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1 | Introduction

The humorous trait of the following meme! about Schrédinger’s cat is that when
asked to interpret what the second message states, the common response is to say “it
depends”. Indeed, depending on the scale, we could say that the message contains
30 times “yes” or one time “no”. It is a toy example of the importance of the scale
when analysing a data set. However, finding the “right” scale is a difficult task in
data analysis and is usually left at the user’s discretion, often through trial and
error. Multiscale allows for the study of data at all scales at once and gives an
understanding of the role of the scale on output. The goal of persistent homology
is to provide such a multiscale analysis of data sets through homology.

e Q{ Schrodinger

¥ online
TODAY
B8 Messages to this chat and calls are now
secured with end-to-end encryption. Tap for more
info.
Is the cat alive? v
yesyes yes yesyes
yes yes yes yes yes
yes yes yes yes yes
yes yes yes yes yes
yes yes yes yes yes
yes yesyes yesyes

Figure 1.1: A meme on Schrodinger’s cat as an insightful introduction to
topological data analysis and multiscale analysis.

Persistent homology is a crucial tool in the field of topological data analysis
(TDA). As its name suggests, TDA is at the intersection of topology and data
sciences, using topological tools, like homology, to infer some information about
the “shape” of some data sets. This field has applications in several branches of
Science and is still an extremely fruitful field of research. It is, for example, used in
Medicine as a method for the detection of cancer cells in [45], it is used in Finance

"https://www.reddit.com/r/sciencememes/comments/16qi5ai/ill_take_it_as_both_
yes_and_no/7utm_source=share&utm_medium=web3x&utm_name=web3xcss&utm_term=1&utm_
content=share_button


https://www.reddit.com/r/sciencememes/comments/16qi5ai/ill_take_it_as_both_yes_and_no/?utm_source=share&utm_medium=web3x&utm_name=web3xcss&utm_term=1&utm_content=share_button
https://www.reddit.com/r/sciencememes/comments/16qi5ai/ill_take_it_as_both_yes_and_no/?utm_source=share&utm_medium=web3x&utm_name=web3xcss&utm_term=1&utm_content=share_button
https://www.reddit.com/r/sciencememes/comments/16qi5ai/ill_take_it_as_both_yes_and_no/?utm_source=share&utm_medium=web3x&utm_name=web3xcss&utm_term=1&utm_content=share_button

to analyse crash of the stock exchange [32], in Political Science as a way to analyse
gerrymandering (political redisctricting) [26], in Image Analysis [25], in Machine
Learning [35], and much more. The DONUT website? (Database of Original and
Non-Theoretical Uses of Topology) provides numerous other examples.

1.1 Outline

The goal of this master thesis is to provide an in-depth and (mostly) self-contained
introduction to the main results of persistent homology. Of course, much more could
have been presented, as discussed in Section 5. The present text mainly focuses on
the algebraic aspects of persistent homology as a way to justify the use of persistent
homology in topological data analysis. Therefore, the topological aspects, as well as
the implementation of the algorithm and how to make it more efficient, are surveyed,
and we will not dive into them. Some interesting surveys of the topics are [49, 33,
47).

This document is divided into four main chapters. The first one is the intro-
duction, in which I give some context around the study of persistent homology. In
particular, I present Morse theory as well as the data inference problem, which is
the main motivation for the study of persistent homology. I then give the first defi-
nitions of persistent homology and persistence module. These persistence modules
will provide a way to study persistent homology from a purely algebraic setting,
which we will do during the rest of this master thesis.

As the definition of persistence module is equivalent in certain cases to the one
of a representation of a certain type of quiver, the second chapter is focused on
the study of quivers and their representations. The ultimate goal of this chapter is
to prove Gabriel’s theorem, which gives a characterisation of the quivers of finite
representation type.

In the third chapter, we study the decomposition of persistence modules into
indecomposable ones. The main modules of interest will be interval modules that
provide both an interpretation of the module and a description of it. It also allows
simpler computation on it. We first show that if a decomposition exists, then it must
be unique up to reordering and isomorphism. Unfortunately, there is not always such
a decomposition. We provide some conditions for it to exist, which cover the cases
we encounter in the usual applications and several other theoretical cases. Using this
type of decomposition, we can define (a simple version of) the persistence diagram
and barcode of a persistence module.

In the final chapter, the goal is to provide the correct framework to say that “two
persistence modules are close if their persistence diagram is close”, which is crucial
in the data inference problem. While changing the viewpoint of persistence modules
from a representation-theoretic point of view to a category-theoretic perspective,
we define a notion of (extended pseudo-) metric on them and compute the value of
that “metric” between persistence modules. We then define another metric on the
persistence diagram. To conclude, we show that there is an isometry between some
particular subspaces of the persistence diagram space and the space of persistence
modules.

2https://donut.topology.rocks/.
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There are also two appendices providing the basic results of algebraic geometry,
which we use in Chapter 2, and of category theory, as well as homological algebra,
which we will use throughout the whole document. In those annexes, I will only
focus on giving the main and relevant results, mostly without proofs. The goal
is to provide the context of the results that will be used to provide the relevant
background in algebra.

1.2 Context

Persistent homology is based on the concept of persistence, which was independently
put forward at the end of the 1990s in the work of P. Frosini and M. Ferri [30] using
size functions, in the work of V. Robins [51] and in the work of Edelsbrunner using
alpha shapes [27]. Intuitively, persistence measures how certain characteristics are a
defining part of the object we are studying. The motivation of persistent homology
is to provide a tool to allow a multi-scale analysis of data points.

Persistent homology can also be seen as a generalisation of Morse® theory. We
will first focus on that theory to introduce the key ideas of persistent homology.

1.2.1 Morse Theory

In this section, M will denote a smooth manifold of dimension d. We mainly follow
[28, 43, 47].

For a smooth real function on M, a critical point is a point p for which the
differential of the function is zero. Such a point is non-degenerate if the Hessian
matrix of the function at p in a local chart is of full rank. We call the index of f at
p the number of negative eigenvalues of the Hessian matrix at p.

DEFINITION 1.2.1. A Morse function is a smooth function from M to R that
has only a finite number of critical points, all of which are non-degenerate and of
different critical values.

Note that to be complete, we should check that the notion of critical points and
non-degeneracy does not depend on the charts used. The condition of the manifold
being smooth guarantees that fact.

EXAMPLE 1.2.2. The function f;: R— R,z + 2% is a Morse function while the
function fo: R— R,z — 23 is not, as the point 0 is degenerate. Similarly, the
function f3: R— R,z — zcos(5x) is not a Morse function as it has an infinite
number of critical points. The function f;: R—R,z — (z + 1)*(z — 1)? is not
Morse either as it has 2 critical points of critical value 0 (see the Figure 1.2).
Another typical example in several dimensions is the function h giving the
(2 4 cos(u)) cos(v)
height (i.e. the z coordinate) of the points on the torus* sin(u)
(2 + cos(u)) sin(v) + 3

3Marston Morse (1892-1977) was an American mathematician specialised in calculus. He gave
his name to the Thue-Morse sequence; note, however, that he is unrelated to Morse code (which
was created by Samuel Morse (1791-1872)).



for 0 < w,v < 27 (see Figure 1.3). Intuitively, a direct computation shows that
the critical points of h are obtained when sin(u) = 0 = cos(v), i.e when (u = 0 or

0 0
u=m)and (v=7/2or v = 37/2). Therefore, the critical points are [0 ], | 0 |,
0 2
0 0
0] and | 0 |, each with a different critical value.
4 6

Figure 1.2:

Figure 1.3: A torus.

The last example is an occurrence of a common use of Morse function to describe
a manifold, and it gives some intuition on what we will do later. We compute the
“height” of the point on the manifold and then try to retrieve some topological
information of the manifold by analysing the topology of the set “below” a certain
value.

More formally, given a function f: M — R, we can define its sublevel set at
teR as

M' = f((—o0,t]).

4Note that to be totally rigorous, we should only take open subsets of R? as the domain for the
charts and therefore have 0 < w,v < 27 and introduce another chart to add the missing points.
As this is not the focus of this master thesis and the context is still clear, we will allow this abuse
of notation.

10



Thanks to the conditions on Morse functions, we can deduce some important
properties of the sublevel sets and their topology. Both theorems are stated and
proved in [43].

THEOREM 1.2.3. Suppose that f is a Morse function, let a < b be two real
numbers such that f~!([a,b]) is compact and contains no critical points of f, then
M? is diffeomorphic to M®. To be more precise, M?® is a deformation retract,
therefore, the inclusion map M — M? is a homotopy equivalence.

Recall that a deformation retract of a topological space X is a subspace A for
which there exists a continuous function F': X x [0,1] — X such that for all z € X
and a € A, F(z,0) =z, F(z,1) € Aand F(a,1) = a.

Therefore, with a Morse function f on a compact manifold, we can choose regular
values

to <t < -+ <1y

bracketing the critical values and if we denote by
Mj = f_l ((—OO, t]])

the sublevel set containing the j first critical values, then the different sets are
homotopic independent of the choice of the ;.

THEOREM 1.2.4. Let f be a Morse function, p a critical point with critical value
c and index . Let € > 0 be such that f~'[c — €, ¢+ €] is a compact subset of M
and contains no critical points others than p. Then M€ has the homotopy type
of M ¢ with a A-cell (i.e. a closed ball of dimension \) attached.

By “attaching” a cell, I mean that we have a continuous morphism ¢ from the
boundary of the closed ball of dimension A to M ¢ and M€ will be

(M UDY/ ~

where we have z ~ ¢(z).

Therefore, if ) is the index of the jth critical point, then to go from M7 to M7+!,
we have either that the rank of Hy(M’*1) is equal to the rank of H,(M7)+1 or that
the rank of H,_;(M’*!) is equal to the rank of Hy_1(M’) — 1 and the homology
groups of other degrees are isomorphic. In the former case, we will call the critical
point positive and, in the latter, we will call it negative.

Indeed, we can deduce it using the cellular chain compler associated with the 2
sublevel sets and the rank-nullity theorem. The cellular chain complex over a field
k associated with a cell complex has dimension at position n, the number of n-cells
in the cell complex. We will not define the boundary maps. In our case, if (C,, 0) is
the cellular chain complex of M7 and (C%, ') is the cellular chain complex of M7,
we have dim(C,,) = dim(C?) for all n # X and dim(C}) = dim(C,)+ 1. Moreover, as
we just added a A-cell to M7 to get M?™!, the boundary maps are the same, except
for 0y: C\ — Cy_1. We have that 0}|c, = 0x. Therefore, we have

H,(C,) = ker(d,)/im(d,11) = H,(C})

11



for all n # X and n # X\ — 1. Let us investigate the dimension of H,(C.) and

Hy_1(C.). As 04|c, = Oy, we have dim(im(9})) > dim(im(0,)) and dim(ker(d4)) >

dim(ker(0,)). By the rank-nullity theorem, we have

dim(im(9})) + dim(ker(9}) = dim(C})
= dim(Cy) + 1
= dim(im(0,)) + dim(ker(dy) + 1
We therefore either have
dim(ker(9})) = dim(ker(dy)) + 1 and dim(im(9})) = dim(im(dy))
or
dim(ker(9})) = dim(ker(dy)) and dim(im(d})) = dim(im(dy)) + 1.
In the first case, we have
dim(H,(M?*1)) = dim (ker(85)/im(d},))

94)) — dim (im(85,4))
)+ 1 dim (im(d;1))
)/im(9r41)) + 1

= dim(H\(M?)) + 1
and Hy_; (M) =ker(9,_,)/im(9}) = ker(dr_1)/im(dy) = Hy_1(M?).
In the second case, we have Hy(M?*1) = Hy(M’) and
dim(Hy_;(M?*")) = dim (ker(0}_,)/im(d}))
= dim (ker(8}_,)) — dim (im(d4))
= dim (ker(0x_1)) — (dim (im(@A)) +1)
= dim (ker(0x_1)/im(0,)) —
= dim(Hy_1(M?)) — 1.

ExXAMPLE 1.2.5. The function f of Figure 1.4 is a Morse function with 6 critical
values; the minima with index 0 and the maxima with index 1. By Theorem 1.2.3,
we can then construct 7 sublevel sets, homotopy independent of the choice of the
values bracketing the critical values:

M° = (=00, o)

]\41 = (—OO, Oél] U [Cl, dl]

M2 = (—OO, 062] U [CZQ, bg] U [Cg, dz]
M3 = (—OO, 043] U [a3, d3]

M* = (00, ] U [as, da] U [eq, fi]
M° = (—00,ds] U [es, f5]

M6 = (_Oo7f6}

Let us recall that the rank of Hy(M) gives the number of connected components of
M. We then see that critical values 1,2, and 4, i.e. the minima, are positive as the
sublevel set M7 has one more connected component than M7~ for j € {1,2,4}

12



while the critical values 3,5, and 6, i.e. the maxima, are negative as the sublevel
set M7 has one less connected component than M7~! for j € {3,5,6}.

Figure 1.4: Generic example of a Morse function f: R — R.

|V

o / \
\ / \ | \
/ 0\ | [\ / \ / [ WA
/ \ / \ \
\ \

Figure 1.5: The different sublevel sets (in red) of the Morse function f. In brown is
the line y = a used to define M*“.

EXAMPLE 1.2.6. For the torus of Figure 1.3, let us compute the index of each
critical point (H represent the hessian matrix of h):

H(ﬂ%): 0 -3 —A=2
Hioy= (p5) ==
My o ) o
M) = (_01 (1)> oAt

Moreover, the point of parameter (ﬂ%) represents the point <§> on the torus,

the point of parameter (379/2) represents the point <§> on the torus, the point of

13



parameter (/2 ) represents the point (§> on the torus and the point of parameter

(37/2) represents the point (g) on the torus.

This allows us, thanks to Theorem 1.2.4, to compute the different sublevel
sets, up to homotopy (here, ~ denotes that it is homotopy equivalent).

MY =10,

M" ~ {x},
M? ~ St
M3~ Stv St
M*~ T.

To go from MY to M, we attach a O-cell (i.e. a point) to the empty set: we get
a point. To go from M?! to M? we attach a 1-cell (i.e. a compact interval) to the
point we had in M*; this gives a circle S'. To go from M? to M?, we add another
1 cell to the circle we had in M?; this gives an object homotopic to 2 tangent
circles (i.e. the shape “8”), more formally S Vv S

Finally, to obtain M*, we glue the boundary of a closed disk D? to S' v S!
to form a torus. The way to glue it is rather technical. First, the boundary of
D? is the circle S'. We identify it with 7 = [0,1). We can see SV S! as the
set A = {(u,v):0 < wu,v < 1l,uv = 0}. To glue the 2 objects, we will identify
each point of the boundary of D? with a point of S' Vv S! through the following
continuous morphism:

(4t,0) 0<t<1/4,
0,4(t —1/4 1/4<t<1/2
i LAy a<icap,
(1—4(t—1/2),0) 1/2 <t < 3/4,
(0,1 —4(t—3/4)) 3/4<t<1.
A maybe more intuitive way to see the glueing of the boundary of the 2-cell to
S1v St to form a torus is by seeing S* as a square and identifying the opposite
edges with the same orientation as the one in the figure.

® 4 ®
bR R0
L X ]

14



Let us now compute the different homologies of the different sublevel sets. I
will not give the details of the computations as they are standard.
H,(M%) = H,(0) =0 neZz.
k n=0,
Hy(MY) = H,({x}) =
0 else.
k =0,1
Hy((M?) = Hy(s) = 30 "
0 else.
(k n =20,
H, (M3 = H,(S'vS) = {kak n=1,
L0 else.
(k n=0,2,
H,(M*) = H,(T) = <(kadk n=1,
0 else.
In particular, it means that all the critical values are positive.

-0 O

Figure 1.6: The different sublevel sets of the torus 7.
We can now introduce the notion of persistence. Let us denote by
%io’j: Hp(Mi) - Hp(Mj)

the map induced by the inclusion M* C M7 whenever i < j. More explicitly, in our
case, we have

e s Hy(M') = Hy(M?), &+ im(0},) = x + im (D))

where 8; 41 denotes the boundary 0,41 : C’; +1—>C’I’; in the cellular chain com-
plex associated to M*. It is well defined because we have ker(d;) C ker(d?) and
im (0, ,) C im(8),,) as we have C? C CJ for all p and 99 ci = 0.

Let a be a homology class a € Uy<j<mH,(M?). Suppose that o € H,(M"). We
say that « is born at M7 if

a € im(gog;t)\ im(gpg_l’t).
If such a class « is born at M7, we say that it dies entering M* if
j—1k—1

e (@) ¢ im(p) ) and oL (a) € im(p] ).

15



We further say that the homology class « is alive from j to k.
Let « € H(M’) be an element that is born at j and dies at k. As we work with
Morse functions, we have the following decomposition:

Hy(M?) = im(g) ) @) o,

The sum is direct as, if the intersection im(¢?~"/)N)a( is not null, then there is a
ac € im(p) 1) with a € k\{0} and therefore a € im(¢?~"7). We have the equality
of the vector spaces using the dimension. Using the reasoning made after Theorem
1.2.4, we get that

dim(ker(@é)) = dim(ker(ﬁg_l)) + 1 and dim(im(f)]{)) = dim(im(ag_l))
dim(ker(@i)) = dim(ker(@iil)) and dim(im(ﬁg)) = dim(im(agfl)) + 1.

o o . - o 4
Recall that ¢}~/ is defined by ¢~ ker(@{ N/ im(& ")) — ker(97)/im(d)_,), z +
im(@f,;}) = o +1im(d),,). As a ¢ im(@) "), it implies that we are in the first case.
It further states that gp{;l’j is injective. Therefore, we have

dim(H,(M?)) =dim(H,(M™")) + 1
= dim(im(gp%_l’j)) + dim(ker(gpi_l’j)) +1
=dim(im(¢] 7)) + dim()a).

Therefore, for all t < k, we have
im(p}") = im() ") @) (@)

Indeed, the sum is direct. Let § € im(p)"")N)pl*(a)( and suppose  non-zero.
In particular, 8 = apj'(a) for a € k\{0} and 8 = ¢ "*(y) for a y € H,(M’™).
It gives that ¢)*(a) = ¢}~V (1) € im(p) "), which is a contradiction with the
condition that o dies at k. We have the inclusion im‘(cpg;t) D im(gpgfl’t)@>cpg;t(a)<
directly, let us check the other inclusion. Let 3 € im(¢?"). We have 8 = )(y) for a
v € Hy(M7). Using the equality H,(M?) = im(¢)~"7)®)a(, we get v = 7'+ aa with
7' € im(p) 7). therefore, 8 = 2*(y) = ¥} (7) + @) (aa) € im(g) ")) ().
Finally, let 5 € H,(M’~') be such that ¢/~"*(3) = ¢?*(a). Then, the element
o =a— cpgfl’j (8) will be also an element born at j and dying at k, therefore the

above reasoning still works and we have further that ¢/*(a’) = 0.

DEFINITION 1.2.7. If the homology class « is born at M7 and dies entering M*,
then the persistence of ais f(cx) — f(c;j), where ¢; is the ith critical point.

We can then construct a persistence diagram, dgm,(f) which includes all the
points of the form (f(x), f(y)) where z is a positive critical point of index p that
is paired with the negative critical point y of index p 4+ 1. If the positive critical
point is not paired with another negative critical point, we pair it with +00. We
also include the first diagonal in the diagram.
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—00 1 1 2 3 4

Figure 1.7: Persistence diagram (left) and barcode (right) of the function f for H,.
In green, the component present at any sublevel set.

+oo @ @ (] @

+ + + + + + + +
—o0 -1 1 2 3 4 5 6

Figure 1.8: Persistence diagram (left) and barcode (right) of the function torus 7.
In blue, the components related to Hy, in pink the ones related to H; and in brown
the one related to Hs.

Another way to represent the homology is to have segments [f(z), f(y)] or
[f(x), +00) for all homology classes. We call this diagram the barcode of M.

One important result that will justify the use of persistence diagrams and bar-
codes in topological data analysis is that two “close” functions will have diagrams
that are “close” to each other. To be more precise, we first need to introduce some
metric on the functions and, most importantly, on the persistence diagrams.

DEFINITION 1.2.8. The Bottleneck distance between the persistence diagrams
of f and g is
dp(dgm(f), dgm(g)) = inf sup ||z — v(2)||-

Where v is a bijection between the 2 diagrams.

THEOREM 1.2.9. We have the inequality

dp(dgm(f),dgm(g)) <|f — glle

for all Morse functions on M.
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As stated above, it implies that if we have two close functions, their persistence
diagrams will also be close. In other words, the persistence diagram of a function is
stable under small changes in the function.

1.2.2 Tame Functions

The results found on Morse functions are sometimes a bit too restrictive due to the
conditions they require. Some more general results were found. To start with, we
will define a class of functions containing the Morse functions and then generalise
the previous results.

Let X be a topological space and f: X — R. As before, we denote by X! =
[t ((—oo7 t]) the sublevel set defined by t.

DEFINITION 1.2.10. The function f is tame if there are only a finite number of
t across which the homology groups of X' are not isomorphic and such that all of
these groups have finite ranks.

As for the Morse functions, we can denote by ¢; < ¢ < --- < ¢, the values
across which the homology of X! is different,then we can choose tg < t; < -+ < ;41
bracketing the ¢;; i.e. withty = —o00,t,,01 = +ocandt; 1 < ¢; < t;foralll <7 <m.
We also denote by X/ the sublevel set X%. Similarly to the Morse theory case, the
homology of X% is independent of the choice of ;.

Let us also denote by 57 : H,(X*) — H,(X’) the map induced by X* C X/ on the
pth homology, whenever i < j. The images of ;7 are called a persistent homology
group. We denote by 357 = rank(p%?) a persistent Betti number of f. Note that the
collection of Bf;j for 7 < 7 is also called the size function of f.

Similarly to the case with Morse functions, we can define the persistence diagram
of the function. All the non-diagonal points will be of the form (¢;,;); the main
difference with the previous case is that we can have points of multiplicity greater
than 1. We want as the multiplicity of (¢;,¢;) the number of independent homology
classes that are born at j and die at k. To make sense of that, let us show the
following result.

LEMMA 1.2.11. Let V7 be a vector space such that im(apg’j) = im(gpglfl’j) eV
(for a j' < 7). In particular, elements of V7 are elements born at j’. Then, there
is a basis A = {a1,- - ,a,} of V7 such that if i’ < i, then ay dies before or at the
same time than a; and such that <p{;t is injective on )a;, - - - , a,( if a; dies after ¢.

Proof. We will prove it by induction on the dimension of V7. The case n = 1 is
similar to the Morse case. Suppose that we have the result for all V"7 of dimension
strictly less than n and take V7 of dimension n.

Let ¢ be the time of death of a non-zero element of V7 with the shortest lifespan.
Let us show that ¢?* is injective on V7 for all ¢ < t. Let a € ker(¢3" |y;)\{0}.
We then have 2" (a) = 0 € im(p) "), a contradiction with the minimality of ¢.
Therefore, @3 is injective on V7 and in particular, ¢2'~! is injective on V7. Let
W = @lt=!(V7) we have that @}'~'[;: V/ = W is an isomorphism and W has the
same dimension as V7.
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Let us consider V* such that
m(gpg’t) = jm(wi’*l,t) ® V' and o' (V7) D V"

Such a vector space exists as we have im(g)') = im(¢? ~') + @I*(V7). Moreover,
we have dim(V") < dim(V7) as by definition of ¢, there is a non-zero element a € V7
that dies entering ¢, therefore such that ¢7*(«) € im(p2~"*). We then either have
@t (a) = 0 and dim(V7) > dim(@}* (V7)) or @' () # 0 and @) () ¢ V?, otherwise
the sum would not be direct.

By induction, there is a basis B = {b,,11, - - , b, } of V* respecting the conditions.
As byi1,- -, b, are elements of V;, they are in particular elements of gog;t(vj ) and
therefore we can take @41, ,a, elements of V7 such that go”(al) = b; for all

m + 1 <14 < n. They trivially form a set of linearly independent elements.
Consider W’ such that

Yo' Hamen), 9" Han) (@ W =W = @)1 (V7).

As dim(W) = dim(V7), we have dim(W’) = m. Let {c1, - ¢,} be a basis of
W. Moreover, o\ 1 (c;) = u; + >0 . jusbs with u € im(¢? ~*). Then consider
¢ = ¢ — Y sl (as). Then the ¢ will still form a linearly independent
subset of TV such that W =), e, (@ >go”t Yams1), -+ 2" H(an)(. Defining
a; € V7 such that ¢}~'(a;) = ¢} for all 1 <7 < m, we have formed a basis of V7
such that ay,-- -, an, are elements dying at t as ©)'(a;) = u; € im(gpglfl’t) for all
1< <m.

The basis A = {ay,-- ,a,} of V7 that we constructed respects the conditions.
It is such that if i < 4, then ay dies before or at the same time as a;. Moreover,
@I is injective on V7 for ¢’ < t and then, as ¢¥' is a bijection on )41, -+, an(,
we have the rest of the condition for ¢’ > t. O

REMARK 1.2.12. Using the previous lemma, by tweaking a bit the V7, we can find
a V" with nicer properties.

If A={ay, - ,a,} is a basis of V7 respecting the conditions of the lemma, let
@Ik (a;) = @I ~1F(b;) for some b; € H,(X7' 1) if a; dies at k. Then we can construct
the basis A" = {a{, -+ ,a},} of V" by defining a; = a; — ) ~1(b;). It will still be a
linearly independent set such that im(p2 ) = im(¢) ~17) & V. Moreover, the basis
A’ respects the same condition as above but, in addition, for all 0 < i < n, if @/ dies
at k, then @} (aj) = 0 for all k < t.

To compute the multiplicity ,ug;’“ of the point (¢;, %), we will use the persistent
Betti numbers. Let V; be such that H,(X7) = im(¢) ") @ V;. As we work with
tame functions, we have that dim V; < oco. Using the previous lemma, we will take
as a basis of V; the basis {ay,---a,, b1, -- by, c1--- ¢} such that the a; are elements
dying before j, the b; are elements dying at k and the ¢; are elements dying after k.
We therefore want a formula to isolate the b;. We have

im(eZ* 1) =)l by), - @l (by) @ (), el ) (@ im(l )

as the %»k—l(ai) are in im(wi—l,k—l)

. Similarly, we have
() =), ) @ e,
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Moreover, still using the previous lemma, we know that the elements of the set
(@51 (1), - " cpg;’kfl(bq), @elFcr), - @i*!(c,)) are linearly independent. Simi-
larly, the (p3*(c1),- - ¢3¥(c,)) are linearly independent.
Therefore, we have
ij—1 _ pi—lj—1 _ gij o gi-lj _ G (b= — A (i (i —1
BTt =BT = B+ B = g+ dim(im(p,7 ) — dim(im(gp? )
—(r + dim(im(g;7))) + dim(im(7~"))

It means that we can compute ,ug;’k thanks to the formula
T 141 1
=By =By = BB

1.2.3 The Data Inference Problem

Suppose we have a finite set of points X sampled (in a uniform way) on an unknown
compact manifold M in a bounded metric space (T, p). We would like to infer the
topology of that manifold. The following method, explained in [49], gives an efficient
way to infer the homology of the manifold. For every positive number € > 0, we can
consider

XO={teT:pt X)<e

and analyse its topology. Of course, the topology of X () depends on e: taking € = 0,
we just have the set X of points, it has homology Ho(X () = kIX! and H,, (X)) =0
for n # 0. Similarly, for e big enough, X(© will just be the whole space 7. These
two cases are not really insightful. However, probably that a better suited value of
e will give more relevant information. We then fall back to the problem raised in
the introduction: the choice of parameter is a difficult one. We will therefore use a
multiscale analysis.

—5.04

—754

—10.0 {
-100 =75 =50 =25 0.0 25 5.0 7.5 10.0

-10 -5 0 5 10

Figure 1.9: The annulus A (left) and 150 points randomly selected points of A
(right).
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EXAMPLE 1.2.13. As a guiding example, we will try to compute the homology
of the annulus A centered in (0,0) with inner radius 8 and outer radius 10, thanks
to 150 (pseudo-)randomly selected points® of A (see Figure 1.9). Let X be the set
of randomly selected points.

We can see what the X (9 look like for different e.

JEathe NY
@ o g
PR !
B 2 43..
e a

Figure 1.10: Representation of the sets X(© for e = 0.25,0.5,1, 2, 4.

We will therefore compute the homology of X for all € > 0. To compute the
homology of X ()| the first step is to transform this space into a finite combinatorial
model of its topology. A great theoretical tool to do that is through simplices. We
will construct the Vietoris®-Rips”sequence from the set X by

R(X)={{xo, - ,x1} CX : ke N, p(x;,x;) <eforal0<ij <k}

More explicitly, the n-simplices R.(X), are the {{zo,---,2,} C X : p(x;,z;) <
e for all 0 < 4,5 < k} and the face maps are

di: RE(X>7Z—>RE<X)YZ—17{$07'.. y Lyt o ° 7'Tn} — {I()?'” 7@7”' 7'rn}7

where 0 < ¢ < n and T; means that we omit that term. Note that to be totally
complete, we should also define degeneracy maps.

Another way to see R.(X) is to take all the subsets Y of X such that the
intersection of all the circles centred at points of Y with radius €/2 is non-empty
(and keep the same face maps).

EXAMPLE 1.2.14. Let us look at Figure 1.11 at some Vietoris-Rips complexes
obtained from the points of X.

Once we have a simplicial complex, we can compute its homology algorithmi-
cally. Indeed, for the simplicial set R.(X), we construct the chain complex A, (see
Definition B.5.4) by A,, = 0 for n < 0 and A, is the free abelian group with coef-
ficients in k on the set R.(X), (i.e. elements of A, are formal linear combination
of elements of R.(X), with coefficients in k). For 0 < ¢ < n, we can extend the
definition of d; to A, by

di| D ka|= ) hkdi)

TER(X)n TER(X)n

5The 150 points were selected using the function “RandomPoint” from Wolfram Mathematica.

SLeopold Vietoris (1891-2002) was an Austrian mathematician. He greatly contributed to the
field of topology (both general and algebraic). He also lends his name to the Mayer-Vietoris
sequence.

"Eliyahu Rips (1948-2024) was an Israeli mathematician specialised in geometric group theory.
He is also known for co-authoring a paper known as the “Bible Code” that decrypts a supposed
code hidden in the Torah.
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Figure 1.11: Representation of R.(X) for e = 0.25,0.5, 1,2, 4.

We then define the differential maps by 8, = > ,(—1)"d; (it is standard to check the
equality 0,,0,+1 = 0). Once we have that complex A, we can compute its homology.

Moreover, for all € < €, we have R, C Ry. In other words, we have a fil-
tration of complexes. As in Definition 1.2.7, for ¢ < j, we will also denote by
¢y Hp(R;) — Hy(R;) the map induced by the inclusion R; C R;. Similarly to
the previous case, we say that a p-homology class a € H,(R;) is born at i < ¢ if
o € im(gh') and o ¢ im(gog’t) for all &' < i. If o is born in i, we say that it dies
entering j (with j > ¢) if 57 (@) ¢ im(p}7") for all ¥ < i and j' < j, and there is
some i’ < i such that 47 () € im(87).

Now that we have this notion of persistence, we can also construct a persistence
diagram for X, which we will denote by dgm(X). Points “far” from the diagonal will
represent homological features which are likely to be common with the manifold.

EXAMPLE 1.2.15. The persistence diagram related to the set X is given in Fig-
ure® 1.12. There are some points near the diagonal, especially at the beginning.
Those represent all the distinct points that each gives a different connect compo-
nent and thus a different Hy class. Those are “quickly” dying as the € gets bigger.
We also see some H; and H, classes near the diagonal due to some noise coming
from the approximation of A by X. However, the two points that clearly stand
out are the two points at the top left corner. They are far enough from the di-
agonal to justify the interpretation that A has probably as homology H,(A) =k
for n = 0,1 and zero otherwise.

REMARK 1.2.16. As X is finite, we do not need to compute R, for all ¢ € R™ as the
simplicial complex will only change when we add some subset of points to it, which
happens only when € gets bigger than the distance between two points of X. As they
are maximum | X |(]X| — 1) of those, we only need to compute O(n?) Vietoris-Rips
complex (where n is the number of points in X).

EXAMPLE 1.2.17. Let us sample points around the figure co. The persistence
diagram (Figure 1.13) also gives a clear indication of the homology of the shape.

More than just being able to infer the homology of the manifold, persistence
diagrams also offer some insight into how the homology feature is “important” in the
characterisation of the manifold.

81 used the package scikit-tda [52] in python to have the different persistent diagram.
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Figure 1.12: Persistence diagram related to the set X of points sampling the

annulus A.
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Figure 1.13: Points sampling the figure “c0” and their related persistence diagram.

ExXAMPLE 1.2.18. Let us go back to the example of the computation of the
persistence diagram of the annulus. However, this time, we will consider the
annulus A’ centred in (0,0) with inner radius 4 and outer radius 10. The hole
of the annulus is much less important in A’ than in A. This translates to the
persistence diagram (Figure 1.14) by having the point related to the H; class
much closer to the diagonal as the shape is “closer” to being a disk with no H;
homology.

This method is robust in the sense that if X is dense enough in M, then the
persistence diagram related to X is close enough to the one of M. For the simplicity
of the argument, we will assume that M is embedded in a compact subset 7" of R™
for some n > 0. We can define the functions

[ T—=Rt— 2d(t, X)

and
g: T— Rt~ 2d(t, M)
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Figure 1.14: Points sampling A’ and their related persistence diagram.

where d is the Buclidean distance. We have that T = g7'([0,¢]) = X (29, We also

know that the homology of X (29 can be computed by R.. Therefore, the persistence
diagram of g is the same as the one related to X. If f and g are Morse function,
using Theorem 1.2.9, we then have that

d(dgm(f), dgm(X)) < |[f = glleo-
In particular, if X(© D M, we have |f(t)—g(t)| = 2|d(t, M) —d(t, X)|. Moreover,
as M is compact, there is m € M such that d(t, M) = d(t,m). As X© > M, we
have that there is x € X such that d(z,m) < e. It implies that

d(t, M) < d(t,X) <d(t,z) <d(t,m)+e=d(t, M) +e.

Therefore, ||f — g|| < 2e.

The only problem is that f and g are not necessarily Morse functions, thus
Theorem 1.2.9 does not always apply. One of the goals of the field of topological
data analysis is to generalise that theorem. We will provide such a generalisation
in Section 4.5.2. Note that finer results concerning the persistence diagram of data
point sets are developed in [17].

1.3 First Definitions

Let us now define more generally what persistent homology is. Afterwards, we will
link persistent homology to persistence modules, allowing us to have algebraic tools
to study persistent homology.

In order to properly define persistent homology, we need the notion of filtration.

DEFINITION 1.3.1. A filtration of a set S is an indexed family of sets S; for
t € T a totally ordered set such that S; C 5 if i < 7.

I defined the notion of filtration of a set, but we can consider the filtration of vector
spaces, ideals, etc. Note also that we ask T" to be a totally ordered set, but there
are some generalisations where the set is a poset.

Let us now define the persistent homology in generality.
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DEFINITION 1.3.2. Given a filtration F of topological spaces X; (resp. filtration
of complexes Cy) indexed by T', the persistent homology of degree n is the homology
groups

(H,(X,):teT)

(resp. {H,(Cy) : t € T}) with, for all i < j € T, maps 1 Hy(X,) — Hay(X;)
(resp. f7: H,(C;) — H,(C;) ) that are induced by the respective inclusions.

Note that here we did not specify the type of homology used to compute the groups
H,(X;). Changing the type of homology will give a different persistent homology.
The focus of persistent homology is the filtration that is essential to define it. This
notion of filtration is then used to have a notion of “lifespan” of some feature. Using
the birth and death of elements, as defined above, we can construct persistence
diagrams and barcodes.

A First Step Towards Algebra

In 2005, a shift in the study of persistent homology occurred: rather than studying
them from a geometric and data analytic point of view, the focus was put on the
algebraic side. Indeed, to a filtration of a space, we can associate a persistence
module that will carry that same information as the persistent homology related to
that filtration. The upside of the persistence module is that it is easier to manipulate
and allows better generalisation. In this master thesis, we will focus on studying
persistence modules.

Let us first recall the definition of a (left) R-module as it will be crucial in the
rest of the document.

DEFINITION 1.3.3. Let R be a ring (with identity). A left module is an abelian
group (M, +) endowed with an operation -: Rx M — M that satisfies the following
properties for all r,s € R and =,y € M.

ML) r-(x+y)=r-o+7r-y,
M2) (r+s)-xa=r-x+s-ux,
M3) (rs)-xz=1-(s-x),
M4) 1-2=u.

If M and N are two left R-modules, the map ¢: M — N is a morphism of left
modules if for all r,s € R and x,y € M, we have

pr-z+s-y)=r- o) +s- o).

Modules can be seen as a generalisation of vector spaces where instead of working
over a field, we work over a (possibly non-commutative) ring.

Persistence modules were first defined in 2005 in [58] as a family of R-modules M*
(for i € Z), together with homomorphisms ¢': M* — M. The motive behind this
definition is that if we have a persistent homology (H,(X")); of a tame function (with
H,(—) being the homology over the ring R), then it forms a persistence module.
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REMARK 1.3.4. If we define the operations 4+ and - component-wise. It directly
gives that the family M of R-modules M* with homomorphisms ¢*: M* — M is
indeed a R-module.

REMARK 1.3.5. The module M = (H,(X")); is equivalent to the module
M' = Hy(X) & Hy(X') & -+ & H,(X™) (1.1)

on the ring R[t] with an action by ¢ being, for each o € H,(X"),

thy — et a) ifi+k<m
0 else.

Indeed, first M’ is a R[t]-module. First, (M’,+) is an abelian group. Then, let
P(t) =" rit' € R[t] and © = (2;)ef0,. m} € M'. We have

min(j,n)
Pt)-x=| > o™ am)
k=0 .
J
By the linearity of the definition of the operation and as each H,(X7) is an R-module,
the conditions are fulfilled.
The 2 structures carry the same information: given the persistence module M,

we can retrieve the module M’ using the construction given above. Given the module
M', we can use its decomposition to retrieve the H,(M") and

¢ =t =)|mn: Hy(X) = Hy(XI), 2=t a.

Using categories, the concept of persistent modules was later generalised in [13]
and [18]. The set R can be seen as a category with objects the real numbers and a
unique morphism between p and ¢ if and only if p < ¢ (see Example B.1.3 for more
information).

DEFINITION 1.3.6. A persistence module over the real line is a functor from R
to the category of k-vector spaces.

More explicitly, it is a family of k-vector spaces (V; : t € R) as well as a doubly
indexed family of morphisms (v%: Vi — Vi|s < t) such that v} o vf = ¢! for all
r <s<tand v =idy,.

If R = k is a field, this latter definition is clearly a generalisation of the
first definition: let Ml = (M");en be a family of R-modules with homomorphisms
@'t M" — M. Then V = (V})er with V; = M) and

ot { pli-toplii=2 0. opll [s] < [t],
’ idy, Ls] = [t]

defines a persistence module.

REMARK 1.3.7. Note that even though we work with k-vector spaces at each level,
the whole object is still a module and not a vector space as we will consider it as a
k[t]-module.
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ExAMPLE 1.3.8. Let X be a topological space and f: X — R a function.
Consider the sublevel sets X' = {x € X : f(x) < t} with the inclusion maps
it: X5 — X' call it the sublevelset filtration of (X, f) and denote it by Xgup.
Let H,(—, k) be the pth homology with coefficients in k functor. Then V =
H,(Xqub, k) is a persistence module.

REMARK 1.3.9. In the rest of this master thesis, H, will always denote the p-
homology functor over a field k. We need this to have the different decomposition
results that we will develop in Chapter 3.

If (T, <) is a totally ordered set, it can be turned into a category Cr in the same
way as R. Similarly to the case with R, we can define a T-persistence module as
being a functor from Cr to Vecty. Usually, we work with subsets of R.

Moreover, to an ordered set A, we can associate its order topology which has as
basis of open subsets given by the subsets of the form {z : x < b}, {z : > a} and
{z :a <z <b}. Wesay that A is discrete if the order topology on A is the discrete
topology. Another way to put it is that for all z € A, there must exists a,b € A
such that {y : @ < y < b} only contains z, or x is a maximum of A and there is an
a € A such that {y : y > a} only contains x, or in the last case, z is a minimum of
A and there is an b € A such that {y : y < b} only contains x.

If the totally ordered set T is discrete, we can associate its Hasse quiver. This
quiver will be linear in the sense that its underlying undirected multi-graph will be
a graph and, more specifically, a tree (so connected and acyclic) with every vertex
of degree at most two. Moreover, all the arrows are going in the same direction.
Note that the quiver can be either finite or infinite. In that case, a T-persistence
module can also be viewed as a quiver representation of the Hasse quiver (as defined
in example 2.1.3) associated with 7.

EXAMPLE 1.3.10. The three types of Hasse quivers we will work with are the
following. If T'={0,1,2,3,4,5} with the usual ordering, it has as its Hasse quiver
the following quiver. It is an example of a finite quiver.

0 > 1 > 2 > 3 > 4 > D.
If T'= N, we have the following Hasse quiver
0 > 1 > 2 ) > 4 ) > 6 >
It T'= 7, we have the following Hasse quiver
> —2 > —1 > 0 > 1 > 2 >

Therefore, we can see persistence modules from different points of view depending
on the situation or need: we can see them as graded modules, as functors, as a
quiver representation, etc.
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2 | Quiver Representation

Quivers are very simple objects, although they form an ubiquitous tool in Mathe-
matics, especially representation theory. For example, persistence modules indexed
by a finite set can be seen as a representation of a quiver, which is why we are
interested in them in this master thesis. In this chapter, we will only present the
foundation of these quivers and focus on results that we will link to persistence
modules, mainly based on [53] and [24]. We will first define quivers and their repre-
sentations. Afterwards, we will present their path algebra and link this algebra with
the representations. We will also define projective representations and prove that
the global dimension of the category of the representations of a (finite, connected,
acyclic) quiver is at most 1. Finally, we will prove the main theorem of this chap-
ter: Gabriel’s theorem, which relates the indecomposable representations to roots
of a quadratic form and allows us to describe the quivers of finite representation
type. It will later allow us to state some properties regarding the decomposition of
persistence modules.

In particular, we mainly focus on an algebraic approach to the subject, even
though it has several deep links with geometry. We will also not dive into the
subject of quivers with relations, despite it offering some profound results and a way
to see every basic, connected, finite-dimensional k-algebra, see, for example, Chapter
4 of [4]. Recently, quivers have also been studied from a deformation theoretic point
of view using the notion of Leavitt path algebra, for example, bringing several new
results both for quivers and non-commutative algebra [19, 20].

2.1 Definitions and First Properties

DEFINITION 2.1.1. A quiver @ is a 4-uple Q = (Qo, Q1, s,t) consisting of

e ()y a set of vertices,
e ()1 a set of arrows,
e s: ()1 — Yy a map sending each arrow to its starting point,

o t: ()1 — Yy a map sending each arrow to its terminal point.

A quiver is finite if both Qg and (), are finite.

In other words, a quiver is a multi-graph. Moreover, unless specifically men-
tioned, we will only work with finite quivers.
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If the arrow a € @) is such that s(a) =i and t(a) = j, we write it as a: i — j.
A quiver can also be defined categorically as a functor between the Kronecker
category

E :j; Vv
and the category Set.
ExXAMPLE 2.1.2. The 4-uple

Q: (Q0:{1,2,3},Q1:{CU,/B,/}/,A,,U},
S: (04,57%/\7,1!) = (171a37373)7t: (aa67’7a)\7ﬂ) = (17272a271))

is a quiver and can be represented graphically by

«

Q.

— 2

NIt
3.

EXAMPLE 2.1.3. A useful example of quivers is the Hasse! quiver as it allows us
to see some poset from a different perspective. We use the definition of [57] and
[55]. Let (X, <) be a poset and z,y € X. We say that x covers y if x #y, y < z,
and there is no element z € X\{z,y} such that y <z < z.

The Hasse quiver associated to (X, <) is the quiver whose vertices are the
elements of X and for which there is an arrow x — y if and only if y covers .

DEFINITION 2.1.4. A representation M = (M;, 9o )icgyaco, Of a quiver @ is a
collection of k vector spaces M; for each vertex and a collection of linear maps
Vot Mya)y — My for each arrow a € Q.

Such a representation is called finite-dimensional if the vector spaces M; of the
representation are all of finite dimension. Unless specifically mentioned, we will
suppose that all the representations of quivers we work with are finite-dimensional.

ExAMPLE 2.1.5. The following diagram

) -

'Helmut Hasse (1898-1979) was a German mathematician who worked in algebraic number
theory. He contributed to class field theory and Diophantine geometry by expressing the Hasse
principle.
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is a representation of the quiver (). Note that the diagram is not commutative
and does not need to be.
As always in Mathematics, after defining some objects, it is interesting to define
morphisms between those objects.

DEFINITION 2.1.6. Let @ be a quiver and M = (M;, p,), M' = (M],¢.,) be
two representations of this quiver. A morphism between these representations is
a collection of k-linear maps (f;);eq, such that for each arrow i 59,

fiowa =, 0 fi
In other words, the following square commutes

MZLM]

T

M] —— M.
©h J

Having defined the representations of a quiver and morphisms between those repre-
sentations, we can define the category Rep(Q) of finite-dimensional representations
of the quiver ). The objects of this category are the finite-dimensional represen-
tations of (), and the Hom-set Hompgep(g)(V, W) between two representations is the
set of morphisms between representations.

—_——

We will denote by Rep(Q) the category of not necessarily finite-dimensional
representations of ().

DEFINITION 2.1.7. Let (Q be a quiver and M a representation of Q). A subrepre-
sentation of M is a representation M’ such that for all i € Qo, we have M C M;
and for all a: i —j € Q1, ¢}, = (¥a)|ar-

We say that M is a simple representation of () if there are no subrepresenta-
tions M’ of M different from the zero representation and M itself.

Simple representations must not be confused with indecomposable representations,
which are the following.

DEFINITION 2.1.8. A representation M of the quiver @) is indecomposable if it
can not be written as M = M’ & M"” with M', M" non-zero representations of Q.

Note, however, that simple representations are indecomposable.

DEFINITION 2.1.9. If i € Qg is a vertex of (), we denote by S(i) the represen-

tation defined by
, k ifi=j,
S(i); = .
0 otherwise

and ¢, = 0 for all @ € ();. This representation is called the simple representation
associated to the vertex 1.

It is direct to see that S(i) is a simple representation and that all simple represen-
tations of a quiver are of the form S(i) for some i € Q).
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2.2 Path Algebra

A concept arising when studying quivers is one of paths: a way to go from one vertex
to another by following arrows. A formal definition is the following.

DEFINITION 2.2.1. Let Q@ = (Qo,@Q1,5,t) be a quiver and i,j € @ be two
vertices. A path ¢ from i to j of length [ is given by

¢ = (ilon, ag, -+ aulj)
such that
1. ap € Qq for all k € {1,2,--- ,1}
2. s(ay) =1
3. tlag) = s(agy) forall k € {1,2,--- 1 — 1}
4 tlau) =

The path ¢ can also be denoted by «; - - - sy (note the similarity with the com-
position of functions). We further denote by s(p) = s(a;) and t(p) = t(«y) the
starting and terminal vertex of p respectively. We also denote by (); the set of
paths of length /.

We can define for all vertices the lazy path starting at i as the path (i||i) of length
0. We denote it by ;.

DEFINITION 2.2.2. Let ¢ = (ilag, -+ ,oq|j) and ¢ = (|51, , Bk|j’) be two
paths. The composition of ¢ followed by ¢’ is

doc= (tlow, - you, Buy-o- Belg’) it j =7,
0 else

where 0 represents the empty path. We also define pey) = p = €;p)p-

DEFINITION 2.2.3. Given a quiver @, a loop is a non-trivial path (i.e. a path of
length greater than or equal to 1) such that its starting and terminal points are
the same. If the quiver () has no loop, we say that it is acyclic.

EXAMPLE 2.2.4. On the quiver ) presented in the last examples, (3|u, o, «, 8]2) =
Paau, (3|v|2) and (3||3) = €3 are all different paths. The path « is a loop.

Given a representation M = (M;, ¢,) and a path p = ;- - ay of the quiver @Q,
we can define the following k-linear map from M,y to My,

¥p = Py © 0 Py

Note that, by going from commutative square to commutative square, if f: M — M’
is a morphism of representation, then we have ¢, fo) = fip)Pp-

Using this notion of paths, we can define an algebra that is closely linked with
the representations of the quiver Q).
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DEFINITION 2.2.5. The path algebra k() is a k-algebra with basis all the paths
of @. Denote by (p) the element of k@ corresponding to the path p in ). The
multiplication of base elements is defined as the element corresponding to the
composition of the paths:

o) (g — {<pq> if 5(p) = t(q),

0 else.

In other words, elements of the path algebra are formal linear combinations of
paths.

In the following, we will drop the (-) to refer directly to p instead of (p). As
the composition of paths is clearly associative, so is the multiplication of the path
algebra.

The unit of the algebra is given by

1kQ = Z €;

i€Qo
asp-lkg =p Zz‘er € = Zier D€ = PEs(p) = P-

If A is an associative algebra with unw denote by A-mod the category of
finite-dimensional left A-modules and by A-mod the category of left A-modules.

Let us explore the link between path algebra and quiver representations. This
is given by the following proposition, whose proof (inspired by [24]) is not per se
difficult, although pretty tedious to write as there are a lot of conditions to check. In
the proof, we use the notation V' = (V;, ¢, ) to denote a representation instead of M
in order to make a clearer distinction between quiver representation and modules.
Recall the definition of equivalence of categories (Definition B.1.10).

THEOREM 2.2.6. The categories Rep(Q)) and k@-mod are equivalent. Similarly,

—~——

the categories Rep(Q) and k@Q-mod are equivalent.

Proof. Let us first prove the possibly infinite-dimensional case; the finite-dimensional
case will be a direct consequence.

e~ e~

Let us first construct the functor F': k@Q-mod — Rep(Q). Let M be a k@ left
module. We define

FM)=(Vi=¢€-M,po: M —e;M,em— ejaem (a:i—j € Q1)) .
It is a representation of () as each ¢; M are k-vector spaces and ¢,, is a linear map. Let
f: M — M’ be a morphism of left kQ-modules. We define F/(f) by F(f); = flear- It
is well defined as f(e;m) = €;f(m) € ¢,M', where the equality is due to the fact that

f is a morphism of k@)-modules. It is furthermore a morphism of representations as
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each F(f); are k-linear maps and if a: i — j € )1, we have

E(f)j o palem) = F(f);(e;oem)
= f(e;ae;m)
= ejae; f(m)
=, (eif(m))
= o (f(em))
= ¢p o F(f)i(esm)

which proves that it is a morphism of representation. Moreover, using the definition
of the image by F of the morphism of k@Q)-modules using restriction, we directly
have that F(f o g) = F(f)o F(g) and F(idys) = idp(ar). Therefore, F' is a functor.

—~—

Let us now construct the functor G: Rep(Q) — ka—\rr?)d. Let V = (V;,pq) be a
representation of M. We define

G(V)=M:=PV.

1€Qo

It forms an abelian group with the addition defined term by term in the direct sum
as all the V; are k-vector spaces. We endow it with the operation -: k@) x M — M
defined on the basis elements by €; - m = i;7;(m) and

P M= () PpTs(p) (m)

where i;: Vj—,c, Vi is the canonical injection and m;: @, Vi—V; is the
canonical projection. The operation is then extended by k-linearity to k@). Let
us check the conditions of the definition of modules (Definition 1.3.3). From the
definition of the operations, it is clear that the conditions M1 and M2 are satisfied
as all morphisms are k-linear. Let us check that the conditions M3 and M4 are
respected. It suffices to show the relation on the elements of the base. Let p,q be
two paths and m € M. Suppose first that s(q) = t(p), it implies that we have
Ts(p)bt(p) = idvt(p) and we have

(gp) - m =is(gp) PapTs(gp) (M)

=i1(q)PqPpTs(p) (M)

=1t() P s(a) t(p)PpTs(o) (M)
)PqTs(q) (P - ™)

=q - (p-m).

In the case where s(q) # t(p), qp = 0 as well as 74(q)iyp) = 0, therefore,
(ap) - m = 0 = i1(q)PgTs(q)lt(p) P (D)) (M) = ¢ - (- 1),
For condition M4, we have

1-m= <Zej> -m:Z(ej-m):Zijﬂj(m):m.

JE€Qo J€Qo



It implies that G(V) is a k@ left module. Let f: V' — V' be a morphism of repre-

sentations. We define
N=EPfi=> ifm: M—M.
J€Qo J€Qo

We need to check that it is a morphism of modules. First, we have

G(f)(egm) = ixfumi(igm;(m)) = i; f;m;(m) = ijm; (Z ikfkﬂk(m)> = ¢;G(f)(m)

keQo keQo
and similarly,
G(f) (p : m) = Z Z‘k:fkwk(it(p)Wpﬁs(p) (m))
keQo
= lt(p) f2(p) PpTs(p) (M)
= G1(p) P s(p) Ts(p) (1)

= Z‘t(p)gpjln'/rs(p) (Z Zkfkﬁk’<m)>

keQo
=p-G(f)(m)

where the third equality comes from the fact that f is a morphism of representations.
Similarly to the functor F', it is direct from the definition of G(f) that G is a functor.

It now only remains to show that the compositions of these functors are naturally
equivalent to the relevant identity functors.
We have

GF(M) = G((M,pa)) = EP ;M.
JEQo
Denote by 1y the isomorphism
Ny = @ ;M — M, (eym;)jeq, — Z €5
JEQo J€Qo
In the meantime, if f: M — M’ we have
GF( ) f|€J @ f|€] - Z Z.jf’ejM'ﬂ—]W
JE€Qo JE€Qo

It implies that if (e;m;);eq, € GF (M), we have

e GE(f)((€5my)jeqo) = (EB Flexm ((Gjmj)jeczo)>

keQo
= e ((f]e;nr(€5m5))icqo)

=3 Flomlemy)

JE€EQo

=D em;)

J€Qo
= fom((€m;)jeqo)-
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Therefore, we have that n: GF — id is a natural transformation and as 7, is an iso-
morphism for all M, we have that GF' is naturally equivalent to the identity functor

of the category k@Q)-mod.

On the other hand, we have

FG<V) = 17 9004 - (@ V) (61' @ ‘/k> awa
i€Qo

i€Qo keQo

with 9, €; @ker Vi — €0 @keQO Vi, € - (M )keq, — €5 - (€ -my)keq, for the arrow
a: j—7 € Q1 (we changed the usual starting and terminal vertices of « to avoid
confusion with the map 7).

We further have, for f: V — V",

(@)= (@)

From the isomorphisms

g-(@%):@g-%:@iﬂg%:V

keEQo kEQo keQo

«@jear 1)/ 1eos

we define the isomorphism of representations ny : FG(V)—V by

(v )€ - (Mr)reqo) = My

It is indeed a morphism of representation as

(mv)jalej - (Mi)reqo) = () (€ - (aej - M) req, )
= (nv)j (& - (ij70amj(mi) req,)
= (nv)j(ej - (ij(palmy))))

= Soa(mj>

= @a(nv) (€ - (Mk)req,)-

The last thing to check is the naturality of 7, i.e. that nFG(f) = fny for all
morphisms of representation f: V — V’. It follows from

(m FG(f));(€5 - (mi)reqo) = - (M) reqo)

(mv)
nV’ ((@ fl> ¢ (@req, Vi) ) (ej ’ (mk)kEQo)

1€Qo
j (f kle; (@,e, Vi Gj‘(mk)))
J ka]W] mk))keQO

(
 (Fe(m5)keq,
5 (f3(my))

keQo

—~~
3
<

~— N~ ~—t
<.



= (nv1); (€ - (fu(m))reqo)
= [i(m;)
= [i(nv);(€ - (Mi)keqo)-

The case of the finite-dimensional representations and left modules is a con-
sequence of the above proof, as, upon direct inspection, the functors F' and G
send finite-dimensional representations to finite-dimensional left modules and vice
versa. O

This theorem implies that we can use tools from non-commutative algebra and
module theory to study the representations of quivers.

2.3 Projective Representation

In category theory, a projective object of an abelian category C is an object P such
that the functor Home (P, —) is exact (see Definition B.5.1). In other words, it means
that for all epimorphisms g: M — N and morphisms f: P — N, there is a function
h: P — M such that f = gh. It can also be described as the following commutative
diagram (note that the function h is not necessarily unique).

/P
k/}i// lf
M—— N

DEFINITION 2.3.1. For a quiver () and ¢ € )y, we define the projective repre-
sentation associated to the vertex i as

Pi) = (P(1);; ¢a)

with P(i); a k-vector space with basis all the paths from ¢ to j. For all ar-
rows a: j =k € Q1, pa: P(i); — P(i) is a linear map defined on the basis by
composing the path from ¢ to j with a.

In other words,
cpa(z Ae - C) = Z)\c - ac.

Note that if @ is not acyclic, then P(i) might be infinite-dimensional. In the
following, we will work with acyclic quivers (i.e. quivers without loops).
Let us show that P(7) is indeed projective and hence the definition makes sense.

PROPOSITION 2.3.2. The representation P(i) is projective.

Proof. Let M = (M;,1,) and N = (N;,7,) be two representations of the quiver Q).
Let f: P(i) — N be any morphism of representation and g: M — N a surjective
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morphism of representation. Let us construct h: P(i) — M such that f = gh.

P(i)
h oo
// f
K’ l
M — N.

Let ¢ be a path from i to j. We will construct h;(1-c) by induction on the length
of c.

If |c] = 0, we have ¢ = ¢;. We have fi(1-¢) € N;. As g is surjective, we
have g; surjective, thus there is t., € M; such that g(t,,) = f(1-¢;). Then define
hi(l-¢) =t.,.

Now, suppose that for all vertex j € )y and path ¢ of length less than n starting
in ¢ and ending in j, we have defined h;(1-¢) = t. € M; such that f;(1-c) = g;(t.).
Let ¢ be a path of length n from 7 to j. We have ¢ = ac with ¢ a path from i to
k of length n — 1. By induction, we have defined hi(1 - ) = to € My such that
ge(te) = fr(1-¢). As f is a morphism of representation, we have the following
commutative diagram:

P(i)y == P(i);
fkl lfj
Nk T—a> N]

Hence,
fi(L-¢) = fi(pa(l- ) = Talfi(1- ).

As g is a morphism of representation, we have the diagram

M, =22 M,
gkl l.‘]j
Nk T—Q) Nj.

Therefore, g;1q(te) = Tagr(te).
Let us define t, = h;j(1-¢) as t. = Y, (tr). We then have

9ihi(1-¢) = g;(a(te)) = Tagi(te) = 7a(fr(1-¢)) = f3(1-c).

Using this definition of A on the basis and extending it by linearity, we have by
linearity of f; and g; the f = gh.

It remains to show that % is a morphism of representation. Let z = ) _A.-c €
P(i);. We have (where the sum is over all the paths from ¢ to j)

hi(pa(@)) = D Ahi(@(c) = D Achj(ae) = Y Atae = Y Atbalte) = va(hu(2)).
Therefore, the following diagram commutes, and we have our result.
P(i)y === P(i);
hy J/hj
M;.

M, —
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We even have the stronger following result.

PROPOSITION 2.3.3. If M = (M;,1),) is a representation of an acyclic graph @
then for all ¢ € )y, we have

Hom(P(i), M) ~ M,.

Proof. Let €; be the lazy path at 7. As @ is acyclic, a basis for P(i); is {¢;}. Let us
define the map

U: Hom(P(i), M) — M, f=(f)jeq, — fi(€&).

It is direct to see that W is linear.

Let us show that U is injective. If f € ker(V), it means that f;(e;) = 0 and
¢; € ker(f;). As {¢;} is a basis for P(i);, it implies that f; = 0. We also know that
(P(i)), has as basis all the paths ¢ from ¢ to j. Let ¢.: V; = V; and ¢.: P(¢); = P(i);
be the morphisms associated to the path ¢ in the representations V' and P(i), we
have f;¢. = 1.fi. Moreover, we have that ¢.(¢;) = c. Hence,

fi(e) = fi(oele)) = Ye(filer)) = 0.

It then implies that f = 0 and ¥ is injective.

It remains to show that W is surjective. Let m € M;. We can define g; by
gi(€;) = m and extend it by linearity, as {¢;} is a basis for P(7);, the function is well
defined. We then extend g; to g: P(i) = M by g;(c) = 1.(m). O

Projective objects are objects of central interest in homological algebra as they
are used to create projective resolutions of objects; those sequences are then used
to compute derived functors, the study of which provides crucial information. For
more details about homological algebra, see [56]. Some more information about
projective objects is given in Section B.5.

We will show that the global dimension (see Definition B.5.10) of the category
of representations of quivers is less than or equal to 1. In the proof inspired by
Theorem 2.15 of [53], we will call the degree of a linear combination of paths as
being the length of the longest path with a non-zero coefficient.

PRrRoPOSITION 2.3.4. Let () be a finite, acyclic, connected quiver. Then the
category of finite representation of () is of global dimension less than 1. In other
words, for all M representations of (), one can construct an exact sequence

0P —F—M-—=0

with P, and P, projective representations.

After the proof, an example of the construction of the resolution developed in the
proof is given. I strongly advise following the proof along with the example, as the
definition of the maps can be quite disconcerting.
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Proof. Let M = (M;, ;). Let us denote d; = dim(M;) for all i € Qg. Define the
representations Py = ((Py)i, ¥) and Py = ((P1);, 7o) by

P = Bacq, dsta) - P(t(a))
Py = @D,eq,di- Pi)

where d - P(i) means the direct sum of d copies of P(i), and v, 7, are defined on
each component as for the projective representation. By Proposition B.5.3, as P;
and P, are the direct sum of projective resolutions, they are also projective. Let us
now construct the different morphisms. To do that, let us first define some basis of
the different vector spaces of the representation. Let {my, -+ ,myq,} be a basis for
M;, then define

= {myli € Qo,1 < j < d;}.

In other words, B” is the union of all the bases of the M;. It is a basis of M. Take
B = {ci;|i € Qo,c; is a path with s(¢;) =i and 1 < j < d;}

as a basis for Fp, it means that for each vertex i € )y, we take every paths starting

from that vertex d; times. The different maps 1), are defined component-wise:

Ya(cij) = (ac;); using the convention that if s(a) # t(¢;), the composition is null.
Finally, for P;, we take as basis

B' = {by;la € Q1,b, a path with s(by) = t(a) and 1 < j < dy(a)}-

Similarly than for 1,, we have 7,(bg;) = (abg);.

Note that B = {b, : « € Q1} C {¢; : i € Qo} = C. When we want to consider
an element b, of B as an element of C, we will denote it by b; In particular, we
have abs = abg. Note also that there might be several paths starting from the same
vertex. therefore the notation ¢; and b, might be used for several elements.

Let us now define the morphisms between those representations. Let

qg: PO—)M, Cij — 5061<m”)

In particular, this function sends the d; copies of ¢; into a basis of M,;.
Let also define _
[ Py— Py, boj — (baat); — b

where bua is the path from s(a) to t(by) which is the composition of b, (considered as

an element, of C') with . We define b)/; = 9; ](b )1 where 6, ; is the coefficient
of my(ay in the decomposition of @4 (Ms(a); ) in the basis of My,y. In other words,
we have

dt a)

a(Ms(a);) Z 01, (2.1)

It also means that we consider b, as a path of () and (b ); means that we take the
[-th copy of that path in the basis B.

Let us first show that f and g are morphisms of representations.
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We first need to show that this diagram is commutative.

(P()) —)M

of ]

(P()) —)M

Let z € (Fp);. It is of the form = = ) A.,,ci where ¢(c) = i. Let us show that the
diagram commutes on the element of the basis, we will have the result by linearity
of the function. We have

gjwa(ckl) = gj((ack)l) = Pacy, (mu) = PaPey (M1) = Pagi(cr).

Therefore, g is a morphism of representations.

Let us now show that f is a morphism of representation. To do that, let us show
that the following diagram commutes. As above, we only need to show the equality
on the elements of the basis.

(P)i —2 (Py);
oI
(Pr)j —5— (Bo);-

A basis for (P;); is given by the bg, with ¢(bgx) = ¢ and we have

Fi7absr) =fi((abs)s) o
=(absf)r — Z O (abs)s

=Ua((bsB)k) — Val Zglk (bs))
:wafi(bﬁk)-

We will now show that the sequence is exact.

- g is surjective: for all basis vector m;; of M, we have g(€;;) = @, (mij) = my;.
We obtain the image of the other elements by linearity.

- ker(g) D im(f): in order to show that, it suffice to show go f = 0. It suffices
to show the equality on the basis elements B'.

9(F(bay)) = 9((bacr); — bL) )
= gl(bac)y) — g (L1 st )
= Ora(Ms()) — 5 ( e Gl]mt( )l>

= % <90a(ms(a)j) -y 9l,jmt<a)z>
= 0

where the last equality comes from Equation 2.1.
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-ker(g) C im(f): Let x € By, it can be written as a linear combination of elements

of B:
T = Z /\Cijcij =9+ Z /\Cijcij

Cij cB Cij EB\BO

where By = {€;;]i € Qo,1 < j < d;} contains all the lazy paths and the element z,
is given by xg = Zcue By Aei; Cij-

Moreover, any non-lazy path can be decomposed as an arrow followed by a path.
In the meantime, recall that (baa); = f(ba;) + by, Therefore,

T = Xo -+ Z )\C” b Oé = X9 —+ Z )\CZ] + bM )
Cijici= baa CijiCi= baox
Let 21 = xy + ZC cei—bua Neij bM. We directly have that the difference x — z; is in

the image of f: = — :cl Z% Ae,; f(baj) € im f. Moreover, we have that the degree
(the length of the longest path with non-zero coefficient) of x; is strictly less than
the one of x and degxy = 0.

Suppose now that z € ker g, we then have 0 = g(x) = g(z1) as go f = 0. Hence,
x1 € ker g. We can then repeat the same argument, replacing x by x;.

There is some xj, € kerg,x — x;, € im f and degx, = 0. As the degree of x}, is
zero, it means that x, is a linear combination of lazy paths: z; = ),  Hij€ij- As xp,
is in the kernel of g, we have 0 = g(x},) = Zij fi;mi; and as my; is a basis, all the
i; = 0, therefore x, = 0 and « € im f.

- f is injective. Suppose that 0 = f(D_ Ay, ;baj) = D )\baj((l;;a)j —b);). We then

have
Z /\bag b a Z )‘ba] o Z )\ba] Z el,j

As (@ is finite and has no oriented cycle, M has a source ig, i.e. it has a vertex ig
such that there is no arrow j — iy with d; # 0. As b, is a path starting at ¢(«) for
all arrows in @)y, it cannot go through iy. Therefore, on the right-hand side of the
equality, all the (b,); are paths not going through iy. It means that the coefficients
of the paths starting in iy on the left-hand side must be 0. In other words, Ay, =0
for all a € Q1 such that s(a) = ip. Now, let i; be a source in M\{io}. As Ay, =0

for all paths o with s(a) = iy, it means that there is no path l;,; with Ay, # 0 that
goes through i;. We can therefore repeat the argument. As @) has a finite number
of arrows, we have A, . = 0 for all @ and j, and the result follows. O

The projective resolution constructed above is called the canonical projective
resolution of (). Note that this resolution is not unique nor necessarily the smallest
one.

1
la
2

[3\/ \7
3 4

ExAMPLE 2.3.5. Consider the (finite, acyclic, connected) quiver ¢ =
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Consider its representation M :
k
l 1
o
k2
SN
k k.

Let us construct its canonical projective resolution.

We have
k 8 8 0 0
il 0 0 1o o
= 1k1 @ 1k1 @ 1k1 @ 1006900 1
v N\ VAR, v N\ VAN, VAR,
k k k k k k k 0 0 k

The basis are

(Po)r = {er}

(P0)2 = {Oé, €21, 6272}
(Po)s = {5047517527 63}
(Po)s = {ya, 71,72, €4}

Let us compute the value of g on the element of the basis. Recall that g(c;;) =

@, (m;j) We have
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9(m) = %((é)) =(1 1) (é) = 1y,
9(72) = %((2)) =(1 1) (?) = 1y,

ges) = 14

Here, the subscript of the 1 represents in which vector space k it is the unit. For
instance, 13 represents the unit of the vector space related to the vertex 3 in the
representation M. We can see that the basis elements of each vector space are in
the image of g; therefore, g is indeed surjective.

Let us now construct P, and the map f. We have

8 0 0 0 0
0 1o 1o Jo 1o
Pk O 0, D0, B0, D0
YRR N\ VAR VAR
k k k 0 k 0 0 k 0 k

The basis are

(P1): = {0}
(P1)2 = {e2}
(P1)3 = {5 €3,1, €3, 1}
(Pr)a={7,€11,€11}

Note that the basis elements related to a are ey, 53,7, the ones related to 5 are
€31, €31 and the ones related to v are €41, €4 1.

In order to compute f let us first compute the different v
with ©a(Mga);) = Zz ) Ql]mt(a

We have ¢, (1;) = 1-(§)+0-(9) Therefore, (e2)™ =1-€21 40 €99, M = 3
and Y™ = ;.

Similarly, ¢z () = 0 and ¢z (9) = 1. Therefore, (e31)™ = 0 and (e32) = €3.

Finally, ¢, (§) =1 and ¢, () = 1. Therefore, (€,1)" = €, and (e42)"

It means that we have

di (o L
al — l:(l : Ql,j(ba)l

= €4.

fle2) =a — e,

f(B) = Ba,
f(€3,1) = b1,
flez2) = P2 — €3,

f(r) =na,
flear) = B1 — ey,
f(€4,2) =By — €4

If we represent f in matrix form, it is easy to compute the rank of that matrix,
which is 7 and which implies that f is injective. Moreover, computing fg on
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the elements of the basis of P; directly gives that the composition of the two
functions is null. Therefore, we have ker(g) D im(f). It remains to check the
other inclusion.

Let x € ker(g). We can split it into its part xy of degree 0 and the rest.

T =g+ Z )\cij (b:za)j = o+ Z )\Cij (f(baj) + bé\fj)'

Cij:c7;=baa Ci]'zci:baa

We have

cijici=baax
=20 + (A€’ + AgaBY + Mar™) + (Asie5y + Asaesn) + (i + Aaeln)
=xo + ()\a€2,1 + )\,Ba/Bl + )\'yoﬁ/l) + (0 + )‘52€3> + ()\’Yl €4+ )"7264)

We have that the degree of x; is at most one, z—z; € im f, and 0 = g(z) = g(z1).
We can write x; as xj, its degree zero part and the rest, we will have

T = 1'6 + )\Baﬁl + )\'ya’h-
Define
Ty = xy + /\Baeé\ﬂ + )\weﬁ = 24 + Mot

We have x5 of degree 0 and such that © — 25 € im f. Moreover, g(z3) = 0,
which implies that x93 = 0 as g is a bijection on the vector space spanned by
{61, €21, €22, €3, 64}. Therefore, T € im f

2.4 Gabriel’s Theorem

In this section, we will only consider finite acyclic quivers (recall Definition 2.2.3).
We denote by n the number of vertices of that quiver. The proof is greatly inspired
by Chapter 8 of [53].

DEFINITION 2.4.1. A quiver @ is of finite representation type if there are only
a finite number of isoclasses of indecomposable representations of ().

Recall from Definition 2.1.8 that an indecomposable representation is a representa-
tion that cannot be written as the direct sum of two other non-trivial representa-
tions.

EXAMPLE 2.4.2. Not all the quivers are of finite representation type. For in-
stance, consider the following quiver

[0

1—=<2.

B
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and for all s € k, consider the representation Vi given by

idy

k—=k.

S-

The second map is given by the multiplication by s. The representation Vj
is indecomposable. Indeed, k is indecomposable, therefore, the only possible

/
decomposition would be of the form k #; 0@ 0 # k and we must have
2 2

fi = fo = g1 = go = 0. Then, the map idx does not decompose.

Moreover, if s # t, then V; 2 V;. Indeed, if V; >~ V;, then we have ¢; and ¢,
k-automorphisms such that the two following diagrams commute. Furthermore,
k-automorphisms can be seen as multiplication by a non-zero constant.

idy K
2" Cl‘l
k

Cc1

=
3 el 2

—
idyc

The first diagram implies that ¢; = ¢y and the second implies that -1 = s-cy = s-¢1
and therefore ¢ = s. In particular, it means that ¢) has an infinite number of
indecomposable representations.

The goal of this section is to prove that the only quivers of finite representation
types are the ones that are a disjoint union of simply laced Dynkin quivers. We will
start by presenting those quivers, then apply some algebraic geometric arguments
to get some first results. Afterwards, we will define a quadratic form on a quiver
before linking everything together.

2.4.1 Simply-Laced Dynkin Quivers

Dynkin quivers are quivers whose underlying (non-oriented multi-)graph is a Dynkin?
diagram. These types of graphs are used in the classification of semisimple Lie al-
gebras. There are 7 types of such diagrams, which are the following.

(n—1) n
B,: 1—2 3 (n—1) n
C,: 1 2 3 (n—1) n

2Eugene Dynkin (1924-2014) was a Soviet and American mathematician who worked in Algebra
and Probability.
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EGZ

GQI

Simply laced Dynkin quivers, also called Dynkin type ADE, are quivers whose
underlying graph is Dynkin with no parallel edges.
graphs of type A,, D,, Fgs, E7 and Eg. In the following, unless otherwise specified,
we will use the above numbering of the vertices. Note that to avoid repetitions, we

/
2 3 (n—2)
\n
2 3 4
|
6
2 3 4 6
|
7
2 3 4 6 7
|
8
—2_—3 ——14
=2

take n > 4 for D,, as D; = Ay, Dy = Ay and D3 = As.

Also related to Dynkin quivers are the Euclidean or extended Dynkin quivers.
Those are quivers whose underlying graph is a Dynkin diagram with an extra vertex
and such that, if any vertex is removed, the diagram becomes a disjoint union of
Dynkin diagrams. We call such diagrams extended Dynkin or Euclidean diagrams.
Here we will only focus on the extended simply laced Dynkin diagrams. They are
the following.

(n+1)
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They are exactly the above
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. \ /
Dy /2 3 (n —2)
(n+1) \n
1 2 3 4 d
l
|
7
1 2 3 4 D 6 8
E; ‘
7
1 2 3 4 d 6 7 9
Ey : ‘
8

The vertex with the highest numbering is the added vertex compared to the Dynkin
version. Once again, unless specified, we will use the above numbering of vertices.
The following easy result comes from [1].

PROPOSITION 2.4.3. Let (@ be a finite, connected and acyclic quiver such that
its underlying graph @ is not a simply laced Dynkin graph. Then @ contains a
Euclidean graph as a subgraph.

Proof. Suppose that @ contains no Euclidean subgraph, we will show that it is
simply laced Dynkin. As @) does not contain A, it means that every pair of vertices
is linked with at most one edge. As Q does not contain A, (n > 2), it means that it
has no cycle and thus it must be a tree. Furthermore, as Dy is not a subgraph, no
vertex has more than 3 neighbours, and the exclusion of D,, for n > 5 implies that

at most one point has more than 2 neighbours. Therefore, Q is of the form

oO—0—:+—0—O0—O0—+++—0—0

o

O— O — ---
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Denote by [ the number of vertices left to the central one, r the number of vertices
right to it and b the number of vertices below it. Without loss of generality, we can
assume b < [ < r. As Eg is not a subgraph of @, we have b < 1. If b = 0, we have
Q = Aipr41, which is simply laced Dynkin. Suppose b = 1. The exclusion of E;
gives 1 <1 <2 Ifl =1, we get Q= D, 3. Assume [ = 2. The exclusion of Fy
implies that 2 < r < 4, which implies that Q is either Fg, E; or Fjg. O]

2.4.2 Quiver Varieties

Let d € Z%° such that d; > 0 for all i € Qo be a dimension vector and let R, be the
space of representations M of the quiver @) of dimension vector d, i.e. the space of
representations M such that M; ~ k% for all i € Q.

It means that the vector spaces M; are fixed and the representations of R, are
completely determined by their linear maps ¢,. Therefore,

Ry~ @P Homy (k% k).

a€Qq

Moreover, each Homy (k%) k%) is isomorphic to the space of matrices of size
di(a) *ds(a)- It implies that R4 is a k-vector space of dimension N = Zate As(a)dt(a)-
We can see it as an affine variety k.

Let Ga = [[;cq, GLa, (k) where GL, (k) denote the group of invertible automor-
phism of k™. Moreover, we can see G4 as an algebraic variety, and the multiplication
as well as the inversion of elements of G4 are morphisms of algebraic varieties. There-
fore, G4 is an algebraic group (see Definition A.3.1). The algebraic group G, acts
on Ry by conjugation: if g = (gi)icq, € Ga, M = (M;, ¢o) € Rq and a: i —j € @,
then we can define the group action by (¢ - ¥)a = gj¥ag; 1 Tt is immediate to see
that it is a group action. Moreover, the group action is a morphism of algebraic
varieties and thus we can see Ry as a Gy-space.

Let Oy = {g- M|g € G4} be the orbit of M under the action. As discussed in
Proposition A.3.3, the O, are varieties and locally closed in Ry.

LEMMA 2.4.4. The orbit of M can also be expressed as
Oy = {M' € RepQ|M ~ M'}.

Proof. For the inclusion Oy C {M’' € RepQ|M ~ M'}, we can suppose that M
and M’ = (M/, l) are in the same orbit. It means that there is an element g € G,
such that g - M = M’. Tt implies that for all a: i — j in @)1, we have the following
commutative diagram:

Mi L Mj
gzl 2
@l

In other words, ¢ is a morphism of representations. Moreover, as each g; € GLg, (k),
the morphism ¢ is an isomorphism and M ~ M’.
For the converse inclusion, suppose g : M — M’ is an isomorphism of representa-

tions. Then each g; is an element of GLg4, (k) and therefore M’ = g(M) =¢g-M. O
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Similarly to general group actions, we can define the stabilisers of an element,
StabM ={geGys:9-M = M}.

Using the previous lemma, it is direct to see that it corresponds to the set of auto-
morphisms of M.

PROPOSITION 2.4.5. Let d be a representation vector. Then,

1. For all representation M, the dimension of the varieties Oy, G4 and Aut M
satisfy
dim Oy = dim G4 — dim Aut M.

2. There is at most one orbit O of codimension zero in Ry.

Proof. 1. By the first theorem of isomorphism, we have Gy/Stab M = Oy, G —
g - M. Therefore we have the equality of dimensions

dim Oy = dim(G4/ Stab M) = dim G, — dim Stab M = dim G4 — dim Aut M.

2. It is a well-known fact of algebraic geometry that R, is an irreducible algebraic
variety as it is isomorphic to k¥ for some N € N. Therefore, any non-empty open
subset is dense. Let us show that a codimension zero orbit is open in R;. By
Proposition A.3.3, Oy, is locally closed. As O, is of codimension 0, its closure is
R4, hence Oy is open in Ry. Therefore, if O is another orbit of codimension 0,
it also contains a non-empty open subset of Ry, which implies that Oy, N O’ # (;
therefore, they are equal. O

The following proposition is inspired by Theorem 2.3.1 of [10]. Recall the equiv-
alent definition of split exact sequences in Proposition B.4.4.

PROPOSITION 2.4.6. A short exact sequence of representations of the quiver Q)

0L L ML NS0
is split exact if and only if M ~ L & N.

Proof. One direction is direct as one condition for being split exact is to have an
isomorphism ¢ : M — L & N such that the following diagram commutes.

! s M 9 N > 0

y L
“l sol l”l
O—>LT>Z@N > N > 0.

TN

0

In particular, we have M ~ L & N.
Let us show the other implication. Let us apply the left exact functor Hom(N, —) :
Rep (Q — Vecty to our exact sequence. We get the following exact sequence

0— Hom(N, L) L% Hom(N, M) £ Hom(N, N).
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We can extend it by
0— Hom(N, L) L% Hom(N, M) £ Hom(N, N) — C — 0.

with C' = coker(Hom(XV, g)). It is still exact.

In the meantime, as M ~ L & N, Hom(N,M) ~ Hom(N,L & N). More-
over, if v € Hom(N,L @ N), we can see ¢ as (i1,1) with ¢y € Hom(N, L) and
Yy € Hom(N, N). In particular, we have dim(Hom(N, M)) = dim(Hom(N, L)) +
dim(Hom(N, N)).

Using the rank-nullity theorem on the extended exact sequence, we get

0 = dim(Hom(N, L)) —dim(Hom(N, M))+dim(Hom(N, N)) —dim(C) = — dim(C).
It implies that C' = 0 and that the sequence
0— Hom(N, L) £ Hom(N, M) £ Hom(N, N) —0

is exact. In particular, the post-composition by g is surjective. Therefore, there is
h € Hom(N, M) such that goh = idy. It means that g has a splitting and that the
short exact sequence splits. O

PROPOSITION 2.4.7. If the sequence

0=LL M5 NSO

is an exact sequence of representations (not necessarily of the same dimension)
that is non-split, then
dim(OL@N) < dlm(OM)

Proof. Let L = (Li,vq), M = (M;, p,) and N = (N;,7,). For each vertex i € Qo,
we choose a basis B, of the vector space L;. As f; is a monomorphism, the set f;(5})
is still free and can be completed into a basis B; of M;. As g; is an epimorphism,
the set g;(B;) is still a spanning set, and we can take a subset of it to form a basis
B! of N;. After possibly reordering the elements, we have that the functions f; and
g; are represented in those bases by

(ﬁ:('%) and g;= (0] Iy )

where d; is the dimension of L; and d is the dimension of N;. Moreover, as the
sequence is exact, we have d; = d; + d.

As f and g are morphisms of representations, for a: ¢ — j is @)1, we have @, f; =
fiYa and gjoa = Togi. It gives that

| Ya|&a
%‘_( 0 Ta)

o1



where &, is a matrix of size (d; — d) x (d; — d}). Indeed, we can write the matrix
form of ¢, as ( é, g ) with A of dimension d’; x d}, B of dimension d; x dj, C' of

dimension dj x d; and D of dimension d; x d}. The equality ¢, f; = fj1o implies

(o) = (o) (76) = () = ()

The equality g;pn = Tag: gives

(¢1D)= (0] 1) (a5 ) =) (0] ) = (0] 7 )

Moreover, by the last lemma, we have that the sequence splits if and only if M ~
L @& N if and only if £, = 0 for all « € @)1. Suppose it is non-split, in particular,
M % L& N. We have a: i — j such that &, # 0. Then for all £ € k, t # 0, the map

o (415
defines a representation t- M = (M;, t-p,) that is isomorphic to M, the isomorphism
being f; = ( L 'Old,' ISH > It is indeed direct to check that f;(pa) = (t - va)(fi)-

We therefore haveiin particular that N ® L € Oy;. As the conjugation by

an element g € Gy is a continuous map, for every subset A C Ry, we have that
g-ACg-A, which further gives

Go-A=|Jg-Ac |JgAc |Jg A=G, A

geGq g€Gy g€Gy

In our case, it implies that

OL@N:Gd'<LEBN)CGd'OMCGd'OM:OM.

It further implies that Oy D Opgy. By Chevalley’s lemma (Theorem A.2.4),
Oy is open in Oy and Opgy is open in Orgy. It then gives that dim(Oy) =
dim(Oy;) > dim(Orey) = dim(Opgy). Suppose that we have the equality of
dimensions. It therefore gives that Opony = Oy as they are two closed subsets,
one included in the other with the same dimension, therefore they must be equal.
It means that Opoy and Oy, are both open in Opgy, therefore, they must be of
non-empty intersection as they are both dense open subsets of Opqy. Therefore, we
must have M ~ L & N, which is a contradiction with the previous lemma.

We therefore have dim(Opgy) < dim(Oyy). O

2.4.3 Tits Forms

To a quiver, we associate a quadratic form that we call its Tits® form. The study of
this form will provide precious information on the quiver and its representations.

3Jacques Tits (1930-2021) was a Belgian mathematician that worked on group theory.
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DEFINITION 2.4.8. Let () be a quiver. The Tits form of the quiver () is

¢ Q=Qur Y i = Y T

1€Qo aEQ1

It is direct to see that it is a quadratic form and that this form does not depend
on the orientation of the quiver.
Recall from Section B.5.3 the definition of the Ext functor and its properties.

PROPOSITION 2.4.9. For any representation M of degree vector d, we have
q(d) = dim Hom (M, M) — dim Ext* (M, M).

Proof. Take Py = @, ds(a) - P(t(a)) and By = D, di - P(i). By Proposition
2.3.4, they are projective representations, and we have that

0P L P S M—0

form a projective resolution of M. Applying the contravariant functor Hom(—, M)
to the exact sequence gives, by Proposition B.5.12, a long exact sequence

0— Hom(M, M) — €P d; - Hom(P — @B dua) - Hom(P(t()), M)
1€Qo Q1

— Ext’ (M, M) — 0.

The sequence stops as all P(i) are projective, therefore Ext'(P(i), M) = 0.
Moreover, by Proposition 2.3.3, we have Hom(P(i), M) ~ M;. It implies that we
have

dim(Hom (M, M)) =~ didim(M;) + > dy(ey dim(P(t(ax)) — dim Ext' (M, M) = 0.

i€Qo a€Q1

Therefore,

=Y &= ) dyeydig) = dim Hom(M, M) — dim Ext" (M, M).

i€Qo acQn
O

Recall that from a quadratic form ¢, one can define a bilinear form (x,y) =
q(z +vy) — q(z) — q(y). Recall also the following definition, which is widely used in
linear algebra.

DEFINITION 2.4.10. Let ¢’ be a quadratic form on a vector space F.
1. ¢ is positive definite if ¢'(x) > 0 for all z # 0 in F.

2. ¢ is positive semi-definite if ¢'(x) > 0 for all x € F.
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PROPOSITION 2.4.11. Let ) be a connected quiver with no directed cycle and
n vertices. Let d € N"\{0} be such that the bilinear form associated to the Tits
quadratic form ¢ satisfies (d,z) = gq(d+x) — ¢(d) — q(z) = 0 for all z € Q". Then

1. The Tits form ¢ is positive semi-definite.
2. Each component d; of d is non zero.
3. q(r) =0« = §d with a,b € Z.

Proof. Denote by n;; the number of edges between ¢ and j (without considering
their orientation). Label the vertices from 1 to n. We then have

Z x; — Z Z N T (2.2)

=1 j:j<i

Z 2xy; — Z Z NijTiY;- (2.3)

i=1 j:j7#

and

2. Suppose d; = 0. Let e; be the ith canonical unit vector. The condition on d
gives
0=(de;) =2d; — Y nyd; (2.4)
JijFi
So that 0 = 2d; = Z] i n;;d;. As n;; > 0 for all j, we must have d; = 0 for all the
vertices neighbouring 7. As the quiver is connected, it means that all the d; =0, so
that d = 0, which is a contradiction.

1. Using Equation 2.4, we have 1 =Y. . %4% it then gives

JigAl 2d; 0
Z[E _Zznwd $

1=1 jij#i

nldx nldx
-3 3 ()
=1 j:5<1

ydid; (2?2
Sy ()
i=1 j:j<i L J

Therefore,

n n
= Z‘i Nij T

i=1 j:5<i
- Z Z nwd d (L’_? _ 2.’13'il'j
d2 2 “dyd;
lej<l
= dj > 0.
i=1 j:5<i
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We have the inequality as d;,d; > 0 and n;; > 0.

3. Using the above equality, we have g(z) = 0 < % = 22 whenever n;; # 0.
i j

As the quiver is connected, going from one vertex to its neighbours, one gets the
equality for all 7, j, and the result follows. n

Note that if d satisfies the conditions of the proposition, then in particular, we
have ¢(d) = (d,d) = 0.

The following lemma is rather technical and its proof consists only of straight-
forward computations. For the sake of being complete, they are included, but those
computations add nothing to the understanding of the subject. The result is sum-
marised after the proof.

LEMMA 2.4.12. For each Euclidean quiver, one can find a vector € N", § #£ 0
such that (§,z) = 0 for all z € Q™.

Proof. Recall that (4, z) = ¢(0 + z) — q(x) — ¢q(9)
For A,,, we can take

Suppose that the vertices are numbered such that there is an edge between the
vertex j and j + 1 as well as 1 and n + 1. Then, for all x € Z"™, we have

(5,2) = (Zm F12 =3+ D@ +1) = (1 + D + 1))

i=1 i=1

n+1 n
2
- E (33'1) —E TiTi41 — T1Tp41
i=1

i=1

— (Zu)? —Zl - 1)

= Z(:B? +2x;,+1) — Z(wi:r:iﬂ +x;i+xip+ 1) — 21T — 1 — Ty — 1

=1 i=1

n+1 n
2
- E (iﬂz) - E Lili41 — L1Tp+1

=1 i=1

— (Z(sz +1) — Z(% + Tip1 + 1) — (21 + Tpyr + 1))

i=1 =1
=0
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For D,,, we can take

1 1

If we number the vertices as in the definition of D,,, we have

(0,2) = ((xl + 1?4 (2 4+ 1)° + Z(zv +2)? + (20 + 1)* + (201 +1)°
— (@1 + D(zs +2) = (@2 + V(@3 +2) = ) _ (3 + 2) (i1 +2)

)

n

Il
w

—(Tn1 +2) (0 + 1) = (Tp1 + 2)(Tny1 + 1))

n+1 n—2
2
- E X, — X1T3 — T3 — E ZTiTit1 — Tp—1Tn — Tp-1Tn41

i=1 =3

—(4- 1P+ (n-3)4—4-2-1)+(n—4)-(2-2))

ntl n—1
(Zx? + 2@+ T2+ Tn+ Tnpa) + 4D 7+ 4+ 4(n - 3)

i=1 i=3
— (123 + ToT3 + Tp_ 1Ty + Tp_1Tn41)
—2(x1 + X2+ 23+ Ty + T+ Tpgr) —4- 2

n—2
_ Z([L‘il’,H_l + 2[Ez + 2$i+1 + 4))

i=3
n+1 n—2
- (Z %2 — T1l3 — T2X3 — inxz‘ﬂ — Tpn-1Tn — xn—1$n+1>
i=1 i=3
n—1 n—2
=4 i+4(n—2) —2w5— 2w, — 42— Y (27 + 2w + 4)
i=3 i=3

=0

For Eg, we can take § as

1 2

—_— ) —— W



Then, we have
(6,2) =(x1 + 1)2 + (22 +2)* + (23 + 3)* + (24 + 2)?
w5 +1)° + (w6 +2)* + (27 + 1)°
(z1+ 1)(22 +2) + (w2 + 2) (w3 + 3) + (w3 + 3) (24 + 2))
(x4 4+ 2) (x5 + 1) + (x5 + 3) (26 + 2) + (26 + 2)(z7 + 1))

+(
—(
—(

7
E : 2
— ( X; — 1T — L3 — X3T4 — T4l5 — X3Te — IL‘6$7)

i=1
—(1+44+94+4+1+44+1-(24+6+6+2+6+2))
:(21'1 +4I’2+6$3+4$4+21’5+4I6+2ZE7)
—(2x1—|—x2+3a:2+2x3+2x3+3x4—|—x4+2x5+2x3+3x6+xﬁ+2x7)
=0.

For E;, § is

Then we have
(6,2) =(x1 + 1)* + (22 + 2)* + (25 + 3)* + (24 + 4)* + (x5 + 3)® + (w6 + 2)*
+ (27 + 1) + (25 +2)* — (21 + 1) (23 +2) — (23 + 2) (23 + 3)
— (34 3)(xg+4) — (x4 +4)(x54+3) — (x5 + 3) (6 +2)

— (6 +2)(x7 + 1) — (x4 +4) (25 + 2) (Z xry — Z TiTig1 — x4x8>

—((1+4+9+16+9+4+1+4)—(2+6+12+12+6+2+8))
=211 + 4wy + 623 + 84 + 625 + dag + 227 +4das+ (1 +4+9+16+9
+44+14+4) — (221 + x2 + 3wy + 223 + 423 + 324 + 324 + 425 + 225
+ 3x6 + wg + 207 + dxg +2x4) — (24 6+ 124+ 12+ 6+ 2+ 8)
=0
Finally, for Es, take § to be

1 2 3 4 5 6 4 2

We then have
(0,x) =2x1 + 4wy + 623 + 874 + 1025 + 1226 + 827 + 4wg + 619
— (221 + w9 + 329 + 223 + 4wg + 32y + 5y + 45 + 625 + Sxg + 426
+ 6x7 + 227 + 43 + 326 + 629)
=0
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PROPOSITION 2.4.13. Let (Q be a connected quiver. Then
1. q is positive definite if and only if @) is simply laced Dynkin.

2. ¢ is positive demi-definite if and only if Q is of Euclidean type A, B, E (or
if @ is simply laced dynkin).

Proof. 2. Using Proposition 2.4.11, to prove that the condition is sufficient, it suffices
to find a vector 6 for each Euclidean diagram such that (0, z) = 0. By the last lemma,
we have those ¢’s. Recall that they are given by

1 1 1

AN /

2—2 0 2—2

/ AN

1—1 - 1—1, 1 1,
1-2-3-2-1, 1-2—-—3—4-3-2-1, 1-2-3-4-5—6—4-2.

| | |
2 2 3

|
1

To show that the condition is necessary, suppose by contraposition that () is
neither Euclidean nor Dynkin. Then, by Proposition 2.4.3, () contains a proper
subquiver ()’ of Euclidean type. Denote by ¢ its quadratic form and § the corre-
sponding dimension vector given above.

If @ and @’ have the same set of vertices, then ) has more arrows than )’ and
then 0 = ¢'(9) < ¢(9).

If @ has more vertices than @)’, then we can choose a vertex ig in Q\@' which is
connected by an edge to a vertex jp of '. Taking x such that x; = 20; for all i € @',
z;, = 1 and z; = 0 for the rest yields ¢(z) = ¢'(26) + 1 — 24,, = 1 — 24;, < 0.

In both cases, ¢ is not positive semi-definite.

1. The condition is necessary as for each Euclidean diagram, one gets ¢(d) = 0
so that ¢ is not positive definite.

It remains to show that the condition is sufficient. Extend the quiver ) by a
vertex, labelled (n + 1) and denote @ the Euclidean quiver obtained. Denote also
by g the Tits form of Q. By contradiction, suppose that there is z € Q", z # 0
such that ¢(z) < 0. Define 7 € Q" by #; = x; for i <n and Z,;7 = 0. Then one
gets g(T) = q(x) < 0. It implies that g(Z) = 0 as g is positive semi-definite. It also
implies, by the third point of Proposition 2.4.11, that 7 = $6. As 7,77 = 0, we have
a = 0, which then implies x = 0, a contradiction. O

DEFINITION 2.4.14. For a quadratic form ¢': Q" — Q, we say that the element
r e Z"\{0} is
1. a real root of ¢' if ¢'(z) = 1.

2. an imaginary root of ¢' if ¢'(x) = 0.
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Moreover, we denote ® the set of all roots of the form (both imaginary and real).
Let {e; : 1 <i < n} be the standard basis for Z" and x; the decomposition of
the root z. We say that the root is positive if x; > 0 for all ¢ and we say that it
is negative if x; <0 for all 2.
We denote by @, the set of positive roots and by ®_ the set of negative roots.

Note that we only consider the integer roots. It will have a crucial importance
in the following propositions.

PROPOSITION 2.4.15. Let () be a quiver with n vertices and ¢ its Tits form.
Then

1. e; is a real root of ¢ for all 1 <i <n.
2. If « is a root, then so is —a.

3. If Q is Euclidean and « is a root different from ¢ (that we defined in Lemma
2.4.12), then o — ¢ is also a root.

4. If ¢ is positive semi-definite, each root is either positive or negative. There-
fore, =®_U P, and ¢_ = —-P,.

Proof. The 2 first points are direct as g(e;) = 1 and ¢(—a) = (—1)?¢(a) = ¢(«). The
3rd point follows from ¢(a—¢) = g(a)+q(—d)+(a, —0) = g(a) as ¢(0) = 0 = (o, =9).

For the last point, let a; be the decomposition of « in the standard basis. Let
8= ZMDD ae; ==y, be; and similarly v = ZMKO ae; ==y, ce;. We have a =
B+ . Moreover, we have b;c; = 0 and b;c; < 0 for < # j. Suppose, by contradiction,
that 3 and v are non-zero. It implies that (8,7) = > i_; Bi%i — Y e, Bs(a) Vi) > 0.

Therefore, g(a) = q(8+7) = q(8)+q(7)+(B, 7) so that g(a) > ¢(8)+q(). However,
« is a root, so g(«) is less than or equal to 1. It means that ¢(5) + ¢(y) < 0. As

q is positive semi-definite, it means that ¢(8) = ¢(v) = 0. Using the 3rd point of
Proposition 2.4.11, it means that 3 = 4 for a, b non-zero integers as 3 is non-zero.
It implies that b; # 0 for all ¢, which means that v = 0, a contradiction. m

PROPOSITION 2.4.16. If @) is of Dynkin type, then there is a finite number of
roots.

Proof. There are no imaginary roots as ¢ is positive definite. Let a be a root of ¢.
Let Q be an Euclidean quiver obtained by extending Q). Denote the new vertex i
and by g the Tits form of Q. Extend o to Z"™ by setting oy, = 0. By the 3rd point
of Proposition 2.4.15, a — ¢ is also a root of g. This root is negative at vertex i and,
by point 4 of Proposition 2.4.15, it is a negative root. Therefore, for all i € @y, we
have a; < 9;, which gives a finite number of possibilities. n

2.4.4 List of the Positive Real Roots of Dynkin Quivers

In this section, we will briefly list the positive roots for the different quivers, i.e. the
n-uples = such that z; > 0 and Zier r? — Zate Ty(a)Ti(a) = 1. For that, we will
use the results that all the positive roots must be smaller than the imaginary root o
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of the corresponding extended Dynkin quiver (defined in Lemma 2.4.12), as proven
in the proposition above. We will only provide a proof of the results for the case A,
and D,,, the others can be checked through a simple program computing the value
of the Tits form given the dimension.

Positive Roots in A,

All positive roots x must be such that x; < 1. The arrow « between ¢ and 7 + 1 will
give the value 1 in the computation of the tits form if and only if x; = ;.1 = 1,
otherwise it will give the value 0. Therefore, ¢(z) is given by k — [ where k is the
number of vertices ¢ such that x; = 1 and [ is the number of edges such that both
Te(a) = 1 and T4, = 1.

If I ={i,i+1,---,7} is such that for alln € I, z,, = 1 and z;,_; = z;1, = 0.
Then there are j — i + 1 vertices and j — ¢ arrows in this connected component of
A. In particular, it means that for each such connected component of vertices of
dimension 1, the difference between k and [ increases by one. It means in particular
that in this case, ¢(x) denotes the number of connected components with all vertices
of dimension 1. Therefore, x is a real positive root if and only if all the vertices of
degree 1 form a connected component of A,,.

In particular, there are w such roots as they are 1 connected component of
legnth n, 2 connected components of length n — 2, ..., n connected components of
length 1.

EXAMPLE 2.4.17. The real positive roots of A, are

1000, 0100, 0010, 0001, 1100, 0110,0011,1110,0111,1111.

Positive Roots in D,

Recall that D,, is the following quiver (we will use the number of the vertices to
denote those vertices)

(n—1)
—
1—2—3— .. — (n—2)

™~

n.

All the roots x must be with z; < 2 except the 3 outer vertices x1,x,_1,z, < 1.
Taking x,, = 0, we can find all the same roots as for the type A,_; quiver (there
are @ such roots). Taking =, 1 = 0 and x,, = 1, we can find the other roots “of
type A,)” (and there are n — 1 of them).

Let us now focus on the case where x,,_; = z,, = 1. Then it means that x,,_, = 1,
otherwise it would mean that the subquiver @) of vertices up until n—3 form a quiver

of type A,,_3, with Tits form ¢(2") positive and we would have
q(z) = q(2') + apy + a5 > 2.
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Note that, in general in D,, if a vertex i is such that z; = 0 (with i < n — 1), then
the Tits form would be the sum of the Tits forms of the quivers with vertices from 1
to i — 1 and the one with vertices from 7 to n. Moreover, the first quiver will always
be of type A, so its Tits form will be strictly positive if all the vertices are not of
degree 0. Therefore, we can focus on the other part.

As for the quiver of type A,, if all the vertices are of degree at most 1, then the
Tits form represent the number of connected components of vertices of degree 1,

1
therefore we only want one of such and we take x of the form 0---01---1 . There
1
are n — 2 of those roots.

Let us now investigate the case where some vertices are of degree 2. First of all,
we can assume that x; = 1, otherwise we fall back into the roots of a quiver of type
D,,_1. Moreover, as shown above, all the vertices of strictly positive degree must be
connected; therefore, we can assume that all the vertices are of degree greater than
or equal to 1. If we compute ¢(2—2), we get the same result than just computing
q(2) = 4. Therefore, we can group together all the connected vertices of dimension
2 and consider them as only one vertex to simplify the computation. Similarly, as
q(1—1) = ¢(1) = 1, we can also group the connected vertices of dimension 1.

Therefore, we can investigate the following cases: 1212--- 121 or 1212--. 21; .
Let us proceed by induction on the number of occurrenceslof 2 to show thlat
only 1; works. It is clear to see that it works. On the other hand, we have
1
1 1 1
qg| 121 =q| 1212 =q| 2 = 2. Moreover, if z = 122’ and suppose
1 1 1

that the vertex of 2’ connected to the vertex of degree 2 is of degree 1, we have
gz) = 1+4+4q(2') —2—-2 = q(a’) + 1 > 1 and therefore x is not a real root.
It means that the real roots with at least a vertex of degree 2 are of the form
1
0---01---12---2 with at least on vertex of degree 1. There are ("73)2& of those
1
as there are n — 3 roots with one vertex of degree 2, n — 2 roots with 2 vertices of
degree 2, etc.
(n=1)n

In total, there are 5~ +n—1+n—2+

(n—3)(n—2)

5 = n(n — 1) of such roots.

EXAMPLE 2.4.18. The 20 roots of D5 are:

o o o0 1 0 0 0 1 0 0
100 , 010, 001 , 000 , 000 , 110 011, 001 , 001 , 111 .
o o o0 o0 1 0 0 0 1 0

1 o 1 1 o 1 1 1 1 1
011, 011, 001 , 111, 111, 011, 111, 012 112, 122 .
o 1 1 o 1 1 1 1 1 1
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Positive Roots in Fj

All the roots x are smaller (component-wise) than 12321 . There are 36 of those.

2
Other than the ones related to quivers of type A and D, we have the following:

11111 11211 12211 11221 12221 12321 12321
T >t > > 1 > 1r > 1 7 2

Positive Roots in F;

All the roots « are smaller (component-wise) than 23;1321. There are 63 of those.

Other than the ones related to quivers of type A, D and FEjg, we have the following:

111111 112111 112211 122111 122211 112221 122221 123211
T >t > >1 >1r 1 1 7 1 7

123221 123211 123321 123221 123321 124321 134321 234321
r 2 1 2 2 2 72 72 7

Positive Roots in Ejy

All the roots = are smaller (component-wise) than 2425432. There are 120 of those.

Other than the ones related to quivers of type A, D, Eg and E;, we have the
following;:

1111111 1121111 1122111 1221111 1222111 1122211 1232111
1 1 1 ! 1 1 1 ’

1222211 1122221 1232111 1232211 1222221 1232211 1232211
1 1 T2 1 1 T2 1 )

2.4.5 Linking Roots of Tits Forms and Representations
Now that we have studied the roots of Tits form, we will focus on the link between

those roots and the representation of quivers.

PROPOSITION 2.4.19. Let Q be a connected quiver. Let M be a representation
of ) with dimension vector d. Then we have

codim(Qy;) = dim End(M) — ¢(d) = dim Ext' (M, M).

Proof. By Proposition 2.4.5, we know that dim(O),) = dim G4 — dim Aut(M). The
group of automorphisms of M is an open subgroup of the group of endomorphisms for
the Zariski topology as Aut(M) = {f € End(M) : det(f;) # 0 Vi € Qo}, therefore
dim Aut(M) = dim End(M). Each GL, is of dimension d?, so dimGy = Y., d?

iEQO 7"
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Recall that R, is the space of representations of () of dimension d. Recall also that
dim(Ry) = > ds(a)dio Therefore,

ac@q S

codim Oy = dim Ry — dimOy; = (Z ds(a)dt(a)> —~ (Z d? — dim End ]\/[> :
a€Qr 1€Qo
Using Proposition 2.4.9, we have ¢(d) = dim Hom(M, M) — dim Ext'(M, M) and we
get the second equality. O

PROPOSITION 2.4.20. If we have a dimension vector d such that ¢(d) < 0, then
there are infinitely many isoclasses of representations of ) of dimension vector d.

Proof. Let d € N" be such that ¢(d) < 0, M a representation of () with dimension
vector d. Using the previous result, we have that codim Oy, > dim End(M) > 1.
Therefore, the dimension of Ry is strictly greater than the dimension of the orbits
of M for all M, which means that the number of orbits is infinite. O

Before proving Gabriel’s theorem, it only remains to show a technical lemma
from algebra.

LEMMA 2.4.21. Let k be an algebraically closed field. Let A be a k-algebra. Let
M be a finite-dimensional A-module and let End M be its endomorphism algebra.
If M is indecomposable, then every endomorphism f € End(M) is of the form

f=Au+g
with A € k and g € End M be nilpotent.

Proof. Let f be an endomorphism of M. In particular, f: M — M is a k-linear
map between finite-dimensional k-vector spaces. We can therefore compute the
characteristic polynomial of f as being x(z) = [[._,(z — \;)"* where the \; are the
eigenvalues of f. Moreover, there is a basis B of M such that

/\1 *
0 At

Let M; = ker(f — N\;1p)". We know that dim M; = v; and M = M; & --- & M, as
vector spaces. Let us show that we also have this decomposition as modules.
Let h; = (f — A\ilar)”. These functions are polynomials in f:

hi=f" +a,_1f" '+ Faf+a

for some a; € k. Therefore, as f € End M, so does h;. It implies that its kernel M;
is an A-module and we have the decomposition as A-modules.

As M is indecomposable, we have t = 1 so f has only one eigenvalue and the
matrix representing f in the basis B is a triangular one whose diagonal entries are
A1. Hence f = A1, + g with g represented as the upper triangular matrix with
zero coefficients on the diagonal, which implies that ¢ is nilpotent. O
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We can now prove the desired results, following the proof of Theorem 8.12 in
[53].

THEOREM 2.4.22 (GABRIEL). Let () be a connected quiver. Then
1. @ is of finite representation type if and only if @) is simply laced Dynkin.

2. If @ is a simply laced Dynkin quiver, then the dimension vector induces a
bijection 1 from the isoclasses of indecomposable representations of ) to
the set of positive roots of the Tits form:

Y ind@Q = &, M s dim M.

Proof. 2. Let us start by showing that v is well-defined. In order to do that, we
need ¢(dim(M)) = 1 for all M indecomposable, let us show it by showing that
End(M) ~ k and Ext'(M, M) ~ 0 as in that case, we have by Proposition 2.4.9
that ¢(d) = dim(End(M)) — dimExt'(M, M) =1 -0 = 1.

We show the isomorphisms End(M) ~ k and Ext'(AM, M) ~ 0 by induction
on the dimension ZiGQO d, of M. If M is of dimension one, it is simple and the
result is immediate. Now, suppose that dim M > 1 and that for all indecomposable
representations L such that dim L < dim M, we have End L ~ k and Ext(L, L) ~ 0.
Using Theorem 2.2.6, we can see M as a k@)-modules. As k() is a k-algebra and
M is an indecomposable, finite-dimensional k@)-module, by Lemma 2.4.21, every
endomorphism of M is of the form A, + g for A € k and ¢ nilpotent. Suppose by
contradiction that End(M) % k. It implies that there is a non-zero idempotent g
of M. There is a m > 2, such that ¢™ = 0 and g™ ! # 0, replacing eventually g
by ¢™ !, we can assume that m = 2. Among the non-zero endomorphisms whose
square is zero, we take the one whose image is of smallest dimension. As ¢ = 0,
im(g) C ker g, it implies that there is L an indecomposable summand of ker g such
that img N L # 0. In particular, we have ker g ~ L & L’. Define the morphism i to

be the composition i: im g < ker ¢ —L. We then have that M 2 im(g) > L— M
is a non-zero endomorphism of M whose square is zero and whose image is i(im(g)).
By minimality of g, we have that dim(im(g)) < dim(i(im g)), which implies that i
is injective. We get the short exact sequence

0—im(g) < L — cokeri— 0.

Applying the covariant functor Hom(—, L) and using the long homological sequence
(Proposition B.5.12), we get

Ext'(L, L) — Ext'(im g, L) — Ext?(cokeri, L).

Moreover, by Proposition 2.3.4, we have that the global dimension of Rep(Q) is
at most one and using Proposition B.5.14, we get that Ext?(cokeri, L) = 0. By
induction, we have that Ext'(L, L) = 0 and therefore Ext'(im g, L) = 0. Let u be
the inclusion kerg < M and let (X, j1,j2) be the pushout of u, 7 as defined in
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Section B.2.2. By definition of the pushout, we have the following diagram:

kerg —— M

ﬂl ) l]é g
g’

0 im g.

In particular, ¢'j; = 0. Moreover, we can see X as being (M U L)/ ~ where m ~ [ if
and only if there is some = € ker g such that u(x) = 7(z). The canonical morphisms
are j1: L— X, 1 — [(1,0)] and jo: M — X, m —[(0,m)]. Moreover, in this case, we
have ¢'[(m,l)] = g(m) Therefore, if we suppose [(m,[)] in the kernel of ¢’, then
g(m) = 0. It implies that there is € ker g such that u(z) = m. It means that
[(m, D] = [(u(x), )] = [(0,1 — 7(x))] € imj;.

Furthermore, if 51 (1) = [(0,1)] = [(0,0)], it means that (0,b) = (0,0)+(u(z), —7(z))
for some = € kerg. As w is injective, it implies that x = 0 and therefore b = 0.
Moreover, as g is surjective and g = ¢’ o ja, we have ¢’ surjective. In total, it means
that we have the following diagram with exact rows.

0 skerg —4s M ——img —— 0
wl l]é l
0 v L —1 5 X yim g — 0.

As Ext'(im g, L) = 0, applying Hom(—, L) and taking the long exact cohomological
sequence, we get

0— Hom(im g, L) — Hom(X, L) 2% Hom(L, L) — 0.

It means that the pre-composition by j; is surjective. Therefore, there is h: X — L
such that hj; = 1, and the bottom row splits. Let v: L — ker g be the inclusion
of the direct summand in the decomposition ker g = L & L', we have 7v = 1. The
morphisms hjs: M — L and uv: L — M are such that

thUV = hjlﬂ'V = 1L1L = 1L-

It means that L is a direct summand of M. However, as M is indecomposable,
we have L ~ M or L ~ 0. The former is impossible as L C kerg # M as
g is non-zero, and the latter is also impossible as L Nimg # 0. Therefore, we
have a contradiction. It means that there are no nilpotent endomorphisms of
M and that dim(End(M)) = 1. Moreover, as ¢ is positive definite, we have
0 < dim(Ext' (M, M)) = dim(End(M)) — ¢(d) <1—1=0.

Let us now show that v is injective. Let M, M’ be indecomposable representa-
tions with the same dimension vector. We then have

codim(Oy;) = dim Ext' (M, M) = 0 = dim Ext*(M’, M") = codim(Oy).

By the second point of Lemma 2.4.5, it means that O, = Oy hence M ~ M'.
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It remains to show that ¢ is surjective. Let ) be simply laced Dynkin and d a
positive root of the Tits form. Let M be a representation of () with degree vector d
such that Oy, is of maximal dimension in R,;. Let us show that M is indecomposable.
Suppose M = M, @ M, and let us first show Ext'(M, My) = 0 = Ext*(My, M)).
Suppose Extl(Ml, Ms) # 0, it means that there is a non split exact sequence

0—My,— FE— M; —0.

We have that dim F = dim M and using Proposition 2.4.7, we get that dim O,; <
dim O, a contradiction with the maximality of O,;. Moreover, using Proposition
B.5.15 and, as M;®M; ~ M) x My, we have that Ext' (M, ©M,, X) ~ Ext' (M, X)®
Ext!(M,, X) and Ext'(X, M, @ M) ~ Ext' (X, M) @ Ext'(X, M,). It means that

dim (Ext'(M; & Ms, My & M,)) = dim Ext' (M, My) + dim Ext' (M, Ms)
+ dim Ext* (My, M;) + dim Ext'(M,, M) = 0.

Moreover, if M; and M, are non-zero, then End(M; & Ms) D End(M;) x End(Ms).
Therefore,

1 = ¢(d) =dim (End(M; & M>)) — dim (Ext'(M; & Ms, My & Mo))
=dim (End(M; & My))
> dim(End(M;)) + dim(End(Mz)) > 2,

which yields a contradiction.

1. The fact that @ is of finite representation type if @) is simply laced Dynkin
follows immediately from point 2. For the converse, assume () is not simply laced
Dynkin. It means that the tits form associate to () is not positive definite. There
is some non-zero d € 7" such that ¢(d) < 0. Using Proposition 2.4.19, we have
codim(Oy;) = dim(End(M)) — ¢(d) > dim(End(M)) > 0 for all representation
M of dimension d as End(M) contains the maps ¢ - idy, for all ¢ € k, which is of
dimension 1. Therefore, there is an infinite number of isoclasses of representations of
dimension d. Otherwise, let M, --- M, be the different isoclasses of representations,
we would have Ry = |J;_; Oy, which would implies that at least one of the Oy, is of
codimension 0. As each of the representations of dimension d is a finite direct sum
of indecomposable representations, it implies that the number of indecomposable
representations is infinite. ]
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3 | Decomposition of Persistence
Modules

Recall that the module M defined in Equation 1.1 as
M = HP(X0> ©® HP<X1> O D Hy(X™)

on the ring k[t] with an action by ¢ being

thy — ey (o) ifi+k<m
0 else.

for each o € H,(X') is a finitely generated module over a graded PID. The well-
known theorem structure of finitely generated modules over a PID (for example,
given and proven in Section 3.8 of [36]) gives that, in the case of k[t] as base ring,
it decomposes uniquely into the form

M ~ (é taik[t]) @ (é tbik[t]/(t(bi+ci))> )

In the context of persistent homology, the first terms represent homology classes that
are born at X% and never die whereas the last terms represent homology classes that
are born at X% and die entering X?*¢i,

Indeed, the first definition we had of an element o € H,(X®) being born at j is
that o € im(¢2*) but o ¢ im(¢)~"*). It means that there is no § € H,(X/~") such
that t*=9t! . 8 = « but that there is a v € H,(X?) such that t*7 - v = a. We can
even write v as t/ - § to see more easily each element generated by v as an element
of t/k[t]6 (note that the elements ¢'d are not defined for i < j).

Similarly, if the element o = t* -0 € H,(X®) is born at j and dies at k, then
"= = t*§ € im(p) "), if we choose § carefully (recall Remark 1.2.12), we can
have t*0 = 0, which gives that ¢ is a generator of t/k[t]/(t).

Therefore, in the case of tame functions, the decomposition of persistence mod-
ules is equivalent to the barcode. Studying how different persistence modules decom-
pose provides crucial information about the structure of those modules. The goal
of this chapter will be to generalise the result of the decomposition of persistence
modules related to tame functions to more persistence modules.

We will first present the interval modules and show that they are indecomposable.
Afterwards, we will show that if a persistence module admits a decomposition into
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indecomposable modules, then this decomposition is essentially unique. Then, we
will show 2 instances in which a persistence module admits a decomposition into
interval submodules. To finish the section, we will give a definition of the barcode
and persistent diagram.

DEFINITION 3.0.1. A persistence module V is indecomposable if the only de-
compositions V = V; @ V, are the trivial decompositions V& 0 and 0 V.

EXAMPLE 3.0.2. The persistence module V defined by V; =k, V; =0 for j # 0
and vf =0 for all 7,7 € R is indecomposable.

Indeed, if V=U® W, we would have in particular U; = W; = 0 for all k # 0.
Moreover, the vector space Vy = k is indecomposable, so either Uy or Wy is null;
therefore, either U or V is null.

Let T be an ordered set and J C T an interval, i.e. a subset of T' such that for
all z,y € J, and z € T such that < z < y, we have z € J. To this interval, we
associate the interval module 17 with vector spaces

L[k ifteld
P71 0 else

and maps

o 1 ifi,jed
! 0 else.
These interval modules are of major importance in the study of persistence mod-
ules as they are indecomposable and provide an easy interpretation of the module:

they describe a feature and its "lifetime".

PRoOPOSITION 3.0.3. Interval modules are indecomposable.

Proof. Let T be the interval module associated to the interval J C T. First of
all, the set of endomorphisms of I is isomorphic to k. Indeed, let t € J, then an
endomorphism of I acts on I; = k by a scalar multiplication by ¢;. Moreover, we
know that if ¢ is a morphism of persistence modules, then we have (v')fop; = ps0vf
where v,v’" are the morphisms between the different vector spaces and ¢ > s. So in
our case, it implies that ¢; = ¢, and the set of endomorphisms is isomorphic to k by
taking the constant of the multiplication.

Now, let us suppose I = U @ V. Then the projection map from I to U is an
idempotent in End(I). However, the only idempotents of k are 0 and 1, so the
projection is either the null function or the identity and U is either 0 or I, the latter
case implies that V = 0. O

3.1 Uniqueness of Decomposition

Now that we have proven that interval modules are indecomposable, let us show
that interval decompositions are unique up to isomorphism. In order to do that, we
will show a more general result for modules proven in [3].
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Let M be an R-module and N its endomorphism ring'. Suppose M has a
decomposition as a direct sum (finite or infinite) of indecomposable submodules?:

M =P M,.

peEL

Then, for all i € L, the projection
ep=1d,0m,: M =M x=(x\)reL — T,

is idempotent in N and such that e, (M) = M,,. Moreover, it is orthogonal with the
other e, (forv# p:e,0e, =0=c¢,0¢,).

We will first prove two results from algebra: one technical lemma and the other
closely related to the desired result, then we will only need to translate those results
in our case.

LEMMA 3.1.1. Let M = @#GL M,, be a decomposition of the module M into
indecomposable submodules. Suppose that, for all 4 € L, the sum of 2 endomor-
phisms of M, which are not isomorphisms is not an isomorphism. Let a,b0 € N
be such that a+b = 1. Then, for any {1, -, pus} C L, finite subset of L, we can
find submodules My, - - -, M, such that M; ~ M, ; With the isomorphism given by
the restriction of a or the restriction of b. Moreover, we have

M=M@a- oMo P M.

#GL\{/Ll,"' uu'S}

Note that the interesting part of the lemma is that the isomorphism between the 2
submodules is induced by either a or b.

Proof. The morphisms e, a and e,, b induce on M,, two endomorphisms whose sum
is the identity as e,,a + e,,b = e,,(a + b) = e,, which restricts to the identity on
M, . By our assumption, it implies that either e, a or e,,b is an automorphism on
M,,,. Without loss of generalities, suppose that e, a is an isomorphism on M, . It
means that we have

Mﬂl %) M L> MMl

Cuy

with a(M,,) = M,; a submodule of M as the image of a module by a module
homomorphism is always a module. For such a module, we have that e,, : M; = M,
is an isomorphism between the two modules.

We have M ~ M, + @D, M, as the map x = (1,22, -) r—>_(em(:1:),:z:2,---)
is an isomorphism. Let us show that the sum is direct. Let z € M; N ®u 2, M-
As the kernel of e, is @, My, we have e, (z) = 0 and as e, is isomorphic on

M, we have that z = 0. In particular, we have

M~ M & @ M,

HFERG

Tt is the set of morphisms of modules from M to M endowed with the addition defined as
f+g:xz— f(z)+ g(x) and the composition of functions. It is routine to check that it forms a
ring.

2In the same sense than for a persistence module: M is indecomposable if the only decomposition
M = N; ® Ny are the trivial decompositions M @ 0 and 0 ® M.
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As M, is isomorphic to M,,, the sum of 2 non-isomorphic endomorphisms of M,
is not isomorphic and the above decomposition still satisfies the conditions of the
lemma, we can apply the same reasoning with s on it. By induction, we have the
result. O]

This technical lemma allows us to show the following result, which is closely
related to the result we are looking for.

PROPOSITION 3.1.2. Let M =P ., M, such that, for all 4 € L, the sum of 2
endomorphisms of M, which are not isomorphisms is not an isomorphism. Then
(using the same notations as above),

1. For any non-zero idempotent element f of N. There is M, such that f is
an isomorphism on M, and the isomorphic image of M, by f is an inde-
composable direct summand of M.

In particular, every indecomposable direct summand of M is isomorphic to

one of M,.

2. Given a second decomposition M = P
o: L— L' such that M, ~ M],

verr My, there exists a bijection

In other words, the decomposition of M into indecomposable components
is unique up to isomorphism and permutations.

Proof. 1. Denote by f" =1 — f. It is idempotent and orthogonal to f. Indeed,
frr=0-HA-f=1-f-f+ff=1-f-f+f=1-f=f

and
ffr=r-f=f-ff=f-f=0
(and similarly, ff = 0). We have

M = f(M) & f'(M).

First, the sum is direct as if m € f(M)nN f'(M), we have z,y € M such that
m = f(z) =y — f(y). Thus, by linearity of f, f(x + y) = y and, applying f and
using its idempotence, we get f(z 4+ y) = f(y) and therefore, m = f(z) = 0. It
only remains to check the inclusion M C f(M) + f'(M) as the other is direct. Let
m € M, then m = f(m)+m — f(m) = f(m)+ f'(m).

Now, let v be a non-zero element of f(M) (such an element exists as f is non-
zero) and let pq,---,ps be the finite set of indices such that e, (v) # 0 for all
1 <i < sand e,(v) =0 for the other indices. Note that it amounts to taking the
different non-zero elements in the decomposition of v into the elements of the direct
sum: v = p1(v) + -+ -+ pus(v). Hence, the set of indices is indeed finite by definition
of the direct sum.

By the previous lemma with a = f, b= f" and jy, - - , jus, there are My, -+, M,
with M, ~ M,,, induced by either f or f’. If one of the M, ~ M, u; 1s induced by f,
then we have the required result.

70



By contradiction, suppose that for all 4, the morphism M; ~ M, is induced by
f'. It implies that f’ maps M,, @ --- @ M, isomorphically into M; @ --- & M.
However,

07&@:”1(@)_}_..._{_”8(@)GMM@...@MS

and
ffloy=0-flv)=v— flv)=v—v=0.

The last equality is because f is idempotent and v is already in the image of f. We
therefore have a contradiction as we assumed that f’ was an isomorphism between
M, @®-®M,, and M; @ ---® Mj, so f'(v) =0 implies v = 0 but we defined v to
be non-zero.

The particular remark comes from the fact that if A is an indecomposable direct
summand of M, then eq = i4 0 T4 is a non-zero idempotent. Therefore, there is an
M,, such that ey is an isomorphism on M,. It gives that eq(M,) ~ A" with A’ a
non-zero submodule of A. As A is indecomposable, it implies that A" = A.

2. By the first part of the proposition, each M, is isomorphic to some M, so the
sum of 2 endomorphisms of M), which are not isomorphisms is not an isomorphism.
Moreover, by interchanging the decompositions, we also have that each M, is iso-
morphic to some M/. Intuitively, it means that we have “the same factors” and it
only remains to show that they “appear the same number of times”. More formally,
let us denote by M (u) C L the set of indices A € L such that M, ~ M,. Similarly,
denote by M’'(v) C L’ the set of indices A € L’ such that M/ ~ M}. To prove the
claimed result, it suffices to show that if M, ~ Mj, then |M(a)| = |[M'(8)]. By
symmetry, let us show |M(a)| > |M'(B)].

For all v € L', let f, = i, om, be the primitive idempotent associated to M,
(where 7, and 7, are the canonical injection and projection with respect to M/ and
the second decomposition) (we keep the notation e, for the idempotent associated
to the M, of the first decomposition). Consider any v, € M'(5). By applying
the first part to f = f,, as f,,(M) = M) =~ Mj is indecomposable, there is
tto € M () such that M, is carried isomorphically into M), by f,,. Therefore, we

have M = M, & (@#VO M;) and we have @V#O M ~ @##O M,.

Suppose first that M'((3) is finite, let vy, - - v, those indices. After repeating
the above argument s times, there are puq,--- , s € M(«) for which we have M =
My, & &M, &D,g, .., M, and M, ~ M. Therefore, if M'(3) is finite,
then [M(a)[ > [M'(5)].

Assume now that |M'(5)] is infinite. Let p € M(a). For any 0 # u € M, the
M), component f,(u) is zero for all v except a finite number. Hence, there exists
only finitely many indices v € M’(n) such that M, is mapped isomorphically into
M! by f,. Let us denote this finite subset of M'(3) by F(u). If g runs through
all the indices in M(«), the corresponding F'(u) exhaust M'(5). We thus have
U, enra) F'(1) = M'(B). Since M'(B) is infinite and all the F'(u) are finite, we have
M (o) infinite too. O

Now that we have the algebraic results, let us apply them to our case. We
only need to check the condition on the sum of non-isomorphisms still being non-
isomorphic.
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THEOREM 3.1.3 (KRULL-REMAK-SCHMIDT-AZUMAYA). Suppose that a
persistence module V over T can be expressed as a direct sum of interval modules

in two different ways:
V=@ = pre.

leL meM
Then there exists a bijection o: L — M such that J; = K, for all [

Proof. As the endomorphism ring of every interval module is isomorphic to the field
k, the only non-isomorphic map is the zero map, and we have the condition of the
previous lemma and thus the result. n

In other words, if it exists, an interval decomposition is unique up to isomorphism
and permutation. We will therefore refer to it as the interval decomposition of the
persistence module.

Let us now focus on asserting whether or not such decomposition exists.

3.2 Existence of a Decomposition

Using Gabriel’s theorem (Theorem 2.4.22), we have a decomposition if the persis-
tence module is indexed by a finite set and each vector space is finite-dimensional.
Indeed, if the persistence module is of this form, then it can also be seen as a finite
representation of a quiver of the type A,. Gabriel’s theorem then state that the
indecomposable representations of A, are in bijection with the real zeroes x of the
Tits form, which, as proven in Section 2.4.4, are such that the set of vertices with
x; = 1 form a connect subquiver of A,, i.e. it forms an interval persistence mod-
ule. Moreover, by a simple induction on the sum of the degree of each vector space
N = >"" | d;, each persistence module with finite N admits a decomposition into
indecomposable submodules, i.e. into interval modules.

We will now strengthen this result in 2 directions: firstly, by allowing infinite-
dimensional vector spaces with finite index sets, and secondly, by allowing infinite
index sets.

REMARK 3.2.1. We cannot say in general that infinite-dimensional vector spaces
indexed by infinite sets are decomposable as shown in the next example.

EXAMPLE 3.2.2. Let V be the persistence module define by

‘/():{$:($1,I'2,"'>€RN},
V,n:{xERN:xlz---:xn:()}

for n > 0 and vZ}), is the inclusion V_,, C V_,, (for n < m).

By contradiction, suppose that V admits an interval decomposition. As V, =0
for £ > 0, all the intervals of the decomposition must be subsets of (—o0,0] As
v_y_, is injective for each m > 0, there are no intervals of the form [a,b] or
(—o0,b] for b < 0, hence all the intervals of the decomposition must be of the
form [—n, 0] or (—o0, 0]. Furthermore, dim(V_,,/V_,,_1) = 1, so that each interval
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[—n, 0] occurs with multiplicity 1. Moreover, since (), oy Von = {0}, it means that
the interval (—oo, 0] does not occur.

It therefore implies that V ~ @, I=01 which implies that the dimension
of Vj is countable, a contradiction.

3.2.1 Finite Index Set

Let us first focus on the case where the index set is finite. Then, the persistence
module can be seen as the (not necessarily finite) representation of a quiver of
underlying graph of type A,.

Let @ be a quiver. By Theorem 2.2.6, we have an equivalence between the cate-
gory of representations of () and the one of kQ)-modules. Therefore, the question of
whether the representations of () admit a decomposition into indecomposable rep-
resentations is equivalent to asking whether the k@)-modules admit a decomposition
into indecomposable representations. Then we can use Corollary 4.8 of Auslander
[2] that states the following.

FAcT 3.2.3. If A is an artin ring of finite representation type, then every A-module
is a (direct) sum of finitely generated indecomposable A-modules.

Here, an artin® ring (also called artinian ring) is a ring that satisfies the de-
scending chain condition on left and right ideals: every sequence of left (respectively
right) ideals I} D I, D I3 D - - - eventually stabilises, i.e. there is a n € N such that
I, =1, for all kK > n.

Similar to Definition 2.4.1, a ring A is of finite representation type if there are only
finitely many finite-dimensional indecomposable A-modules, up to isomorphism. In
particular, using Theorem 2.2.6, we know that if () is a simply-laced Dynkin quiver,
then k() is a ring of finite representation type. Moreover, the quiver being finite
and without any loop, k() is an artin ring as it is finitely generated over k, a field
(which it therefore is artin).

Therefore, using the fact from Auslander, every k@)-module admits a decompo-
sition into finitely generated indecomposable k@)-modules. Using again the equiv-
alence of category of Theorem 2.2.6, we have that every representation (possibly
infinite dimensional) of a Dynkin quiver of type ADE admits a decomposition into
finite-dimensional indecomposable representations. In the case of persistence mod-
ules, it implies that it admits a decomposition into interval modules.

Unfortunately, the proof of the result of Auslander is pretty tedious and requires
several results outside the scope of this master thesis. However, using the particular
structure of the quivers of type A,,, we can prove the result for persistence modules
in a more direct manner, only using results from linear algebra. We will follow the
proof of [50].

It @' is a subquiver of @), we denote by V(@) the representation of @) defined as

ko ifie @y,
0 otherwise

V(Q')i = {

3Emil Artin (1898-1962) was an Austrian mathematician who mainly worked on algebraic num-
ber theory. He is considered as one of the fathers of modern abstract algebra.
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and

1 if a € Q,
Pa =

0 otherwise.

Moreover, if Qy = {i,i + 1,---,7} is such that if a: k— k" € @y with k, k' €
{i,i+1,--- 7} implies that a € @, then we denote V(Q') by V ([z,7]) and call it an
interval representation.

Our goal is to prove that all the representations of quivers whose underlying
graph is of type A,, admit a decomposition into a direct sum of interval representa-
tions. We first start with a technical lemma from linear algebra (note that we do
assume the axiom of choice).

LEMMA 3.2.4. Let A, B be two subspaces of a k-vector space L. Then one can
find a base B of L such that BN A and BN B are bases for A and B respectively.
We call such a basis compatible.

Proof. Let C = AN B; it is a vector space. Let A = {\; : ¢ € I} be a basis
of C'. In particular, it is a free set in A and B, therefore it can be completed to
AU{p;:je J}and AU{v, : h € H} to form basis for A and B respectively.

Let us show that the set AU {u; : j € J}U{w, : h € H} is a free set of L.
Suppose that there are some ¢;,a; and by, for i € I,5 € J,h € H elements of the

field k such that
ch-)\i + Zaj,uj + Z by, = 0.

el jeJ heH

It is equivalent to — >, p bptn = D ;e  CiNi + ZJEJ a;jpi;, which then must be an
element of AN B. It implies that

— Z bhl/h = Z C;)\Z

heH el

for some ¢, € k as A is a basis of AN B. Therefore,

0= Z by, + chAl

heH icl

and b, = ¢, =0 foralli € I and h € H as AU{v, : h € H} is a basis of B.
Therefore, we get 0 = Y. ;¢\ + Zjej a;jt;, which is an element of A and, as
AU{p;:j € J}is a basis of A, all the coefficients are zeros. It shows our claim.
As AU{p;:j€ J}U{v, : h € H} is a free set of L, it can be extended into a
basis of L. By construction, such a base will satisfy the condition of the lemma. [

Now that this technical lemma is taken care of, we can prove the base case of
our result, i.e. the representations of the Az quivers.

LEMMA 3.2.5. Any representation V' of an A3 quiver is the direct sum of interval
representations.
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Proof. Up to reflection, we have 3 different quivers whose underlying graph is of
type As:

N, RN} 1—250¢7 3 12 o P o3

Case 1: If @) is given by the left quiver, we have

V=(@@Psm)e (@ sa)ev

neN meM

with V' not containing any direct summands isomorphic to S(1) nor S(3) (recall
from Definition 2.1.9. that S(1) and S(3) are the simple representations associated
to the vertex 1 and 3 respectively). In particular, it implies that ¢/ is injective.
Otherwise,

ker(¢,)—0—0

would be a direct summand of V’ which is isomorphic to €
is surjective. Otherwise,

seg S(1). Similarly, oj

0— 0 — coker () = V3 /im(3)

would be a direct summand of V" isomorphic to @, 4 S(3).

Let L = Vj, and let A be the kernel of j. As ) is surjective, we can then
assume that ¢ is the projection L — L/A. Let B = VY, as ¢, is injective, we can
assume that ¢! : B — L is the inclusion. In other words, we can consider that V' is
the representation

V': B~ L LJA.

By the previous lemma, there is a basis B which is compatible with A and B.
Therefore, V' is isomorphic to the representation

P kw—-Pkv— P kb.

beBNB beB beB\A
Then V' is the direct sum of copies of the representations:

k—k—k ifbe (BN B)\4;
k—k—0 ifbe BNANB;
0—-k—k ifbe B\(AUB);
0—-k—0 ifbe (BNA)\B.

All of these representations are interval representations.
Case 2: If @) is given by the middle quiver. As above, we have

V= (@ S(l)) ® (@ S(3)> SV

with V' not containing any direct summands isomorphic to S(1) nor S(3).
Let L = V), A= V] and B = VJ. By a similar reasoning as above, we can
assume that ¢, is the inclusion A— L and ¢j is the inclusion B— L. By the
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previous lemma, we have a base B of L which is compatible with A and B. We then

get
V'~ P k- Pkb+ P kb
beBNA beB beBNB
It admits a decomposition into interval representations.

Case 3: If @ is the right quiver. Then we have, by a similar reasoning as above,
that V' is a direct sum of copies of S(1), S(3) and a representation isomorphic to
L/A + L— L/B. Also, by a similar reasoning as above, this representation has a
decomposition into a direct sum of interval representations. O]

DEFINITION 3.2.6. Let () be a tree quiver (i.e. a quiver whose underlying graph
is a tree). Let ¢ be a vertex of Q). The arrow «a: x —y points to ¢ if y and ¢ are
in the same connected component of Q\«.

ExXAMPLE 3.2.7. Let ) be the following quiver.
1

2/ X‘3
4% \5 \6
7/£\‘9 1l()\11

In @), we have that a points to the vertices 3 and 10 but not to the vertex 5. On
the other hand, the arrow [ points to the vertices 7,8,9 but not to the vertices
1,5,6.

DEFINITION 3.2.8. As above, let () be a tree quiver and ¢ be a vertex of ). A
representation V' of Q) is c-conical if ¢, is injective for all arrows of ) pointing to
¢ and surjective for all the other arrows.

A representation V of A, is ([i, j], ¢)-conical if ¢ € [i, j] and V|}; j is c-conical.

EXAMPLE 3.2.9. The representation of the subinterval quiver V'([i,j]) is ¢
conical if and only if ¢ € [4, j].

Indeed, the only maps to check are the ones between the vertices (i —1,4) and
(7,7 + 1) as all the other maps are isomorphisms. We have 2 cases for each map
between (¢ — 1) and ¢ and between j and j + 1, depending on the orientation of
the arrow. If ¢ € [4, j], we can have a:: (i — 1) =i = 0 — k, which is the zero map
which points to ¢ and is injective. In the case where a: i —(i — 1) = k—0, it
does not point to ¢ and it is surjective. Similar consideration for the map between
the vertices j and (j + 1) confirm that V'([7, j]) is c-conical.

Reciprocally, suppose ¢ ¢ [i, j], suppose ¢ < i. Then if a: (1 — 1) =i = 0—Kk,
then o does not point to ¢ but is not surjective. If a: i —(i — 1) = k— 0, then «
points to ¢ but is not injective. Similar considerations for ¢ > j give the result.
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EXAMPLE 3.2.10. The direct sum of two c-conical representations of the quiver
() is still a c-conical representation of ().

It is clear as the direct sum of injective (resp. surjective) morphisms is injective
(resp. surjective).

LEMMA 3.2.11. Let V be a representation of () (where the underlying graph of
Q is A,) such that all maps in V|jg,,—1] are isomorphisms. Then the representation
V' is isomorphic to the representation V' with V) = V5 for all 2 < k <n — 1 and
such that for all 7y vertex in Q|pn—2, go/v = idy,.

Proof. The goal is to construct an isomorphism f: V' — V' of representations be-
tween these two representations (note that there are no arrows on the horizontal
lines as we don’t know in which direction each arrow goes):

v Vi 1 Ve Vo

fl f1l le f3l fn—ll lfn

Ve Vi——Va——V - Va——V,
Paq 1 Yp

We start by defining f1: Vi = V) as idy, and fo = idy, as well as gp’al = Qq,- 1t
is thus direct to see that the leftmost square commutes. Now, suppose that we
defined fy: Vi — V4 isomorphic (with & < n — 1) such that all the squares left to fj
commute. Let us construct fi.; such that the relevant square commutes. We have
2 possibilities depending on the orientation of ¢, :

Pa Pa
Vi —= Vi1 Vi —— Vit1
I I
fkl | fe(Pay) ™t fkl | Pay, I
+ +

In both cases, the square commutes and the map f;,; defined is an isomorphism as
both fi and ¢,, are isomorphisms. It remains to define ¢j. Once again, we have 2
cases:

Vn—l & Vn Vn—l (90_3 Vn
fnfll lid fn—ll lid
VoG Vacygr Ve

By construction, all the squares commute and the f; are all isomorphisms. There-
fore, we have the expected result. O

We will now prove the main result of the section using the proof developed in
[50]. We will proceed by induction.

THEOREM 3.2.12. Any representation of a quiver (), whose underlying graph is
of type A,,, admits a decomposition into a direct sum of interval representations.
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Proof. First, note that the result is trivial in the case Ay: V ~ S(1)"®S(3)" @ P(1)P
with P(1): k—=k and n,m,p € NU{oco}. Indeed, we can suppose with loss of

generalities that ) = 1—2. Then, V = V) EN V4 is such that V = (kery —0) &
(Vi = V1) @ (0 — coker f).

The base case is already proven in Lemma 3.2.5. Suppose now that every repre-
sentation of quivers whose underlying graph is A, for 3 < k < n admits a decom-
position. Let @) be a quiver with underlying graph A,

Let us first prove that any representation V' of () can be written as the direct
sum V' @& V" such that V' is ([1,n — 1],n — 1)-conical and V" ; = V" = 0.

To do that, we denote by U = V| ,—1). By induction, U can be written as the
direct sum of interval submodules, i.e. as representations of the form V'([s,¢]) with
1 <s<t<n-—1. Inparticular, U = U’ & U” with U’ being the direct sum of
all the terms of the form V([s,n — 1]) in the decomposition of U and U” being the
direct sum of the terms of the form V([s,t]) witht <n —2. Asn—1¢€ [s,n—1],
we have that U’ is (n — 1)-conical.

Moreover, U}, = V,_1 and U}/, = 0. It implies that we can define V' as
V'io—1y = U and V'|jn_1n] = V|p-1,. Similarly, we define V" as V| ,,—1) = U”
and V”|j,—1, = 0. These representations are well defined thanks to the previous
equalities. As required, V' | =V, =0 and V'|p ,—1) = U’ is (n — 1)-conical.

Furthermore, by considering the quiver Q°P, the quiver with same vertices and
were all the arrows are reversed, we can deduce that any representation of () can be
written as W’ & W” with W’ ([2,n], 2)-conical and such that W§ = W} = 0.

In particular, it implies that any representation V' of () can be written as Z' @ 2"
with Z' = (Z],,) such that for all v, arrow in [2,n — 1], ¢, is an isomorphism and
such that Z” is a direct sum of representations of the form V'([s,¢]) with s > 3 or
t<n-—2.

Indeed, V = V'@ V" and, using the 2nd decomposition that we defined (“W’ &
W), we get V! = Z'®Z with Z' both ([2, n], 2)-conical and ([1, n—1], n—1)-conical,
i.e. all the maps in Z/|[27n_1] are isomorphism. Moreover, we have ZI = Zg =0soit
admits a decomposition into elements V'([7, j|) with ¢ > 3. Similarly, V! = V" | =
so it admits a decomposition into elements V' ([¢, j]) wiht 7 < n — 2. It just remains
to take Z" = V" @ Z.

Therefore, using Lemma 3.2.11, we have that

wal id dj/D‘:l 7/}o¢1 w/a:l
Z’z(Z{ ZL g Zg—>z,;)g(zg RNy

As the right side is the representation of an Az quiver, by Lemma 3.2.5, it admits
a decomposition into interval modules, and Z’ admits a decomposition. Therefore,
V ~ Z7'® 7" admits a decomposition into interval modules as both Z’ and Z” admit
such a decomposition. O

This result is even stronger than stating that any persistence module over a finite
chain decomposes into interval modules, as here the direction of the arrows is not

all the same. It, in fact, implies that any zigzag module decomposes. See more in
Chapter 5.
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3.2.2 Locally Finite Persistence Modules

Let us focus on the case where the ordering set is arbitrary and all the vector
spaces are finite-dimensional. We say that this persistence module is pointwise
finite-dimensional. We use [22] as a main source for this section. Although the
result is an interesting generalisation, its proof is rather tedious and cumbersome.
We will first define the notion of cut and construct some sets related to cuts and
transition maps, as well as establish how the transition maps interact with those
sets. Then we will relate those sets to intervals. Afterwards, we will link those sets
to vector spaces and have some first results about decomposition. It will remain to
introduce the technical notion of sections of vector spaces before proving the final
result.

First, it is easy to see that being point-wise finite-dimensional is a particular case
of the following property. We will show the result in this more general context.

DEFINITION 3.2.13. A persistence module V has the descending chain condition
on 1mages and kernels, which we will denote by DCC on im and ker, if:

Vt > 51 > sy > -+ -, the chain V; D imv} Dimw}, D --- stabilizes

YVt < --- < 89 < 81, the chain V; D kerv;* D kervy? D -+ stabilizes.

In the following, we will work with 7', a totally ordered separable (with respect
to the order topology) set. The condition of being separable seems arbitrary at
first glance, but we will need it to apply the Mittag-Leffler condition and have some
results on the inductive limit of some inductive system.

Dedekind Cuts

Dedekind cuts are generally introduced to provide a way to complete a topological
ordered space. In this case, more than just provide a completion, it will also allow
us to consider all the different kinds of intervals all at once (whether it is an interval
of the form (i, 5], [¢, j], (4,7), (—00, j],- -+ for 4,5 € T). Intuitively, the first step of
the proof is to formalise the notion of limits of kernels and images of v and see how
these limits interact with the composition with another transition function vf.

DEFINITION 3.2.14. A cut for T is a pair ¢ = (¢~,¢") of subsets of T such that
T=c Uctand s<tforall s€c andt €.

NOTATION 3.2.15. Let ¢ be a cut, s € ¢~ and t € ¢t. We denote by

. - . t . + . . t
im_, = U im vy, im), = ﬂ imuw,,
rec- rect
r<t
- _ r + _ r
ker_, = U ker vy, ker_, = ﬂ ker v.
rec” rect
r>s
All of these sets are subsets of V;. Moreover, if ¢~ = (), we set im; = 0 and if ¢* is

empty, we set ker), = V.
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Intuitively, we can see a cut as a way of cutting R into 2 disjoint intervals that
cover R. We can also see im; as being the “limit” for » — sup(c¢™) by below of im .
Similarly, ker_, is the limit for r —sup(c™) (by below) of ker v!, im}; is the limit for
r—inf(c™) (by above) of imv!, and ker], is the limit of kerv” for r — inf(c™) by
above.

Using the DCC for ker and im, we have the following result.

LEMMA 3.2.16. Let ¢ be a cut.
a) if t € ¢, then im}; = imv! for some s € ¢, s < t.

b) if t € ¢~ and ¢ # 0, then ker/, = ker v; for some s € c'.

Proof. By contradiction, suppose that im}, # imv! for all s € ¢ with s < t. Let
sy = t, since im}; # imv!, there is s, € ¢* such that imv!, C imv! . Repeating

this argument, we get an infinite decreasing sequence, contradicting the DCC for
im. The same argument applies to the kernel. O

The following lemma provides a way to see how the transition maps affect the
different image and kernel sets.

LEMMA 3.2.17. Let ¢ be a cut and s < ¢.

+

CcS

+

a) if s,t € ¢, then v!(im,) = im_,,

b) if 5,¢ € ¢, then (v!)~"(ker®) = ker®

cs?

¢ (Teor® -
so v(kerZ,) C kerZ,.

Proof. (a) - v(im},) C im}, as if z € im, = (),c.+ im !, then for all r € ¢*,r <
r<t

s, Jy,. € V, such that v:(y,) = z. Therefore, if r < s <t, we have that

ve(w) = ve(v] () = vp(yr) € imo.

If s <r <t then v(z) = v.(v5(x)) € imvt. It implies that v} € (),ce+ im v, For
r<t

+ =1imv¢ for some r < s,r € ¢

the other inclusion, by Lemma 3.2.16, we have im

Therefore, v (im}) = vf(imvf) = im v} D im,.

- vi(im,,) = im_: Let # € v!(im_,). There is r € ¢~ and y € imv? such that
& = vl(y), which implies that « € imv} C J,..- v.. For the other inclusion, let
x € im_, we have r € ¢~ such that z € imo! = im(v! o vf) = v (imv?) C vl (im,,).
Note that r < sasr €c¢” and s € ¢t.

(b) - We have z € (v) Yker) & vi(z) € ker), & Vr € ¢ vl (vi(x)) =0 =
V(1) & 1 € ker.

- (vh)Hkery,) = ker_: let x € (v!)"!(ker,). Then, vi(x) € ker,, implies that
there is r € ¢~,r > t such that v!(x) € kerv]. Therefore v] o vi(z) = vl(z) =
0 = z € kervj C ker,. For the other inclusion, let = € ker_,, then there is
r € ¢ ,r > s such that vi(x) = 0. We can assume r > ¢ as ker' C ker? if
ry < ry. Therefore, v!(z) is such that v] o vi(x) = v7(x) = 0, which implies that
vi(x) € kerv] C kery,. O
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Intervals and Cuts

Now that we have formalised the notion of limits of kernels and images, we want
to formalise the notion of elements whose lifespan is exactly a specific interval and
how to compute them.

If we have an interval I C T, it is uniquely determined by the cuts [, u by the
relation I = [T Nu~ if we take the cuts

Im={t:t<sVsel}, It ={t: IseI|t > s},
u- =A{t: s eIt < s}, ut={t:t>sVsel}

For such cuts and ¢t € I, we define

Vi, = (im; N ker;rt) + (1m;; Nker,,),

+ +
Vi =im}, Nker,, .

It is trivial to check that V;; C V;I C V;. Intuitively, elements of V;,; are elements
of V; that can be written as the sum of elements that “are born” before the interval
and “die” when leaving the interval with elements that “are born” when entering the
interval and “die” after the end of the interval whereas elements of V;{ are elements
that “live” throughout the whole interval. Here, similarly to Definition 1.2.7 and
using Remark 1.2.12; we say that a non-zero element x € V; is born at s if z € im v’
and z ¢ imv! for all r < s. The element x dies at s if 2 € kerv{ and z ¢ ker v}’
for all t < r’ < s'. We further say that the element is alive between s and s'.

Intuitively, the next lemma uses the fact that the transition maps don’t change
the “lifespan” of elements: if an element was “born” before the interval, its image too.
It further states that the class of elements whose lifespan includes the whole interval
quotiented out by elements that live the whole interval and were born strictly before
or die strictly after is independent of the point of the interval where we look at.

LEMMA 3.2.18. For s <t elements of an interval I, we have
v(VEy) = Vi

Moreover, the map o
vl Vi Vi = Vi Vi

induced by the map v! is an isomorphism.

Proof. Let us begin by proving that v%(V;,) = V.

Let y € V,,, then there are a € im,, Nker, and b € im;, Nker,, such that
y = a + b. Therefore, v(y) = vi(a) + v%(b), moreover, using Lemma 3.2.17 for the
last inclusion, we have

vl (a) € vl(imy, Nker!,) C vl(im;;) Nvl(ker),) C im;, Nker], .
Similarly, v%(b) € im;} Nkery,. Therefore, v(y) € V};.

Let us show the other inclusion. Let x € V;;, we have a € imj Nker;, and
b € im} Nkery, such that z = a + b. In particular, @ € im;;, by Lemma 3.2.17,
there is @’ € im;, such that vi(a). As a € ker),, we have that for all r € u™,
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v(a') = v} ovl(d’) = v} (a) = 0. Therefore a’ € im;, Nker,, is such that v%(a’) = a.
Similarly, we can find &' € im} Nker,, such that v!(b') = b. Therefore, we have
y=a +b €V, such that vi(y) = z.

PR tUH) — 1+
Using similar arguments, we have v!(V,}) = V].

Let us now show that vf is an isomorphism.

-The function is well-defined as v%(V},;) = V.

- It is also surjective as vf(V;5) = V.

It only remains to show that it is injective. To do that, let us show

Vie 0 () (Vi) € Vi,

Let x € V;iN(v!) (V). In particular, we have z € (v)~1(V;), soy = vi(z) € V};.
Therefore, there are a € imj Nker), and b € im;} Nker,, such that y = a + b.
Following the same reasoning as above, we have a’ € im;, Nker,", such that v(da’) = a.
Therefore, vi(x—a’) = vi(x)—a = a+b—a = b € ker,. It implies that z—a’ € ker,,.
Moreover, as x € V;, = im;; Nker], and ¢’ € im;, Nker;, C im;; Nker],, we have
r—a €im;,. Thus, z =d + (x — ') € im;, Nker,, +im;, Nker,, = V},. O

We have another technical result that we will use in the next lemma. It is the
reason why we need T' to be separable.

LEMMA 3.2.19. Any interval [ of T contains a countable subset S which is
coinitial, i.e. for which Vt € I,ds € S : s <t.

Proof. If I has a minimal element m, then S = {m} works.

Suppose now that S has no minimum. As T is separable, we can find X a
countable and separable set. The set S = I N X is coinitial in [: if ¢t € I, as I has
no minimum, we can find r,u € I such that u < r < t. Therefore

(u,t)={reT :u<r<t}

is not empty. As X is dense, X N (u,t) # (. We therefore have s € SN (u,t)
X N (u,t) with s < t.

oo

Let I be an interval. As for s < ¢ in I, the function v! induces maps on V;= — VT,

we can consider
Vi = lim Vi,
tel

The set V' is the set of all the features whose lifespan includes all of I, whereas V;~
is the set of all features whose lifespan includes all of I and that were already alive
before I or that are still alive after I. In particular, the quotient V;"/V,™ represents
all the features whose lifespan is exactly the interval I.

Recall (more details and information can be found in [9] and we generalize
this notion to categories in Section B.2) that a projective system of sets relative
to an ordered set I is as couple (E,, fo3) with E, being a set for each o € [
and f.: Es— E, a function for each o < 8 in [ such that if « < 8 < v, then

fa’y = faﬁ o fﬁ’y and faa = ldEa

82



Given a projective system of sets, we can define its projective limit as being
E C [l.e; Ea such that for all € E, mo(x) = fapms(x). This limit is denoted by

I&HaEI Ea'

A projective limit also satisfies the following universal diagram:

_- Eq
Uq /’,,—”’
- ””" Mo
/=TT ’/y ....... 3
z \\El;u >l£1a€] E, fap
e -
ug \\‘\\\\\
N
Ej.

It states that m,o = fusmg(x) and that if there is E’ with u,: E'— E, such that
faptp = u, for each o < 3, then there is a unique morphism u: E' — l'&nae[ E,, such
that u, = m,u for each o € 1.

Let us also recall the Mittag-Leffler* condition

Let ((Aj)jer, (fij: Aj = Aj)i<jer) be a projective system. This system satisfies
the Mittag-LefHler condition (also denoted (M-L)) if the range of morphisms is sta-
tionary, i.e. if for all £ € I, there is 7 > k such that for all + > j, we have

Jrei(Aj) = fri(As).
The following fact is the Proposition (13.2.2) from Grothendieck [34].

FAacT 3.2.20. Let I be an ordered filtered set with a countable cofinal subset. Let
0—A, ELN B, £ C, — 0 be a short exact sequence of projective systems with I as
indices. If A,, satisfies the Mittag-Leffler condition, then the sequence

. l.&nnel L l&nna gn .
O—>l&nAn —>@Bn 4>l&nCn—>0

nel nel nel

is a short exact sequence.

Note that the convention of [34] uses the opposite ordering on I; therefore, a
coinitial subset in our ordering forms a cofinal subset in Grothendieck.

The following lemma states that we can recover the information of all the features
that are exactly “alive” during the interval and not more from any point of the
interval.

LEMMA 3.2.21. For any t € I, let m;: V;" =V, be the projection associated to
the definition of the projective limit, then the induced map 7;: V,;"/V; =V, /V};
is an isomorphism.

Proof. If s <t, then v!(V;,) = V}; by Lemma 3.2.18, therefore (V7 )i with transi-
tion maps v’ satisfies (M-L). By Lemma 3.2.19, the conditions of the previous fact are

1Gosta Mittag-Leffler (1846 — 1927) was a Swedish mathematician who worked on what is called
today complex analysis. He founded the mathematical journal “Acta Mathematica”.
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satisfied for the short exact sequence 0 — V;; — Vi — VI /V;7 — 0 with morphisms
the inclusion and projection.
Therefore, we have the short exact sequence

0= Vi = Vi > lim Vit Vi 0.
tel
It implies, by the 5-lemma (Proposition B.4.7), that V;*/V;” ~ lim _, Vi V.

By Lemma 3.2.18, vi: V;'/V;, — VI /V}, is an isomorphism for all s < t. It
implies that lim _ Vi7/Vyy ~ Vi /Vp forall t € I. O

In particular, the morphism 7;: V;*/V;” =V, /V}, is well defined, and thus
(Vi) C Vi

Vector Spaces and Start of the Decomposition

Now that we know how to compute features whose lifespan is exactly the interval
I, we will show that they form a submodule. Furthermore, we will show that this
submodule is isomorphic to a direct sum of copies of the interval module I”.

As Vi C V;* are two vector spaces, we can consider W} the complement of V;~
in V;" i.e. a vector space such that

Vii=V e W)

Moreover, for all ¢ € I, the restriction of 7;: V;" — V; is injective on W}. Indeed, by
the last lemma, 7 is an isomorphism. Let 2 € ker m; "W}, we have m(z+V;") € V};,
therefore z € V;” and z € WP n'V; = {0}.

Using this vector space, we can construct a persistence module easily.

LEMMA 3.2.22. The assignment

Wlt:{ 71-75(I/VIO) (tE ]>’

0 else

with the v! restricted define a submodule W; of V.

Proof. If s < ¢ in I, then vim, = m by the definition of the projective limit. By
applying the equality to WP, we get v!(Wr,) = Wp. Moreover, for all s < ¢t with
se€landt ¢, thent e ut, soWr, C VL Cker), Ckervl. It means that the map
vl Wi — Wi = 0 is well defined. O

We now check that the persistence submodule defined above is indeed the com-
plement of V;; in V;! for each element of the interval.

LEMMA 3.2.23. For all t € I, we have

Vi =W e V.
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Proof. Let us start by showing that the sum is direct. Let z € W,NV;,. v € W, =
m(W?), so there is y € WP such that 7;(y) = 2. In other words, y € m, *(z). On
the other hand, x € V};, so x = 0 in V;I /V}; ~ V' V[ therefore, 7, ' (z) = V; and
y € m; *(z) C V; . Combining the 2 parts, we have y € WP NV, = 0 by definition
of WP. Soy=0and z = 0.

Let us now prove that VIJ{ = Wr + V), . The inclusion Vf[ D Wp +V,, is direct.
Let us show the other. Let x € V;f, by definition of the projective limit, there is
y € Vi such that m(y) = x. By construction of W}, we have V;" = V;” & W},
therefore, y = y; + yo for some y; € V;” and y, € W?. It implies that x = m,(y) =
me(y1) + me(ye) with m(y1) € Vi, as m(Vy) C Vi, and mi(y2) € Wiy O

We can now prove the result we have been hinting at: W; represents features
whose lifespan is exactly the interval I.

LEMMA 3.2.24. The submodule W; is isomorphic to a direct sum of copies of
the interval module I7.

Proof. As WY is a vector space, we can choose a basis B of this vector space. For each
element b € B, as the map m; is injective on W2, the elements b, = m;(b) (t € I) are
non zero and satisfy v’ (bs) = b, for all s < ¢ by the definition of the projective limit.
It means that they span a submodule S(b) of W; that is isomorphic to I!. Moreover,
{b, : b€ B} is a basis of Wy, = m(W7) for all t € I, so W; = @,.55(b). O

Sections of Vector Spaces

It means that if we prove that V is the direct sum of submodules W; as I runs
through all the intervals, we will have the required result. To do that, we will first
prove some general results about vector spaces.

DEFINITION 3.2.25. A section of a vector space F'is a pair of subspaces (F~, F'T)
such that F~ C F+ C F.
A set of sections {(Fy, F\')|\ € A} is said to

e be disjoint if for all X # p in A, either F" C F; or F,f C Fy.

e cover F if for all proper subset X C F, there is an index A\ € A with
X+ Fy # X+ Fy.

e strongly cover F if for all subsets Y, Z C F such that Z ¢ Y, there is an
index A\ € A with Y + (Fy NZ) #Y + (F{ N Z).

Note that by taking ¥ = X and Z = F', one recovers that strongly covering U
implies covering it.

The following lemma will allow us to link the fact of having a set of disjoint and
covering sections to the decomposition of the vector space.

LEMMA 3.2.26. Suppose that {(F} , F\")|\ € A} is a set of disjoint sections that
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cover U. For each A € A, let W, be a subspace such that F" = W, & Fy, then

U:@WA.

AEA

Proof. Let us first prove that the sum is direct. Let n € N and ¢, € W), for all
¢ < n be such that ¢y, +--- 4+ ¢y, = 0. As the set of sections is disjoint, we can
assume without loss of generalities (after possibly reordering) that F ;“ C Fy, for all
1> 1. It gives

Cy, = —ZCM S F)\_l N Wy,
i>1
which implies that c), = 0. Repeating the argument, we get that all the ¢, = 0.

Let us denote by X = @, ., W, and suppose by contradiction that X # U. By
the covering property, there is A € A such that X + Fy, # X + Fy. Then

X+Ff=X+Wy+F, =X+Fy,
a contradiction. O

The next lemma allows us to construct more sets of disjoint covering sections.

LEMMA 3.2.27. If the set {(F),F\)|A € A} is a set of disjoint sections that
cover U and if the set {(G,,GT)|o € ¥} is a set of sections which is disjoint and
strongly covers U, then the set

{(Fy + G, NENFy +GENEN|(A\ o) e Ax X}
is disjoint and covers U.

Proof. Let us first prove that the set of sections is disjoint. Suppose (A, o) # (X, 07).
If A # )\, then we can suppose Fy" C F,,. It implies that

Fy+GINFFcFfcF,CcF,+G, NFy.

In the case where A = X', we have 0 # ¢’ and we can assume G} C G,,. It implies
that Fy + GENFY C Fy + G, NFY.

Let us now show that it covers U. Let X C U. As the sections (Fy , Fy'), A € A
cover U, there is A € A such that X + Fy # X + F". If welet Y = X + F} and
Z = FY, we have Z ¢ Y, therefore as the set of sections (G}, G,) strongly covers
U, thereisa o € Y such that Y + (G, NZ) #Y + (G N 2). O

Final Steps

Let us now circle back to persistence modules with the DCC on ker and im. This
final lemma shows that some of the sets for which we worked with are indeed disjoint
and strongly covering.
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Recall that we have:

. - _ . t . + _ . t
im_, = U m,, img, = ﬂ 1m v,

rec” rect
r<t
T = r + _ r
ker_, = U ker v, ker_, = ﬂ ker v;.
rec” rect
r>s

LEMMA 3.2.28. For t € T, each of the sets of sections
{(im_;,im%) : c a cut with ¢t € ¢}
and

{(ker_,, ker}}) : c a cut with t € ¢~}

are disjoint and strongly covers V;.

Proof. Let us focus on the set of sections with the image; the one with the kernels
follows a similar pattern.

-It is disjoint: let ¢, d be distinct cuts with ¢™ and d* containing ¢. Exchanging
¢, d if necessary, we can assume ¢ Nd~ # (). Let s € ¢" Nd~. We then have s < ¢
and im/, C imv! C imy,.

-It strongly covers V;: Suppose Y, Z C V; such that Z ¢ Y. Then

cc={seR:imv'NZCY}

and
ct={seR:imv'NZ¢Y}

define a cut with ¢ € ¢*. Moreover, we have

Y+ (imgnZ) =Y + (| imvin2) = [V + (imvfn2)) =Y.

sec™ sec™
However, by Lemma 3.2.16, we have im}; = imv! for some s € ¢, s < t. Therefore,
Y + (imf,NZ) =Y + (imvi N Z) # Y by the definition of ¢*. O

We now have all the required preliminary results to prove (using the method
developed in [22]) the result we wanted.

Recall that given an interval I C T', it is uniquely determined by the cuts [, u by
the relation I = [T Nu~ if we take the cuts

Im={t:t<sVsel}, It ={t: Ise |t > s},
um ={t: Is eIt <s}, ut={t:t>sVsel}.

Moreover, for such cuts and ¢ € I, we have

Vy; = (im;; Nker},) + (im;} Nker,,),

+ it +
Vi = im;; Nkery, .
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THEOREM 3.2.29. Any persistence module with the descending chain condition
on images and kernels is a direct sum of interval modules.

Proof. Let I be an interval and ¢ € I. Consider the section (Fj;, F}t) of V; defined
by
Fif = imy, + (ker;, Nim;})

where [, u are the cuts determined by I. As I runs through all the intervals containing
t, the cuts [ and u run through all the cuts with ¢t € [T and ¢t € u™.

By Lemma 3.2.28, the sections (Fy;, F};);s; respect the conditions of Lemma
3.2.27 and therefore, the set of sections (F;, Fjt);s; is disjoint and covers V.

By Lemma 3.2.23, we have V;; = W, @V, for all ¢ € I. Therefore, using the
definition of V;; = (im;; Nker},) + (im;} Nker,,) and V,; = im}; Nker/,, we get

im;; Nker}, = Wy @ ((imy, Nker},) + (imj; Nkery,)) .
It implies
im;; Nker}, +imy, = (Wp @ ((imy, Nker,) + (im;f Nkery,))) + im;, .
We then have
Ffy = Wy + ((imy, Nkery, +imy,) 4+ (imy) Nkery, +imy,)) .

As we have im;; Nker}, +im;; = im;, C F}, and im}; Nker,, +im;, = F;;. It gives
that we have F}, = Wy, + F};. Let us show that the sum is direct. For that, it only
remains to show that Wy N F;, = {0}.

Let x €¢ Wi, N Fp,. As x € Fj, it gives that x = a + b with a € im; and
b € ker,, Nim;; C ker},. Moreover, z € Wy, C V;i = im}, Nker/,. In particular,
a =1z —0b € ker], and then a € im;, Nker},. It means that z = a +b € V;; and
z €V, N Wy = {0} by definition of Wy;. We therefore have

Ffr =Wy o Fy,.

By Lemma 3.2.26, V; = @Dt Wi. Moreover, as proven in Lemma 3.2.24, W; is
a submodule of V. In particular, the restriction of v% to W, has an image contained
in Wy Thus, if we consider v} as the map between @, , Wi, — @5, Wi, then
the image of x = (27)3s by v is (21)/5s¢y. In particular, it implies that the
decomposition given above on the elements is still true at the level of persistence

modules. Therefore .
v=Ppw =Ppepr.
I I =0

the last equality is given by Lemma 3.2.24. O]

Using the remark made at the beginning of the section, we know that every
pointwise finite-dimensional dimensional respects the descending chain condition on
images and kernels. Therefore, the following corollary is direct.
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COROLLARY 3.2.30. Every pointwise finite-dimensional R-persistence module
is decomposable.

3.3 Barcode and Persistence Diagram

Using the decomposition of persistence modules into interval modules, we can define
two great visual tools to represent the persistence module: the barcode and the
persistence diagram. We will extend the definitions of barcode and persistence
diagram of Morse functions that we gave in the introduction.

Those two tools are formally multisets. Intuitively, multisets are sets in which
we allow the repetition of elements. More formally, they are defined as follows.

DEFINITION 3.3.1. A multiset is the data of (U,m) where U is a set and

m: U — Ny is a function defining the multiplicity of elements. The value m(a) for

a € U is interpreted as the number of occurrences of the element a in the multiset.
The support of a multiset is the set U.

To define a function between multisets, we will implicitly number each repeating
element to distinguish them.

DEFINITION 3.3.2. Let F' be a decomposable persistence module such that V =
@D, (I')* with k; > 0, then the barcode of V is the multiset

B(V)={(I,k;): I €L}

DEFINITION 3.3.3. Let F' be a decomposable persistence module such that V =
@D, (I')*, then the (undecorated) persistence diagram of F' is the multiset of

H = {(z,y) € R: x>y} defined by
dgm(V) = {((inf(1),sup(1)),kr) : L € L} U (A, 0).

In other words, it consists of points in the extended upper half plane representing
the endpoint of each interval, each with the multiplicity of the multiplicity of that
interval in the decomposition. We also add the first diagonal A = {(z, )|z € R}
with infinite multiplicity.

REMARK 3.3.4. The undecorated diagram contains a bit less information than the
barcode as we lose the information about the “openness” and “closed-ness” of the in-
tervals. One way to keep this information is through decorated persistence diagram,
where we add some information (a + or —) on the numbers depending if they are
included in the interval or not. For example (17, 2%) represents the interval (1, 2]
while (17, 27) represents the interval (1,2). This concept is further developed in [18].
Note, however, that in the next chapter, we will define an extended pseudo-metric on
barcode and persistence diagram. This extended pseudo-metric will be zero between
decorated persistence diagrams whose underlying undecorated persistence diagrams
are the same.
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REMARK 3.3.5. Still in [18], the concept of persistence diagram is extended to per-
sistence modules V such that rank(v!) < oo for all s < t. This extension uses
the concept of rectangle measure and defines the persisence diagram as being the
(unique) multiset D of H\A such that for every rectangle R = [a,b] x [¢,d] C H\A,
we have

Card(D|g) = r§ — r¢ — il +r¢

where 70 = rank(v?). Intuitively, we want to be in each rectangle R = [a, b] X [¢, d] the
number of intervals modules that appear after a and before b and that disappear
after ¢ but before d. Note the similarity of formulae with the one developed in
Section 1.2.2.

Although this generalisation is widely used, it is a bit outside the scope of this
master thesis as the formalisation of this measure is pretty long and tedious, while

not being essential to the present work.

frj -+Do

Iy o I-
o——o B
1 b | @

——t———»

I
o -1 I 2 3 4 5 6 7 8 9

+
—00

Figure 3.1: Barcode (left) and persistence diagram (right) of the persistence
module V = II-14) @ (10212 @ T @ (=3 @ T(=22+2°) The diagonal is in red as
it has infinite multiplicity and the point (0, 2) is green as it has multiplicity 2.
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4 | The Stability of Persistence
Modules

As mentioned in the introduction, persistent homology and persistence modules are
widely used in topological data analysis. One of the main goals of this field is to be
able to infer some information on the topology of some manifold underlying a given
data set (the “data inference problem”). The idea would be to define some homology
thanks to the data given and hope that the homology defined is somewhat close to
the homology of the underlying manifold. The goal of this chapter is to introduce a
(pseudo-)metric on the persistence modules and their barcode and show that they
are linked. We will prove the isometry theorem at the end of this chapter, which
will allow us to justify that the idea we had to infer the topology of the manifold is
indeed correct.

The main sources for this chapter are [18, 13, 7]. We will use the idea of [13]
to use a categorical framework to allow us to be more general while still using the
majority of the results (and idea of proofs) of [18§].

4.1 Interleaving Distance

In this section, we use the categorical framework. We also focus on persistence
modules over R. Recall that we can endow any poset (7, <) with the following
categorical structure: the objects of (T, <) are the elements of 7" and

Hom(a, a’) (1<) — 0 otherwise

{{fj'} if a <d

In particular, we have f¢ = id, for alla € T and for all a < b < ¢, we have f¢ = ff°.
We endow (R, <) with this categorical structure. When the context is clear, for the
poset (R, <), we will denote this category simply as R.

DEFINITION 4.1.1. Let b > 0. The translation functor of offset b is the functor
Ty, defined by Ty(a) = a + b and T(fo) = fo3¢.
We also define the natural transformation n,: idy — Tp, using (), = f27° for

alla € T.
Note that 7, is indeed a natural transformation. Let fg/: a— a', we have the
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following commutative diagram that gives the naturality condition:

_ a+b
a (m)a=fa CL+b

f;’/l lTb(ng:fg’Jf

CL/ —,> CL/ + b.
(nb)a’:f;l/+b

Let C be a category and F, G be two functors R —C. Let € € R be greater than
or equal to 0.

DEFINITION 4.1.2. An e-interleaving of the functors F' and G consists in the
data of 2 natural transformations ®: F'— GT, and ¥: G — F'T, such that

(VT)®P = Fnoe and (PT7)V = Gnae.

If such an e-interleaving exists, we say that ' and G are e-interleaved.

Here, we use the convention developed in Section B.1.1.
In more detail, by the naturality of ®, we have for all a < a’ in R the following
commutative diagram.

F(a) —2— GT.(a) = G(a + ¢)
F(f’ )l lGTe (f)=G (et
F(d) —— GT(a') = G(d' +¢).

Therefore, G( g:f) o, = &, o F(f). Similarly, using the naturality of ¥, we
have F(f&1) o U, = Uy o G(f¥) for all a < .
The equality (V71,)® = F'no translates to, for all a € T,

‘;[Ja—l—eq)a - (\IITe)a(I)a - F(7726)a - F(f;HQE)'
Similarly, we have, for all a € T,
®,, U, = G(fg”e).

Using interleaving, we can define an extended pseudo-metric on the functors
between R and C. For that, we need the following lemma, which will justify the use
of the infimum in the definition of the extended pseudo metric. Let us first recall
what an extended pseudo-metric is.

An eztended pseudo-metric on a set X is a function d: X x X — R U{+o0}
such that for all z,y, z, we have d(x,z) = 0, it is symmetric : d(z,y) = d(y,x) and
such that it respects the triangular inequality: d(z,z) < d(z,y) + d(y, 2).

The difference between an extended pseudo metric and an extended metric is that
d(z,y) = 0 does not imply that x = y. However, the relation = ~ y < d(z,y) =0
is an equivalence relationship on X. Indeed, it is clearly symmetric and reflexive.
It is also tramsitive as if x ~ y and y ~ z, by the triangle inequality, we have
d(z,z) < d(z,y) +d(y,z) =040 =0 and = ~ z. One can therefore quotient out
X, and the function defined on X/ ~ induced by d is an extended metric. The term
“extended” means that d(z,y) can take the value +o0.
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LEMMA 4.1.3. If F and G are e-interleaved, then they are €’-interleaved for each
€ > e

Proof. Let ®: FF— GT, and V: G — FT. be the natural transformations defining
the e-interleaving. Denote by € = ¢ — ¢ > 0. We define n1.: T, - T, = Ty
and we have Gn1,.: GT.— GT.. We then define d = (GnT)®.  Similarly, we
define W = (FnT.)¥. Note that (Gn:T.), = G(Ne)are = G(fE) = G(f&F) and
similarly, (FneTy), = F(f5E).

We need to check that (U7.)® = F(10). On each component, it gives

A

Vo d,
(F1eTe) W) are (GneT) @)
(F’I’fT )a-i—e’\lla-I—e (GWT )

:F(fc?i_ez/ie) a+6’G( g-tee)

((\ijTE’)(i))a

The condition is therefore equivalent to showing that the following diagram com-
mutes.

g+2e F f;z+6;+e F(fg+€2/6'€)
F(a) Fa ) > F'(a + 2¢) Vatae ™ » Fa+ ¢ +€) 3 (a + 2¢).
% Ae A’e’

G(a+¢) >»G(a+¢€)

GIate ™)

The left triangle commutes as F' and G are e-interleaved and the rectangle commutes
too by naturality of W. O

DEFINITION 4.1.4. We say that d(F,G) < e if F' and G are e-interleaved. and
we set

d(F,G) =inf{e > 0 : F and G are e-interleaved}.

We keep the convention that d(F,G) = oo if for every e > 0, F' and G are not
e-interleaved.

REMARK 4.1.5. If d(F,G) = 0, it does not imply that F' and G are naturally
equivalent.
k ifa=0, .
Indeed, take F': R— Vect,a +— 0 and G: R— Vect,a —  with
0 otherwise.
the 0 map between objects. These two functors are not naturally equivalent as
F(0) # G(0). However, for each € > 0, defining ® and ¥ by ®, =0 and ¥, = 0 for
all @ € R, we have that they are natural and we have ®,, ¥, = 0 = G(f*"*) and
similarly with F'. It therefore provides an e-interleaving.

Note, however, that if F' and G are O-interleaved, then they must be naturally
equivalent. It suffices to take as maps for the equivalence the maps ¥ and .

We will use the lemma we have proven prior to the definition in order to prove
the triangle inequality and show that it is indeed an extended pseudo-metric.
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PROPOSITION 4.1.6. The function d defined above is an extended pseudo-
metric.
Proof. The conditions d(F, F') = 0 and d(F, G) = d(G, F') are direct by the definition
of interleaving. It only remains to show the triangle inequality.

Let F,G and H be three functors, a = d(F,G) and b = d(G, H). Let also € > 0.
By the definition of the infimum, there are ¢ < € and ¢’ < e such that F' and G are
(a + €')-interleaved and G and H are (b + €”)-interleaved. By the previous lemma,
it implies that F' and G are (a + €)-interleaved and G and H are (b+ €)-interleaved.

Let " F—->GT, ., V:G—FT,,., 9" G—HT,,. and V": H— GT,,. be the
different natural transformations defining the interleaving. Define

P = <®”Ta+e)¢: F— HTb+ETa+E = HTa+b+26

v = (\II/T[H_E)\I/”: H— FTa+b+2e'
We will show that ® and ¥ define an (a + b + 2¢)-interleaving between F and
H. As they are defined as the composition of natural transformations, they are
natural transformations. It remains to show that (U7} pi0.)P = F N2(atb+2¢) and
(PTarpr2e)¥ = GNagatir2e)- We will only show the first equality as the second one

is totally similar.
Take x € R, we have

( (\IjTa-i-b—&-?e) Q))x = (\I]x+a+b+2e) ®,
= ( (\Ij,Tb+e) \Ij”)x—&-a+b+2e ( (CDNT&-&-E)CI),)%

S T " " !
_\I[x+a+2b+36 \I]x+a+b+26q)a:+a+eq):): .

Moreover, as " and ¥” define an (b + €)-interleaving, we have

\Il/z/+a+b+2eq)g+a+e = ((\P//Tb+ﬁ)q)//)x+a+e = (Gn2b+26)x+a+e = G( figifbﬁe)'
By the naturality of ¥/, we have the following commutative diagram.

!
\Ilz+a+e

Glx+a+e) ——————— F(z + 2a + 2¢)
Gz | |Fuzzzzze

Gz +a+2b+3€) —— F(z +2a + 2b + 4e)

r+a+2b+3e
Therefore, we have

S " " /
( (\IITa-i—b—i—ZE)(I))z _\Ijac+a+2b+36\Ijzc+a+b+26<bm+a+eq>a:

_ +a+2b+3
_\Ij;—i-a—i—Qb—i—BeG (ffE . 6) q);@

r+a+e
o x+2a-+2b+4e ! !
_F ( xr+2a-+2¢ ) \Ija:JraJreq)x

=F (f230530H) (V'Tpe)®),
=F (f230530) (Fisase))e

—F ( xigaiglﬂrlle) F (fx+2a+26)
z+2a+2€ x

=F (fm+2a+2b+4e) )

It means that ' and H are (a + b + 2¢)-interleaved for all € > 0. It implies by the
definition of the infimum that d(F, H) < a + b. O
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Even though d is not a distance, only an extended pseudo-metric, we will use an
abuse of notation and still call it the interleaving distance.

PROPOSITION 4.1.7. Let F,G: R—C and H: C—D be two functors. If F
and G are e-interleaved, then so are HF and HG. In particular, d(HF, HG) <
d(F, Q).

Proof. Let ®: F'— GT. and V: G — F'I; be the natural transformation defining the
e-interleaving between F' and G. Then the natural transformations H® and HWV
define an e-interleaving between HF and HG. m

4.2 The Interpolation Lemma

The goal of this section is to prove that if we have two functors F, G that are e-
interleaved, then for all § < ¢, there is a functor H such that F, H are d-interleaved
and H,G are (e — §)-interleaved. For this section, we restrict ourselves to functors
from R to an abelian category A.

First, we will consider the plane R? with the order (a,b) < (a’,b') < a < o’ and
b < V. Note that we have not defined an interleaving between functors of R? > A.
However, for all x € R, we can define

A, ={(p,q)p—q=2z} CR?.

As posets, we have R ~ A, : ¢t +— (t —x,t+x). Therefore, if we have functors defined
over A,, we can define their interleaving by using the isomorphism between A, and
R. We can also relate the fact of being interleaved with some condition of existence
of functors on some parts of R?.

PROPOSITION 4.2.1. The functors F,G: R — A are |y — x|-interleaved if and
only if there is a functor H: A, UA, — A such that H|s, ~ F and H|5, ~ G.

Proof. If v = y, then we have the result as F' ~ G if and only if F, G are O-interleaved.
Without loss of generality, we will assume that x < y.

If FF and G are (y — z)-interleaved, then there are natural transformations
¢: F—GT,_, and V: G — F'T,_, such that

qja-ﬁ-y—xq)a =F (fg+2(y—:c))

and
Doy oWy = G (foH200)),

We define H as H(a — x.a+x) = F(a), H(a —y.a+y) = Gla), H (£ 207) =
F (f}f), H <f(b7y’b+y))> =G (fé’), and, if a +y < b+ z,

(a—y,aty

H <f(b—y,b+y)> — G () P

(a—z,a+x) aty—z

and ( :
b—x,b+x o b
H (f(a—y7a+y)> =F (fa+y—r) Vo
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Ay A,
Ax Y A,

(a—z,a+x a—y,a+y)

Figure 4.1: Definition of H (f(b v b+y>) and H (f(b o bﬂ)) .

The following figure gives a visual representation of the definition of those maps.
From the definition, we directly have that H|s, ~ F and H|5, ~ G. We also
directly have that H(id(as)) = idg(ap). It only remains to show that H(f o g) =
H(f)o H(g). We will consider different cases. If the endpoints of f and g are all
on the same diagonal, the equality follows from the definition of F' and G. Let us
compute now the result if we have one change of diagonal: First, assume that the
change of diagonal happens in the first function. It gives the following equality.

c—y,c+ (b—y,b+y) \ __
(f(b 5b+5 > H <f(a :lpla+1;3)> (fb) ( aty— x) o,
— (Ci ,C+ )
=G ( a+y— x) b =H (f(a—i/,a—l—?i)) :

Now, assume that the change of diagonal happens in the second function. It
gives the following.

c—y,c+ (b—z,b+x)
<f(b gb—l—g)) H (f(a x a+x)> (fb :L‘+y) Oy F (f )
=G (fiany) G (£0572) @
— — (C_ ,c+ )
=G ( a+y— 33) ¢, = H <f(a—g,a+z;c)) :

The second equality of the second case comes from the naturality of ®. The case
going from A, to A, is completely symmetric to the one above. It only remains to
show the case where there are 2 changes of diagonal. I will show the case where the

first function goes from A, to A, and the second function goes from A, to A,. The
other case is completely symmetric.

H(ﬁiﬁﬁ)ﬂ(ﬁiﬁi)ZWﬁxwme(aﬁgé
(f :Jc+y) ( (l; g{jﬁQy) \I’a—m+yq)a
F (fiany) F (S50, ) F (f27202)
P =H (fee).

We first use the naturality of U before using the interleaving equality. Therefore, H
is indeed a functor from A, U A, to A.
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Let us now assume that there exists a functor H: A,UA, — A such that H|a, =~
Fand H|a, ~G. Let a: H|a, = F and 3: H|a, — G be the equivalence of functors.
Let us construct ® and ¥ defining an (y — z)-interleaving (we suppose again x < y).
Let @, = Buasy B (SUT000™ ) 00 and Wy = g H (f000000) B,

We then have

(b x,b—x+2y)

CI)bF(f 5(} ac+y b x,b+x)

b—xz,b—x+2y) (b—z,btx —
61’ z+y < (b J:b+a:+y)H< (a— maiw)aal
< (b z,b— x+2y>

(a—z,a+x) OZ

Bty
= by H (FO22000) ) H (FE500™) o
=G (J221Y) BacaryH (fgj_;;;;)“w) ol

=G (f1y) @

It gives the naturality of ®; the one for ¥ is completely similar. For the equation
giving interleaving, it comes from

o (a—3z+2y,a—x+2y) a—xz,a—x+2y) -1
‘Ija—w‘i‘yq)a _Oéa—2m+2yH (f(a z,a—x+2y) a— $+yﬁa w—l—y f(a z,a+x) Q,

—ay, 2;c+2yH <f(a 3z+2y,a—x+2y) H <f(a—z,a—x+2y)) O[_l

(a—z,a—x+2y) (a—z,a+x) a

(a—3z+2y,a—x+2y) -1
=g 2I+22,/H (f(a x,a+) Qg

—F (f572z+2y) OéaOé;1 = F (fsz:erQy)
Therefore, we have an interleaving. O]

Note that in this proof, we did not use the fact that A was abelian; the result is
actually true for any functors from R to any category C.

Using this new perspective on the interleaving, we can prove the interpolation
lemma by extending the functor H to a strip A, = {(a,b) : 22 < b —a < 2y}
Then, for every x < z <y, we will have that H|a, is (z — x)-interleaved with F' and
(y — z)-interleaved with G.

THEOREM 4.2.2. Every functor H: A, UA, — A with A an abelian category
can be extended to a functor H: A, ) — A. In other words, we have the following
commutative diagram.

Ay

SO —
. ~. H
zI SN
~
~

A,UA, —— A

Proof. We will assume that x+ = —1 and y = 1 to ease the notation. We can
extend the result to arbitrary x and y by rescaling and translation. Let us denote
by F'= H|a_, and G = H|a,. We will denote by

O F(t) = Ht+1,6—1) =Gt +2) = Ht+1,t +3)
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D(r,y) = H(z,z +2)

Cle,y) = H(y+2,u)

Figure 4.2: Representation of the four functors and four natural transformations.

and
U,:Gt)=H(t—-1,t+1)=>F{t+2)=H({t+3,t+1).

We define four other functors over R?:

As Aley) =Fo-1)=Hao-2), A(JC0) =F () =1 (1873
B: Blay)=Gly—1)=Hy—2y), B(f50) =06t =H (0
C: Cloy)=Fy+1)=Hy+2y), C(fo0)=F(fei') =H (05
D: D(wy) =G+ 1)=H(rao+2), D(JC0) =6 () =1 (555

We also define four natural transformations between these functors:

0 A= C, apy = H (fU29) = F (f15)

x,x—2) x
0:A—=D, @u,=H f(fjf)) =0,
V: B—C, Py =H fgf*;g =0,

B: B D, 6<x,y>=H(f(<;é*5) G (s

The morphisms ¢ and ¢ are defined for all (x,y) € R? whereas a requires z—1 < y+1
and 3 requires y —1 < x+1. In total, they are all well defined when —2 < z—y < 2,
i.e. on the strip A|_; ), we restrict all the functors and natural transformations on
that strip. The figure gives a visual representation of the different functors and
morphisms. Note that a, 3, ¢ and v are all natural transformations.

We define

p

Note that € is well defined as A is abelian, therefore Fun(Ap_;),.A) is also an
abelian category, as discussed in Example B.3.6. Therefore, the direct sum is well
defined. We will show that H = im(2) is an extension of H on A(_11). Once again, it
is well-defined as Fun(A[_; 1j, A) is abelian (recall the category-theoretic definition
of the image of a morphism in Section B.3). H is a functor from A_;j to A, it
only remains to show that its restriction to A_; UA; is H.

Q= (g w) ASBoCoD.
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Let us first show that H|a , ~ F. We associate A_; = {(t +1,t — 1)} to R
through the isomorphism ¢t — (t + 1, — 1). We have (A @ B)(t) = F(t) ® G(t — 2)
and (C @ D)(t) = F(t) ® G(t + 2). Moreover, on A_;, we have

0, — (a(t+1,t—1) 1/J(t+1,t—1))
;=
O+1,-1)  Berii-1)
1,t—1
P m ()
(t41,t43)
H () et

i 0,
A\ G(f%)
id,
<1®t) (ldt \I/t_g) .

The last equality follows from G ( ltH) H < f tt+31 f*f’))) =H ( f((ttj_rll f +f’ ) ( f(f +§ tt 11)>

Denote Ql,t = (ldt \I’t_g) and Qg’t = (lcgt)
t

Using this, we will show that the universal property of the image is satisfied.

F(t)® Gt —2) f s F(t) @ G(t +2)
Q1 Qa ¢
AR "
H:f
"

We directly have that 2y, is a mono as if g: A— F(¢) is such that y,9 = 0, it

means that
g
=0=¢=0.
(fbtg) I

Let us now construct a map f: F(t) — I completing the diagram and let us show

m1> . We want

that this map is unique. First, we can write e = (61 62) and m = (m
2

f such that fQ,; =e and mf = Qy;. In matrix form, it gives

(f f‘l’t—2) = (61 62)

(nef) = (5)

The first component of the first equation directly gives that f = e; is the only
possibility. Let us show that it works. We have me = (), it therefore gives

mier Mmi€z\ ldt \Ijt_g
maer Mmaey)  \ Py G(ttf%) '
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mieq . ldt
mo€o o <I>t
to show that f€;, = e. In order to do that, we will use the fact that m is a
monomorphism. Indeed, we have

In particular, it proves that mf = Qy; as we have . It remains

me = €y = Q2,th,t =mfQ;.

As m is monomorphic, we have the required e = f; ;. Therefore, F'(t) ~ im(Q2414-1)
for all ¢ € R, therefore F' ~ im(2)|a_,.
Similarly, we have G ~ im(2)|a,: on A;, we have

H( (t+3,t+1)> B )
Qt:< Teriecd )} (1 (R0 idueanen)

id(—1,041)

O
id(—1,041)
position, we have that G(t) describes the image of €2;_1 ;4 for all £ € R in a similar
manner as above.

It only remains to show that the maps from elements of the first diagonal to the
second are the same as the ones in H. To prove that, it suffices to show that for all

t € R, the vertical maps are given by ®: H ( ff:fllfff’ ) ~ @, and the horizontal maps

are given by U: H ( fffff:ll ) ~ U,. We will show it for the vertical maps; the case

of horizontal maps is similar.

We denote by 3, = ((I)t_g id(t_17t+1)) and Q4 = ( ) Using this decom-

For every t € R, the following diagram commutes.

Q1,t

Fit)e G(t—2) —— F(t) » F(t) @ G(t+2)
idp(r) @G(fffi)l @l lF(fﬁ‘*)@idg(m)
Ft)y® G(t+2) o G(t+2) o Ft+4) e Gt+2).

Qo ¢

Indeed, for the left square, we have

P =Py (idt \Dt—z)
= (@, @)
=(® G (f%2))

. 'd 0
= (P idgr2) <10t G ( fﬁ))
=3 112 (idF(t) ®G ( ﬁg)) ’

For the right square, we have
Uy ® F(fi
Qy 40Py = ( 2=t ) = ( ( t ) )
1dG(t+2) b, 1dG(t+2) ®,
_(F () 0 idp)
0 idg(i12) o, )
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As a result, for each t, ®; is the induced map F(Hl,t—l) —>ﬁ(t+17t+3) as it is the only
map making the universal diagram defining the 2 images commute. It is indeed
unique as the relation f€;; = Q3,49 (idF oG ( t+2)) implies that f = ;.

Qeeg1,e-1) EB
(Q t+1,t— 1

ldp(t) @G( t+2) CI)tl F(ftt+4)@idG(t+2)

F(t) & Gt —2) G(t+2)

= im(Q(41,042))

G(t+2)
3 4 m

F(t)® G(t+2) t+4)éG(t+2)

Qe41,t42)

Similarly, the horizontal maps ¥; come from the commutativity of the following
diagram.

Qa ¢

s F(t+2) ® G(t)

F( fff%)@idg(t)l \I!tl lidFu +2) @G( ff*“)
Ft+2)eGt) — F(t+2) o F(t+2) @ G(t+4).

Q1,142

4.3 Computation of some Interleaving Distances

We will look at some ways to compute the interleaving distance for persistence mod-
ules. For that, we restrict further to functors from R to Vect, the category of vector
spaces. Note that Vect is an abelian category. In the following, we use the notation
x1 to denote the interval module of support I instead of the previous notation I’ as
well as the notation of the functor £’ rather than V to denote persistence modules.
We use these notations to emphasise the fact that we work with functors. We will
first compute the interleaving distance between any two interval modules and prove
the equalities put forward in [13].

LEMMA 4.3.1. Assume [ and [’ are finite intervals. Then d(xr, xr) < max(h, h’)
where h = ‘ | is half the length of I and A’ is half the length of I’.

Proof. Let € > max(h,h’). We then have that x;me. = 0 = xpn2 as for all real

number a, (X1mec)a = x7(f2T*) = 0. Indeed, either a or a + 2¢ is not in I as

their difference is larger than the length of the interval. Therefore, x;(f72¢) = 0.
Similarly for xpng..

Therefore, & = 0: x; — xp/1:. and ¥ = 0: xp — x;7. defines an e-interleaving.

0
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LEMMA 4.3.2. Assume [ and I’ are finite intervals. Let m be the midpoint of
I. If m & I', then d(x;, x;7) > h where, as above, h is the half distance of I.

Proof. Let e < h, we will show that there cannot be any e-interleaving. Assume there
are some (P, V) defining an e-interleaving. As € < h, we have [m —e,m + €| C I,
in particular, (x;72¢)m—_ = idk. It implies that ((VT.)®),,—c = (XiM2e)m—c = idy.
However, the codomain of ®,, . is x;/(m) =0 as m ¢ I'. Therefore, ®,,_ must be
the zero map and thus ((V7,)®),,_. = 0, a contradiction. O

Using these two lemmas, we can now compute the interleaving distance between two
interval modules.

PROPOSITION 4.3.3. Let I and I’ be finite intervals. Then,
1. if I =0 =1, we have d(x7, xr) = 0;
2. if I' = () and I has endpoints a, b, then d(x;, xr) = b_T“;

3. if 1,1’ have endpoints a,b and o', b’ respectively,

b_ b/_ /
dQLXp%:mm(mmﬂa—a%%—bﬂﬂmm( 2a, 2“)).

Proof. 1. It is direct as [ = I.

2. By Lemma 4.3.1, we have d(x7, xr) < max(0,%5%) = bT In the meantime,
as the midpoint m = “TH’ ¢ 0, by Lemma 4.3.2, d(xz, xr) > ° 7%, We therefore have
the equality.

3. We will treat it case by case.
-Assume first that m ¢ I’ and m’ ¢ I. Then we have either %2 < ¢’ and

b < M or “H’ > b and “*b < a. Note that we can’t have “b < a' and # <a

a+b

as it 1mphes that a < < a and a’ < ¢ ;rb < a, which is 1mp0881ble Similarly, we
a+b

can’t have 2 > ¥/ and b < # In the former case, we have 5% = 2t — ¢ < ¢/ —q
and we have % =V - % <V — b. In the latter case, we have b — b’ > bT“ and

—d’. In both cases, we have

b_ b/_ /
Immm—amw—ypzmm( 2? 2“).

Therefore, we need to show that d(x;, x) = max(%%, 2 ;“/). By Lemma 4.3.1, we

have d(xr, xr) < max(%52,%5%). By Lemma 4.3.2, as both m ¢ I’ and m’ ¢ I, we

v 5 ') Therefore, we have the equality.

have d(x;, xr) > max(%2,

-Suppose now that m ¢ I’ and m’ € I (the case m € I’ and m’ ¢ [ is completely
symmetric). It means that a < # < b and “T“’ < d or “T*b > b'. Suppose
first that “TH’ < d/. As above, we have that b’T“ < a/ — a. We furthermore have
b—a=a+b—2a>20 —-2a>20 —d — bV =¥V —d. It means that

b—a b’—a’) _b—a
2 2

min (max(]a —d'|,|b—b']), max(

102



In the meantime, we have by Lemma 4.3.1 d(x7, xr) < max(%2, blga/) = =

2
By Lemma 4.3.2, as m ¢ I, d(x,xr) > bT and we have the equality. Sup-
pose now that “T+b > U/, we then have b — 0/ > b_T“ and b —ad =b +d —2d <
2b — 2a’ < 2b—a —b = b — a. Therefore, we have the same equalities as above:

min (max(|a — [, |b — V']), max(%52, ¥52)) = &2, which allows us to conclude.

- Let us now assume that m € I' and m’ € I. It means that we have

20 < a +b <20,
2/ < a+b <2U.

We then have the following.

20/ —2a< a+b—2a =b—a = 5 >ad —a,
20 =20 < 2 —d =V =0 -d = 5L > -,
26—2< 2b—a-b =b—a = 5% >b-V,
20 —2a' < ' +V —-2d =V —-—d = bl;“l >a—d.
It implies that
b_ b/_/
max(|a — /|, |b— V|) < max( 2a, 2“).

Let us take 0 < € < |a — /| and show that there is no e-interleaving between the
2 functors. Without loss of generality, suppose a < a/. Then, there is x € R such
that « < z < x + ¢ < d’ < m. Moreover, we havex+26<m+e<m+b_7“ <b.
Therefore, we have (xmac), = x1(f¥72) = idx. Suppose there is an e-interleaving
defined by (®, V), it implies that ((¥71;)®), = idx. However, the codomain of @,
is xy(x+¢€) =0asx+e¢ I'. Therefore, ((V1.)®), = 0. Similarly, there is no
e-interleaving for € < [b — ¥/|. It means that d(x;, xr) > max(|a — d'|, |b — V|).

Let us show the converse inequality. Let € > max(|la — d/[,|b — V/|) and let us
construct an e-interleaving between the functors. Define

idy ifzxzelx+eecl,
((I)>z_
0 else.

and
id, ifzel x+eel,
(\Ij):v:{

0 else.

Let us show that it forms an e-interleaving. Let x <y € R.

First of all, ® is a natural transformation. We have x/( fi’if )@, = idy if and
only if z € I and z + ¢,y +¢€ € I'. On the other hand, ®,x;(fY) = idx if and only if
x,y € [ and y + ¢ € I'. Let us show that it is equivalent. If x + ¢,y + ¢ € I, then
d <zr+e<y+te<bthend —e<ax <V —e<basb —b<e. Forthe converse, if
r,y€landy+ee€ ', thena <z <y <b whichgivesd <a+e<x+e<y+e
and x + ¢ € I'. Similarly, ¥ is a natural transformation.

We only need to check the equality of the interleaving. Let xz € R.

idy ifz,xz+2e€l,

0 else.

Xl(ffHe) = {
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and

id, ifzxel,r+eel andz+2€l,
\I/x+€® —
0 else.

It is equivalent as we have a < z = d < a+e <z +eand v+ 2 < b =
x+e<b—e<V. Therefore, x + ¢ € I'. It forms an interleaving and we have
d(xr, xr) < max(la — d'|,|b—b'|) and therefore the equality. O

Let us now consider the distance between interval functors with non-bounded inter-
vals.

PROPOSITION 4.3.4. Let I, I’ be two intervals, one of which is non-bounded.
1. If I,I' = R, then d(x1, xr) = 0.

2. If inf(J) = inf(!") = —o0 and I, I’ have a finite supremum, namely b and b’
respectively, then d(xr, xr) = [b —V'|.

3. If sup(/) = sup(I’) = +oo and I, I’ have a finite infimum, namely @ and @’
respectively, then d(x7, xr) = |a — d/|.

4. In all the other cases, we have d(x;, xr) = oc.

Proof. 1. We have I = I’, therefore x; = x;» and the distance must be null.

2. Without loss of generality, we will assume that I C I’, which implies in
particular b < o'. Let us first show that d(x;, xr) > [b—b|. Let e < [b—V|. We
can find an = € R such that b < x < x + € < V. Suppose we have an e-interleaving
(®, V). Then (xrn2e), . = idg. However, the codomain of ¥,_. = x;(z) = 0, which
implies that ®, W, . = 0 # (xr72),_.-

Let us now show that d(xy, x;/) < |b—V|. Let € > |b —¥/|. Then, we define

0 else.

{idk ifrel,xr+eecl,

and

idy, ifzel ,z+eel,
(V). =
0 else.

Remark that the condition on ¥ is equivalent to x + € € I as b < /. Let us show
that it forms an e-interleaving. It is a natural transformation: let z < y. We have
xr (2@, = idy if and only if z € I and = + €,y + € € I', which is equivalent to
z € [ and y + € € I'. On the other hand, ®,x;(fY) = idy if and only if z,y € I and
y+e€ € I', which is also equivalent to z € [ and y+¢ € I’ as we have y < b —e < b.
Therefore, the 2 functions are equal. The equalities of the interleaving are also true
as U, P, = idy if and only if x + € € I’ and = + 2¢ € I, which is equivalent to
x + 2¢ € I. On the other hand, x;(f**%*) = idy if and only if z + 2¢ € I. The other
equality comes from the fact that ¢, ¥V, =idy © x € 'z +ec € [,x+2 €I
and xp(fi?¢) = idx < = + 2¢ € I'. Both conditions are equivalent as x + € =
rT+2e—e<l —e<hbh.
3. The result is completely symmetric to the one in 2.
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4. In all the remaining cases, we have either that the infimum of an interval
is finite, whereas for the other it is infinite, or the supremum of an interval is
finite, whereas for the other interval, it is infinite. We will treat the case with the
supremum; the case with the infimum is completely symmetric. Let us therefore
suppose that sup(/) = b and sup(I’) = +oo. Let us show that for all € > 0, there is
no e-interleaving. Suppose there is one (®, V). There is some = € R such that z € I’
and x ¢ I. We then have @, ¥, = 0 but xp(f*"¢) = idy, a contradiction. O

REMARK 4.3.5. In the light of the two previous propositions, we have that for all
a < B € RU{—o00,+00}, when the intervals are defined, the intervals

(@, f) (a, f]
[, 8) o, f]

all have an interleaving distance of 0.

The next result will allow us to put an upper bound on the interleaving distance
between two persistence modules.

PROPOSITION 4.3.6. Let Fy, 5, G; and Go: R— A be functors with A an
abelian category such that F; and (i are e-interleaved and F,, G5 are also e-
interleaved. Then, the functors F} @ F5 and G & G5 are e-interleaved.

In particular, we have that

d (@ FJ,EBGg) < supd(F}, ;).

jeJ jedJ

Proof. Suppose F; and G, are e-interleaved for all j € J. Therefore, there is
®J: F;— G,T. and W7 : G; — F;T. defining an interleaving. Then, ® = @jeJ oI
and ¥ = ., W defines an e-interleaving between P, Fj and @) ; G; as all the
required equalities are checked on the components. O

4.4 Bottleneck Distance

Recall that in section 3.3, we defined the notion of barcode and persistence diagram
of a decomposable persistence module. They are formally multisets. We will now
define a distance on multisets to later compare that distance on barcodes with the
interleaving distance of the persistence modules defining those barcodes. We use the
definition of [13].

DEFINITION 4.4.1. Given two multisets A and B, we define the multiset Ap as
the disjoint union of A with the multiset containing the empty set () the cardinality
of B times. A stable bijection or partial matching between two multisets A and
B is a bijection f: Ag— Ba. We write f: A = B.

Another way to put it is to say that a partial matching is a bijection between a
subset A’ of A and a subset B’ of B by restricting f to points of A such that their
image is not the empty set. Such a couple (a, f(a)) is called a matching and elements
in A\A’ and B\B’ are said to be unmatched.
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EXAMPLE 4.4.2. Taking A = {1,1,2,3} and B = {a,b,b}, we can construct 2
multisets. We get Ag = {1,1,2,3,0,0,0} and B4 = {a,b,b,0,0,0,0}. The map
f:(1,1,2,3,0,0,0) — (0,0,0,a,0,b,0) is a partial matching.

DEFINITION 4.4.3. Let A and A’ be two barcodes of persistence modules. The
bottleneck distance is given by

dp(A, A) = it sup d(x1, Xs(1))

where the distance on the right-hand side is the interleaving distance.

Recall that in the case of Morse functions, we defined the bottleneck distance be-
tween two multisets of points of R" of same cardinality X,Y in Definition 1.2.8
as
WX, V)= inf suplle — o(2)]e
p: X—Y zeX
We will show in the following that the definitions are equivalent if we consider the
barcode or persistence diagram of a persistence module.

Let F,G be two decomposable persistence modules. Let X = dgm(F),Y =
dgm(G) be their respective persistence diagram and A = B(F),B = B(G) their
respective barcode (i.e. F'= @ 4 xr and G = ;.5 x1). As discussed in remark
4.3.5, the fact that the endpoints of the intervals are in the interval or not relevant
to the computation of the interleaving distance. I will therefore suppose that all the
intervals of the barcodes are open. It does not change the distance but removes cases.

Let us first show that W(X,Y) > dg(A, B)

Let ¢: X — Y be a bijection between the persistence diagram and let (a,b) € X,
denote by (¢,d) = ¢(a,b) € Y. We will construct a stable matching f between
A and B such that sup;c 4, d(x1, Xf(1)) < SUPuex [|7 — ¢(2)|[o. For each pairs of
points (a,b) € X, (¢,d) = ¢(a,b) € Y, we have 4 possibilities.

-(a,b) ¢ A and (¢,d) ¢ A. Then we have I = (a,b) € A and J = (¢,d) € B.
Then, we define f(I) = J. Moreover, we have

(@, ) = ¢(a,0)[|cc = max(|a — |, b = d|) = d(x1, x)-

Where we take the convention that co — (—oo) = 0 and 400 — (+00) = 0. The
inequality comes from Propositions 4.3.3 and 4.3.4.

-(a,b) ¢ A and (¢,d) € A. Then we can suppose (¢, d) = (z,z). Define f(I) =
If @ or b is infinite, then ||(a,b) — ¢(a, b)|| = 00 and we have H(a, b) — p(a,b)|
d(xr, xe). If both a, b are finite, then

0.
>

o0

b—a
2

-(a,b) € A and (¢,d) ¢ A, then we define f(()) = J = (¢,d) and as above, we
have the inequality.

(@, b) = ¢(a, b)||oc = max(la — 2|, [b — z[) > = d(x1, x0)-
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- (a,b) € A and (¢,d) € A, then f(0) = 0 and ||(a,b)—p(a,b)||s = 0= d(xe, X0)-
In general, f defines a stable matching between A and B such that

sup d(xr1, Xrn)) < sup |[r — f(7)]|oo-
I€eAp zeX

Indeed, for each I, f(I), we have the associated ((a,b), p(a,b)) with greater distance.

Let us now show that W (X,Y) < dg(A, B).

Let f: A = B be a stable matching. We will construct a bijection ¢ between X
and Y such that sup;c 4, d(x1, Xf(1)) = SuPex ||z — ©(2)]|oo-

Let I = (a,b) € A be finite and non-empty. Suppose first that J = f(I) # 0. If
both intervals are finite: J = (¢, d), then

. b—a d—rc
d(XI,XJ):mm(max(\a—c[,\b—dD,max( 5 g ))

If d(xr, xs) = max(|la — c|, |b — d|), then define ¢(a,b) = (¢, d), we have d(xr, xs) =
(@, b)—p(a, )| I d(xr, xs) = max(52, 45¢), then define (a, b) = (“£2, 2) and
(4, <) = (¢,d). We then have d(x;, xs) > ||(a,b) — ¢(a,b)|| and d(x;, xs) >
(24, <24) — (¢, d)||o. If J is infinite, then the distance between the 2 intervals is
infinite; in this case, any bijection between X and Y will satisfy the inequality of
distances.

If f(I) =0, then define p(a,b) = (%4, “2), we have the equality of distances.

If I is empty, such that f(I) = J is non-empty, then if J is infinite, we have
an infinite distance and any bijection between X and Y will satisfy the inequality
of distances. If J = (c,d) is finite, then define (£, <4) = (c,d). We have
A xa) = <42 = II(252, 524) — (c,d) .

If I is infinite, then if f([) is finite or empty, the distance between x; and x is
infinite. Suppose then that .J is infinite then we have d(x;, xs) = max(|a—c|, |b—d|)
if we take the convention that co — (—o0) = 0 and +00 — (+00) = 0. Then we can
define p(a,b) = p(c,d) and we have the equality of distances.

We have defined ¢ on all the points outside of the diagonal and all the points
whose image is outside of the diagonal. Define ¢ to be the identity on the rest of the

diagonal. It produces a bijection between X and Y such that sup;c 4, d(xr, xf1)) >
Supex |2 — ()]

In particular, it shows that barcodes with dg and persistence diagrams with W
are isometric.
Another way to compute this distance is through e-matching.

DEFINITION 4.4.4. A partial matching f: A = B between two multisets in the
extended half plane H = {(z,y) € @2|x < y} is an e-matching if

e for all (o, f(a)) with f(a) # 0, we have d(a, f(a)) <€

e if @ € X is such that f(«) =0 (i.e. is unmatched), then d(a, A) <e€

e if 5 € B is unmatched, then d.(3,A) < e.
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It is direct to see that for decomposable persistence modules F, G with dgm(F)\A =
A and dgm(G)\A = B, we have

d,(A, B) =inf(e < 0: there is an e-matching} = dg(B(F), B(G))

as SUP/ep(F)p d(xr, X)) < € is equivalent to the condition that that f is an
e-matching between A and B.

4.5 Isometry Theorem

Now that we have defined an extended (pseudo-)metric on the functors defining
persistence modules and the persistence diagram, we will try to relate them. It
turns out that they help define an isometry between 2 subsets. In this section,
we only consider decomposable persistent, but it turns out that the result can be
extended to other persistence modules (see, for example, [18])

PROPOSITION 4.5.1. Let F,G: R— Vect be two decomposable persistence
modules. Then

d(F,G) < dp(dgm(F),dgm(G))

Proof. We will show the result for the barcode, as the persistence diagram and
barcode are isometric, the result will follow. Let C' be the barcode of F and D the
barcode of G. Suppose dp(C, D) < €, then there is a stable matching f: C' = D
such that d(xr, xsu)) < e for all I € Cp. As F and G are decomposable and as f is
a stable matching, we can write

and

The only difference compared to before is that we added some characteristic functors
of the empty sets. However, note that it does not change the functor to add xy in
the decomposition. Using Proposition 4.3.6, as for each I, we have d(xr, X)) < €,
it gives d(F,G) < €. As dg(C, D) < € is arbitrary, we have the result. O

4.5.1 Stability Theorem

Let us now look at the converse inequality. Unfortunately, the proof is not as
straightforward as for the previous inequality. This bound was first proven in [21],
then in [18] some restrictions were removed. These two proofs used a geometric
flavour; one main ingredient was the interpolation lemma (Theorem 4.2.2). The
other main ingredient used by Chazal and al. was the notion of rectangle measure
to generalise the notion of persistence diagram, although very interesting and of-
fering a useful extension of the persistence diagram, I have decided to use a more
straightforward proof due to [7]. The result presented will be for persistence modules
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that are pointwise finite-dimensional, i.e. functors from R to vect, the category of
finite-dimensional vector spaces. Using corollary 3.2.30, all these modules are decom-
posable. Therefore, our definition of persistence diagram and barcode makes sense.
On the other hand, not all decomposable modules are pointwise finite-dimensional,
as shown in Theorem 3.2.12.

The main tool that we will use to prove our result is Hall’s' marriage theorem,
which we will state without proof.

THEOREM 4.5.2 (HALL’S MARRIAGE THEOREM). If S is a family of finite
(not necessarily disjoint) sets, then the two conditions are equivalent.

L. Forall 8" C S, |9 < |U,eq $l-

2. There is a set T and a bijection o: S — T such that o(s) € s for all s € S.

The name of this theorem comes from the interpretation that we can imagine a
(possibly infinite) set of boys, each acquainted with a finite number of girls (the
girls a boy fancies represent a set of S). It is possible to marry each boy to a girl
(condition 2) if and only if every set of n boys is collectively acquainted with at least
n girls (condition 1).

We will use several lemmas to show that condition 1 is fulfilled by some subset
of the power set of B(G).

In this section, we will say that two intervals are of the same type if I\J and
J\I are both bounded. In particular, there are 4 types of intervals: finite intervals,
intervals of the type (—oo,b), intervals of the type (a,+o00) and (—oo, +00) with
a,b € R. Here, the notation (-,-) allows us to write the endpoints of the interval
without considering whether it is closed or open.

In this section, we will also suppose that F' and G are pointwise finite-dimensional
and e-interleaved. As previously, we will denote by ®: FF — GT, and ¥: G — FT,
morphisms defining an e-interleaving. We will denote by B(F') and B(G) the barcode
of F' and G respectively.

Taking [ € B(F') and J € B(G), we also denote by ®; ; = (7,1.)Pi;: xr — xs7T-
where i; and 7; are the canonical injection and projection. Similarly, we denote by
U, = (m;T.)Vis. In other words, ®; ; is the following composition of functions:

7 i Te
X1 —— Direpr xi = F — Dep) xs =G — xsT..
Moreover, for I € B(F'), we have
(mpToc) (Fmae)is = (mpTae) (WTL)(Pig)

== (W[/TQE) ( Z \IJ?:JWJ)TG ((I)Z[)
JeB(G)

= Y (T (3T () (i)

JeB(G)

'Philip Hall (1904-1982) was an English mathematician. He worked on group theory, especially
on finite groups and solvable groups. Not to be confused with Marshall Hall Jr. (1910-1990), who
was an American mathematician who made contributions to group theory and combinatorics.
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= Y (BT (0T (/L) (®11))

JEB(G)

= Y (VTP (4.1)

JEB(G)

Furthermore, as F'ns. is zero between different components of F, for I # I' € B(F),
we have

0= (mpToe) Fripcer = Y (U, 0T)®y . (4.2)
JeB(G)

This first lemma gives some conditions on having non-zero morphisms between in-
terval modules.

LEMMA 4.5.3. Let a: x; — X be a morphism between interval modules. Then
for all a,b € I N J, we have a, = o seen as k-endomorphisms. Moreover, if « is
non-zero, we have

inf(J) <inf(I) and sup(J) < sup({).

Proof. If « is the zero map, then the result is obvious. If « is non-zero, let s € 1
be a real number such that a: x7(s) — xs(s) is a non-zero map. It implies that
xs(s) # 0 and therefore s € I N J.

Let us take r € I such that r < s. It gives the following commutative diagram

S$)=id
xi(r) =k 2T 6y =k

| Jes

) — g e =k
If r ¢ J, we have o, idy = xs(f?)a, = 0, which is not possible. Therefore, r € J
and then y;(f?) = idy, which then implies o, = as.

Similarly, if we take ¢t € J such that t > s, we have the following commutative
diagram

It also implies that ¢t € I and a, = a;. Therefore, we have the first result. Further-
more, the condition r € I with r < s implies r € J gives that inf(/) > inf(J). Mean-
while, the condition t € J,t > simplies ¢ € I gives that sup(/) > sup(J). Or in other
words, a, # 0 for all p € (inf(7), sup(J)), which implies (inf(7),sup(J)) C INJ. O

It is well known that the k-endomorphisms are just multiplication by a constant,
which is equal to the image of the unit. We can then define the following function

that we will use in a later lemma to give a lower bound to the number of elements
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of some sets:

w: (B(F) x B(G)) U (B(G) x B(F)) =k,
(®7.),(1) if (I,J) € B(F)x B(G)andt € INJ # 0,
(I,J)— (U7 ):(1) if(I,J) € B(G)x B(F)andteInNJ#0,

0 else.

We will now show that we can assume that all the intervals of B(F') and B(G)
are of same type. It will help to reduce the number of cases. To do that, let us first
prove a small lemma.

LEMMA 4.5.4. Let [ and K be intervals of the same type. Let J be an interval
of different type. Then, fa =0 for all a: x;— x; and 3: x5 — xxk-

Proof. By contradiction, suppose Sa # 0. It implies by the previous lemma that
inf(K) < inf(J) < inf(I) and sup(K) < sup(J) < sup([). This gives that J is of
the same type as K and I, a contradiction. O

Let us denote by ¢ the function F'— GT. such that for all I € B(F) and J € B(G),
we have
{(I)LJ if I, J are of same type,
$r,Jg =

0 else.

Similarly, we denote v: G — F'T, such that

U, if I, J are of same type,
Vo=
0 else.

For all I,I' € B(F') and J € B(G), we have the following equality:

S (UT)Cr s = > (T )er

JEB(G) JEB(G)

Indeed, if I and I’ are of different types, then the right-hand side is null by definition
of ¢ and 1 as J will be of a different type from I or I’. The left hand side is also
zero as @ and ¥ are e-interleaving, therefore, using Equations 4.1 and 4.2, we get
ZJGB(G)(\I/J,[/TE)QI’J = (mpTa)(Fnae)ip = 0. If I and I’ are of the same type, we
have the result by the previous lemma.

Therefore, we have that ¢(7;)p = ¥(T.)® and, repeating the argument, we also
get o(T.)y = ®(T,)¥. It means that ¢ and v are e-interleaving morphisms between
the components of F' and G of the same type. We have thus reduced our problem
to the case where the intervals of B(F') and B(G) are of the same type.

Let us now define a preorder on the intervals. To do that, we first define the
function « taking intervals and outputting real numbers defined as

a({a,b)) — a + b;

a((—00,b))
a({a,+00) —

a((—o0, +00))
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Thanks to this function, we can define the relation I <, J if
a(l) < o)
or if all these conditions are fulfilled:

a(l) = a(J),
I is closed to the left or J is open to the left,
I is open to the right or J is closed to the right.

EXAMPLE 4.5.5. We have
(-OO,—}-OO) Sa [172) Soz (172) Sa (LQ] Soz (_0073] Sa (_0073)

Note that it is not antisymmetric as [1,2) <, [0,3) and [0, 3) <, [1,2).
It is also not complete as (1,2) £, [1,2] and [1,2] £, (1,2).

However, it is transitive and reflexive. Therefore, it defines a preorder on the inter-
vals. We will denote by I <, J the condition I <, J and J £, I.
We will now relate the closeness of intervals with the preorder defined above.

LEMMA 4.5.6. Let I,J, K be intervals of the same type with I %, K (i.e.
I<,Kor (I £,KandI %, K)). Suppose furthermore that there are non-zero
functions £: x; — xs1: and v: x5 — xx71.. Then x; is e-interleaved with y; or
with x .

Proof. As the map [ is not zero, using Lemma 4.5.3, we have
inf(J) — e = inf(supp(x,7¢)) < inf(])

where supp(F') is the set of t € R such that F'(¢) # 0. Similarly, as § and v are
non-zero maps, we get

inf(K) <inf(J) +¢€, sup(J) <sup()+e€, sup(K) <sup(J)+e.

Suppose x; and y; are not e-interleaved. It means that d(I,J) > €. If I, J are
finite, using Proposition 4.3.3, we have max(| inf(7) —inf(J)|, | sup({) —sup(J)|) > e.
If I and J are non-bounded on the left, then |sup(I) — sup(J)| > € and if I and J
are non-bounded on the right, then |inf(7) — inf(J)| > €, using Proposition 4.3.4.
Using the conditions inf(.J) < inf(I) + € and sup(J) < sup(I) + €, we get that

inf(7) > inf(J) + € and inf(J) # —o0

or

sup(I) > sup(J) + € and sup(J) # +oc.
Let us suppose the first condition. If I, J, K are with infinite right endpoint, then
a(J) =1inf(J) <inf(l) — e < inf(I) = a(I). Therefore, J <, I.
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Suppose I, J, K are finite intervals. we have
a(J) =inf(J) +sup(J) < (inf(I) —€) + (sup(I) +¢€) = a()

where he have the equality if and only if J = (inf(7) — €,sup(/) + €). In that case,
since there are no non-zero functions f: x; — x/7., it implies that .J is closed to the
left and I is open to the left. On the other hand, as we have 3: x; — x 7. non-zero,
we can’t have I open to the right and J closed to the right. All in all, it shows that
I>,J.

inf(A) I sup(7)
:|'I -v-'— ::' O 8] ﬁ
@ ® .‘51.11){-_?;-
inf(J) J

Figure 4.3: Maps between the endpoints of [ and J.

Similarly, if y y and x i are not e-interleaved, then J >, K. Therefore, if y s is not
e-interleaved to both y; and x, it would mean that I >, K, a contradiction. [

DEFINITION 4.5.7. A persistence module F' is e-significant it there is a real
number ¢ € R such that F(f/7) # 0. Otherwise, it is e-trivial.

| EXAMPLE 4.5.8. An interval module y; is e-significant if and only if the length
of I is strictly bigger than € or if it is exactly equal to € and I is closed.

LEMMA 4.5.9. Let I,J, K be intervals of the same type with [ and K 2e-
significant and a(/) < «(K). Suppose further that there are non-zero morphisms

B:xr— xsTc and v: x5 — xxTe. Then (vT,)3 # 0.

Proof. Using Lemma 4.5.3, we have inf(K) — 2¢ < inf(I) — e < inf(/) and sup(K) —
2¢ < sup(J) < sup(I). It therefore gives (inf(I), sup(K)—2¢) C IN(J—e)N(K —2¢).
Suppose (YT:)3 = 0. Then, (J—e)N(K —2¢) = (), which implies inf(7) > sup(K)—2¢
and I, J, K finite intervals. We then get

a(l) =inf(I) 4+ sup(l) > 2sup(]) + 2€ > 2sup(K) — 2¢ > inf(K) +sup(K) = a(K)

using the fact that I and K are 2e-significant. However, as a(I) < a(K), it implies
that a(I) = «(K). In the chain of inequalities above, we have the equality if
inf(I) — 2e = sup(!), inf(K) — 2¢ = sup(K) and inf(/) = sup(K) — 2¢ = inf(K).
Therefore, we have I = (inf([),inf(I) + 2¢) and K = (inf(/),inf(/) + 2¢) (note
that at this point, they might not have the same left and right openness. However,
as K and I are both 2e-significant, they must be closed. Therefore, we get that
I'= K = [inf(I), inf(]) 4 2¢]. But then ((v1¢)8);,¢ry # 0, a contradiction. O
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We define the function

p: B(F) = P(B(G))
I — {J € B(G) : x1, x, are e-interleaved}.

If x; is 2e-significant, let ¢ € R be such that ¢, 4+ 2¢ € I. It implies that ¢t + € € J
for all J € u(I). Furthermore, as G is a point-wise finite-dimensional persistence
module, we have that dim(G(t + €)) < oo, which implies that |u(I)] < oo for all
2e-significant intervals modules I. For A C B(F), we also write 1(A) = (J;c4 p(1).

LEMMA 4.5.10. Let A be a countable subset of B(F') containing no 2e-trivial
elements then

Al < [u(A)]-

Proof. Assume first that A is finitpie. As <, is a preorder, we can order? A =
{1, 15, ,I,} such that I; #, I; for all i < j. It suffices to take a minimal element
I (which exists as the set is finite) and to determine the ith element, take a minimal
element of A\{Iy,---;_1}. In particular, note that o(l;) < a([;) for all 1 < j. We
denote the elements of pu(A) = {Ji, Jo, - -+, Js}.

By Lemma 4.5.6, if (¥, T.)®; ; # 0 and I %, I', then J is e-interleaved to I or
I'. Therefore, for i < i’, we have

0= Z (\IJJ,I’TG)(I)I,J = Z (\IIJ,I’TE)(I)I,J (43)
JEB(G) Jeu(A)

where the first equality comes from Equation 4.2 and the second uses the fact that
if J is not e-interleaved with both I and J, we have (¥, T;)®; ; = 0.
Equation 4.1 and Lemma 4.5.6 also gives

X1M2e = (M1T2e) Fppe = Z (U T) P = Z (Vs T)Pr s (4.4)
JeB(G) Jeu(A)

Therefore, we get the following matrix equality.

\IJJ1J1T€ e \IjJs,IlTG (I)ILJ1 o (I)Ir,Jl X1172¢ *

VornTe -+ Wy T, Sy 0 Pr, 0 X1, 72¢

The equality with the diagonal elements comes from Equation 4.4, and the one
for elements below the diagonal is given by Equation 4.3. Using Lemma 4.5.3,
we know that a morphism between interval modules can be identified with a k-
endomorphism using the map w. In general, we will denote by w(f) = ¢ for a
morphism £: x; — x if there is £ € R such that ; correspond to the multiplication
by ¢ and 0 otherwise. By Lemma 4.5.9, we have that the composition (¥, 7;)®; ;
is non zero if a(I) < «a(I’), therefore, for all i < j,we have

w((Vy 1) ®r,.0) = w((V,T0))w(®r, 7) = w(J, L)w(l;, J)

2Note that opposite to what is said in [7], as the order is not total (as mentioned in Example
4.5.5), we cannot order A such that I; <, I; if i < j.
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Therefore, it gives

and for i < 7,

From a matrix perspective, it gives

w<J17]1) w(JS7ll> w(llqu) w(IT7J1> 1 *
: : : =l . =M
w(Jh]r)Te w(J57Ir) w(]lajs) w(]rw]s) 0 1
It gives

|A| = r =rank(M) < s = |u(A4)|.

Let us now assume that A is countable infinite. Let us denote by A = {I;, I5,--- }
the elements of A and A,, = {[1,---,1,}. We have u(A,) C u(A) and by the first
part, n = |A,| < |u(A,)] < |u(A)|. Therefore, |p(A)| is infinite. O

Now that we have this lemma, we can prove the result we’ve been working on
following the proof of [7].

THEOREM 4.5.11. Let F,G be e-interleaved point-wise finite-dimensional per-
sistence modules, then there is an e-matching between B(F') and B(G)
In particular, we have

d(F,G) > dp(dgm(F),dgm(G))

Proof. Let S = {u(I)|I € B(F) : I is 2e-significant}. The previous lemma tells
us that the first condition of Hall’s marriage theorem (Theorem 4.5.2) is fulfilled.
Therefore, there is a matching v: B(F) = B(G) that matches each 2e-significant I €
B(F) with an element of p(I). By symmetry, there is also a matching 7: B(G) =
B(F) that matches each 2e-significant J € B(G) with an element of (/). However,
note that v and 7 might not be e-matching. Let us construct ¢ that is.

1. If I € B(F) is 2e-significant, of the form (77)*(I') for some ¢ > 0, I’ € B(F),
2e-significant such that I’ ¢ im(7). Then we define o(I) = ~(I). In particular,
if I is 2e-significant and if it is not in the image of 7, then I = (77)%(I) and

o(1) = (D).
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2. Otherwise, if I € im(7) (note that I might not be 2e-significant). We define
o(l)=771I).

Let us first show that o is well defined: we need to show that I can’t be written
in the above form in more than one way: let i, 7 > 0 and I, J such that I, J ¢ im 7
and (77) (1) = (77)’(J). Without loss of generality, suppose i < j. As v and 7 are
injective when defined, they are left invertible, we therefore have I = (7v)7~*(J).
If j > 4, it means that [ € im(7), which is impossible. If j = i, then I = J. We
therefore have the uniqueness and o is well defined on a subset of B(F') that includes
the 2e-significant intervals.

Let us now show that o is injective. Suppose o(I) = o(J) for I # J. As 7 and
7 are injective, we can’t have o(I) = 7 !(I) and o(J) = 77(J) simultaneously.
Similarly, we can’t have o(/) = () and o(J) = 7(J) at the same time. Therefore,
we either have v(I) = o(I) = o(J) = 71(J) or v(J) = 77Y(I). Suppose the
former. It means that I = (77)"(I’) for I’ a 2e-significant interval not in the image
of 7. As y(I) = 771(J), we have J = (77)(I) = (77)""'(I") which then implies
that o(J) = vy(J) # v(I) = o(I) = o(J), where the inequality comes from the
injectiveness of ~.

It only remains to show that ¢ is an e-matching. Let us show that all the 2¢-
significant intervals of B(G) are in the image of 0. If .J is 2e-significant, it is in the
domain of 7. Therefore, we either have 7(J) is of the form (7)*(I) for i > 0 and
I € B(F) a 2e-significant interval not in the image of 7. We then have

J=7"r(]) =7 () (1) = 4(m) (1) = o((79)' (1))

or we directly have J = o(7(J)). O

4.5.2 Isometries

Using the 2 inequalities proved earlier, we can prove the isometry between the bar-
codes and the persistence modules.

THEOREM 4.5.12. Let B denote the set of element-wise finite barcodes (each
interval has a finite multiplicity). Then the mapping

A: (B, dp) = (vect®™ d) {Ii}ex — EP X1,

keK

is an isometry (i.e. it is bijective and preserves the pseudo-metric).

Proof. The fact that it is an injection comes from the uniqueness of the decomposi-
tion (Theorem 3.1.3). The function A is also surjective by Theorem 3.2.30. The fact
that it is an isometry follows directly from Theorem 4.5.1 and Theorem 4.5.11. [

This isometry allows us to study in more detail the homology and topology of
certain manifolds. In particular, it justifies the interests of persistent homology
in the study of the topology of manifolds. Let X be a topological space. As-
sume f,g: X — R are not necessarily continuous maps. We define the functor
F: R—Top by F(a) = f~! (—o0,a] and the morphism F(f?) being the inclusion
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[t (—o00,a] = f~'(—00,b]. Similarly, we define the functor G using the function
g. Let us also take H: Top —C to be any functor.

We then have the following, which is of prime importance in topological data
analysis.

THEOREM 4.5.13 (STABILITY THEOREM). Using the above notations, we
have

d(HF,HG) < [|f = g-

Proof. Let € = ||f — g||so- Let us show that F' and G are e-interleaved. Let a € R.
We have
F(CL) = f_l (—007(1] - g_l <—OO7CL+ 6] = G(CL+ 6)

where the inclusion comes from the fact that € = ||f — ¢||oo. Similarly, G(a) C
F(a + 2¢). We can therefore define an e-interleaving between F' and G by taking
®, as the inclusion of F(a) into G(a + €) and V¥, as the inclusion of G(a) into
F(a+ €). Those inclusion are natural and we have ¥, ®, is the inclusion of F(a)
into F'(a+2¢), which is exactly F'(f¢72¢) (and similarly for ®,,.¥,). By Proposition
4.1.7, we know that HF and HG are also e-interleaved. Therefore, we have the
inequality. O

Taking H to be a functor from R to vect, we can further compare the barcodes and
persistence diagrams with the infinite norm between functions.

In particular, using the previous theorem with H being the singular homology
with coefficients in k and the isometry theorem justifies the use of the barcode
and persistence diagram to study the topology of some manifold under some small
perturbations (see the end of Section 1.2.3).
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5 | Conclusion

Persistent homology is, in my opinion, a fascinating subject as it provides an ex-
tremely diverse field of research. One can see them as an abstract object and study
them from an algebraic perspective, or even category-theoretic perspective. One can
also see them as a tool and study their applications in other fields, or focus on the
computer-theoretic point of view and focus on the implementation of robust and
efficient algorithms for computing this homology.

The results presented in this master thesis provide an overview of and justifi-
cation for the interest of persistent homology in data analysis. In particular, we
showed that from every filtration of a complex or topological space over one param-
eter, we can construct the persistent homology of that filtration. We then showed
that given a persistent homology, we can associate a persistence module that carries
the same information.

We then studied such persistence modules from an algebraic point of view. We
showed that if those modules were indexed by a finite set or if they were finite-
dimensional at each index, then they admitted a decomposition into interval mod-
ules, and this decomposition was essentially unique. Using the uniqueness of the
decomposition, we defined the persistence diagram and barcode as a way to synthe-
sise the information carried by the persistence diagram.

Afterwards, we defined two (extended) pseudo-metrics on the set of persistence
modules and persistence diagrams and showed that these “metric” defined an isome-
try between the set of point-wise finite-dimensional persistence modules and point-
wise finite-dimensional persistence diagrams. This isometry allowed us to show the
stability theorem.

5.1 Further Work

Of course, much more can be said on persistent homology, persistence modules and
topological data analysis. In this section, I will give some further research that has
been carried out in this field. Several directions of research other than the following
ones exist, and research is still carried out.

Change of Indexing Set

One of the first generalisations mathematicians started working on is the case of
multiparameter persistence modules and, in general, persistence modules indexed
by other sets than R or completely ordered sets. This led to the notion of zigzag
persistence modules as a first, easier generalisation.
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Zigzag persistence modules can be defined as being quiver representations of a
quiver of type A,,, where, in contrast to the persistence modules, not all the arrows
of the quiver are necessarily in the same direction. This configuration allows us
to study several subsets Xi,--- X, that do not necessarily have an order relation
between them. We can for example construct the union sequence

X1—>X1UX2<—X2—>X2UX3<—"'<—Xn.

Using Gabriel’s theorem (Theorem 2.4.22) and Theorem 3.2.12, we have that a
zigzag module admits a decomposition if the indexing set is finite. It is also shown
in [8] that zigzag modules also respect some kind of algebraic stability condition.
Other results and introduction concerning zigzag modules can be found in [14, 44].

This also raises the question of considering other posets as indexing sets P.
Gabriel’s theorem directly tells us that if P has a Hasse diagram that is not of
simply laced Dynkin type, then it has an infinite number of different indecompos-
able representations and the persistence modules indexed by P cannot be described
and classified by discrete invariants (like the persistence diagram). In particular,
the study of persistence modules in higher dimensions is much harder than in one
dimension. In [15], some partial classification using a generalisation of persistence
diagram is presented. Some discussion about the metrics that can be used and the
stability theorem is developed in [39, 11].

Persistence Modules as Sheaves

In [37, 23], persistence modules were studied from a sheaf-theoretic point of view,
either as a sheaf on a set with a y-topology or with an Alexandrov topology. This
point of view is suited for a higher-dimensional study of persistence. The one-
dimensional case was treated in [5]. Some more work was also done in [6].

Homological Algebra on Persistence Modules

Considering persistence modules from a graded module or sheaf perspective allows
for the definition of 2 types of internal Hom-functor and tensor product. Deriv-
ing those functors gives two different Ext and Tor functors, which provide some
information about the category of persistence modules. In [42, 12|, the homological
algebraic study of persistence modules is developed. Some further study was also
conducted in [16].

Persistent homology with coefficient in a ring R

The majority of the research done on persistent homology is by considering the
homology with coefficients in a field, as it allows us to work with persistence modules
seen either as a graded module over k[t], which is a PID and therefore admits some
decomposition. However, it erases some information like the torsion groups when
computing the homology over Z for instance. In [48|, the notion of persistence
modules is generalised to include homologies with coefficients in a ring. In [40], an
algorithm determining whether such a module splits is presented.
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Computation and optimisation of Persistent Homology and Persistence
Diagram

In this master thesis, I only presented the Vietoris-Rips complex and a basic algo-
rithm algorithm computing the persistence diagram. However, several other com-
plexes, such as the Delaunay complex or the witness complex, can be used. Fur-
thermore, the algorithm presented is not time efficient, and several other algorithms
have been developed in the setting of this master thesis as well as in generalisation
to compute the persistent homology and persistence diagram. See, for example, [46].
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A | Some Algebraic Geometry

As its name suggests, algebraic geometry is at the intersection of algebra and ge-
ometry. It allows the generalisation of geometric concepts and provides an efficient
framework to abstract geometric notions. The starting point is to consider the zero
set of a set of polynomials as our main object of interest.

This chapter is loosely based on [31, 54].

A.1 Some Basic Results

This section is used to recall the most basic facts of algebraic geometry. Most results
are stated without proofs, one can find those in [31].

Let k be an algebraically closed field. Let A™ = {(ay, - ,a,) : a; € k}. The
reason why we use A" instead of k™ is to emphasize that we forget the field structure
of k when considering A™.

DEFINITION A.1.1. For a subset S C k[xy,--- ,x,], we denote by
V(S)={xeA": f(x)=0Vf e S}

the affine zero locus of S. Subsets of A™ that can be written as V(S) are called
affine varieties.
Dually, given a subset X C A", we denote by

I(X)={feklry, -,z : f(z) =0Vz e X}

the ideal of X.

A primordial result of algebraic geometry is the following, which allows us to
link varieties (geometric objects) with ideals (algebraic objects).

THEOREM A.1.2 (HILBERT’S NULLSTELLENSATZ).
1. for any affine variety X C A", we have V(I(X)) = X.

2. For any ideal J Qk[zy,--- ,2,], we have I(V(J)) = V.

Recall that if J is an ideal in a commutative ring R, then the radical ideal Vi is
the ideal {z € R: In € N: 2" € J}.
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DEFINITION A.1.3. If X is an affine variety, we denote by A(X) = k[T]/I(X)
its coordinate ring.

On an affine variety X, we define the Zariski topology for which the closed
subsets are exactly the subsets of the form V'(S) for some S C A(X).

If f e A(X), we denote by D(f) = X\V(f) = {z € X : f(x) # 0} the
distinguished open subset of f in X.

It is direct to show, using Hilbert’s Nullstellensatz, that the Zariski topology is
indeed a topology on X. It can also be shown that the set D(f) for f € A(X) forms
a basis of topology.

We say that a topological space X is reducible if it can be written as X = X;UX,
for closed subsets X, Xo C X. Otherwise, the set is called irreducible.

DEFINITION A.1.4. Let X be a non-empty topological space.
The dimension dim X € NU{oo} is the supremum over all n € N such that
there is a chain
P#YoCViC---CY,CX

with Yy, --- .Y, closed irreducible subsets of X.
If Y C X is non-empty, the codimension codimy Y of Y in X is the supremum
over all n € N such that there is a chain

YCYCYiC - CY,CX

with Yy, -+ .Y, closed irreducible subsets of X.

To give a more precise definition of a variety and morphism of varieties, we need
the notion of sheaves and ringed spaces. More results on sheaves can be found in

38).
DEFINITION A.1.5. A presheaf (of rings) F on a topological space X consists
of

e For every open subset U C X, a ring F(U).

e For every inclusion of open subsets U C V, a ring homomorphism py,: F(V) — F(U)
called the restriction map.

such that
1. F(0) =o0.
2. pyy is the identity map on F(U) for all open subsets of X.

3. For any inclusion U C V' C W of open subsets of X, we have py o pwy =
PW,V -

The elements of F(U) are called the sections of F over U and the restriction maps
are also denoted by pv.y(p) = ¢|y for all ¢ € F(V).
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DEFINITION A.1.6. A presheaf is called a sheaf if it also satisfies the following
glueing properties:

1. For any open subset U C X and any covering U = (J,; U;, we have that
any section s € F(U) satisfying s|y, = 0 for all ¢ € I is such that s = 0.

2. For any open subset U C X, any covering U = (J,.; U;, and any family
s; € F(U;) such that s;|y,nu;, = sj|u,nv, for all pairs 4, j € I, there is some
s € F(U) such that s|y, = s; for all i € I.

ExAMPLE A.1.7. 1. Let X,Y be two topological spaces. For all open subsets
of X, let F(U) be the set of continuous functions on U to Y. Let pyy be the
restriction from U to V function. It is clear to see that it forms a sheaf on X.

2. On the other hand, let U be an open subset of R, denote by F(U) the
set of bounded functions from U to R and py the restriction of such functions.
Then F forms a presheaf on R but not a sheaf as it does not respect the second
property: taking U; = (i —1,i+1) a covering of R and s; to be the identity on Uj;,
the only candidate for the function s is the identity on R, which is not bounded.

DEFINITION A.1.8. Let X be an affine variety, let U be an open subset of X.
A regular function on U is a map ¢: U — k such that for all a € U, there are
polynomial functions f,g € A(X) with f(z) # 0 and ¢(z) = % for all z in an
open subset U, of U containing a.

The set of all regular functions on U is denoted by Ox(U).

It is direct to see that Ox forms a sheaf on X, which allows us to make sense of the
following definition.

DEFINITION A.1.9. A ringed space is a topological space X together with a
sheaf of rings on X.

An affine variety can therefore be seen as a ringed space with its sheaf of regular
functions. We will only focus on the case when the sheaf is a sheaf of k-valued
functions.

DEFINITION A.1.10. Let X,Y be two ringed spaces. Let f: X —Y be a map of
sets. It induces for any map ¢: U — k (where U C Y is open in Y) a composition
ffo=qpof: f7HU)—k called the pullback of ¢ by f.

The map f is called a morphism of ringed spaces if it is continuous and if for
all open subsets U C Y and ¢ € Oy (U), we have f*¢ € Ox(f~1(U)).

When f is a morphism, then we have that the pull-back by f yields a k-algebra

homomorphism f*: Oy (U) — Ox(f~(U)). More than that, the pull-back actually
yields a bijection between morphisms and k-algebra homomorphisms.
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PROPOSITION A.1.11. For any two affine varieties X and Y, there is a bijection

{morphisms X —-Y} < {k-algebra homomorphisms A(Y)— A(X)}
fo=

We also have the following bijection.

LEMMA A.1.12. We have an isomorphism

Homk,alg(A(X), k) ~ X.

Proof. Take ¢: X — Homy_44(A(X),k), 2 — (8: f — f(z)). Recall that A(X) =
k[t]/I(z). Thus, if @ € Homy_4,(A(X), k), it is uniquely determined by o(T") € k
such that f(a(T)) =0 for all f € I(X): if g € A(X), then g =h + 1 with [ € I(X)
and h = hg + T + --- + h, 7" € k[T], then a(g) = h(a(T)). Therefore, as
f(a(T)) =0 for all f € I(X), it means that a(7T") € V(I(X)) = X using Hilbert’s
Nullstellensatz. Now take ¢: Homyg_q4(A(X), k) = X, a+— «(T). We have

poila) =o(T)) = (B: [ = f(a(T))) = a

as B(T) = «(T). We also have ¢ o p(x) = (B: f — f(x)) = T(zr) = x. We
therefore have the result. O

We can now define what varieties are.

DEFINITION A.1.13. A prevariety is a ringed space X that has a finite open
cover by affine varieties.

A prevariety is a variety if the diagonal Ay = {(z,z) : x € X} is closed in
X x X.

ExXAMPLE A.1.14. 1. Open subsets of varieties are again varieties. Let U C X
be an open set. Then taking the structure sheaf Oy = Ox|y on U, it forms a
ringed space. Moreover, as X is covered by affine varieties, U can be covered by
open subsets of affine varieties, which themselves can be covered by affine vari-
eties (for example, the distinguished open subsets). Therefore, U is a prevariety.
Considering the inclusion morphism i: U x U — X x X, we have Ay = i }(Ax),
which is closed as 7 is continuous and Ax closed.

2. Closed subsets of varieties are again varieties. Let F' C X be a closed
subset of X. Define Op(U) = {¢: U —k: Va € U, 3V open neighbourhood of a
in X, thereis ¢ € Ox(V): ¢ =1y on UNV}. It is a sheaf on F'. Moreover, for
any affine open subset U C X, we can consider U N F' as an open subset of the
ringed space F' or as an affine subvariety of U and those two interpretations are
isomorphic. Therefore, F' is a prevariety, and the same reasoning as for the open
subset gives that it is a variety.
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A.2 Chevalley’s Lemma

The goal of this section is to prove that the image of a morphism between two
varieties contains a non-empty open subset of its closure. We use this result in the
proof of Gabriel’s theorem. To prove this result, we will first prove 2 results on the
extension of some morphisms. Let us also first recall some definitions.

DEFINITION A.2.1. A commutative ring R is said to be reduced if 0 is the only
nilpotent element. In other words, it means that if # € R is such that 2? = 0,
then z = 0.

Such a ring is an integral domain if for all x,y € R, xy = 0 implies that x = 0
ory = 0.

Let B be a reduced ring, A a subring of B such that B is of finite type over A,
ie. B= Alby,---,b,] for some by, - b, € B. Assume that n = 1 and B = A[b],
then B = A[T]/I where I = {f € A[T]: f(b) = 0}. Denote by

J(I) ={0}U{a: a is the leading coefficient of f for f € I'}.

It is direct to see that J(I) is an ideal of A.

LEMMA A.2.2. With the notation used above, let ¢: A — k be a ring homomor-
phism with k an algebraically closed field such that ¢(J (1)) # {0}. Then ¢ can

be extended into a ring homomorphism B — k.

Proof. As ¢(J (1)) # {0}, thereis some f € I, f = fo+ fiT+---+ f, T™ such that
&(fm) # 0. Assume that m is minimal. We can extend ¢: A —k to ¢: A[T] — k[T
by linearity. If we assume that ¢(/) does not contain any non-zero constant, then
(p(I)) € K[T)]. Let z € k be such that f(z) =0 for all f € (¢(I)). Note that since k
is algebraically closed, such a z exists as if f, g € (¢(I)) have no common root, then
they must be co-prime, so (¢(I)) = k[T]. In general, if there is no z € k such that
f(z) =0for all f € (¢I), then the set (¢(I)) spans k[T|. Then, by setting ¢(b) = z,
we define an extension of ¢ to B.

To complete the proof, it remains to show that ¢(I) does not contain any non-
zero constant. By contradiction, suppose that there exists some g € [ with g =
go + 1T + -+ + ¢, 7" such that ¢(go) # 0 and ¢(g;) # 0 for i > 0. Suppose
furthermore that n is minimal. By the division algorithm, there are some d > 0,
q,r7 € A[T] such that fég = qf +r and deg(r) < m. Applying ¢ to the equality,
one gets

O fn)"0(g0) = d(f1n9) = A(@S(f) + 6(r).

The left side is a non-zero constant, whereas ¢(f) is a polynomial of degree m > 0.
It implies that ¢(¢) = 0 and ¢(r) € k\{0}. It implies that n < degr < m. Let us
now proceed by induction on m.

-Form =1, as n <m, g can’t exist as it would mean that g = a is a constant
and therefore a € J(I) and by our hypothesis, ¢(a) # 0.

-Induction: For a polynomial h = hg + - -+ + hT® € A[T] with hy # 0, let us
denote by h = T*h(%) = hy + -+ + hoT*. We write [ = (h: h € I) C A[T]. Let
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us also denote J = I N A, it is an ideal. Moreover, if a € J = I N A, it means
that there is some s € N such that a7° € I. As [ is an ideal of A, it implies that
a*'aT® = (aT)* € I. Moreover, as B = A[T]/I is reduced, it implies that aT € I.
Therefore we have the equality

J=INA={a€cA:alT €I}

If ¢(J) # {0} then we fall back to the case m = 1. Therefore ¢(J) = {0}. Denote
A= A/J, B = A[T)/I = AT)/I = Ab] for some b € B. We have that B is
reduced: let f € A[T] be such that f* € I, then f*=3"7_ hy, for r > 1 and hy € T
for all k. Then for some u € N, one get T“fs =T f3(5) = > rTtsh, (7)-
The right-hand side is in /. It means that T“ fs € I for some v > 0. Therefore
(T f)“*s € I and as B is reduced, T f € I, which implies that f € I. Moreover,
g=gnt--+gl" € I and ¢(gy) # 0. Therefore as ¢: A—k defines a morphism
o A=k and as n < m, we have by induction that ¢ extends to B — k. However,
as ¢(g;) = 0 for i > 0, one gets 0 = ¢(§) = ¢(go)d(T™). Hence, 0 = ¢(T") = QS(T)"
and ¢(T) = 0. It implies that ¢(b) = 0, which further implies that we have f € I
with (5(]?) = ¢(fm) # 0. It yields a contradiction.

[

We will use this lemma in the next lemma.

LEMMA A.2.3. Let B be an integral domain. Let A be a subring of B such
that B is of finite type over A. Then given b # 0 in B, there is some a € A\{0}
such that any ring homomorphism ¢: A —k with ¢(a) # 0 can be extended to
¢: B—k with ¢(b) # 0.

Proof. As B is of finite type over A, we have B = A[by,---,b,]. By a direct
induction, we can suppose that n = 1: B = A[b] ~ A[T]/I with as above [ = {f €
A[T]: f(br) = 0}

If I = {0}, then B ~ A[T] therefore taking b € B, we can write h = ag + a1 T +

-+ 4 a,, T™ the polynomial representing b with a,, # 0. Then taking a = a,,, we
can extend ¢ to ¢: A[T]— k and then send T" to = € k such that x is not a root of
o(ao) + ¢(a1)T + -+ - + ¢(a,)T™. Note that such an x exists as k is algebraically
closed, therefore infinite, whereas the polynomial has a finite number of roots.

Let us treat the case when I # {0}. Let f € I\{0} of minimal degree. Let
ay be its leading coefficient. By the division algorithm, we have that g € I if and
only if there is d > 0 such that fla{g. Let h € A[T] be a polynomial representing
b, i.e. a polynomial such that h(by) = b. As b # 0, h ¢ I. We have that f is
irreducible over Frac(A) its field of fraction: if f = f; fs for some f1, fo € Frac(A)[T],
then 0 = f(by) = fi(b1)f2(b1). As B is an integral domain, either fi(b;) = 0 or
fa(b1) = 0, without loss of generality, suppose the former. It implies that o’ f; € I
with ' € A\{0} being the product of the denominator of the coefficients of f;
(to insure that a'f; € A[T]). By minimality of the degree of f, it implies that
deg f = deg f1 and f is irreducible. Hence, f and h are co-prime over Frac(A) and
therefore there are u,v € A[T] and as € A\{0} such that uf + vh = as. Then, let

us take a = ajag. If ¢(a) # 0, then ¢(a;) # 0, so ¢(J (1)) # {0} and we can apply
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the previous lemma. Let us still denote by ¢: B — k the extension of ¢: A —k. We
have

¢(v(b1))(b) = ¢(v(b1))@(h(b1)) = G(v(br)h(br)) + G(u(br) f(b1)) = @(az) # 0.
Hence, ¢(b) # 0 and we have the result. O

We can now prove Chevalley’s lemma.

THEOREM A.2.4 (CHEVALLEY’S LEMMA). Let ¢: X —Y be a morphism of

varieties. Then the image of the morphism, ¢ (X), contains a non-empty open
subset of ¥ (X).

Proof. Let us first assume that X and Y are affine and X is irreducible. We can
assume that Y = 9(X). Recall that X =~ Homy_,,(k(X), k) (Lemma A.1.12).
Moreover, as v is a morphism of varieties, we have that ¢*: k[Y] —=k[X], f —
f o1 is a morphism of k-algebras. As ¢(X) is dense in Y, this morphism is a
monomorphism. We can then associate k[Y] to a subset ¥*k[Y] of k[X]. As X
is irreducible, k[X] is an integral domain. Hence, taking b = 1 € k[X], by the
preceding lemma (with A = k[Y], B = k[X]), there is a € k[Y] such that for all
f: k[Y] =k with f(a) # 0, there is f: k[X] — k such that fo = f and f(1) # 0.
Using the isomorphism X ~ Homy_4,(k(X), k), it is equivalent to say that there is
a € k[Y] such that for all y € Y with a(y) # 0, there is some x € X with ¢(x) =y
and such that 1(x) # 0. In particular, it means that D(a) C ¥(X).

If X is no longer irreducible, let Xy, --- . X, be its irreducible components. Then
(X;) contains a non empty subset of ¥(X;). As ¥(X) = U;1b(X;), the result is still
correct. Assume X is no longer affine. By taking a cover of X by affine subsets
Xy, ,X,, we have that 1/(X;) contains Vi, a non empty open subset of 1(X}),
so (X) D (X1) D Vi. Let us now assume that Y is no longer affine. We can
still assume that (X) = Y. Let Wy,---, W, be an affine cover of Y. We know
that (X) N W; is dense in W;. Let U; = ¢~ 1(W;). We have (U;) = ¢ (X) N W;.
Therefore, (U;) N W; = »(X)NW; N W; = W; as ¢(X) N W; is dense in W
Therefore, if we take V; C ¢(U;) N W; open and non empty, then V; is open in Y and
Vi C¢(U;) C (X). o

A.3 Algebraic Groups

Similarly to the fact that in topology there is the notion of topological groups, which
are topological spaces with a group structure that respects the continuity conditions,
one can also define the notion of algebraic groups as being algebraic varieties with
a group structure. The following definition, coming from [54], sets it formally.

DEFINITION A.3.1. An algebraic group is an algebraic variety G which is also a
group such that the maps defining the group structure p: G x G — G, (z,y) — zy
and i: G — G,z + 2! are morphisms of algebraic varieties.

One can study those algebraic groups in themselves, for example, their sub-
groups, quotients, and morphisms between such groups. More results on those are
given in [54]. We will only restrict ourselves to the bare minimum in what we use
in this document. We will therefore mainly focus on algebraic group actions.
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DEFINITION A.3.2. A G-space is a variety X on which G, an algebraic group,
acts. In other words, there is a morphism of varieties «: GX X — X, (g,z) — g -z
such that g- (h-z) = (gh) -z and ez = x.

Given a G-space and x € X, the orbit is the set G-z = {g- z|g € G}.

PROPOSITION A.3.3. An orbit G-x is locally closed, i.e. it is open in its closure.
Moreover, it is a variety.

Proof. Using Chevalley’s lemma A.2.4 to the morphism ¢g — ¢ - x shows that G - z
contains a non-empty open subset U of its closure GG - . We therefore have U C
G -x C G- x. Let us show that

Ug~U:G~m:

geG

UgeGg U C G-z Lety € UgeGg - U, we therefore have y = ¢ - u for
some g € Gand u € U. Asu € U C G-z, we have u = ¢ - x. Therefore
y=g-(g-z)=(g99) v €G-

G-xCUgGGg-U:LetyGG-x, then y = g-x for some g € G. AsU C G- x is
non empty, thereisu € U, u=¢ -x. Theny=g-z= (99" (¢'-x) = (99" -u €
UgeGg U

We have that g- U is an open set as g-U ~ U with ¢: g-U —U,v+ g~ -v and
Y:U—=g-U, ur g-u being the inverse diffeomorphisms. Therefore, UgeG g-Uis
an open subset of G -  and we have the first result.

The second one comes from the fact that, as stated in example A.1.14, a closed
subset of a variety is a variety; therefore G -« is a variety. Furthermore, an open
subset of a variety is also a variety, giving the result. O]
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B | An Introduction to Category
Theory

The goal of this chapter is to give a gentle introduction to category theory, with
a view towards homological algebra. Only the main concepts and results will be
presented, without proofs. For instance, I will not develop the concept of adjunction,
Yoneda’s lemma, the homotopy category, etc. The main sources are [41, 29| as well
as the course of Homological Algebra taught by Prof. Vitoria dos Santos that I
attended in Padua during the Spring semester of 2024.

B.1 First Definitions

The main idea of category theory is to reunite already available concepts in other
fields of Mathematics to be able to apply them to different concepts, generalise them
and develop new ones. The focus of study in category theory is the relationship
between objects, not the objects in themselves.

DEFINITION B.1.1. A category C consists of
e A class of objects, denoted by Ob(C),

e For each pair X,Y € Ob(C) of objects in C, a set Hom¢(X,Y') whose ele-
ments are called morphisms and denoted by f: X —Y,

e A composition law satisfying the following two properties:

1. Associativity: for all X,Y, Z, W € Ob(C), for all f: X =Y, g: Y = Z
and h: Z — W, we have ho(go f) =(hog)o f.

2. Unit: For all object X of C, there is a morphism 1y € Home(X, X)
such that, for all f: X —-Y and ¢g: Y — X, we have folx = f and

lxog=g.

The elements of the Hom-sets are called morphisms but they are formal morphisms:
unless we are in a specific category where we know the type of objects and morphisms
between those objects, we will never apply those to elements of the object (we don’t
even know if the objects have elements in them!).

Some morphisms in a category have some special properties, we will present some
of them.
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DEFINITION B.1.2. Let f € Hom¢(X,Y) be a morphism in the category C.
Then,

e f is a monomorphism if for all h,g: Z— X, the equality fog = foh
implies ¢ = h. Monomorphisms are (sometimes) denoted by f: X < Y or
f: X—Y.

e f is a epimorphism if for all h,g: Z — X, the equality go f = ho f implies
g = h. Epimorphisms are (sometimes) denoted by f: X — Y.

e f is an isomorphism if there is a morphism ¢g: Y — X such that go f = 1x
and f og= 1y.

Before going further, let us see some examples of categories.

ExAMPLE B.1.3. -The category Set whose objects are sets and if X,Y are
two sets, Homget(X,Y) is the set of all (set-theoretical) maps from X to Y.
Monomorphisms in Set are injective functions, epimorphisms are surjections and
isomorphisms are bijections.

-The category Vecty (k a field) with objects being k-vector spaces and mor-
phisms being k-linear maps between vector spaces. Monomorphisms are injective
linear maps, epimorphisms are surjective linear maps and isomorphisms are, as
defined in linear algebra, bijective linear maps.

-Given a poset (T, <), we have the category Cr<) with as objects the elements
of T and
{f} ifa<d
0 otherwise.

Homg,,, _,(a,a’) = {

REMARK B.1.4. Note that if a morphism is a monomorphism and an epimorphism,
it does not imply that it is an isomorphism. For instance, in the category Ring
with object rings and as morphisms ring homomorphisms, the inclusion 7: Z — Q
is a monomorphism and an epimorphism, but it is not an isomorphism.

A common construction of category theory is to “reverse” all the arrows. This
gives another category.

DEFINITION B.1.5. Let C be a category, the opposite category or dual category
is the category C°P defined by Ob(C°?) = Ob(C), Homeer(X,Y) = Home (Y, X)
and the composition is given by ¢* o f* = (f o g)*, where the -* represent the
morphism considered in C°P.

Now that we have defined categories, let us define “functions” between categories.
As often in Mathematics, we would like those “functions” to respect in some ways
the structure of the categories, i.e. it must respect the composition and identity.
We will therefore define that as follows.

DEFINITION B.1.6. Let C,D be categories. A (covariant) functor F:C— D
consists of

e An assignment Ob(C) — Ob(D), X — F(X),
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e For any pair of objects X,Y in C, we have a function
Fxy: Home(X,Y) — Homp(F(X), F(Y))
such that

1. For all object X of C, we have F(1x) = 1p(x),

2. For all maps f: X —=Y,¢9: Y —=Z, we have Fx z(go f) = Fyz(g) o
Fxy(f)-
A contravariant functor F is a functor from C°P to D. It means if we have the
morphism f: X —Y in C, we will have the morphism F(f): F(Y)— F(X) in D
and F(fog) = F(g)o F(f).

In the following, we will drop the indices of Fxy(f) = F(f).
The following examples are 2 functors widely used in the study of categories.

EXAMPLE B.1.7. Let C be a category and X € Ob(C), we can define the functor
h, = Home(X, —): C — Set

as, on the objects, hx(Y) = Home(X,Y) and if f: Y — Z is a morphism, hx(f) =

Home (X, f): Home(X,Y)— Home(X, Z) is defined as hx(f)(g) = f o g. Note

that we have hy(fog)(h) = fohog = hx(f)ohx(g)(h). It is a covariant functor.
On the other hand, we can define the contravariant functor

hX = Home(—, X): C°P — Set

as hX(Y) = Home(Y, X) and if f: Y — Z in C,

hX(f): Home(Z, X) — Home(Y, X),g— go f.

We could use the functors as a way to states that 2 categories are equivalent: by
stating that C, D are equivalent if there exists F': C —D and F': D — C such that
GoF =ide and F o G = idp. However, this definition is pretty restrictive, and
some categories that are “similar enough” are not equivalent in the sense of that
definition. We will therefore need to introduce a new concept.

Going one level further in the abstraction, we can define “functions” between
functors. For that, we introduce the (naive) concept of diagrams to represent a
part of the category as a (multi-)graph with objects represented as vertices and
morphisms between them as arrows. We say that a diagram commutes if for every
two vertices and any two directed paths joining the first vertex to the second one,
the resulting maps obtained by composing the maps represented by each arrow are
the same.

DEFINITION B.1.8. Let F,G: C — D be two functors. A natural transformation
is a collection of maps o = (ax)xeon(e) Where ax is a morphism F(X)— G(X)
in D (i.e. ax € Homp(F(X),G(X))) such that for all f € Hom¢(X,Y), we have
G(f)oax = ay o F(f). In other words, we want the following diagram in D to
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commute
F(X) 25 G(X)

F(f)l lcm

F(Y) —— G(Y).

A natural transformation a: F'— G for which all ax are isomorphisms in D is
called a natural equivalence. The two functors are said to be naturally equivalent,
and we denote it by F' ~ G.

These two definitions allow us to abstract even further and create some “meta-
categories”. We only need to introduce a technical definition to make sure that the
Hom-sets are indeed sets. In the following, a small category is a category whose
class of objects form a set.

EXAMPLE B.1.9. - The small categories with morphisms between them given
by functors form a category.

- If C is small, let D be any category. Then we can define the functor category
Fun(C, D) by taking as objects the functors form C to D and for all F,G func-
tors, Hompun(c,p)(F, G) is the set of natural transformation from F to G. The
composition is given by the composition of the morphisms on each object, i.e. for
all objects X € Ob(C), we have (8o a)x = Bx o ax.

The natural transformation also allows us to have a more suitable notion of
equivalence of categories.

DEFINITION B.1.10. We say that the categories C is equivalent to the category
D if there is a functor F': C — D and a functor G: D —C such that Go F ~ 1¢
and F o G ~ 1p where the functor 1¢ is the identity: 1¢(X) = X and 1¢(f) = f
for all object and morphism of C.

B.1.1 Composition of Functors and Natural Transformations

Let us now define the composition between functors and natural transformations.
Note that these definitions are pretty specific to this master thesis and not widely
used (although the definitions are pretty canonical). They were used (without def-
inition) in [13]. We use these compositions as a shorthand notation in Chapter
4.

Let FG:C—7D, J: B—-C and H: D— & be functors. Let a: FF— G be a
natural transformation. We define the natural transformation Ha: HF — HG by,
for all object X € Ob(,

(Hao)xy =Hoax: HF(X)— HG(X).

Let us check that it is indeed a natural transformation. Let f: X — Y be a morphism
in C. In £, we have the following diagram; let us show that it commutes.

HE(X) X% HG(X)
HF(f)l lHG(f)
HF(Y) Ho—ay> HG(Y)

134



As « is a natural transformation, we have G(f)ax = ay F(f) and therefore,

HG(f)o(Hoax)=H(G(f)oax)
= H(ay o F(f))
= Hay o HF(f).

We can also define the composition starting with the functor and composing it
with a natural transformation. We define the natural transformation aJ: F'J — GJ
by, for all objects A of B,

(OéJ)A = OéJ(A).

Once again, it is again a natural transformation as, for all f: A — B morphism of
B, we have the morphism J(f): J(A) — J(B) in C and by naturality of a, we have
aypFJ(f) = GJ(f)as). In other words, the following diagram commutes

FJ(A) 12 GJ(A)

FJ(f)l lGJm)

FJ(B) — GJ(B).

&g (B)

B.2 Objects with Special Properties

Now that we have the basic definitions of categories, we can start to construct/define
some specific objects of those categories. One of the most used methods to define
objects is through universal properties. We define the objects and some of their
morphisms through a commutative diagram and the existence and uniqueness of
a specific arrow of the diagram. The uniqueness of the arrows implies that the
object constructed, if it exists, is unique up to unique isomorphism. This (partially)
justifies the abuse of notation and use of the definite article when referring to that
object.

The best way to understand those universal properties is through some examples.
We will define the (categorical) product and coproduct as well as the inductive and
projective limit, but other objects defined in that way can be constructed (such as
(co)equaliser, etc.).

B.2.1 Product and Coproduct

Let J be a set and for all j € J, let X; be an object of C.

The product of (X;),es (if it exists) is the object P with, for all j € J morphisms
7 P — X such that for any object Z of C with morphisms f;: Z — X, there is a
unique morphism f: Z — P such that f; = m; o f for all j € J. In other words, we
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have the following universal diagram

i/ N fe
/ v \
/ \
// P \\
/ \
/ \
/ \
\l% ml{
X; X

The coproduct is pretty similar, just reversing the arrows. It is the object C
with, for all 7 € J morphisms i;: X; = C such that for any object Z of C with
morphisms f;: X; — Z, there is a unique morphism f: C'—= Z such that f; = f o,
for all 7 € J. In other words, we have the following universal diagram.

X; X
\ ij 7 /
\\\ /’

\ /
\ //
\
\\ C //
\

N /
fi \ : /T
=T
N //

(R
V-

Z.

We denote the product of the X; by ([ ], X, 7;) and the coproduct by (][, X;, ;).

B.2.2 Pushouts and Pullbacks

Let f: A— B and g : A— C be two morphisms of C. The pushout of (A, f,g) is
the object D with morphisms u; : B— D and uy : C — D such that uy f = usg and
such for every other object D' and pair of morphisms v; : B— D, vy : C'— D such
that vy f = wvag, then there is a unique morphism ¢ : D — D’ such that v; = ¢uy
and vy = pus. In other words, we have the following commutative diagram:

g
A——C
f l’uz \\\
\ Vo
B u—1> D AN
s 3!80\\
~. \
< A
S g
T D

To denote that D is a pushout, we use an extra arrowhead at the bottom right
corner of the square, and we say that the square is a pushout square.

A5 C
T

B——D

u1
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If we reverse the arrows, we get a pullback square:
D -——__ e

! Jlp T~

B.2.3 Limits

Instead of taking J as a set, we can take J as a category and F': J — C a functor. We
can then define the limit of the functor F' as being the object L with the morphisms
@;j: L— F(j) for all j € ObJ such that for all morphism fi;: j =k in J, we have
F(frj)p; = ¢r. Moreover, we want this object to be the “biggest” for which it works,
more formally, for any other object X with ¢;: X — F(j) such that F'(fi;)Y; = ¢,
there is a unique morphism 1: X — L such that v; = ¢;1. In other words, the
following diagram commutes.

(k)
Y -7
- - Pk
X Ty L F(fi;)
T ®j
b \\\\\;
F(j)

If it exists, we denote this object by lim,_, F(i).

If we “reverse” all the arrows, we can construct the colimit or direct limit. To be
more precise, it is the object C' with the morphisms p;: F(j) — C for all j € Ob(J)
such that for all morphism fi;: j =k in J, we have pyF'(fy;) = p;. Moreover, for
any other object X with ¢;: F(j) — X such that ¢, F'(fx;) = 1;, there is a unique
morphism ¢: C'— X such that ¢¥; = ¢;¢. In other words, the following diagram

commutes.
F(k) __
\\\‘\\ Y
Pk \‘\\\
F(frj) C le-m:§ X.

Pj e
//’/”’@Z’J

F(j)

If it exists, we denote this object by hﬂjej F(j).
We can see that if 7 is a category with only arrows being the identity, then the
product of the F'(j) is the projective limit while the coproduct is the inductive limit.

B.3 Abelian Category

Although generic categories are already some mathematical concepts really inter-
esting to study, and we could say much more about them, we will add some more
structure to them.
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DEFINITION B.3.1. A preadditive structure on a category C is a class of opera-
tions +y,y on Home (X, Y") (we will drop the indices) such that (Home(X,Y), +xv)
is an abelian group and such that the composition is bi-additive: fo (g + h) =
fog+ fohand (f+g)oh= foh+ goh whenever the operations are defined.
A category with such a preadditive structure is called a preadditive category.

A functor F' between two preadditive categories is said to be additive if

F(f+g)=F(f)+ F(g).

Suppose that the category C has a zero object' Z, then the composition X — Z —Y
provides a unique morphism that is the neutral element in Hom¢(X,Y') for the
abelian group structure. We denote this morphism by 0 and call it the zero mor-
phism.

This allows us to define the kernel and cokernel of a morphism. Similarly to the
previous section, we use universal properties to define such an object. Let f: X —» Y
be a morphism in C. The kernel of f is a pair (K,e: K — X) such that foe =0 and
for all (K',€¢': K’ — X)) such that f o€ = 0, there is a unique morphism g: K’ — K
such that eo g = €.

0

/\
K<, x 13y
)" ’
H!g”w.eT /
.

On the other hand, the cokernel of f is a pair (C,p: Y — C) such that po f =0
and for all p': Y — C’ such that p’ o f = 0, then there is a unique g: C' — C" such
that gp = p'.

0

/\

X ! y Y —2 >_C.
N lplk.*"ﬁﬂ.!g
Cl

In linear algebra, we know that a linear map is injective if and only if its kernel
is zero. We can generalise this statement in categories.

PRoOPOSITION B.3.2. Let C be a preadditive category with zero object and
kernels. Then, a morphism f: X — Y is a monomorphism if and only if ker f = 0.

DEFINITION B.3.3. A category is additive if it is preadditive, has a zero object
and admits finite products.

In that case, the finite product X [[Y will be isomorphic to the finite coproduct
XIY and we will denote them by X @& Y. The object X &Y will have 4 canon-
ical maps associated to it (coming from the universal property of the product and
coproduct): ixy: X - XBY,iy: Y 5> XY, 7x: XY > X andmy: XY =Y.

1An object Z € Ob(C) such that for any other object X of C, we have Home (X, Z) = {*} and
Home(Z, X) = {*}. i.e. there is one and only one morphism coming from this object to any other
object and there is one unique morphism coming from any object to the zero object.
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Moreover, if X = X1@--- X, and Y = Y1 ®---®Y,,, then a morphism f: X =Y

is uniquely determined by the fi; = 7y, o f oix,. We can represent it as

Juu fizoo i
f= : N
fml fm2 e fmn

and the composition of functions is given by matrix multiplication.

DEFINITION B.3.4. A category is abelian if it is additive, it has kernels and
cokernels, every monomorphism is a kernel and every epimorphism is a cokernel.

The last condition is equivalent to asking that for any morphism f: X =Y with
kernel (K, ¢€) and cokernel (C,p), the (canonical) map f: coker(e) — ker(p) is an
isomorphism.

K—<¢ ox 1

Y —°
‘| v

coker(€) — ker(p)

> C.

ExAMPLE B.3.5. If R is a ring, the category R-Mod of left modules over the
ring R with linear maps is abelian. The abelian structure on the morphisms is
given by point-wise addition. The zero object is the module 0, the finite products
are given by the module products, similarly for the kernels, if f: X — Y, we have

ker f ={z € X : f(z) =0}

and
coker f =Y/im(f).

The fact that f is isomorphic comes from the first isomorphism theorem.
In particular, as k-vector spaces can be seen as k-modules with k a field, we
have that the category Vecty is abelian.

ExAMPLE B.3.6. If A is an abelian category, then so is Fun(C, A) for any cate-
gory C. The idea is that we define all the constructions pointwise. If a, 8: FF — G
are two natural morphisms, we define the sum o + (8 by

(a+pf)x =ax + fx: F(X) = G(X),

as ax and [y are morphisms in A with the same source and target, their sum
is well defined and it forms an abelian group. The zero object of this category
is the functor sending every object to the zero object of the category A and
every morphism to the zero morphism. We also define F'[[G as the functor
(FIIG)(X) = F(X)[IG(X) and if f: X =Y, (F][G)(f) is the unique mor-
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phism making the following diagram commute,

If «: F'— G is a natural morphism, the functor ker « is defined by (ker a)(X) =
ker(ay) and the map (ker «)(f) is the unique map making the diagram commute.
We construct it using the universal property of the kernel of ay:

ker ay —— F(X) =5 G(X)

<____
=
=)

<_

—
2
=

The construction of coker(«) is symmetric. It still remains to show that these
constructions respect the relevant universal properties; it can be done through
diagram chasing.

If a is a monomorphism, then ker o = 0, therefore keraxy = 0 for all X. It
means that ax is a monomorphism for each X. As A is abelian, it implies that ax
is a kernel for each X. Let us say that ax = ker Sx for each X. It only remains
to show that (8x)xcon(4) defines a commutative diagram. It is direct through a
simple diagram chasing. The case of epimorphisms is totally symmetric.

If f: X —Y is a morphism, we can define the image im(f) of f through the
following universal property: it is the object I and the monomorphism m: I —Y
such that there is a morphism e: X — I with f = me and if there is another object
I’, a morphism e': X — I’, and monomorphism m’: I’ — Y such that f = m'e’ then
there is a unique morphism ¢: I — I’ such that m = m’p. In other words, we have
the following commutative diagram.

x— 1 sy

N7

/

\ 3'90 /
~1w(
]’/
For abelian categories, we have im(f) = ker(coker(f)).

B.4 Exact Sequence
One of the main reasons for the study of abelian categories is that they provide a
suitable framework to define exact sequences. These types of sequences are funda-

mental in homological algebra.
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ProproOSITION B.4.1. Let A be an abelian category, f: X =Y and g: Y - Z
two morphisms of A such that g o f = 0. Denote by (C,p) the cokernel of f
and (ker g, ) the kernel of g. There is a unique morphism Oy ,: ker(p) — ker(g)
making the following diagram commute. Moreover, Oy, is a monomorphism.

x—!' sy

?@l a

ker(p) T ker(g).

Using the morphism we have just constructed, we can now define exact sequences.

DEFINITION B.4.2. If A is an abelian category, we say that the sequence

xhysyz

is ezact if go f = 0 and if the morphism ©y 4 is an isomorphism.
A sequence of the form X; ELN Xy — - — X, is exact if X; EN X h) Xivo
isexactforall 1 <i<n—2.

An exact sequence of the form 0— X Loy % 750 s called a short ezact
sequence, also denoted as SES.

ExXAMPLE B.4.3. One of the most direct examples of a short exact sequence is
obtained by using the biproduct. The sequence

0-X 5 XY 25 Y -0,

where ix is the canonical injection from the coproduct and my is the canonical
projection from the product, is exact.

The above example is fundamental in the study of exact sequences as it has the
following properties.

ProPOSITION B.4.4. Let A be an abelian category. For a short exact sequence
o-xLyvy Lz 0, the following are equivalent.

1. There is a morphism f’: Y — X such that f'o f = 1y (f is said to be a
split monomorphism);

2. There is a morphism ¢': Z —Y such that go g = 15 (g is said to be a split
epimorphism);

3. There is an isomorphism v: Y — X & Z such that the following diagram

commutes
0 N I sy 9 g )
1x Y lzl
0 > X ZX>X@Z7T—Z>Z—>0
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If one of those conditions is fulfilled, the sequence is said to be split exact.

DEFINITION B.4.5. Let A and B be two abelian categories and F' an additive
functor between them.

e The functor F' is left exact if for every 0 — A 5 B Y 7 exact sequence of

A, the sequence 0 — F'(X) 10, F(B) o), F(C) is exact in B.

e The functor F is right exact if for every A 5B 750 exact sequence of
A, the sequence F(X) ), F(B) ), F(C)—0 is exact in B.

e The functor F'is exact if any SES in A is sent by F to a SES in B.

It can be shown that F'is exact if and only if it is both left and right exact.

EXAMPLE B.4.6. Let A be an abelian category and X € Ob.A. Then the
functor hx = Homy (X, —) is left exact. Similarly, the functor A* = Hom4(—, X)

is left exact in the sense that if A 5 B % €' =0 is exact, then

Hom 4(¢,X) Hom 4 (f,X)

0— Homy(C, X) Hom(B, X) Homy (A, X)

i1s exact.

We will now present some classical results related to exact sequences.

PROPOSITION B.4.7 (5-LEMMA). Let A be an abelian category. Consider the
following commutative diagram with exact rows.

Al h >A2 f2 >A3 I3 >A4 1 )A5

o e a] ]

Bl > BQ > B3 3 > B4 > B5.

g1 g2 g 94

Then,

1. If ho, hy are monomorphisms and h; is an epimorphism, then A3 is a monomor-
phism;

2. If ho, hy are epimorphisms and hs is a monomorphism, then hs is an epi-
morphism,;

3. If hy, hy are isomorphism, h; is an epimorphism and A5 is a monomorphism,
then hs is an isomorphism.

We have the following well-known? lemma.

2Tts proof was even included in the 1980 movie “It’s my Turn”! See for instance https://www.
youtube. com/watch?v=etbcKWEKnvg&ab_channel=philsproof.
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PROPOSITION B.4.8 (SNAKE’S LEMMA). Let A be an abelian category. Con-
sider the following diagram with exact rows

Then there is a map 0: ker h — coker f making the sequence

ker f — ker g — ker h 9, coker f — coker g — coker h

exact.

The name of the result comes from the shape that the morphism O takes when
tracing the diagram.

ker f —— kerg ker h
0
A B—Y ¢ 0
f g h /
0 AN c

coker f — coker g — coker h.

B.5 Basic Facts on Homological Algebra

Homological algebra aims to study homology, i.e. the quotients “kerd/imd’ of
complexes from a purely theoretical point of view. Different types of homologies
can be constructed: Simplicial, de Rahm, Hochschild, Dolbeaux, etc., depending
on the choice of complex. The goal of homological algebra is to provide a general
framework to study them. These quotients provide some relevant information on the
complexes and, more generally, on the category the complexes are constructed on.
This small section will only briefly present the basics of the subject. Much more can
be done, such as defining the Tor functor, spectral sequences, linking the homology
with topology, etc. In addition to the previously mentioned course I followed, I also
used [56] as a source for this section.

B.5.1 Projective and Injective Objects

We will start by defining a crucial class of objects in an abelian category.
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DEFINITION B.5.1. Let A be an abelian category. An object X in A is projec-
tive if the functor hy = Homy4 (X, —) is exact.
Dually, an object X of A is injective if the functor Hom 4(—, X)) is exact.

This exactness condition on the functor hy is equivalent to several other condi-
tions.

PROPOSITION B.5.2. Let A be abelian and X € Ob(A). The following are
equivalent.

1. X is projective;

2. For all f: A - B epimorphism, for all g: X — B, there is a morphism
g: X — A such that fg = g (note that g is not necessarily unique):

3. Any SES 0= A L B % X — 0 splits;

4. Any epimorphism ¢g: B — X is a split epimorphism.

PROPOSITION B.5.3. Let A be an abelian category. Consider (X;);e; a family
of objects in A. Then [],.; X; is projective if and only if each X is projective.

In particular, taking I = {1,--- ,n} to be a finite set, we have that @_, X,
is projective if and only if X; is projective for all 1 < i < n.

The result on the injective objects can be obtained similarly by passing through the
opposite category: X is projective in A if and only if X is injective in A°P.

B.5.2 Cochain Complex

DEFINITION B.5.4. Let A be an abelian category. A (cochain) complex in A is
a sequence

dy! d
X':..._>X*1L>XO_X>X1_>...

with X? objects of A fori € Z and d’ : X* — X**! morphisms such that di od’y ' =
0 for all 7 € Z.

A morphism of complexes f*: X*—Y* is a family of morphisms f*: X —Y"*
such that for all i € Z, we have di f* = fi*'d’. Composition of morphisms is
done component-wise: (gf)" = g'f*.

This defines the category of complexes denoted by C(A).

We can define the chain complex similarly, with objects X; and maps i : X; — X; 1,
the only difference is that the map d¥ decreases the degree of the object instead of
increasing it. We use the convention of numbering the elements of a chain complex
with indices and the ones of a cochain complex with superscripts.
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PropPosITION B.5.5. If A is abelian, so is C(A).

We can now define the cohomology of a cochain.
DEFINITION B.5.6. Given an abelian category A, we have define these functors:
e The n-cocycle Z": C(A) — A, X*® — ker(d").

e The n-coboundary B™: C(A) — A, X* — im(d"1).

e The n-cohomology H": C(A) — A, X* — coker(im d" ' — ker d").
PRrROPOSITION B.5.7 (LONG EXACT COHOMOLOGICAL SEQUENCE). If
0=-X*=>Y*—=2°"=0
is a SES in C(A), then there is a long exact sequence in A of the form

i —— H (X)) —— H YY) —— HY(2)

H(X) H(Y)) (%)

- 4,[_[1

~ H"(X) —— H"(Y) —— H"(Z) — -

B.5.3 The Ext Functor

Now that we have defined projective objects and cochain complexes, we can combine
those notions to define the Ext functor. It is an example of a derived functor. In
order to do that, we first need to define the projective and injective resolutions.

DEFINITION B.5.8. Let A be an abelian category. This category is said to have
enough projectives if for every object X € A there is a projective object P € A
and an epimorphism P — X.

It has enough injectives if for every object X € Ob(A) there is an injective
object I € Ob(A) and a monomorphism X «— I.

This technical definition allows us to make sense of the following definition.

DEFINITION B.5.9. Let A be an abelian category with enough projectives. For
an object X € A, we can construct a projective resolution of X as a complex P*®
with P? = 0 fori > 0, P’ projective for i < 0 and such that the augmented complex
(i.e. the complex P* with P! = X and the map d° given by the epimorphism
P — X)

s PP P2 P PP X 5020

145



is exact.

Dually, if A has enough injective, an injective resolution of X is a complex I*®
such that I* = 0 for ¢ < 0, I' is injective for all 7 > 0 and such that the augmented
complex

020 X PP PP

is exact.

Note that such a resolution is not unique, but it can be rendered unique by passing
to the homotopy category. This is outside the scope of this work, therefore, we will
not go into further details.

DEFINITION B.5.10. Let A be an abelian category with enough projectives.
The projective dimension of an object A € A is

pr.dim(A) = inf{j € N : 3 a projective resolution P of A : P, =0Vk > j}

if A has a finite projective resolution and pr.dim(A) = oo otherwise. We can also
define the global dimension of A as

gl.dim(A) = sup{pr.dim(A) : A € A} € NU{oo}.

DEFINITION B.5.11. Let A be an abelian category with enough injectives and
X € Ob(A). Then, we define the functor Ext (X, —) : A— Ab on each object
Y of A by first constructing an injective resolution

R N A L L S
of Y. Then we apply the functor Hom 4(X, —) to this sequence, it gives

-0 — Homy(X, I°) — Hom4 (X, I') — Hom4 (X, I?) — Hom4 (X, I?) — - - - .

After which, we apply the functor H™ to this complex.

Note that this definition is pretty sketchy: we should use the notion of homotopy
category to properly define the image of the morphisms in A by this functor. How-
ever, although fascinating, it is rather technical and outside the scope of the (very)
limited use we will do of this functor in this master thesis. We will only use the
following results.

PRroPOSITION B.5.12 (LONG EXACT Ext SEQUENCE). If
0=+X—=Y—=2-0

is a SES in A and M € Ob(A), then there is a long exact sequence in A of the
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form
0 — Ext) (M, X) — Ext)(M,Y) —— Ext% (M, Z)

Exty (M, X) — ExtY(M,Y) — Exty (M, Z)

L Ext) L Ext)

* Ext’y (M, X) —— Ext"y(M,Y) —— Ext" (M, Z) — ---

PROPOSITION B.5.13. The functor Ext'(P, —) ~ 0 if and only if P is projective.
Moreover, in this case, we further have that Ext"(P, —) ~ 0 for all n > 1.

PROPOSITION B.5.14. If the category A is of global dimension less than n, then
Ext®(A,B) =0 for all k >n and A, B € A.

PRoPOSITION B.5.15. The Ext functor commutes with direct products in the
second variable and it takes direct sums in the first variable to products. In other
words, for a set [ and X; € A for all i € I, we have

Ext' (@D M;, X) ~ [ [ Ext' (M;, X)
i€l i€l

and
Ext'(X, [[ M) ~ [ ] Bxt'(X, M;).

i€l 1€l
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