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Introduction

This master’s thesis explores the theory of nuclear spaces and a particular class of spaces
of ultradifferentiable functions known as Gelfand—Shilov spaces. The theory of nuclearity
was initially developed by Alexandre Grothendieck in his seminal work Produits tensoriels
et espaces nucléaires [4], where he investigated the possible locally convex topologies that
may be imposed on the tensor product of locally convex spaces. Given two locally convex
spaces E and F', there are several ways to endow their tensor product F ® I with a
topology; among the most natural are the m-topology and the e-topology. Grothendieck’s
original definition of nuclear spaces was based on these constructions. However, in line
with contemporary conventions, this thesis adopts a different approach, defining nuclear
spaces via the concept of nuclear operators and local Banach spaces. Connections with
tensor products will be examined, though not immediately.

Beyond their relevance to tensor products, nuclear spaces—particularly nuclear Fréchet
spaces—exhibit numerous remarkable properties, notably their connections to weakly and
absolutely summable sequences and the Dynin—-Mityagin theorem, which will be presented
in detail.

The final part of this thesis is devoted to the study of a variant of the so-called
Gelfand—Shilov spaces, introduced by Gelfand and Shilov in |3 2]. These are spaces of
ultradifferentiable functions characterized by simultaneous constraints on both the decay
of the function at infinity and the growth of its derivatives. Formally, given a positive
weight function w, a multi-indexed sequence M = (M,),ene of positive real numbers, and
a parameter ¢ € [1,400|, we define the Banach space

2= {7 € 0¥ @) <l o= s (ValFOly) < o0}
aeNd
Here, w acts as a weight on f and its derivatives, while M governs the growth constraints.
The Gelfand—Shilov spaces studied in this thesis are constructed as suitable projective
limits of such Banach spaces. Compared to the classical Schwartz space .(R?), which
also imposes decay and growth conditions, Gelfand—-Shilov spaces feature more intricate
constraints: for fixed w and M, the norm depends on the simultaneous control of the decay
of f and all of its derivatives, making the role of M more transparent.

The first section of the thesis provides preliminary definitions and results that do not
naturally fit into later sections but are essential for the development of the theory. These
include standard notions such as the operator norm for continuous linear maps between
Banach spaces, duality theory, and the completion of locally convex spaces. Classical
theorems are occasionally stated without proof, accompanied by appropriate references.
However, in the case of Banach space completions, a detailed construction is included to
shed light on the underlying concepts.

The second section presents a detailed and self-contained introduction to nuclear spaces
and some of their fundamental properties. A central result is a characterization of nuclear
Fréchet spaces in terms of weakly and absolutely summable sequences. Much of this
material is drawn from Pietsch’s monograph Nuclear Locally Convexr Spaces |11], but the
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results have been carefully selected and reorganized to provide clear and efficient proofs
of the main theorems. A notable highlight is the Dynin—Mityagin theorem, which asserts
that, under suitable conditions, if a Fréchet space E possesses a Schauder basis, then the
norms of elements in F can be estimated solely in terms of their basis coefficients. More
precisely, if the topology of a nuclear Fréchet space E is generated by a system of norms
and (e;) en is a Schauder basis with corresponding coefficient functionals (c¢;),en, i.e.,

r = ch(x)ej, Vr e L,

J

then for every continuous norm p on F, there exists another continuous norm ¢ such that

p(z) <P@) = lej(@)lple;) < q(x).

J

In particular, the locally convex topology of E can be recovered from the family of norms
p’ constructed in this way. While the presentation in Meise and Vogt’s book Introduction
to Functional Analysis [8] omits the assumption that E possesses a fundamental system
of norms, this assumption is needed in certain steps of the proof. The section concludes
with a complete characterization of a class of Fréchet spaces known as Kothe spaces, which
generalize classical /P spaces and serve as important examples in the theory of nuclearity.

The third section is a concise exposition on tensor products. It introduces the definition
of the tensor product of locally convex spaces and presents the two canonical topologies
mentioned earlier: the - and e-topologies. A central result is that these two topologies
coincide when at least one of the spaces involved is nuclear—a fact that forms the basis of
Grothendieck’s original definition of nuclear spaces.

The final section of the thesis is devoted to the study of Gelfand—Shilov spaces. This
part is primarily based on the doctoral thesis of Lenny Neyt, Topological Properties and
Asymptotic Behavior of Generalized Functions |9], particularly the section titled “Topolog-
ical properties of ultradifferentiable function spaces and their duals.” The first half of the
section introduces the Gelfand—-Shilov spaces, explores some of their basic properties, and
investigates the influence of the parameters involved. The second half presents a precise
characterization of the nuclearity of these spaces under natural conditions on the defining
parameters. The proof draws upon many concepts developed earlier in the thesis, includ-
ing summable sequences, the Dynin—Mityagin theorem, and the nuclearity of Kéthe spaces.
Certain results that are not proved in Neyt’s thesis are worked out in full here—for ex-
ample, the completeness of the spaces S%q, which is not an immediate consequence of the
definitions. The proof relies on a lemma adapted from Neyt’s argument, modified to hold
in arbitrary dimensions, as the original proof appears valid only in the one-dimensional
setting.
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Notations

e We always includes zero in the set N of all natural numbers.

e The field of scalars of the vectorial spaces considered will always be written K and
can be either R or C.

e All the locally convex spaces are supposed to be Hausdorff spaces and will often be
refered as Ics.

e The topological dual of a locally convex space F is written F'.

e The set of all continuous seminorms on E will be denoted by csn(F), it is the largest
fundamental system of seminorms of F.

e Given a locally convex space £ and a seminorm p € csn(E), we write b,(z, r) for the
ball associated to p centered at x € E and of radius r > 0, b,(x) = b,(z,1),b,
bp(0,1). Moreover, we write by = {a € £’ : |a|] < p}, the polar of b,

e If possible, all families on a topological space will be denoted by bold letters except
for families on the field of scalars that will be represented by Greek letters.

e Given two topological spaces X and Y, the space C(X,Y) is the space of all contin-
uous mapping from X to Y. If Y = K, we write C'(X) instead of C(X,K).

e Except in section 3, if f is a function on a set X and g a function on a space Y and
if f and g takes values in K, we write f®¢g: X x Y : (z,y) — f(z)g(y).

e In the last section, the letter d will always stand for the dimension of some finite
dimensional space and will therefore always be a non-zero natural number.

e The notation X &€ R signifies that K is a compact subset of R?.






1 Preliminaries

This section contains some definitions and results that will be needed in the following
sections.

1.1 Linear operators between normed spaces

Definition 1.1.1. Let (E,p) and (F,q) be two normed spaces and T' € L(E,F'). The
operator norm [3(7) is defined by

B(T) = sup{q(T(x)) : a € B, p(x) < 1}.

Definition 1.1.2. Let £ and F be two lcs and T' € L(E, F).
The dual operator (also named transposed operator) corresponding to 7' is the linear
operator T" from F’ to E’ defined by

(T'b,x) = (b, Tx)

forbe F', x € E.
If £ and F are Hilbert spaces, the adjoint operator of T" defined in [1| will be written
T,

Proposition 1.1.3. If E and F' are normed space, we have the identity

B(T) = B(T").
If moreover E and F are Hilbert spaces, then
B(T) = B(T™).

1.2 Duality theory

We will now briefly discuss about the notion of dual systems and state two important
results in this topic. The definitions and results of this subsection comes from [§].

Definition 1.2.1. Let E be a K-linear space and F' a linear subset of the algebraic dual
E* of E. The pair (F, F) is said to be a dual pair if I’ separates the points of E, i.e. if for
all z,y € E with x # y, there exists a € F such that a(z) # a(y). Equivalently, (F, F') is
a dual pair if they satisfy the following property : if € E is a point such that a(z) = 0
for all @ € F' then x = 0.

Remark 1.2.2. Given a locally convex space E, the two most important dual pairs asso-
ciated to F are (E, E’) and (F’, F) where E is viewed as a subset of E’ by the mapping
E — E™ e~ (-, e). Similarly, given a dual pair (E, F'), the pair (F, E) can also be viewed
as a dual pair by the mapping F — F*: e (- e).



Definition 1.2.3. Given a dual pair (E, F'), a topology 7 on FE is said to be (E,F)
admissible if (F,7) = F.

An important theorem of duality theorem concerns the compact sets of E given a
(E, F)-admissibe topology on E.

Theorem 1.2.4 (Mackey theorem). Let (E, F') be a dual pair and let 7 and Ty be two
(E, F)-admissible topologies on E. Then a subset of E is bounded in (E, 7)) if and only if
it 1s bounded in (E, %).

Proof. A proof can be find in [8]. O

Given a dual pair (E, F'), there exists several ways to endow E or F' with a natural
locally convex structure. We will explore three of them. By the preceding remark, each
construction of a locally concex structure on E induce a locally convex structure on F' by
considering the dual pair (F, E') and reciprocally.

Definition 1.2.5. Let (E, F') be a dual pair. If for all finite subset A of F' we consider the
seminorm p,4 defined on E by

pal) = max (T, 1)

then E can be endowed by the fundamental system of seminorms {p4 : A C F, #A < +o0o}.
The set £ endowed by this system is written (E,o(F, F)).

Definition 1.2.6. Let (E, F') be a dual pair. If for all absolutely convex o(F, E')—compact
subset M of F' we consider the seminorm pj; defined on E by

pu (@) = max (T, 2},

then E can be endowed by the fundamental system of seminorms
{pnm : M C F, M absolutely convex and o(F, E) — compact}. The set E endowed by this
system if written (E,7(E, F)).

Given a dual pair (F, F') and a topology .7 on E it is natural to ask in which condition
on 7 is 7 a (E, F)-admissible topology. This question is totally answered by the following
result by Mackey and Arens (see [8] for a proof of this result).

Proposition 1.2.7 (Mackey-Arens). Let (E, F') be a dual pair. For a topology 7 on E to
be such that (E, ) = F it is necessary and sufficient that o(E, F) C T C 7(E, F).

We will be interested in one more locally convex structure on F'.

Definition 1.2.8. Let (£, F') be a dual pair. If for all compact subset K of E we consider
the seminorm pg defined on F' by

pu(T) = max | (T z)]

then F' can be endowed by the fundamental system of seminorms {px : K C F, K compact}.
The set F' endowed by this system if written (F,c) = F..
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We need the following lemma from |[5].

Lemma 1.2.9. Let E be a locally convexr space and A en equicontinuous subset of E'.
Then the topology induced on A by (E'). := (E!) coincides with the topology induced by
o(E',E) on A.

With this lemma we can prove the following proposition that will be used when studying
e-product in section 3.

Proposition 1.2.10. Let E be a locally convex space. If p € csn(E) then by, is compact in

Proof. 1t is a direct consequence of the previous lemma and the fact that b, is compact in
(E',o(E', E)) by Alaoglu’s theorem. O

1.3 Completion of nuclear locally convex spaces

Definition 1.3.1. Let E and F' be two locally convex spaces. We write E ~ F' if there
exists a linear bijective homeomorphism 7" : F +— F'.

In this case, for all p € csn(F), there exists ¢ € csn(F') such that g o T = p. Indeed,
the continuous seminorm g = p o T~! verifies the relation.
Similarly, for all ¢ € csn(F), there exists p € csn(E) such that po T7! =

An important notion that will be used in the next section is the following,

Definition 1.3.2. Let E be a lcs, a completion Eof Eisa complete lcs that admits a
dense locally convex subspace F' such that E ~ F'.

We will prove that all normed spaces have a completion.
Proposition 1.3.3. Every normed space (X, ||.]|) has a completion X.

Proof. Intuitively, we would like to add to X elements representing the limits of the Cauchy
sequences of X, these limits being considered as distinct as soon as the difference of the
associated sequences does not tend towards 0 at infinity.

Formally, let C' be the set of all Cauchy sequences of X and let ¢y be the set of all
sequences of X that vanishes at infinity. Finally, let X be the set C'/cq.

By the completeness of RY, a seminorm p is naturally defined on C' by

p((75)jen) = Jli_{go ;-

With this definition, it is clear that ¢y = {x € C : p(x) = 0} is a closed linear subspace
of C. We can then endow X = C/cy with the natural seminorm of the quotient. For
simplicity, this seminorm will also be denoted by p.

It is clear that p is a norm on X. Moreover, if we set 7 : X — Xz (x z,x,...)+co,
then it is easy to prove that j is an isometry and that j(X) is dense in X.

5



It remains to prove that X is complete. Let then (x")yey be a Cauchy sequence of C.
Let N be an arbitrary natural number, since x"V is a Cauchy sequence of X, there exists
Jn € N such that

1
g — 2| < ~ forall k,j > Jy.

We will now prove that if y = (yn)nyen is the sequence of X defined by yy = :L']JVN for all
N €N, then y is in C and limy x¥ =y in C.

o y e (C: Let e >0, since the sequence (x")yen is a Cauchy sequence of C, there
exists Ny > 1/ ¢ such that

p(xM —xN) < e for all M, N > N.

In particular, if M, N > Ny > 1/ ¢ are fixed, there exists J € N such that
|2} — a¥|| < 2e for all j > J.

For these M and N, we have for j = max{Jy;, Jn, J} that

1 1
lyar =yl < llyne = 251+ Nl =271l + Nl —uwll < 57 +2e+55 < de.

Since M, N > N, are chosen arbitrarily, this proves that y € C.
o limyx"Y =y : Let ¢ >0 and let Ny > 1/¢ be such that
lype — ynl|| < € for all M, N > Nj.
If N > Ny, we have
ly; — 2N < lly; — ynll + llyw — 27 || < 2¢e for all j > max{No, Jn}
hence p(y — x") < 2¢ for all N > Nj.

To obtain the conclusion, we simply need to compose with the projection on the quotient.
]

As stated earlier, we have the more general theorem, whose a proof can be found in [§]
Theorem 1.3.4. Each locally convex space E has a completion E.

We will now prove that the completion of a locally convex spaces is essentially unique.
The following lemma will be the key argument to prove this result.



Lemma 1.3.5. Let E and F be two lcs and let E and F be completion of E_and F
respectively. For any operator T € L(E, F), there is a unique operator T € L(E F) such

Proof. Tt is a direct consequence of the fact that the image by T of a Cauchy sequence of
E is a Cauchy sequence of F'. ]

Proposition 1.3.6. If Ey and E5 are two completions of the same locally convex space E,
then El ~ EQ.

Proof. Let F; and F5 be dense subsets of E; and FE, respectively such that £ ~ F} and
E ~ F;, we have then F; ~ F, and by the preceding lemma and the definition of ~, we
have F| ~ Ej. O

From now on, we will say that E is the completion of £ and not a completion of E.
Since E ~ F for a dense subspace F' of E, we will always assume that F is a (dense) subset
of its completion E. R

Since the seminorms defined on the completion £ of E extends the one of E, we will
use the same notation for both of them.






2 Nuclear spaces

The first part of this master’s thesis will focus on the study of the so-called nuclear
spaces. We will define those spaces then give an important characterization of them. Fi-
nally we will prove some of their properties and a simple yet non trivial family of examples.

This section is mainly based on Pietsch’s book [11].

2.1 Definition

Definition 2.1.1. Let E be a locally convex space and p € csn(E), we denote by E, the
Banach space obtained by completing the normed space E, := (E,p)/p~(0). E, is refered
as the local Banach space of E associated to p.

If 7, represents the canonical projection from £ to Ep and j, represents the canonical
inclusion from E, to E,, we set
P = j,om,.

Using the lemma m, it is easy to see that if ¢, p € csn(F) are such that ¢ > p, then
there exists a unique linear continuous operator ¢/ from F, to Ej, such that

P =y ol
We can now define the nuclear operators which will be used to define the nuclear spaces.

Definition 2.1.2. Let F/, I’ be two Banach spaces, a linear operator T': £ — F is said to
be nuclear if there exists sequences (a,)nen and (b, )nen such that for all n € N we have

a, € E', b, € F,
—+oo

> lanllzllballF < 4o
n=0
and
T(x)= Z(an,m)bn for all z € E.

neN

The space A (E, F) of all nuclear operators between E and F' is linear and we endow
this space with the norm defined naturally by

“+o00
v(T) = inf {Z IIan||Ef||bn||F}
n=0

where the infimum is taken over all the sequences (a,,)nen and (b, ),en representing 7.

The proof that A (F, F) is linear and that v defines a seminorm on this space can be
found in [11]. The fact that v is a norm comes then directly from the observation that we
always have S(T) < v(T) so v(T) = 0 implies B(T") = 0 and then T' = 0.



Proposition 2.1.3. Let E and F be two normed spaces. If (T,,)nen is a Cauchy-sequence
on N (E,F) and if there ezists an operator T € L(E, F') such that lim,, . T,x = Tz for
all x € E, then T is nuclear and lim,, o T,, =T in N (E, F).

Proof. Let (T,,.)jen a subsequence of (T5,)nen such that for all j € Ny we have

(T, — Ty, ) <277

For each j € Ny, the previous relation gives sequences a/ on £’ and b’ on F such that for

all x € E we have .

iy (z) — Tnj—l(x) = Z <ai,x>bi

k=0

and
> llaglle bl <27
k=0

Let also a° and b° be sequences on E’ and F respectively such that for all z € E, we have

—+00

T, () = Z (ay, z)b}

k=0
and

—+00
D laglle Blle < v(Th) + 1.
k=0

Let (ck,di)ren be an enumeration of (al,b);reny and # € E. For every J € N and j € N
let K j] be the set of indices k < j such that the couple (¢, dy) originate from a couple of

the form (ai%,bi%) with jo < J, kg € N. For each J € N, j € N, we have

IT(x) =) (e, 2)dillr < T () = Ty (@) |

k=0
+oo  +oo ) )
HI T, () = D Aewsmydillr + Y > a6l e
keKjJ jo=J+1 k=0

The first and last term can be made arbitrary small by choosing J large enough and then
the second term can be made arbitrary small by choosing j large enough. This proves that

for all z € E we have .

T(x) = Z (ck, x)dy.

k=0

10



Moreover we have

“+o00
S lerllglldill < v(Tog) +3 < +o0
k=0
soT € N (E,F).
Finally, similar reasoning proves that for every J € N, we have
+oo  +oo
UT=Toy) < D Y lagllpllbdlle <27
j=J+1 k=0

which proves that (75,;)jen converges to T in A (E, F)) hence (T}, )nen converges to T in
N(E, F). O

The proof by Pietsch in (|11] lemma 3.1.3) of the previous resut proves the nuclearity
of T' by saying that it can be written as

+o00 400

T(x) =To(z) + Z Z {a],x)b].

j=1 k=0

Details have been added here to proves that the right hand side can be expressed with a
single series to match the definition of nuclear operators.

Nuclear operator have stability properties under composition with continuous linear
operators.

Proposition 2.1.4. Let E, F,G, H be Banach spaces and T € L(E,F),S € 4/ (F,G),R €
L(G, H) be linear operators. Then the linear operator RST from E to G is nuclear and
satisfy v(RST) < B(R)v(S)B(T).

Proof. Let (ay)nen and (b, )nen be two sequences such that a,, € F’, b, € G for all n € N,

+oo

> laalllballe < +oo

n=0

and

S(y) = Z(an,yﬂ)n for all y € F.

neN
By continuity and linearity of R and S we have

RST(x) =Y (an, Tx)Rby = (T'ay,z)Rb, forallz € E.

neN neN

By proposition this representation satisfy

Z 7" an | | | < Zﬁ Manll SR bl g < +o00
which proves that RST is nuclear and satisfy v(RST) < S(R)v(S)5(T). O

11



Definition 2.1.5. A locally convex space E is nuclear if for all p € csn(E), there exists
q € csn(FE) such that ¢ > p and /2 is nuclear.

Using the preceding proposition, this definition can be simplified by imposing the con-
dition only on a fundamental system of seminorms.

Proposition 2.1.6. Let E a lcs and & a fundamental system of seminorms of E. The
locally convex space E is nuclear if and only if for all p € &2, there exists ¢ € & such that
q > p and i} is nuclear.

Proof. The necessary condition is trivial.

For the sufficient condition, let p € csn(E) be arbitrary. Since & is a fundamental
system of seminorms of F, there exists py € & such that p < pg. By assumption, there
exists a seminorm ¢y € & such that gy > p and /9 is nuclear. By the preceding proposition,
the operator (/= #0 o /b "is therefore nuclear. ]

Using proposition one can prove that nuclearity is preserved by linear homeo-
morphisms.

Proposition 2.1.7. Let E and F be two lcs that and T a linear bijective isomorphism
between E and F, the space F' is nuclear if and only if E is nuclear.

Proof. We suppose that E is nuclear. Let ¢; € csn(F') and p; € csn(F) such that ¢;0oT < py.
By nuclearity of E there exists p, € csn(F) such that py > p; and 2} € AN (E,,, Ey,). If
q2 € csn(F) is chosen such that py o T™1 < ¢, then we can prove that. ]

We can prove using similar arguments the following proposition.

Lemma 2.1.8. Let E be a nuclear lcs and F' a topological linear subspace of E. Then F
s nuclear.

2.2 Connection with weakly summable and absolutely summable
families

The goal of this section is to prove a characterization of certain nuclear spaces in terms
of summability of sequences. To achieve this goal we will define and study absolutely
summing operators and prove that if we replace the nuclear mappings in the definition of
nuclear spaces by absolutely summing mappings, then the spaces defined are also nuclear
spaces.

In this section, £ and F' will always be lcs and [ will always designate an index set
(not necessarily countable).
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Notations 2.2.1. o Let X beaset. If x € X and if i € I, the i*" component of x
will always be written x;.

o Let X be aset. If x is an element of X’ and if J C I, we set x; = (;)ics the family

defined by
~ ZT; ifiedJ
xi =
0 else

e The set of all finite subsets of I is denoted .7 (I).

e If T is a linear operator on £ and x € E', we set T'(x) = (T'x;)icr.
Similarly, if @ is a linear form on E and x € E!, we set (a,x) = ({a, 7;))ic; = a(x).

Definition 2.2.2. A directed set A is a set endowed with a reflexive and transitive binary
relation < such that each finite subset {ay,...,a,} of A has an upper bond a € A, i.e. an
element of A such that a > aq,...,a > a,.

Definition 2.2.3. Let A be a directed set and X a topological space. A directed system
of X indexed by A (or simply a directed system if A and X are fixed) is an element of X4.
A directed system x € X4 is a directed Cauchy-system if for each zero neighborhood
U, there exists an index ay € A such that x, — x, € U for each a,b > ag
A directed system x € X4 is said to converge to xy € X if for each neighborhood U of
To there exists an index ag € A such that z, € U for each a > ag. We write lim,c 4 x, = 2.

We start by defining some notion of convergence of general series or sequences of scalars.

Definition 2.2.4. Let a be a sequence of scalars indexed by I.
Forie Z(I), let s; = ), ., ;. The sequence (s;)icz(r) is a directed system indexed by
Z (1) endowed with the inclusion order. If this system has a limit S € K, we say that « is
summable and we write
S = Z Q.

An important observation is that the value of this series is independent of the order in
which we "add the elements".

Definition 2.2.5. We can define a norm || - [ on the linear space ¢} of all families a of
scalars such that the family (|a;|);es is summable by

lalles = ladl.

el

We extend naturally the application || - ||z on the space of all families of scalars by setting
lallp = +ooif o ¢ k.

13



Definition 2.2.6. A sequence « of scalars indexed by [ is said to converge to 0 if for each
d > 0, there exists a finite set i € % (I) such that

la;| < § for all i € T\i.
The set of these sequences is written c;.

Proposition 2.2.7. Let 8 be a sequence of scalars indexed by I. If

Z |aifBi| < 400
il
for all o € ¢y then
> 18l < +oo.
iel
Proof. The demonstration is classic and then omitted. [

We will now be interested in series in arbitrary lcs or normed spaces. We will define
three notions of summability for series of elements of a lcs.

Definition 2.2.8. A family x € E’ of elements of E is called weakly summable if it
satisfies (a,x) € [} for each a € E'. The space of weakly summable families on E indexed
by I is denoted (}[E)].

From this definition, it directly follows that a sequence x is weakly summable if and
only if the set

Ay = {Zam e F()Vieil|yl < 1}

is weakly bounded (i.e. bounded in ((E,o(E, E')). By Mackey’s theorem (theorem [1.2.4)),
this happens exactly when this set is bounded in FE.

Let p € csn(E) and a € b). For every i € I, let o; be a scalar such that |(a, ;)| =
(a,z;)0y. If i € F(I), we obtains

D sz =(a,> i) <p (D s | < sup p(y) < +oc.

ici i€i ici yEAL

We can therefore consider the seminorm p. defined for x in (}[E] by
p=(x) = sup{|[[(a, )|l : a € by }.

The linear space (}[E] is endowed with the locally convex space structure induced by
the fundamental system of seminorms

{pe : p € csn(FE)}.
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Definition 2.2.9. An element x of (j[E] is summable if the directed system (Xi)icz(n)
converges to x in ¢;[E]. The set of all summable families on E indexed by I is denoted

The following propositions are direct consequences of the definitions.

Proposition 2.2.10. A sequence z € (}[E] is summable if it satisfies the following
property : for each p € csn(E) and 6 > 0, there exists a finite set i € F(I) such that

pe(xni) < 9.
Proposition 2.2.11. If z € (}[E] and « € ¢y, then ax € (}(E).

Definition 2.2.12. A sequence x € E! is absolutely summable if for each p € csn(E) we

have
Zp(:cl) < +00.

iel
For each p € csn(FE), a seminorm p, is defined on the space (}{E} of all absolutely
summable sequences by

pe(x) = " p(as).

iel
We endow the space (;{E} by the fundamental system of seminorms {p, : p € csn(FE)}.

The seminorms p. and p, can naturally be extended on the set of all sequences on FE if
we accept that their value can be infinite.
The absolute summability implies the summability.

Proposition 2.2.13. The lcs (H{E} is continuously included in (}(E).

Proof. Let x € (3{E},p € csn(E) and 6 > 0. Since Y, ; p(x;) < 400, there exists a finite
set i € .# (1) such that pr(xp;) < d. The conclusion comes from the fact that p. < p, on
(H{E}. O

We can now define a new family of operators between locally convex spaces.

Definition 2.2.14. An operator T' € L(E, F) is absolutely summing if it maps each
summable countable family x € (4(E) of E to an absolutely summable family T'(x) €
(L{F} of F.

Proposition 2.2.15. Each abolutely summing mapping T € L(E,F) maps (}[E] into
(H{F} and this mapping is bounded.

Proof. If it was not the case we could find a bounded set B of ¢}[E] and a continuous
seminorm g € csn(F') satisfying

sup{¢,(T'x) : x € B} = +00.
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In this condition, for each n € Ny we can find a family x™ € B and a finite set i, € .Z ()
such that q,r(xi(:)) > 2",

Since B is bounded in ¢}[E)], for each a € E’ there exists a positive number C' such that

|{a,x)||; < C for all x € B.

Z 22_”|<a,m§n)>| < C.

neNg i€in
In other words, if P is the set P = {(n,i) : n € Ny, € i,}, then the family (2*":E§n))(n7i)€p
is weakly summable in . Let (az("))(m-)e p € cp be arbitrary. By the proposition [2.2.11} the
family (27 "a{"z{™)
of T' gives then

We then obtain

(n)ep is a countable summable family of £. The absolute summability

Z 2’"\a§”)\q(x§”)) < +o00.
(ng)epr

Since this relation is true for all « € cp, the proposition [2.2.7] gives
> 27(a) < +oo,
(ng)epP

which is false by choice of the sequences x™ (n € N). ]

If the lcs E and F' are normed spaces, absolutely summing mapping can be easily
described and a seminorm can be naturally defined on the set of all absolutely summing
operators.

Proposition 2.2.16. If (E,p) and (F,q) are two normed spaces then an operator T €
L(E, F) is absolutely summing if and only if there ezists a positive number C such that

QW(Tx) < Cpe(x)
for alli e F(N) and all finite family x = (x;);ei of E.

Proof. The necessary condition is a direct consequence of the previous proposition and the
sufficient condition is clear. [

If 7(T) denotes the infimum of the constant C' > 0 such that the proposition holds,
then 7 is a norm on the linear space of all absolutely summing operators from E to F.
The following technical lemma will be used in the next theorem.

Lemma 2.2.17. Let (E,p) a normed space and A the unit disk of K. If b, is endowed
with the weak topology induced by o(E', E), then each x € (}[E] can be associated with the
continuous function ®, on Al x b, defined for a € Alac b, by

O, a) = Z a;{a, x;).

i€l

Moreover, the mapping T +— g is an isometry as a mapping from (([E] to € (AT x b).
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Proof. We begin to observa that by Alaoglu’s theorem, b, is a compact set for the topology
o(E', E) and by Tikhonov theorem A’ x by is compact as a product of compact sets. The
space C(AT x bj) is then a Banach space so the lemma makes sense.

Let x € (}[E], by definition, for every positive natural number n > 0, there exists a
finite set i, € % (I) such that the relation

> Na,z)| < 1/n

i€l\in

holds for all a € b). For such number n, if ®{"” denotes the continuous function defined for
o€ Al and a € b) by

o0 (a,a) = Y aila,m),
i€in
then we have
|Py(a, @) — D ()| < D [a, )| < 1/n
i€l\in
for all o € Al and a € b;. ®, is therefore the uniform limit of the continuous functions

<I>§<") and is therefore continuous itself.
If ||.|| is the norm on C'(A* x b9) then the relation

[Pl < pe(x)

is clear.
For every a € b} we can choose a sequence a € A’ such that |(a, z;)| = a;(a, ;) for all
1 € 1. For this a we have

> Hayz)] = Ox(a,a)] < ||kl
iel
Since this relation is true for all a € by, we have proved

pe(x) < || D]l
hence
pe(x) = || xl.
O

We can now prove the following theorem which will be used later to prove that the
composition of two absolutely summing operators is nuclear.

Theorem 2.2.18. If (E,p) and (F,q) are two normed spaces then an operator T &€
L(E,F) is absolutely summing if and only if there exists a borelian positive measure
on (by,0(E', E)) such that u(b;) = =(T) and

q(Tx) < | [a,z)|dp(a) for allz € E

by
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Proof. Suppose that T is absolutely summing, we can define a linear continuous form A
on K;S(E) by
(A, %) =Y (b, Tay) for x € i, (E).
bebe
Indeed, we have
D (b, Tay)| < qo(Tx) < 7(T)pe(x) for x € Uy (E).
bebg

By the previous lemma, we can identify each summable family x € Elg (E) with a

function &, € C (Abg X b;). By the Hahn-Banach theorem, there exists a linear continuous
form My on C (Abg X b;) such that

(Mo, Dx) = (A, x) for all x € fég (E)

and whose norm is bounded by (7).
By the Riesz representation theorem from measure theory [10], there exists a complex
regular borel measure 14y on the compact set Abz x b, such that

(Mo, @) = / Ddpg for all @ € C (A% x b)) .
Abq xb9

Moreover, we have ||M|| = |uo| (A% x b?)
Let’s define a positive linear form M on C(b5) by

(M, ) — /  p(@)dlpl(aa) for all p € C(EY).
AP xbg

Clearly, we have [|[M|| < |uo| (A% x b2) = ||My|| < 7(T). Another application of the Riesz
representation theorem gives a regular Borel measure p on by such that

(M, @) = /b wdp for all ¢ € C(b;).

Once again, we have u(by) = || M|| < = (T).
We can now prove the theorem. Let x € E and by € b be such that (by, T'z) = q(T'z).
If y = (2by) )bebg, then we have

0(Ta) = (bo,) = (A) = (Mo @) = [ @y a)dpaa)

A xbe
x P

Since q(Tx) > 0, we obtain

((Tz) < [ [®y(a,a)|d|po|(c, a)
Ab‘beg

~ [, laullta.)ldluol(a )
A" xb

< (M, |@al),

18



where ¢, is the continuous linear function defined on by by ¢,(a) = (a,x) for all a € b;.
This proves the necessary condition since

(M, |a) = b (@, ) |dp(a).
Conversely, suppose that T' € L(E, F) satisfies for every x € F that
q(Tz) < | [a,z)|dp(a)
by

for a borelian positive measure p on (b5, 0(E', E)). In this condition, if x € (}[E] and
i € .Z#(I) then we have

S a(Tw) < [ 3 la.w)lduta) < poxn()

ici b ici
which proves the theorem by proposition [2.2.16] ]

Given two normed spaces E and F' and an absolutely summing operator T' € L(E, F),
the preceding theorem allows us to consider the Hilbert space Li(b;). We will then study
briefly the properties of Hilbert spaces and of operators between Hilbert spaces.

Definition 2.2.19. Let F a Hilbert space. A family e of F indexed by I is an orthonormal
basis of F if it is an orthonormal family whose linear span is dense in E.

Proposition 2.2.20. Every Hilbert space E has an orthonormal basis.

Proof. Let I be an ordinal number for which there exists a bijective sequence (e;);e; from
Ito E.

Fori € I, let E; = )e; : j <i( and P; be the orthogonal projection from E onto E;.
The sequence (f;)ier := e¢; — P;(e;) is an orthogonal sequence of E. A transfinite induction
proves directly that

vej g <i{=)f;:j<i
for all ¢ € I so that the span of the sequence (f;);cs is dense in E.
If J={j€1I:f;+#0}, then the family

(Fill F517 Y ses

is an orthonormal basis of E. O

Definition 2.2.21. Let F and F be two Hilbert spaces. An operator T' € L(E, F) is a
Hilbert-Schmidt operator if there exists orthonormal bases e € Ef on FE and f € FY of F
such that

ATy = 3 [(Te, [ < +oo.
ieljeJ
This definition does not actually depends on the orthonormal bases e and f because Parseval

idendity gives
(1) = |Teil* =Y T fill*.

iel jeJ
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One can easily prove that §(T') < o(T) for all Hilbert-Schmidt operator 7.

Lemma 2.2.22. Let H be a Hilbert space, M be a compact Haussdorf space and p a positive
Radon measure on M with u(M) = 1. Let K be the canonical mapping from C(M) into
L2(M). If T'€ L(H,C(M)), then KT is a Hilbert-Schmidt operator from H into L>(M)
and o(KT) < B(T).

Proof. Let h be a basis of H indexed by an index set I and ; = Th; for all ¢« € I. Let
x € M, if §, is the continuous linear form defined on C (M) by

(62, ) = p(x) for p € C(M),

we have

D NTh) @) =Y [bar )P = D U0, hi) P = |1 T8, 3 < |IT1%

icl el iel

Where the last equality is obtained by an application of the Riesz representation theo-
rem for continouus linear forms on a Hilbert space followed by an application of Parseval
idendity. If i € #(I), integration over M gives

D IThillEa oy < 1T

ici
and then
> T hill 22 ary) < 1T

iel

which proves the theorem. O

Lemma 2.2.23. Let H be a Hilbert space, M be a compact Haussdorf space and p a
positive borelian measure on M with u(M) = 1. Let K be the canonical mapping from
C(M) into L2(M). If T is a Hilbert-Schmidt operator from L2 (M) into H, then TK is a
nuclear operator from C(M) into H and v(TK) < o(T).

Proof. In a first time, we will prove the theorem in the case where T" has the form
=% <f, fk>yk for all f € L2(M)
k=1

where n € Ny, f1,... fn € LZ(M) are step functions and yy,...v, € H.
For such an operator 1" there exist an m € Ny, disjoints yi—measurable sets
M;,...,M,, C M and vectors zi,...,z2,, € H such that for all f € Li(M) we have

Tf= Xm: <f7 KXMk>Zk~
k=1
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Specifically, for f € C(M), we have

TKf =2 (Kf Kxu).

k=1

This gives

VA(TK) < (Zu(Mk)llzkH) < <Zu(Mk)szH2> <Zu(Mk)> < D (M)l

If we set e, = K (xar, )p(My,) "4 for k = 1,...m, then (ey, . . . ,,) is an orthonormal family
of L2 (M), thus we have

o*(T) =Y |Tesl)> =Y p(My)||z]* > VA (TK)
k=1 k=1

which proves the theorem in this setting.
We will now prove the theorem for arbitrary Hilbert-Schmidt operator 7'. Let h be an
orthonormal basis of H indexed by I. Since 7T is an Hilbert-Schmidt operator, we have

> T hil| < +o0.

el

Hence for all n € N there exists i,, € .#(I) such that

> T hil| < (2n) 7

iel\in
For n € N;i € i, let fi(n) be a step function on M such that
IThi = £l < (2linln) "

For n € N, we then define the Hilbert-Schmidt operator T;, € L(L2 (M), H) by

T.f=3 <f, Kfi(")>hi for f € L2(M).

i€in

Since the relation <Tnf, hi> = <f, Kfi(n)> holds for all f € Li(M) and 7 € i, and

<Tnf, h> —0ifi¢ i, we have T7h; = K™ and o(T — T,,) <™.
For ¢ € C(M), we have

(T = T)Eell < BT — T)BEK) el = BUT = T)")lell < n” el
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so (T,K)p — (TK)p for all ¢ € C(M). Moreover, for N € N and p,q > N, we have
already proved that (T,,—T,)K is nuclear and satisfy v(T,, K —T,K) < o(T,,—T,) < 2N~ 1.

By proposition m, T is nuclear and the v—Cauchy-sequence (7},),en converges to T’
in A (C(M), H). Finally, we have

v(T) = lim v(T,,) < lim o(T},) = o(T).

n—oo n—oo

]

Lemma 2.2.24. Let (E,p) be a normed space and (F,q) a Banach space. For every
absolutely summing operator T € L(E, F), there exists operators Ty € L(E,C(M)) and
T, € L(L;(M), F) such that T = To KT\ where M = by endowed with a positive Radon
measure and K is the canonical projection from C(M) on L2 (M).

Proof. By proposition [2.2.18] there exists a measure y on M = by such that u(M) =1 and

q(Tx) <m(T) /M |{a, z)|dp(a) for all z € E.

For x € E let ¢, € C(M) be the function defined by ¢,(a) = (a,z) for all a € M. We
define the linear continuous operator

Ty E—=CM):zw— ¢,.

Let S be the operator defined on the linear space KT1(E) C L>(M) by S(Kg,) = Tx
for z € E. It is continuous because

IT]] < 7T(M)/M oz (a)ldpu(a) < m(M)[|Ke.ll
If S is the unique extension of S on KTi(E) and P the orthogonal projection from L2 (M)
on KT,(E) then the linear operator T = PS € L(LZ(M), F) satisfy T = T, KT). O

Theorem 2.2.25. If (E,p), (F,q), (G, s) are Banach spaces and T € L(E, F),S € L(F,G)
are absolutely summing operators, then the continuous linear operator ST is nuclear.

Proof. Let M = by and N = b;. By the preceding proposition, there exists measures and
continuous linear operators

E o) 5 22 B F 2 o) B2 (V) B G

By lemmal[2.2.22] K,5,T5 is a Hilbert-Schmidt operator so, by the lemma[2.2.23], K257 K
is nuclear. Finally, proposition m gives that ST = Sy(K2S51T5K7)T) is nuclear. O
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As a direct corollary we have the following sufficient condition for the nuclearity of a
space

Theorem 2.2.26. A Ics E is nuclear if for all p € csn(E), there exists ¢ € csn(E) such
that ¢ > p and the canonical mapping (7 from E, to E, is absolutely summing.

Proof. 1f E satisfy this property, then for every p € csn(E), there exists ¢ € csn(E) and
r € csn(E) such that r > ¢ > p and such that the mappings b and ¢} are absolutely
summing. Since we have (f = (I o #, the preceding theorem proves that /£ is nuclear. [

It can be proved that nuclear operators are automatically absolutely summing (see [11]
propositions 3.2.5 and 3.2.13). The above property is then a characterization of nuclear
spaces,

Lemma 2.2.27. Let E be a nuclear space. For each p € csn(E) there exists ¢ € csn(E)
with ¢ > p, a sequence of positive numbers (A\,)neny € ' and a sequence of continuous
linear forms (an)nen with a, € by for alln € N such that

+oo
p(z) < Z)\n|(an,x>| for all x e R.

n=0

Proof. Let p € csn(E), since F is nuclear there exists ¢ € csn(F) such that By — E
is nuclear. By definition, there exists a sequence (Gn)nen of continuous forms on E, and a

sequence (by,)nen of elements of E,, with p(b,) =1 for all n € N such that

+oo
Z HanHEg < 400
n=0

and
oo

P (z) = Z (@, )b, for all 7 € E,.

q
n=0

For x € E, if 7, is the canonical projection from E to £, this relation gives

(@) <Y [, (@) (1)

For n € N, let A\, = |las||z; and a, the linear form on E defined by (a,,r) =
Ay Han, mg(x)). We have [(an, z)| < q(x) so a, € bj. Finally, relation (1) gives

p(m) < Z)‘n“amx”-
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Proposition 2.2.28. If E is a nuclear lcs then (*[E] = (*{E} as Ics.

Proof. Let p € csn(E) and let ¢ € csn(E),\ € ¢! and (a,)nen be the seminorm and
sequences defined by the preceding lemma. Let x € ¢}[FE], we have

+o0o 400

Zp ;) <ZZA |{an, x; |<Z)\nQE

n=0 j=0

Since this relation is true for all weakly summable sequence x, the space ¢![E] is contin-
uously included in ¢'{E} which proves the theorem as the other inclusion is always true
and continuous. W

To prove the reciprocal, we will need the following lemma concerning absolutely sum-
ming mappings.

Lemma 2.2.29. Let (E,p) and (F,q) be two normed spaces and let Ey be a dense subset
of E. An operator T € L(E, F) is absolutely summing if its restriction on Fy is absolutely
summing.

Proof. Let T € L(E, F') be an operator whose restriction 7'|g/ is absolutely summing. Let
x € ('[E] be arbitrary, since E; is dense in F, for every n € N there exists y, € E; such
that p(z, — y,) < 27" We have (y,)nen € (*[F1] because for every a € EY, we have

Zlayn|<2|awn|+2|ayn— )| < B(a)p(x) +26(a) < 400

where @ € F’ is a continuous linear extension of a given by the Hahn Banach theorem.
Since T'|g is absolutely summing, this implies that > ¢(Ty,) < +o0.
Finally, we have

Z (Ta,) < Z (Tyn) + Z — ) <3 aq(Tyn) +28(T) < +oc

and thus T'(x) € (*{F}. O
Proposition 2.2.30. Let E be a lcs. If (*[E] = (*{E} as lcs then E is nuclear.

Proof. Let p € csn(F). Given the hypothesis, there exists ¢ € csn(FE) such that for all
x € ('[E], we have
Pr(x) < ¢:(x).
Since this relation is true for finite families, it must be true for arbitrary family on E if we
accept that the seminorms can take the value +0c0. Note that we must have ¢ > p.
By choosing x such that ¢.(x) < 400 and setting y = m,(x), we obtains the relation

Pty y) < g(y)

that holds for every y € ¢! [Eq]. Hence, the mapping ¢/ is absolutely summing from Eq to
E, and is then absolutely summing from E, to E, by the preceding lemma. ]
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If F is a Fréchet space, then we can improve this result.
Proposition 2.2.31. A Fréchet space E is nuclear if and only if (*[E] = (*{E} as sets.

Proof. We only have to prove that if /'[E] = (*{E} as sets then F is nuclear. In such
condition, the idendity map on F is absolutely summing and by proposition it is a
bounded operator between (*[E] and (*{FE} and since those two spaces are metric spaces,
the idendity map on E is a continuous operator between (![E] and (*{E}. Since it is also
a continuous operator between (' { E} and ¢*[E] those spaces are equals as lcs and we have
already proved that in this condition, E' is nuclear. O

2.3 The Dynin-Mityagin theorem

In this subsection, we will be interested by nuclear Fréchet space that admit a Schauder
basis. We will prove the powerful Dynin-Mityagin theorem.

Definition 2.3.1. Let E be a locally convex space and (e;);jen @ sequence of elements of
E. The sequence (e;);en is a Schauder basis of E' if for all z € E there exists an unique
sequence (c;j(z));jen such that

By the uniqueness assumption, for all j € N, the coefficient ¢; is a linear form on £. The
sequence (c;)jen is the sequence of coefficient functional associated to (e;);jen. If the basis
is clear, we will always write (c;);en for the sequence of coefficient functional associated to

(€)jen-
The proof of the Dynin-Mityagin will need the following concerning orthonormal basis.

Lemma 2.3.2. Let G, H be two Hilbert spaces and T € L(G, H). If there exist orthonormal
basis (indexed by N) g and h of G and H respectively and a scalar sequence \ € €+ such
that

+o0
T(g) = Z Aihig, 9:)

then T is nuclear and
+oo

v(T) = Al

=0

Proof. Since the elements of G can be interpreted as element of G’ by g +— (-, g) it is clear
that T is nuclear and satisfy

+oo
UT) <D 1Al
=0
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To prove the converse inequality, by the Riesz representation theorem, we have to prove
that for all N —indexed sequences x and y of G and H respectively, that satisfies

+oo
T(9) = (9, %)y;
j=0
and
+0o0
> llwslllysll < +oo,
=0
we have
—+00 “+00
Do <D sl
i=0 =0
For such sequences, we do have
+o0 +o0
S N => (T, i)
i=0 i=0
+00 +00
< Z Z [(9i5 5) ;i hi)|
i=0 j=0
+oo /400 1/2 400 1/2
<3 (St ] (S ionr)
j=0 \i=0 i=0

+oo
= > llz; iyl
Jj=0

]

Lemma 2.3.3. Let E be a Fréchet space and & = (p,, : m € N) an increasing fundamental
system of seminorms of E. If (e;)jen ts a Schauder basis of E, then for all m € N, there
exists n € N and C' > 0 such that for all x € E and k € N we have

Pm (Z Cj(fﬂ)ea) < Cpn().

J=0

Proof. For all m € N, let g, the seminorm on E defined by

gm () = Sup pp, <Z Cj(ac)ej> ,

keN s
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We set 2 = {¢,, : m € N}. If we prove that (E,2) is a Fréchet space, then by the
isomorphism’s theorem of ... the theorem will be proved since it is clear that & < 2.
Let then (z,),en be a Cauchy sequence of (E,2). For all u, v, k,m € N, we have

pmex)lcj(zy) — ¢j(z)| < pm (Z ¢ — Iu)%’) + Pm (i ¢j(@y — l‘u)%‘)

j=0 Jj=0

S QQm('xu - xll)

For all k € N, choosing m € N such that p,,(e;) # 0 in the previous relation implies that
(ck(z,))ven is a Cauchy sequence, let ¢ be its limit.
Let m € N, ¢ > 0 and vy € N such that ¢,,(z, —z,) < e for all v, u > vy, for all k € N

we have i i
Pm (Z Cj(xzz>€j - ch<xﬂ)€j> <€

=0 =0
and then
k k
Dim, <Z cj(z,)e; — chej) <e.
=0 =0

Hence, for all [ > k£ € N by an argument used previously we have

! !
Pm (Z cjej> <2e+pm (Z cj(ac,,)ej> .
=k j=k

Since the series Z;:’g cj(x,)e; converges in (E, &), this implies that Zj:og cje; is a Cauchy
series in (F,Z?). Since (E, ) is Fréchet, this series has a limit z in (E, #). By the
relations obtained previously it is clear that z, converges to x in (E, 2) when v goes to
infinity. The space (E, 2) is then complete and therefore, a Fréchet space.

We have the following direct corollary.

Corollary 2.3.4. Let E be a Fréchet space and (p,, : m € N) an increasing fundamental
system of seminorms of E. If (e;);en is a Schauder basis of E, then for all m € N there
exist n € N and C' > 0 such that for all x € E and 7 € N we have

[ (@) [pm(e;) < Cpn(z).

Since for all j € N, there exists m € N such that p,,(e;) # 0, this implies that the coefficient
functionnals are then continuous.

We can now prove the Dynin-Mityagin theorem. Note that, compare to the verion in
the book [§] we have added the condition that the topology of E comes from a system of
norm in the assumption of the theorem. We will see that this assumption is needed to the
proof presented is this thesis and in the book [§].
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Theorem 2.3.5 (Dynin-Mityagin theorem). Let E' a nuclear Fréchet space whose topology
comes from an increasing fundamental system of norms &2 = (p, : m € N) and let (e;)en
be a schauder basis of . Then for all m € N, there exist N € N and C' > 0 such that for
all x € E we have

Z|Cj )pm(e;) < Cpn ().

Proof. Let m € N, by the previous corollary, there exist n € N and C' > 0 such that for all
x € E and j € N we have

[¢j(2)pm(€;) < Cpal(z).
By nuclearity of E, there exists M > n such that ¢}, is nuclear. By the previous corollary,
there exist N € N and ¢’ > 0 such that for all x € E and j € N we have

|¢j(@)|par(e;) < Cpn ().
Let xy € be arbitrary, since p,, is a norm, for all A € ¢? we can consider the following linear
operators :

+oo
T\: 0P = Ey:p Z)\j,ujcj(xo)LM(ej)
=0

St B = 0 10M(z) = (Xi65(2)pm(e;))jen-

Those operators are well defined and continuous because, if 1 € £ and 2 € E, we have

+o0 +oo
D Ilslles (o) lpar (M (e5)) < Copn(o) > INll] < Cop (o) [ ll2l ]2,
=0 =0
400 1/2 +o0 1/2
<Z |)\j0j(l’)l7m(€j)|2> < Cipa() (Z |/\j’2> = C1pa(@)[|All2-
j=0 Jj=0

We note that if p, was not a norm but only a seminorm, Sy would not be well defined.
Indeed, if we suppose that z,y € FE satisfies p,(x — y) = 0, for Sy to be well defined we
must have ¢;(x) = ¢;(y) for all j € N, but then = = y.

By proposition [2.1.4] the operator K := Sy o ¢}, o T is nuclear and satisfies

V(K) < B(S\)r(eh)B(Th) < Cpn(zo) A3
where C' = C1Cyv(1};). Since cj(er) = 0, holds for all j,k € N, we have

K (1) = (N pjc;(z0)pm(€;)) jen

or equivalently, if f; = (d;%)ren (j € N) denotes the canonical basis of (2,
+o0
= Z A2e;(zo)pm(€5) fi (s f)-
=0
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By the lemma [2.3.2] we obtains
+oo
> ilPlej(@o)lpmle;) = v(K) < Con(ao) [ All3-
=0

One can easily prove that since this relation holds for all A € £2, then we must also have

—+00

> lej(xo)pm(e;) < Cpn (o).

j=0

2.4 Kothe spaces

In this section we will provide a simple family of spaces (the Kothe spaces) for which
we know exactly when they are nuclear.

In this section, p will always be a real number in {0} U [1;+00] and ¢ will be his
conjugated, i.e. the real number such that % + é = 1if p €]1,400] and ¢ = oo (resp.
g=1)if p=1 (resp. p=0,00).

To simplify the notations, we will assume that the sequences are indexed by N but
the results needs little to no adjustment to work if the sequences are indexed by another
countable family.

Definition 2.4.1. Let a € K" and p € [1, 400], the Banach space (7(a) is the set
@) ={x € K": | x||w@ = |lax]|, < +oo}

endowed with the seminorm || - ||z (a)-
Moreover the Banach space [°(a) is the linear subspace of £>(a) of sequences that
vanish at infinity.

We can already define the Kothe spaces.

Definition 2.4.2. A Kothe set A = {a* : A > 0} ¢ K" is a non-increasing family of
sequences of positive real numbers. More specifically, this means that if 0 < A < u, then
0 < a* < a* as sequences.

If A= {a": ) >0} is a Kothe set and if p € {0} U [1,+o00], we define the Kéthe space

P(A) = {z e KNz e a),va >0}
It is a locally convex space under the system of seminorms (| - [|zp(ar))r>0-

We will prove that the local Banach space associated to the seminorms defining ¢7(A)
can be seen as closed subspaces of the classical Banach space /7. If p € {0} U [1; +o0], it is
known that the dual of ¢ is isometric to the Banach space ¢9. This result does not hold if
p = +oo but in this case we have the following weaker relation between (¢>°)" and ¢*.
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Lemma 2.4.3. Let E be a linear subspace of (> containing the basis vectors e, = (0, k) en
(k € N) and let a € E'. For all k € N let ay := (a,ex). In this condition, the sequence
(ak)ken s absolutely summable and satisfy

[(ar)kenlly < lallz

Proof. For k € N let p, € K be such that |px| = 1 and |ax| = pras.
Let N € N, we have

N N N
Z |ax| = |a <Z Pk€k> < [lalle Zpkek = [lallz-
k=0 k=0 k=0 g0
This concludes the proof since N € N is arbitrary ]

Lemma 2.4.4. Let E be a closed subspace of (P such that e, € E for all k € Ny (if
p € [1,00[, this means that E = (?). Let T € L(E, (P) be an operator for which there ezists
ay € KN such that T(z) = xy for all x € E. Then T is nuclear if and only if y € (1.

Proof. e If T is nuclear, there exists a') € E' and b) € E (j € N) such that

D 1ale b5 < oo

Jj=0

and

= Z <a(j),x>b(j) =xy VrxekFl.

Jj=0
For k € N, choosing x = ¢, in the last equality gives

e = Z a9p),

J20

where we set a = <a ek> for all j, k € N. The duality between ¢ and ¢4 if p # oo

and the preceding lemma else gives H(a,(j )>k€N||q < |la||g- Holder inequality finally

gives
+oo +oo )
Z ZEDIITL AR Z (@b Jkeralls < Z (@ sesollalIbD ], < +oo.
k=0 7=0

e Let now suppose that y € ¢*. We have

+oo
x) = E Tjy;e;.
§=0
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Indeed it is obvious if p € {0} U [1; +o0[ and if p = co we have for all J € Ny that
J
lzy =Y~ wjy565llo0 = sup |25 < [[2loo sup Jy;],
=0 i>J i>J

which converges to 0 when .J goes to infinity since y € 1.
For each j € N it seems then natural to define a') to be the continuous linear operator
defined on E by a'(z) = x;y; and to set b; = e;. Clearly, we have ||a9| gz = |y;|.
Finally

> a6z = llylla < +oo

Jj=0
and A

T(z) = Z <a(3),x>b(3) Vo € E.

Jj=0
Hence T is nuclear.
O

We can now determine under which condition on the Kéthe set A and the exponent p
is the associated Kothe space nuclear. The proof given is a generalization of the one given
by Pietsch in [11] to arbitrary exponent p.

Theorem 2.4.5. Let A be a Kdthe set and p € {0} U [1;400]. The space E = NP(A) is
nuclear if and anly if for all a € A there exists a b € A such that b > a and a/b € (.

Proof. Let a € A and p, = || - ||sa(a) the seminorm on E associated to a.

Let us start by proving that £, can be viewed as a closed subspace of /¥ such that that
ex € E,, for all k € Ny. Since the elements of a are non-zero, we have (E/p,'(0),p,) =
(E,pa). To find the completion of this space let consider the operator

To: (E,py) = P :x— az.

It is easy to check that this operator is well defined, linear, continuous and that it is an
isometry. Moreover the closure of the image of T, is a closed subspace of the Banach space
(7 and is then a Banach space. From this we deduce that E,, = im(7,) and ¢,,(x) = ax
for all x € E. Let notice that if £ € Ny, then a,;lek € F and Ta(a,;lek) = ¢p.

Let b € A such that b > a. For all x € E, we have T,(r) = ar = §(bz) = $T;(z), then
1j(z) = $x. By the preceding lemma, this operator is nuclear if ond only if § belongs to
It ]

It is worth noting that the condition does not depends on the value of p. It can even
be showed that the condition given in the theorem is a necessary and sufficient condition
under which the space ?(A) is independent of p.
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We have thus the proposition
Proposition 2.4.6. Let A be a Kéthe set. The following are equivalent :

e For all a € A, there exists b € A such that b > a and a/b € (1,

o (P(A) is nuclear for all p € [1;+00],

e (P(A) is nuclear for a p € [1;4+00],

o (P(A) =(i(A) for all p,q € [1;+00].
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3 Topological tensor product

This section is dedicated to the study of the tensor product of locally convex spaces and
on the topologies on this tensor product. The two topologies studied are the mw-topology
and the e-topology. We will see that those two topologies coincide if at least one of the
two spaces considered is nuclear.

Notations 3.0.1. In this section, the notation .Z(FE, F') will be used to describe the set
of all linear mappings from the linear space E to the linear space I’ and as always, the
notation L(F, F') will describe the set of all continuous linear mappings from the locally
convex space F to the locally convex space F. Similarly, if G is another linear space
(resp. another locally convex space), then Z(F, F) (resp. B(E,F')) will describe the set
of all bilinear mapping (resp. continuous bilinear mappings) from E x F' to G . All the
topological spaces F and F' will be supposed complete.

3.1 Algebraic tensor product

Definition 3.1.1. Let E and F be two linear spaces, a tensor product (E Q) F, ) of
(E, F) consist of a linear space F Q) F' and a bilinear operator ¢ : £ x F' — E @) F whose
range span £ @) I and is such that for all linear space G, the mapping

L(EQRF.G) = BEF;G):T—Tog
defines a bijection between Z(E, F;G) and Z(EQ F,G).
The tensor product of two linear spaces is unique up to linear bijections.

Proposition 3.1.2. Let E and F be two linear spaces and let (Hy,¢1) and (Ha, 2) be
two tensor products of (E, F). Then there exists a linear bijection T : Hy — Hy such that

w2 =T o¢.

Proof. Since g, is a bilinear operator between E' x F and Hsy, there exists an unique linear
operator T' € £ (Hy, Hs) such that s = T o ¢;. Similarly, there exists an unique linear
operator S € Z(H,, Hy) such that ¢; = S o 3. The mappings T o S and S o T are
the identical mapping on the range of ¢, and @y respectively and then on H; and H,
respectively. O

In what follows we will always use the following representation of the tensor product of
(E,F).

Definition 3.1.3. Let E and F' be two locally convex spaces. The linear space of all
formal finite sums

Z€j®fj fore; € Eand f €Y (j € {l,...7})
j=1
with identification of expressions of the form
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L. (a+e)f=a®f+e®f,
2. e (fi+ fo)=e® fi+e® fo
3. ale® f) = (ae) ® f = e @ (af),

is the canonical tensor product of (E, F).

For T € Z(EQ F,G) we denote by br the bilinear operator on E x F' that maps (e, f)
on T'(e@ f). Reciprocally, for b € B(E, F;G), we denote by T} the linear form on F Q) F
that maps > 7, e; @ f; to D7, bley, f;).

There are several ways to endow the tensor product of locally convex spaces with a
locally convex space structure, the one that we are interested in will be described in the
two following subsections.

3.2 The w-topology

By analogy with the algebraic definition of tensor product one could define a topology
on E @ F in such a way that the bilinear continuous operator on £ x F' correspond to the
linear continuous operator on E ) F'. This leads to the following definition.

Definition 3.2.1. Let F and F' be two lcs. For p € csn(E),q € csn(F) the seminorm
p®rqon E® F is defined by

(p ®@r q)(v) = inf {Zp(ej)Q(fj)}

where the infimum is taken on all the possible representation x = Zi:l e; ® fjof v €
E Q@ F. The space £ ® F endowed by the system of seminorms {p ®, ¢ : p € csn(FE),q €
csn(F)} is denoted E Q). F.

Proposition 3.2.2. Let E, F,G be locally convex spaces. The mapping T — br defines a
bijection between the space L(E Q). F,G) of continuous linear operator on EQQ)_F with
values in G and the space B(E, F; G) of continuous bilinear operator on E x F with values

i G.

Proof. 1t is clear that ® is a continuous operator from E x F to EQ)_F. Therefore, if
TeLEQ,F),then by =T o (-®-) is continuous.

Let b € B(E,F) and s € csn(G), there exists p € csn(FE),q € csn(F') such that the
relation s(b(e, f)) < p(e)q(f) holds for all e € E and f € F. If v € EQF has the
representation x = Z§=1 e; ® fj, then we have

s(Ty(x)) = s <Z b(ej, fj)) < Zp(ej)Q(fj),

since the representation of x was arbitrary this proves that s(T,(z)) < (p ®, ¢)(x) and
proves the continuity of Tj. O
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3.3 The e-topology and the s-product

Another way to define a locally convex space structure on E ) F comes from the
observation that the elements Z;Il e; @ f; of the tensor product E Q) F' define naturally
a bilinear form on £’ x F’ by

(€, ) = D (e e)(f i),

j=1

To explore this idea we will define a space E ¢ I of bilinear forms on E’ x F”’ that contains
all the preceding bilinear forms.
We will need the following definition.

Definition 3.3.1. Let E be a complete lcs, we set E the topological dual of E endowed
with the topology of uniform convergence on compact subset of F, i.e. endowed with the
system of seminorms of the form

pr(€) = sup|(e’, )|
ecK

for all ¢’ € E' with K a compact subset of E.

If £ is complete, the Mackey-Arens theorem (theorem proves that (E.)" can be
identified with E via the bijective mapping e + (-, e) between F and (E.). Indeed, finite
set of E are compact and compact sets on E are bounded.

Let £ and F be two complete lcs. Since compact sets are bounded, if 7" is a linear
continuous operator between E! and F', then for all p € csn(FE) and ¢ € csn(F), the
quantity

(pea)(T) := sup ¢(Te')
is finite.

We can then endow L(E!, F') with the system of seminorms {peq : p € csn(E),q €
csn(F)}, we denote by L.(E!, F') the locally convex space obtained.

Since (E!) can be identified with F| if T' € L(E., F'), then the dual operator 7" can be
seen as an operator from F” to E defined uniquely by the relation (¢/, T"f") = (f’,Te’) for
e el feF.

Proposition 3.3.2. Let E and F be two complete les. If T € L(E!, F') then T" belongs to
L(F!,E) and for all p € csn(E),q € csn(F'), we have

(peg)(T) = (qep)(T").

Proof. For the first part, let’s note that by the remark [1.2.10} the set b, is a compact set
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of E! for all p € csn(E). Let p € csn(E) and f' € F’, we have

p(T'f') = sup [(¢', T'f")]

e’'eby

= sup [(f', Te')|

e’eby

= sup [(f', /)]

feT(b3)

By continuity of 7" on E, the image T'(b;) of the compact subset b) of £/, is a compact set
of F', the continuity of 7" is then proved.
For the second part, for T' € L(E!, F),p € csn(FE) and ¢ € csn(F'), we have

(peq)(T) = sup q(T¢)

e’'eby

= sup sup [(f', Te)|
e’'eby f'eby

= sup sup (¢, T'f") = (qep)(T")
frebg e'ebg

[

Definition 3.3.3. Let E and F' be two complete locally convex spaces, the space F ¢ F' is
defined as either the space L.(E., F) or L.(F!, FE) as those two spaces can be identified as
locally convex spaces.

Alternatively, £ ¢ F' can be defined as the space of all bilinear forms u : E! x F, — K that
are separately continuous and that satisfy one of the two following equivalent conditions

e themap T: E, — (F!). = F : ¢ — wu(€,-) is continuous,

o themap S: F! — (E.). = E: f' — u(-, f') is continuous.

We have clearly S = T” and the preceding result proves that the two conditions are
equivalent. To obtain the same locally convex space as previously, the space is endowed
with the system of seminorms of the form

(peq)(u) = sup sup |u(e¢, f)]
e'ebs f1ebg

for p € csn(E), q € csn(F).

It is easy to prove that if x = Z;Zl e; ® f; € EQ F then the bilinear mapping u on
E; x F} defined by u(e’, f') = 375, (¢/,e;)(f', f;) is an element of E'e F. The space £ @) I
can then be seen as a subspace of E ¢ F' which gives rise to the following definition.
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Definition 3.3.4. Let E and F' be two complete lcs. For p € csn(E),q € csn(F) the
seminorm p ®. ¢ on E Q) F is defined by

T

> la,e) (b, f)

j=1

(p®EQ)(w)=Sup{ :aeb;,bebg}

where we suppose that x € F ® F' can be expressed as x = i=1 e; ® f; (the chosen
decomposition does not impact the result). The space E ) F' endowed by the system of
seminorms {p ®. ¢ : p € csn(E),q € csn(F)} is denoted E Q) F'.

We write E@ _F for the completion of E)_F. If E or F is nuclear we will prove

that EQ)_F = Ec F. To prove it we will use the fact that if F is nuclear, then it has the
so-called weak approximation property and if E satisfy the weak approximation property
and E, F' are complete, then E @), F' is a dense subset of E¢ F'. Since Schwartz has proven
that F e F' is complete for all complete lcs E' and F' this will prove the result.

Definition 3.3.5. Let E a complete Ics, the space E! Q) E can be interpreted as a subspace
of L(E, E) by the mapping

T

E2®E—>L(E,E):x:263®ejr—> T:Te:Z<e;,e>ej

j=1 j=1

The space E is said to have the weak approximation property if the idendity operator on
E is in the closure of E' @ E in L.(E, E) where an element x = " ¢ ®¢; of E'QF
is interpreted as the linear operator T : £ — FE defined by

T

Te = Z (¢}, e)e;.

=1

Proposition 3.3.6. If E is a complete nuclear Ics, then E has the weak approximation
property.

Proof. Let p € csn(F) and K a compact subset of E. By nuclearity of E there exists
q € csn(E) such that ¢ > p and ¢ is nuclear. Let then (a,)nen and (e€,)nen be sequences
on by and E respectively such that

+oo
Zp(en) < 400
n=0

and, for all e € F,

e= Z {(an,e)e, in (E,p).

n=0
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For e € K and N € N, we have

p (6 - Z (an, 6>6/> <q(e) Z p(en)-

j=0 n=N+1

Since K is compact, it is bounded and the preceding quantity converge to 0 uniformly on
K. This proves the proposition since p € csn(F) and K are arbitrary. ]

Proposition 3.3.7. If E and F are two complete lcs and E has the weak approximation
property, then E@Q. F is a dense subset of Ec F.

Proof. Let L € L.(F.,E). The map S : L.(E,E) — L.(F.,E) : T — T o L is continuous,
indeed, let p € csn(F) and ¢ € csn(F'), by the remark , the set b is relatively compact
in [, and then the set K := L(by) is compact in F as the continuous image of a compact,
this gives

(peq)(TL) = sup p(T'Lf) =supp(Te) = px(T)
frebg e€K

which proves the continuity of S. We obtain L =ido L € S(E'Q F) C S(E'Q E) where
the first closure is taken in L.(F, E') and the second in Ee F.
]

It is proven in [12] that if F and F' are complete then E ¢ F' is complete, the preceding
proposition proves then that EQ)_F = Ec F.

3.4 Relation between e-topology and 7-topology

It is clear that for p € csn(FE) and ¢ € csn(F') we have p ®. ¢ < p ®; ¢, therefore the
topology on E' @), F' is finer than the one on £ Q). F.

We will now prove that the two topologies coincide when at least one of the space E or
F' is nuclear.

Proposition 3.4.1. Let E a complete nuclear space and F an arbitrary complete lcs. We
have EQ.F =EQ._F.

Proof. Let p € csn(F) and ¢ € csn(F). Since E is nuclear, there exist sequences (a,)nen C
by and (zp,)nen C E such that

+oo
Zp(:vn) < 400
n=0

and for all e € F,
+oo

Z (apn,e)x, = ein (E,p). (%)

n=0
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Let x € E@ F. An application of the Hahn-Banach theorem gives a continuous linear
form ¢ on F ®, F such that (¢,x) = ¢(x) and |¢|] < g on F ® F, this last relation and
the relation (%) proves that (c,e ® f) = > (a,, e){c,x, ® f) for all (e, f) € E x F. If

x =) _,¢€ ® fj, we have

(pRrq)(x) = Z c,e; @ f;) ZZ an, €5){(c, T ® f) = Z <c, Tp (Z (an,ej)fj> >

n=0 j=1 n=0 j=1

For n € N, let b, € b; be such that ¢ (Z 1 (an, ej>fj) = <bn, > i1 {an, ej>fj>. We have

‘<c, Ty ® (Z (an, ej>fj> >

< p(xy,) <bn, (an, €j>fj>

j=1

r

= p(Tn) Z (an, €5){bn; f7)

< p(2n)(p ®e q)(x).

Summing over n gives

+oo
(p®rq)(x) <> plan)(p @: q)(x).
n=0
Since x € E ) F is arbitrary and the relation p ®, ¢ < p ®. ¢ is clear, this concludes the
proof. [

If E' is a complete nuclear space and F' a complete space, we write E ) F for the tensor
product endowed with one of the two equivalent topology.
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4 Gelfand-Shilov spaces

In this section, the letters © and A will always be natural numbers which can always
be supposed to be such that A < pu, d will be an integer representing a dimension, the

basis vectors of R? will be designated ey, ..., eq, finally we will designate by e the vector
e=(1,1,...,1) e R%

4.1 Definition
4.1.1 Weight function systems

Definition 4.1.1. A weight function on R? is a continuous function from R to R

Definition 4.1.2. A weight function system # = (w))xey on R? is a family of weight
functions on R satisfying w* < w* for all indices \ < p.

We consider the following conditions on weight function systems.

[WM] VK €R" YAeN JueN IC >0Vz e R" Vy € K : w(z +y) < CwH(z),
M| VA€N 3peN 3C >0 Va,y € R": w(z + ) < Cw(z)w(y),
[N] VA €N Fu e N:w/wt € LR,
[N VA € N 3u € N: (w(j)/wh(5)) jeza € C1(Z7).

An order is naturally defined on weight function systems by
oW <V ifvVAeN JueN IC > 0: w < Cov#,
oW ~YViUHW <YVand ¥V <W.

We define naturally the tensor product of two weight function systems as follows.

Definition 4.1.3. Let # and ¥ be weight function systems on R* and R% respectively.
We set
WV ={w v \eN}.

Definition 4.1.4. Associated to a weight function system #  we will consider the Koéthe
set Ay defined by

Ay ={(w(5))jezs : A € N}.
By proposition [2.4.6], for any ¢ € [1;+00], Ay is nuclear if and only if # satisfies [N’].
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4.1.2 Weight sequence systems

Definition 4.1.5. A weight sequence M = (M) ey is a multi-indexed sequence of posi-
tive numbers satisfying
M, < Mg if <«

AN Vel
li — =0

We will always assume the following condition on weight sequences (where e, = (6,;)1<j<d
are the basis vectors of N%).
[M.1] Va € N* Vj € {1,...,d} : Mo/Maye, < Maye, /Moo,

We can define tensor products of weight sequences.

and

Definition 4.1.6. Let (M*, ..., M™) be a finite collection of weight sequences on N .. N
respectively. The tensor product M'®---® M™ is the weight sequence on N*+ 4 defined
by

(M' @+ @ M) (g, aq) = Ma, - M2 for all (ay,...,ay) € Nt

Definition 4.1.7. Let M be a weight sequence on N? and ¢ a permutation of {1,...,d}.
We write o(M) = (M(%v---v%d))(al,-..,ad)eNd .
Definition 4.1.8. Let M be a weight sequence on N%. M is isotropic if M, = Mjg for
all o, B € N with |a| = |8|. A weight sequence M on N? is isotropically decomposable if
there exist a permutation o of {1,...,d} such that o(M) is the tensor product of a finite
number of weight sequences.

Definition 4.1.9. Given a weight sequence M, we define the associated weight function
wys on R? defined by
WM(I) = sup Ma|'ra"
a€eN?
We admit that for isotropically decomposable weight sequences, property [M.1] can be

characterized as follows,

Proposition 4.1.10. Let M be an isotropically decomposable weight sequence. Then M

satisfies [M.1] if and only if, for all & € N* we have

M* = sup w(7)
zeR? ’xa|

Moreover, for isotropically decomposable weight sequence we have the following strength-
ened version of the condition [M.1].

Lemma 4.1.11. Let M be an isotropically decomposable weight sequence satisfying [M.1].
Then M has the following property:

Va < B e N MyM, < MM, 5.
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Proof. We do the proof in the case when M is isotropic. We write N = (M, 0))nen. For
n € N we set A, = N,,/n,+1. With this notation, [M.1] implies that A, < A, for all
n € N. We then have for all natural numbers a < b,

NO/Nb - A0 T Ab—l S Aa—b T Aa—l - Na—b/Na
and then MyM,, < MzM,,_s holds for all 8 < o € N%, O
We will now define weight sequence systems.

Definition 4.1.12. Let X be a topological space. A weight sequence system on X is a
family 9t = (M*) ey of weight sequences on X satisfying w* < w* for all indices A\ < p.

A weight sequence system 90 is isotropically decomposable if for all A € N, M?* is
isotropically decomposable. We consider the following conditions on the weight sequence
systems.

[L] VR>0VAEN JueN 3C >0Va e N : RIM < CMH,
M.2] VAeN 3ueN3C,H>0VaeN Vje{l,...,d}: M)

ate;

< CHlIME.

A weight sequence system is accelerating if for all A < p € N,a € N*and j € {1,...,d}
we have
MR Mo, < MEJM, .
An order is naturally defined on weight sequence systems by
eM<MNiIfVNEN JpeN: M < NH,
oM ~ DT if M < N and DT < M.

Definition 4.1.13. Given a weight sequence system 9, we can naturally define a weight
function system # gy by
ng:{wMA )\GN}

For accelerating isotropically decomposable weight sequence we will admit that condi-
tion [M.2’] can be characterized as follows.

Lemma 4.1.14. Let 9N be an accelerating isotropically decomposable weight sequence sys-
tem satisfying [L]. Then M satisfies [M.2'] if and only if (*(Ay,,) is nuclear.

4.1.3 Gelfand-Shilov spaces
From now on, we will always consider that the space X considered is R?.

Definition 4.1.15. Let M = (M,),cne a multi indexed sequence of positive numbers, w a
positive function on R* and ¢ € [1; +00]. The set Sfl\fq is the set of functions p € C*(R?)
satisfying

[pllsa, := sup Ma|lp®w|lq < +o0.
aceNd

It is a normed space under the norm || - [|sar, .
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To prove the completeness of S{L‘f o we will use the following lemma. The original version
of this lemma comes directly from the proof of lemma 3.3.3 in Lenny Neyt’s thesis [9] but
the validity of this original version is not clear if d # 1.

Lemma 4.1.16. Let I, = {0,1}¢, there exists functions (V;)icr, in L®°(R®) with support
in [—L, Y such that for all o € C®°(RY), we have

272
p=> o xyy
i€ly

We note directly that since the function v; (i € I;) is compactly supported and bounded, it
belongs to LY for all q € [1;+00].

Proof. Let ¢ € D([—2%,2]) such that ¢ = 1 on a neighborhood of 0. We will prove the

272
proposition by induction over the dimension d.

o If d =1, let H = Xjo40[ the Heaviside function. We have DH = § (here § is the delta
distribution of Dirac) which implies D(H1) — 6 = D(H (¢ — 1)) = HD. Therefore,
if o € C*(R), we have

p=px0=ypx(DHY)) —px (HDY) = Do (Hy) —p* (HD1p)
which has the announced form if we set ¢g = —H D1 and ¢, = H1.

o If d = 2, using the same notation as in the previous case, we have

oz, 2) = [p @O (21, to)thy (g — to)dts + Je @O0 (21, t2) o (2 — ta)dts
= o Jo"( tl,t2)¢1(I1 — t1)Y1(wg — ta)dlydly
+ o Jo @OV (b1, ta)ho (1 — tr) (w0 — to)dtydiy
+ Jq fR 90 Oty to)ahy (w1 — t1)tho(ma — to)dtidts
+ Jo Jo @O0t ta) o (21 — t1)tho(22 — ta)dtidts

which has the announced form if we set 1; ;) = ¥; ® 9;.

e The induction step is proven in the same way as the case d = 2.

]

Proposition 4.1.17. Let M = (M,),ene be a multi-indexed sequence of positive numbers,

w a positive function on R and q € [1; +00]. The space Sf,‘j[q 1s a Banach space.

Proof. Let (fn)nen be a sequence of smooth functions of Si\fq such that

“+o00
D lfallsy, < 4o
n=0
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Let a € N? be fixed and K € R? a compact. If M > N are two arbitrary natural
numbers, we have for all v € K

> 7w )30 o) IR

n— Mze[d [-1/2,1/2)¢

<oy Y ([, = e =yl

i€lg n=M

<Oy [illy Z £+l
i€ly

<Oy Ml Z [ fnwllsy,
i€ly

where C' = sup{w™'(2) : 2 € K + [-1/2;1/2]%}. This proves that the derivatives of
any order of the series Zﬁ% f,, are uniformly Cauchy on all compact X € R? and it

is well known that in this case there exist a smooth function f € C*°(R%) such that

:::(’) T(La) converges uniformly to f(® on every compact K € R? for all & € N As a

direct consequence we have that ::g éa)w converges ponctually to few for all o € N¢

and since the series 370 n—0 )

and that (@) converges to f(®w in L7 for all @ € N?. We then have, for all o € N¢

w is a Cauchy series in L9 this means that f(®w is g-integrable

_0 n
and N € N,
N Foo
( o 3 f,ga>) o < 3 Ml

which proves that Y% f,, converges to f in S .

The following result follows directly from the definitions.

Proposition 4.1.18. Let # be a weight function system, MM a weight sequence system and

q € [1;400]. If X < u are natural numbers then the space SM 4 18 continuously embedded

By the preceding proposition we can give the following definition.

Definition 4.1.19. Let # be a weight function system, 91 a weight sequence system and
q € [1;+00]. The Gelfand-Shilov space S}, associated to these system is

A

mo M
S”//,q T L wh,q

A——+o00
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4.2 Influence of the parameters

Naturally, we get the following result.

Proposition 4.2.1. Let MM, N be two weight sequence systems such that M <N and W',V
two weight function systems such that W < V. For every q € [1;+00| the space S?;
continuously included in Sy} . Consequently, if M~ N and W ~ ¥, then Sy} = ST as
locally convex spaces.

Proof. Let A € N, by the hypothesis, there exists 4 € N and C > 0 such that M* < N*
and w* < Cv*, therefore we have the following continuous embeddings

NH M
Sy,C S C Spr g

vk g
By definition of projective limits, this proves the theorem since A € N is arbitrary. ]

Proposition 4.2.2. Let M be a weight sequence system satisfying properties [L] and [M.2']
and let W be a weight function system satisfying [wM]. In this condition, if 1 < ¢ <r < o0,
the following imbedding holds and is continuous :

M m
S CSH

Proof. We begin by the case r = +o0.
Let ¢ € C*°(R"). By lemma {4.1.16, keeping the same notations we can write ¢ =
> e, 0 % 4); where 1; € L™°(R%) and has a support included in [, 1] for all i € 1.

202
Hypohtesis gives, for all A € N, a y € N and a C' > 0 such that w*(z) < Cw*(t) for all
z € R and all t €  + [—3, 1] and such that MY, < CM for all i € I;. Moreover, we

can assume without loss of generality that A\ < p.
For all ¢ € C=(R%) and (z,a) € R? x N%, the following relations hold :

M2l (@)u (@) < Miyw( Z/ It =)o) at
< (a+i) %
< Y0 il M, M_%é}d’@ ()| (¢)dt
1/q
< Y0 il M, (/ g ]d<rw<a+z><t>rwﬂ<t>>w>
=33
< cuson%

where the penultimate inequality is obtained by Jensen’s inequality and the last one is
obtained by setting C' = C? 7, [[¥hillo. Since this is true for all z and all «, this shows
that

”QOHSKOO < Cgllsae.

which concludes the case r = oo.
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The general case is obtained with the inequality |||, < ||g0||g2_qw||gp||g/r that holds
for all p € LI N L*>. Indeed, if A and p are chosen as in the previous case, the inequality
implies that

el < el el < ()0 gy,

O
Definition 4.2.3. Let 91 be a weight sequence system and %" a weight function system.
The set S3 is defined as
om M
S7 =) St prwnee:
AEN keN

We will prove that the triviality of S} is deeply connected with the one of ST We
will need the following lemma.

Lemma 4.2.4. There exists a function xy € C*°(RY) such that, for all polynomial P : R —
R, there exists C > 0 for which

Y I @) Pzl < €

aeNd
and such that x(0) = 1.

Proof. Let ¢ be a positive function in Z(b(—1/2)) such that ||¢]|; =1 and let x = @. For
keN, a e N and 2 € R?, there exists C' > 0 such that

2| D% Zap| < Cla*||.Zymsa(y* W] = C1Fy0 Dy (" o)) < CIIDY (50 (y))l1-

We have DF¢(y“p(y)) = 0 if [y| > 1/2, else we have

D (e < 3 (’“ ;)m%!w\ya—%<k'e—ﬁ><y>|

k-e M o
< Z < 8 >|a’ﬂ|2|ﬁl ol )| e o

S C/|Of|kd2_|al

where C' =37, (k;)Qw |*e=H)]| . depends only on k.
One can easily prove that
Z ‘a’kd2f|a| < 400

aeN?

hence the theorem is proved. O
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Proposition 4.2.5. If M satisfies [L] and # satisfies [wM], the following assertions are
equivalent :

1. S, # {0} for all ¢ > 0,
2. S # {0} for aq>0,
3. ST+ {0}.

Proof. 1 = 2 is obvious.

2 = 3. Let ¢ € 5, not identically equals to 0, ¢ € 2(R%) a smooth function such
that ¢ *1(0) # 0 and x the function given by the previous lemma. We will show that the
function ¢g := (@ *1)x is an element of §2} Since ¢(0) = 1 this will be enough. By the
previous lemma and some reasoning used in proposition [£.2.2] for all k¥ € N and A € N,
there exists pu, v € N and C,C’, C” > 0 such that (where ¢’ is the conjugate exponent of q)

M e w1+ 1) oo
<MYy <5> 1 5 ) oo XD (1 + 1)) * oo

B<a
<C2ME Y 10 Pwr) 5 oo XD (1 + )l
B<La
<C'MIY e w” gl g I (1 + 1D oo
B<a
<C" > MYl (D) ol P (1 + ) * oo
B<a

<Cllgllsu. < +oo.

which proves that g € 5’?}
3 = 1. Tt suffices to observe that S}’ C Sf},jfyq for all ¢ € [1;+00]. Indeed, if ¢ € SP
then for all A € N, o € N¢, we have

Ml @ wMlg < Mallet® (1 + |- N 9N oo | (1 4] - )Ty < 0.
O

Lemma 4.2.6. If # is a weight system on R? satisfying [wM] and [N] then for all A € N
there exists i € N such that w*/w* € L'(R?) N CY(R?) where C§(RY) denotes the space of
continuous functions on R? that vanishes at infinity. As a direct consequence, the function

w? Jw” is an element of LP for all p € [1;+00].
Proof. For A € Nlet N € N and C' > 0 be such that for all z € R% y € [~1,1]¢ we have

w(z) < Cuw™ (x4 y).
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By [N] there exists x4/ € N such that w* /w* € L'. By [wM] there exists € N and ¢’ > 0
such that for all z € R? y € [~1,1]¢ we have

w'(z) > C'w” (z + ).
For all z € R? and y € [~1,1]¢ we obtains

w () gw’\/ (x +vy)
wh(z) = C'wt (z +y)

This relation gives immediatly the integrability of w*/w". Moreover, since w® /w* is
integrable it is clear that the quantity
w¥(z +y)
inf ——==
yel-1,1¢ wH (T + y)
goes to 0 as x approaches infinity which proves the theorem. O

Proposition 4.2.7. Let 9 be a weight sequence system and W a weight function system
satisfying [wM] and [N]. If 1 < r < q < +o00 then the space S} is continuously included
in Sy .

q

Proof. 1t is a consequence of the Holder inequality and of the previous lemma. O

Proposition 4.2.8. Let M be a weight sequence system, W a weight function system
satisfying [WM] and q € [1;400]. If S, = S is the operator

S S%I,q —l1(Ay) o — (W(j))jezd
s well defined and is a continuous linear operator from Sf,)}}’q to Ui(Ay).

Proof. Let (1;);eq0,13¢ be the functions defined by lemma 4.1.16{ For ¢ € S?Zq and A € N,
we prove as in theorem [£.2.2) the existence of a constant C' > 0 and an index p € N such
that for all j € Z* we have

1/q
il <e S Il (e owora)

i€{0,1}4
From this relation we obtains the existence of a constant C’ > 0 such that
(00 () sezalenzny < Cliollsy
O

Proposition 4.2.9. Let MM be a weight sequence system, W a weight sequence system
satisfying [M] and q € [1;+o0]. For all ¢ € S3}, the operator

Typq =Ty L1(Ay) = S, ¢ (¢));ez0 = Z (- — )

jezd

is well defined and is a continuous linear operator from (1(Ay) to S%q.
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Proof. Let ¢ = (¢;) ez € €9(Ay) and A € N. By [M] there exists 4 € N and C' > 0 such
that w(z + y) < Cw*(x)w"(y) holds for all z,y € R

> el (@ = j)w ()

jezs
u (@ (p — HBp (d+1)
<CZ |cj|w" (5)] (@ —g)w (@ —j)A + |z —j])
(T + [z — j)7 (1+ |w— )@
1/q 1/¢

] )4 1
e R O D O e T B O ¥ s
jezsd jezd

1/q

<O | e | 3 U
jez?

this proves that for all & € N, the series Z czd c]zp @) (- — 4) is normally Convergent on

every compact, thus T, (c) € C=(R?). Finally, if p is the canonical norm on S i +| it

wH,q’
we have

1/q

. (el (5))?

MATY (e)uly < Cple) szuﬂx G
jE

1/q !

< C'p() | Y (leslw(5))?

jezs

We will prove that T}, act as a right inverse of S for a suitable ¢ € S’?}

Lemma 4.2.10. Let M a weight sequence system satisfying L, # a weight function system
satisfying [WM] and q € [1;+o0]. If S} is non trivial then there exists 1 € Sy such that
P(j) = 0o, for all j € ze.

Proof. Let x € L®(R?) defined by

1

x(z) = 5=

- (L ).
21 ([ ’]d)

One can prove as in lemmathat X |oo < 7l for all B € N%. Let ¢ € S;’}‘ such that
©(0) = 1 be given by prop ... The function 1) = px has the desired property. Indeed for
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all \, k € N, there exists g > v > X and C,C’ > 0 such that for all & € N¢ we have

« « .
M w1 | 1) floo < M2 (6) I (1 1 D e ool

B

< OMEDY NP+ ] )t (2m) %1

B«

< |y e lelsw

(A+]-DFw? 00
BeN?

and we have trivially 1(j) = do; for all j € Z%. O

For this ¢ we have that SoTy, = idsa(a,,) which gives the following link between (9( Ay )
and S .

Proposition 4.2.11. Let M be a weight sequence system satisfying [L], # a weight func-
tion system satisfying [M] and q € [1;+00]. If SP is non-trivial then the space (1(Ay ) is
isomorphic to a subspace of S%q.

Proposition 4.2.12. Let 9 be a weight sequence system satisfying [L] and [M.2'] and let
W be a weight function system satisfying [wM]. Let us also assume that S5} is non-trivial.
Consider the following assertions :

1. W satisfies [N].
2. S) .= S), as sets, for all ¢,r € [1;+0c],
3. S%q = S%T as locally convex spaces, for specific q,r € [1;+00],
Then the implications 1 = 2 = 3 are always true and 3 = 1 is true if W satisfies [M].

Proof. 1 = 2 is a combination of proposition and proposition [4.2.7]

2 = 3 is obvious. B

3 = 1 (if # satisfies [M]). We can suppose that ¢ < r. Let 1) € S3} given by lemma
We know that S, o T, = idg(a,) but since Sy} = SJ} as sets, algebraically, we have
Sy 0Ty, =Sy 0Ty, which is a continuous map from ¢"(Ay ) to £9(Ay ). This proves that
0" (Ay) is continuously included in ¢9(Ay ). Since the inclusion ¢9(Ay) C ("(Ay) always
holds and is continuous this proves that ¢?(Ay, ) C "(Ay ) as locally convex spaces. By the
proposition this implies that # satisfies [N’]. Since W satisfies also [wM], similar
arguments as the one used in lemma [4.2.6] proves that in this case % satisfies [N]. O

Notation 4.2.13. If 9 satisfies [L| and [M.2'] and # satisfies [wM] and [N], we will
denote by S} the space S% for any q.
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4.3 Nuclearity of Gelfand-Shilov spaces

We can now study the nuclearity of Gelfand Shilov spaces.

Proposition 4.3.1. Let I be a weight sequence system satisfying [L] and [M.2'] and
let # be a non-degenerate weight function system satisfying [wM] and [N]. Under these
conditions, the space S} is nuclear.

Proof. Let (¢;)jen € ¢! (Si’,}t) =/ (S?ZOO) . As we saw when defining weakly summable
sequences, this means that for all A > 0, there exists C' > 0 such that for all sequence
c € (™ with ||c|]|c <1 and k € N, we have

k

> enn

n=0

< C.

A
S]W
w>‘,oo

For z € R* and a € N, setting ¢, such that ¢, (z) = |¢®(z)| in the previous relation
gives

“+oo
MY |l (@) |w () < C.
n=0

Let A > 0, by [L] and [N] there is a g > 0 such that w*/w* € L' and M} < C'27lep#
for all @ € N%. In this condition we have

Z lnllgay = Z > Ml (2w ()|

n=0 aENd

<O YD S 2w
aeNd n=0
< CC" 24w Jwh || < +oo

This proves that (¢;)jen € € {S},} = * {S}'}. O

Proposition 4.3.2. Let M be a weight sequence system satisfying [L], # be a weight
function system satisfying [M] and q € [1;400]. If we suppose additionally that the space
Sy o is non-trwvial and nuclear, then W satisfies [N].

Proof. By proposition [4.2.11] the space £4(Ay ) can be embedded in S} w4 Dy a linear home-
omorphism 7. By proposition and proposition [2.1.8] ¢7(Ay ) is then nuclear and thus
W satisfies [N’]. Since # satlsﬁes also [M] and thus [wM], this implies that S}’ satisfies
[N]. O

52



In a restricted case, we can prove that the condition [M.2’] is also a necessary condition
for nuclearity. To prove this result we will need some lemmas.

Lemma 4.3.3. Let E be a nuclear Fréchet space whose topology originates from a dun-
damental set of norm and A = {a* : X € N} a Kdthe set. If T : (*(A) — E and
S E — (*(A) are continuous mapping such that S o T is the canonical mapping from
H(A) to £2(A), then (*(A) is nuclear.

Proof. Since T(¢*(A)) is a topological subset of the nuclear space F, by lemma ... it is
sufficient to prove that 7' induces a linear homeomorphism between ¢*(A) ans its image.
Since S o T' is one-to-one, T' must be one-to-one too.

In this prove we will designate by e; = (J,)4cze (j € Z%) the canonical "base" of Z*.
(€5)jeze is a Schauder basis of £!'(A) whose coefficient functionnals (c;);eze are given, for
j €z by

cj i 0M(A) = K (bg)pega > ;.
The family (T'e;);czq is a Schauder basis of T'(£'(A)). Indeed if b € £'(A) can be expressed
as b = Z;;og cj(b)e;, then Th = Z;;OS ¢j(b)T'(e;) and if z,y € T(¢*(A)) have a different
decomposition, their image by S will be different and = must be different from y. We denote
by (¢;);eze the coefficient functionnals associated to the basis (Te;) ez in T(€'(A)), we
have ¢; = ¢j o T

By the Dynin-Mityagin theorem (theorem , for all norm p on E there exists a
norm ¢ on F such that for all x € E we have

ZICJ )Ip(Te;) < q(x). (2)

Let A € N, by continuity of S, there exists a norm p on £ such that |[S(-)|(qr) < p(-).
For this norm, let ¢ the norm on E given by the relation (2)). For all b € ¢*(A4), we have

+oo
by = > bsllleslle
7=0

—+00

=2 G(TD)IS(Te;)ll )
7=0
+oo

< Z ¢i(To)p(Te;)

<q(Tb).

Hence, T~ : T(¢*(A)) — (' (A) is continuous. H
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Lemma 4.3.4. Let 9N be a weight sequence system satisfying [wM] and let # be a weight
function system satisfying [wM]. If SJ} # {0}, then there exists ¢ € S5} such that

d -4 =1
jezt
for all x € RY.

Proof. Let ¢ € §2} such that [p.(x)de = 1. We will prove that the function ¢ defined
on R by

for all € RY. Since 1) = ¢ * X[-1/2,1/2)4, We have for all a € N? and = € R? that

P (z) = /[_ O (x — t)dt.

331

Let A € N and k € N, since # satisfies [wM], there exists a natural number > A and a
C > 0 such that w*(z) < Cw*(z —t) for all t € [—1/2,1/2]¢. Moreover, for all z € R* and
t € [-1/2,1/2]¢, we have

(L4 |2D)* < (T fo =) A+ [t)* < (3/2)" (1 + |z —t])".

Hence, for all z € R? and o € N%, if C" = (3/2)*C, we have

M @) @) (1L + el <
1

< Cllepl| gau

(+|-Dkwk 00

MHP|o (2 — t)|wH(x — t)(1 + |x — t|)*dt
d

]

Proposition 4.3.5. Let I be an isotropically decomposable weight sequence satisfying [L],
W a non-degenerate weight function system satisfying [M] and let q € [1;+00]. If S?},q is
non-trivial and nuclear then (*(Ay,,) is nuclear.

Proof. Forr € {1, 00} we define the auxiliary space &3 . of all Z periodic smooth function
@ € C(R?) satisfying for all A > 0,

H@Hg%rf\r = S;]I\I; Mo)l\HQO(a)”Lr([,%’%]d) < +00.
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It is endowed by its natural Fréchet structure.
We consider the following linear operators :

+oco
To: O (Apm) = Enroo : (¢j)jezt = [gp DX che%”j’x)] ,
=0

So éagétrl — KOO(AWW) D (/[ " @(:L‘)e%i(j,@)

jezs

We won't prove the continuity of these mappings but the key argument is that | D&e*%m02) | =
|j@e*?m0) | the continuity of the second mapping must be proven using integration by
parts. Now, let ¢ be given by the preceding lemma. We consider two more linear mappings

L —>55}?oo'90~>s0w,

per, 00
S SW1_> perl (pHZSO _j

To prove the continuity of T} we will use lemma [4.1.11| which is why we required 91 to be
isotropically decomposable (unlike in the thesis of Lenny Neyt). Let A € N, by conditions
[L] and lemma [4.1.11] there exists 4 € N and C' > 0 such that for all @ € N* and 2 € R

we have

MM ()@ () () < 27 Mg 3 (g) ) ()| (&) [ ()

B<o
< 2” || Z ( ) ( _ﬁ)($)|w’\(x)) Mg|(,0(ﬁ)<$)|
B
< ||¢||Sﬁ&§w||¢||£%r?oo'
Before proving the continuity of S;, we have to prove that it is well defined, this step

seems to require that % is non-degenerate. Let then A > 0 and (v;);cz, be the sequence
of functions given by lemma [4.1.16| For all z € R? and o € N? we have

+oo
IEEIEEEED 33 IR RE ey
=0 |ier, Y 1-1/2.1/2]¢
=C ZZ / | (@ = j = O)|w(x — j — t)ey(t)dt
i€ly j=0 [-1/2,1/2)¢

< C’H%Hoo/ @+ (2 — ) |wh(x — t)dt

/l/bl o0
< Olfgllgyy, S Wil

iely a+z
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Since # is non-degenerate, there exists C' > 0 such that
+-00 +oo
Dl @@= <Y 1@ = )z - j)
=0 =0

and since the latter series is uniformy bounded on R?, S; is well defined and we can derive
the series term by term, the continuity of S; is then easy to obtain by using again the
character non-degenerate of # .

By the proposition # has property [N| and by lemma , there exists contin-
uous linear embeddings 75 : ng),oo — S%q and s : S?,}tg — S%l.

Now if we define T'= Ty 0T; 0Ty and S = Sy 0 51 0.5, then by choice of ¢, SoT is the
canonical mapping from ¢*(A4y,) to £>°(Ay,,) and lemma concludes the proof. [

We obtain the following theorem.

Theorem 4.3.6. Let MM be an isotropically decomposable weight sequence satisfying [L],
W a non-degenerate weight function system satisfying [M] and let q € [1;4+00]. Suppose
that S} # {0}. Then the following are equivalent :

1. M satisfies [M.2°] and W satisfies [N],
2. Sy}, is nuclear for all q € [1;+0c],
3. Sy, is nuclear for some q € [1;+00].

Proof. Tt is a direct consequence of the prop [.3.1] of proposition and of the combi-
nation of the preceding proposition and of lemma [

By proposition [£.3.T] and proposition [4.3.2] we have also the following theorem.

Theorem 4.3.7. Let M be a weight sequence system satisfying [L] and [M.2']. Let W

be a weight function system satisfying [M]. Suppose that S3F # {0}. Then, the following
statements are equivalent :

1. W satisfies [N],
2. S%q is nuclear for all q € [1;400],

3. ST is nuclear for some q € [1;+00].

q
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4.4 Tensor product of Gelfand-Shilov spaces

In this subsection, we will always fix the value of the parameter ¢ to co. Given a weight
sequence system 9 and a weight function system %, we will write S}’ instead of 579,3}700.
This is coherent with notation [4.2.13]

The goal of this subsection is to use the nuclearity SJ} or ST to prove that the space
SZJ) gg} is equals to S?}@Sg} as locally convex spaces. To achieve this goal we introduce, for
a locally convex space E, a new spaces denoted S3}(E) and prove that Sg}} g?} and S;’}}@Sg}
can both be associated to S (SY).

The following definition and proposition comes from the book The Convenient Setting

of Global Analysis [7].

Definition 4.4.1. Let F be a locally convex spaces and j € {1,---,d}. A continuous
function ¢ € C(R?, E) is differentiable in the j direction if for all 2 € R?, the quantity

pla +tej) — p(x)
t

converges to a locally bounded limit D;p(z) € E as t converges to 0. The function ¢ is
continuously differentiable if D; is continuous.

We define CO(R?, E) = C(R? E) and recursively, if « € N* ¢ € C(R% E) is in
Ce(RY E) if Djp € Co%(R% E) for all j € {1,...,d}. Naturally we define C*(R% E) =
NopentC%(RY, ).

One can prove that in this setting, if ¢ € C*(R? E) then for all j,k € {1,...,d} we
have D; Dy = Dy Djp. We can then make sense of the expression D%p = @@ for o € N¢.

Proposition 4.4.2. If p € C*(R", E) and ¢' € E', then (¢, ) is in C*(R?) and for all
a € N we have D*(¢/, ) = <e/,gp(a)>'

Definition 4.4.3. Let F be a lcs, 9t a weight sequence system and # a weight function
system. The space SJ}(E) is the space of all functions p € C*°(SJ}, E) such that for all
p € csn(E) and X € N, the quantity

pa(p) == sup M2 |lp () w|oc
aeN?

is finite. It is a locally convex space under the system of seminorms {p, : p € csn(E), X €
N}.

Lemma 4.4.4. Let M be a weight sequence system and W a weight function system.
Let also i € C(R™, STHR™)) and let ¢ be the function defined on R by o(x,y) =
U(z)(y). The function ¢ is infinetely differentiable and satisfies for all (a, ) € N*T% the
relation

« o o (6)
P = D) D3p(,y) = (' (2)) " (y)
for all (z,y) € RHT,

o7



Proof. Let j € {1,...,d,} and = € R*. Since
Y(x + hej) —Y(z)

i I = Divla)
in S}, we have for all y € R that
fm SR ZOEY) iy

h—0 h

We then have that ¢(¢:0) exists and is equals to (%), Iterating this argument proves that
for all @ € N (@0 exists and is equals to (.
Since ¥(®)(z) € SP C C®(R®) for all @ € N"and x € R? | it is clear that for all

B e R® @) (z,y) exists and is equals to (@ (x))(ﬁ) (y) for all y € R®. O

Proposition 4.4.5. For all weight sequence systems M, N and weight function systems
W,V , we have Sgg?}, ~ ST(ST).

Proof. 1t is enough to prove that the mappings
T:S)E% = SP(S)) o [ x = (y = o(x,y))]
and
S SP(ST) = SPET = [0 (2,y) = (@) (y)]
are well defined and continuous.
M N

We begin by proving that for all ¢ € S5/, ¥ := T'¢ belongs to ST(ST). Let then
pEe SZ}tgg}. Let x € R™ be arbitrary, for all 4 > 0,5 € N and y € R, we have

1
- M{w(z)

hence, ¥ (x) € S for all z € R™. We may now prove that ¢ € C=(R? S}) and more
specifically that 1@ (z)(y) = ¢ @9 (z,y) for all @ € N and (z,5) € R"*. To prove
that, we consider j € {1,...,d\}, (a,8) € N T2 (2.4) € R"*  For all h € R with
|h| < 1 a double application of the mean value theorem gives a ¢, €]0, 1] such that

(¢ (@ + hej,y) — P (@, y)) — ho'* 9D (2, y)| < B? |9 (@ + tyhey, y)] -

Let h € R be such that |h| < 1, if we set 2/ = z + t,he; and w = inf,rep(1) w (), then
we have

NAIDS () ())o" () MENSE D ()0t (y)] < Il gprone

@z + hej,y) — P (x,y)

N 7 — et (2, )| v} (y)
< |W|IN2|p @2 D) (! y) ot (y)
|h’ A A 2e; A A
< ——— M), N2l 28 (3! y)jw (') (y)
M§+26]‘w +2 ’
< ol e
N Mé-‘r?@jw Sw>‘®v>‘

o8



hence () () exists and satisfies (¥ (2)(y) = ¢ (x,y) for all y € R%.
Finally, from the relation, true for all (a, ) € NoT2 X\ > 0, (z,y) € RTT%,

a2 (M () @@) 7 ) w@)) = (M @ NY) 0P a,y) (@ %) (,1),

one can easily prove that T belongs to SJ}(ST) and that T is continuous.

The fact that S is well defined and continuous is much less tedious and can be obtained
using an identity similar as the one used at the end of the previous case combined with
the preceding lemma. ]

In order to prove that SP®SY = SP(S}) as locally convex spaces, we will need the
following lemma from Komatsu [6].

Lemma 4.4.6. If E is a nuclear Fréchet space continuously included in C(R?) and F a
complete locally convex space, then every function v € C(R?, F) that satisfies

(f', ) = f' o) belongs to E for all f € F'. (3)

defines an element on E ¢ F', namely, the application F. — E : f"+— (f',1). Reciprocally,
each element T € L.(F!,G) can be expressed as T(f') = (f',¢) for a v in C(R% F)
satisfying (3)).

We can now prove our theorem.

Proposition 4.4.7. Let M be a weight sequence system satisfying [L] and [M.2'] and let #
be a weight function system satisfying [wM] and [N]. Then for all complete locally convex
space F', we have

SP(F) ~ SR e F ~ ST (R)X)F.
Proof. We consider the mapping
T:SP(F) = SPRYeF g [f e (f,4)].

We have to prove that it is well defined, bijective and that it is an homeomorphism.

Let ¢ € SJ}(F), by the previous lemma, to prove that TW € SJF(R?) e F, we only have
to prove that (f’, ) € SPF(RY) for all ' € F'. Let then f' € F/, A € N,z € R and a € N,
if we suppose that |f’| < ¢ for ¢ € csn(F') we have

M (@)@ (@) = MA@ () (@) < aa(8).

Using the previous lemma again, to prove the surjectivity of 7" we must prove that if
Y € O(RY F) satisfies (f',1) € SP(RY) for all f/ € ' then ¢ € SP(F). In this
condition, the set

(MM (z)u(x) 1 @ € N4 2 € RY}
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is weakly bounded in F' for all A > 0. By Mackey’s theorem it is bounded in F' which
proves that ¢ € SJH(F).

Finally, let A > 0 and ¢ € F, if we set p* = || - || gars (re) We have
w00

R?)

(p’\sq)(TgZ)) = sup sup sup Mg}]<f’,¢(a)(x)>wk(x)

1'€bg aeN? zeR?

— sup sup sup M|( S, ) (@))uw(2)
aeN? zeR? f/€bg

= sup sup Mg (z))w(z)
aeN? zeR4

= QA(w)-

We finally obtain this last theorem.

Theorem 4.4.8. Let M be a weight sequence system on N satisfying [L] and [M.2'] and
let # be a weight function system on R™ satisfying [wM] and [N]. Let also M be an
arbitrary weight sequence system on N and ¥ an arbitrary weight function system on
R?%. We have

MON o, QMS, QN
Sy ey = Sy®Sy.



References

[1]
2l
13
4]
[5]
(6]

7]

18]
19]
[10]

[11]

[12]

C. Esser, Analyse fonctionnelle, Note de cours destinés aux étudiants de master en
math & l'université de Liége, 2021.

.M. Gelfand et al., Generalized functions. volume 2, spaces of fundamental and gen-
eralized functions, Academic Press, New York, NY, 1968.

.M. Gelfand et al., Generalized functions. volume 3, theory of differential equations,
Academic Press, New York, NY, 1967.

A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires. Vol. 16, Amer-
ican Mathematical Society, United States of America, 1966.

J. Horvath, Topological vector spaces and distributions. volume i, Addison-Wesley
series in mathematics, Addison-Wesley, Reading (Mass.) ; 1966.

H. Komatsu, Ultradistributions iii vector-valued ultradistributions and the theory of
kernels, Journal of the Faculty of science of the University of Tokyo. Section 1A.
Mathematics. 29 (1982), no. 3, pp. 653-717.

A. Kriegl and P.W. Michor, The convenient setting of global analysis, Mathematical
surveys and monographs, volume 53, American Mathematical Society, Providence,
Rhode Island, 1997.

R. Meise and D. Vogt, Introduction to functional analysis, Oxford graduate texts in
mathematics, 2, Clarendon Press, Oxford, 1997, trans. allemand by M. S. Ramanujan.

L. Neyt, Topological properties and asymptotic behavior of generalized functions, PhD
thesis, Ghent university, 2020.

S. Nicolay, Théorie de la mesure, 2024, Note de cours destinés aux étudiants de
master en math a I'université de Liége.

A. Pietsch, Nuclear locally conver spaces, German. Vol. Band 66, Ergebnisse der
Mathematik und ihrer Grenzgebiete [Results in Mathematics and Related Areas|,
Springer-Verlag, New York-Heidelberg, 1972.

L. Schwartz, Théorie des distributions a valeurs vectorielles. i, Annales de I'Institut
Fourier 7 (1957), pp. 1-141.

61



