
https://lib.uliege.be https://matheo.uliege.be

Mémoire

Auteur : Bétermier, Alvaro

Promoteur(s) : Nicolay, Samuel

Faculté : Faculté des Sciences

Diplôme : Master en sciences mathématiques, à finalité approfondie

Année académique : 2024-2025

URI/URL : http://hdl.handle.net/2268.2/22975

Avertissement à l'attention des usagers : 

Tous les documents placés en accès ouvert sur le site le site MatheO sont protégés par le droit d'auteur. Conformément

aux principes énoncés par la "Budapest Open Access Initiative"(BOAI, 2002), l'utilisateur du site peut lire, télécharger,

copier, transmettre, imprimer, chercher ou faire un lien vers le texte intégral de ces documents, les disséquer pour les

indexer, s'en servir de données pour un logiciel, ou s'en servir à toute autre fin légale (ou prévue par la réglementation

relative au droit d'auteur). Toute utilisation du document à des fins commerciales est strictement interdite.

Par ailleurs, l'utilisateur s'engage à respecter les droits moraux de l'auteur, principalement le droit à l'intégrité de l'oeuvre

et le droit de paternité et ce dans toute utilisation que l'utilisateur entreprend. Ainsi, à titre d'exemple, lorsqu'il reproduira

un document par extrait ou dans son intégralité, l'utilisateur citera de manière complète les sources telles que

mentionnées ci-dessus. Toute utilisation non explicitement autorisée ci-avant (telle que par exemple, la modification du

document ou son résumé) nécessite l'autorisation préalable et expresse des auteurs ou de leurs ayants droit.



Faculty of Science
Department of Mathematics

Nuclearity in locally convex spaces and
its application to Gelfand–Shilov spaces

A thesis submitted in fulfillment of the requirements for the
Master’s degree in mathematical sciences, research focus

Academic year 2024-2025

Author :
Alvaro Bétermier

Supervisor :
Samuel Nicolay





Acknowledgements
My first thanks go to Mr Nicolay, my supervisor, who suggested the subject of this

thesis. His careful rereading and invaluable advice helped me to finalize it.

My warmest thanks go to Mr. Wuidar and Ms. Dispa, my teachers at Collège de
Saint-Roch Ferrières, who kindled my passion for mathematics by sharing theirs with me.

At university, my encounters with various professors continued to nurture this commit-
ment. I am thinking of Madame Esser, who supervised my third bachelor’s degree project
on random Fourier series. This project confirmed my interest in research. As for Mr.
Nicolay, he offered me the opportunity to help first-year students with SI-PASS, which
also enabled me to get to know the students from other years in the mathematics faculty.

This dissertation marks the close of five years of study rich in learning and encounters.
I have been lucky enough to forge some wonderful friendships. I would like to thank Hugo,
Tess and Xavier for the time spent together, the laughter shared around the gaming tables,
and for their patience and answers to the questions I had while writing this thesis.

I would also like to thank my parents for their unfailing support throughout these five
years. They have always given me the freedom to make my own choices, and constantly
encouraged me to put them into practice.

Finally, my sincere thanks go to my reviewers : Julien Leroy, Jean-Pierre Schneiders,
Arnout Van Messen and Jasson Vindas, the latter traveling specifically from the University
of Ghent for this occasion. Their valuable attention to this thesis is greatly appreciated.

i





Introduction
This master’s thesis explores the theory of nuclear spaces and a particular class of spaces

of ultradifferentiable functions known as Gelfand–Shilov spaces. The theory of nuclearity
was initially developed by Alexandre Grothendieck in his seminal work Produits tensoriels
et espaces nucléaires [4], where he investigated the possible locally convex topologies that
may be imposed on the tensor product of locally convex spaces. Given two locally convex
spaces E and F , there are several ways to endow their tensor product E ⊗ F with a
topology; among the most natural are the π-topology and the ε-topology. Grothendieck’s
original definition of nuclear spaces was based on these constructions. However, in line
with contemporary conventions, this thesis adopts a different approach, defining nuclear
spaces via the concept of nuclear operators and local Banach spaces. Connections with
tensor products will be examined, though not immediately.

Beyond their relevance to tensor products, nuclear spaces—particularly nuclear Fréchet
spaces—exhibit numerous remarkable properties, notably their connections to weakly and
absolutely summable sequences and the Dynin–Mityagin theorem, which will be presented
in detail.

The final part of this thesis is devoted to the study of a variant of the so-called
Gelfand–Shilov spaces, introduced by Gelfand and Shilov in [3, 2]. These are spaces of
ultradifferentiable functions characterized by simultaneous constraints on both the decay
of the function at infinity and the growth of its derivatives. Formally, given a positive
weight function w, a multi-indexed sequence M = (Mα)α∈Nd of positive real numbers, and
a parameter q ∈ [1,+∞], we define the Banach space

SMw,q :=

{
f ∈ C∞(Rn) : ∥f∥SM

w,q
:= sup

α∈Nd

(
Mα∥f (α)w∥q

)
< +∞

}
.

Here, w acts as a weight on f and its derivatives, while M governs the growth constraints.
The Gelfand–Shilov spaces studied in this thesis are constructed as suitable projective
limits of such Banach spaces. Compared to the classical Schwartz space S (Rd), which
also imposes decay and growth conditions, Gelfand–Shilov spaces feature more intricate
constraints: for fixed w and M , the norm depends on the simultaneous control of the decay
of f and all of its derivatives, making the role of M more transparent.

The first section of the thesis provides preliminary definitions and results that do not
naturally fit into later sections but are essential for the development of the theory. These
include standard notions such as the operator norm for continuous linear maps between
Banach spaces, duality theory, and the completion of locally convex spaces. Classical
theorems are occasionally stated without proof, accompanied by appropriate references.
However, in the case of Banach space completions, a detailed construction is included to
shed light on the underlying concepts.

The second section presents a detailed and self-contained introduction to nuclear spaces
and some of their fundamental properties. A central result is a characterization of nuclear
Fréchet spaces in terms of weakly and absolutely summable sequences. Much of this
material is drawn from Pietsch’s monograph Nuclear Locally Convex Spaces [11], but the
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results have been carefully selected and reorganized to provide clear and efficient proofs
of the main theorems. A notable highlight is the Dynin–Mityagin theorem, which asserts
that, under suitable conditions, if a Fréchet space E possesses a Schauder basis, then the
norms of elements in E can be estimated solely in terms of their basis coefficients. More
precisely, if the topology of a nuclear Fréchet space E is generated by a system of norms
and (ej)j∈N is a Schauder basis with corresponding coefficient functionals (cj)j∈N, i.e.,

x =
∑
j

cj(x)ej, ∀x ∈ E,

then for every continuous norm p on E, there exists another continuous norm q such that

p(x) ≤ p′(x) :=
∑
j

|cj(x)|p(ej) ≤ q(x).

In particular, the locally convex topology of E can be recovered from the family of norms
p′ constructed in this way. While the presentation in Meise and Vogt’s book Introduction
to Functional Analysis [8] omits the assumption that E possesses a fundamental system
of norms, this assumption is needed in certain steps of the proof. The section concludes
with a complete characterization of a class of Fréchet spaces known as Köthe spaces, which
generalize classical ℓp spaces and serve as important examples in the theory of nuclearity.

The third section is a concise exposition on tensor products. It introduces the definition
of the tensor product of locally convex spaces and presents the two canonical topologies
mentioned earlier: the π- and ε-topologies. A central result is that these two topologies
coincide when at least one of the spaces involved is nuclear—a fact that forms the basis of
Grothendieck’s original definition of nuclear spaces.

The final section of the thesis is devoted to the study of Gelfand–Shilov spaces. This
part is primarily based on the doctoral thesis of Lenny Neyt, Topological Properties and
Asymptotic Behavior of Generalized Functions [9], particularly the section titled “Topolog-
ical properties of ultradifferentiable function spaces and their duals.” The first half of the
section introduces the Gelfand–Shilov spaces, explores some of their basic properties, and
investigates the influence of the parameters involved. The second half presents a precise
characterization of the nuclearity of these spaces under natural conditions on the defining
parameters. The proof draws upon many concepts developed earlier in the thesis, includ-
ing summable sequences, the Dynin–Mityagin theorem, and the nuclearity of Köthe spaces.
Certain results that are not proved in Neyt’s thesis are worked out in full here—for ex-
ample, the completeness of the spaces SMw,q, which is not an immediate consequence of the
definitions. The proof relies on a lemma adapted from Neyt’s argument, modified to hold
in arbitrary dimensions, as the original proof appears valid only in the one-dimensional
setting.
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Notations
• We always includes zero in the set N of all natural numbers.

• The field of scalars of the vectorial spaces considered will always be written K and
can be either R or C.

• All the locally convex spaces are supposed to be Hausdorff spaces and will often be
refered as lcs.

• The topological dual of a locally convex space E is written E ′.

• The set of all continuous seminorms on E will be denoted by csn(E), it is the largest
fundamental system of seminorms of E.

• Given a locally convex space E and a seminorm p ∈ csn(E), we write bp(x, r) for the
ball associated to p centered at x ∈ E and of radius r > 0, bp(x) = bp(x, 1), bp =
bp(0, 1). Moreover, we write b◦p = {a ∈ E ′ : |a| ≤ p}, the polar of bp.

• If possible, all families on a topological space will be denoted by bold letters except
for families on the field of scalars that will be represented by Greek letters.

• Given two topological spaces X and Y , the space C(X, Y ) is the space of all contin-
uous mapping from X to Y . If Y = K, we write C(X) instead of C(X,K).

• Except in section 3, if f is a function on a set X and g a function on a space Y and
if f and g takes values in K, we write f ⊗ g : X × Y : (x, y) 7→ f(x)g(y).

• In the last section, the letter d will always stand for the dimension of some finite
dimensional space and will therefore always be a non-zero natural number.

• The notation K ⋐ Rd signifies that K is a compact subset of Rd.
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1 Preliminaries
This section contains some definitions and results that will be needed in the following

sections.

1.1 Linear operators between normed spaces

Definition 1.1.1. Let (E, p) and (F, q) be two normed spaces and T ∈ L(E,F ). The
operator norm β(T ) is defined by

β(T ) = sup{q(T (x)) : x ∈ E, p(x) ≤ 1}.

Definition 1.1.2. Let E and F be two lcs and T ∈ L(E,F ).
The dual operator (also named transposed operator) corresponding to T is the linear

operator T ′ from F ′ to E ′ defined by

⟨T ′b, x⟩ = ⟨b, Tx⟩

for b ∈ F ′, x ∈ E.
If E and F are Hilbert spaces, the adjoint operator of T defined in [1] will be written

T ∗.

Proposition 1.1.3. If E and F are normed space, we have the identity

β(T ) = β(T ′).

If moreover E and F are Hilbert spaces, then

β(T ) = β(T ∗).

1.2 Duality theory

We will now briefly discuss about the notion of dual systems and state two important
results in this topic. The definitions and results of this subsection comes from [8].

Definition 1.2.1. Let E be a K-linear space and F a linear subset of the algebraic dual
E∗ of E. The pair (E,F ) is said to be a dual pair if F separates the points of E, i.e. if for
all x, y ∈ E with x ̸= y, there exists a ∈ F such that a(x) ̸= a(y). Equivalently, (E,F ) is
a dual pair if they satisfy the following property : if x ∈ E is a point such that a(x) = 0
for all a ∈ F then x = 0.

Remark 1.2.2. Given a locally convex space E, the two most important dual pairs asso-
ciated to E are (E,E ′) and (E ′, E) where E is viewed as a subset of E ′ by the mapping
E → E ′∗ : e 7→ ⟨·, e⟩. Similarly, given a dual pair (E,F ), the pair (F,E) can also be viewed
as a dual pair by the mapping E → F ∗ : e 7→ ⟨·, e⟩.
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Definition 1.2.3. Given a dual pair (E,F ), a topology T on E is said to be (E,F )
admissible if (E,T )′ = F .

An important theorem of duality theorem concerns the compact sets of E given a
(E,F )-admissibe topology on E.

Theorem 1.2.4 (Mackey theorem). Let (E,F ) be a dual pair and let T1 and T2 be two
(E,F )-admissible topologies on E. Then a subset of E is bounded in (E,T1) if and only if
it is bounded in (E,T2).

Proof. A proof can be find in [8].

Given a dual pair (E,F ), there exists several ways to endow E or F with a natural
locally convex structure. We will explore three of them. By the preceding remark, each
construction of a locally concex structure on E induce a locally convex structure on F by
considering the dual pair (F,E) and reciprocally.

Definition 1.2.5. Let (E,F ) be a dual pair. If for all finite subset A of F we consider the
seminorm pA defined on E by

pA(x) = max
T∈F
|⟨T, x⟩|

then E can be endowed by the fundamental system of seminorms {pA : A ⊂ F,#A < +∞}.
The set E endowed by this system is written (E, σ(E,F )).

Definition 1.2.6. Let (E,F ) be a dual pair. If for all absolutely convex σ(F,E)−compact
subset M of F we consider the seminorm pM defined on E by

pM(x) = max
T∈F
|⟨T, x⟩|,

then E can be endowed by the fundamental system of seminorms
{pM : M ⊂ F,M absolutely convex and σ(F,E) − compact}. The set E endowed by this
system if written (E, τ(E,F )).

Given a dual pair (E,F ) and a topology T on E it is natural to ask in which condition
on T is T a (E,F )-admissible topology. This question is totally answered by the following
result by Mackey and Arens (see [8] for a proof of this result).

Proposition 1.2.7 (Mackey-Arens). Let (E,F ) be a dual pair. For a topology T on E to
be such that (E,T )′ = F it is necessary and sufficient that σ(E,F ) ⊂ T ⊂ τ(E,F ).

We will be interested in one more locally convex structure on F .

Definition 1.2.8. Let (E,F ) be a dual pair. If for all compact subset K of E we consider
the seminorm pK defined on F by

pM(T ) = max
x∈K
|⟨T, x⟩|

then F can be endowed by the fundamental system of seminorms {pK : K ⊂ E,K compact}.
The set F endowed by this system if written (F, c) = Fc.
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We need the following lemma from [5].

Lemma 1.2.9. Let E be a locally convex space and A en equicontinuous subset of E ′.
Then the topology induced on A by (E ′)c := (E ′

c) coincides with the topology induced by
σ(E ′, E) on A.

With this lemma we can prove the following proposition that will be used when studying
ε-product in section 3.

Proposition 1.2.10. Let E be a locally convex space. If p ∈ csn(E) then b◦p is compact in
E ′
c.

Proof. It is a direct consequence of the previous lemma and the fact that b◦p is compact in
(E ′, σ(E ′, E)) by Alaoglu’s theorem.

1.3 Completion of nuclear locally convex spaces

Definition 1.3.1. Let E and F be two locally convex spaces. We write E ≃ F if there
exists a linear bijective homeomorphism T : E 7→ F .

In this case, for all p ∈ csn(E), there exists q ∈ csn(F ) such that q ◦ T = p. Indeed,
the continuous seminorm q = p ◦ T−1 verifies the relation.
Similarly, for all q ∈ csn(F ), there exists p ∈ csn(E) such that p ◦ T−1 = q.

An important notion that will be used in the next section is the following,

Definition 1.3.2. Let E be a lcs, a completion Ê of E is a complete lcs that admits a
dense locally convex subspace F such that E ≃ F .

We will prove that all normed spaces have a completion.

Proposition 1.3.3. Every normed space (X, ∥.∥) has a completion X̂.

Proof. Intuitively, we would like to add to X elements representing the limits of the Cauchy
sequences of X, these limits being considered as distinct as soon as the difference of the
associated sequences does not tend towards 0 at infinity.

Formally, let C be the set of all Cauchy sequences of X and let c0 be the set of all
sequences of X that vanishes at infinity. Finally, let X̂ be the set C/c0.

By the completeness of R+, a seminorm p is naturally defined on C by

p((xj)j∈N) = lim
j→∞
∥xj∥.

With this definition, it is clear that c0 = {x ∈ C : p(x) = 0} is a closed linear subspace
of C. We can then endow X̂ = C/c0 with the natural seminorm of the quotient. For
simplicity, this seminorm will also be denoted by p.

It is clear that p is a norm on X̂. Moreover, if we set j : X → X̂ : x 7→ (x, x, x, . . .)+c0,
then it is easy to prove that j is an isometry and that j(X) is dense in X̂.
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It remains to prove that X̂ is complete. Let then (xN)N∈N be a Cauchy sequence of C.
Let N be an arbitrary natural number, since xN is a Cauchy sequence of X, there exists
JN ∈ N such that

∥xNk − xNj ∥ <
1

N
for all k, j ≥ JN .

We will now prove that if y = (yN)N∈N is the sequence of X defined by yN = xNJN for all
N ∈ N, then y is in C and limN xN = y in C.

• y ∈ C : Let ε > 0, since the sequence (xN)N∈N is a Cauchy sequence of C, there
exists N0 > 1/ ε such that

p(xM −xN) < ε for all M,N ≥ N0.

In particular, if M,N ≥ N0 > 1/ ε are fixed, there exists J ∈ N such that

∥xMj − xNj ∥ < 2 ε for all j ≥ J.

For these M and N , we have for j = max{JM , JN , J} that

∥yM − yN∥ ≤ ∥yM − xMj ∥+ ∥xMj − xNj ∥+ ∥xNj − yN∥ <
1

M
+ 2 ε+

1

N
< 4 ε .

Since M,N ≥ N0 are chosen arbitrarily, this proves that y ∈ C.

• limN xN = y : Let ε > 0 and let N0 > 1/ ε be such that

∥yM − yN∥ < ε for all M,N ≥ N0.

If N > N0, we have

∥yj − xNj ∥ ≤ ∥yj − yN∥+ ∥yN − xNj ∥ < 2 ε for all j ≥ max{N0, JN}

hence p(y− xN) < 2ε for all N ≥ N0.

To obtain the conclusion, we simply need to compose with the projection on the quotient.

As stated earlier, we have the more general theorem, whose a proof can be found in [8]

Theorem 1.3.4. Each locally convex space E has a completion Ê.

We will now prove that the completion of a locally convex spaces is essentially unique.
The following lemma will be the key argument to prove this result.
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Lemma 1.3.5. Let E and F be two lcs and let Ê and F̂ be completion of E and F
respectively. For any operator T ∈ L(E,F ), there is a unique operator T̃ ∈ L(Ê, F̂ ) such
that T̃ |E = T .

Proof. It is a direct consequence of the fact that the image by T of a Cauchy sequence of
E is a Cauchy sequence of F .

Proposition 1.3.6. If E1 and E2 are two completions of the same locally convex space E,
then E1 ≃ E2.

Proof. Let F1 and F2 be dense subsets of E1 and E2 respectively such that E ≃ F1 and
E ≃ F2, we have then F1 ≃ F2 and by the preceding lemma and the definition of ≃, we
have E1 ≃ E2.

From now on, we will say that Ê is the completion of E and not a completion of E.
Since E ≃ F for a dense subspace F of Ê, we will always assume that E is a (dense) subset
of its completion Ê.

Since the seminorms defined on the completion Ê of E extends the one of E, we will
use the same notation for both of them.
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2 Nuclear spaces
The first part of this master’s thesis will focus on the study of the so-called nuclear

spaces. We will define those spaces then give an important characterization of them. Fi-
nally we will prove some of their properties and a simple yet non trivial family of examples.

This section is mainly based on Pietsch’s book [11].

2.1 Definition

Definition 2.1.1. Let E be a locally convex space and p ∈ csn(E), we denote by Ep the
Banach space obtained by completing the normed space Ẽp := (E, p)/p−1(0). Ep is refered
as the local Banach space of E associated to p.

If πp represents the canonical projection from E to Ẽp and jp represents the canonical
inclusion from Ẽp to Ep, we set

ιp = jp ◦ πp.

Using the lemma 1.3.5, it is easy to see that if q, p ∈ csn(E) are such that q ≥ p, then
there exists a unique linear continuous operator ιpq from Eq to Ep such that

ιp = ιpq ◦ ιq.

We can now define the nuclear operators which will be used to define the nuclear spaces.

Definition 2.1.2. Let E,F be two Banach spaces, a linear operator T : E → F is said to
be nuclear if there exists sequences (an)n∈N and (bn)n∈N such that for all n ∈ N we have
an ∈ E ′, bn ∈ F ,

+∞∑
n=0

∥an∥E′∥bn∥F < +∞

and
T (x) =

∑
n∈N

⟨an, x⟩bn for all x ∈ E.

The space N (E,F ) of all nuclear operators between E and F is linear and we endow
this space with the norm defined naturally by

ν(T ) = inf

{
+∞∑
n=0

∥an∥E′∥bn∥F

}

where the infimum is taken over all the sequences (an)n∈N and (bn)n∈N representing T .
The proof that N (E,F ) is linear and that ν defines a seminorm on this space can be

found in [11]. The fact that ν is a norm comes then directly from the observation that we
always have β(T ) ≤ ν(T ) so ν(T ) = 0 implies β(T ) = 0 and then T = 0.
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Proposition 2.1.3. Let E and F be two normed spaces. If (Tn)n∈N is a Cauchy-sequence
on N (E,F ) and if there exists an operator T ∈ L(E,F ) such that limn→∞ Tnx = Tx for
all x ∈ E, then T is nuclear and limn→∞ Tn = T in N (E,F ).

Proof. Let (Tnj
)j∈N a subsequence of (Tn)n∈N such that for all j ∈ N0 we have

ν(Tnj
− Tnj−1

) < 2−n.

For each j ∈ N0, the previous relation gives sequences aj on E ′ and bj on F such that for
all x ∈ E we have

Tnj
(x)− Tnj−1

(x) =
+∞∑
k=0

〈
ajk, x

〉
bjk

and
+∞∑
k=0

∥ajk∥E′∥bjk∥F < 2−n.

Let also a0 and b0 be sequences on E ′ and F respectively such that for all x ∈ E, we have

Tn0(x) =
+∞∑
k=0

〈
a0k, x

〉
b0k

and
+∞∑
k=0

∥a0k∥E′∥b0k∥F < ν(Tn0) + 1.

Let (ck, dk)k∈N be an enumeration of (ajk, b
j
k)j,k∈N and x ∈ E. For every J ∈ N and j ∈ N

let KJ
j be the set of indices k ≤ j such that the couple (ck, dk) originate from a couple of

the form (aj0k0 , b
j0
k0
) with j0 ≤ J, k0 ∈ N. For each J ∈ N, j ∈ N, we have

∥T (x)−
j∑

k=0

⟨ck, x⟩dk∥F ≤ ∥T (x)− TnJ
(x)∥F

+∥TnJ
(x)−

∑
k∈KJ

j

⟨ck, x⟩dk∥F +
+∞∑

j0=J+1

+∞∑
k=0

∥aj0k ∥
′
E∥b

j0
k ∥F .

The first and last term can be made arbitrary small by choosing J large enough and then
the second term can be made arbitrary small by choosing j large enough. This proves that
for all x ∈ E we have

T (x) =
+∞∑
k=0

⟨ck, x⟩dk.
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Moreover we have
+∞∑
k=0

∥ck∥′E∥dk∥F ≤ ν(Tn0) + 3 < +∞

so T ∈ N (E,F ).
Finally, similar reasoning proves that for every J ∈ N, we have

ν(T − TnJ
) ≤

+∞∑
j=J+1

+∞∑
k=0

∥ajk∥
′
E∥b

j
k∥F ≤ 2−J

which proves that (Tnj
)j∈N converges to T in N (E,F ) hence (Tn)n∈N converges to T in

N (E,F ).

The proof by Pietsch in ([11] lemma 3.1.3) of the previous resut proves the nuclearity
of T by saying that it can be written as

T (x) = T0(x) +
+∞∑
j=1

+∞∑
k=0

〈
ajk, x

〉
bjk.

Details have been added here to proves that the right hand side can be expressed with a
single series to match the definition of nuclear operators.

Nuclear operator have stability properties under composition with continuous linear
operators.

Proposition 2.1.4. Let E,F,G,H be Banach spaces and T ∈ L(E,F ), S ∈ N (F,G), R ∈
L(G,H) be linear operators. Then the linear operator RST from E to G is nuclear and
satisfy ν(RST ) ≤ β(R)ν(S)β(T ).

Proof. Let (an)n∈N and (bn)n∈N be two sequences such that an ∈ F ′, bn ∈ G for all n ∈ N,
+∞∑
n=0

∥an∥F ′∥bn∥G < +∞

and
S(y) =

∑
n∈N

⟨an, y⟩bn for all y ∈ F.

By continuity and linearity of R and S we have

RST (x) =
∑
n∈N

⟨an, Tx⟩Rbn =
∑
n∈N

⟨T ′an, x⟩Rbn for all x ∈ E.

By proposition 1.1.3, this representation satisfy
+∞∑
n=0

∥T ′an∥E′∥Rbn∥H ≤
+∞∑
n=0

β(T )∥an∥F ′β(R)∥bn∥H < +∞

which proves that RST is nuclear and satisfy ν(RST ) ≤ β(R)ν(S)β(T ).
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Definition 2.1.5. A locally convex space E is nuclear if for all p ∈ csn(E), there exists
q ∈ csn(E) such that q ≥ p and ιpq is nuclear.

Using the preceding proposition, this definition can be simplified by imposing the con-
dition only on a fundamental system of seminorms.

Proposition 2.1.6. Let E a lcs and P a fundamental system of seminorms of E. The
locally convex space E is nuclear if and only if for all p ∈P, there exists q ∈P such that
q ≥ p and ιpq is nuclear.

Proof. The necessary condition is trivial.
For the sufficient condition, let p ∈ csn(E) be arbitrary. Since P is a fundamental

system of seminorms of E, there exists p0 ∈ P such that p ≤ p0. By assumption, there
exists a seminorm q0 ∈P such that q0 ≥ p and ιp0q0 is nuclear. By the preceding proposition,
the operator ιpq0 = ιp0q0 ◦ ι

p
p0

is therefore nuclear.

Using proposition 2.1.4, one can prove that nuclearity is preserved by linear homeo-
morphisms.

Proposition 2.1.7. Let E and F be two lcs that and T a linear bijective isomorphism
between E and F , the space F is nuclear if and only if E is nuclear.

Proof. We suppose that E is nuclear. Let q1 ∈ csn(F ) and p1 ∈ csn(E) such that q1◦T ≺ p1.
By nuclearity of E there exists p2 ∈ csn(E) such that p2 ≥ p1 and ιp1p2 ∈ N (Ep2 , Ep1). If
q2 ∈ csn(F ) is chosen such that p2 ◦ T−1 ≺ q2, then we can prove that.

We can prove using similar arguments the following proposition.

Lemma 2.1.8. Let E be a nuclear lcs and F a topological linear subspace of E. Then F
is nuclear.

2.2 Connection with weakly summable and absolutely summable
families

The goal of this section is to prove a characterization of certain nuclear spaces in terms
of summability of sequences. To achieve this goal we will define and study absolutely
summing operators and prove that if we replace the nuclear mappings in the definition of
nuclear spaces by absolutely summing mappings, then the spaces defined are also nuclear
spaces.

In this section, E and F will always be lcs and I will always designate an index set
(not necessarily countable).

12



Notations 2.2.1. • Let X be a set. If x ∈ XI and if i ∈ I, the ith component of x
will always be written xi.

• Let X be a set. If x is an element of XI and if J ⊂ I, we set xJ = (x̃i)i∈J the family
defined by

x̃i =

{
xi if i ∈ J
0 else

.

• The set of all finite subsets of I is denoted F (I).

• If T is a linear operator on E and x ∈ EI , we set T (x) = (Txi)i∈I .
Similarly, if a is a linear form on E and x ∈ EI , we set ⟨a,x⟩ = (⟨a, xi⟩)i∈I = a(x).

Definition 2.2.2. A directed set A is a set endowed with a reflexive and transitive binary
relation ≤ such that each finite subset {a1, . . . , an} of A has an upper bond a ∈ A, i.e. an
element of A such that a ≥ a1, . . . , a ≥ an.

Definition 2.2.3. Let A be a directed set and X a topological space. A directed system
of X indexed by A (or simply a directed system if A and X are fixed) is an element of XA.

A directed system x ∈ XA is a directed Cauchy-system if for each zero neighborhood
U , there exists an index a0 ∈ A such that xa − xb ∈ U for each a, b ≥ a0

A directed system x ∈ XA is said to converge to x0 ∈ X if for each neighborhood U of
x0 there exists an index a0 ∈ A such that xa ∈ U for each a ≥ a0. We write lima∈A xa = x0.

We start by defining some notion of convergence of general series or sequences of scalars.

Definition 2.2.4. Let α be a sequence of scalars indexed by I.
For i ∈ F (I), let si =

∑
i∈i αi. The sequence (si)i∈F (I) is a directed system indexed by

F (I) endowed with the inclusion order. If this system has a limit S ∈ K, we say that α is
summable and we write

S =
∑
i∈I

αi.

An important observation is that the value of this series is independent of the order in
which we "add the elements".

Definition 2.2.5. We can define a norm ∥ · ∥ℓ1I on the linear space ℓ1I of all families α of
scalars such that the family (|αi|)i∈I is summable by

∥α∥ℓ1I =
∑
i∈I

|αi|.

We extend naturally the application ∥ · ∥ℓ1I on the space of all families of scalars by setting
∥α∥ℓ1I = +∞ if α /∈ ℓ1I .
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Definition 2.2.6. A sequence α of scalars indexed by I is said to converge to 0 if for each
δ > 0, there exists a finite set i ∈ F (I) such that

|αi| < δ for all i ∈ I\i.

The set of these sequences is written cI .

Proposition 2.2.7. Let β be a sequence of scalars indexed by I. If∑
i∈I

|αiβi| < +∞

for all α ∈ cI then ∑
i∈I

|βi| < +∞.

Proof. The demonstration is classic and then omitted.

We will now be interested in series in arbitrary lcs or normed spaces. We will define
three notions of summability for series of elements of a lcs.

Definition 2.2.8. A family x ∈ EI of elements of E is called weakly summable if it
satisfies ⟨a,x⟩ ∈ l1I for each a ∈ E ′. The space of weakly summable families on E indexed
by I is denoted ℓ1I [E].

From this definition, it directly follows that a sequence x is weakly summable if and
only if the set

Ax :=

{∑
i∈i

αixi : i ∈ F (I),∀i ∈ i |αi| ≤ 1

}
is weakly bounded (i.e. bounded in ((E, σ(E,E ′)). By Mackey’s theorem (theorem 1.2.4),
this happens exactly when this set is bounded in E.

Let p ∈ csn(E) and a ∈ b◦p. For every i ∈ I, let αi be a scalar such that |⟨a, xi⟩| =
⟨a, xi⟩αi. If i ∈ F (I), we obtains

∑
i∈i

|⟨a, xi⟩| =

〈
a,
∑
i∈i

αixi

〉
≤ p

(∑
i∈i

αixi

)
≤ sup

y∈Ax

p(y) < +∞.

We can therefore consider the seminorm pε defined for x in ℓ1I [E] by

pε(x) = sup{∥⟨a,x⟩∥ℓ1I : a ∈ b
◦
p}.

The linear space ℓ1I [E] is endowed with the locally convex space structure induced by
the fundamental system of seminorms

{pε : p ∈ csn(E)}.

14



Definition 2.2.9. An element x of ℓ1I [E] is summable if the directed system (xi)i∈F (I)

converges to x in ℓ1I [E]. The set of all summable families on E indexed by I is denoted
ℓ1I(E).

The following propositions are direct consequences of the definitions.

Proposition 2.2.10. A sequence x ∈ ℓ1I [E] is summable if it satisfies the following
property : for each p ∈ csn(E) and δ > 0, there exists a finite set i ∈ F (I) such that

pε(xI\i) < δ.

Proposition 2.2.11. If x ∈ ℓ1I [E] and α ∈ cI , then α x ∈ ℓ1I(E).

Definition 2.2.12. A sequence x ∈ EI is absolutely summable if for each p ∈ csn(E) we
have ∑

i∈I

p(xi) < +∞.

For each p ∈ csn(E), a seminorm pπ is defined on the space ℓ1I{E} of all absolutely
summable sequences by

pπ(x) =
∑
i∈I

p(xi).

We endow the space ℓ1I{E} by the fundamental system of seminorms {pπ : p ∈ csn(E)}.

The seminorms pε and pπ can naturally be extended on the set of all sequences on E if
we accept that their value can be infinite.

The absolute summability implies the summability.

Proposition 2.2.13. The lcs ℓ1I{E} is continuously included in ℓ1I(E).

Proof. Let x ∈ ℓ1I{E}, p ∈ csn(E) and δ > 0. Since
∑

i∈I p(xi) < +∞, there exists a finite
set i ∈ F (I) such that pπ(xI\i) < δ. The conclusion comes from the fact that pε ≤ pπ on
ℓ1I{E}.

We can now define a new family of operators between locally convex spaces.

Definition 2.2.14. An operator T ∈ L(E,F ) is absolutely summing if it maps each
summable countable family x ∈ ℓ1N(E) of E to an absolutely summable family T (x) ∈
ℓ1N{F} of F .

Proposition 2.2.15. Each abolutely summing mapping T ∈ L(E,F ) maps ℓ1I [E] into
ℓ1I{F} and this mapping is bounded.

Proof. If it was not the case we could find a bounded set B of ℓ1I [E] and a continuous
seminorm q ∈ csn(F ) satisfying

sup{qπ(T x) : x ∈ B} = +∞.
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In this condition, for each n ∈ N0 we can find a family x(n) ∈ B and a finite set in ∈ F (I)

such that qπ(x
(n)
in

) > 2n.
Since B is bounded in ℓ1I [E], for each a ∈ E ′ there exists a positive number C such that

∥⟨a,x⟩∥1 < C for all x ∈ B.

We then obtain ∑
n∈N0

∑
i∈in

2−n|⟨a, x(n)i ⟩| < C.

In other words, if P is the set P = {(n, i) : n ∈ N0, i ∈ in}, then the family (2−nx
(n)
i )(n,i)∈P

is weakly summable in E. Let (α(n)
i )(n,i)∈P ∈ cP be arbitrary. By the proposition 2.2.11, the

family (2−nα
(n)
i x

(n)
i )(n,i)∈P is a countable summable family of E. The absolute summability

of T gives then ∑
(n,i)∈P

2−n|α(n)
i |q(x

(n)
i ) < +∞.

Since this relation is true for all α ∈ cP , the proposition 2.2.7 gives∑
(n,i)∈P

2−nq(x
(n)
i ) < +∞,

which is false by choice of the sequences x(n) (n ∈ N).

If the lcs E and F are normed spaces, absolutely summing mapping can be easily
described and a seminorm can be naturally defined on the set of all absolutely summing
operators.

Proposition 2.2.16. If (E, p) and (F, q) are two normed spaces then an operator T ∈
L(E,F ) is absolutely summing if and only if there exists a positive number C such that

qπ(Tx) ≤ Cpε(x)

for all i ∈ F (N) and all finite family x = (xi)i∈i of E.

Proof. The necessary condition is a direct consequence of the previous proposition and the
sufficient condition is clear.

If π(T ) denotes the infimum of the constant C > 0 such that the proposition holds,
then π is a norm on the linear space of all absolutely summing operators from E to F .

The following technical lemma will be used in the next theorem.

Lemma 2.2.17. Let (E, p) a normed space and ∆ the unit disk of K. If b◦p is endowed
with the weak topology induced by σ(E ′, E), then each x ∈ ℓ1I [E] can be associated with the
continuous function Φx on ∆I × b◦p defined for α ∈ ∆I , a ∈ b◦p by

Φx(α, a) =
∑
i∈I

αi⟨a, xi⟩.

Moreover, the mapping x 7→ Φx is an isometry as a mapping from ℓ1I [E] to C (∆I × b◦p).
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Proof. We begin to observa that by Alaoglu’s theorem, b◦p is a compact set for the topology
σ(E ′, E) and by Tikhonov theorem ∆I × b◦p is compact as a product of compact sets. The
space C(∆I × b◦p) is then a Banach space so the lemma makes sense.

Let x ∈ ℓ1I [E], by definition, for every positive natural number n > 0, there exists a
finite set in ∈ F (I) such that the relation∑

i∈I\in

|⟨a, xi⟩| < 1/n

holds for all a ∈ b◦p. For such number n, if Φ(n)
x denotes the continuous function defined for

α ∈ ∆I and a ∈ b◦p by
Φ(n)

x (α, a) =
∑
i∈in

αi⟨a, xi⟩,

then we have
|Φx(α, a)− Φ(n)

x (α, a)| ≤
∑
i∈I\in

|⟨a, xi⟩| < 1/n

for all α ∈ ∆I and a ∈ b◦p. Φx is therefore the uniform limit of the continuous functions
Φ

(n)
x and is therefore continuous itself.

If ∥.∥ is the norm on C(∆i × b◦p) then the relation

∥Φx∥ ≤ pε(x)

is clear.
For every a ∈ b◦p we can choose a sequence α ∈ ∆I such that |⟨a, xi⟩| = αi⟨a, xi⟩ for all

i ∈ I. For this a we have ∑
i∈I

|⟨a, xi⟩| = Φx(α, a)| ≤ ∥Φx∥.

Since this relation is true for all a ∈ b◦p, we have proved

pε(x) ≤ ∥Φx∥

hence
pε(x) = ∥Φx∥.

We can now prove the following theorem which will be used later to prove that the
composition of two absolutely summing operators is nuclear.

Theorem 2.2.18. If (E, p) and (F, q) are two normed spaces then an operator T ∈
L(E,F ) is absolutely summing if and only if there exists a borelian positive measure µ
on (b◦p, σ(E

′, E)) such that µ(b◦p) = π(T ) and

q(Tx) ≤
∫
b◦p

|⟨a, x⟩|dµ(a) for all x ∈ E
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Proof. Suppose that T is absolutely summing, we can define a linear continuous form A
on ℓ1b◦q (E) by

⟨A,x⟩ :=
∑
b∈b◦q

⟨b, Txb⟩ for x ∈ ℓ1b◦q (E).

Indeed, we have∑
b∈b◦q

|⟨b, Txb⟩| ≤ qπ(T x) ≤ π(T )pε(x) for x ∈ ℓ1b◦q (E).

By the previous lemma, we can identify each summable family x ∈ ℓ1b◦q (E) with a
function Φx ∈ C

(
∆b◦q × b◦p

)
. By the Hahn-Banach theorem, there exists a linear continuous

form M0 on C
(
∆b◦q × b◦p

)
such that

⟨M0,Φx⟩ = ⟨A,x⟩ for all x ∈ ℓ1b◦q (E)

and whose norm is bounded by π(T ).
By the Riesz representation theorem from measure theory [10], there exists a complex

regular borel measure µ0 on the compact set ∆b◦q × b◦p such that

⟨M0,Φ⟩ =
∫
∆b◦q×b◦p

Φdµ0 for all Φ ∈ C
(
∆b◦q × b◦p

)
.

Moreover, we have ∥M0∥ = |µ0|
(
∆b◦q × b◦p

)
Let’s define a positive linear form M on C(b◦p) by

⟨M,φ⟩ =
∫
∆b◦q×b◦p

φ(a)d|µ0|(α, a) for all φ ∈ C(b◦p).

Clearly, we have ∥M∥ ≤ |µ0|
(
∆b◦q × b◦p

)
= ∥M0∥ ≤ π(T ). Another application of the Riesz

representation theorem gives a regular Borel measure µ on b◦p such that

⟨M,φ⟩ =
∫
b◦p

φdµ for all φ ∈ C(b◦p).

Once again, we have µ(b◦p) = ∥M∥ ≤ π(T ).
We can now prove the theorem. Let x ∈ E and b0 ∈ b◦q be such that ⟨b0, Tx⟩ = q(Tx).

If y = (xδb0,b))b∈b◦q , then we have

q(Tx) = ⟨b0, x⟩ = ⟨A, y⟩ = ⟨M0,Φy⟩ =
∫
∆b◦q×b◦p

Φy(α, a)dµ0(α, a).

Since q(Tx) ≥ 0, we obtain

q(Tx) ≤
∫
∆b◦q×b◦p

|Φy(α, a)|d|µ0|(α, a)

=

∫
∆b◦q×b◦p

|αb||⟨a, x⟩|d|µ0|(α, a)

≤ ⟨M, |φx|⟩,
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where φx is the continuous linear function defined on b◦p by φx(a) = ⟨a, x⟩ for all a ∈ b◦p.
This proves the necessary condition since

⟨M, |φx|⟩ =
∫
b◦p

|⟨a, x⟩|dµ(a).

Conversely, suppose that T ∈ L(E,F ) satisfies for every x ∈ E that

q(Tx) ≤
∫
b◦p

|⟨a, x⟩|dµ(a)

for a borelian positive measure µ on (b◦p, σ(E
′, E)). In this condition, if x ∈ ℓ1I [E] and

i ∈ F (I) then we have∑
i∈i

q(T (xi)) ≤
∫
b◦p

∑
i∈i

|⟨a, xi⟩|dµ(a) ≤ pε(x)µ(b◦p)

which proves the theorem by proposition 2.2.16.

Given two normed spaces E and F and an absolutely summing operator T ∈ L(E,F ),
the preceding theorem allows us to consider the Hilbert space L2

µ(b
◦
p). We will then study

briefly the properties of Hilbert spaces and of operators between Hilbert spaces.

Definition 2.2.19. Let E a Hilbert space. A family e of E indexed by I is an orthonormal
basis of E if it is an orthonormal family whose linear span is dense in E.

Proposition 2.2.20. Every Hilbert space E has an orthonormal basis.

Proof. Let I be an ordinal number for which there exists a bijective sequence (ei)i∈I from
I to E.

For i ∈ I, let Ei = ⟩ej : j < i⟨ and Pi be the orthogonal projection from E onto Ei.
The sequence (fi)i∈I := ei−Pi(ei) is an orthogonal sequence of E. A transfinite induction
proves directly that

⟩ej : j < i⟨ = ⟩fj : j < i⟨
for all i ∈ I so that the span of the sequence (fi)i∈I is dense in E.

If J = {j ∈ I : fj ̸= 0}, then the family

(fj∥fj∥−1)j∈J

is an orthonormal basis of E.

Definition 2.2.21. Let E and F be two Hilbert spaces. An operator T ∈ L(E,F ) is a
Hilbert-Schmidt operator if there exists orthonormal bases e ∈ EI on E and f ∈ F J of F
such that

σ2(T ) :=
∑

i∈I,j∈J

|⟨Tei, fj⟩|2 < +∞.

This definition does not actually depends on the orthonormal bases e and f because Parseval
idendity gives

σ2(T ) =
∑
i∈I

||Tei∥2 =
∑
j∈J

∥T ∗fj∥2.
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One can easily prove that β(T ) ≤ σ(T ) for all Hilbert-Schmidt operator T .

Lemma 2.2.22. Let H be a Hilbert space, M be a compact Haussdorf space and µ a positive
Radon measure on M with µ(M) = 1. Let K be the canonical mapping from C(M) into
L2
µ(M). If T ∈ L(H,C(M)), then KT is a Hilbert-Schmidt operator from H into L2

µ(M)
and σ(KT ) ≤ β(T ).

Proof. Let h be a basis of H indexed by an index set I and φi = Thi for all i ∈ I. Let
x ∈M , if δx is the continuous linear form defined on C(M) by

⟨δx, φ⟩ = φ(x) for φ ∈ C(M),

we have ∑
i∈I

|(Thi)(x)|2 =
∑
i∈I

|⟨δx, φi⟩|2 =
∑
i∈I

|⟨T ′δx, hi⟩|2 = ∥T ′δx∥2E′ ≤ ∥T∥2.

Where the last equality is obtained by an application of the Riesz representation theo-
rem for continouus linear forms on a Hilbert space followed by an application of Parseval
idendity. If i ∈ F (I), integration over M gives∑

i∈i

∥Thi∥2L2
µ(M) ≤ ∥T∥

and then ∑
i∈I

∥Thi∥2L2
µ(M) ≤ ∥T∥

which proves the theorem.

Lemma 2.2.23. Let H be a Hilbert space, M be a compact Haussdorf space and µ a
positive borelian measure on M with µ(M) = 1. Let K be the canonical mapping from
C(M) into L2

µ(M). If T is a Hilbert-Schmidt operator from L2
µ(M) into H, then TK is a

nuclear operator from C(M) into H and ν(TK) ≤ σ(T ).

Proof. In a first time, we will prove the theorem in the case where T has the form

T f̂ =
n∑
k=1

〈
f̂ , f̂k

〉
yk for all f̂ ∈ L2

µ(M)

where n ∈ N0, f̂1, . . . f̂n ∈ L2
µ(M) are step functions and y1, . . . yn ∈ H.

For such an operator T there exist an m ∈ N0, disjoints µ−measurable sets
M1, . . . ,Mm ⊂M and vectors z1, . . . , zm ∈ H such that for all f̂ ∈ L2

µ(M) we have

T f̂ =
m∑
k=1

〈
f̂ , KχMk

〉
zk.
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Specifically, for f ∈ C(M), we have

TKf =
m∑
k=1

⟨Kf,KχMk
⟩zk.

This gives

ν2(TK) ≤

(
m∑
k=1

µ(Mk)∥zk∥

)2

≤

(
m∑
k=1

µ(Mk)∥zk∥2
)(

m∑
k=1

µ(Mk)

)
≤

m∑
k=1

µ(Mk)∥zk∥2.

If we set ek = K(χMk
)µ(Mk)

−1/2 for k = 1, . . .m, then (e1, . . . em) is an orthonormal family
of L2

µ(M), thus we have

σ2(T ) ≥
m∑
k=1

∥Tei∥2 =
m∑
k=1

µ(Mk)∥zk∥2 ≥ ν2(TK)

which proves the theorem in this setting.
We will now prove the theorem for arbitrary Hilbert-Schmidt operator T . Let h be an

orthonormal basis of H indexed by I. Since T is an Hilbert-Schmidt operator, we have∑
i∈I

∥T ∗hi∥ < +∞.

Hence for all n ∈ N there exists in ∈ F (I) such that∑
i∈I\in

∥T ∗hi∥ < (2n)−1.

For n ∈ N, i ∈ in, let f (n)
i be a step function on M such that

∥T ∗hi − f (n)
i ∥ < (2|in|n)−1.

For n ∈ N, we then define the Hilbert-Schmidt operator Tn ∈ L(L2
µ(M), H) by

Tnf̂ =
∑
i∈in

〈
f̂ , Kf

(n)
i

〉
hi for f̂ ∈ L2

µ(M).

Since the relation
〈
Tnf̂ , hi

〉
=
〈
f̂ , Kf

(n)
i

〉
holds for all f̂ ∈ L2

µ(M) and i ∈ in and〈
Tnf̂ , hi

〉
= 0 if i /∈ in, we have T ∗

nhi = Kf
(n)
i and σ(T − Tn) < n−1.

For φ ∈ C(M), we have

∥(T − Tn)Kφ∥ ≤ β(T − Tn)β(K)∥φ∥ = β((T − Tn)∗)∥φ∥ < n−1∥φ∥
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so (TnK)φ → (TK)φ for all φ ∈ C(M). Moreover, for N ∈ N and p, q ≥ N , we have
already proved that (Tm−Tn)K is nuclear and satisfy ν(TmK−TnK) ≤ σ(Tm−Tn) ≤ 2N−1.

By proposition 2.1.3, T is nuclear and the ν−Cauchy-sequence (Tn)n∈N converges to T
in N (C(M), H). Finally, we have

ν(T ) = lim
n→∞

ν(Tn) ≤ lim
n→∞

σ(Tn) = σ(T ).

Lemma 2.2.24. Let (E, p) be a normed space and (F, q) a Banach space. For every
absolutely summing operator T ∈ L(E,F ), there exists operators T1 ∈ L(E,C(M)) and
T2 ∈ L(L2

µ(M), F ) such that T = T2KT1 where M = b◦p endowed with a positive Radon
measure and K is the canonical projection from C(M) on L2

µ(M).

Proof. By proposition 2.2.18, there exists a measure µ on M = b◦p such that µ(M) = 1 and

q(Tx) ≤ π(T )

∫
M

|⟨a, x⟩|dµ(a) for all x ∈ E.

For x ∈ E let φx ∈ C(M) be the function defined by φx(a) = ⟨a, x⟩ for all a ∈M . We
define the linear continuous operator

T1 : E → C(M) : x 7→ φx.

Let S be the operator defined on the linear space KT1(E) ⊂ L2
µ(M) by S(Kφx) = Tx

for x ∈ E. It is continuous because

∥Tx∥ ≤ π(M)

∫
M

|φx(a)|dµ(a) ≤ π(M)∥Kφx∥

If S̃ is the unique extension of S on KT1(E) and P the orthogonal projection from L2
µ(M)

on KT1(E) then the linear operator T2 = PS̃ ∈ L(L2
µ(M), F ) satisfy T = T2KT1.

Theorem 2.2.25. If (E, p), (F, q), (G, s) are Banach spaces and T ∈ L(E,F ), S ∈ L(F,G)
are absolutely summing operators, then the continuous linear operator ST is nuclear.

Proof. Let M = b◦p and N = b◦q. By the preceding proposition, there exists measures and
continuous linear operators

E
T1−→ C(M)

K1−→ L2
µ(M)

T2−→ F
S1−→ C(N)

K2−→ L2
ν(N)

S2−→ G.

By lemma 2.2.22, K2S1T2 is a Hilbert-Schmidt operator so, by the lemma 2.2.23 , K2S1T2K1

is nuclear. Finally, proposition 2.1.4 gives that ST = S2(K2S1T2K1)T1 is nuclear.
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As a direct corollary we have the following sufficient condition for the nuclearity of a
space

Theorem 2.2.26. A lcs E is nuclear if for all p ∈ csn(E), there exists q ∈ csn(E) such
that q ≥ p and the canonical mapping ιpq from Eq to Ep is absolutely summing.

Proof. If E satisfy this property, then for every p ∈ csn(E), there exists q ∈ csn(E) and
r ∈ csn(E) such that r ≥ q ≥ p and such that the mappings ιpq and ιqr are absolutely
summing. Since we have ιps = ιqr ◦ ιpq , the preceding theorem proves that ιps is nuclear.

It can be proved that nuclear operators are automatically absolutely summing (see [11]
propositions 3.2.5 and 3.2.13). The above property is then a characterization of nuclear
spaces,

Lemma 2.2.27. Let E be a nuclear space. For each p ∈ csn(E) there exists q ∈ csn(E)
with q ≥ p, a sequence of positive numbers (λn)n∈N ∈ ℓ1 and a sequence of continuous
linear forms (an)n∈N with an ∈ b◦q for all n ∈ N such that

p(x) ≤
+∞∑
n=0

λn|⟨an, x⟩| for all x ∈ R .

Proof. Let p ∈ csn(E), since E is nuclear there exists q ∈ csn(E) such that ιpq : Eq → Ep
is nuclear. By definition, there exists a sequence (ãn)n∈N of continuous forms on Eq and a
sequence (b̃n)n∈N of elements of Ep with p(b̃n) = 1 for all n ∈ N such that

+∞∑
n=0

∥an∥E′
q
< +∞

and

ιpq(x̃) =
+∞∑
n=0

⟨ãn, x̃⟩b̃n for all x̃ ∈ Eq.

For x ∈ E, if πq is the canonical projection from E to Eq this relation gives

p(x) ≤
+∞∑
n=0

|⟨ãn, πq(x)⟩|. (1)

For n ∈ N, let λn = ∥an∥E′
q

and an the linear form on E defined by ⟨an, x⟩ =
λ−1
n ⟨an, πq(x)⟩. We have |⟨an, x⟩| ≤ q(x) so an ∈ b◦q. Finally, relation (1) gives

p(x) ≤
+∞∑
n=0

λn|⟨an, x⟩|.
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Proposition 2.2.28. If E is a nuclear lcs then ℓ1[E] = ℓ1{E} as lcs.

Proof. Let p ∈ csn(E) and let q ∈ csn(E), λ ∈ ℓ1 and (an)n∈N be the seminorm and
sequences defined by the preceding lemma. Let x ∈ ℓ1[E], we have

+∞∑
j=0

p(xj) ≤
+∞∑
n=0

+∞∑
j=0

λn|⟨an, xj⟩| ≤
+∞∑
n=0

λnqε(x).

Since this relation is true for all weakly summable sequence x, the space ℓ1[E] is contin-
uously included in ℓ1{E} which proves the theorem as the other inclusion is always true
and continuous.

To prove the reciprocal, we will need the following lemma concerning absolutely sum-
ming mappings.

Lemma 2.2.29. Let (E, p) and (F, q) be two normed spaces and let E1 be a dense subset
of E. An operator T ∈ L(E,F ) is absolutely summing if its restriction on E1 is absolutely
summing.

Proof. Let T ∈ L(E,F ) be an operator whose restriction T |E′ is absolutely summing. Let
x ∈ ℓ1[E] be arbitrary, since E1 is dense in E, for every n ∈ N there exists yn ∈ E1 such
that p(xn − yn) < 2−n. We have (yn)n∈N ∈ ℓ1[E1] because for every a ∈ E ′

1, we have
+∞∑
n=0

|⟨a, yn⟩| ≤
+∞∑
n=0

|⟨ã, xn⟩|+
+∞∑
n=0

|⟨ã, yn − xn⟩| ≤ β(a)pε(x) + 2β(a) < +∞

where ã ∈ E ′ is a continuous linear extension of a given by the Hahn Banach theorem.
Since T |E′ is absolutely summing, this implies that

∑+∞
n=0 q(Tyn) < +∞.

Finally, we have
+∞∑
n=0

q(Txn) ≤
+∞∑
n=0

q(Tyn) +
+∞∑
n=0

q(T (xn − yn)) ≤
+∞∑
n=0

q(Tyn) + 2β(T ) < +∞

and thus T (x) ∈ ℓ1{F}.

Proposition 2.2.30. Let E be a lcs. If ℓ1[E] = ℓ1{E} as lcs then E is nuclear.

Proof. Let p ∈ csn(E). Given the hypothesis, there exists q ∈ csn(E) such that for all
x ∈ ℓ1[E], we have

pπ(x) ≤ qε(x).

Since this relation is true for finite families, it must be true for arbitrary family on E if we
accept that the seminorms can take the value +∞. Note that we must have q ≥ p.

By choosing x such that qε(x) < +∞ and setting y = πq(x), we obtains the relation

pπ(ι
p
q y) ≤ qε(y)

that holds for every y ∈ ℓ1[Ẽq]. Hence, the mapping ιpq is absolutely summing from Ẽq to
Ep and is then absolutely summing from Eq to Ep by the preceding lemma.
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If E is a Fréchet space, then we can improve this result.

Proposition 2.2.31. A Fréchet space E is nuclear if and only if ℓ1[E] = ℓ1{E} as sets.

Proof. We only have to prove that if ℓ1[E] = ℓ1{E} as sets then E is nuclear. In such
condition, the idendity map on E is absolutely summing and by proposition 2.2.15 it is a
bounded operator between ℓ1[E] and ℓ1{E} and since those two spaces are metric spaces,
the idendity map on E is a continuous operator between ℓ1[E] and ℓ1{E}. Since it is also
a continuous operator between ℓ1{E} and ℓ1[E] those spaces are equals as lcs and we have
already proved that in this condition, E is nuclear.

2.3 The Dynin-Mityagin theorem

In this subsection, we will be interested by nuclear Fréchet space that admit a Schauder
basis. We will prove the powerful Dynin-Mityagin theorem.

Definition 2.3.1. Let E be a locally convex space and (ej)j∈N a sequence of elements of
E. The sequence (ej)j∈N is a Schauder basis of E if for all x ∈ E there exists an unique
sequence (cj(x))j∈N such that

x =
+∞∑
j=0

cj(x)ej.

By the uniqueness assumption, for all j ∈ N, the coefficient cj is a linear form on E. The
sequence (cj)j∈N is the sequence of coefficient functional associated to (ej)j∈N. If the basis
is clear, we will always write (cj)j∈N for the sequence of coefficient functional associated to
(ej)j∈N.

The proof of the Dynin-Mityagin will need the following concerning orthonormal basis.

Lemma 2.3.2. Let G,H be two Hilbert spaces and T ∈ L(G,H). If there exist orthonormal
basis (indexed by N) g and h of G and H respectively and a scalar sequence λ ∈ ℓ1 such
that

T (g) =
+∞∑
i=0

λihi⟨g, gi⟩

then T is nuclear and

ν(T ) =
+∞∑
i=0

|λi|.

Proof. Since the elements of G can be interpreted as element of G′ by g 7→ ⟨·, g⟩ it is clear
that T is nuclear and satisfy

ν(T ) ≤
+∞∑
i=0

|λi|.
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To prove the converse inequality, by the Riesz representation theorem, we have to prove
that for all N−indexed sequences x and y of G and H respectively, that satisfies

T (g) =
+∞∑
j=0

⟨g, xj⟩yj

and
+∞∑
j=0

∥xj∥∥yj∥ < +∞,

we have
+∞∑
i=0

|λi| ≤
+∞∑
j=0

∥xj∥∥yj∥.

For such sequences, we do have

+∞∑
i=0

|λi| =
+∞∑
i=0

⟨Tgi, hi⟩

≤
+∞∑
i=0

+∞∑
j=0

|⟨gi, xj⟩⟨yj, hi⟩|

≤
+∞∑
j=0

(
+∞∑
i=0

|⟨gi, xj⟩|2
)1/2(+∞∑

i=0

|⟨yj, hi⟩|2
)1/2

=
+∞∑
j=0

∥xj∥∥yj∥.

Lemma 2.3.3. Let E be a Fréchet space and P = (pm : m ∈ N) an increasing fundamental
system of seminorms of E. If (ej)j∈N is a Schauder basis of E, then for all m ∈ N, there
exists n ∈ N and C > 0 such that for all x ∈ E and k ∈ N we have

pm

(
k∑
j=0

cj(x)ej

)
≤ Cpn(x).

Proof. For all m ∈ N, let qm the seminorm on E defined by

qm(x) = sup
k∈N

pm

(
k∑
j=0

cj(x)ej

)
.
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We set Q = {qm : m ∈ N}. If we prove that (E,Q) is a Fréchet space, then by the
isomorphism’s theorem of ... the theorem will be proved since it is clear that P ≺ Q.

Let then (xν)ν∈N be a Cauchy sequence of (E,Q). For all µ, ν, k,m ∈ N, we have

pm(ek)|cj(xν)− cj(xµ)| ≤ pm

(
k∑
j=0

cj(xµ − xν)ej

)
+ pm

(
k−1∑
j=0

cj(xµ − xν)ej

)
≤ 2qm(xµ − xν)

For all k ∈ N, choosing m ∈ N such that pm(ej) ̸= 0 in the previous relation implies that
(ck(xν))ν∈N is a Cauchy sequence, let ck be its limit.

Let m ∈ N, ε > 0 and ν0 ∈ N such that qm(xν − xµ) < ε for all ν, µ ≥ ν0, for all k ∈ N
we have

pm

(
k∑
j=0

cj(xν)ej −
k∑
j=0

cj(xµ)ej

)
< ε

and then

pm

(
k∑
j=0

cj(xν)ej −
k∑
j=0

cjej

)
≤ ε .

Hence, for all l > k ∈ N by an argument used previously we have

pm

(
l∑

j=k

cjej

)
≤ 2 ε+pm

(
l∑

j=k

cj(xν)ej

)
.

Since the series
∑+∞

j=0 cj(xν)ej converges in (E,P), this implies that
∑+∞

j=0 cjej is a Cauchy
series in (E,P). Since (E,P) is Fréchet, this series has a limit x in (E,P). By the
relations obtained previously it is clear that xν converges to x in (E,Q) when ν goes to
infinity. The space (E,Q) is then complete and therefore, a Fréchet space.

We have the following direct corollary.

Corollary 2.3.4. Let E be a Fréchet space and (pm : m ∈ N) an increasing fundamental
system of seminorms of E. If (ej)j∈N is a Schauder basis of E, then for all m ∈ N there
exist n ∈ N and C > 0 such that for all x ∈ E and j ∈ N we have

|cj(x)|pm(ej) ≤ Cpn(x).

Since for all j ∈ N, there exists m ∈ N such that pm(ej) ̸= 0, this implies that the coefficient
functionnals are then continuous.

We can now prove the Dynin-Mityagin theorem. Note that, compare to the verion in
the book [8] we have added the condition that the topology of E comes from a system of
norm in the assumption of the theorem. We will see that this assumption is needed to the
proof presented is this thesis and in the book [8].
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Theorem 2.3.5 (Dynin-Mityagin theorem). Let E a nuclear Fréchet space whose topology
comes from an increasing fundamental system of norms P = (pm : m ∈ N) and let (ej)j∈N
be a schauder basis of E. Then for all m ∈ N, there exist N ∈ N and C > 0 such that for
all x ∈ E we have

+∞∑
j=0

|cj(x)|pm(ej) < CpN(x).

Proof. Let m ∈ N, by the previous corollary, there exist n ∈ N and C > 0 such that for all
x ∈ E and j ∈ N we have

|cj(x)|pm(ej) ≤ Cpn(x).

By nuclearity of E, there exists M ≥ n such that ιnM is nuclear. By the previous corollary,
there exist N ∈ N and C ′ > 0 such that for all x ∈ E and j ∈ N we have

|cj(x)|pM(ej) ≤ CpN(x).

Let x0 ∈ be arbitrary, since pn is a norm, for all λ ∈ ℓ2 we can consider the following linear
operators :

Tλ : ℓ
2 → EM : µ 7→

+∞∑
j=0

λjµjcj(x0)ιM(ej)

Sλ : En → ℓ2 : ιn(x) 7→ (λjcj(x)pm(ej))j∈N.

Those operators are well defined and continuous because, if µ ∈ ℓ2 and x ∈ E, we have
+∞∑
j=0

|λj||µj||cj(x0)|pM(ιM(ej)) ≤ C2pN(x0)
+∞∑
j=0

|λj||µj| ≤ C2pN(x0)∥λ∥2∥µ∥2,(
+∞∑
j=0

|λjcj(x)pm(ej)|2
)1/2

≤ C1pn(x)

(
+∞∑
j=0

|λj|2
)1/2

= C1pn(x)∥λ∥2.

We note that if pn was not a norm but only a seminorm, Sλ would not be well defined.
Indeed, if we suppose that x, y ∈ E satisfies pn(x − y) = 0, for Sλ to be well defined we
must have cj(x) = cj(y) for all j ∈ N, but then x = y.

By proposition 2.1.4, the operator K := Sλ ◦ ιnM ◦ Tλ is nuclear and satisfies

ν(K) ≤ β(Sλ)ν(ι
n
M)β(Tλ) ≤ CpN(x0)∥λ∥22

where C = C1C2ν(ι
n
M). Since cj(ek) = δj,k holds for all j, k ∈ N, we have

K(µ) = (λ2jµjcj(x0)pm(ej))j∈N

or equivalently, if fj = (δj,k)k∈N (j ∈ N) denotes the canonical basis of ℓ2,

K(µ) =
+∞∑
j=0

λ2jcj(x0)pm(ej)fj⟨µ, fj⟩.
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By the lemma 2.3.2, we obtains

+∞∑
j=0

|λj|2|cj(x0)|pm(ej) = ν(K) ≤ CpN(x0)∥λ∥22.

One can easily prove that since this relation holds for all λ ∈ ℓ2, then we must also have

+∞∑
j=0

|cj(x0)|pm(ej) ≤ CpN(x0).

2.4 Köthe spaces

In this section we will provide a simple family of spaces (the Köthe spaces) for which
we know exactly when they are nuclear.

In this section, p will always be a real number in {0} ∪ [1; +∞] and q will be his
conjugated, i.e. the real number such that 1

p
+ 1

q
= 1 if p ∈]1,+∞[ and q = ∞ (resp.

q = 1) if p = 1 (resp. p = 0,∞).
To simplify the notations, we will assume that the sequences are indexed by N but

the results needs little to no adjustment to work if the sequences are indexed by another
countable family.

Definition 2.4.1. Let a ∈ KN and p ∈ [1,+∞], the Banach space ℓp(a) is the set

ℓp(a) = {x ∈ KN : ∥x ∥ℓp(a) := ∥ ax ∥p < +∞}

endowed with the seminorm ∥ · ∥ℓp(a).
Moreover the Banach space l0(a) is the linear subspace of ℓ∞(a) of sequences that

vanish at infinity.

We can already define the Köthe spaces.

Definition 2.4.2. A Köthe set A = {aλ : λ > 0} ⊂ KN is a non-increasing family of
sequences of positive real numbers. More specifically, this means that if 0 < λ < µ, then
0 < aµ ≤ aλ as sequences.

If A = {aλ : λ > 0} is a Köthe set and if p ∈ {0} ∪ [1,+∞], we define the Köthe space

ℓp(A) = {x ∈ KN : x ∈ ℓp(aλ),∀λ > 0}.

It is a locally convex space under the system of seminorms (∥ · ∥ℓp(aλ))λ>0.

We will prove that the local Banach space associated to the seminorms defining ℓp(A)
can be seen as closed subspaces of the classical Banach space ℓp. If p ∈ {0} ∪ [1; +∞[, it is
known that the dual of ℓp is isometric to the Banach space ℓq. This result does not hold if
p = +∞ but in this case we have the following weaker relation between (ℓ∞)′ and ℓ1.
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Lemma 2.4.3. Let E be a linear subspace of ℓ∞ containing the basis vectors ek = (δj,k)j∈N
(k ∈ N) and let a ∈ E ′. For all k ∈ N let ak := ⟨a, ek⟩. In this condition, the sequence
(ak)k∈N is absolutely summable and satisfy

∥(ak)k∈N∥1 ≤ ∥a∥E′

Proof. For k ∈ N let ρk ∈ K be such that |ρk| = 1 and |ak| = ρkak.
Let N ∈ N, we have

N∑
k=0

|ak| =

∣∣∣∣∣a
(

N∑
k=0

ρkek

)∣∣∣∣∣ ≤ ∥a∥E′

∥∥∥∥∥
N∑
k=0

ρkek

∥∥∥∥∥
ℓ∞

= ∥a∥E′ .

This concludes the proof since N ∈ N is arbitrary

Lemma 2.4.4. Let E be a closed subspace of ℓp such that ek ∈ E for all k ∈ N0 (if
p ∈ [1,∞[, this means that E = ℓp). Let T ∈ L(E, ℓp) be an operator for which there exists
a y ∈ KN such that T (x) = xy for all x ∈ E. Then T is nuclear if and only if y ∈ ℓ1.

Proof. • If T is nuclear, there exists a(j) ∈ E ′ and b(j) ∈ E (j ∈ N) such that∑
j≥0

∥a(j)∥E′∥b(j)∥E < +∞

and
T (x) =

∑
j≥0

〈
a(j), x

〉
b(j) = xy ∀x ∈ E.

For k ∈ N, choosing x = ek in the last equality gives

yk =
∑
j≥0

a
(j)
k b

(j)
k ,

where we set a(j)k =
〈
a(j), ek

〉
for all j, k ∈ N. The duality between ℓp and ℓq if p ̸=∞

and the preceding lemma else gives ∥(a(j)k )k∈N∥q ≤ ∥a∥E′ . Hölder inequality finally
gives

+∞∑
k=0

|yk| ≤
+∞∑
k=0

+∞∑
j=0

|a(j)k b
(j)
k | =

+∞∑
j=0

∥(a(j)k b
(j)
k )k∈N0∥1 ≤

+∞∑
j=0

∥(a(j)k )k∈N0∥q∥b(j)∥p < +∞.

• Let now suppose that y ∈ ℓ1. We have

T (x) =
+∞∑
j=0

xjyjej.
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Indeed it is obvious if p ∈ {0} ∪ [1; +∞[ and if p =∞ we have for all J ∈ N0 that

∥xy −
J∑
j=0

xjyjej∥∞ = sup
j>J
|xjyj| ≤ ∥x∥∞ sup

j>J
|yj|,

which converges to 0 when J goes to infinity since y ∈ ℓ1.
For each j ∈ N it seems then natural to define a(j) to be the continuous linear operator
defined on E by a(j)(x) = xjyj and to set bj = ej. Clearly, we have ∥a(j)∥E′ = |yj|.
Finally ∑

j≥0

∥a(j)∥E′∥b(j)∥E = ∥y∥ℓ1 < +∞

and
T (x) =

∑
j≥0

〈
a(j), x

〉
b(j) ∀x ∈ E.

Hence T is nuclear.

We can now determine under which condition on the Köthe set A and the exponent p
is the associated Köthe space nuclear. The proof given is a generalization of the one given
by Pietsch in [11] to arbitrary exponent p.

Theorem 2.4.5. Let A be a Köthe set and p ∈ {0} ∪ [1; +∞]. The space E = λp(A) is
nuclear if and anly if for all a ∈ A there exists a b ∈ A such that b ≥ a and a/b ∈ ℓ1.

Proof. Let a ∈ A and pa = ∥ · ∥ℓq(a) the seminorm on E associated to a.
Let us start by proving that Epa can be viewed as a closed subspace of ℓp such that that

ek ∈ Epa for all k ∈ N0. Since the elements of a are non-zero, we have (E/p−1
a (0), pa) =

(E, pa). To find the completion of this space let consider the operator

Ta : (E, pa)→ ℓp : x 7→ ax.

It is easy to check that this operator is well defined, linear, continuous and that it is an
isometry. Moreover the closure of the image of Ta is a closed subspace of the Banach space
ℓp and is then a Banach space. From this we deduce that Epa = im(Ta) and ιpa(x) = ax
for all x ∈ E. Let notice that if k ∈ N0, then a−1

k ek ∈ E and Ta(a−1
k ek) = ek.

Let b ∈ A such that b ≥ a. For all x ∈ E, we have Ta(x) = ax = a
b
(bx) = a

b
Tb(x), then

ιab (x) =
a
b
x. By the preceding lemma, this operator is nuclear if ond only if a

b
belongs to

l1.

It is worth noting that the condition does not depends on the value of p. It can even
be showed that the condition given in the theorem is a necessary and sufficient condition
under which the space ℓp(A) is independent of p.
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We have thus the proposition

Proposition 2.4.6. Let A be a Köthe set. The following are equivalent :

• For all a ∈ A, there exists b ∈ A such that b ≥ a and a/b ∈ ℓ1,

• ℓp(A) is nuclear for all p ∈ [1; +∞],

• ℓp(A) is nuclear for a p ∈ [1; +∞],

• ℓp(A) = ℓq(A) for all p, q ∈ [1; +∞].
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3 Topological tensor product
This section is dedicated to the study of the tensor product of locally convex spaces and

on the topologies on this tensor product. The two topologies studied are the π-topology
and the ε-topology. We will see that those two topologies coincide if at least one of the
two spaces considered is nuclear.

Notations 3.0.1. In this section, the notation L (E,F ) will be used to describe the set
of all linear mappings from the linear space E to the linear space F and as always, the
notation L(E,F ) will describe the set of all continuous linear mappings from the locally
convex space E to the locally convex space F . Similarly, if G is another linear space
(resp. another locally convex space), then B(E,F ) (resp. B(E,F )) will describe the set
of all bilinear mapping (resp. continuous bilinear mappings) from E × F to G . All the
topological spaces E and F will be supposed complete.

3.1 Algebraic tensor product

Definition 3.1.1. Let E and F be two linear spaces, a tensor product (E
⊗

F, φ) of
(E,F ) consist of a linear space E

⊗
F and a bilinear operator φ : E×F → E

⊗
F whose

range span E
⊗

F and is such that for all linear space G, the mapping

L (E
⊗

F,G)→ B(E,F ;G) : T 7→ T ◦ φ

defines a bijection between B(E,F ;G) and L (E
⊗

F,G).

The tensor product of two linear spaces is unique up to linear bijections.

Proposition 3.1.2. Let E and F be two linear spaces and let (H1, φ1) and (H2, φ2) be
two tensor products of (E,F ). Then there exists a linear bijection T : H1 → H2 such that
φ2 = T ◦ φ1.

Proof. Since φ2 is a bilinear operator between E×F and H2, there exists an unique linear
operator T ∈ L (H1, H2) such that φ2 = T ◦ φ1. Similarly, there exists an unique linear
operator S ∈ L (H2, H1) such that φ1 = S ◦ φ2. The mappings T ◦ S and S ◦ T are
the identical mapping on the range of φ1 and φ2 respectively and then on H1 and H2

respectively.

In what follows we will always use the following representation of the tensor product of
(E,F ).

Definition 3.1.3. Let E and F be two locally convex spaces. The linear space of all
formal finite sums

r∑
j=1

ej ⊗ fj for ej ∈ E and fj ∈ Y (j ∈ {1, . . . r})

with identification of expressions of the form
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1. (e1 + e2)⊗ f = e1 ⊗ f + e2 ⊗ f ,

2. e⊗ (f1 + f2) = e⊗ f1 + e⊗ f2,

3. α(e⊗ f) = (αe)⊗ f = e⊗ (αf),

is the canonical tensor product of (E,F ).

For T ∈ L (E
⊗

F,G) we denote by bT the bilinear operator on E×F that maps (e, f)
on T (e

⊗
f). Reciprocally, for b ∈ B(E,F ;G), we denote by Tb the linear form on E

⊗
F

that maps
∑r

j=1 ej ⊗ fj to
∑r

j=1 b(ej, fj).
There are several ways to endow the tensor product of locally convex spaces with a

locally convex space structure, the one that we are interested in will be described in the
two following subsections.

3.2 The π-topology

By analogy with the algebraic definition of tensor product one could define a topology
on E

⊗
F in such a way that the bilinear continuous operator on E×F correspond to the

linear continuous operator on E
⊗

F . This leads to the following definition.

Definition 3.2.1. Let E and F be two lcs. For p ∈ csn(E), q ∈ csn(F ) the seminorm
p⊗π q on E ⊗ F is defined by

(p⊗π q)(x) = inf

{
r∑
j=1

p(ej)q(fj)

}

where the infimum is taken on all the possible representation x =
∑j

r=1 ej ⊗ fj of x ∈
E
⊗

F . The space E ⊗ F endowed by the system of seminorms {p⊗π q : p ∈ csn(E), q ∈
csn(F )} is denoted E

⊗
π F .

Proposition 3.2.2. Let E,F,G be locally convex spaces. The mapping T 7→ bT defines a
bijection between the space L(E

⊗
π F,G) of continuous linear operator on E

⊗
π F with

values in G and the space B(E,F ;G) of continuous bilinear operator on E×F with values
in G.

Proof. It is clear that ⊗ is a continuous operator from E × F to E
⊗

π F . Therefore, if
T ∈ L(E

⊗
π F ), then bT = T ◦ (· ⊗ ·) is continuous.

Let b ∈ B(E,F ) and s ∈ csn(G), there exists p ∈ csn(E), q ∈ csn(F ) such that the
relation s(b(e, f)) ≤ p(e)q(f) holds for all e ∈ E and f ∈ F . If x ∈ E

⊗
F has the

representation x =
∑r

j=1 ej ⊗ fj, then we have

s(Tb(x)) = s

(
r∑
j=1

b(ej, fj)

)
≤

r∑
j=1

p(ej)q(fj),

since the representation of x was arbitrary this proves that s(Tb(x)) ≤ (p ⊗π q)(x) and
proves the continuity of Tb.
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3.3 The ε-topology and the ε-product

Another way to define a locally convex space structure on E
⊗

F comes from the
observation that the elements

∑r
j=1 ej ⊗ fj of the tensor product E

⊗
F define naturally

a bilinear form on E ′ × F ′ by

(e′, f ′) 7→
r∑
j=1

⟨e′, ej⟩⟨f ′, fj⟩.

To explore this idea we will define a space E εF of bilinear forms on E ′×F ′ that contains
all the preceding bilinear forms.

We will need the following definition.

Definition 3.3.1. Let E be a complete lcs, we set E ′
c the topological dual of E endowed

with the topology of uniform convergence on compact subset of E, i.e. endowed with the
system of seminorms of the form

pK(e
′) = sup

e∈K
|⟨e′, e⟩|

for all e′ ∈ E ′ with K a compact subset of E.

If E is complete, the Mackey-Arens theorem (theorem 1.2.7) proves that (E ′
c)

′ can be
identified with E via the bijective mapping e 7→ ⟨·, e⟩ between E and (E ′

c)
′. Indeed, finite

set of E are compact and compact sets on E are bounded.
Let E and F be two complete lcs. Since compact sets are bounded, if T is a linear

continuous operator between E ′
c and F , then for all p ∈ csn(E) and q ∈ csn(F ), the

quantity
(p ε q)(T ) := sup

e′∈b◦p
q(Te′)

is finite.
We can then endow L(E ′

c, F ) with the system of seminorms {p ε q : p ∈ csn(E), q ∈
csn(F )}, we denote by Lε(E ′

c, F ) the locally convex space obtained.
Since (E ′

c)
′ can be identified with E, if T ∈ L(E ′

c, F ), then the dual operator T ′ can be
seen as an operator from F ′ to E defined uniquely by the relation ⟨e′, T ′f ′⟩ = ⟨f ′, T e′⟩ for
e′ ∈ E ′, f ′ ∈ F ′.

Proposition 3.3.2. Let E and F be two complete lcs. If T ∈ L(E ′
c, F ) then T ′ belongs to

L(F ′
c, E) and for all p ∈ csn(E), q ∈ csn(F ), we have

(p ε q)(T ) = (q ε p)(T ′).

Proof. For the first part, let’s note that by the remark 1.2.10, the set b◦p is a compact set
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of E ′
c for all p ∈ csn(E). Let p ∈ csn(E) and f ′ ∈ F ′, we have

p(T ′f ′) = sup
e′∈b◦p
|⟨e′, T ′f ′⟩|

= sup
e′∈b◦p
|⟨f ′, T e′⟩|

= sup
f∈T (b◦p)

|⟨f ′, f⟩|.

By continuity of T on E ′
c, the image T (b◦p) of the compact subset b◦p of E ′

c is a compact set
of F , the continuity of T ′ is then proved.

For the second part, for T ∈ L(E ′
c, F ), p ∈ csn(E) and q ∈ csn(F ), we have

(p ε q)(T ) = sup
e′∈b◦p

q(Te′)

= sup
e′∈b◦p

sup
f ′∈b◦q
|⟨f ′, T e′⟩|

= sup
f ′∈b◦q

sup
e′∈b◦p
⟨e′, T ′f ′⟩ = (q ε p)(T ′)

Definition 3.3.3. Let E and F be two complete locally convex spaces, the space E εF is
defined as either the space Lε(E ′

c, F ) or Lε(F ′
c, E) as those two spaces can be identified as

locally convex spaces.

Alternatively, E εF can be defined as the space of all bilinear forms u : E ′
c×F ′

c → K that
are separately continuous and that satisfy one of the two following equivalent conditions

• the map T : E ′
c → (F ′

c)
′
ε = F : e′ 7→ u(e′, ·) is continuous,

• the map S : F ′
c → (E ′

c)
′
ε = E : f ′ 7→ u(·, f ′) is continuous.

We have clearly S = T ′ and the preceding result proves that the two conditions are
equivalent. To obtain the same locally convex space as previously, the space is endowed
with the system of seminorms of the form

(p ε q)(u) = sup
e′∈b◦p

sup
f ′∈b◦q
|u(e′, f ′)|

for p ∈ csn(E), q ∈ csn(F ).
It is easy to prove that if x =

∑r
j=1 ej ⊗ fj ∈ E

⊗
F then the bilinear mapping u on

E ′
c×F ′

c defined by u(e′, f ′) =
∑r

j=1 ⟨e′, ej⟩⟨f ′, fj⟩ is an element of E εF . The space E
⊗

F
can then be seen as a subspace of E εF which gives rise to the following definition.
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Definition 3.3.4. Let E and F be two complete lcs. For p ∈ csn(E), q ∈ csn(F ) the
seminorm p⊗ε q on E

⊗
F is defined by

(p⊗ε q)(x) = sup

{∣∣∣∣∣
r∑
j=1

⟨a, ej⟩⟨b, fj⟩

∣∣∣∣∣ : a ∈ b◦p, b ∈ b◦q
}

where we suppose that x ∈ E ⊗ F can be expressed as x =
∑j

r=1 ej ⊗ fj (the chosen
decomposition does not impact the result). The space E

⊗
F endowed by the system of

seminorms {p⊗ε q : p ∈ csn(E), q ∈ csn(F )} is denoted E
⊗

ε F .

We write E
⊗̂

εF for the completion of E
⊗

ε F . If E or F is nuclear we will prove
that E

⊗̂
εF = E εF . To prove it we will use the fact that if E is nuclear, then it has the

so-called weak approximation property and if E satisfy the weak approximation property
and E,F are complete, then E

⊗
ε F is a dense subset of E εF . Since Schwartz has proven

that E εF is complete for all complete lcs E and F this will prove the result.

Definition 3.3.5. Let E a complete lcs, the space E ′
c

⊗
E can be interpreted as a subspace

of L(E,E) by the mapping

E ′
c

⊗
E → L(E,E) : x =

r∑
j=1

e′j ⊗ ej 7→

[
T : Te =

r∑
j=1

〈
e′j, e

〉
ej

]
.

The space E is said to have the weak approximation property if the idendity operator on
E is in the closure of E ′⊗E in Lc(E,E) where an element x =

∑r
j=1 e

′
j ⊗ ej of E ′⊗E

is interpreted as the linear operator T : E → E defined by

Te =
r∑
j=1

〈
e′j, e

〉
ej.

Proposition 3.3.6. If E is a complete nuclear lcs, then E has the weak approximation
property.

Proof. Let p ∈ csn(E) and K a compact subset of E. By nuclearity of E there exists
q ∈ csn(E) such that q ≥ p and ιpq is nuclear. Let then (an)n∈N and (en)n∈N be sequences
on b◦q and E respectively such that

+∞∑
n=0

p(en) < +∞

and, for all e ∈ E,

e =
+∞∑
n=0

⟨an, e⟩en in (E, p).
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For e ∈ K and N ∈ N, we have

p

(
e−

N∑
j=0

⟨an, e⟩e′
)
≤ q(e)

+∞∑
n=N+1

p(en).

Since K is compact, it is bounded and the preceding quantity converge to 0 uniformly on
K. This proves the proposition since p ∈ csn(E) and K are arbitrary.

Proposition 3.3.7. If E and F are two complete lcs and E has the weak approximation
property, then E

⊗
ε F is a dense subset of E εF .

Proof. Let L ∈ Lε(F ′
c, E). The map S : Lc(E,E) → Lε(F

′
c, E) : T 7→ T ◦ L is continuous,

indeed, let p ∈ csn(E) and q ∈ csn(F ), by the remark 1.2.10, the set b◦q is relatively compact
in F ′

c and then the set K := L(b◦q) is compact in E as the continuous image of a compact,
this gives

(p ε q)(TL) = sup
f ′∈b◦q

p(TLf) = sup
e∈K

p(Te) = pK(T )

which proves the continuity of S. We obtain L = id ◦ L ∈ S(E ′
⊗

E) ⊂ S(E ′
⊗

E) where
the first closure is taken in Lc(E,E) and the second in E εF .

It is proven in [12] that if E and F are complete then E εF is complete, the preceding
proposition proves then that E

⊗̂
εF = E εF .

3.4 Relation between ϵ-topology and π-topology

It is clear that for p ∈ csn(E) and q ∈ csn(F ) we have p ⊗ε q ≤ p ⊗π q, therefore the
topology on E

⊗
π F is finer than the one on E

⊗
ε F .

We will now prove that the two topologies coincide when at least one of the space E or
F is nuclear.

Proposition 3.4.1. Let E a complete nuclear space and F an arbitrary complete lcs. We
have E

⊗
ε F = E

⊗
π F .

Proof. Let p ∈ csn(E) and q ∈ csn(F ). Since E is nuclear, there exist sequences (an)n∈N ⊂
b◦p and (xn)n∈N ⊂ E such that

+∞∑
n=0

p(xn) < +∞

and for all e ∈ E,
+∞∑
n=0

⟨an, e⟩xn = e in (E, p). (⋆)
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Let x ∈ E
⊗

F . An application of the Hahn-Banach theorem gives a continuous linear
form c on E ⊗π F such that ⟨c,x⟩ = q(x) and |c| ≤ q on E ⊗ F , this last relation and
the relation (⋆) proves that ⟨c, e⊗ f⟩ =

∑+∞
n=0 ⟨an, e⟩⟨c, xn ⊗ f⟩ for all (e, f) ∈ E × F . If

x =
∑r

j=1 ej ⊗ fj, we have

(p⊗πq)(x) =
r∑
j=1

⟨c, ej ⊗ fj⟩ =
+∞∑
n=0

r∑
j=1

⟨an, ej⟩⟨c, xn ⊗ fj⟩ =
+∞∑
n=0

〈
c, xn ⊗

(
r∑
j=1

⟨an, ej⟩fj

)〉
.

For n ∈ N, let bn ∈ b◦q be such that q
(∑r

j=1 ⟨an, ej⟩fj
)
=
〈
bn,
∑r

j=1 ⟨an, ej⟩fj
〉
. We have∣∣∣∣∣

〈
c, xn ⊗

(
r∑
j=1

⟨an, ej⟩fj

)〉∣∣∣∣∣ ≤ p(xn)

∣∣∣∣∣
〈
bn,

r∑
j=1

⟨an, ej⟩fj

〉∣∣∣∣∣
= p(xn)

∣∣∣∣∣
r∑
j=1

⟨an, ej⟩⟨bn, fj⟩

∣∣∣∣∣
≤ p(xn)(p⊗ε q)(x).

Summing over n gives

(p⊗π q)(x) ≤
+∞∑
n=0

p(xn)(p⊗ε q)(x).

Since x ∈ E
⊗

F is arbitrary and the relation p⊗π q ≤ p⊗ε q is clear, this concludes the
proof.

If E is a complete nuclear space and F a complete space, we write E
⊗

F for the tensor
product endowed with one of the two equivalent topology.

39





4 Gelfand-Shilov spaces
In this section, the letters µ and λ will always be natural numbers which can always

be supposed to be such that λ < µ, d will be an integer representing a dimension, the
basis vectors of Rd will be designated e1, . . . , ed, finally we will designate by e the vector
e = (1, 1, . . . , 1) ∈ Rd.

4.1 Definition

4.1.1 Weight function systems

Definition 4.1.1. A weight function on Rd is a continuous function from Rd to R+
0 .

Definition 4.1.2. A weight function system W = (wλ)λ∈N on Rd is a family of weight
functions on Rd satisfying wλ ≤ wµ for all indices λ < µ.

We consider the following conditions on weight function systems.

[wM] ∀K ⋐ Rn ∀λ ∈ N ∃µ ∈ N ∃C > 0 ∀x ∈ Rn ∀y ∈ K : wλ(x+ y) ≤ Cwµ(x),

[M] ∀λ ∈ N ∃µ ∈ N ∃C > 0 ∀x, y ∈ Rn : wλ(x+ y) ≤ Cwµ(x)wµ(y),

[N] ∀λ ∈ N ∃µ ∈ N : wλ/wµ ∈ L1(Rd),

[N′] ∀λ ∈ N ∃µ ∈ N : (wλ(j)/wµ(j))j∈Zd ∈ ℓ1(Zd).

An order is naturally defined on weight function systems by
•W ≤ V if ∀λ ∈ N ∃µ ∈ N ∃C > 0 : wλ ≤ Cvµ,
•W ≃ V if W ≤ V and V ≤ W .
We define naturally the tensor product of two weight function systems as follows.

Definition 4.1.3. Let W and V be weight function systems on Rd1 and Rd2 respectively.
We set

W ⊗V = {wλ ⊗ vλ : λ ∈ Nd}.

Definition 4.1.4. Associated to a weight function system W we will consider the Köthe
set AW defined by

AW = {(wλ(j))j∈Zd : λ ∈ N}.

By proposition 2.4.6, for any q ∈ [1; +∞], AW is nuclear if and only if W satisfies [N’].
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4.1.2 Weight sequence systems

Definition 4.1.5. A weight sequence M = (Mα)α∈Nd is a multi-indexed sequence of posi-
tive numbers satisfying

Mα ≤Mβ if β ≤ α

and

lim
α→∞

(
Mα

M0

)1/|α|

= 0

We will always assume the following condition on weight sequences (where en = (δn,j)1≤j≤d
are the basis vectors of Nd).

[M.1] ∀α ∈ Nd ∀j ∈ {1, . . . , d} :Mα/Mα+ej ≤Mα+ej/Mα+2ej

We can define tensor products of weight sequences.

Definition 4.1.6. Let (M1, . . . ,Mn) be a finite collection of weight sequences on Nd1 , . . . ,Ndn

respectively. The tensor product M1⊗· · ·⊗Mn is the weight sequence on Nd1+···dn defined
by

(M1 ⊗ · · · ⊗Mn)(α1,...,αd) =M1
α1
· · ·Md

αn
for all (α1, . . . , αd) ∈ Nd1+···+dn .

Definition 4.1.7. Let M be a weight sequence on Nd and σ a permutation of {1, . . . , d}.
We write σ(M) =

(
M(ασ1 ,...,ασd

)

)
(α1,··· ,αd)∈Nd .

Definition 4.1.8. Let M be a weight sequence on Nd. M is isotropic if Mα = Mβ for
all α, β ∈ Nd with |α| = |β|. A weight sequence M on Nd is isotropically decomposable if
there exist a permutation σ of {1, . . . , d} such that σ(M) is the tensor product of a finite
number of weight sequences.

Definition 4.1.9. Given a weight sequence M , we define the associated weight function
ωM on Rd defined by

ωM(x) = sup
α∈Nd

Mα|xα|.

We admit that for isotropically decomposable weight sequences, property [M.1] can be
characterized as follows,

Proposition 4.1.10. Let M be an isotropically decomposable weight sequence. Then M
satisfies [M.1] if and only if, for all α ∈ Nd we have

Mα = sup
x∈Rd

ωM(x)

|xα|
.

Moreover, for isotropically decomposable weight sequence we have the following strength-
ened version of the condition [M.1].

Lemma 4.1.11. Let M be an isotropically decomposable weight sequence satisfying [M.1].
Then M has the following property:

∀α ≤ β ∈ Nd :M0Mα ≤MβMα−β.
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Proof. We do the proof in the case when M is isotropic. We write N = (M(n,...,0))n∈N. For
n ∈ N we set ∆n = Nn/nn+1. With this notation, [M.1] implies that ∆n ≤ ∆n+1 for all
n ∈ N. We then have for all natural numbers a < b,

N0/Nb = ∆0 · · ·∆b−1 ≤ ∆a−b · · ·∆a−1 = Na−b/Na

and then M0Mα ≤MβMα−β holds for all β ≤ α ∈ Nd.

We will now define weight sequence systems.

Definition 4.1.12. Let X be a topological space. A weight sequence system on X is a
family M = (Mλ)λ∈N of weight sequences on X satisfying wλ ≤ wµ for all indices λ < µ.

A weight sequence system M is isotropically decomposable if for all λ ∈ N, Mλ is
isotropically decomposable. We consider the following conditions on the weight sequence
systems.

[L] ∀R > 0 ∀λ ∈ N ∃µ ∈ N ∃C > 0 ∀α ∈ Nd : R|α|Mλ
α ≤ CMµ

α ,

[M.2′] ∀λ ∈ N ∃µ ∈ N ∃C,H > 0 ∀α ∈ Nd ∀j ∈ {1, . . . , d} :Mλ
α+ej
≤ CH |α|Mµ

α .

A weight sequence system is accelerating if for all λ < µ ∈ N, α ∈ Nd and j ∈ {1, . . . , d}
we have

Mλ
α/M

λ
α+ej
≤Mµ

α/M
µ
α+ej .

An order is naturally defined on weight sequence systems by
•M ≤ N if ∀λ ∈ N ∃µ ∈ N :Mλ ≤ Nµ,
•M ≃ N if M ≤ N and N ≤M.

Definition 4.1.13. Given a weight sequence system M, we can naturally define a weight
function system W M by

W M = {ωMλ : λ ∈ N} .

For accelerating isotropically decomposable weight sequence we will admit that condi-
tion [M.2’] can be characterized as follows.

Lemma 4.1.14. Let M be an accelerating isotropically decomposable weight sequence sys-
tem satisfying [L]. Then M satisfies [M.2′] if and only if ℓ1(AW M

) is nuclear.

4.1.3 Gelfand-Shilov spaces

From now on, we will always consider that the space X considered is Rd.

Definition 4.1.15. Let M = (Mα)α∈Nd a multi indexed sequence of positive numbers, w a
positive function on Rd and q ∈ [1; +∞]. The set SMw,q is the set of functions φ ∈ C∞(Rd)
satisfying

∥φ∥SM
w,q

:= sup
α∈Nd

Mα∥φαw∥q < +∞.

It is a normed space under the norm ∥ · ∥SM
w,q

.
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To prove the completeness of SMw,q, we will use the following lemma. The original version
of this lemma comes directly from the proof of lemma 3.3.3 in Lenny Neyt’s thesis [9] but
the validity of this original version is not clear if d ̸= 1.

Lemma 4.1.16. Let Id = {0, 1}d, there exists functions (ψi)i∈Id in L∞(Rd) with support
in [−1

2
, 1
2
]d such that for all φ ∈ C∞(Rd), we have

φ =
∑
i∈Id

φ(i) ∗ ψi

We note directly that since the function ψi (i ∈ Id) is compactly supported and bounded, it
belongs to Lq for all q ∈ [1; +∞].

Proof. Let ψ ∈ D([−1
2
, 1
2
]) such that ψ = 1 on a neighborhood of 0. We will prove the

proposition by induction over the dimension d.

• If d = 1, let H = χ]0,+∞[ the Heaviside function. We have DH = δ (here δ is the delta
distribution of Dirac) which implies D(Hψ)− δ = D(H(ψ− 1)) = HDψ. Therefore,
if φ ∈ C∞(R), we have

φ = φ ∗ δ = φ ∗ (D(Hψ))− φ ∗ (HDψ) = Dφ ∗ (Hψ)− φ ∗ (HDψ)

which has the announced form if we set ψ0 = −HDψ and ψ1 = Hψ.

• If d = 2, using the same notation as in the previous case, we have

φ(x1, x2) =
∫
R φ

(0,1)(x1, t2)ψ1(x2 − t2)dt2 +
∫
R φ

(0,0)(x1, t2)ψ0(x2 − t2)dt2
=

∫
R

∫
R φ

(1,1)(t1, t2)ψ1(x1 − t1)ψ1(x2 − t2)dt1dt2
+
∫
R

∫
R φ

(0,1)(t1, t2)ψ0(x1 − t1)ψ1(x2 − t2)dt1dt2
+
∫
R

∫
R φ

(1,0)(t1, t2)ψ1(x1 − t1)ψ0(x2 − t2)dt1dt2
+
∫
R

∫
R φ

(0,0)(t1, t2)ψ0(x1 − t1)ψ0(x2 − t2)dt1dt2

which has the announced form if we set ψ(i,j) = ψi ⊗ ψj.

• The induction step is proven in the same way as the case d = 2.

Proposition 4.1.17. Let M = (Mα)α∈Nd be a multi-indexed sequence of positive numbers,
w a positive function on Rd and q ∈ [1; +∞]. The space SMw,q is a Banach space.

Proof. Let (fn)n∈N be a sequence of smooth functions of SMw,q such that

+∞∑
n=0

∥fn∥SM
w,q

< +∞.
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Let α ∈ Nd be fixed and K ⋐ Rd a compact. If M > N are two arbitrary natural
numbers, we have for all x ∈ K∣∣∣∣∣

N∑
n=M

f (α)
n (x)

∣∣∣∣∣ =
∣∣∣∣∣
N∑

n=M

∑
i∈Id

∫
[−1/2,1/2]d

f (α+i)
n (x− y)ψi(y)dy

∣∣∣∣∣
≤ C

∑
i∈Id

N∑
n=M

(∫
[−1/2,1/2]d

|f (α+i)
n (x− y)w(x− y)ψi(y)|dy

)

≤ C
∑
i∈Id

∥ψi∥q′
N∑

n=M

∥f (α+i)
n w∥q

≤ C
∑
i∈Id

M−1
α+i∥ψi∥q′

N∑
n=M

∥fnw∥SM
w,q

where C = sup{w−1(z) : z ∈ K + [−1/2; 1/2]d}. This proves that the derivatives of
any order of the series

∑+∞
n=0 fn are uniformly Cauchy on all compact K ⋐ Rd and it

is well known that in this case there exist a smooth function f ∈ C∞(Rd) such that∑+∞
n=0 f

(α)
n converges uniformly to f (α) on every compact K ⋐ Rd for all α ∈ Nd. As a

direct consequence we have that
∑+∞

n=0 f
(α)
n w converges ponctually to fαw for all α ∈ Nd

and since the series
∑+∞

n=0 f
(α)
n w is a Cauchy series in Lq this means that f (α)w is q-integrable

and that
∑+∞

n=0 f
(α)
n w converges to f (α)w in Lq for all α ∈ Nd. We then have, for all α ∈ Nd

and N ∈ N,

Mα

∥∥∥∥∥
(
f (α) −

N∑
n=0

f (α)
n

)
w

∥∥∥∥∥
q

≤
+∞∑

n=N+1

∥fn∥SM
w,q

which proves that
∑+∞

n=0 fn converges to f in SMw,q.

The following result follows directly from the definitions.

Proposition 4.1.18. Let W be a weight function system, M a weight sequence system and
q ∈ [1; +∞]. If λ < µ are natural numbers then the space SMµ

wµ,q is continuously embedded
in SM

λ

wλ,q
.

By the preceding proposition we can give the following definition.

Definition 4.1.19. Let W be a weight function system, M a weight sequence system and
q ∈ [1; +∞]. The Gelfand-Shilov space SM

W ,q associated to these system is

SM
W ,q := lim←−

λ→+∞
SM

λ

wλ,q.
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4.2 Influence of the parameters

Naturally, we get the following result.

Proposition 4.2.1. Let M,N be two weight sequence systems such that M ≤ N and W ,V
two weight function systems such that W ≤ V . For every q ∈ [1; +∞] the space SN

V ,q is
continuously included in SM

W ,q. Consequently, if M ≃ N and W ≃ V , then SM
W ,q = SN

V ,q as
locally convex spaces.

Proof. Let λ ∈ N, by the hypothesis, there exists µ ∈ N and C > 0 such that Mλ ≤ Nµ

and wλ ≤ Cvµ, therefore we have the following continuous embeddings

SN
V ,q ⊂ SN

µ

vµ,q ⊂ SM
λ

wλ,q.

By definition of projective limits, this proves the theorem since λ ∈ N is arbitrary.

Proposition 4.2.2. Let M be a weight sequence system satisfying properties [L] and [M.2′]
and let W be a weight function system satisfying [wM]. In this condition, if 1 ≤ q ≤ r ≤ ∞,
the following imbedding holds and is continuous :

SM
W ,q ⊂ SM

W ,r.

Proof. We begin by the case r = +∞.
Let φ ∈ C∞(Rn). By lemma 4.1.16, keeping the same notations we can write φ =∑
i∈Id φ

(i) ∗ ψi where ψi ∈ L∞(Rd) and has a support included in [−1
2
, 1
2
]d for all i ∈ Id.

Hypohtesis gives, for all λ ∈ N, a µ ∈ N and a C > 0 such that wλ(x) ≤ Cwµ(t) for all
x ∈ Rd and all t ∈ x + [−1

2
, 1
2
]d and such that Mµ

α+i ≤ CMλ
α for all i ∈ Id. Moreover, we

can assume without loss of generality that λ < µ.
For all φ ∈ C∞(Rd) and (x, α) ∈ Rd×Nd, the following relations hold :

Mλ
α |φ(α)(x)wλ(x)| ≤ Mλ

αw
λ(x)

∑
i∈Id

∫
x+[− 1

2
, 1
2
]d
|ψi(x− t)φ(α+i)(t)|dt

≤ C2
∑

i∈Id
∥ψi∥∞Mµ

α+i

∫
x+[− 1

2
, 1
2
]d
|φ(α+i)(t)|wµ(t)dt

≤ C2
∑

i∈Id
∥ψi∥∞Mµ

α+i

(∫
x+[− 1

2
, 1
2
]d
(|φ(α+i)(t)|wµ(t))qdt

)1/q

≤ C ′∥φ∥SMµ

wµ,q

where the penultimate inequality is obtained by Jensen’s inequality and the last one is
obtained by setting C ′ = C2

∑
i∈Id ∥ψi∥∞. Since this is true for all x and all α, this shows

that
∥φ∥

SMλ

wλ,∞
≤ C ′∥φ∥SMµ

wµ,q

which concludes the case r =∞.
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The general case is obtained with the inequality ∥φ∥r ≤ ∥φ∥(r−q)/r∞ ∥φ∥q/rq that holds
for all φ ∈ Lq ∩ L∞. Indeed, if λ and µ are chosen as in the previous case, the inequality
implies that

∥φ∥
SMλ

wλ,r

≤ ∥φ∥(r−q)/r
SMλ

wλ,∞

∥φ∥q/r
SMλ

wλ,q

≤ (C ′)(r−q)/r∥φ∥SMµ

wµ,q
.

Definition 4.2.3. Let M be a weight sequence system and W a weight function system.
The set S̃M

W is defined as
S̃M

W =
⋂
λ∈N

⋂
k∈N

SM
λ

(1+|·|)kwλ,∞.

We will prove that the triviality of SM
W ,q is deeply connected with the one of S̃M

W . We
will need the following lemma.

Lemma 4.2.4. There exists a function χ ∈ C∞(Rd) such that, for all polynomial P : R→
R, there exists C > 0 for which ∑

α∈Nd

∥χ(α)(x)P (|x|)∥∞ < C

and such that χ(0) = 1.

Proof. Let φ be a positive function in D(b(−1/2)) such that ∥φ∥1 = 1 and let χ = φ̂. For
k ∈ N, α ∈ Nd and x ∈ Rd, there exists C > 0 such that

|x|k|Dα
xFxφ| ≤ C|xke||Fy→x(y

αφ(y))| = C|Fy→xD
k·e
y (yαφ(y))| ≤ C∥Dk·e

y (yαφ(y))∥1.

We have Dk·e
y (yαφ(y)) = 0 if |y| > 1/2, else we have

|Dk·e
y (yαφ(y))| ≤

∑
β≤k·e
β≤α

(
k · e
β

)
α!

(α− β)!
|yα−βφ(k·e−β)(y)|

≤
∑
β≤k·e
β≤α

(
k · e
β

)
|α||β|2|β|−|α|∥φ(k·e−β)∥∞

≤ C ′|α|kd2−|α|

where C ′ =
∑

β≤k·e
(
k·e
β

)
2|β|∥φ(k·e−β)∥∞ depends only on k.

One can easily prove that ∑
α∈Nd

|α|kd2−|α| < +∞

hence the theorem is proved.
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Proposition 4.2.5. If M satisfies [L] and W satisfies [wM], the following assertions are
equivalent :

1. SM
W ,q ̸= {0} for all q > 0,

2. SM
W ,q ̸= {0} for a q > 0,

3. S̃M
W ̸= {0}.

Proof. 1⇒ 2 is obvious.
2 ⇒ 3. Let φ ∈ Sq not identically equals to 0, ψ ∈ D(Rd) a smooth function such

that φ ∗ ψ(0) ̸= 0 and χ the function given by the previous lemma. We will show that the
function φ0 := (φ ∗ ψ)χ is an element of S̃M

W . Since φ0(0) = 1 this will be enough. By the
previous lemma and some reasoning used in proposition 4.2.2, for all k ∈ N and λ ∈ N,
there exists µ, ν ∈ N and C,C ′, C ′′ > 0 such that (where q′ is the conjugate exponent of q)

Mλ
α∥φ

(α)
0 wλ(1 + |.|)k∥∞

≤Mλ
α

∑
β≤α

(
α

β

)
∥(φ(α−β) ∗ ψ)wλ∥∞∥χ(β)(1 + |.|)k∥∞

≤C2|α|Mµ
α

∑
β≤α

∥(φ(α−β)wµ) ∗ ψ∥∞∥χ(β)(1 + |.|)k∥∞

≤C ′Mν
α

∑
β≤α

∥φ(α−β)wν∥q∥ψ∥q′∥χ(β)(1 + |.|)k∥∞

≤C ′′
∑
β≤α

Mν
α−β∥(φ(α−β)wν)∥q∥χ(β)(1 + |.|)k∥∞

≤C∥φ∥SMν
wν,q

< +∞,

which proves that φ0 ∈ S̃M
W .

3 ⇒ 1. It suffices to observe that S̃M
W ⊂ SM

W ,q for all q ∈ [1; +∞]. Indeed, if φ ∈ S̃M
W

then for all λ ∈ N, α ∈ Nd, we have

Mλ
α∥φ(α)wλ∥q ≤Mα∥φ(α)(1 + | · |)(d+1)/qwλ∥∞∥(1 + | · |)−(d+1)/q∥q < +∞.

Lemma 4.2.6. If W is a weight system on Rd satisfying [wM] and [N] then for all λ ∈ N
there exists µ ∈ N such that wλ/wµ ∈ L1(Rd) ∩ C0

0(R
d) where C0

0(R
d) denotes the space of

continuous functions on Rd that vanishes at infinity. As a direct consequence, the function
wλ/wµ is an element of Lp for all p ∈ [1; +∞].

Proof. For λ ∈ N let λ′ ∈ N and C > 0 be such that for all x ∈ Rd, y ∈ [−1, 1]d we have

wλ(x) ≤ Cwλ
′
(x+ y).
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By [N] there exists µ′ ∈ N such that wλ′/wµ′ ∈ L1. By [wM] there exists µ ∈ N and C ′ > 0
such that for all x ∈ Rd, y ∈ [−1, 1]d we have

wµ(x) ≥ C ′wµ
′
(x+ y).

For all x ∈ Rd and y ∈ [−1, 1]d we obtains

wλ(x)

wµ(x)
≤ C

C ′
wλ

′
(x+ y)

wµ′(x+ y)
.

This relation gives immediatly the integrability of wλ/wµ. Moreover, since wλ
′
/wµ

′ is
integrable it is clear that the quantity

inf
y∈[−1,1]d

wλ
′
(x+ y)

wµ′(x+ y)

goes to 0 as x approaches infinity which proves the theorem.

Proposition 4.2.7. Let M be a weight sequence system and W a weight function system
satisfying [wM] and [N]. If 1 ≤ r ≤ q ≤ +∞ then the space SM

W ,q is continuously included
in SM

W ,r.

Proof. It is a consequence of the Hölder inequality and of the previous lemma.

Proposition 4.2.8. Let M be a weight sequence system, W a weight function system
satisfying [wM] and q ∈ [1; +∞]. If Sq = S is the operator

S : SM
W ,q → ℓq(AW ) : φ 7→ (φ(j))j∈Zd

is well defined and is a continuous linear operator from SM
W ,q to ℓq(AW ).

Proof. Let (ψi)i∈{0,1}d be the functions defined by lemma 4.1.16. For φ ∈ SM
W ,q and λ ∈ N,

we prove as in theorem 4.2.2 the existence of a constant C > 0 and an index µ ∈ N such
that for all j ∈ Zd we have

|φ(j)|wλ(j) ≤ C
∑

i∈{0,1}d
∥ψi∥∞

(∫
j+[−1/2,1/2]d

(|φ(i)(t)wµ(t))qdt

)1/q

.

From this relation we obtains the existence of a constant C ′ > 0 such that

∥(φ(j)wλ(j))j∈Zd∥ℓq(Zd) ≤ C∥φ∥SM
W ,q
.

Proposition 4.2.9. Let M be a weight sequence system, W a weight sequence system
satisfying [M] and q ∈ [1; +∞]. For all ψ ∈ S̃M

W , the operator

Tψ,q = Tψ : ℓq(AW )→ SM
W ,q : (cj)j∈Zd 7→

∑
j∈Zd

cjψ(· − j)

is well defined and is a continuous linear operator from ℓq(AW ) to SM
W ,q.
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Proof. Let c = (cj)j∈Zd ∈ ℓq(AW ) and λ ∈ N. By [M] there exists µ ∈ N and C > 0 such
that wλ(x+ y) ≤ Cwµ(x)wµ(y) holds for all x, y ∈ Rd.

∑
j∈Zd

|cj||ψ(α)(x− j)|wλ(x)

≤C
∑
j∈Zd

|cj|wµ(j)|
(1 + |x− j|)(d+1)/q

· ψ
(α)(x− j)|wµ(x− j)(1 + |x− j|)(d+1)

(1 + |x− j|)(d+1)/q′

≤C∥ψ(α)(1 + | · |)d+1wµ∥∞

∑
j∈Zd

(|cj|wµ(j))q

(1 + |x− j|)d+1

1/q∑
j∈Zd

1

(1 + |x− j|)d+1

1/q′

≤C ′∥ψ(α)(1 + | · |)d+1wµ∥∞

∑
j∈Zd

(|cj|wµ(j))q

(1 + |x− j|)d+1

1/q

this proves that for all α ∈ Nd, the series
∑

j∈Zd cjψ
(α)(· − j) is normally convergent on

every compact, thus Tψ(c) ∈ C∞(Rd). Finally, if p is the canonical norm on SMµ

(1+|·|)d+1wµ,q
,

we have

Mλ
α∥T

(α)
ψ (c)wλ∥q ≤ Cp(ψ)

∥∥∥∥∥∥∥
∑
j∈Zd

(|cj|wµ(j))q

(1 + |x− j|)d+1

1/q
∥∥∥∥∥∥∥
q

≤ C ′p(ψ)

∑
j∈Zd

(|cj|wµ(j))q
1/q

.

We will prove that Tψ act as a right inverse of S for a suitable ψ ∈ S̃M
W .

Lemma 4.2.10. Let M a weight sequence system satisfying L, W a weight function system
satisfying [wM] and q ∈ [1; +∞]. If S̃M

W is non trivial then there exists ψ ∈ S̃M
W such that

ψ(j) = δ0,j for all j ∈ Zd.

Proof. Let χ ∈ L∞(Rd) defined by

χ(x) =
1

2π
·Fx(1[−π,π]d).

One can prove as in lemma 4.2.4 that ∥χ(β)∥∞ ≤ π|β| for all β ∈ Nd. Let φ ∈ S̃M
W such that

φ(0) = 1 be given by prop ... The function ψ = φχ has the desired property. Indeed for
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all λ, k ∈ N, there exists µ > ν > λ and C,C ′ > 0 such that for all α ∈ Nd we have

Mλ
α∥ψ(α)wλ(1 + | · ∥)k∥∞ ≤Mλ

α

∑
β≤α

(
α

β

)
∥φ(β)(1 + | · |)kwλ∥∞∥ψ(α−β)∥∞

≤ CMµ
α

∑
β≤α

∥φ(β)(1 + | · |)kwµ∥∞(2π)|α|−|β|

≤

C ′
∑
β∈Nd

(2π)−|β|

 ∥φ∥SMν

(1+|·|)kwν,∞

and we have trivially ψ(j) = δ0,j for all j ∈ Zd.

For this ψ we have that S ◦Tψ = idℓq(AW ) which gives the following link between ℓq(AW )
and SM

W ,q.

Proposition 4.2.11. Let M be a weight sequence system satisfying [L], W a weight func-
tion system satisfying [M] and q ∈ [1; +∞]. If S̃M

W is non-trivial then the space ℓq(AW ) is
isomorphic to a subspace of SM

W ,q.

Proposition 4.2.12. Let M be a weight sequence system satisfying [L] and [M.2′] and let
W be a weight function system satisfying [wM]. Let us also assume that S̃M

W is non-trivial.
Consider the following assertions :

1. W satisfies [N ].

2. SM
W ,q = SM

W ,r as sets, for all q, r ∈ [1; +∞],

3. SM
W ,q = SM

W ,r as locally convex spaces, for specific q, r ∈ [1; +∞],

Then the implications 1⇒ 2⇒ 3 are always true and 3⇒ 1 is true if W satisfies [M].

Proof. 1⇒ 2 is a combination of proposition 4.2.2 and proposition 4.2.7.
2⇒ 3 is obvious.
3⇒ 1 (if W satisfies [M]). We can suppose that q ≤ r. Let ψ ∈ S̃M

W given by lemma 4.2.10.
We know that Sr ◦ Tψ,r = idℓr(AW ) but since SM

W ,r = SM
W ,q as sets, algebraically, we have

Sr ◦ Tψ,r = Sq ◦ Tψ,r which is a continuous map from ℓr(AW ) to ℓq(AW ). This proves that
ℓr(AW ) is continuously included in ℓq(AW ). Since the inclusion ℓq(AW ) ⊂ ℓr(AW ) always
holds and is continuous this proves that ℓq(AW ) ⊂ ℓr(AW ) as locally convex spaces. By the
proposition 2.4.6, this implies that W satisfies [N’]. Since W satisfies also [wM], similar
arguments as the one used in lemma 4.2.6 proves that in this case W satisfies [N].

Notation 4.2.13. If M satisfies [L] and [M.2’] and W satisfies [wM] and [N], we will
denote by SM

W the space SM
W ,q for any q.
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4.3 Nuclearity of Gelfand-Shilov spaces

We can now study the nuclearity of Gelfand Shilov spaces.

Proposition 4.3.1. Let M be a weight sequence system satisfying [L] and [M.2′] and
let W be a non-degenerate weight function system satisfying [wM] and [N]. Under these
conditions, the space SM

W is nuclear.

Proof. Let (φj)j∈N ∈ ℓ1
(
SM

W

)
= ℓ1

(
SM

W ,∞
)
. As we saw when defining weakly summable

sequences, this means that for all λ > 0, there exists C > 0 such that for all sequence
c ∈ ℓ∞ with ∥c∥∞ ≤ 1 and k ∈ N, we have∥∥∥∥∥

k∑
n=0

cnφn

∥∥∥∥∥
SMλ

wλ,∞

< C.

For x ∈ Rd and α ∈ Nd, setting cn such that cnφ(α)(x) = |φ(α)(x)| in the previous relation
gives

Mλ
α

+∞∑
n=0

|φ(α)
n (x)|wλ(x) < C.

Let λ > 0, by [L] and [N] there is a µ > 0 such that wλ/wµ ∈ L1 and Mλ
α ≤ C ′2−|α|Mµ

α

for all α ∈ Nd. In this condition we have

+∞∑
n=0

∥φn∥SMλ

wλ,1

≤
+∞∑
n=0

∑
α∈Nd

Mλ
α∥φ(α)

n (x)wλ(x)∥1

≤ C ′
∑
α∈Nd

+∞∑
n=0

2−|α|Mµ
α∥φ(α)

n wµ∥∞∥wλ/wµ∥1

≤ CC ′2d∥wλ/wµ∥1 < +∞

This proves that (φj)j∈N ∈ ℓ1
{
SM

W ,1

}
= ℓ1

{
SM

W

}
.

Proposition 4.3.2. Let M be a weight sequence system satisfying [L], W be a weight
function system satisfying [M] and q ∈ [1; +∞]. If we suppose additionally that the space
SM

W ,q is non-trivial and nuclear, then W satisfies [N].

Proof. By proposition 4.2.11, the space ℓq(AW ) can be embedded in SM
W ,q by a linear home-

omorphism T . By proposition 2.1.7 and proposition 2.1.8, ℓq(AW ) is then nuclear and thus
W satisfies [N’]. Since W satisfies also [M] and thus [wM], this implies that SM

W ,q satisfies
[N].
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In a restricted case, we can prove that the condition [M.2’] is also a necessary condition
for nuclearity. To prove this result we will need some lemmas.

Lemma 4.3.3. Let E be a nuclear Fréchet space whose topology originates from a dun-
damental set of norm and A = {aλ : λ ∈ N} a Köthe set. If T : ℓ1(A) → E and
S : E → ℓ∞(A) are continuous mapping such that S ◦ T is the canonical mapping from
ℓ1(A) to ℓ∞(A), then ℓ1(A) is nuclear.

Proof. Since T (ℓ1(A)) is a topological subset of the nuclear space E, by lemma ... it is
sufficient to prove that T induces a linear homeomorphism between ℓ1(A) ans its image.
Since S ◦ T is one-to-one, T must be one-to-one too.

In this prove we will designate by ej = (δj,k)k∈Zd (j ∈ Zd) the canonical "base" of Zd.
(ej)j∈Zd is a Schauder basis of ℓ1(A) whose coefficient functionnals (cj)j∈Zd are given, for
j ∈ Zd, by

cj : ℓ
1(A)→ K : (bk)k∈Zd 7→ bj.

The family (Tej)j∈Zd is a Schauder basis of T (ℓ1(A)). Indeed if b ∈ ℓ1(A) can be expressed
as b =

∑+∞
j=0 cj(b)ej, then Tb =

∑+∞
j=0 cj(b)T (ej) and if x, y ∈ T (ℓ1(A)) have a different

decomposition, their image by S will be different and xmust be different from y. We denote
by (c̃j)j∈Zd the coefficient functionnals associated to the basis (Tej)j∈Zd in T (ℓ1(A)), we
have c̃j = cj ◦ T−1.

By the Dynin-Mityagin theorem (theorem 2.3.5), for all norm p on E there exists a
norm q on E such that for all x ∈ E we have

+∞∑
j=0

|c̃j(x)|p(Tej) ≤ q(x). (2)

Let λ ∈ N, by continuity of S, there exists a norm p on E such that ∥S(·)∥ℓ∞(aλ) ≤ p(·).
For this norm, let q the norm on E given by the relation (2). For all b ∈ ℓ1(A), we have

∥b∥ℓ1(aλ) =
+∞∑
j=0

|bj|∥ej∥ℓ1(aλ)

=
+∞∑
j=0

c̃j(Tb)∥S(Tej)∥ℓ∞(aλ)

≤
+∞∑
j=0

c̃j(Tb)p(Tej)

≤ q(Tb).

Hence, T−1 : T (ℓ1(A))→ ℓ1(A) is continuous.
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Lemma 4.3.4. Let M be a weight sequence system satisfying [wM] and let W be a weight
function system satisfying [wM]. If S̃M

W ̸= {0}, then there exists ψ ∈ S̃M
W such that∑

j∈Zd

ψ(x− j) = 1

for all x ∈ Rd.

Proof. Let φ ∈ S̃M
W such that

∫
Rd φ(x)dx = 1. We will prove that the function ψ defined

on Rd by

ψ(x) =

∫
[− 1

2
, 1
2
]d
φ(x− t)dt

satisfies the requirements. It is clear that∑
j∈Zd

ψ(x− j) = 1

for all x ∈ Rd. Since ψ = φ ∗ χ[−1/2,1/2]d , we have for all α ∈ Nd and x ∈ Rd that

ψ(α)(x) =

∫
[− 1

2
, 1
2
]d
φ(α)(x− t)dt.

Let λ ∈ N and k ∈ N, since W satisfies [wM], there exists a natural number µ > λ and a
C > 0 such that wλ(x) ≤ Cwµ(x− t) for all t ∈ [−1/2, 1/2]d. Moreover, for all x ∈ Rd and
t ∈ [−1/2, 1/2]d, we have

(1 + |x|)k ≤ (1 + |x− t|)k(1 + |t|)k ≤ (3/2)k(1 + |x− t|)k.

Hence, for all x ∈ Rd and α ∈ Nd, if C ′ = (3/2)kC, we have

Mλ
α |ψ(α)(x)|wλ(x)(1 + |x|)k ≤ C ′

∫
[− 1

2
, 1
2
]d
Mµ

α |φ(α)(x− t)|wµ(x− t)(1 + |x− t|)kdt

≤ C ′∥φ∥SMµ

(1+|·|)kwµ,∞
.

Proposition 4.3.5. Let M be an isotropically decomposable weight sequence satisfying [L],
W a non-degenerate weight function system satisfying [M] and let q ∈ [1; +∞]. If SM

W ,q is
non-trivial and nuclear then ℓ1(AW M

) is nuclear.

Proof. For r ∈ {1,∞} we define the auxiliary space E M
per,r of all Zd periodic smooth function

φ ∈ C∞(Rd) satisfying for all λ > 0,

∥φ∥E Mλ
per,r

:= sup
α∈Nd

Mλ
α∥φ(α)∥Lr([− 1

2
, 1
2
]d) < +∞.
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It is endowed by its natural Fréchet structure.
We consider the following linear operators :

T0 : ℓ
1(AW M

)→ E M
per,∞ : (cj)j∈Zd 7→

[
φ : x 7→

+∞∑
j=0

cje
−2πi⟨j,x⟩

]
,

S0 : E M
per,1 → ℓ∞(AW M

) : φ 7→

(∫
[− 1

2
, 1
2
]d
φ(x)e2πi⟨j,x⟩

)
j∈Zd

.

We won’t prove the continuity of these mappings but the key argument is that |Dα
xe

±2iπ⟨j,x⟩| =
|jαe±2iπ⟨j,x⟩|, the continuity of the second mapping must be proven using integration by
parts. Now, let ψ be given by the preceding lemma. We consider two more linear mappings
:

T1 : E M
per,∞ → SM

W ,∞ : φ 7→ φψ,

S1 : S
M
W ,1 → E M

per,1 : φ 7→
+∞∑
j=0

φ(· − j).

To prove the continuity of T1 we will use lemma 4.1.11 which is why we required M to be
isotropically decomposable (unlike in the thesis of Lenny Neyt). Let λ ∈ N, by conditions
[L] and lemma 4.1.11, there exists µ ∈ N and C > 0 such that for all α ∈ Nd and x ∈ Rd

we have

Mλ
0M

λ
α |(ψφ)(α)(x)|wλ(x) ≤ 2−|α|Mµ

0M
µ
α

∑
β≤α

(
α

β

)
|ψ(β−α)(x)||φ(β)(x)|wλ(x)

≤ 2−|α|
∑
β≤α

(
α

β

)(
Mµ

β−α|ψ
(α−β)(x)|wλ(x)

)
Mµ

β |φ
(β)(x)|

≤ ∥ψ∥
SMλ

wλ,∞
∥φ∥E Mλ

per,∞
.

Before proving the continuity of S1, we have to prove that it is well defined, this step
seems to require that W is non-degenerate. Let then λ > 0 and (ψi)i∈Id be the sequence
of functions given by lemma 4.1.16. For all x ∈ Rd and α ∈ Nd we have

+∞∑
j=0

|φ(α)(x− j)|wλ(x− j) =
+∞∑
j=0

∣∣∣∣∣∑
i∈Id

∫
[−1/2,1/2]d

φ(α+i)(x− j − t)ψi(t)dt

∣∣∣∣∣wλ(x− j)
≤ C

∑
i∈Id

+∞∑
j=0

∫
[−1/2,1/2]d

|φ(α+i)(x− j − t)|wµ(x− j − t)ψi(t)dt

≤ C∥ψi∥∞
∫
Rd

|φ(α+i)(x− t)|wµ(x− t)dt

≤ C∥φ∥SMµ

wµ,1

∑
i∈Id

∥ψi∥∞
Mµ

α+i

.
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Since W is non-degenerate, there exists C > 0 such that

+∞∑
j=0

|φ(α)(x− j)| ≤ C

+∞∑
j=0

|φ(α)(x− j)|wλ(x− j)

and since the latter series is uniformy bounded on Rd, S1 is well defined and we can derive
the series term by term, the continuity of S1 is then easy to obtain by using again the
character non-degenerate of W .

By the proposition 4.3.2, W has property [N] and by lemma 4.2.7, there exists contin-
uous linear embeddings T2 : SM

W ,∞ → SM
W ,q and S2 : S

M
W ,q → SM

W ,1.
Now if we define T = T2 ◦T1 ◦T0 and S = S0 ◦S1 ◦S2, then by choice of ψ, S ◦T is the

canonical mapping from ℓ1(AW M
) to ℓ∞(AW M

) and lemma 4.3.3 concludes the proof.

We obtain the following theorem.

Theorem 4.3.6. Let M be an isotropically decomposable weight sequence satisfying [L],
W a non-degenerate weight function system satisfying [M] and let q ∈ [1; +∞]. Suppose
that S̃M

W ̸= {0}. Then the following are equivalent :

1. M satisfies [M.2’] and W satisfies [N],

2. SM
W ,q is nuclear for all q ∈ [1; +∞],

3. SM
W ,q is nuclear for some q ∈ [1; +∞].

Proof. It is a direct consequence of the prop 4.3.1, of proposition 4.3.2 and of the combi-
nation of the preceding proposition and of lemma 4.1.14.

By proposition 4.3.1 and proposition 4.3.2, we have also the following theorem.

Theorem 4.3.7. Let M be a weight sequence system satisfying [L] and [M.2′]. Let W
be a weight function system satisfying [M]. Suppose that S̃M

W ̸= {0}. Then, the following
statements are equivalent :

1. W satisfies [N],

2. SM
W ,q is nuclear for all q ∈ [1; +∞],

3. SM
W ,q is nuclear for some q ∈ [1; +∞].
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4.4 Tensor product of Gelfand-Shilov spaces

In this subsection, we will always fix the value of the parameter q to∞. Given a weight
sequence system M and a weight function system W , we will write SM

W instead of SM
W ,∞.

This is coherent with notation 4.2.13.
The goal of this subsection is to use the nuclearity SM

W or SN
V to prove that the space

SM⊗N
W ⊗V is equals to SM

W ⊗̂SN
V as locally convex spaces. To achieve this goal we introduce, for

a locally convex space E, a new spaces denoted SM
W (E) and prove that SM⊗N

W ⊗V and SM
W ⊗̂SN

V

can both be associated to SM
W (SN

V ).
The following definition and proposition comes from the book The Convenient Setting

of Global Analysis [7].

Definition 4.4.1. Let E be a locally convex spaces and j ∈ {1, · · · , d}. A continuous
function φ ∈ C(Rd, E) is differentiable in the j direction if for all x ∈ Rd, the quantity

φ(x+ tej)− φ(x)
t

converges to a locally bounded limit Djφ(x) ∈ E as t converges to 0. The function φ is
continuously differentiable if Dj is continuous.

We define C0(Rd, E) = C(Rd, E) and recursively, if α ∈ Nd φ ∈ C(Rd, E) is in
Cα(Rd, E) if Djφ ∈ Cα−ej(Rd, E) for all j ∈ {1, . . . , d}. Naturally we define C∞(Rd, E) =
∩α∈NdCα(Rd, E).

One can prove that in this setting, if φ ∈ C∞(Rd, E) then for all j, k ∈ {1, . . . , d} we
have DjDkφ = DkDjφ. We can then make sense of the expression Dαφ = φ(α) for α ∈ Nd.

Proposition 4.4.2. If φ ∈ C∞(Rd, E) and e′ ∈ E ′, then ⟨e′, φ⟩ is in C∞(Rd) and for all
α ∈ Nd, we have Dα⟨e′, φ⟩ =

〈
e′, φ(α)

〉
.

Definition 4.4.3. Let E be a lcs, M a weight sequence system and W a weight function
system. The space SM

W (E) is the space of all functions φ ∈ C∞(SM
W , E) such that for all

p ∈ csn(E) and λ ∈ N, the quantity

pλ(φ) := sup
α∈Nd

Mλ
α∥p

(
φ(α)

)
wλ∥∞

is finite. It is a locally convex space under the system of seminorms {pλ : p ∈ csn(E), λ ∈
N}.

Lemma 4.4.4. Let M be a weight sequence system and W a weight function system.
Let also ψ ∈ C∞(Rd1 , SM

W (Rd2)) and let φ be the function defined on Rd1+d2 by φ(x, y) =
ψ(x)(y). The function φ is infinetely differentiable and satisfies for all (α, β) ∈ Nd1+d2 the
relation

φ(α,β) := Dβ
yD

α
xφ(x, y) =

(
ψ(α)(x)

)(β)
(y)

for all (x, y) ∈ Rd1+d2.
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Proof. Let j ∈ {1, . . . , d1} and x ∈ Rd1 . Since

lim
h→0

ψ(x+ hej)− ψ(x)
h

= Djψ(x)

in SM
W , we have for all y ∈ Rd2 that

lim
h→0

φ(x+ hej, y)− φ(x, y)
h

= Djφ(x, y).

We then have that φ(ej ,0) exists and is equals to ψ(ej). Iterating this argument proves that
for all α ∈ Nd1 , φ(α,0) exists and is equals to ψ(α).

Since ψ(α)(x) ∈ SM
W ⊂ C∞(Rd2) for all α ∈ Nd1and x ∈ Rd1 , it is clear that for all

β ∈ Rd2 , φ(α,β)(x, y) exists and is equals to
(
ψ(α)(x)

)(β)
(y) for all y ∈ Rd2 .

Proposition 4.4.5. For all weight sequence systems M,N and weight function systems
W ,V , we have SM⊗N

W ⊗V ≃ SM
W (SN

V ).

Proof. It is enough to prove that the mappings

T : SM⊗N
W ⊗V → SM

W (SN
V ) : φ 7→ [ψ : x 7→ (y 7→ φ(x, y))]

and
S : SM

W (SN
V )→ SM⊗N

W ⊗V : ψ 7→ [φ : (x, y) 7→ ψ(x)(y)]

are well defined and continuous.
We begin by proving that for all φ ∈ SM⊗N

W ⊗V , ψ := Tφ belongs to SM
W (SN

V ). Let then
φ ∈ SM⊗N

W ⊗V . Let x ∈ Rd1 be arbitrary, for all µ > 0, β ∈ Nd2 and y ∈ Rd2 , we have

Nµ
β |D

β
y (ψ(x)(y))v

µ(y)| = 1

Mµ
0 w

µ(x)
Mµ

0N
µ
β |φ

(0,β)wµ(x)vµ(y)| ≤ ∥φ∥SMµ⊗Nµ

wµ⊗vµ
,

hence, ψ(x) ∈ SN
V for all x ∈ Rd1 . We may now prove that ψ ∈ C∞(Rd, SN

V ) and more
specifically that ψ(α)(x)(y) = φ(α,0)(x, y) for all α ∈ Nd1 and (x, y) ∈ Rd1+d2 . To prove
that, we consider j ∈ {1, . . . , d1}, (α, β) ∈ Nd1+d2 , (x, y) ∈ Rd1+d2 . For all h ∈ R with
|h| < 1 a double application of the mean value theorem gives a th ∈]0, 1[ such that∣∣(φ(α,β)(x+ hej, y)− φ(α,β)(x, y)

)
− hφ(α+ej ,β)(x, y)

∣∣ ≤ h2
∣∣φ(α+2ej ,β)(x+ thhej, y)

∣∣ .
Let h ∈ R be such that |h| ≤ 1, if we set x′ = x + thhej and w = infx′′∈B(x,1)w

λ(x), then
we have

Nλ
α

∣∣∣∣φ(α,β)(x+ hej, y)− φ(α,β)(x, y)

|h|
− φ(α+ej)(x, y)

∣∣∣∣ vλ(y)
≤ |h|Nλ

α |φ(α+2ej ,β)(x′, y)|vλ(y)

≤ |h|
Mλ

α+2ej
w
Mλ

α+2ej
Nλ
α |φ(α+2ej ,β)(x′, y)|wλ(x′)vλ(y)

≤ |h|
Mλ

α+2ej
w
∥φ∥

SMλ⊗Nλ

wλ⊗vλ

,
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hence ψ(α)(x) exists and satisfies ψ(α)(x)(y) = φ(α,0)(x, y) for all y ∈ Rd2 .
Finally, from the relation, true for all (α, β) ∈ Nd1+d2 , λ > 0, (x, y) ∈ Rd1+d2 ,

Mλ
α

(
Nλ
β

((
(Tφ)(α)(x)

)(β)
(y)vλ(y)

)
wλ(x)

)
=
(
Mλ ⊗Nλ

)
(α,β)

φ(α,β)(x, y)
(
wλ ⊗ vλ

)
(x, y),

one can easily prove that Tφ belongs to SM
W (SN

V ) and that T is continuous.
The fact that S is well defined and continuous is much less tedious and can be obtained

using an identity similar as the one used at the end of the previous case combined with
the preceding lemma.

In order to prove that SM
W ⊗̂SN

V = SM
W (SN

V ) as locally convex spaces, we will need the
following lemma from Komatsu [6].

Lemma 4.4.6. If E is a nuclear Fréchet space continuously included in C(Rd) and F a
complete locally convex space, then every function ψ ∈ C(Rd, F ) that satisfies

⟨f ′, ψ⟩ = f ′ ◦ ψ belongs to E for all f ′ ∈ F ′. (3)

defines an element on E εF , namely, the application F ′
c → E : f ′ 7→ ⟨f ′, ψ⟩. Reciprocally,

each element T ∈ Lε(F
′
c, G) can be expressed as T (f ′) = ⟨f ′, ψ⟩ for a ψ in C(Rd, F )

satisfying (3).

We can now prove our theorem.

Proposition 4.4.7. Let M be a weight sequence system satisfying [L] and [M.2′] and let W
be a weight function system satisfying [wM] and [N]. Then for all complete locally convex
space F , we have

SM
W (F ) ≃ SM

W (Rd) ε F ≃ SM
W (Rd)

⊗̂
F.

Proof. We consider the mapping

T : SM
W (F )→ SM

W (Rd) ε F : ψ 7→ [f ′ 7→ ⟨f ′, ψ⟩].

We have to prove that it is well defined, bijective and that it is an homeomorphism.
Let ψ ∈ SM

W (F ), by the previous lemma, to prove that Tψ ∈ SM
W (Rd) ε F , we only have

to prove that ⟨f ′, ψ⟩ ∈ SM
W (Rd) for all f ′ ∈ F ′. Let then f ′ ∈ F ′, λ ∈ N, x ∈ Rd and α ∈ Nd,

if we suppose that |f ′| ≤ q for q ∈ csn(F ) we have

Mλ
α |⟨f ′, ψ(x)⟩(α)|wλ(x) =Mλ

α |
〈
f ′, ψ(α)(x)

〉(α)|wλ(x) ≤ qλ(ψ).

Using the previous lemma again, to prove the surjectivity of T we must prove that if
ψ ∈ C∞(Rd, F ) satisfies ⟨f ′, ψ⟩ ∈ SM

W (Rd) for all f ′ ∈ F ′ then ψ ∈ SM
W (F ). In this

condition, the set
{Mλ

αψ
(α)(x)wλ(x) : α ∈ Nd, x ∈ Rd}
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is weakly bounded in F for all λ > 0. By Mackey’s theorem it is bounded in F which
proves that ψ ∈ SM

W (F ).
Finally, let λ > 0 and q ∈ F , if we set pλ = ∥ · ∥

SMλ

wλ,∞
(Rd)

we have

(pλ ε q)(Tψ) = sup
f ′∈b◦q

sup
α∈Nd

sup
x∈Rd

Mλ
α |
〈
f ′, ψ(α)(x)

〉
wλ(x)

= sup
α∈Nd

sup
x∈Rd

sup
f ′∈b◦q

Mλ
α |
〈
f ′, ψ(α)(x)

〉
wλ(x)

= sup
α∈Nd

sup
x∈Rd

Mλ
αq(ψ

(α)(x))wλ(x)

= qλ(ψ).

We finally obtain this last theorem.

Theorem 4.4.8. Let M be a weight sequence system on Nd1 satisfying [L] and [M.2′] and
let W be a weight function system on Rd1 satisfying [wM] and [N]. Let also N be an
arbitrary weight sequence system on Nd2 and V an arbitrary weight function system on
Rd2. We have

SM⊗N
W ⊗V ≃ SM

W ⊗̂SN
V .



References
[1] C. Esser, Analyse fonctionnelle, Note de cours destinés aux étudiants de master en

math à l’université de Liège, 2021.

[2] I.M. Gelfand et al., Generalized functions. volume 2, spaces of fundamental and gen-
eralized functions, Academic Press, New York, NY, 1968.

[3] I.M. Gelfand et al., Generalized functions. volume 3, theory of differential equations,
Academic Press, New York, NY, 1967.

[4] A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires. Vol. 16, Amer-
ican Mathematical Society, United States of America, 1966.

[5] J. Horváth, Topological vector spaces and distributions. volume i, Addison-Wesley
series in mathematics, Addison-Wesley, Reading (Mass.) ; 1966.

[6] H. Komatsu, Ultradistributions iii vector-valued ultradistributions and the theory of
kernels, Journal of the Faculty of science of the University of Tokyo. Section 1A.
Mathematics. 29 (1982), no. 3, pp. 653–717.

[7] A. Kriegl and P.W. Michor, The convenient setting of global analysis, Mathematical
surveys and monographs, volume 53, American Mathematical Society, Providence,
Rhode Island, 1997.

[8] R. Meise and D. Vogt, Introduction to functional analysis, Oxford graduate texts in
mathematics, 2, Clarendon Press, Oxford, 1997, trans. allemand by M. S. Ramanujan.

[9] L. Neyt, Topological properties and asymptotic behavior of generalized functions, PhD
thesis, Ghent university, 2020.

[10] S. Nicolay, Théorie de la mesure, 2024, Note de cours destinés aux étudiants de
master en math à l’université de Liège.

[11] A. Pietsch, Nuclear locally convex spaces, German. Vol. Band 66, Ergebnisse der
Mathematik und ihrer Grenzgebiete [Results in Mathematics and Related Areas],
Springer-Verlag, New York-Heidelberg, 1972.

[12] L. Schwartz, Théorie des distributions à valeurs vectorielles. i, Annales de l’Institut
Fourier 7 (1957), pp. 1–141.

61


