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Chapter 1

Introduction

1.1 Introduction

The concept of chirality, which describes objects that cannot be superimposed onto their mirror image,
is an omnipresent and important property across many scientific fields [1, 2, 3]. From the handedness of
elementary particles in fundamental physics to the specific enantiomeric forms of molecules essential
for life in biology and pharmacology, chirality dictates interactions and properties at multiple scales.
In the fields of condensed matter physics and materials science, structural chirality in crystalline solids
has emerged as a fascinating area of research [1, 4]. It promises many innovative physical phenomena
and potential technological applications [5].

Chiral materials can exhibit unique responses to external stimuli, particularly to electromagnetic fields
[6]. One of the most direct and well-known consequences of structural chirality is Natural Optical Ac-
tivity (NOA). NOA is the ability of a material to rotate the plane of polarisation of transmitted light in
the absence of external magnetic fields. Beyond NOA, structural chirality has been increasingly asso-
ciated with other exciting properties. It includes non-linear optical effects, magneto-chiral dichroism,
spin-selective transport in spintronic devices, and enantioselective catalysis [4].

As aresult, the discovery and design of new chiral materials have become major goals in contemporary
materials research. It goes with the desire to have a deeper understanding of how chirality arises and
interacts with other physical properties.

This master’s thesis explores the fundamental question of whether structural chirality itself can be
treated as a primary order parameter in displacive phase transitions. Such transitions are characterised
by continuous atomic displacements from a high-symmetry, achiral parent phase to a lower-symmetry,
chiral daughter phase. Identifying chirality as an order parameter in this context would offer a pow-
erful theoretical framework. Rooted in Landau theory, it could describe, predict, and possibly control
such symmetry-breaking phenomena.

To address this question, this work focuses on tin(Il) fluoride (SnF5) as a representative model system.
SnF; is known for its rich polymorphism, including experimentally observed chiral phases [7, 8, 9, 10],
and the presence of a stereochemically active lone pair on the Sn?* cation. The latter is often a driving
force for structural distortions. Using first-principles calculations based on Density Functional Theory
(DFT) and Density Functional Perturbation Theory (DFPT), an investigation is conducted on a phonon-
driven pathway [11, 12]. It follows a transition from a hypothetical achiral rutile-type parent phase of
SnFj to its chiral y-phase. The evolution of structural chirality (quantified by helicity [13]) and its direct
physical consequence, natural optical activity, are systematically studied along this transition pathway:.

This manuscript is organised as follows: Chapter 2 provides a comprehensive background on the con-
cepts of chirality and optical activity, including their historical development, crystallographic require-
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ments, and methods for their quantification. Chapter 3 explains the theoretical and computational
framework behind the first-principles calculations of this work. It focuses on DFT and DFPT. Chapter
4 presents the original research on SnFs. It includes the characterisation of its polymorphs, the iden-
tification of a suitable achiral parent phase, the detailed analysis of the phonon-driven transition to a
chiral state, and an investigation into the role of the Sn>* lone pair. Finally, Chapter 5 will summarise
the main findings and discuss perspectives for future research.

1.2 Motivations

The central question of this thesis, "Can chirality in materials be a new order parameter?”, originates
from an attempt to extend the understanding of symmetry-breaking mechanisms in solids. While chi-
rality is a familiar concept in chemistry and biology, its emergence in crystals is drawing more and
more attention in condensed matter physics.

Conventionally, ferroic orders like ferroelectricity or ferromagnetism are described by a continuous
order parameter that evolves across a phase transition. Recent studies suggest that structural chirality
might play a similar role in displacive transitions between achiral and chiral phases. As reviewed in
depth by Bousquet et al. [4], the idea uncovers the possibility of treating chirality as more than just a
geometric feature. It could be a fundamental ordering principle, coupled to measurable responses such
as Natural Optical Activity (NOA). Classifying chirality as a ferroic order would imply the potential
of switching and controlling it by a conjugate field, opening vast possibilities for new technological
applications.

One of the biggest challenges is the definition of a quantitative measure of chirality that is appropriate
for periodic solids. In this work, helicity is used as a continuous measurement derived from atomic
displacements. It is proposed as a candidate for a chiral order parameter, and its behaviour is studied
during a displacive transition.

This approach is supported by recent theoretical studies [11, 12]. They show that phonon instabilities
at high-symmetry points can drive transitions from achiral to chiral phases. In such cases, the ampli-
tude of the unstable mode often correlates with the emergence of chirality.

This thesis is motivated by the desire to evaluate whether structural chirality can behave as an order
parameter in phonon-driven transitions. It also seeks to study its relation to observable properties like
NOA. In addition, it aims to investigate the role of lone-pair electrons in enabling such transitions.
The understanding gained from this specific study on SnF is expected to contribute to the broader
understanding of chiral phenomena in condensed matter and the development of new parameters to
describe phase transitions.
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Chapter 2

Chirality and Natural Optical Activity

As mentioned in the introduction, one of the most direct consequences of structural chirality in matter
is natural optical activity (NOA). It corresponds to a material rotating the plane of polarisation of
transmitted light. This phenomenon is not a curiosity but a fundamental feature of chirality at the
macroscopic scale.

This chapter focuses on the exploration of the theoretical framework of chirality and its principal
observable consequence, natural optical activity. It will begin by defining chirality and tracing its
historical discovery. Then, it explores its connection to crystallographic symmetry and finally details
the physical origin of optical activity. These elements are crucial to understanding the central subject
of this thesis and will be frequently referred to in later chapters.

2.1 Definition of Chirality

Chirality is a fundamental geometric property describing the asymmetry of an object. It refers to the
lack of mirror symmetry in an object. It means that by taking a chiral object and its mirror reflection,
it is impossible to superimpose them. The easiest example is the left and right hands. They are each
other’s image by mirror symmetry. However, it is impossible to overlay them perfectly.

Conversely, an object that can be superimposed onto its mirror image is called achiral.

hands spheres

chiral achiral
non-identical mirror images identical mirror images

Figure 2.1: Example of chiral and achiral objects (Inspired from [14]). Hands are chiral, as they can be
differentiated from each other. This is not the case of a sphere, as the object and its mirror image are
identical and superimposable.



CHAPTER 2. CHIRALITY AND NATURAL OPTICAL ACTIVITY S. Mamoudou
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Figure 2.2: This figure illustrates the concept of handedness. On the left side of the image, objects are
right-handed, and on the right side, there are left-handed objects. (Inspired by [15]).

In order to classify chiral objects, the notion of handedness is used. It was inspired by the notable
example of hands as chiral objects. It describes the sense in which an object twists or rotates. A
common convention relies on the "right-hand rule": the thumb indicates the axis direction, and the
fingers show the direction of rotation. For a helix, if the thumb is pointing upward and the sense
of rotation is anticlockwise, the material is right-handed or dextrorotatory. In the opposite case, it is
left-handed, levorotatory, as shown in Figure 2.2.

Therefore, chirality refers to the absence of mirror symmetry in an object. Handedness separates chiral
objects in terms of their orientation [4]. However, the two notions do not necessarily exist together,
as shown in Fig. 2.3 below.

a) 5% b)

&P 00 oe
= & @

Figure 2.3: A mirror is applied to three types of objects to accentuate the notions of chirality and
handedness. a) Shoes are chiral and handed. Both objects are non-superimposable, and it is possible
to distinguish a left and a right shoe. b) A potato is chiral but not handed. Once again, both objects
are different; however, it is not possible to distinguish a right or a left potato. ¢) A spinning ball can
exhibit a sense and, therefore, be handed, as it will be rotating left or right. But it is not chiral [1].

2.2 History of chirality

To understand how chirality has evolved to be defined as it is today, it is interesting to see the evolution
of the concept over time. The following section starts with the discovery of chirality and focuses on
different aspects that are interesting for the study. This is mainly established thanks to the article
"Petite histoire de la chiralité, de Pasteur a la physique d’aujourd’hui" published in August 2024 [16].
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2.2.1 From Early Optics to Crystal Observations

The history of chirality is deeply connected to the development of optics and crystallography. It started
in 1809 when Etienne-Louis Malus (1775-1812) published an article on a new property of reflected and
refracted light: its polarisation [17]. This marked the beginning of more significant discoveries in op-
tics and crystallography.

Building on this, in 1811, Francois Arago (1786-1853) conducted experiments observing that slices of
quartz crystals could rotate the plane of polarisation of polarised light [18]. This phenomenon was
termed "natural optical activity". A year later, Jean-Baptiste Biot (1774-1862) confirmed Arago’s
results and uncovered another phenomenon: some quartz rotated the light in one direction, while
others rotated it in the opposite direction by the same magnitude [19]. This indicated a structural
difference within the quartz itself.

Interestingly, René-Just Haily (1743-1822), considered the father of modern crystallography, had al-
ready noticed that certain quartz crystals exhibited asymmetrical faces breaking the overall symmetry
of the crystal ten years prior [20]. He called this effect hemihedry and specifically plagyhedry for the
type seen in quartz crystals. However, he thought it was a crystallographic irregularity and did not
directly link chirality to crystal structure. His work still formed the foundation for crystallography and
later studies on the phenomenon, such as Biot’s [21].

Left-handsd Right-handed

Figure 2.4: Schematic representation of the two irregular forms of quartz crystals observed (Image from
Pinterest).

The definite link between the macroscopic crystal shape and the optical properties was established
by John Herschel (1792-1871) in 1820. He observed that quartz crystals exhibiting hemihedral facets
in one direction were constantly rotating the light in a way. In contrast, those with facets in the
opposite direction did the contrary [22]. Once again, the rotation power has the same absolute value
but opposite signs. This proved that the optical activity was intrinsically linked to the asymmetrical,
non-superimposable mirror-image shapes of the crystals themselves. Therefore, chirality made its
scientific debut as a crystallographic property linked to light interaction.

2.2.2 Extension to molecules

Jean Baptiste Biot extended his studies beyond crystals. He showed in 1815 that organic mixtures or
vapours also exhibit a rotatory power. This suggested that the property was not exclusive to the solid-
state crystalline state [23]. It led him to the conclusion that the origin might be at the molecular level.
However, the nature of this molecular asymmetry remained elusive.

The breakthrough connection was established by Louis Pasteur (1822-1895) in 1848. He conducted ex-
periments on tartaric acid salts. Natural tartaric acid was known to be optically active, but a synthetic
version called racemic tartaric acid was optically inactive, despite having an identical chemical com-
position.

5/ 74
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Pasteur carefully crystallised a salt of this racemic acid and observed the small crystals under a mi-
croscope. He noticed that they were not uniform: some exhibited hemihedral facets orientated in one
way, while others had mirror-image facets orientated the opposite way, much like the two forms of
quartz described by Hatiy and Herschel [24].

Pasteur was able to separate the crystals based on their distinct morphology. Dissolving each one sep-
arately in water, he realised that one mixture was optically active in one direction and the other in
the other direction. This led him to conclude that racemic tartaric acid is a mixture of two forms of
tartaric acid: the dextrorotatory and its mirror image, the levorotatory. Mixing the two solutions in
equal amounts resulted in an optically inactive solution, recreating the racemic acid’s property. The
mirror-image molecular forms were later called enantiomers by Johannes Wislicenus in 1884 [25].
His experiments demonstrated that molecular asymmetry could dictate the macroscopic crystal shape
but also interaction with polarised light. This introduced the concept of molecular chirality, extending
it beyond solid-state physics into the realm of chemistry.

=

Figure 2.5: Jean-Baptiste Biot observing with the microscope the studies of Louis Pasteur on crystal-
lography in his laboratory of the Collége de France in 1848. (Drawing of Hermann Vogel [16].)

Pasteur also noted the profound connection between chirality and living things [26]. He speculated
that biological processes inherently prefer one enantiomer over another. Just like tartaric acid, which
only exists in one form, numerous molecules in biological systems only exist in one enantiomeric form.
For example, it is the left-handed (L) one for amino acids, while it is the right-handed (R) one for car-
bohydrates. This phenomenon is known as homochirality. The term was introduced by Kelvin in 1904
[27]. Its origin remains unknown, even though many hypotheses have been formulated [28].

2.2.3 Theoretical foundation

While Pasteur had demonstrated that molecular chirality existed and had macroscopic consequences, a
question remained: how does the asymmetry arise at the atomic level? In 1874, Jacobus Henricus Van'’t
Hoff (1852-1911) and Joseph Achille Le Bel (1847-1930) independently provided an answer. They laid
the foundations for stereochemistry. It is the branch of chemistry that studies the spatial arrangement
of atoms in molecules and their influence on their physical and chemical properties.

Van’t Hoff proposed a model using the three-dimensional structure of molecules. He suggested that
when a carbon atom is bonded to four different substituents, the resulting structure forms a tetrahe-
dron, lacking mirror symmetry. This tetrahedral arrangement creates a chiral centre. This leads to
two non-superimposable mirror-image forms of the molecule, the enantiomers. His model provided
the first theoretical explanation for Pasteur’s earlier observations on tartaric acid.
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At the same time, in France, Le Bel reached similar conclusions [29]. Rather than focusing on the
asymmetry of a single carbon atom, Le Bel emphasised the asymmetry of the molecule as a whole.
According to him, chirality results from the overall spatial distribution of atoms within the molecule,
not just from an individual chiral centre.

Together, Van’t Hoff and Le Bel provided the theoretical foundations linking the three-dimensional
structure of molecules to their observed properties.

N

d/ ‘C 64 \d d/ ‘b

Mirror plane rotation

Lae o] e

Figure 2.6: Example of a chiral molecule featuring a central carbon. It is bound to four distinct con-
stituents (a, b, ¢, d). Its mirror image is non-superposable, forming a pair of enantiomers.

2.2.4 Formalisation in physics

The relationship between symmetry and physical properties was further investigated by Pierre Curie.
In 1894, he formulated a general principle stating that the symmetry elements of a cause must be found
in its effects. Conversely, any asymmetry in an effect must originate from an asymmetry in the cause.
Pierre Curie highlighted the important role of symmetry breaking, stating the famous sentence:"C’est
la dissymmétrie qui crée le phénoméne" (Dissymmetry creates the phenomenon) [30]. In this context,
dissymmetry refers to the lack of improper symmetry elements (which is explained in the section 2.3.2).
Curie’s principle provided a powerful tool applicable across physics, linking the presence or absence
of physical phenomena (like optical activity or piezoelectricity) to the symmetry group of the crystal
or molecule.

The concept of chirality was formally formulated for the first time in 1894 by Lord Kelvin during a
conference at Oxford University Junior Scientific Club [31, 32]. He defined it based on its geometrical
nature: "I call any geometrical figure, or group of points, ‘chiral’, and say that it has chirality if its image
in a plane mirror, ideally realised, cannot be brought to coincide with itself.". The term chirality derives
from the word kheir, meaning hand in Greek. This definition remains the standard definition, particu-
larly in chemistry, where chirality is omnipresent.

At this stage, enantiomers were primarily distinguished by their opposite interaction with polarised
light and potentially different crystal shapes. Therefore, they were considered equivalent unless sym-
metry played a significant role.

However, the two forms can manifest different behaviours if they interact with another chiral en-
tity. It can be a chiral molecule, a chiral crystal, or a biological system (which is inherently chiral).
This phenomenon is called chiral recognition. It was observed around 1960 with the drug thalidomide.
While one enantiomer was useful to treat pregnancy sickness, the other one was toxic, leading to foetal
malformation [33]. This highlighted the importance of chirality in pharmacology and biochemistry,
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forming the base of enantioselective analytical chemistry, where the goal is to separate enantiomers.

At this point, chirality seems to be purely a geometric notion. However, while being deeply connected
to molecular and crystal structures, it extends beyond geometric objects. It also applies to dynamic
physical phenomena, notably to circularly polarised light (CPL). CPL exists in two forms, left-handed
(L-CPL) and right-handed (R-CPL), where the electric field vector traces out a helix in space as the
wave propagates. Both forms are mirror images of each other.

This led to a more fundamental and physically encompassing definition of chirality proposed by Lau-
rence Barron in 1986 [34]. This will not go into further details, as it is unnecessary in the following
discussion.

2.2.5 Conclusion

In conclusion, the scientific story of chirality unfolds from early observations of light interaction with
crystals (Malus, Arago, Biot, Haily, Herschel) to the understanding of its molecular origins and struc-
tural basis (Pasteur, van’t Hoff, Le Bel). It was then formalised as a fundamental concept based on
symmetry by Curie and Kelvin. It had profound implications in chemistry and biology, particularly
highlighted by the principle of chiral recognition and the mystery of homochirality. Finally, the con-
cept has been broadened within physics (Barron) to encompass dynamic systems and fundamental
symmetries like space inversion and time reversal.

Chirality thus stands as a multidisciplinary concept. It is essential for understanding structure and
interaction from the molecular scale to macroscopic materials and even fundamental physical laws.
Despite significant progress, key questions remain, notably the origin of biological homochirality and
the precise interaction between chirality and various physical fields and forces.

2.3 Chirality and crystallography

In crystallography, classifying materials in terms of their symmetry is essential for various reasons. It
allows a better understanding of their physical and chemical properties. That classification relies on
structural parameters such as unit cell dimensions and applicable symmetry operations.

This categorisation is briefly reviewed to provide a clear overview. Then, the focus is shifted toward
symmetry operations that either preserve or break with chirality, along with the reasons behind that.
This will allow a focus on space groups that can exhibit chirality.

Therefore, this section will explore the symmetry constraints that define chiral and achiral space
groups.

2.3.1 Reminder

Crystalline materials in three dimensions are categorised into 230 space groups. Those groups are
classified based on multiple criteria. Each criterion refines the classification, which leads to groups
that include increasingly specific structures. This section is mainly based on the article reviewing
crystallographic space groups published in 2010 by Zbigniew Dauter [35].

7 Crystal Systems

Crystalline solids exhibit long-range periodic order. Based on the overall symmetry of their atomic
arrangement, they can be categorised into seven fundamental groups known as the crystal systems.
Each system represents a distinct class of symmetry possible for a periodic structure in three dimen-
sions.

By convention, one chooses a unit cell that reflects the highest possible symmetry of the lattice. The
symmetry constraints specific to each crystal system impose conditions on the relationships between
the unit cell lattice parameters (a, b, ¢) and the angles between them («, 53, 7).
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The seven crystal systems and the geometric conditions imposed by their respective symmetries are

summarised in Figure 2.7.
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Figure 2.7: Description of the seven different crystalline systems in three dimensions (Images taken

from the article [36]).

It is important to clarify the meaning of # here. It is understood as "it does not have to be equal".
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Therefore, a crystal may have equal angles or cell parameters but be a low-symmetry structure. It
will depend on its symmetry. That is why the characteristic symmetry of each system is explicitly
mentioned in its description.

14 Bravais lattices

However, crystal systems do not fully describe how atoms are arranged in space. They are based on
the unit cell geometry (angles and cell parameters). Another classification is needed to consider the
atomic arrangement within the unit cell. Bravais lattice are introduced. They describe all possible
arrangements to fill space with a periodic pattern. There are four types of placement, defined below.
Combining those two features, the 7 crystal systems expand into 14 Bravais lattices. The combination
of the latter with the crystal structure results in lattices.

Those centring are necessary as the choice for a unit cell follows a rule. The cell should be the smallest
and the simplest, but have the highest possible symmetry. The four unit cell types are presented as
follows.

« Primitive configuration, noted P: Atoms are located at the corners of the cell. That type is present
for every system. There is an exception for the rhombohedral structure. It is denoted R to
differentiate, as it can be reformulated in a hexagonal structure.

+ Body-centred configuration, noted I: Atoms are on the corner, and one is located at the centre
of the cell. It is present when the system exhibits « = 5 = v = 90°.

« Face-centred configuration, noted F : Atoms are still present on the corner. Six additional atoms
are present on each face. It exists for cubic and orthorhombic systems.

« Base-centred configuration, noted A,B or C. Atoms are still present on the corners. Then, there
are two additional ones on opposite faces. Depending on the face, it is called A, B or C.

As seen in Figure 2.8, not all crystal systems combine with the four-centring type. This is because a
lot of combinations are equivalent to each other. This reduces the number of necessary lattices to 14.

Triclinic Monoclinic Orthorhombic
4 P c P c I F
b c c
L1 .l b ul b b b
&, V‘
Tetragonal gonal dral Cubic
P T P R P I F
(-] = ] a a
] a 7
111 s Py 5 | - i 4

Figure 2.8: Representation of the 14 Bravais lattices in crystallography. (Inspired from [35]).

32 points groups

The seven crystallographic systems can be divided into 32 subgroups. These are called crystallographic
point groups. They contain the symmetry operations that leave the unit cell invariant with respect to
a fixed point.

To fully understand those, it is important to introduce symmetry operations. These operations trans-
form an object but keep the structure in the same state. They can be divided into two main types:
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proper and improper rotations. The first simply consists of rotations around an axis, while the latter
includes rotoinversions, which combine a rotation and inversion at one point. Translations in space
are excluded since they do not leave a fixed point invariant.

The international notation, called Hermann-Mauguin notation, is based on these symmetry elements.
It specifies the number of rotations necessary to restore an object to its initial orientation. The different
angles of an n-fold rotation are given by:

k.—, keN

n

For example, a 3-fold rotation means there are three possible angles: 2%, 4%, and 27. By convention,

rotations follow the anticlockwise direction. The different possible rotations are 1, 2, 3, 4, 6.
Improper rotations are represented by a bar above the number (or sometimes a minus sign before it).

In a similar way to proper rotations, the different symmetry elements are denoted 1, 2, 3, 4, 6. They
present two particular cases:

« 1 simply corresponds to an inversion, as 1 is the identity.

« 2 corresponds to a reflection, as a rotation of 7 combined with an inversion has the same effect
as a mirror. Therefore, it is often noted m.

Now that the different possible symmetries leaving a fixed point have been introduced, it is necessary
to define a point group. It is represented by a maximum of three symbols. Each one corresponds to a
specific crystallographic direction. However, the meaning and order of these symbols depend on the
crystal system. The resulting groups are detailed in Tab. 2.1, with explanations provided below.

+ Cubic systems: The first symbol describes the symmetry along the equivalent directions z, y,
and z. The second character is always ’3’, which is characteristic of a cubic structure. It refers
to the four diagonals being threefold axes. The third one is reserved for diagonal mirror planes
if necessary.

« Tetragonal, hexagonal, and rhombohedral systems: The first symbol represents the symmetry
along the z-axis. The second symbol describes the symmetry along the = and y directions. The
third one represents the symmetry along the diagonals of the plane xy. The last two are not
always present.

+ Orthorhombic systems: Three symbols describe the symmetry along the x, y, and z axes, respec-
tively.

« Monoclinic systems: A single symbol describes the symmetry along the y-axis direction.

« Triclinic systems: A single symbol is used to indicate the presence (1) or the absence (1) of an
inversion centre.

« If an axis has a perpendicular mirror plane, it is denoted by a fraction (e.g., 2/m).
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System Internation notation

Cubic 23, m3, 432, 43m, m3m

Tetragonal 4,4,4/m, 422, 42m, 4mm, 4/m mm

Orthorhombic 222 mm2, mmm

Rhombohedral 3,3,32,3m, 3m

Hexagonal 6, 6, 6/m, 622, 62m, 6mm, 6/m mm

Monoclinic 2,m,2/m

Triclinic 1,1

Table 2.1: The 32 different point groups depending on the crystal structure.

230 Space groups

The concept of a point group applies to finite objects. However, in periodic crystals, a large number of
identical cells are stacked on top of each other in three dimensions. The key principles behind these
structures are translation and periodicity.

Therefore, a new concept is brought: space groups. It combines point group symmetry with the possi-
ble translations of the crystal lattice, defined by the Bravais lattice.

This introduces two additional symmetry operations: screw axes and glide planes.

Screw axes are denoted as n,,. It corresponds to a combination of a rotation of 27” with a translation of
p/n along the rotational axis. The different screw axes are 21, 31, 32, 41, 49, 43, 61, 62, 63, 64, and 65.
A glide plane consists of a mirror plane followed by a translation along a specific direction. The differ-
ent glide planes are denoted by a, b, ¢, n, d, and e, and each letter corresponds to a different translation.
The choice of the face depends on the mirror plane.

« a, b, c: It corresponds to axial glide planes. These describe a translation of 1/2 in the direction of
x, y, or z, respectively. The corresponding translational components are a/2, b/2, or ¢/2.

« n: It corresponds to diagonal glide planes. They describe a translation of 1/2 along the diagonal

of the face. The translational component is “TH’, % or “TJFC

« d: It corresponds to diamond glide planes. They describe a translation of 1/4 along the diagonal

of the face. The translational component is “TH’, % or &te.

« e: It corresponds to double glide planes. They describe two axial glide planes. The translational
component are a/2 and b/2, b/2 and ¢/2, or a/2 and ¢/2.

These additional symmetry elements associated with Bravais lattices expand the 32 point groups into
230 space groups. For a more detailed discussion, one can refer to the article by Zbigniew Dauter (2010)
[35], which goes into greater detail. The introduction presented here is sufficient for understanding
the following sections.

2.3.2 Symmetry requirements for chirality

As presented in the first section, chirality refers to the absence of mirror symmetry in an object. In
crystallography, the concept is closely related: a chiral space group is one that lacks any symmetry
operations that map a structure onto its mirror image.

The full set of symmetry operations considered in three dimensions is composed of mirrors, inversion
centres, rotations, and translations. By combining these, three additional symmetry operations appear:
rotoinversions, glide planes, and screw axes.

It is possible to classify these symmetry elements into two main groups:
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+ Those that preserve the orientation of the crystal.
+ Those that invert the orientation.

This notion is fundamental. By definition, a chiral material cannot be superimposed on its mirror im-
age. Especially if it has a specific handedness, it cannot be switched to the other one.

A pair of a chiral structure and its mirror image is called a set of enantiomers. The two structures have
the same chemical structure and most physical properties. The only difference is their orientation, re-
sulting in interesting phenomena. Therefore, a chiral material can exist under two enantiomeric forms:
a right-handed and a left-handed version.

The goal is to identify the symmetry operations that invert the orientation of a structure and thus break
chirality. The most straightforward one is a mirror plane. A simple illustration is provided below in
Fig. 2.9. Mirror symmetry transforms an object into its enantiomer, and so, destroys chirality. The
second critical symmetry element is the inversion centre. The latter imposes the coexistence of the
structure and its enantiomer, leading to an achiral structure, as illustrated below.

L ]

Figure 2.9: a) A square with numbered corners is reflected across a mirror plane positioned at its centre.
The resulting image shows that the orientation has been reversed. Therefore, mirrors do not preserve
orientation, breaking chirality. b) A square with numbered corners possesses an inversion centre. This
forces atoms on opposite corners to be identical. In that configuration, the square possesses both

J
)
)

orientations at the same time. However, a chiral structure must have a single handedness. Therefore,
chirality is broken.

As aresult, improper rotations that contain an inversion centre also break chirality. Since mirror planes
and inversion centres are components of improper rotations (7), it is likewise for glide planes, as they
contain mirrors.

The symmetry operations compatible with chirality are those remaining: proper rotations and screw
axes. Of the 230 space groups, 165 contain improper symmetry elements, leaving 65 possible space
groups. These are known as Sohncke groups. These are the groups compatible with chirality.

Among them, twenty-two are enantiomorphic groups. These consist of pairs of groups, where each
group in a pair describes one enantiomorphic form of a chiral structure. They describe chiral structures
that exist in two distinct enantiomorphic forms. Each pair consists of

« a space group containing a screw axis 7,
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» its associated group with the screw axis n,_p,

where p # 5. This guarantees that a single space group will not possess enantiomers simultaneously.
A visual representation is presented in Figure 2.10 below.

To determine which space groups are compatible with chirality, a useful starting point is point groups.
Those compatible with chirality are listed. Each space groups is then classed depending on their sym-
metry, particularly the screw axes. The results are presented in Tab. 2.2.

Compatible Sohncke groups
System
. Non-enantiomorphic Enantiomorphic space
point groups
space groups groups
Triclinic 1 P1(1)
Monoclinic 2 P2 (3), P21 (4), C2(5)
P222 (16), P222; (17),
P21212 (18), P212121 (19),
Orthorhombic 222 C2221 (20), C222(21),
F222 (22), 1222 (23),
1212121 (24)
P4 (75), Pds (77), 14 (79),
4 14, (30) P4, (76), P45 (78)
Tetragonal P422 (89), P42,2 (90
(89), P42:2 (90), P4,22 (91), P4322 (95);
422 P4,22 (93) P492,2 (94), P4,2,2 (93), P4y2,2 (96)
1422 (97), 14,22 (98) el el
3 P3 (143), R3 (146) P3; (144), P3, (145)
Rhombohedral 39 P312 (149), P321 (150), P3112 (151), P3912 (153);
R32 (155) P3121 (152), P3,21 (154)
P61 (169) , P65 (170);
6 P6 (168), P63 (173
Hexagonal (168), P63 (173) PGy (171), P64 (172)
P6122 (178), P6522 (179);
22
6 P622 (177), P6322 (182) P6,22 (180), Péy22 (181
P23 (195), F23 (196), 123
23 (197), P2,3 (198), 12,3
Cubic (199)
P432 (207), P4432 (208),
432 F432 (209), F4132 (210), P4332 (212), P4;32 (213),
1432 (211), 14,32 (214)

Table 2.2: Sohncke groups, derived from the chiral point groups compatible with chirality.
Enantiomorphic space groups: A crystal structure belonging to one of these groups is necessarily
chiral and possesses a distinct handedness. Its mirror image (enantiomorph) belongs to the other space
group in the pair. These groups describe structures analogous to the shoes in Fig. 2.3.
Non-enantiomorphic Sohncke groups: These groups lack improper symmetry operations but are
not enantiomorphic. While compatible with chirality, they do not form enantiomorphic pairs. A chiral
structure within such a group might not have a handedness (analogous to the potato in Fig. 2.3), and
the space group can accommodate both enantiomers simultaneously.
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Figure 2.10: Visual representation of screw axes 7, used in chiral space groups. Each diagram illustrates
the fractional translation and rotation of atoms along the principal axis. The handedness is determined
by the value of p: axes with p < § are right-handed, those with p > % are left-handed, and p = 5
gives an achiral or "neutral" configuration. This classification forms the basis of enantiomorphic pairs
in Sohncke space groups. (Adapted from [1]).

2.4 Measure of Chirality

Quantifying the degree of chirality and determining the handedness (left or right) in crystal solids is
a complex challenge. This is due to the periodic nature and potential complexity of these structures.
Various approaches have been developed, often based on geometry or molecular chemistry. Each one
has its own advantages and limitations when applied to extended solids [4, 1].

2.4.1 Approaches based on geometry

Early methods focused on quantifying chirality based purely on geometric properties, measuring how
much a structure deviates from being achiral. Below are presented the most widely used methods to
quantify chirality symmetry in extended solids.

Continuous Chirality Measure (CCM)

It evaluates the deviation compared to the closest achiral structure. Defined as a continuous measure-
ment, it allows a measure even for weakly chiral structures. Proposed initially for molecules by Avnir
and coworkers [37, 38], the CCM evaluates the "distance" of a given structure P from the set of all
achiral structures { P, }. It quantifies the minimal amount of distortion needed to transform the chi-
ral object into an achiral one. For a set of N points (e.g., atomic positions in a molecule or motif) such
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that P = {r;}, the CCM is often defined as:

N
1
P)? = i — ;—rh|? 2.1
S( ) Pachrenfglhiral [N zzl ‘rl r2| ( )

where r} are the coordinates of the corresponding points in the closest achiral structure P,.,. The
measure s(P) is then typically normalised to range from 0 (achiral) to 1 or 100 (representing a maxi-
mally chiral reference structure).

It provides a continuous value, allowing comparison even for weakly chiral structures. Furthermore,
this definition has an intuitive geometric meaning. However, defining and finding the "closest" achiral
structure can be computationally challenging, especially for periodic systems. It also does not provide
information about the handedness (left vs. right).

Hausdorff distance

Another geometric approach to consider the differences between two sets of points A and B is the
Hausdorff distance df7 (A, B). The idea is to measure how dissimilar these two sets of points are by
considering the greatest difference from each set’s perspective. First, for every point in set A, its
closest neighbour in set B is found, and the distance between the two is measured. The largest of
these distances, noted h(A, B), describes how far set A extends from set B at its most extreme point.
Mathematically, this is expressed as:

h(A, B) = sup <inf d(a, b))
acA \beB

where d(a,b) is the Euclidean distance between point a and point b. The same thing is realised for
every point in the set B. The closest neighbour in the set A is identified, and the largest distance tells
how far set B extends from set A at its most extreme point. This distance is denoted h(B, A) and
expressed in a similar way to h(A, B) .

The Hausdorff distance d (A, B) is then simply the larger of these two values:

di (A, B) = max {h(A, B), (B, A)} (2.2)

In simpler terms, it’s the greatest distance you’d have to travel from a point in one set to reach the
closest point in the other set, considering all possible starting points. In the context of chirality, it is
used to quantify how different a structure A is from its mirror image B [39, 40]. To apply this measure,
the two structures need to be optimally superimposed. If, even after this best possible alignment, the
Hausdorff distance d (A, B) remains greater than zero, it means the structure and its mirror image
cannot be perfectly matched. It indicates that the structure is chiral. The amplitude of d7 (A, B) then
provides a measure of how chiral the structure is.

This measure is mathematically well-defined and useful for complex shapes where point-to-point cor-
respondence is difficult. Nonetheless, it can be sensitive to single outlier points. In the context of
chirality, obtaining the optimal superposition between a structure and its mirror image is necessary
but can be computationally demanding. Like CCM, it quantifies the "degree" of chirality but does not
provide information about the handedness.

While these geometric methods are conceptually valuable and often effective for simple objects or
molecules, they face limitations in determining handedness and so, distinguishing enantiomers (de-
termining handedness). Their application to infinite, periodic structures is also non-trivial and can
become complex to apply without relying on specific motifs or finite clusters.
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2.4.2 Helicity as a Handedness Measure

While geometric measures quantify the degree of deviation from an achiral structure, they do not give
information about the handedness of a structure. To address this need in periodic systems, Gomez-Ortiz
et al. [13] recently proposed a method based on the concept of helicity. In fluid dynamics, helicity
measures the extent to which the flow direction aligns with the direction of rotation (vorticity).

This concept can be adapted to crystals. The "flow" is interpreted as a vector field v(r) representing
atomic displacements from some reference positions. The helicity, H, then measures how spiralling
this pattern of atomic displacement is within the crystal’s unit cell. It is then defined as the integral
over the unit cell volume €:

H = /Qd?’r v(r) - [ﬁ X V(I‘)} (2.3)

To use this formula, the first step is to define the atomic displacement uy, for each atom k. These discrete
displacements are then used to construct the continuous vector field v(r) needed for the integral. The
atomic displacements are often calculated using computational methods like DFT for static structures
or DFPT for vibrations.

"H is non-zero only if the displacement field v(r) lacks improper symmetries (mirror planes, inversion
centres). Therefore, a non-zero H implies chirality in the displacement pattern. Furthermore, its sign
indicates the handedness of the displacement field: positive for right-handed and negative for left-
handed, by convention.

This method directly provides information about the handedness. It can quantify the chirality asso-
ciated with specific structural arrangements. Also, it is designed to apply to periodic crystal systems.
However, static structures require a well-defined (and sometimes non-unique) achiral reference.

In summary, this helicity-based approach offers a promising way to quantify handedness in crystals.
It connects structural asymmetry to concrete atomic displacement patterns, which are relevant for
understanding phase transitions and more. It is illustrated in Figure 2.11 that compares the three
measures.

05 - -

05 .

1.0 ] I 1
-1 -0.5 0 0.5 1

n

Figure 2.11: Comparison of the evolution of the different chiral measures as a function of the amplitude
of the chiral distortion 7 in a crystal. Positive (negative) values of 1 correspond to the transition
towards the right (left) enantiomorphic phase. Red dots, blue squares, and green triangles respectively
correspond to CCM, Hausdorff, and helicity measures. The values of the different measures have been
normalised to display a value of 1 at the optimal amplitude of the chiral distortion (n = 1). (Adapted
from F. Gomez-Ortiz [13]).
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2.5 Natural optical activity

As seen in the section 2.2, the notions of natural optical activity and chirality are deeply bound, as the
former is one of the most direct macroscopic effects of the latter. This section explores the fundamental
principles behind this concept. It also provides the challenges associated with its measurement and the
symmetry conditions required for its existence.

2.5.1 Physical origin

Linearly polarised light can be described as a superposition of left-circularly polarised (L-CPL) and
right-circularly polarised (R-CPL) light of equal amplitude and phase.

In some anisotropic media, the inherent structural handedness causes the material to interact differ-
ently with L-CPL and R-CPL. This results in different refractive indices for the two components, ny,
and ng. As the light propagates through the medium over a distance L, this difference in refractive
index leads to a phase difference between the L-CPL and R-CPL components. The superposition of the
components upon exiting the material results in linearly polarised light whose plane of polarisation
has been rotated by an angle pL compared to the incident light. The rotation angle per unit length, p,
is given by:

p(\) = = (ng — ng) (2.4)

A
where ) is the vacuum wavelength of the light. This difference (ny, —np) is often referred to as circular
birefringence. While this difference is typically very small (in the range of 1072 to 10~7), it accumulates
over macroscopic distances, leading to measurable rotation angles [41, 42].
Considering visible light (A ~ 500 nm) and a difference of An ~ 1079, it gives a rotatory power with
a value around 0.3 degree/mm. For example:

« a—Quartz (SiO9): It exhibits a strong rotation of about 21.7 degrees per millimetre along its
optical axis for sodium D-light (A=589 nm) [42]. This corresponds to a An ~ 7 % 107>,

+ Tellurium (Te): Elemental Tellurium exhibits extremely large optical rotation. In the infrared, it
can reach values over 100 degrees per millimetre [43].

Even a rotation of just 1 degree per millimetre (corresponding to An = 3 * 10~5) would result in a
10-degree rotation after passing through a 1 cm thick crystal, which is readily detectable with standard
polarimeters. The phenomenon is illustrated in Figure 2.12.

The sign of the rotation defines the material’s handedness from an optical perspective. Viewed along
the beam direction towards the light source, if the sense of rotation of the polarisation is clockwise,
the material is described as left-handed (levorotatory) and right-handed (dextrorotatory) if the sense
of rotation is anticlockwise.

Enantiomorphic Chiral
Material

Circularly Polarized
Light

Linear Polarized

Linear Combination between
input wave and rotated plane polarized

Figure 2.12: Schematic illustration of optical activity. Due to different refractive indices for L-CPL and
R-CPL (ny, # ng), the plane of polarisation rotates as the light propagates. (Figure adapted from [4]).
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Natural optical activity (NOA) is a specific type of optical activity that occurs in the absence of any
external field (a magnetic field or mechanical stress). Unlike other forms of polarization rotation, NOA
is an intrinsic property: it arises simply from the structural properties of the material (circular bire-
fringence). A main characteristic of NOA is its reciprocal nature, as shown in Figure 2.13.

sample

Polarizer

Figure 2.13: Illustration of the reciprocity of natural optical activity. Light passing through a chiral
medium (left) experiences a rotation. When the light is reflected and crosses the medium again, the
rotation is in the opposite direction. It leads to a net-zero rotation for a round trip through the medium.
(Inspired from [44]).

2.5.2 Measurements of NOA

Experimentally observing and quantifying NOA can be challenging. In anisotropic chiral crystals, light
propagating in an arbitrary direction will generally experience circular birefringence (NOA) but also
linear birefringence. Linear birefringence arises when a material exhibits different refractive indices
for light linearly polarised along two orthogonal directions. As a result, if linearly polarised light enters
such a crystal, its components along two perpendicular directions travel at different speeds.
Typically, linear birefringence is orders of magnitude larger than circular birefringence. When both are
present, the dominant linear birefringence makes it difficult to isolate and accurately measure weaker
optical rotation due to NOA.

To overcome this issue, NOA measurements are often performed under specific conditions where lin-
ear birefringence disappears by symmetry. It is the case for crystals possessing only one optical axis,
called uniaxial crystals. In those crystals, linear birefringence is null when light propagates along the
optical axis. Along this specific direction, the refractive indices for all linear polarisations perpendic-
ular to the optical axis are equal. In such a configuration, the observed rotation per unit length p is
directly related to a specific component of the gyration tensor. This gyration tensor g is a second-rank
axial tensor that describes how circular birefringence appears in a material [42, 45].

The crystal studied in this thesis (chiral phase of tin(II) fluoride) belongs to the 422 point group. It
therefore corresponds to a uniaxial crystal. Its optical axis coincides with the crystallographic c-axis
in tetragonal systems, which is assumed to be parallel to the z Cartesian direction. In that case, the
gyration tensor has a known form:

gn(w) 0 0
glw) = 0  gn(w 0
0 0 g33(w)

For light propagating along that particular direction (c-axis) and in the low-frequency limit (w — 0),
the rotation is often expressed in terms of p:
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Being the one measured experimentally, j is typically reported in units of deg/[mm(eV)?].

These considerations guide experimental and theoretical strategies for measuring NOA. The focus
is put on the components of the gyration tensor relevant for observing NOA along specific high-
symmetry directions.

Recent theoretical developments have enabled the computation of NOA from first principles, notably
through linear response approaches within DFPT [4, 46]. This is developed in Section 3.3.4.

As NOA is linked to the structural properties of a material, it was long believed it could only arise in
chiral structures. However, this is not the case, as discussed in the next subsection.

2.5.3 Symmetry conditions for optical activity

Like chirality, optical activity is deeply restricted by symmetry. However, the two are not equivalent:
optical activity can happen in a wider range of crystal classes than chirality.

Chirality requires the absence of improper symmetry operations such as mirror planes, inversion cen-
tres, and rotoinversions. Only 11 of the 32 crystallographic point groups meet this criterion; these are
the point groups compatible with chirality, as shown in Tab. 2.2.

On the other hand, optical activity is governed by the form of the optical activity tensor. Called gy-
ration tensor g, it is a second-rank axial tensor that describes how circular birefringence appears in a
material. It will be seen in greater detail in Section 3.3.4. The presence or absence of certain symmetry
operations imposes constraints on which components of this tensor may be non-zero.

As shown by Nye and others [42], the necessary condition for optical activity in a crystal is that the
symmetry group does not force the optical activity tensor to vanish. This means that some non-chiral
point groups including ones with mirrors or rotoinversions still allow non-zero optical activity. A key
example is the point group m, which is not chiral as it contains a mirror plane. However, it allows
certain components of the optical activity tensor to survive.

There is a total of eighteen optically active crystal classes. Those correspond to crystallographic point
groups which are non-centrosymmetric !. Therefore, all chiral point groups are optically active, but
some non-chiral ones also are. This distinction is summarised in Tab. 2.3.

System Point group | Chiral Optical active
Triclinic 1 v v
Monoclinic 2 v v
m v
Orthorhombic 222 v v
mm?2 v
Tetragonal 4,422 v v
4, 42m v
dmm v
Rhombohedral 3,32 v v
3m v
Hexagonal 6, 622 v v
6mm v
Cubic 23, 432 v v

Table 2.3: Relationship between crystallographic point groups, chirality, and optical activity. Chiral
point groups are those that lack improper symmetry operations. Optically active point groups are
those that allow non-zero components of the optical activity tensor. Note that some point groups are
optically active without being chiral.

A point group is said to be centrosymmetric if it contains an inversion centre (1). Otherwise, it is non-centrosymmetric.

20/ 74



CHAPTER 2. CHIRALITY AND NATURAL OPTICAL ACTIVITY S. Mamoudou

The definition taken here for optically active is that the point group must exhibit a non-zero gyration
tensor g. However, it is possible to be more restrictive if another criterion is used: observation of
optical rotation. In that case, point groups 3m, 4mm, and 6mm do not fulfil the condition. This leads
to 15 optically active classes.

In this work, the criterion used is the one explained earlier: a non-zero gyration tensor g.
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Chapter 3

Theoretical and Computational
Framework

This work relies on computational simulations performed using the ABINIT software. It is an interna-
tional and open-source code. ABINIT is based on Density Functional Theory (DFT), a powerful quan-
tum mechanical method widely used to investigate the electronic structure and properties of materials.
To understand the results presented later, this section provides a concise overview of the foundations
of DFT. It also mentions Density Functional Perturbation Theory(DFPT) as it is used for the study of
some physical properties.

The mathematical framework presented in this part is largely inspired by the course “Quantum Mod-
elling of Materials Properties” taught by Prof. Philippe Ghosez at the University of Liege. Some el-
ements are also inspired by the doctoral thesis of Asier Zabalo [47] and the master’s thesis of Louis
Bastogne [48].

3.1 The Many-Body Problem

Studying material properties requires solving the many-body Schrédinger equation for a system of
interacting nuclei and electrons:

H(r,R)®(r,R) = E®(r,R) (3.1)

The full Hamiltonian H(r, R) includes kinetic energy terms for both nuclei (T;(R.)) and electrons
(Te(r)). It also includes potential energy terms for nucleus-nucleus repulsion (U;;(R)), electron-electron
repulsion (Ue,(r)), and electron-nucleus attraction (Ui (r, R)):

H(r,R) = T;(R) + Uii(R) 4 T.(r) 4 Upe(r) + Use(r, R).

The explicit form of each term is expressed by:

h2
E(R):—ZQM v3,

Zka/e
+
k%;' R — Ry/|’

h2
Te<r):_22m v??

+Z |rl—r]|

1<J
Z.e?
Uw(raR) _;; |I'Z—Rk‘.
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me and M respectively correspond to the mass of electrons and nuclei. e is the electron charge,
while Zj, represents the atomic number of atom k. Solving this equation directly is computationally
complicated for all but the simplest systems due to the large number of coupled degrees of freedom.

A crucial simplification is the Born-Oppenheimer (BO) Approximation. Due to the large mass difference
between nuclei (M},) and electrons (m.), electrons are assumed to adjust to the positions of the much
slower nuclei instantaneously. This allows decoupling of the electronic and nuclear motions. It is
possible to treat the nuclear positions R as fixed parameters when solving for the electronic structure.
The problem reduces to solving the electronic Schrédinger equation for a fixed ionic configuration R:

Ha(r;R))(r; R) = Eq(R)¥(r; R),
where the electronic Hamiltonian is:
He(r;R) = To(r) + Uee(r) + Use(r; R).
In that case, the total energy of the electronic system is expressed as:

Eq = (Y|Haly) . (3.2)

Here, 1 (r; R) is the electronic wavefunction (depending parametrically on R) and E,;(R) is the elec-
tronic energy for that specific ionic arrangement. The total energy within the BO approximation is
then Et(R) = Eq(R) + Ui (R), where U (R) is the classical nucleus-nucleus repulsion, which is
easily calculated. The main challenge remains solving the electronic Schrédinger equation for E.;(R)
and ¢(r;R). It is complex due to the electron-electron interaction term U, (r), which couples the
coordinates of all electrons.

3.2 Density Functional Theory (DFT)

DFT offers a formally exact reformulation of the many-body problem. It shifts the focus from the
complex many-body wavefunction ¢ (r1, ..., rn) to the much simpler electron density n(r). Then, it is
possible to obtain the system’s energy using an auxiliary system of independent electrons. This section
presents the main theorems and notions behind DFT and its adaptation to the physics of condensed
matter.

3.2.1 The Hohenberg-Kohn Theorems

The foundation of DFT rests on two theorems proved by Hohenberg and Kohn in 1964 [49]. They are
based on the notion of ve.¢(r), linked to Uye. In this context, it corresponds to the external potential
created by fixed nuclei,

2
Uext(r) = Z |Zke (33)

1. First HK Theorem: The external potential v, (r) and thus, the Hamiltonian of the system, is
exclusively determined by the electron density n(r). The energy of the system can be uniquely
determined thanks to a functional of the density. It can be expressed as follows:

E[n(r)] = Fln(r)] + / et () () d*r,
with F[n(r)] = Te[n(r)] + Uee[n(r)]

Since vey(r) fixes the Hamiltonian H,, all system properties can be expressed as functionals of
n(r), including the many-body wavefunction itself. F'[n] is an independent functional, indepen-
dent of the external potential.
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2. Second HK Theorem: For any external potential ve,(r), an energy functional E[n(r)] can be
defined such that the exact ground-state energy Ej is the global minimum value of this func-
tional, achieved only when the input density n(r) is the true ground-state density ng(r). This
establishes a variational principle for the density:

Eo[no(r)] = min{E[n(r)]} (3:4)

These theorems are profound: they replace the need to find the complex wavefunction v with the task
of finding the density n(r) that minimises the energy functional E[n]. It brings the problem from a 3N
to 3 dimensions, where N is the number of electrons. This simplifies the matter. However, the exact
form of the universal functional F'[n(r)] is unknown. While the classical component of the electron-
electron interaction Ue[n(r)] is well-defined in terms of density, it is particularly the kinetic energy
functional 7, [n(r)] and the non-classical parts of Uc.[n(r)] that do not have known exact expressions
in terms of n(r).

3.2.2 The Kohn-Sham Approach

The Kohn-Sham formulation provides a practical way to implement DFT [50]. The key idea is to re-
place the difficult problem of interacting electrons with a problem of fictitious non-interacting electrons
moving in an effective potential v, s(r). It is designed such that the ground-state density of this system
is identical to the ground-state density ng(r) of the original interacting system.

The non-interacting electrons are described by single-particle wavefunctions, called Kohn-Sham or-
bitals, ¢;(r), obtained by solving the self-consistent Kohn-Sham equations:

h2
(— V2 4+ veg(r)> ¢i(r) = eidi(r) Vi€ {l,..,N}. (3.5)

2me

The ground-state electron density is then constructed from these occupied Kohn-Sham orbitals:

N
n(r) =Y |éi(r). (3.6)
=1

The effective potential veg(r) is defined as:
Vet () = Vet (r) + vpr(r) + va0(r). (3.7)
It includes:

« Uegt(r): The external potential from the nuclei expressed as presented in Eq.(3.3).

/
« vg(r) =€ [ ﬁg%d%’ : The Hartree potential, describing the classical electrostatic repulsion

between electrons via the charge density n(r).

+ vzc(r): The exchange-correlation potential. This term encapsulates all the complex, many-body
quantum mechanical effects (exchange due to the Pauli principle and electron correlation) that
were deliberately omitted by considering non-interacting electrons.

The total electronic energy functional in the Kohn-Sham scheme is written as:
Eq[n] = Ty[n] + Eeat[n] + Eg([n] + Exeln), (3.8)

where

e Ton) = SN, [ ¢r(r) <— n V2) ¢i(r)d>®r : kinetic energy of non-interacting KS electrons. It

2Mee
is different from T¢[n], the true kinetic energy of electrons.
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o Eept[n] = vegt(r r)d3r : potential energy due to external potential,
« Egln f i n|r nr(,ﬁ nmn(’) g3, 33, Hartree energy describing classical Coulomb energy,

« Eyc[n]: exchange-correlation energy. It includes the difference between Ts[n] and T, [n]

The crucial point is that the Kohn-Sham approach cleverly isolates all the difficult many-body complex-
ities into the exchange-correlation functional E,.[n|. While formally exact, the exact form of F,.[n]
is unknown.

3.2.3 Exchange-correlation functional

Therefore, practical DFT calculations rely on approximations for E,.[n] [51].

The exchange-correlation energy F,.[n| physically represents the decrease in energy due to the forma-
tion of the "exchange-correlation hole" around each electron. A region appears where the probability
of finding another electron is reduced due to Pauli exclusion (exchange) and Coulomb repulsion (cor-
relation). The two most widely used approximations are presented below.

Local Density Approximation (LDA)

In this approximation, the electronic density n(r) around a point r is considered homogeneous. In that
case, it is possible to write the exchange-correlation energy term as:

ELPAf(r)] = / n(r) £PA[n(r)] dr, (39)

where e£P4[n(r)] corresponds to the exchange and correlation energy per electron of a uniform elec-
tron gas with density n(r). It can yield excellent results in certain situations, for example, if n(r) is
varying slowly enough. However, it ignores subtle changes in n(r), which may still lead to meaningful
consequences.

Generalized Gradient Approximation (GGAs)

To consider those possible fluctuations, another approximation is used. It improves the accuracy of
LDA by adding gradient information, Vn(r). This allows the consideration of small variations. In that
case, the exchange-correlation term is expressed as:

ESOMn(w)] = [ nfr) <S94 n(x), Tn(w)] i (3.10)

Different GGA functionals have been proposed: their difference lies in the mathematical form of ¢G4,

A widely used example is the Perdew-Burke-Ernzerhof (PBE) functional [52]. It was designed to satisfy
several exact constraints without empirical parameters. For the calculations presented in this thesis,
the functional employed here is PBE-sol [53]. It represents an appropriate and commonly used choice
within the GGA family, as it is the best one for bulk solids in many cases.

3.2.4 Iterative resolution

The Kohn-Sham equations are non-linear because the effective potential ves(r) (Eq. 3.7) itself depends
on the electron density n(r) and the density is derived from the Kohn-Sham orbitals ¢;(r) that are so-
lutions to these very equations. This means that the equations need to be solved through an iterative
method called Self-Consistent Field (SCF) method. The goal is to find a density n(r) that generates an
effective potential veg(r). This potential, when used to solve the Kohn-Sham equations, has to yield
orbitals that reproduce the same density n(r).
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The SCF cycle, illustrated schematically in Figure 3.1, typically proceeds as follows for a fixed atomic
configuration. An initial random guess is made for the wavefunction. This allows the calculations for
the electronic density n(r). Using that input density, the Hartree potential vy (r) and the exchange-
correlation potential v,.(r) are constructed. Combined with the external potential, this defines the
effective potential vcf¢(r). Kohn-Sham equations are solved to obtain a new set of orbitals ¢; and
therefore, a new density n(r). This output density is compared with the input one. If the difference
is smaller than a predefined tolerance ¢, self-consistency is reached. The calculations are stopped, and
converged properties like total energy, forces on atoms, and stress tensor can be computed. In the
opposite case, the input and output densities are mixed to produce a new input density for the next
iteration.

[ Atomic configuration ]
[ First guess of +;(r) and n(r) ]
Ve and Vy Mix density
SCF cycle
[7%V2 + th(r” 7".'31(r) = 5,’1,59,([‘) N(Mnew = N(og £ ?

1YES

[Energy, Forces, Stress]

Figure 3.1: Schematic representation of the Self-Consistent Field (SCF) cycle used to solve the Kohn-
Sham equations. Starting from an initial guess for orbitals and the electron density, the effective po-
tential is constructed. The Kohn-Sham equations are solved and produce new orbitals and density, and
this new density is compared to the input one. If not converged within a tolerance ¢, the density is
mixed, and the cycle repeats until self-consistency is achieved. Physical properties like energy, forces,
and stress can be calculated at that point. (Adapted from L. Bastogne [54]).

3.2.5 Periodic solids

The systems considered in this thesis are crystalline solids. They are characterised by a periodic ar-
rangement of identical unit cells in 3D space. To apply DFT effectively to these condensed matter
systems, many key concepts related to their periodicity must be incorporated into the Kohn-Sham
framework. The first step is to consider periodic boundary conditions: Born-von Karman conditions.
They model the crystal as an infinitely repeating structure. This framework allows us to focus on the
properties of a single primitive unit cell.

Bloch’s Theorem

In a crystalline solid, atoms are arranged periodically. It means that the potential experienced by
electrons repeats identically from one cell to another. In such periodic potentials, there exists a theorem
that dictates the form of the electronic wavefunctions (Kohn-Sham orbitals in the studied case): Bloch’s
theorem [55, 56]. The wavefunctions can be written as:

¢n,k(r) = un,k(r)eik.rv (3~11)

27/ 74



CHAPTER 3. THEORETICAL AND COMPUTATIONAL FRAMEWORK S. Mamoudou

where u,, k(r) is a function that has the same periodicity as the lattice (u,, x(r + R) = uy, k(r) for
any lattice vector R), n is the band index ! , and k is a wavevector in the first Brillouin Zone (BZ),
which is the primitive cell in reciprocal space. This formulation leads naturally to describing electronic
properties in reciprocal space, where one only needs to consider k-points within the BZ. Properties of
the crystal are then obtained by integrating over this zone.

Plane-Wave Basis Sets

A common and powerful approach for solving the Kohn-Sham equations in periodic solids is to expand
the Bloch wavefunctions using a basis set of plane waves. Since u,, k(r) is cell-periodic, it can be
expanded as a Fourier series involving reciprocal lattice vectors G. It has to satisfy the relations:

¢CT =15 G -r=2mm withneN

Consequently, each Bloch function ¢, x(r) can be written as:

Snxc(r) =Y Cpi(G)elkt )T (3.12)
G

where C), k(G) are the expansion coefficients. In practice, only plane waves below a given kinetic
energy (the cut-off energy FE.;) are included:

h2

5|k + GI* < Eew. (3.13)
e

A higher E; enhances the precision of the description but also increases the computational cost. This
parameter allows the control to find the balance between computational cost and accuracy.

Brillouin Zone Integration

In this context, calculating macroscopic properties (e.g., the total energy or electron density) requires
integrating quantities over the first Brillouin zone. Computationally, this continuous integral is ap-
proximated by a discrete sum over a finite grid of k-points, known as k-point sampling:

31~ . .
/B RCIEIR (3.14)

where k; are specific points in the BZ and w; are their associated weights. The density of this k-point
mesh is another crucial convergence parameter.

The Pseudo-potential Approximation

In the proximity of nuclei, the potential is very strong. This causes the wavefunctions of core elec-
trons to vary rapidly. Accurately resolving these oscillations would require very high cut-off energies
and thus be computationally expensive. However, since core electrons typically do not contribute sig-
nificantly to chemical and physical properties, they can be "frozen", and only valence electrons are
considered. The main idea is to replace the strong ionic potential and the core electrons with an effec-
tive potential that acts only on the valence electrons. It is called a pseudo-potential.

This approximation preserves the important scattering properties of the system while significantly
reducing the computational cost. For the calculations in this work, optimised norm-conserving Van-
derbilt pseudo-potentials (ONCVPSP) [57] were used (version 0.4), which are known for their accuracy
and efficiency (available on the website Pseudo Dojo).

The band index n labels the different energy bands in the crystal. For each wavevector k in the Brillouin zone, multiple
allowed energy levels (or bands) exist, corresponding to different quantum states. The index n simply distinguishes between
them: n = 1 for the lowest energy band, n = 2 for the next one, and so on.
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3.3 Density Functional Perturbation Theory (DFPT)

Density functional theory provides a powerful framework for the calculations of ground-state prop-
erties of materials. However, many phenomena are linked to energy derivatives. They necessitate
the study of the system’s responses to external perturbations around the ground state. To compute
those responses efficiently and accurately, DFT is extended to Density Functional Perturbation Theory
(DFPT) through a perturbation on the external potential.

In this section, that theory is briefly introduced through a reminder about perturbation theory before
diving into DFPT. Then, a few physical properties are presented.

3.3.1 General perturbation theory

The main idea of perturbation theory is to study how the properties of a quantum system change
when a small perturbation is applied adiabatically. It begins by considering that the solutions for the
unperturbed system are known. In our case, the Hamiltonian of the system and its solutions follow
Kohn-Sham equations (Eq. (3.5)). It can be re-expressed as:

HOpO = 00 vic (1 N}

with the orthonormalization condition <¢l(0) |<;5§-0)> = 0;;. The Hamiltonian H®O) s defined as:

2
O - _%w + Vot (r) + v (£) + Ve (). (3.15)

Then, a parametric perturbation is added to the external potential ve,:(r) through the parameter A.
The latter characterises the perturbation strength. The perturbed Hamiltonian H () can be written as
a power series of that parameter A. The same thing works for the eigenvalues ¢; and the wavefunctions

o1
HN) =HO £ XHO £ X2HE £ 0(\3),
6(A) = e 4V £ 22 L o3y,
Pi(N) = 97 + ) + 32 + 0N,

with the notation X (™ = %‘g;i( ‘ B (X = H, €, ¢;). These expansions are substituted into the

Schrédinger equation for the perturbed system, H(\)|¢;(A)) = €(\)|¢s())). Considering terms of

. . . . n n
the same order in A, one can derive expressions for the corrections eg ) and ¢§ ),

An important result is the Hellman-Feynman theorem, which states that the first-order correction to
the energy, 651), can be calculated entirely from the unperturbed wavefunctions ¢§O) as the expectation

value of the first-order perturbation Hamiltonian H(!):
o = " HORP).

However, to calculate higher-order energy corrections, it is necessary to know higher-order corrections
to the wavefunctions wgl). The "2n+-1 theorem" of perturbation theory states that if the wavefunctions
are known up to order n, the corrections to energy can be known up to order 2n+1. This is particularly
powerful, as it often allows accurate calculation of second-order energy derivatives (related to many
physical responses) using only first-order wavefunctions. Many ways are possible to obtain those, but
they will not be explored in this thesis.
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3.3.2 Density Functional Perturbation Theory

Now that the theory behind perturbation theory has been presented, a brief description of DFPT is
provided. DFPT applies these perturbation concepts within the Kohn-Sham DFT formalism. The "per-
turbation" can be any change that modifies the Kohn-Sham Hamiltonian, such as atomic displacements,
the application of an electric or magnetic field on the crystal, or a change in cell parameters (strain).

In DFPT, the response of the system to a chosen infinitesimal perturbation is computed. The formalism
focuses on how the self-consistent Kohn-Sham quantities (mainly the effective potential veg(r) and the
electron density n(r)) change as a function of this perturbation.

Since the Kohn-Sham equations are solved self-consistently, a perturbation in the external potential
)\Ugt) leads to a direct modification of the Hamiltonian but also affects the Hartree and exchange-
correlation potentials via the induced change in the electron density An(! (r).

DFPT formalism provides equations to compute these first-order changes in the Kohn-Sham orbitals

QSZ(-I), and the density n(!) (r). It is usually done by solving linearised equations such as the Sternheimer
equation [58]:

(HO — ™oy = —(HD — )]6”)

Once the first-order wavefunction is obtained, a wide range of second-order physical quantities can be
derived. This is allowed by the 2n 4 1 theorem, also present in DFPT [59]. Here are a few examples of
the physical variables derived for the first-order wavefunctions:

Derivative g—f g—?
1%t Derivative F (Forces) P (Polarisation)
(o)) *
%2 | TFCs (Phonons) Z* (Born charges)
2" Derivative "
g—? zZ* €™ (Dielectric tensor)

Table 3.1: Summary of physical quantities accessible via first and second derivatives of the total energy
with respect to atomic displacements u and homogeneous electric field £.

Those quantities play a central role in this thesis. For instance, forces F are used to relax atomic
positions and identify the equilibrium structure. Phonons provide information on the stability of a
structure as explained in Sec. 3.3.3. Furthermore, derivatives up to order 3 will be computed to evaluate
natural optical activity, as developed in Sec. 3.3.4.

3.3.3 Atomic displacements and homogeneous electric field

Two of the most common applications of DFPT are the study of lattice dynamics (phonons) and the
response to homogeneous electric fields. As they will be mentioned in this work, a brief description is
provided.

Phonons correspond to a periodic displacement of atoms from their equilibrium positions. They ne-
cessitate the second derivatives of the total energy with respect to these atomic displacements, which
define the matrix of interatomic force constants (IFCs),

82Etot
Cuastl ) = Gy
Ko K

where u?,, is the atomic displacement of atom « from its equilibrium position along « direction
(a € {z,y,z}) in the unit cell a. The Fourier transform of these IFCs gives the dynamical matrix
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at wavevector q. Diagonalising the dynamical matrix gives the phonon frequencies wy,(q) and the
corresponding eigenvectors for each phonon mode m [60]. A positive phonon frequency, w,,(q) > 0,
indicates a stable structure, while an imaginary one indicates some instabilities.

Another important perturbation in periodic solids is the application of a homogeneous electric field
E. The total energy’s response to these perturbations allows access to some important quantities. The
first derivative of the total energy with respect to £ gives the macroscopic electric polarisation P. It
characterises how the system electrically responds to the applied field. The electronic dielectric tensor
€™ is the second-order total energy response due to two electric fields. It describes how the field is
screened inside the material. In the low-frequency limit, it can be expressed as:

(W) =10 _4777%
Capl W) = 008 T BE,0Es

where () corresponds to the volume of the unit cell, Ei to the total energy, and £ to the electric field.
Meanwhile, the mixed second derivatives with respect to atomic displacements u and electric field £
define the Born effective charge tensor Z*. It defines a measure of the coupling between atomic motion
and macroscopic polarisation. These quantities are central to understanding electromechanical and
dielectric properties in solids.

(3.16)

3.3.4 Calculation of NOA tensor

NOA is a phenomenon describing the spatial dispersion of the dielectric response of a material, specif-
ically the first-order correction in the wavevector q of light to the dielectric tensor £ [45].

faﬁ(w7 q) = €ap (w7 q= O) +1 Z q'ynaﬁ'y(w)> (3'17)
gl

where the w — 0 limit of the first term on the right-hand side can be computed via Eq. (3.16), and 7,34
is the natural optical activity tensor.
As explained in the section 2.5, NOA manifests through the rotation of the plane of polarisation of
light propagating through a medium. In the framework of DFPT, it can be computed as a third-order
derivative of the ground-state energy.
The calculation is implemented in ABINIT based on the work of Zabalo and Stengel [46]. It focuses
on the static limit, w — 0, and on systems respecting time-reversal symmetry. In such cases, the
components of the NOA tensor tend towards finite values,

NoBy = nag,y(w — 0) (318)

The NOA tensor is related to the first g-derivative of this dielectric tensor. This means the NOA tensor
can be equivalently treated as a third derivative of the total energy with respect to two electric field
components and one wavevector component representing the spatial variation:

_ i 82Ejetot (3 19)
T8 = B, 0. %9€3 ) | o '

The exact prefactors and expressions can be found in Ref. [46].

For systems respecting time-reversal symmetry and having a transparent regime, the NOA tensor is
antisymmetric. It means that its components are real and satisfy 7,5, (w) = —7ga~(w). It makes the
tensor possess only 9 independent components in general. Those are directly related to the nine com-
ponents of the gyration tensor g,g(w).

As it is equivalent, optical activity is often described by the gyration tensor g,s(w). It can be con-
structed from 7,3, using the Levi-Civita symbol ¢; ;. to avoid redundancy:

1
Jap(w) = 5 > ersanis(w). (3.20)
7,8
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In this study, as the point group of the chiral phase of SnFs is 422, the NOA tensor has the form
described in Tabular. 3.2. By symmetry, there are only two independent coefficients.

Nasy H 0

11 . .
12 . . 7123
13 . 7132

21 . . —1123
Bl !
23 —m32
31 . —1132

32 ms32
33

Table 3.2: Form of the NOA tensor for a crystal belonging to the 422 point group.

Its components are directly related to the components of the gyration tensor presented in subsec-

tion 2.5.2: 1123 = g33 and 7132 = g11.
Therefore, the results from DFPT calculations will allow the direct obtention of the rotary power p.
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Chapter 4

Personal work

Now that the formalism has been introduced, the central question can be explored. The goal is to
find if a relation links a measure of chirality to natural optical activity. In order to answer that ques-
tion, a material is chosen, SnFs. It is chosen for its rich polymorphism, which includes a chiral phase.
This characteristic, along with theoretical considerations, supports the hypothesis of the existence
of an achiral higher-symmetry parent phase. That hypothetical phase can be connected to the low-
symmetry chiral phase by a displacive phonon-driven soft mode transition. Therefore, it serves as a
reference so its properties are studied. The transition is then characterised and studied for the energy,
the helicity, and the optical activity.

SnFj is selected as the compound of interest as it presents similarities with K3NiOs [4, 12]. The sim-
ilarities are about the structural phases and will be explored in Section 4.2. This allows the existence
of the achiral high-symmetry phase. Furthermore, it presents a lone pair of electrons on Sn’*, which
might influence the transition. This hypothesis is therefore explored to investigate the mechanisms
leading to the emergence of chiral phases under specific structural conditions.

All calculations presented in this work were performed using the ABINIT software, with the PBE-sol
exchange-correlation functional [53] and Optimised Norm-Conserving Vanderbilt (ONCVPSP) pseudo
potentials [57]. Values of the energy cut-off (ECUT) and the k-point were confirmed after convergence
tests presented in Appendix A.

4.1 SnF;: Polymorphism

SnFs is known for having three crystallographic forms depending on the temperature. They are respec-
tively called a—, S—, and y—SnF». This section will describe those 3 phases and present the relation
between them.

4.1.1 Properties and Utilities

Tin(I) fluoride (SnFy) is a relatively simple binary compound. Yet, it has attracted significant attention
due to its interesting structural behaviour and potential to host chirality-related properties in the solid
state.

From a chemical and physical perspective, SnFs presents many intriguing characteristics. Firstly, its
electronic properties are interesting. It is considered an insulator but can also be viewed as a wide-gap
semiconductor. The precise electronic characteristics mainly depend on the tin(Il) fluoride polymor-
phic form (via the temperature) and the presence of defects or impurities. The material is also known
for its relatively low melting point (around 210-220°C for the «-phase) compared to many other inor-
ganic fluorides, which has implications for its processing and stability at elevated temperatures[61].
Thermodynamically, SnFy presents a rich phase diagram with several known polymorphs («, 3, and
~-SnFy). Each one possesses distinct crystal structures and stability ranges. It will be detailed in Sec-
tion 4.1.3. These phase transitions themselves are a subject of study, often being displacive and linked
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to subtle changes in atomic coordination and bonding [8]. Also, tin(Il) fluoride contains Sn?>* cations
with an active lone pair of electrons. This lone pair plays a central role in its structural distortions and
low-symmetry phases. This will be explored more explicitly in Section 4.4 as an instigator for some
phenomena. These features make it an interesting crystal to study symmetry-breaking mechanisms
and displacive transitions.

Besides its interesting properties, SnFy also has many practical applications. The most famous one is
being an ingredient in toothpaste, as it exhibits antibacterial properties. It plays an important role in
preventing dental caries and enamel erosion [62]. Others also pointed out its potential applications in
the synthesis of other tin-containing compounds (certain types of glass manufacturing and potentially
as a component in fluoride-ion batteries or solid electrolytes) [63, 64, 65]. However, these applications
of tin(II) fluoride are less widespread than its dental ones.

This dual nature, combining practical utility with fundamental scientific behaviour, makes SnF, an
ideal case study for investigating the emergence of chirality and its physical consequences in simple
inorganic compounds.

4.1.2 Experimental crystallographic structures

As explained, tin (IT) exhibits three polymorph forms observed experimentally. They are described here
along with some crystallographic information. The experimental data presented here are primarily
extracted from the extensive work of G. Denes and collaborators. For comparison and as a starting
point for my calculations, theoretical structural data were also retrieved from the Materials Project
database [66, 67, 68].

a—SnFy

The first phase of SnFs is called a—SnFs. It is the form observed at ambient temperature. It corresponds
to the space group C2/c. This means the crystal system is monoclinic: each unit cell parameter might
be different, and one of the angles differs from 90°. They are presented in Tab. 4.1. The crystallographic
structure is displayed in Fig. 4.1.

Experiment [9] | Reference [66] | My Calculations
a (A) 13.3532(31) 13.09 12.731
b (A) 4.9073(11) 4.88 4.956
¢ (A) 13.7860(33) 13.73 13.852
B () 109,467 (18) 108.89 107.628

Table 4.1: Cell parameters of «—SnFs. Experiments are realised at a temperature of 20°C (293.15K). My
calculations were performed with ecut=45 Ha and k—point grid :1 x 6 x 1

The primitive unit cell is composed of 24 atoms: 8 tin and 16 fluoride. This form of tin fluoride is achiral
as it belongs to the point group 2/m. It presents a mirror (see Section 2.5.3), breaking the possibility
for chirality. Similarly, it is not optically active (see Section 2.5). Being stable at room temperature and
pressure, it is the most studied form of SnF; in experiments and applications.

B_SDFQ

The second phase of SnF is called 5—SnFs. It belongs to the space group P21212;. This means the
crystal system is orthorhombic: each unit cell parameter might be different. They are presented in Tab.
4.2. The crystallographic structure is displayed in Fig. 4.2.
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Figure 4.1: Representation of the structure of a—SnFs with and without polyhedra. It is a monoclinic
structure belonging to the space group C2/c. Medium purple spheres represent Sn atoms, while small
light purple ones represent F atoms.

Experiment [7] | Reference [67] | My Calculations
a (A) 4.9889(7) 4.90 4.937
b (A) 5.1392(6) 5.16 5.186
c(A) 8.4777(14) 8.43 8.191

Table 4.2: Cell parameters of 5—SnFs. Experiments obtained 5—SnF; by heating a—SnF; at a temper-
ature of 190°C (463.15K) for 1 hour before quenching it to room temperature, 20°C (293K). My calcula-
tions were performed with ecut=40 Ha and k—point grid :4 x 4 x 2.

—

Figure 4.2: Representation of the structure of 3—SnFy with and without polyhedra. It is an orthorhom-
bic structure belonging to the space group P212;2;.

The primitive unit cell is composed of 12 atoms: 4 tin and 8 fluoride. Belonging to the point group
222, the form belongs to a non-enantiomorphic Sohncke group chiral (see Section 2.5.3). The structure
is chiral, as illustrated with the example of the potato in Figure 2.3. As it is chiral, it is necessarily
optically active (see Section 2.5).
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The third form of SnFj is called v—SnFs. It belongs to the space group P4;2;2;. This means the crystal
system is tetragonal: two unit cell parameters are identical, and the last one might be different. The
results are presented in Tab. 4.3. The crystallographic structure is displayed in Figure 4.3.

Experiment [7] | Reference [68] | My Calculations

a (A) 5.0733(9) 5.04 5.075

¢ (A) 8.4910(33) 8.43 8.188

Table 4.3: Different cell parameters of v—SnFs. Experiments were conducted at a temperature of 80°C
(353.15K). My calculations were performed with ecut=40 Ha and k—point grid :4 x 4 x 2.

Figure 4.3: Representation of the structure of y—SnFy with and without polyhedra. It is a tetragonal
structure belonging to the space group P4;2;2. It corresponds to a chiral phase of SnFs. The helicoidal
4, is visible, rotating anti-clockwise. It is the right enantiomer (see Section 2.3.2).

The primitive unit cell is composed of 12 atoms: 4 tin and 8 fluoride. Being part of the space group
P4,2,2. It means that it belongs to an enantiomorphic Sohncke group chiral (see Section 2.5.3). There-
fore, the structure is chiral and possesses an enantiomeric form in the associated space group P432;2.
As it is chiral, it is necessarily optically active (see Section 2.5).

Normally, both enantiomers have the same probabilities of being observed in nature. The reason behind
the mention of only right v—SnF5 might be the similar composition of both forms. Therefore, scientists
arbitrarily classified all observations under y—SnFs in space group P4;2;2.

4.1.3 Experimental Phase Transition

Since the experimental forms have been described, it is now possible to portray the relationship be-
tween them. The descriptions are summarised in Figure 4.5. This part is mainly based on Refs.
[8, 10, 69]

It starts from av—SnF5 since it is the stable form at room temperature. By heating the crystal to 155°C, it
shifts towards y—SnF,. If the temperature is still increased, v-SnFy continues to be stable up to 213°C.
This corresponds to the fusion temperature. If the temperature decreases from liquid SnFs, it needs to
reach a lower temperature (185°C) to undergo a transformation towards y—SnFs. It will be stable until
110°C. At that point, it becomes metastable down to 66°C, and some crystal shifts back to a—SnFs.
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a
Figure 4.4: Representation of the mirror structure of y—SnFs with and without polyhedra. It is a tetrag-
onal structure belonging to the space group P432;2. The helicoidal 43 is visible, rotating clockwise. It
is the left enantiomer (see Section 2.3.2).

Around 66°C, reversible transformations between S— and y— SnFs. Below that temperature, 5—SnF;
stays metastable while « is stable. Therefore, 3 is always metastable.

a—STl.FQ T ~155°C Y‘Snﬂ T ~913 °C
,,,,,,,,,,,,,,,,, P4,2,2 (92 Liquid — SnF»
C2/c (15) 212(52) T ~185 °C
P452,2 (96)

ﬁ - San

P2,2:2 (18)

Figure 4.5: Experimental phase transition diagram of SnFy [10]. Red arrows correspond to heating the
crystal, while blue means cooling it down. Dashed arrows correspond to metastable transitions. Wavy
arrows correspond to reversible transitions. It is reproduced based on a similar diagram in [10].

According to Buerger’s early classification [70, 71, 72], the @« — + transition in SnFs is considered
reconstructive. It leads to a break and a reformation of the first-neighbour bonds.

Furthermore, there is no symmetry relation between the two phases. There are large discontinuities
between characteristics, energy, and so on. This suggests that this is not a displacive (Landau-type)
transition.

The transition between S— and y— is smoother, as 3 is only a deformation of v. This is supported
by the existence of a group-subgroup! relation between their space groups: the orthorhombic space
group P212,2; of 3-SnFs is a subgroup of the tetragonal space groups P412;2 and P432;2 that de-
scribe the enantiomorphic forms of v-SnFs. Therefore, there are minimal breaks of symmetry involved,

'In crystallography, a space group G is defined as a subgroup of another space group G if the symmetry operations of
G’ are included in those in G. The lattice of G’ can be derived from that of G. This relation is often used to describe possible
phase transitions, where a high-symmetry phase (G) transforms into a lower-symmetry one (G").
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and it does not require the breaking of first-neighbour bonds. This is consistent with a displacive
(Landau-type) transition. Their unit cell volumes and energies remain nearly identical, supporting this
classification.

4.1.4 Summary

To provide a clear overview of SnFs, its main crystallographic properties and stability conditions are
summarised in Tab.4.4.

Phase a—SnFy B5—SnFs ~—SnFs

Crystal system Monoclinic Orthorhombic Tetragonal

Space group (No.) C2/c (15) P2,2,2(18) P43212 (92)/ P43212
(96)

Point group 2/m 222 422

Chirality Achiral Chiral Chiral

Enantiomorphic pair || / No Yes

Optically active No Yes Yes

Stability Always stable Always metastable Stable or metastable
Stable if 185 °C < T <

Temperature range T < 130°C T<66°C 213 °C
Metastable if 66°C < T
< 185°C

Symmetry relation No symmetry relation | Displacive from ~ Parent phase of 3

with 3 or

Table 4.4: Summary of key crystallographic properties and stability ranges for the observed poly-
morphs of SnFy. Temperature ranges for stability are approximate and based on experimental obser-
vations [8, 10]

4.2 Achiral high symmetry phase

As explained in the introduction, a main objective of this work is to observe the evolution of natural
optical activity with the emergence of chirality. This is best studied by analysing a phase transition
from an achiral phase to a chiral one. However, as explained in the Section 4.1.3, the experimentally
observed transition from achiral «—SnFs to the chiral y—SnFs is reconstructive. Such transitions are
not described by a regular order parameter related to chirality.

To solve this issue, a methodology recently highlighted in the literature [12] is applied. This involves
postulating the existence of an achiral high-symmetry phase. It is considered a parent phase to the
chiral phases. They are linked through displacive transitions, driven by unstable phonon modes. This
concept of phonon-driven emergence of chirality and algorithmic ways to identify such transitions has
been notably developed by Fava et al. [11] and Gémez-Ortiz et al. [12].

In this section, the first part describes why that mechanism is also applicable to SnFy. Then, the second
one presents the achiral phase and its properties.
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4.2.1 Justification

To apply this mechanism to SnFy, the first step is to identify a plausible achiral high-symmetry parent
phase. Several criteria guide the choice. It involves, for instance, the crystallographic relationship with
lower-symmetry phases of SnFo. Inspired by previous studies [11, 12] and by the structural chemistry of
similar components, a hypothesis is realised: the chiral v-SnFy phase ( P41212 or P432;2) comes from
a displacive transition driven by phonon instabilities in a rutile-type parent structure. The rutile struc-
ture belongs to the achiral space group P42 /mnm (No. 136), which is a common and relatively simple
structure for many AXy compounds. Most importantly, P4y /mnm is a higher-symmetry supergroup
of the space groups describing «-SnFs. This is a necessary condition for a displacive transition.

In cases where no direct group-subgroup relationship exists, pseudo-symmetry offers a valuable alter-
native. A distorted phase may closely approximate a higher-symmetry structure. This suggests that
small atomic displacements could restore the parent symmetry. As shown by Gémez-Ortiz et al. [12],
combining pseudo-symmetry with phonon mode analysis reveals hidden displacive pathways to chi-
rality that standard symmetry analysis might miss.

The hypothesis of a rutile phase for SnF is strongly supported by analogies with other AX, materials.
A notable case is Tellurium Dioxide (TeO3). TeO; crystallises in the chiral a-TeOy phase (paratellurite).
It belongs to the space group P42 2, similarly to y-SnF5. While rutile-TeOs is not stable under ambient
conditions, Peng et al. [73] demonstrated that it can be stabilised via epitaxial growth. This supports
that rutile-SnFs remains a meaningful high-symmetry reference for theoretical investigations, even if
it is not observed as a bulk phase.

Achiral ref.

Energy

] [l >
1 1

“Left’ 0 “Right”

Figure 4.6: Schematic representation of a displacive phase transition from a high-symmetry achiral
reference state to two chiral ground states. The x-axis represents the amplitude of a symmetry-breaking
distortion, and the y-axis represents the system’s energy. The achiral phase is a local maximum, while
the chiral phases are energy minima.

The condensation of a specific unstable phonon mode in this hypothetical rutile-SnFy phase would
break the necessary symmetries to produce the chiral y-phase. Represented in Figure 4.6, this idea
provides the framework for the investigation. The achiral rutile structure is the reference, and the
"Left" and "Right" minima correspond to the two enantiomeric forms of the chiral daughter phase.

In the next part, this rutile structure is characterised using first-principles calculations. It focuses on
its dynamics to identify the phonon instabilities that could drive the transition to a chiral state.

4.2.2 Characterisation

Now that the justification for considering a rutile-type structure is established, it can be characterised.
All calculations are performed with ABINIT, as mentioned in the introduction of the section. The
plane-wave energy cut-off has a value of 40 Ha, and the k—point grid used is 6 x 6 x 6.
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Equilibrium structure

The relaxed structure of SnFs is in the P4s/mnm space group. The calculated equilibrium lattice
parameters are a = b = 5.472 A and ¢ = 3.799 A. The Sn atoms are located at Wyckoff position 2a
(0,0,0), and the F atoms at Wyckoff position 4g (0.80621, 0.19379, 0.00000). A representation of this
optimised structure is shown in Figure 4.7.

Figure 4.7: Representation of the structure of rutile SnFy with and without polyhedra. It is a tetragonal
structure in the space group P4s/m n m.

Electronic band structure

The electronic properties of the rutile structure were investigated through the calculations of the elec-
tronic band structure and the density of states (DOS).

The calculations are performed in the reciprocal space. This means high-symmetry points are neces-
sary for the band structure interpolation. Due to the tetragonal symmetry, the directions along = and
y are equivalent. The symmetry points used are listed in Tab. 4.5.

K-point | Positions in reciprocal space

r (0,0, 0)

X (z,0,0) (0,3,0)
A (0,0, 3)
M (3,20
R (3.0.3) (0,3,3)
A (3.2 2)

Table 4.5: k-point in the reciprocal space used for the band structure. Since the considered structure is
tetragonal, positions in = and y are considered equivalent.

The calculations reveal that rutile-SnF is an insulator. It has a calculated indirect bandgap of 2.513 V.
The Valence Band Maximum (VBM) is located between I" and Z points, and the Conduction Band Min-
imum (CBM) at the M point, as observed in Figure 4.8.

From the projected DOS, one observes that the valence band is mainly composed of fluorine 2p or-
bitals, with small contributions from tin 5p and 5s orbitals. On the other hand, the conduction band is
dominated by tin 5s orbitals with fluorine 2p orbitals. This observation is consistent with the valence
electronic configurations of the atoms involved:

40/ 74



CHAPTER 4. PERSONAL WORK S. Mamoudou

E Sn (s)

- — Sn (p)

o

@ — F(s)

C

w — F(p)
— Dos Total

Density of States (u.a.)

Figure 4.8: Electronic band structure of rutile SnF2, along the pathI' - X - M - I'-Z—-R—-A—- 7 —
R — X, associated with the density of states. The figure is shifted to have the Fermi level (the energy
of the last occupied band) at zero. It had an initial value of 1.81316 eV. The band gap is indirect as the
highest point in the valence band is between I' and Z, and the lowest point in the conduction band is
in M. The bandgap is around 2.513 eV.

« Tin (Sn): [Kr] 4d'° 552 5p? — valence orbitals: 552 5p?,
« Fluorine (F): 152 252 2p> — valence orbitals: 252 2p°.

Their electronegativity needs to be taken into account as well. It has a value of 3.98 for fluorine and
1.96 for tin atoms.

These orbital contributions suggest that the bonding in SnF5 has a dominant ionic character due to the
large electronegativity difference between Sn and F. However, the partial overlap between the fluorine
2p and tin 5p orbitals also indicates a non-negligible covalent component in the bonds.

Phonon band structure

The next step is to study the dynamical stability of the rutile phase. It is realised by studying the phonon
dispersion along the high-symmetry points in the Brillouin zone. This is provided by Figure 4.9.

The phonon spectrum reveals the presence of multiple bands with imaginary frequencies. As a conven-
tion, it is plotted as negative values on the y axis. It indicates that this rutile structure is dynamically
unstable at 0 K. These imaginary modes correspond to atomic displacement patterns for which the
crystal has no restoring forces. Therefore, it will spontaneously distort to lower its energy.
Significant instabilities are observed at every high-symmetry k-points. A detailed summary of these
unstable modes is presented in Table 4.6. It includes the following information:

+ Main label mode: This refers to the symmetry classification of the specific atomic vibration pat-
tern that is most unstable at a particular point in the Brillouin zone. Essentially, it is the notation
of the softest (most unstable) way the crystal wants to deform at that specific wavevector.

« Domain: When a crystal structure becomes unstable due to a phonon mode, the atoms move
in specific directions (allowed by symmetry). This term describes the particular orientation or
combination of these atomic displacements. It provides information about the direction of the
distortion of the mode.

- A single component like (a) indicates a one-dimensional mode, where the distortion is
described by a single amplitude displacement along one crystallographic axis.

- A pair like (a, b) refers to a multidimensional instability, where the distortion is a combi-
nation of two mode components with amplitudes a and b.
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Energy [cm-1]

- A form like (a, —a) describes symmetry-constrained displacements along two directions
with a fixed relationship.

When a notation contains semicolons (e.g., in (a,b;0,0)), it means that the phonon mode can
be decomposed into two independent parts. For example, (0,0) indicates the absence of atomic
displacements in one subspace, while (a,b) indicates a deformation in another.

Space group: This indicates the space group that the crystal would adopt if the atoms were to
permanently shift according to the pattern of this particular unstable phonon mode. This process
is called "condensation" of the mode. It tells precisely which symmetry elements of the original
high-symmetry phase are lost during this distortion.

AFE: The total energy difference between the relaxed distorted structure and the high-symmetry
rutile phase. A negative AFE implies that the distorted phase is energetically more favourable.

SAM (Secondary Amplitude Modes): Additional symmetry-adapted distortion modes that appear
as a consequence of the primary unstable mode. These secondary modes are not unstable on
their own in the parent high-symmetry phase but become active once the primary mode has
broken certain symmetries. Then, they couple to the primary distortion and contribute to the
final geometry of the distorted structure.

400 F T T : -
300 - i
200 - i
T ~—— T

- - 5 IS - L _—
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Figure 4.9: Phonon band structure of rutile SnF; along the path' - X - M -I'-Z—-R—-A—-Z—-R—-X.
Light blue corresponds to the F' atom, while grey corresponds to Sn. Light blue seems much more
present; as for the calculations, the system does it from the point of view of the heavier atom (Sn).
Many frequencies go below 0, meaning they are imaginary. They correspond to structural instabilities,
indicating that this rutile phase is highly unstable.

All relaxations that lead to lower energy phases are represented in an energy diagram in Figure 4.10.
Not surprisingly, phases observed experimentally are the lowest in energy.
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Figure 4.10: Energy diagram of SnF2. It shows the phase observed experimentally, but the one calcu-
lated theoretically, thanks to DFT calculations. Not surprisingly, lower phases correspond to the one
observed experimentally.

The analysis of the lattice dynamics of the hypothetical rutile phase reveals a landscape rich in struc-
tural instabilities. Among these unstable modes, the Z4 mode at the Z-point of the Brillouin zone stands
out. As indicated, the condensation of this Z, mode along specific distortion domains (respectively,
(a,a) and (a, —a)) leads directly to the enantiomorphic chiral space groups P4,2;2 and P43212. These
space groups correspond precisely to those of the experimentally observed chiral v-SnFs phase.
Furthermore, the calculated energy difference AE associated with these distortions is the most signif-
icant among all calculated instabilities. It reaches —88 meV/atom. This makes the Z4 mode the most
pertinent phonon instability to investigate a displacive transition from an achiral parent to a chiral
state in SnFs.

Therefore, in the next section, the focus is put on this specific phonon-driven pathway.

4.3 Transition from rutile phase to chiral phases

The characterisation of the hypothetical rutile phase of SnFs (in Section 4.2.2) has revealed a crucial
element. This achiral phase is dynamically unstable, showing many soft phonon modes. Among those,
the Z4 mode at the Z-point in the Brillouin zone is particularly pertinent. Indeed, the condensation of
that mode along a specific domain leads to the enantiomorphic space groups P4;2;2 and P432;2.
However, even if Zj is the primary mode driving the system towards chirality, it is not the only dis-
tortion involved. As mentioned in Tabular 4.6, there is also a I'{” mode listed as a secondary amplitude
mode associated with the first instability. It corresponds to a lattice relaxation preserving the chiral
symmetry. Therefore, the transition studied describes a pathway combining those two distortions.

To investigate this transition in detail, the atomic displacements corresponding to the combination of
Z, and T'{ are studied. The amplitude of the collective distortion is varied from 0% (undistorted rutile
phase) to 100% (fully relaxed chiral phase). For each amplitude, the system’s response is analysed under
two different structural constraints: fixed rutile cell parameters and relaxed chiral cell parameters.

By comparing these two constraints, the purpose is to dissociate the effects due to pure atomic dis-
placements versus the whole relaxation. This approach provides a framework for understanding the
transition and determining whether chirality can be characterised as an order parameter. The specific
details of the transition pathway and the analysis of energy, helicity, and NOA will be presented in the
following subsections.
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4.3.1 Condensation and structural evolution

As identified and explained before, the Z, phonon mode provides a direct displacive route to chiral
~—SnFjy structure. This part describes the nature of the displacements described by that mode. It then
explains how the transition is modelled using that.

Nature of the phonon mode

The Z4 mode means that the rutile cell needs to be doubled along the z direction, as the instability is
at the Z-point (0 , 0, %)

It primarily involves small displacements of tin atoms in the zy plane and no displacement in the
z direction. The mode involves rotations of polyhedra around the c-axis. These rotations alternate:
polyhedra in the z = 0 and z = 1/2 planes rotate in opposite directions. This influences more fluorine
atoms: they exhibit a greater distortion amplitude. Figure 4.11 illustrates the displacements pattern
for (a,a) and (a, —a) , resulting in the respectively P4;212 and P432,2 phases. These displacements
break mirror symmetry in the rutile parent phase, leading to the enantiomorphic space groups.

Figure 4.11: Representation of Z4 mode. The first one indicates the mode along the (a, —a) direction to
go in left y—SnF;. The second one represents it along (a, a) to reach right y—SnF,. Those are similar;
the only difference is the opposite sign along the (z,y) plane.

The Z, mode in the P45/mnm space group is a degenerate mode: its eigenfrequency is degenerate
twice, and its irreducible representation is two-dimensional. This means there are two independent
basis distortion patterns associated with this instability. The actual distortion of the crystal can be any
linear combination of the amplitudes of these two basis distortions. The energy landscape as a function
of these two amplitudes dictates the preferred distortion pathways and the resulting lower-symmetry
phases.

Figure 4.12 provides a schematic 2D projection of this energy surface for the Z, mode condensation.
The two axes of the plot can be considered as representing the amplitudes of distortion. The central
black circle at (0,0) represents the high-symmetry achiral rutile phase (P42 /mnm).
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Figure 4.12: Schematic 2D projection of the potential energy surface resulting from the condensation
of the two-dimensional Z4 mode in the rutile parent phase (amplitudes in arbitrary units). The central
black circle corresponds to the high-symmetry P42 /mnm phase. The four white circles indicate saddle
points leading to the achiral C'mcm phase. The four deeper energy minima, highlighted with red
and pink-filled circles, correspond to the degenerate ground state points of the enantiomorphic chiral
phases P43212 and P4,2,2. (Adapted from [11]).

As illustrated, different directions of distortion lead to different daughter phases. Distortions along
the axes of this 2D space lead to four equivalent local energy minima with C'mem symmetry (white
circles in Figure 4.12). This phase is achiral. Distortions along the diagonals with the same amplitude
lead to four deeper, degenerate energy minima. These correspond to the two enantiomorphic chiral
phases: P412;2 (pink circles in Figure 4.12) and P43212 (red circles in Figure 4.12). Four equivalent
ground-state domains exist (two for each enantiomer). This is a direct consequence of the 2D nature of
the Z4 mode and the symmetry of the parent phase. If the amplitudes along the diagonal are different,
it leads to the achiral phase C'222;.

The presence of these Z4 mode instabilities and the fact that its condensation along specific domains
leads to the lowest energy chiral phases (Figure 4.12 and Table 4.6) makes it the most pertinent insta-
bility for investigating a displacive transition to a chiral state in SnF».

As explained before, that primary mode is associated with a secondary mode I'}". Its displacements
only affect fluorine atoms, as illustrated in Figure 4.13.

Figure 4.13: Representation of I'; mode. The mode is the same for both enantiomers, and it does not
change the symmetry of the atoms. Fluorine atoms get closer to tin atoms in the same xy plane.
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Model of the transition

To study the evolution of properties during this transition, the amplitude of the distortion is varied
from the undistorted rutile to the fully relaxed «-SnFy. The calculations are performed under two
conditions:

1. Fixed Rutile Cell: Atomic positions are displaced to be in the chiral space group, but lattice
parameters are constrained to those of the optimised rutile parent phase double along the z axis:
a=b=54714A, ¢=17.600A.

2. Fixed Chiral Cell: Atomic positions are displaced to obtain the fully relaxed rutile structure
(100% distortion). The structure has calculated lattice parameters of a = b = 5.075 A and ¢ = 8.188
A. Atoms are then displaced to go from rutile atomic positions to chiral ones gradually.

The difference in cell parameters is quite significant since it corresponds to a decrease of 7.25% in the
x and y directions and an increase of 7.74% in the z direction.

This results in a notable difference in the relaxed atomic positions of the chiral phase structures in both
cases. The relaxed atomic coordinates are provided in the Appendix B. These two cases allow us to
see the difference induced by the lattice parameters difference. The following subsections will present
the evolution of energy, helicity, and natural optical activity along this pathway for both constraint
conditions.

4.3.2 Energy

The evolution of the total energy during the displacive transition from the rutile parent phase to chiral
phases is depicted in Figure 4.14. The x-axis quantifies the amplitude of the distortion. 0% corresponds
to the undistorted rutile structure, and 100% represents the atomic positions of the fully relaxed chiral
right v-SnF; phase (in P41212). -100% corresponds to the fully relaxed left enantiomers (in P432;2).
Two scenarios are compared: calculations performed with fixed rutile cell parameters (red curve) and
with fixed chiral cell parameters (blue curve).
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Figure 4.14: The figure corresponds to the energy difference with the rutile phase depending on the
distortion amplitude towards chiral phases. 100% and -100% are the relaxed atomic positions of the
right and left enantiomers, respectively, for the considered cell parameters. The red plot corresponds
to the energy plot with the rutile cell parameters, while the blue plot corresponds to the chiral cell
parameters. The energy of the undistorted rutile phase is taken as the zero reference.
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By definition, at zero distortion (0%), the rutile phase is the zero energy reference. When a small
distortion is introduced with fixed rutile cell parameters (red curve), the energy decreases, showing
that the structure is unstable. The minimum of this curve is reached before 100% displacement, with
an energy significantly lower than the initial rutile phase, but it does not represent the true ground
state.

When the cell parameters are chiral (blue curve), a similar energy profile appears. The undistorted
structure is initially higher in energy than the rutile reference by approximately 52.7 meV/atom. This
energy difference can be interpreted as the elastic energy stored if the rutile atomic arrangement were
forced into the chiral cell’s dimensions without allowing any atomic displacements. However, as the
distortion is applied, the energy of the system decreases significantly. It forms a characteristic double-
well potential. The minima of this potential correspond to the "left" and "right" enantiomeric forms of
the v-SnFs phase at -100% and +100% displacement, respectively.

This confirms that the chiral distortion, coupled with lattice relaxation, leads to a substantially more
stable structure.

The local maximum at 0% displacement on the blue curve now represents the energy barrier for inter-
conversion between the two enantiomers, passing through an achiral transition state. In practice, the
barrier is lower than indicate on the graph as the transition will mix both curves. It will start in the
rutile structure with the rutile cell parameters (£ = 0). The energy gain after transforming from rutile
to the relaxed chiral phase is consistent with the AE = —88meV /atom reported in Table 4.6 for the
Z4 mode condensation.

4.3.3 Helicity

To quantify the emergence of structural chirality during the transition, the helicity H was calculated
(as defined in Section 2.4). It was evaluated as a function of the atomic displacements. Figure 4.15
presents the evolution of helicity for both fixed rutile cell parameters (red curve) and fixed chiral cell
parameters (blue curve).
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Figure 4.15: Helicity as a function of the distortion amplitude. The red curve corresponds to the cal-
culations with the rutile cell parameters, while the blue one corresponds to the chiral cell parameters.
Both curves follow the same tendency but differ in magnitude.

At 0% displacement (rutile phase), the calculated helicity is strictly zero. It confirms the achiral nature
of the rutile structure. As the distortion is introduced, a non-zero helicity develops. It indicates the
breaking of mirror symmetries and the development of a handed structural arrangement. The sign of
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the helicity (+ or -) distinguishes between the two enantiomeric distortions. It corresponds to the (a, a)
and (a, —a) domains of the Z, mode.

A key observation from Figure 4.15 is the significant impact of cell relaxation on the magnitude of the
helicity. The blue curve (chiral cell) shows a significant increase in helicity, reaching an absolute value
of H = 8.48 - 1073 at 100% distortion. This value is similar to values obtained for other chiral crystals
in literature [12]. The red curve (rutile cell) exhibits helicity values that are approximately ten times
smaller (as highlighted by the inset).

This difference illustrates the indirect influence of the cell parameters on helicity. They do not have a
direct role, as it is not included in the formula of helicity H (see Equation (2.3)). However, it influences
the relaxed atomic positions of chiral phases. This has an impact on the displacement field v(r), which
has an impact on the helicity H.

As detailed in Appendix B, the cell relaxation is particularly influential on tin atoms. Their displace-
ments are amplified by nearly an order of magnitude in the relaxed chiral cell, while fluorine displace-
ments remain nearly unchanged.

The helicity evolves smoothly with the distortion. It behaves like a continuous order parameter that is
zero in the high-symmetry phase and non-zero in the lower-symmetry chiral phase.

The curve follows a quadratic evolution, which is coherent with the formula of the helicity H (see
Equation (2.3)). It depends on the square of the displacement field v(r). Since the helicity expression
is independent of the total energy of the system, it continues to increase with distortion and does not
exhibit a maximum at the relaxed structure.

4.3.4 Natural Optical Activity

Having established the emergence of structural chirality, it is time to investigate a direct physical
consequence: Natural Optical Activity (NOA). As discussed in Section 2.5.2 and Section 3.3.4, NOA is
described using gyration and NOA tensors. For chiral phases belonging to the point group 422 (such as
7-SnFs), the NOA tensor 7, has specific non-zero components (see Table 3.2). All components were
calculated, leading to only two non-zero independent coefficients: 1123 and 732. Figures 4.16 and 4.17
show the evolution of these 7 tensor components for fixed chiral cell parameters and fixed rutile cell
parameters, respectively.
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Figure 4.16: Evolution of the two independent coefficients of natural optical activity tensor 7,3+ (m) in
terms of the distortion amplitude with chiral cell parameters. The right side corresponds to the right
enantiomer, and the left side for the left enantiomer. The maximum absolute value seems to be around
the relaxed atomic positions corresponding to expectations.
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Figure 4.17: Evolution of the two independent coefficients of natural optical activity tensor 7,4, (m)
in terms of the distortion amplitude with the rutile cell parameters. The right side corresponds to the
right enantiomer, and vice versa for the left side. In this case, components of NOA seem to increase
more and more in magnitude.

In both figures, the tensor components are zero for the undistorted structure and develop non-zero val-
ues as the chiral distortion is introduced. An observation is the signs of the components being opposite
for the two enantiomeric distortion pathways (-100% vs +100%). This reflects the opposite handedness.

Similar to helicity, the magnitudes of the 1 tensor components are significantly larger when the chiral
cell parameters are chosen, compared to the fixed rutile cell case. If the maximal value for 7,23 is com-
pared in both cases, it is around forty to fifty times bigger. It again highlights the importance of lattice
relaxation in the strength of chirality-induced properties.

A clear difference is observed in the magnitude of the 7 tensor components between the two scenar-
ios. When the cell parameters are fixed to those of the target chiral, the 77 components are significantly
larger compared to the case where the cell parameters are constrained to those of the parent rutile
phase. For instance, the maximal absolute value of 77,23 is approximately forty to fifty times greater in
the first case.

This amplification highlights that adopting cell parameters favouring the chiral structure plays a dom-
inant role. It determines the strength of the NOA response, even without full atomic relaxation at each
step. It also suggests that the "geometrical fit" of the atomic arrangement within an appropriate chiral
lattice is more critical for large 7 values than the subtle internal relaxations that might occur if all
degrees of freedom were relaxed at each distortion step.

The two figures also exhibit different tendencies with increasing distortion amplitude. For the calcula-
tions performed with fixed chiral cell parameters (Figure 4.16), the absolute values of the 7 components
reach a maximum around 90-100% of the full distortion and then notably decrease as the distortion con-
tinues. This suggests that there is an optimal structural configuration that maximises NOA. Forcing the
atoms to move might lead to internal stresses or slightly less favourable electronic transitions for NOA,
causing a diminution in the 7 components. This behaviour might be attributed to complex non-linear
relationships between the precise atomic geometry and the electronic transitions responsible for NOA.
It is not simply that higher energy implies lower NOA, but rather that specific structural arrangements
maximise the effect.

In contrast, when the calculation is performed with fixed rutile cell parameters (Figure 4.17), the mag-
nitude of the 17 components appears to increase with the distortion amplitude. It does not show a clear
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maximum or decrease within the plotted range. The continuous increase likely results from a pro-
gressive symmetry breaking, while the fixed cell prevents the system from fully adapting to its chiral
configuration.
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Figure 4.18: Evolution of the rotatory power (deg/[mm(eV)?]) in terms of the distortion amplitude. The
inset provides a zoom on the smaller values obtained with fixed rutile cell parameters.

To relate these tensor components to an observable quantity, a conversion is performed. In the con-
sidered case, 1123 (corresponding to gs3) is converted into the macroscopic rotatory power p using
Eq. (2.5). The evolution of p with atomic displacement is presented in Figure 4.18.

Figure 4.18 clearly demonstrates that the rotatory power grows in magnitude as the chiral distortion
is introduced from the achiral rutile phase. The difference in magnitude underscores the critical role
of the overall cell geometry. Adopting cell parameters characteristic of the chiral phase is necessary to
obtain a significant NOA response.

4.3.5 Relationship between Helicity and NOA

The evolution of structural chirality (quantified by helicity 7{) and Natural Optical Activity (quantified
by the rotatory powerp) has been characterised as a function of the Z, distortion amplitude. The goal is
now to analyse the link between the NOA and the helicity amplitude and to go further in understanding
if chirality can be treated as an order parameter. To this end, the calculated rotatory power p is plotted
as a function of the calculated helicity . The results are presented in Figure 4.19.

Figure 4.19 reveals a certain correlation between the emergent structural chirality and the induced op-
tical activity. For small values of helicity, the rotatory power p appears to be linearly proportional to
the helicity H. This linear relationship, p o< H, is observed for both calculations with both fixed chiral
and fixed rutile cell parameters.

This linear dependence, p o< H, is characteristic of what one would expect if helicity acts as a primary
order parameter for the apparition of NOA.

As the distortion (and thus helicity) increases towards the fully relaxed chiral structure, the behaviour
for the case with fixed chiral cell parameters (blue curve) becomes more complex. It reaches maxima in
absolute value around relaxed chiral structures: || ~ 17.7 deg/[mm(eV)?] at a helicity of |#| ~ 0.009.
Beyond this point, the magnitude of p starts to decrease. This saturation and the following reduction
of NOA at large chiral distortions suggest the beginning of non-linear effects. It could also be complex
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Figure 4.19: Evolution of the rotatory power p (deg/[mm(eV)?]) in terms of the structural helicity
‘H. The blue curve corresponds to fixed chiral cell parameters, while red represents fixed rutile cell
parameters.

changes in the electronic transitions responsible for optical activity. Those are not captured by a simple
linear coupling to the structural distortion.

To further investigate the form of this relationship, Figure 4.20 presents the absolute value of p as a
function of the absolute value of H on a log-log scale. It is particularly relevant in the regime of small
to intermediate helicity.
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Figure 4.20: Evolution of the absolute value of rotatory power p (deg/[mm(eV)?]) in terms of absolute
value of the structural helicity H on a log-log scale.

The log-log plot in Figure 4.20 clearly shows a linear progression for the smallest || values. This
suggests a polynomial dependence between the two physical quantities.

For larger values of helicity, the data points deviate from this initial linear trend. It is consistent with
the saturation and decrease observed in Figure 4.19. The behaviour after the maxima in Figure 4.19
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remains complex to characterise with a simple analytical function.

These results suggest that structural chirality, quantified by helicity, could be considered as a primary
order parameter for this chiral displacive phase transition. NOA emerges as a direct physical manifes-
tation linearly coupled to it, at least in the regime of small distortions.

The deviation from linearity at larger distortions highlights the complexity of the relationship between
structural changes and optical response in highly distorted chiral systems.

4.4 Driving forces of the structural transition

The previous sections demonstrated that the hypothetical achiral rutile phase of SnF, (space group
P45/mnm) is dynamically unstable. It is specifically unstable with a Z4 phonon mode that opens
a displacive pathway to the experimentally observed chiral v-SnF; phase. This finding establishes a
plausible mechanism for the spontaneous emergence of chirality in this material.

This raises a question: what intrinsic factors predispose certain materials with a rutile parent struc-
ture to undergo such symmetry-breaking distortions leading towards a chiral state, particularly via a
Z-point instability?

One likely candidate is the active 5s2 lone pair of electrons carried by Sn?>* cations in SnFs. Such lone
pairs are well known in chemistry for their tendency to induce anisotropic electron density distribu-
tions, often driving structural distortions and lowering symmetry.

Therefore, it is natural to hypothesise that the presence of this lone pair could play a key role in enabling
or enhancing phonon instabilities. It could be the case for the Z4 mode, necessary for the transition
from an achiral P49 /mmnm phase to a chiral structure.

To evaluate this hypothesis, a comparative first-principles study is conducted across a range of AX»
compounds. This investigation examines the correlation between the presence of a cation lone pair and
the existence of Z-point phonon instabilities in their high-symmetry parent phase (typically P4s/mnm).
It then examines whether such distortions lead to energetically favourable chiral phases. The selected
compounds and their electronic configurations are introduced, followed by an examination of the re-
sults.

4.4.1 Role of the lone pair

The stereochemically active 5s lone pair of electrons on the Sn?* cation seems to be a key factor
influencing the structural properties of SnFs. Such lone pairs tend to occupy a significant volume in-
stead of remaining spherical around the cation. This often leads to distortions from high-symmetry
environments.

This makes SnFs a particularly relevant model system to study symmetry-breaking processes, espe-
cially displacive phase transitions. It is specifically interesting for the emergence of chiral crystal
structures from higher-symmetry parent phases.

The goal is to investigate the potential role of the lone pair in promoting the specific Z-point phonon in-
stabilities that can lead to chiral phases (such as the Z4 mode in rutile-SnF5). To do that, a comparative
analysis is performed across several AXs compounds. For each compound, the first step is to determine
whether the compound has a stereochemically active lone pair on the cation. Then, the phonon dis-
persion is calculated to check for instabilities at the Z-point of a rutile high-symmetry parent structure.
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Compound Cations Valence Configuration Lone Pair?
SnFs Sn?t [Kr] 4d'0 552 5p° Yes
SnOy Snt [Kr] 4d'9 550 5p° No
GeF, Ge?t [Ar] 3d'0 4s? 4p° Yes
GeOy Ge't [Ar] 3d'0 459 4p? No
PbF,, PbCl, Pb2+ [Xe] 4f'4 5d'° 6s2 6p” Yes
PbO, Pb*t [Xe] 4f'* 5d1° 6s° 6p? No
SeOs Sett [Ar] 3d'0 452 4p° Yes
TeOq Tett [Kr] 4d'0 552 5p° Yes

Table 4.7: Valence configurations of the cations in selected AXy compounds and the presence of a
stereochemically active lone pair.

The results of this comparative study are summarised in Table 4.8.

Compound || Lone | Instabilitiesin Z ? w? AFE
AXsy Pair ? (Phonon) (cm™1) | (eV/atom)
SnFy Yes Yes -154* -0.088
SnOy No No - -
GeF, Yes Yes -197* -437
GeO9y No No - -
PbCl, Yes No - -
PbF, Yes Yes -51* -183
PbOy No No - -
SeOq Yes Yes -382* -475
TeOo Yes Yes -363* -0.090

Table 4.8: Comparison of Z-point phonon instabilities in various AXy compounds with and without
active lone pairs on the cation A. w? is the frequency of the most unstable Z-point mode (incm™!). AE
is the energy gain (in eV/atom) after relaxing into the chiral structure relative to the high-symmetry
rutile parent. * indicates the mode is degenerated two times.

To be complete, Table 4.9 summarised the experimentally observed phases of chosen compounds.

Experimentally observed ?

Compound P412)/mnm ¢ P4,2,2

AXo P432,2
SI’IFQ X v
Sn02 v X
GeFy X X
GeOo v v
PbCIQ v X
PbF, X X
Pb02 v X
SeOy X X
T602 v v

Table 4.9: Verification of the experimental observation of various compound AXj5 in chosen rutile and

chiral phases.
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These results of Tables 4.8 and 4.9 provide significant information concerning the role of the cation
lone pair in promoting Z-point phonon instabilities in these AXo compounds. A visual representation
of phonon band structure of the compounds in provided in Appendix C.

Firstly, in compounds where the cation lacks a lone pair, the calculations show no imaginary phonon
modes at the Z-point. It means that these structures are dynamically stable with Z-point distortions.
Correspondingly, Table 4.9 shows that these specific compounds (SnOs, rutile-GeOs, PbOs3) are indeed
observed experimentally in the achiral rutile P43 /mnm phase and are typically not reported in the
chiral P412,2 or P432,2.

Conversely, a strong correlation is observed between the presence of a lone pair on the cation and the
existence of Z-point phonon instabilities in the hypothetical rutile parent phase. These instabilities
are often strong, as indicated by the large imaginary frequencies (w?), and are often characterised by
substantial energy gains (AFE). This suggests that the anisotropic charge distribution induced by the
lone pair causes the high-symmetry rutile structure to distort. It includes distortions that can lead to
chirality.

These observations strongly suggest that the presence of the lone pair is a necessary condition for
this type of Z-point instability, which can drive the transition from a rutile parent towards the P4;2;2
or P43242 chiral structures.

However, the case of PbCly is particularly instructive. While Pb?* in PbCl, possesses a 6s® lone pair,
our calculations indicate no Z-point instability in its high-symmetry rutile parent phase. This crucial
observation implies that while the presence of a lone pair appears necessary, it is not a sufficient
condition on its own to guarantee a Z-point instability leading to chirality.

It leads to the question of what additional factors influence the occurrence of Z-point instabilities. The
difference between PbCl, and PbF; indicates that the nature of the anion (X) has an influence. It could
be through its electronegativity, size, and polarisation. Those will influence the bonding characteristics
and the way the lone pair can express its stereochemical activity.

The situation with GeOs requires careful consideration. While rutile-GeOs is stable at the Z-point as
discussed, Table 4.9 indicates that GeOs has been reported in the chiral P4;2;2 space group [74]. This
necessitates a verification of the stability of that phase.

Ifa P41212 GeOs phase is indeed experimentally accessible, it would imply that pathways to this chiral
structure exist for GeO2 and do not rely on a lone pair or a Z-point instability of a rutile parent. This
does not contradict our hypothesis, which specifically concerns lone-pair-driven Z-point instabilities
in rutile. It highlights that multiple routes to similar chiral symmetries can exist in different chemical
systems. The focus here is on whether the lone pair allows a particular Z-point driven pathway from
a common parent like rutile.

Regarding the magnitudes of the calculated energy gains (A FE) in Table 4.8 for compounds like GeFa,
PbF; and SeO; (-437 eV/atom and -475 eV/atom, respectively), these values are indeed very large com-
pared to SnF» (-0.088 eV/atom). Calculations need to be verified, as the values are extremely large for
a phase transition. The discussion considers that the values are correct.

Such immense energy lowering upon distortion from the hypothetical rutile parent suggests that these
rutile forms are possibly inexistent. This high degree of instability for the parent phase could explain
why these specific chiral P4;2;2-type phases of GeFy or SeO2 are not commonly observed experi-
mentally or are perhaps only accessible as metastable phases under very specific synthesis conditions
(Table 4.9). The system might prefer to adopt entirely different, more stable crystal structures rather
than follow a displacive path from such a highly unfavourable rutile configuration, or the actual ground
state might be reached via a reconstructive transition from a different parent.

In conclusion, this comparative study strongly indicates that the stereochemically active lone pair
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on the cation is likely a condition for the Z-point instabilities observed in the chosen compounds.
However, its presence alone does not automatically ensure such a pathway to chirality. A specific mix
between the electronic structure of the cation, the properties of the anion, and the overall energetic
landscape of competing phases dictates whether such a chiral phase will be an observable and stable

polymorph.
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Conclusion

This thesis explored whether structural chirality in solids can be treated as an order parameter in dis-
placive phase transitions. Treating tin(II) fluoride (SnF3) as a case study, the question was explored
using first-principles simulations (DFT, DFPT) and symmetry analysis. The focus was put on a dis-
placive transition from a hypothetical achiral high-symmetry parent phase to the chiral v-SnF; phase
P4,2,2, P43272.

A rutile-type structure (P42/mnm) was characterised and proven to be a plausible high-symmetry
parent phase for 7-SnFy phase. The calculations of its lattice dynamics revealed many significant in-
stabilities. An unstable mode Z4 at the Z-point was particularly interesting as it provided a displacive
pathway towards chiral SnFs phases.

The condensation of this Z, mode along specific distortion domains ((a,a) and (a, —a)) was shown
to lead directly to the enantiomorphic chiral space groups P412;2 and P432:2. With a substantial
energy gain of -88 meV/atom, this confirmed a viable displacive pathway to chirality.

The evolution of chirality on a continuous transition path going from the achiral rutile reference phase
to the chiral phase was quantified through the helicity H. H appears to be a good quantification param-
eter, as it is zero in the achiral phase and becomes non-zero in the chiral structure with a continuous
evolution on the path, and it changes sign between the enantiomeric structures.

Natural Optical Activity (NOA), a physical manifestation of chirality, was quantified by the macro-
scopic rotatory power p. The latter was derived from one component of the calculated NOA tensor
71, M23. The rotatory power p was calculated along the pathway and was found to correlate with the
structural helicity.

A linear relationship, p o« H, is observed for small to moderate distortions. This relationship supports
the interpretation that helicity quantification and, hence, chirality, and the amplitude of the NOA are
intimately linked. However, deviations from linearity at larger distortions indicate the presence of
higher-order effects and/or a more complex connection between the detailed atomic structure and the
electronic transitions governing NOA.

Another important observation was the impact of the unit cell on the magnitude of both helicity and
NOA. Calculations performed with cell parameters fixed to those of the target chiral phase produced
helicity and NOA values several orders of magnitude larger than those obtained with cell parameters
constrained to the parent rutile phase. This highlights the important role of cell shape in stabilising
chiral configurations in the rutile-like parent structures, while atomic displacements break the sym-
metry.

Beyond SnF9, a comparative study across various AXy compounds was performed. It revealed a strong
correlation between the presence of a stereochemically active lone pair and the existence of Z-point
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phonon instabilities that can drive chirality. However, exceptions like PbCl, demonstrated that the
lone pair is probably a necessary but not sufficient condition. Other factors, such as the nature of the
anion or competing structural phases, also play essential roles.

In summary, this work contributes to the growing understanding of chirality. It confirms the notion
that chirality can emerge from well-defined lattice instabilities but also be quantified like a conven-
tional order parameter. This opens the door to treating chirality not only as a geometric property but
as a tunable and functional property in solid-state materials.

While this study provides significant insights, it also paves the way for further investigations.

To determine if chirality can be considered a ferroic order parameter, it is necessary to examine the
existence of a conjugate field that allows for its switching. However, identifying a thermodynamically
conjugate field to structural chirality remains a major theoretical challenge.

A key property of order parameters is their control. It is therefore interesting to explore how chirality
(and NOA) could be tuned via pressure, strain, electric fields, or even magnetic fields. It would be es-
sential for the development of new technological applications.

In this study, SnFs serves as an excellent model. Yet, to establish the generality of chirality as an order
parameter in phonon-driven transitions, further studies on a wider range of materials exhibiting differ-
ent crystal symmetries and chemical compositions are needed. The algorithmic approaches developed
by Gémez-Ortiz et al. [12] could be instrumental for that purpose.

Some of the phases studied in this work remain hypothetical. Therefore, collaboration with experimen-
tal groups could help test the existence or synthesis of these chiral forms, especially under epitaxial
conditions as recently done for TeO2 [73].

Another possibility is the definition of new quantitative measures for chirality in periodic solids. He-
licity is useful and intuitive, but another quantity could provide even deeper insights [4].

In conclusion, this thesis provides evidence supporting the consideration of structural chirality as a
new order parameter for phonon-driven displacive phase transitions. This work enhances the under-
standing of SnF9, but also contributes to a broader investigation. It helped to have additional insights
about the question of the incorporation of chirality into the fundamental framework of ordering phe-
nomena in condensed matter. The long-term vision is the design and control of chiral functionalities
for innovative applications.
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Appendix A

Convergence tests

The following appendix details the convergence tests performed to determine appropriate parameters
(ECUT, k-point-grid) for calculations in this work. The graphs presented here focus on y—SnFs, as
it is a central phase for this work.

The convergence of the total energy and lattice parameters was tested. The goal was to obtain a
precision lower than 1 meV/atom for the energy and around 0.001 A for the cell parameters.

Figures A.1, A.2, A.3, A.4 show that a value of 40 Ha for the energy cut-off and a k point grid of 4 x 4 x 2
respect those conditions. That justifies the value of parameters mentioned in Tab.4.3.

Similar convergence criteria were applied to other phases and calculations to ensure reliability of the
results.

(In[meV/atom])

30 35 40 45 50 55 60 65
Ecut (Ha)

Figure A.1: Convergence of the total energy (relative difference in meV/atom) of v-SnFs as a function
of the plane-wave energy cutoff (Ecut, in Ha). The energy at the highest Ecut is taken as the reference.
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Figure A.2: Convergence of the lattice parameters a (blue) and ¢ (orange) of v-SnF; (absolute difference
in A) as a function of the plane-wave energy cutoff (Ecut, in Ha). The parameters at the highest Ecut
are taken as the reference.
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Figure A.3: Convergence of the total energy residual (in meV/atom) of y-SnF» as a function of the k-
point grid density. The x-axis shows the number of irreducible k-points (Nkpt) and the corresponding
(kg xky xk) grid.
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Figure A.4: Convergence of the lattice parameter changes Aa (blue) and Ac (orange) (in A) of -SnFs
r as a function of the k-point grid density. The x-axis shows the number of irreducible k-points (Nkpt)
and the corresponding (k, xk, xk.) grid.
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Appendix B

Detailed atomic positions

This appendix provides the calculated reduced atomic coordinates for the key structures discussed in
Chapter 4. All coordinates are given in units of the respective lattice vectors.

Atom || x y z
Sn 0.0000 0.0000 0.0000
Sn 0.5000 0.5000 0.2500
0.3062 0.6938 0.0000
0.6938 0.3062 0.0000
0.1938 0.1938 0.2500
0.8062 0.8062 0.2500
Sn 0.0000 0.0000 0.5000
Sn 0.5000 0.5000 0.7500
F 0.3062 0.6938 0.5000
F 0.6938 0.3062 0.5000
F 0.1938 0.1938 0.7500
F 0.8062 0.8062 0.7500

Table B.1: Calculated reduced atomic coordinates for SnFs in the rutile P2/mnm structure. It uses a
1 x 1 x 2 supercell based on the primitive rutile cell to match the periodicity of the Z-point distortion.
These coordinates represent the 0% distortion reference point.
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Atom || x y z Atom || x y z
Sn 0.0164 0.0164 0.5000 Sn 0.0164 0.0164 0.5000
Sn 0.4836 0.5164 0.7500 Sn 0.5164 0.4836 0.7500
0.2503 0.6404 0.4262 0.2503 0.6404 0.5738
0.6404 0.2503 0.5738 0.6404 0.2503 0.4262
0.2497 0.1404 0.8238 0.1404 0.2497 0.8238
0.8596 0.7503 0.6762 0.7503 0.8596 0.6762
Sn 0.9836 0.9836 0.0000 Sn 0.9836 0.9836 0.0000
Sn 0.5164 0.4836 0.2500 Sn 0.4836 0.5164 0.2500
F 0.3596 0.7497 0.0738 F 0.3596 0.7497 0.9262
F 0.7497 0.3596 0.9262 F 0.7497 0.3596 0.0738
F 0.1404 0.2497 0.1762 F 0.2497 0.1404 0.1762
F 0.7503 0.8596 0.3238 F 0.8596 0.7503 0.3238

(a) Right enantiomer (P4;2;2)

(b) Left enantiomer (P43212)

Table B.2: Calculated reduced atomic positions of fully relaxed SnFs in its two enantiomorphic forms.
These coordinates correspond to the 100% and -100% distortion points when using relaxed chiral cell

parameters.

Atom || x y z Atom || x y z

Sn 0.9978 0.9978 0.5000 Sn 0.9978 0.9978 0.5000

Sn 0.5022 0.4978 0.7500 Sn 0.4978 0.5022 0.7500
0.2527 0.6587 0.4363 0.2527 0.6587 0.5637
0.6587 0.2527 0.5637 0.6587 0.2527 0.4363
0.2473 0.1587 0.8137 0.1587 0.2473 0.8137
0.8413 0.7527 0.6863 0.7527 0.8413 0.6863

Sn 0.0022 0.0022 0.0000 Sn 0.0022 0.0022 0.0000

Sn 0.4978 0.5022 0.2500 Sn 0.5022 0.4978 0.2500

F 0.3413 0.7473 0.0637 F 0.3413 0.7473 0.9363

F 0.7473 0.3413 0.9363 F 0.7473 0.3413 0.0637

F 0.1587 0.2473 0.1863 F 0.2473 0.1587 0.1863

F 0.7527 0.8413 0.3137 F 0.8413 0.7527 0.3137

(a) Right enantiomer (P4;2;2)

(b) Left enantiomer (P43212)

Table B.3: Calculated reduced atomic positions of fully relaxed SnFs in its two enantiomorphic forms.
These coordinates correspond to the 100% and -100% distortion points when the structure is constrained
to fixed rutile cell parameters.

The atomic displacement field, Ar,.4, that transforms the undistorted rutile structure (Table B.2) into
the fully distorted chiral structures (100% distortion, Tables B.2 and B.3), can now be determined.
To correctly map atoms between the parent rutile cell and the doubled cell resulting from the Z-point
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mode condensation, a reference shift along the z-axis is applied when calculating these displacements.
The following tables present these reduced displacement vectors for both enantiomers under both cell
constraint conditions.

Atom || Az Ay Az Atom || Az Ay Az

Sn -0.0164 -0.0164 0.0000 Sn -0.0164 -0.0164 0.0000
Sn 0.0164 -0.0164 0.0000 Sn -0.0164 0.0164 0.0000
F 0.0559 0.0534 0.0738 F 0.0559 0.0534 -0.0738
F 0.0534 0.0559 -0.0738 F 0.0534 0.0559 0.0738
F -0.0559 0.0534 -0.0738 F 0.0534 -0.0559 -0.0738
F -0.0534 0.0559 0.0738 F 0.0559 -0.0534 0.0738
Sn 0.0164 0.0164 0.0000 Sn 0.0164 0.0164 0.0000
Sn -0.0164 0.0164 0.0000 Sn 0.0164 -0.0164 0.0000
F -0.0534 -0.0559 -0.0738 F -0.0534 -0.0559 0.0738
F -0.0559 -0.0534 0.0738 F -0.0559 -0.0534 -0.0738
F 0.0534 -0.0559 0.0738 F -0.0559 0.0534 0.0738
F 0.0559 -0.0534 -0.0738 F -0.0534 0.0559 -0.0738

(a) AXred —P4,2,2 (b) AXred - P43212

Table B.4: Reduced displacement vectors Ar,.q from the reference rutile positions (Table B.1, with a
z-axis shift of 0.5 applied to reference coordinates) to the two chiral distortion patterns (Table B.2)
calculated using fixed chiral cell parameters.

Atom || Az Ay Az Atom || Ax Ay Az
Sn 0.0022 0.0022 0.0000 Sn 0.0022 0.0022 0.0000
Sn -0.0022 0.0022 0.0000 Sn 0.0022 -0.0022 0.0000
0.0535 0.0351 0.0637 0.0535 0.0351 -0.0637
0.0351 0.0535 -0.0637 0.0351 0.0535 0.0637
-0.0535 0.0351 -0.0637 0.0351 -0.0535 -0.0637
-0.0351 0.0535 0.0637 0.0535 -0.0351 0.0637
Sn -0.0022 -0.0022 0.0000 Sn -0.0022 -0.0022 0.0000
Sn 0.0022 -0.0022 0.0000 Sn -0.0022 0.0022 0.0000
F -0.0351 -0.0535 -0.0637 F -0.0351 -0.0535 0.0637
F -0.0535 -0.0351 0.0637 F -0.0535 -0.0351 -0.0637
F 0.0351 -0.0535 0.0637 F -0.0535 0.0351 0.0637
F 0.0535 -0.0351 -0.0637 F -0.0351 0.0535 -0.0637

(a) AxXyeq — P412:2 (b) Axyeq — P43212

Table B.5: Reduced displacement vectors Ar,eq from the reference rutile positions (Table B.1, with a
z-axis shift of 0.5 applied to reference coordinates) to the two chiral distortion patterns (Table B.3)
calculated using fixed rutile cell parameters.
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Appendix C

Phonon band structures of AX5
compounds

This appendix presents the calculated phonon band structures for several AXs compounds that were
analysed in Section 4.4. All structures were considered in their hypothetical rutile-type phase (space
group P4s/mnm, No. 136).

The phonon dispersions are plotted along the same high-symmetry k-point path used for rutile-SnF,
inFigure49: ' - X - M —-1T'—Z—- R— A— 7 — R— X. Phonon frequencies are presented in units
ofeV.

The phonon dispersions presented visually support the discussion in Section ??. When considered in
a hypothetical rutile parent structure, AXs compounds with active cation lone pairs tend to exhibit
significant Z-point (and other) phonon instabilities, while those without lone pairs show dynamically
stable rutile phases.

N/

s QA

—0.02 -

Energy (eV)

Wave Vector

Figure C.1: Calculated phonon band structure of rutile-type SnFs (P42 /mnm). Imaginary frequencies
(negative values) are observed at all symmetry points.
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Figure C.2: Calculated phonon band structure of rutile-type SnOs (P42 /mnm). No imaginary frequen-
cies are observed along the plotted path, consistent with the dynamical stability of this phase.
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Figure C.3: Calculated phonon band structure of hypothetical rutile-type GeFy (P49 /mnm). Imaginary
frequencies (negative values) are observed at all symmetry points.
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Figure C.4: Calculated phonon band structure of rutile-type GeOy (P42/mnm). No imaginary fre-
quencies are observed along the plotted path, consistent with the dynamical stability of this phase.
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Figure C.5: Calculated phonon band structure of rutile-type PbCly (P42 /mnm). Imaginary frequencies
(negative values) are observed, particularly at the I, and A points.
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Figure C.6: Calculated phonon band structure of rutile-type PbFs (P42 /mmnm). Imaginary frequencies
(negative values) are observed, particularly at the Z, M, R and A points.
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Figure C.7: Calculated phonon band structure of rutile-type SeOg (P42 /mnm). Imaginary frequencies
(negative values) are observed at all symmetry points.
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