape factor and kinematic shape factor, from experimental
data. Copied from Bilocq [4]
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As it is highlighted by Mangler and Caterhall [8], the ill-conditioning of direct coupling
method that leads to the Goldstein’s singularity is associated to the method of resolution
rather than being an inherent property of the boundary layer equations. Consequently,
alternative coupling methods have been derived and are presented in the following subsec-
tions.

3.1.2 Inverse coupling

Inverse coupling is also a weak coupling method. It has been first proposed by Catherall and
Mangler [8] and Calvert [6] has also implemented this method successfully in case of small
separation. The idea behind this method is to invert the way the information are exchanged
between the solvers. As illustrated in 3.4, the inviscid solver prescribes the displacement
thickness to the viscous solver that compute a new edge velocity. This is repeated until
converges.

δ∗

ue

Inviscid solver
inverse

Viscous solver
inverse

Figure 3.4: Inverse coupling method and interactions between the solvers. Adapted from
Williams [60].

The inverse formulation of the coupled problem writes:

Pinverse :

δ∗
n
= E−1(un−1

e ),

une = B(δ∗
n
),

(3.6)

As it can be observed, the matrix A (in Equation 3.5), should no longer be inverted and
the singularity of Goldstein is avoided. However, this method leads to failure of the algorithm
in the separated region in case of large separation, because of the hierarchy that still exists
between the solvers. Moreover as pin-pointed by Melnik and Chow [39], this method is
very inefficient in term of computational cost as it requires increasing under relaxation with
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increasing extension of the external domain. This slow convergence of the methos also been
also highlighted by Lock and Williams [35].

3.1.3 Semi-inverse coupling

The last weak interaction method is the semi-inverse one. This method has been derived to
keep the inverse formulation of boundary layers while increasing convergence performances
by using a direct formulation of the inviscid equations. This is achieved by imposing displace-
ment thickness to both solvers that will compute two new estimates of the edge velocity. A
correction formula is then used to update the displacement thickness based on the difference
between the two edge velocity estimates. The new computed value of δ∗ is then feed again to
both solvers. This iterative process is repeated until convergence. This method is illustrated
in figure 3.5.

ue

ue

δ∗
δ∗

δ∗

Inviscid solver
direct

Viscous solver
inverse

Correction formula

Figure 3.5: Semi-inverse coupling method and interactions between the solvers. Adapted
from Williams [60].

The mathematical modelling of the method is given by:

Psemi-inverse :


uneE = E(δ∗

n−1
),

uneB = B(δ∗
n−1

),

δ∗
n
= δ∗

n−1
+ ωδ∗

n−1
(
un
eB

ueE
− 1),

(3.7)

where ω is the relaxation factor. According to Williams [60], the success of this method de-
pends on the tuning of the relaxation factor. This method has been successfully implemented
and presented by Carter [7] and LeBalleur [32]. The latter has formulated his correction for-
mula, using a linear perturbation analysis of the coupled system, while Carter developed
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a classical under-relaxation correction formula. This method has proven to provide great
results for subsonic and transonic, attached and separated flows.

3.1.4 Fully simultaneous coupling

In order to breakdown the hierarchy between the solvers and thus represent well the strong
simultaneous interaction near separation, strong coupling methods have been developed. The
most intuitive way of simultaneously coupling the solvers is to solve both the inviscid and
viscous solvers in an unique larger system of equations, as illustrated in Figure 3.6.

δ∗,ue

Viscous
+

Inviscid

Figure 3.6: Fully-simultaneous coupling method and interactions between the solvers.
Adapted from Bilocq [4].

This system is thus solved, iteratively for the displacement thickness δ∗ and the edge
velocity ue for both viscous and inviscid regions. This system can be formulated as:

Pfully-simultaneous :

une − E(δ∗
n
) = 0,

une −B(δ∗
n
) = 0,

(3.8)

where the inviscid system must be reformulated. This can be seen as a Newton iteration
procedure. Fully-simultaneous method has a very good convergence behaviour and is able
to provide great results for attached and separated flows. The method breaks down with the
concept of boundary layer, with massive separation, where the concept of boundary layer
makes no longer sense.

This method has been primary presented by Lees and Reeves [33]. Fully-simultaneous
method has been developed by Drela [18] in the well-known software XFoil.
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3.1.5 Quasi-simultaneous coupling

Finally, a second strong interaction method has been developed, as a simplification of the
fully simultaneous one. It consists of a mix between fully-simultaneous and direct coupling.
This method has the same way of proceeding than the direct one. The inviscid solver
prescribed the edge velocity to the viscous solve. Then, ue is considered by the viscous
solver as a boundary condition and computes the displacement thickness, as illustrated in
Figure 3.7. This has been first introduced by Veldman [53], and notably used by Cebeci et
al. in 1986 [10].

ue

δ∗

Inviscid solver
direct

Viscous solver
direct

+
Interaction law

Figure 3.7: Quasi-simultaneous coupling method and interactions between the solvers.
Adapted from Williams [60]

But, the hierarchy between the solvers is overpassed by adding an equation in the viscous
solver. It is called interaction law and constitutes a simple but accurate approximation of the
local inviscid flow, modelling the edge velocity as a function of the displacement thickness.
This interaction law I is represented in system 3.9 with the viscous and inviscid system of
equations.

Pquasi−simultaneous :


uneE − E(δ∗

n
) = 0,

uneB −B(δ∗
n
) = 0,

uneB − I(δ∗
n
) = un−1

eB
− I(δ∗

n−1
),

(3.9)

Using this interaction law, quasi-simultaneous coupling allows to move the Goldstein’s
singularity to higher value of boundary layer shape, such that small to mildly separated
flows can be solved. This method treats the velocity as an unknown in the viscous solver
and thus overpasses the hierarchy between the solvers as mentioned before what allows the
method to compute accurate solutions for attached and separated flows in a comparable range
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as the fully-simultaneous coupling. The main difficulty of the method lies in the derivation
of an accurate, ideally simple interaction law to strongly couple the two solvers.

3.2 Choice of the coupling method

According to the discussion above, the direct method is not able to overcome Goldstein’s
singularity and is thus not to consider in this work. Fully simultaneous coupling method
does overcome the singularity and the hierarchy existing the solvers in direct method. How-
ever, this strategy would require important modifications on the inviscid solver, what is
not compatible to the wish of providing a method that can use easily an existing inviscid
solver. Furthermore, fully simultaneous coupling require a more complex implementation.
As the main objective of this thesis is to derive an alternative coupling method to the
quasi-simultaneous one implemented in BLASTER, this coupling is obviously not chosen. In
addition, the quasi-simultaneous coupling does overcome the Goldstein′s singularity until a
certain value of the boundary layer shape factor. In BLASTER, Dechamps [16] has stated
that using his interaction law, the singularity is moved to points where H ≈ 4.3.The goal
here is to completely get rid of the singularity when facing large separation. As explained
before, the more straightforward way to overpass the singularity is to use an inverse coupling,
but this method has demonstrated really bad convergence behaviour and for this reason is
not the choice made in the present work. Finally, semi-inverse coupling is chosen, since it
also presents the ability of overcoming the Goldstein’s singularity due to its inverse viscous
solver. As the inviscid solver used in this coupling method is a direct one, this method is
easily implemented by using existent inviscid solvers.

Finally, the ultimate goal in this work is thus to try to combine a quasi-simultaneous
method, presenting no hierarchy between the solvers, with the advantage to be more physi-
cally consistent when facing adverse pressure gradient, and a semi-inverse method, which is
never ill-conditioned at separation.
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Chapter 4

Semi-Inverse method

In this chapter, the inverse formulation of the boundary layer equations is recalled. The
numerical method used to solve the inverse formulation of the dissipation integral model
2.27 is then presented. Its implementation as well as the system 2.27 are assessed. The
initial, boundary and auxiliary conditions imposed in the viscous solver are also presented.
The global interaction procedure implemented in the present work is also illustrated. Later, a
discussion on the correction formula and the relaxation factor is done, with the aim to have
the fastest convergence and accurate results. Finally, the global semi-inverse interaction
procedure is applied to a simple case at Reynolds number and small angle of attack. The
obtained results are then compared to the results obtained with XFoil and the results given
by the quasi-simultaneous method implemented in BLASTER.

4.1 Formulation of the inverse problem

The inverse formulation of the dissipation integral method, used in this work has been pre-
sented in Chapter 2. This system of equations will be transformed into a matrix form.

4.1.1 Matrix form of the inverse problem

The system of equations 2.27 can be thus reformulated in laminar case under the form
A∂U

∂ξ
= B:
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A =


δ∗

H2 − 1
H
· ∂δ∗

∂H
−(2 +H −M2

e )
δ∗

ue
0

− δ∗

H
· ∂H∗

∂H
−(2H∗∗ +H∗(1−H)) δ∗

Hue
0

0 0 1

 (4.1)

B =

 − cf
2

−2cd +H∗ cf
2

−As

 (4.2)

U =

 H

Ue

N

 (4.3)

When the critical value of the amplification ratio Ncrit is reached, the flow is considered to
be turbulent, and the third equation is replaced by the shear-lag equation 2.41. The vector
of unknown becomes thus U = [H ue Cτ ]. This system being non-linear, the numerical
resolution is done thanks to a Newton procedure, as it will be explained in section 4.2.5.2.
However, the system 4.1 is first verified as explained in the next section.

4.1.2 Verification of the inverse system

By definition of the inverse formulation, imposing the displacement thickness computed by
the viscous solver with the direct system to the inverse solver should lead the inverse solver
to recover the same edge conditions imposed in a first time to the direct system. Especially,
the same edge velocity ue should be retrieved. To test and approve the inverse formulation
of the dissipation integral model 2.27 derived above, it has been chosen to run one coupling
iteration with the quasi-simultaneous method of Blaster and then impose the displacement
thickness δ∗ to the inverse solver. The computed edge quantities are compared, first with
the direct solver, and then with the inverse system. The results should be exactly the same
within a tolerance due to the convergence tolerance of both solvers. In figure 4.1, the edge
velocity of both solvers is represented, using this methodology. The figure 4.2 illustrates the
boundary layer shape factor distribution, computed in the same manner.
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Figure 4.1: Comparison of the edge velocity ue for both direct and inverse dissipation
integral model equations. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.

Figure 4.2: Comparison of the boundary layer shape factor H for both direct and inverse
dissipation integral model equations. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.
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In compliance with Figure 4.2 and Figure 4.1, it is clear that the solutions of the inverse
system matches exactly the solution of the quasi-simultaneous system, when imposing δ∗

computed by the quasi-simultaneous system in the inverse system. Thus, it can be said with
confidence that the inverse formulation and the implementation of the numerical method are
correct. The comparison of other boundary layer parameters can be found in Appendix A.
The numerical method used to solve the system has been mentioned, and even assessed, but
not detailed at this stage. Therefore, it is interesting to have a closer look at this numerical
method.

4.2 Implementation

4.2.1 Space-marching

In order to solve the equations, the solution is marched in space as illustrated in figure
4.3.

xi−1 xi xi+1

xj−1 xj xj+1

xk−1 xk xk+1
SP

TE

Figure 4.3: Space-marching procedure used to solve the equations

Indeed, the methodology consists of first imposing the inviscid solution at the leading-
edge stagnation point. This solution is consequently used as boundary conditions to solve
the set of equations at the first point of the upper side. In its turn, the solution at the first
point of the upper side is taken as initial condition for the second point of the upper side. In
this way, the solution is marched from the stagnation point (SP) to the trailing edge (TE)
on the upper side. The same march is used for the lower side, from the stagnation point
to the trailing edge. Then, the boundary conditions for the wake are derived from both
the solutions of the upper side and the lower side at the trailing edge. Finally, the solution
in the wake is marched from the trailing edge to the right boundary of the computational
domain.

4.2.2 Initial conditions

At the first coupling iteration, rather than imposing the displacement thickness δ∗ to be equal
to the value of the previous point, as it is done for other variables, the displacement thickness
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is set to a guess value δ∗guess, as suggested in the illustration of the coupling procedure 4.4.
In this work, it has been chosen to compute this guess value according the empirical relation
of Falkner-Skan [20] for self-similar flow:

δ∗guess = 1.7208
x√
Rex

(4.4)

After the first coupling iteration, the value of δ∗ is computed through the correction
formula, by definition of the semi-inverse method.

4.2.3 Boundary conditions

As illustrated on Figure 4.3 The boundary conditions of the differential problem are imposed
at the stagnation point in order to ensure uniqueness of the solution at this point. The
derivation of the boundary conditions follows the same reasoning as Dechamps [16].

The value of the edge velocity at the stagnation is assumed to be minimum and thus
taken equal to the value of the edge velocity computed by the inviscid solver.

(ue, stag )viscous = (ue, stag )inviscid (4.5)

In this work, the stagnation point is assumed laminar, and the momentum thickness θstag
and the boundary layer shape factor Hstag are taken from Schlichting and Gersten [46]:

θstag =

√√√√ 0.075

Re
d(ue)inviscid

dξ

∣∣∣
ξ=0

(4.6)

Hstag = 2.23 (4.7)

For laminar case at stagnation point, as set by default, the amplification factor is set to
0:

Nstag = 0. (4.8)

If the flow is forced to fully turbulent by the user, an alternative condition is applied:
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Cτ = 0, (4.9)

as there is no upstream influence at stagnation point.

4.2.4 Auxiliary conditions

In order to take the change of equation at the point of transition and at the first point of
the wake, auxiliary conditions have to be imposed at these points.

Same auxiliary conditions are used as by Dechamps [16]:

At the transition point, shear-lag equation is introduced and the value of the shear-stress
coefficient Cτ should be imposed. According to Drela [18], the value of this variable can be
obtained from the value of equilibrium shear-stress following:

√
Cτ = 0.7 · Cτ,eq. (4.10)

In order to start the turbulent computation at the transition point, the values of θ and
H are imposed as a weighted average of both the laminar and turbulent solutions:

θtrans = alam · θlam + aturb · θturb (4.11)

Htrans = alam ·Hlam + aturb ·Hturb (4.12)

where alam and aturb are the weight of respectively the laminar and the turbulent solution
at the transition location.

At the first point of the wake, two independent flows, from the lower and the upper side
meet and the continuity should be ensured at this point. According experiments conducted
by Cook and McDonald [13], the continuity for the momentum thickness θ:

θwake = θupper + θlower (4.13)

It this work the continuity of the displacement thickness δ∗ is also ensured according to
Drela [18]:
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δ∗wake = δ∗upper + δ ∗lower . (4.14)

This additional auxiliary condition has been observed to be essential to have accurate
results in the wake with the present semi-inverse method.

The boundary layer shape factor H, according to its definition is imposed to :

Hwake =
δ∗wake

θwake

=
δ∗upper + δ∗lower

θupper + θlower

(4.15)

The shear stress coefficient Ctau is taken as a weighted average of its last value respectively
in the upper side of the airfoil and in the lower side :

Cτ,wake =
θupper · Cτ,upper + θlower · Cτ,lower

θwake

. (4.16)

(4.17)

Finally, the edge velocity ue at the first wake point is imposed to its value computed
by the inviscid solver, in the same as the boundary condition imposed at the stagnation
point.

4.2.5 Numerical resolution

4.2.5.1 Space discretization

In the Newton procedure used to solve the non-linear set of equations, the space derivatives
are discretized using a backward Euler explicit scheme. The previously mentioned system of
equations is rewritten in an explicit manner based on the Euler scheme. For instance, the
derivative of ue as a function of ξ is discretized as follows:

∂ue
∂ξ

=
ue,i − ue,i−1

ξi − ξi−1

(4.18)

This enables to discretize the complete system of non-linear equations, which is then used
in the following steps by applying the Newton procedure.

42



4.2.5.2 Newton procedure

Based on the equations derived in Chapter 2, one can express the inverse problem (2.27)
under matrix form. This system will then be solved numerically using a Newton method.
To obtain the matrix form of the system, the Jacobian matrix J has to be computed. Each
element of the Jacobian matrix is derived numerically, leading to the following form for the
Jacobian matrix:

Jij =
∂fi
∂uj

→ J (Un) =


∂f1
∂H

∂f1
∂N

∂f1
∂ue

∂f1
∂Cτ

∂f2
∂H

∂f2
∂N

∂f2
∂ue

∂f2
∂Cτ

∂f3
∂H

∂f3
∂N

∂f3
∂ue

∂f3
∂Cτ

∂f4
∂H

∂f4
∂N

∂f4
∂ue

∂f4
∂Cτ

 (4.19)

The system includes the inverse boundary layer equations, an additional shear lag equation
and the eN method equation. For a turbulent boundary layer, the eN method equation is
not used, while for a laminar boundary layer, the shear lag equation is deactivated. The
Jacobian matrix is evaluated at the first order based on Taylor expansion:

Jij =
fi (U + ηj)− fi(U)

ηj
(4.20)

The linear system can be written in the following form:

A∆U = b (4.21)

where the vector b is a function of U. The usual method to solve such a system is to consider
the use of a direct method such as the LU decomposition:

PA = LU (4.22)

where P is the permutation matrix and L and U are lower and upper triangular matrices.
Finally, the solution is given by:

Ly = Pb (4.23)

U∆U = y (4.24)
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4.3 Semi-inverse interaction procedure

In Figure 4.4, the procedure leading to the semi-inverse method is depicted. As it can be
seen in the scheme, the inverse viscous and direct inviscid solvers are used to obtain edge
velocities ue, visc and ue, inv from an initial guess. After this, a correction formula is applied
and convergence is verified. As long as the solution did not converge, the process restarts
from the beginning, using the obtained δ∗ as a new guess for both solvers.

4.3.1 Convergence criteria

According Figure 4.4, the convergence criteria for one point is based on the displacement
thickness δ∗. In order to evaluate the convergence of the global coupling method, the relative
error is evaluated in the last point of the wake. Indeed, as the wake is always assumed
turbulent in this work, the solution at the last point of the wake will be influenced by all
the upstream points, thanks to the shear-lag equation. Thus, it can be confidently assumed
that a converged solution at the last wake point ensure the convergence of all the points.
Noting ϵ the required tolerance, the coupling algorithm will end when the condition 4.25 is
verified.

ϵ ≤ |δ∗nLastWakePoint − δ∗
n−1

LastWakePoint|
δ∗

n

LastWakePoint

(4.25)
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)
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Figure 4.4: Flowchart of the semi-inverse interaction procedure used in the present work.
Adapted from [7]
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4.3.2 Update formula

As the ultimate goal of this thesis was to test interaction between the semi-inverse method
and the quasi-simultaneous implemented by Dechamps the choice has been made to keep the
integral form of the boundary layer equations, in order to be consistent with the modelling of
the flow and the implementation of Dechamps. Thus, given this modelling of the boundary
layer, the use of Carter [7] methodology is preferred on the method developed by Leballeur
[31][32][30]. Indeed, Leballeur flow modelling make different assumptions on the fluid that
would require to reformulate the quasi-simultaneous viscous solver, and no longer keeping
quasi-simultaneous method. Thus, this has been avoided. As mentioned in the Chapter 5,
Leballeur based its formulation on a linear stability analysis of the solution, which provides
a more accurate this correction formula. This formula has been transformed in integral from
to match the integral boundary layer equation by Wigton [59]. In this work, this formula
has been tested but lead to the failure of the numerical resolution.

Finally, the update formula chosen in this work is the formula given by Carter [7]:

δ∗new = δ∗old + δ∗oldω

(
ue,visc
ue,inv

− 1

)
(4.26)

where omega is a relaxation factor and allows to tune the convergence behaviour of the
coupling algorithm. This formulation of Carter has proven to provide great results for
attached and separated flows.

4.3.2.1 Two under-relaxation factor strategy

In order to try to increase the convergence speed of the global coupling algorithm, it has
been tested to tune the relaxation factor according to the region of the considered point.
A good compromise has been observed by using one relaxation factor for the airfoil and
one relaxation factor for the wake, which is the double than the relaxation factor of the
airfoil:

ωwake = 2ωairfoil (4.27)

Referring to the table 4.1, it can be seen that this has indeed decreased the computational
time, while the computed values are only slightly influenced by this use of two relaxation
factor.
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cl [-] cd [-] CPU time [s]
ωairfoil = 0.2 0.55226 0.00625 4.2
ωwake= 0.4
ω = 0.2 0.55278 0.00626 4.8

Table 4.1: Aerodynamics coefficient and CPU time using one relaxation factor and using
two separates factors for wake and for airfoil

4.4 Convergence study

4.4.1 Mesh

To assess that the results discussed later in this work are mesh independent, a mesh conver-
gence study has been done. For the assessment case of Section 4.5, the following convergence
curves of lift coefficient cl (in light blue in the figure) and drag coefficient cd (in dark blue)
as a function of the total number of point are computed by the viscous solver. The number
of points refers to the number of mesh point on the airfoil plus the number of mesh point in
the wake.

Figure 4.5: Lift coefficient cl and drag coefficient cd as a function of the number of mesh
points for semi-inverse method. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.

According the Figure 4.5, the mesh configuration with 497 points is chosen for the assess-
ment case discussed in Section 4.5.
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4.4.2 Relaxation factor

A universal goal of numerical methods is to compute accurate results as fast as possible.
Thus, a convergence study of cl (light blue in the figure) and cd (dark blue) was conducted
according to ω, while the CPU time is represented as function of the relaxation factor. For
this convergence study a unique relaxation factor has been used.

Figure 4.6: Lift coefficient cl and drag coefficient cd as a function of the relaxation factor
ω. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.

Figure 4.6 and 4.7 illustrate well the trade-off existing between the computational time
and the precision of the solution. Indeed, we can observe that the simulation time explode
when decreasing the relaxation factor. In the same time in can be seen that the value of the
lift coefficient cl and drag coefficient cd converge more with decreasing ω. At the light of this
observations, a compromise is made and the value of ω = 4 is taken.

In practice, for more complex flows, this value should be sometimes decreased in order to
ensure the convergence of the method.

For the assessment case of the semi-inverse method, the two relaxation factor strategy is
used and the following values are chosen : ωairfoil = 0.4 and ωwake = 0.8.
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Figure 4.7: CPU time as a function of the relaxation factor ω. Test case : NACA 0012;
α = 5°; Re = 10e6; M = 0.

4.5 Assessment of the semi-inverse method implementa-

tion

In order to assess the complete method and its implementation in this work, a basic test
case is resolved. Then, the solution is compared to the solution of the quasi-simultaneous
method and to results of XFoil.

The flow considered to assess the method is described in Table 4.2.

Reynolds number Re [-] Mach number M [-] Angle of attack α [°]
10e6 0 5

Table 4.2: Flow parameters used to assess the implementation semi-inverse method, con-
sidering a NACA0012 airfoil

This case corresponds to an incompressible flow at low angle-of-attack and high Reynolds
number. The resolution of this case will allow to approve functionalities of the method,
such as the prediction of the laminar to turbulent transition. As explained in Section 4.4.1,
this case is solved with a mesh of 497 points, to ensure the mesh independency of the
solution.

Quantities of interest are illustrated below. Additional quantities are illustrated in Annex
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B.

Figure 4.8: Pressure coefficient Cp distribution on airfoil. Comparison of the results of the
current work, the quasi-simultaneous method and XFoil. Test case : NACA 0012; α = 5°;
Re = 10e6; M = 0.

As can be observed on Figure 4.8, the pressure coefficient distribution cp of the semi-
inverse method is in accordance with the cp distributions of XFoil and the quasi-simultaneous
method. The principal difference, as was already noticed by Bilocq [4] and Dechamps [16], the
minimum value of the pressure coefficient, near the leading edge tends to be underestimated
by XFoil. All along the chord, the pressure distribution of the semi-inverse and the quasi-
simultaneous methods are really close.

Looking at the edge velocity ue distribution of the three methods, the same observation
can be obviously made near the leading edge. Xfoil overestimate the maximum value of the
edge velocity, while quasi-simultaneous and semi-inverse values are very similar. On the rest
of the airfoil, the three methods give similar results. It can be observed that the values given
by the quasi-simultaneous method are slightly higher than the values predicted by XFoil.
The values provided by semi-inverse coupling are slightly lower than the predictions of XFoil.
Looking at the first points of the wake, we can see that the edge velocity predicted by XFoil
is lower than the values predicted by the semi-inverse method and the quasi-simultaneous
method. This can be explained by the fact that the edge velocity is imposed at the first wake
point, as an auxiliary condition in the quasi-simultaneous and semi-inverse method.
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Figure 4.9: Edge velocity ue distribution on airfoil and in the wake. Comparison of the
results of the current work, the quasi-simultaneous method and XFoil. Test case : NACA
0012; α = 5°; Re = 10e6; M = 0.

(a) Pressure side (b) Suction side

Figure 4.10: Displacement thickness δ∗ distribution. Comparison of the results of the
current work, the quasi-simultaneous method and XFoil. Test case : NACA 0012; α = 5°;
Re = 10e6; M = 0.

Figure 4.10b and 4.10a represent the displacement thickness respectively on the suction
and the pressure sides of the airfoil. It is interesting to look at this quantity, since in the
present semi-inverse method, δ∗ is not directly computed in viscous or inviscid solver, but
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only depends on the convergence of the edge velocities computed by the inviscid solver on
ones side and computed by the viscous solver on the other side. From these figures figures
we can see that the solution is in good agreement with XFoil and quasi-simultaneous results.
Small discrepancies between XFoil and the coupling methods of BLASTER are observed at
the transition location on the pressure side. We can see small oscillations for both quasi-
simultaneous and semi-inverse at the leading-edge. A possible explanation to this phenomena
could be again the boundary condition imposed at this point.

(a) Pressure side (b) Suction side

Figure 4.11: Boundary layer shape factor H distribution. Comparison of the results of the
current work, the quasi-simultaneous method and XFoil. Test case : NACA 0012; α = 5°;
Re = 10e6; M = 0.

Same observations can be made when looking at the boundary layer shape factor distri-
butions on Figures 4.11a and 4.11b.
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(a) Pressure side (b) Suction side

Figure 4.12: Friction coefficient cf distribution. Comparison of the results of the current
work, the quasi-simultaneous method and XFoil. Test case : NACA 0012; α = 5°; Re = 10e6;
M = 0.

(a) Pressure side (b) Suction side

Figure 4.13: Friction coefficient cf distribution. Test case : NACA 0012; α = 5°; Re =
10e6; M = 0. Taken over from Dechamps [16]

The friction coefficient on the lower and upper sides is represented on Figure 4.12a and
4.12b. Semi-inverse results are in accordance with quasi-simultaneous one. But, these results
does not match XFoil results. Inspecting the results obtained by Dechamps [16] for the same
flow case and wit, the same quasi-simultaneous method as used in the present work was
matching the results of XFoil. Thus, it is supposed that this error is due to a postprocessing
mistake. Furthermore, the cf curves of the semi-inverse method seems to have the same
shape than the XFoil curve, which can confirm thys hypothesis.
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Blaster Blaster XFoilsemi-inverse quasi-simultaneous
cl [-] 0.5549 0.5572 0.5659
cd [-] 0.00626 0.0062 0.00610
cd,f [-] 0.0043 0.0044 0.0044
cd,p [-] 0.0019 0.0018 0.00167
xtr,top/c [-] 0.0595 0.0581 0.0531
xtr,bottom/c [-] 0.7482 0.7436 0.7481
CPU time [s] 1.8 1.4 -

Table 4.3: Comparison of aerodynamic coefficients, the positions of the laminar to turbulent
transition on upper and lower side and computational time between the current method, the
quasi-simultaneous and XFoil. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.

In table 4.3 the aerodynamics coefficient as well as the upper and lower transition locations
and the computational time are compared between the different methods. It can be seen
that the results of the semi-inverse methods are very similar to the results of the quasi-
simultaneous method. these results are very similar to the results of XFoil. Because of the
underestimated minimal pressure coefficient, the lift coefficient cl given by XFoil is slightly
higher then the values estimated by the coupling method of BLASTER.

When comparing computational time of semi-inverse coupling and quasi-simultaneous
coupling, it can be seen that despite both solvers have really fast converged, the semi-inverse
method is slower than the quasi-simultaneous one, as expected.
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Chapter 5

Interacting quasi-simultaneous method
and semi-inverse method

5.1 Motivation

The main drawback of the semi-inverse method being slow convergence, it can be wanted to
implement some strategies to accelerate the convergence of this method, one strategy as been
already mentioned and was the idea to adapt the relaxation factor in function of the location
of the point been solved. Another idea, is to associate a direct coupling with semi-inverse
coupling method, at locations in the flows were the boundary layer approaches separation or
in the separated region. In the literature many examples of proposition of such a procedure
can be found such as proposed by Leballeur [30] or Wigton and Holt [59].

In this work it has been chosen to associate the quasi-simultaneous coupling to semi-
inverse coupling.

5.2 Main considerations for the implementation of the

quasi-simultaneous method

In this section, a summary of the work of Dechamps and his quasi-simultaneous coupling
implementation in BLASTER is presented.

The inviscid solver utilized by Dechamps is the same as that employed in this work:
Dartflo. To model the boundary layer, Dechamps adopts an unsteady formulation of the
dissipation integral model previously introduced. The closure relations remain consistent
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with those presented in this work, as Cebeci et al. [9] have established that unsteady terms
in the boundary layer equations do not affect the closure. Consequently, the upstream effects
of the flow are also accounted for through the shear-lag equation, as the modelling approach
aligns with that of this study. Furthermore, Dechamps introduces an unsteady form of the eN

equation to predict the laminar-to-turbulent transition. The coupling strategy implemented
follows a quasi-simultaneous approach, as proposed by Veldman [55].

In order to solve his unsteady system of equations, Dechamps used a pseudo time-marching
algorithm. This time-marching algorithm is applied point after point thanks to a space-
marching procedure, as illustrated in figure 5.1.

The interaction formula used for the quasi-simultaneous method is based on the triple-
deck theory, as detailed by Veldman in [53]. This theory allows to connect the local influence
of the inviscid flow to the displacement thickness of the boundary layer.

The solution procedure used by Dechamps for its pseudo-unsteady quasi-simultaneous
method is depicted in the figure 5.1.

The next section will detail the implementation of the semi-inverse method and the Q-S
method described just above.

5.3 Implementation of the interacting methods

By default, the quasi-simultaneous method is used. The semi inverse-method is triggered
during the space marching procedure under the following condition on H, which has been
proposed by Wigton and Holt [59]:

• In case of turbulent flow: if H > 1.8,

• In case of laminar flow: if H > 3.1,

then the semi-inverse method is triggered. If the values of H are lower than or equal to the
limit stated above, than the quasi-simultaneous method is used.

Regardless of whether the semi-inverse or quasi-simultaneous method is used, the same
numerical approach described above is applied to solve the flow, with identical initial, bound-
ary, and auxiliary conditions.

In order to ensure that at a maximum that the semi-inverse iterations in this global
algorithm converge, it has been chosen to attribute to the relaxation factor ω a really small
value. In particular, when doing simulations using this global algorithm the value of omega
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Figure 5.1: Solution procedure applied by Dechamps[16] in BLASTER for the quasi-
simultaneous coupling method. Copied from [16].
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is set to 0.1 which represents large under-relaxation.

The use of the semi-inverse method is triggered by a condition on the boundary layer
shape parameter. With the convergence of the coupling algorithm, some points may reach
the critical value of H during the calculation, and thus one may ask if this evaluation of H
needs to be done at each iteration.

As it is expected to have only few point above critical values, in the region near sepa-
ration/separated region, the convergence criteria is based on the drag coefficient as used in
quasi- simultaneous is chosen. as explain in the following section

Only the point where the condition is met or also all the point downstream ?

5.4 Assessment

The same test case as in Section 4.5, is used to validate the proposed algorithm with both
quasi-simultaneous ans semi-inverse coupling methods. Obviously, observations made in
Section 4.5 are still valid and comments are added. The same mesh is used as in Section
4.5. It is interesting here to mentioned that 17 points, all on the upper side are switched to
semi-inverse method. In this case only few iterations are required to stabilize the number of
triggered point.

The comparison of additional quantities is illustrated in Annex C.

The distribution of pressure coefficient of the algorithm using quasi-simultaneous and
semi-inverse methods together fits perfectly the pressure coefficient curves of these two meth-
ods separately.

Again good concordance between this method and other curves. It can be observed,
particularly in the wake that this method corresponds more to the semi-inverse curve than
to the quasi-simultaneous one.
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Figure 5.2: Pressure coefficient Cp distribution on airfoil. Comparison of the results ob-
tained using the semi-inverse method, the quasi-simultaneous method, XFoil and with semi-
inverse and quasi-simultaneous together. Test case : NACA 0012; α = 5°; Re = 10e6;
M = 0.

Figure 5.3: Edge velocity ue distribution on airfoil and in the wake. Comparison of the
results obtained using the semi-inverse method, the quasi-simultaneous method, XFoil and
with semi-inverse and quasi-simultaneous together. Test case : NACA 0012; α = 5°; Re =
10e6; M = 0.
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(a) Pressure side (b) Suction side

Figure 5.4: Displacement thickness δ∗ distribution. Comparison of the results obtained
using the semi-inverse method, the quasi-simultaneous method, XFoil and with semi-inverse
and quasi-simultaneous together. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.

Curves of δ∗ are illustrated on Figure 5.4a and Figure 5.4b. Once more the results of the
present method corresponds to the results of other methods.

(a) Pressure side (b) Suction side

Figure 5.5: Boundary layer shape factorH distribution. Comparison of the results obtained
using the semi-inverse method, the quasi-simultaneous method, XFoil and with semi-inverse
and quasi-simultaneous together. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.

As can be observed on figure, 5.5a the coupling resolution with both semi-inverse and
quasi-simultaneous coupling, provides results close to the quasi-simultaneous method at the
leading edge and after the transition, corresponds more to the semi-inverse results.
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Blaster Blaster Blaster XFoilsemi-inverse quasi-simultaneous SI + QS
cl [-] 0.5549 0.5572 0.5588 0.5659
cd [-] 0.00626 0.0062 0.0062 0.00610
cd,f [-] 0.0043 0.0044 0.0043 0.0044
cd,p [-] 0.0019 0.0018 0.0019 0.00167
xtr,top/c [-] 0.0595 0.0581 0.0607 0.0531
xtr,bottom/c [-] 0.7482 0.7436 0.7486 0.7481
CPU time [s] 1.8 1.4 1.7 -

Table 5.1: Comparison of aerodynamic coefficients, the positions of the laminar to turbulent
transition on upper and lower side and computational time between the semi-inverse method,
the quasi-simultaneous method, XFoil and semi-inverse and quasi-simultaneous together.
Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.

The table 5.1, summarizes the aerodynamics coefficient, the transition location and the
computational time for the three different methods mentioned in this section and for XFoil.
The good results of the global method with the semi-inverse and the quasi-simultaneous one
are confirmed. However, it is important to mention that the position of the transition on
the upper side is slightly different than for other methods. Finally, it can be seen that using
this method induces a negligible gain of computational time compared to the semi-inverse
method.
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Chapter 6

Test cases and limitations of the
method

6.1 Choice and discussion of the test cases

The implementation of the SI method aims to expand the range of possibilities offered by
the QS method. Therefore, the goal of this section is to explore more challenging cases,
where the QS method does not perform well. In this section, two additional test cases will
be presented and compared with values from literature.

Firstly, a turbulent and high-lifting case is considered to evaluate the accuracy of the
developed method at higher angles of attack. In a second step, a case with low Reynolds
number and low angle of attack will be studied. Test cases with extremely high angles of
attack will not be generated in this thesis, as experience showed that the semi-inverse method
is not able to reach higher angles of attack than the quasi-simultaneous method.

6.1.1 High-lifting turbulent flow case

In this first section, a high-lifting turbulent flow case is exposed and compared with values
and results from literature. The reference values are available on the NASA website [44].
The considered test case is linked to the following flow parameters:

Reynolds number Re [-] Mach number M [-] Angle of attack α [°]
3e6 0.15 10

Table 6.1: Flow parameters used for the computation and analysis of the high-lifting
turbulent flow case
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To compare the results obtained with the semi-inverse method, some reference values
for the Cp are computed with the NASA software CFL3D (Park et al. [41]) for the suc-
tion side of the airfoil. The CFL3D software makes use of the RANS equations with the
Spallart-Allmaras turbulence model developed by Allmaras and Johnson [1]. In addition,
some experimental values of Cp with matching flow parameters are gathered from the tech-
nical report of Gregory [25].

For this flow case it is to mentioned that the friction coefficient is not analysed as the
same issue as for the assessment case is observed. This can be observed in Appendix D, with
other quantities not discussed in the present section.

For the SI+QS method, after three coupling iterations twenty-three points on the upper
side and three points on the lower side were switched to semi-inverse method. These numbers
remains constant until convergence.

Figure 6.1: Pressure coefficient Cp distribution on the airfoil. Comparison of the results
obtained using the semi-inverse method, the quasi-simultaneous method, XFoil and with
semi-inverse and quasi-simultaneous together. These numerical results are compared to
values obtained with the software NASA CFL3D [41] and with experimental values retrieved
from Gregory [25]. Test case : NACA 0012; α = 10°; Re = 3e6; M = 0.15.

According the pressure coefficient curves, the different results are similar. Again XFoil
suction peak is overestimated. The methods implemented in BLASTER provide all lower
value at the suction peak, than RANS results. The different results are in accordance with
the experimental data.
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Figure 6.2: Zoom on the pressure coefficient Cp distribution on the airfoil. Numerical
results are obtained numerically from the SI method, the QS method, the interacting methods
(SI+QS) and from XFoil. These are compared to values obtained with the software NASA
CFL3D [41] and with experimental values retrieved from Gregory [25]. Test case : NACA
0012; α = 10°; Re = 3e6; M = 0.15.

Figure 6.3: Edge velocity ue distribution on the airfoil and in the wake. Comparison of
the results obtained using the semi-inverse method, the quasi-simultaneous method, XFoil
and with semi-inverse and quasi-simultaneous together. Test case : NACA 0012; α = 10°;
Re = 3e6; M = 0.15.

64



Inspecting Figure6.3, it can be observed that the SI+QS method curve strongly decreases.
Further downstream, this curve tends to overpredict the edge velocity compared to XFoil
and other methods. It is observed that other methods provide comparable results.

(a) Pressure side (b) Suction side

Figure 6.4: Boundary layer shape factorH distribution. Comparison of the results obtained
using the semi-inverse method, the quasi-simultaneous method, XFoil and with semi-inverse
and quasi-simultaneous together. Test case : NACA 0012; α = 10°; Re = 3e6; M = 0.15.

(a) Pressure side (b) Suction side

Figure 6.5: Displacement thickness δ∗ distribution. Comparison of the results obtained
using the semi-inverse method, the quasi-simultaneous method, XFoil and with semi-inverse
and quasi-simultaneous together. Test case : NACA 0012; α = 10°; Re = 3e6; M = 0.15.

The displacement thickness evaluated by the method associating semi-inverse and quasi-
simultaneous methods is underestimated on the upper side and is discontinuous at the trailing
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edge of the lower side. It is noted that in this case, δ∗ is slightly overestimated by the semi-
inverse method. Small oscillations at the leading edge of the pressure side are observed for
all methods implemented in BLASTER.

The same observation as for δ∗ can be made for the boundary layer shape factor H.

6.1.2 Test case with low Reynolds number and low angle of at-

tack

This second test case consists of a flow with low Reynolds number and low angle of attack.
The table 6.2 synthesizes the considered flow parameters.

Reynolds number Re [-] Mach number M [-] Angle of attack α [°]
5e4 0.4 5

Table 6.2: Flow parameters used for the computation and analysis of the test case with
low Reynolds number and low angle of attack

The results of this test case can be compared to values retrieved from literature (Balaku-
mar [3]) for the Cp and cf . The figure 6.6 shows a comparison of the Cp as a function of the
position on the chord x/c computed with all the considered methods. However, for better
readability, figure 6.7 compares only the semi-inverse method with XFoil and literature [3]
and leaves out the methods that are not well performing in this case.

It is mentioned here that the semi-inverse converged at the cost of huge relaxation and
thus really slow convergence. Also a coarser mesh at trailing edge as been used, compared
to other test cases.

Referring to the Figure 6.7, the pressure coefficient is well predicted by the semi-inverse
on the pressure side of the airfoil compared to DNS results. The suction peak is also well
predicted when comparing to DNS results. Transition location also corresponds to the DNS
results. Moreover, XFoil results are over predicting the suction peak and predict transition
upstream than the actual transition captured by DNS. But, the semi-inverse methos here does
not capture the plate on the upper side, corresponding to laminar separation bubble.
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Figure 6.6: Pressure coefficient Cp distribution on the airfoil. Comparison of the results
obtained using the semi-inverse method, the quasi-simultaneous method, XFoil and with
semi-inverse and quasi-simultaneous together. These numerical results are compared to
values obtained from Balakumar [3]. Test case : NACA 0012; α = 5°; Re = 5e4; M = 0.4.

Figure 6.7: Pressure coefficient Cp distribution on the airfoil. Comparison of the results
obtained using the semi-inverse method and XFoil. These numerical results are compared to
values obtained from Balakumar [3]. Test case : NACA 0012; α = 5°; Re = 5e4; M = 0.4.
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(a) Pressure side (b) Suction side

Figure 6.8: Distribution of the friction coefficient cf . Comparison of the results obtained
using the semi-inverse method and XFoil. These numerical results are compared to values
obtained from Balakumar [3]. Test case : NACA 0012; α = 5°; Re = 5e4; M = 0.4.

The same conclusion can be made observing the friction coefficient cf on Figure 6.8a and
6.8b. Where we can observe the laminar separation bubble starting at x/c ≈ 0.4. This is
not captured at all by XFoil and semi-inverse method. At the trailing edge XFoil and the
semi-inverse coupling are more or less equivalent to the DNS results.

(a) Pressure side (b) Suction side

Figure 6.9: Displacement thickness δ∗ distribution. Comparison of the results obtained
using the semi-inverse method and XFoil. Test case : NACA 0012; α = 5°; Re = 5e4;
M = 0.4.

68



(a) Pressure side (b) Suction side

Figure 6.10: Distribution of the boundary layer shape factor H. Comparison of the results
obtained using the semi-inverse method and XFoil. Test case : NACA 0012; α = 5°; Re =
5e4; M = 0.4.

These other quantities are given for XFoil and semi-inverse as a matter of fact since that
none of the methods have shwon great results comparing to the DNS results from Balakumar
[3].

6.2 Limitations

The limitations of the method combining the semi-inverse and quasi-simultaneous approaches
have been demonstrated at low Reynolds numbers, similar to those observed with the quasi-
simultaneous method alone. While the semi-inverse coupling achieved convergence to a
satisfactory solution at a low Reynolds number, this specific case requires caution. The
convergence was facilitated by the use of a coarse mesh at the trailing edge. Therefore,
despite producing satisfactory results compared to DNS and XFoil, it is important to remind
that this solution is likely not mesh-independent.

Test cases at low Reynolds numbers and high angles of attack were analysed. Specifically,
the case discussed by Dechamps (Re = 1e6, α = 15°, M = 0.2) was tested using both
the semi-inverse method and the combined semi-inverse and quasi-simultaneous methods.
However, neither approach successfully captured the laminar separation bubble, rendering
the results unsatisfactory.

The semi-inverse method provides promising results, showing strong agreement with
XFoil, experimental data (when available), and higher-fidelity methods in certain cases.
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Notably, it achieves good accuracy for moderate Reynolds numbers and high angles of at-
tack at higher Reynolds numbers. Additionally, the method converges for low Reynolds
numbers and moderate angles of attack. However, it was unsuccessful for cases involving low
Reynolds numbers and high angles of attack, which was a primary objective of this thesis, as
the goal was to capture laminar separation bubbles. While the semi-inverse method expands
the range of flows that can be resolved in BLASTER by successfully addressing some low
Reynolds cases, it has not significantly improved upon the existing setup. Indeed, accurate
results were mainly obtained for flow cases already manageable by the quasi-simultaneous
method, indicating limited advancement in overall capability. Moreover, the convergence of
the SI method is complex and requires a fine tuning of the relaxation factor. The semi-
inverse method as shown slower convergence than the quasi-simultaneous one, despite the
techniques implemented to try to accelerate the convergence of this method.

In conclusion, the semi-inverse method can prevent system failure in some cases by avoid-
ing certain limitations of the quasi-simultaneous approach. However, due to its weak inter-
action, the method can still diverge and, in some instances, fail. While it allows convergence
in cases where the quasi-simultaneous method does not, this often relies on a coarse mesh,
leading to incomplete resolution of features such as the separation bubble. Furthermore,
the semi-inverse method has not demonstrated significant improvements near stall condi-
tions.
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Chapter 7

Conclusion

7.1 Conclusion

A successful semi-inverse interaction method has been implemented in this work. More
specifically, the dissipation integral model for the boundary layer has been reformulated in
an inverse form to solve the boundary layer equations for the edge velocity ue, knowing the
displacement thickness δ∗. The modelling of the boundary layer has been completed by the
shear-lag equation in case of turbulent flows. This is implemented to represent the important
upstream history effects that exists in the flow of interest in this work. The eN method has
also been implemented to predict the transition from laminar to turbulent flow. Finally,
different set of closures relations for laminar and turbulent flows are chosen to deduct the
system of equations representing the boundary layer. The inverse viscous solver has been
coupled with an inviscid unstructured finite-element solver to form a global semi-inverse
coupling method.

A discussion has been made on the correction formula and its associated relaxation factor,
as these are key elements for the success of the method. Another main objective of this thesis
was to implement an algorithm that allows the semi-inverse and quasi-simultaneous methods
to coexist. To this end, a criterion was sought in the literature to determine which method
to use on each point of the boundary layer. The implementation of this algorithm has shown
accurate results for simple flow cases.

The semi-inverse method and the algorithm where quasi-simultaneous coupling and semi-
inverse coupling coexist have been used to carry out simulations on different test cases, and
the limitations of these methods have been highlighted. More especially semi-inverse method
has shown great results for moderate and high Reynolds numbers, at low and high angle of
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attacks. The semi-inverse method has also reached convergence for very low Reynolds number
flow, providing good results in terms of aerodynamic coefficients. But in this particular case,
important flow feature such as laminar separation bubble is not captured by the method, also
the different quantities of the boundary layer does not match results from Direct Numerical
Simulation, found in the literature. Concerning the algorithm with the interacting quasi-
simultaneous and semi-inverse successful simulations have been limited to high Reynolds
number flows at low angle of attack.

Compared to the quasi-simultaneous method implemented in BLASTER, the present
semi-inverse coupling method is observed to be largely more expensive in computational
time. This was expected, according the literature and was the motivation for developing
the algorithm with both semi-inverse and quasi-simultaneous methods. It has been observed
that this strategy does not significantly improve performance and is limited to easy flow
cases.

As a conclusion, although the implementation of the semi-inverse method has been vali-
dated, it did not extend the envelope of flows that BLASTER is able to resolve.

7.2 Hints for future work

There are many explanations to this failure. First, the assumption of a constant pressure
along the normal direction inside the boundary layer is not valid in case of massive separation,
as pin-pointed by Leballeur [29]. Thus, one possible improvement of the present semi-
inverse method would be to reformulate the boundary layer equations by dropping out this
assumption of constant pressure in the boundary layer, as it has been proposed by Leballeur
[29]. His method has shown great capabilities even for massive separations or shock induced
separation in supersonic flows.

The nature of the semi-inverse interaction method can be also held responsible for the
limitations of the method. Indeed, as it was discussed in this work, semi-inverse coupling is
a weak interaction coupling where one region of the fluid domain has more influence than
the other. This is not physically consistent in case of large separation, since both regions
have strong influence on the flow [54]. Thus, despite overcoming the Goldstein′s singularity,
this method tends to diverge in case of large separations, even with the use of huge under-
relaxation.

Next, a possible reason accounting for the limitations of this viscous-inviscid code can be
found in the irrotational assumption of the inviscid solver. Indeed, according to Raymer [43],
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at high angles of attack, this assumption is no longer valid because of the important vortex
flow present. Thus, a possible improvement of both semi-inverse and quasi-simultaneous
methods would be to couple the viscous solvers to inviscid solvers, where vorticity is taken
into account (e.g. Euler solvers).

Finally, it is noted that compressible flows have not been investigated in this work using
the semi-inverse method. As the quasi-simultaneous coupling implemented in BLASTER
provides good results for transonic and supersonic flows, it would be interesting to investigate
further supersonic flows using the semi-inverse method.
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Appendix A

Inverse system assessment

Figure A.1: Comparison of the momentum thickness θ for both direct and inverse dissipa-
tion integral model equations. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.
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Figure A.2: Comparison of the dissipation coefficient cd for both direct and inverse dissi-
pation integral model equations. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.

Figure A.3: Comparison of the disturbance growth rate N for both direct and inverse
dissipation integral model equations. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.
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Figure A.4: Comparison of the shear stress coefficient Cτ for both direct and inverse
dissipation integral model equations. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.

Figure A.5: Comparison of the friction coefficient cf for both direct and inverse dissipation
integral model equations. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.
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Figure A.6: Comparison of the kinetic energy shape parameter H∗ for both direct and
inverse dissipation integral model equations. Test case : NACA 0012; α = 5°; Re = 10e6;
M = 0.
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Appendix B

Semi-inverse method assessment

(a) Pressure side (b) Suction side

Figure B.1: Distribution of the momentum thickness θ. Comparison of the results of the
current work, the quasi-simultaneous method and XFoil. Test case : NACA 0012; α = 5°;
Re = 10e6; M = 0.

86



Appendix C

Interacting methods assessment

(a) Pressure side (b) Suction side

Figure C.1: Friction coefficient cf distribution. Comparison of the results obtained using
the semi-inverse method, the quasi-simultaneous method, XFoil and with semi-inverse and
quasi-simultaneous together. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.
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(a) Pressure side (b) Suction side

Figure C.2: Distribution of the momentum thickness θ. Comparison of the results obtained
using the semi-inverse method, the quasi-simultaneous method, XFoil and with semi-inverse
and quasi-simultaneous together. Test case : NACA 0012; α = 5°; Re = 10e6; M = 0.
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Appendix D

High-lifting turbulent flow case

(a) Pressure side (b) Suction side

Figure D.1: Friction coefficient cf distribution. Comparison of the results obtained using
the semi-inverse method, the quasi-simultaneous method, XFoil and with semi-inverse and
quasi-simultaneous together. Test case : NACA 0012; α = 10°; Re = 3e6; M = 0.15.

89



(a) Pressure side (b) Suction side

Figure D.2: Distribution of the momentum thickness θ. Comparison of the results obtained
using the semi-inverse method, the quasi-simultaneous method, XFoil and with semi-inverse
and quasi-simultaneous together. Test case : NACA 0012; α = 10°; Re = 3e6; M = 0.15.
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Appendix E

Low Reynolds and low angle of attack
case

(a) Pressure side (b) Suction side

Figure E.1: Distribution of the momentum thickness θ. Comparison of the results obtained
using the semi-inverse method and XFoil. Test case : NACA 0012; α = 5°; Re = 5e4;
M = 0.4.
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