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Introduction

The last century has witnessed the birth of quantum mechanics, a new framework for physics where
systems are described by ket vectors and evolve according to the renowned Schrddinger equation [1].
While this formalism has had its successes, it possesses a significant flaw: it is only valid in the case
of isolated quantum systems [2]. While theoretically any system can be described as closed if one
includes the entirety of the environment (i.e., the universe), such an approach is neither feasible
numerically nor analytically. This realization led physicists to develop new formalisms, namely the
density operator and quantum master equation formalism as part of the more general theory of
open quantum systems [3]. These are quantum systems which are not isolated and interact with
their environment. In fact, all quantum systems are open, as they cannot be truly isolated from
their environment. Furthermore, even in the isolated framework, any measurement operation is
intrinsically an interaction with an environment. This is the basis of the theory of decoherence [4],
which explains how classical behavior emerges from the interactions between quantum systems and
their environment.

In the case of open quantum systems weakly interacting with their environment, their dy-
namics depend usually only on their current states and not on their past states. Those systems
have no memory and are said to be Markovian. They can accurately be described by the Gorini-
Kossakowski-Sudarshan-Lindblad (GKSL) master equation [5], [6]. This equation eliminates the
state of the environment from the dynamics, and the evolution is governed entirely by the state of
the system. Despite the success of the GKSL equation for describing such systems, the Markovian
hypothesis is, in fact, an approximation. Analogously, just as closed systems constitute an idealized
framework where decoherence is neglected, Markovian systems simplify their dynamics by neglect-
ing memory effects. These effects inherently stem from the interaction between a system and its
environment: the system influences the state of the environment, which in turn may impact the
state of the system. In many situations, memory effects cannot be disregarded, such as in quan-
tum computing noise |7] or the protein folding problem in biochemistry [8]. Systems for which the
Markovian approximation is invalid are termed non-Markovian systems.

The complexity of non-Markovian open quantum system dynamics has prompted chemists and
physicists to develop new computational strategies. These can be loosely divided into two categories:
perturbative approaches and exact numerical methods. Among the latter, Markovian embedding
techniques are conceptually the simplest approach [9], [10]. The physical system is appended with
pseudo-modes representing environmental degrees of freedom until the composite system becomes
Markovian, at which point the GKSL master equation is applied. While conceptually straightfor-
ward, the computational cost rapidly becomes unmanageable for multi-mode systems. To maintain
rigor while reducing numerical demands, the hierarchical equations of motion (HEOM) method,
an exact non-perturbative numerical approach, was developed by Yoshitaka Tanimura and Ryogo
Kubo in 1989 [11]. This technique introduces ancillary states that serve as memory kernels for the



system. Although HEOM offers significant computational advantages over Markovian embeddings,
its cost can still become prohibitive for multi-mode systems.

The high computational cost of simulating open quantum systems is not inherent to non-
Markovian approaches. Simulating the dynamics of 300 spins (i.e., two-level systems) without
mean-field approximation requires a density matrix of size 2390 x 2390 (2600 elements), a number
larger than the number of atoms in the observable universe, which hinders simulations of their
dynamics on classical computers. Such an exponential increase of the number of degrees of freedom
to deal with as a function of the number of particles is a plague that significantly slows down the
discovery of new useful materials (such as batteries, catalysts, photoelectric cells, ...) and drugs,
as the quantum dynamics dictating the properties of even relatively small molecules containing a
dozen of atoms are impossible to simulate exactly on classical computers.

A promising solution would be to employ quantum computers, which have been shown to per-
form specific computational tasks exponentially faster than classical computers. The concept of
incorporating quantum properties into computers was first formulated by Paul Benioff in 1980 [12].
Soon after, Richard Feynman (1981) |13] and Yuri Manin (1980) [14], [15] independently suggested
that quantum computers might efficiently simulate quantum systems. While introduced early in
quantum computing’s history, the development of quantum algorithms for open quantum systems
has expanded significantly only in recent years [16[—[|24]. Furthermore, quantum algorithms for sim-
ulating the dynamics of non-Markovian systems have received limited attention [25)[31] [} Notably,
Dan, Geva, and Batista [32] are the only researchers to have developed a quantum algorithm for
simulating the dynamics of non-Markovian open quantum systems using the HEOM method.

The purpose and original contribution of this master’s thesis is to develop a quantum algorithm
using the HEOM method for finding the steady states of non-Markovian open quantum systems.
Finding the steady state of open quantum systems can be critically important for retrieving infor-
mation about their dynamics and long-term behavior [33]. Furthermore, certain steady states may
serve as resource states for quantum teleportation and quantum error correction [34]. To construct
this algorithm, we draw significant inspiration from Ramusat and Savona’s work “A quantum al-
gorithm for the direct estimation of the steady state of open quantum systems,” adapting their
approach to non-Markovian systems using the HEOM generator.

The structure of this thesis is as follows: in Chapter[I, we introduce the reader to the field of open
quantum systems and, in particular, the non-Markovian methods used in this work. In Chapter
the formalism for quantum information and computation will be briefly presented. Furthermore,
the key subroutines used in the algorithm of this thesis will be extensively described. Finally, in
Chapter [3] we will present the algorithm of Ramusat and Savona and explain how to adapt it to
non-Markovian systems using the HEOM method. Additionally, we will benchmark our adaptation
and prove that it provides a non-trivial advantage for multi-mode systems compared to the original
algorithm used in the case of a Markovian embedding approach. The logic of this thesis is to provide
the reader with the necessary tools to understand the algorithm developed in this thesis.

'This source list is nearly exhaustive, furthermore, only three of these were published before the start of this
master’s thesis.



Chapter 1

Open quantum systems

“Perhaps we should first define what an
open system is. An open system is a
system that is not closed.”

John Martin, first class of open quantum
systems”

This chapter aims at introducing the reader to the field of open quantum systems. In particular,
we will explain why the ket vector formalism is insufficient and introduce the density operator formal-
ism. The quantum mechanics postulates for isolated systems will be restated using this formalism.
We will then present the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation, which
describes the dynamics of Markovian open quantum systems. Afterwards, we will define what the
steady state is. Following that, we will discuss how we can map the density matrix to a ket vector
using the Choi-Jamiolkowski isomorphism, something that will be instrumental in the third chapter
of this thesis. We then provide the reader with a simple example of an open quantum system and
how to classically find its steady state. This example will also accompany us in the third chapter
where we will apply the quantum algorithm of Ramusat and Savona to find the steady state as
well. We will then proceed by presenting two methods to explore the dynamics of non-Markovian
open quantum systems: the Markovian embedding approach and the HEOM method. The first
method will serve as a benchmark for the other. Furthermore, we will also provide the reader with
an example of a non-Markovian open quantum system, named the open quantum Rabi model. This
example will also be reused in the later chapters in order to benchmark the quantum algorithm
presented in this thesis. Most of this chapter originates from Orszag’s book Quantum optics|35|,
Breuer and Petruccione’s book The theory of open quantum systems|2], Quantum Optics’s book
Quantum Optics[36] and Nielsen and Chuang’s book Quantum Computation and Quantum Infor-
mation|15).

An open quantum system is a quantum system interacting with an environment or bath (i.e.,
not closed). This interaction leads to effects such as decoherence, dissipation, and loss of quantum
information. Furthermore, open quantum systems experience non-unitary evolution unlike isolated
quantum systems. Typically, an open quantum system S is associated with a Hilbert space Hg, a
Hamiltonian Hg, and its state is described by a density operator pg. The system .S is surrounded by
an environment F associated with its own Hilbert space, Hamiltonian, and density operator. The
total system S + E contains an additional term in its own Hamiltonian, which is termed interaction
Hamiltonian. These terms will be explained in more detail in the next sections, and the general



sketch of an open system is given in Fig.

(Hs @HEg, Hs + Hg + Hint , p)

Figure 1.1: Sketch of a general open quantum system. To each subsystem is associated a density
operator, Hamiltonian operator and Hilbert space. The Hamiltonian of the entire system composed
of the physical system of interest + the environment, contains an additional term which is the
interaction Hamiltonian.

1.1 Density operator formalism

1.1.1 Why ket vectors formalism is insufficient

In traditional quantum mechanics, the information concerning the state of a system is encoded in a
ket vector |1) that belongs to the Hilbert space H associated with the system. The Hilbert space is
a completdﬂ complex vector space equipped with an inner product. The ket vector evolves according
to the Schraodinger equation

i) = H1v), (1.1)

where H is the Hamiltonian operator of the system, which is potentially time-dependent. An
operator is a linear map defined on the Hilbert space of the system. In this thesis, we chose to
denote operators without the usual hat, i.e. H = H , and the nature of a quantum object will be
explicitly stated if any ambiguity arises somewhere throughout this work. Furthermore, we also
chose to work in natural units using 2 = ¢ = 1. The general solution of the Schrodinger equation
in the case of a time-independent Hamiltonian is then given by

LComplete means that every Cauchy sequence of the space converges within the space



[ (@) = e 7 [y(t0)) , (1.2)

where the time dependence of the ket vector is explicitly written.

The two main problems that arise from this formalism are that first; the Schrédinger equation
is only valid for closed systems E| and thus, we need another equation to describe the evolution of
open quantum systems. The second problem is that a ket vector can only describe what we call pure
states which are ideal states representing the maximal information we can have about a quantum
system.

To illustrate this, let us consider a system for which its current state is only partially known;
for example, we can consider a two-level system which was just measured with a really defective

measurement device. We consider that the two states of the system are |0) = (é) and |1) = <(1))

and we assume that we have measured |0) with a measurement device that is only 95% precise,
which can be due to poor quality with the electronics for instance. We know that the current
state of the system is either |0) with 95% certainty or |1) with 5% certainty. However we should
emphasize that the wave function of the system has collapsed into one of the two states due to
the measurement. The current state of the system is what we call a mized state, which cannot be
described using a single ket vector. At first glance, one could naively think that this situation could
be described using a ket vector 1)) = a|0) + 8]1) with |a|? = 0.95 and |B]? = 0.05. The problem
with this notation, other than the fact that the relative phase between o and § is not known, is
that it intrinsically corresponds to a coherent superposition. To explain this issue, let us consider
that we now measure this state using the Pauli operator

0p =X = <(1’ é) , (1.3)

which corresponds to a bit flip because it transforms |0) into |1) and vice versa. In the case where
our system collapsed into |0) we have

(002 10) = (0[1) = 0,
and we find the same result using |1). However, in the case of «|0) + 1), we find
(V[0 1) = (o (0] + 7 (1]) («[1) + £]0)) = "B + af” = 2Re[a"],

which in general, is non-zero unless a* and 8 have a relative phase factor of 7/2. However, in this
case, we could also measure using the Pauli operator

oy =Y = (3 Oi) : (1.4)

which corresponds to both a bit flip and a sign flip (for the phase). Considering once again that we
are in the case where our system has collapsed into the state |0), we have

(0], 10) = i (0[1) = 0, (L5)

2Tt is purely unitary and as such, it cannot describe non-unitary evolutions.



and |1) also yields 0. Conversely, if we measure « |0) + 5 |1) we find
(Wloy [¢) = (o™ (0] + 57 (1]) (=B |0) +ia[1)) = —ia” B +iaf” = 2Reliaf7].

The last equality is also non-zero in general, unless, o and 8* have no relative factor or a relative
factor of w. This means that there is no a and § satisfying the probabilities conditions and for
which (o) and (o,) are both equal to 0. As such, there exists no ket vectors that can accurately
describe the state obtained after using a defective measurement device. This is what we mean when
the state is in a coherent superposition, the system is simultaneously in multiple states and the
relative phase factors between the states matter.

1.1.2 Why should we use projectors ?

In order to represent a mixed state, we need to give up on trying to use ket vectors and instead we
must use operators and more precisely, projectors. Assuming our state is now represented by an
operator p, we have

p=po0) (0 +p1[1) (1]
_(po O
S \0 m
where p; is the probability of being in the state |i) (which are 0.95 and 0.05 in our example) and
) (7| is the projector associated with the state |7). The second line is the matrix representation of

the operator in the eigenbasis |0) and |1). Defining the measurement operation for a measurement
operator O, by Tr[O -] and using this definition to measure p with o,, we have

e =1 o) (5 )]
o %)

:07

which is exactly what we are supposed to have. If we measure using the Pauli operator

o, =27 — (é _01> , (1.6)

for which |0) and |1) are the eigenstates and which corresponds to a sign flip (for the phase). Since
the expected value is interpreted as the averaged measurement outcome over an infinite number of
measurements or shots, we should obtain py — p; which is exactly what we would get by computing
Tr[o.p]. The concept of using projectors to describe the state of a quantum system is what we call
density operator formalism and p is precisely named density operator.

1.1.3 Definition and properties of the density operator

In this subsection, we will define the general density operator for a mixed state and then explain
some of its main properties.



Density operator for mixed states

n n
p=> pilg) (il  with > p;=1 and p; >0, (1.7)

i=1 =
where the states [1¢;) are not necessarily orthogonal to one another, nor are they eigenstates
of a specific basis; our only condition is that they can be written as ket vectors of H. The p;
represent the probabilities of being in the states |1);), respectively.

&

|\

We should emphasize that while the density operator is constructed via projectors, it is not a
projector in general. It is only the case when the state is pure, a notion that will be explained later.

Properties of the density operator

1. p is Hermitian

p=rp (1.8)
2. p is positive semi-definite
(¢lplo) =20 Vo) e H. (1.9)
3. pis trace 1
Tr[p] = 1. (1.10)

4. The trace of pA corresponds to the weighted sum of the expected values of A with respect
to each state |1;), weighted by their corresponding probabilities

Tr[pA] = sz (| A |[¢;) for any operator A. (1.11)
i=1

5. The trace of p? belongs to the interval [0, 1]
0<Tr[p?] <1 (1.12)

This expression can be used as a measurement for the purity of a state and when the
equality Tr[p?] = 1, there exists a pure state [¢) such that p can be written as [¢) ()]

. J

Proofs. The first property comes from the fact that the p; are real and that computing the Hermitian
conjugate of two objects AB is equivalent to computing B AT and thus

<sz|¢z ¢z> ZPZWJ'L sz’—p,

=1

since \¢i>T = (1;]. As a consequence of that, we have that p is unitarily diagonalizable, i.e., there
exists a unitary matrix U such that p = U'XU with ¥ a diagonal matrix. Physically, this means
that we can always find a representation of p using |¢;) that form an orthogonal basis.

The second property can be straightforwardly obtained by developing

(8 plo) = sz (Blepi) (1hilg) = sz ¢|wz >0,

=1



and the equality specifically occurs when the state |¢) has no overlap with any of the state |v;).
The third property is due to the linearity of the trace, we have that

Zpi W%) <¢z] sz TI‘ |wz 1/11 sz =1,

i=1

Trp] = Tr

where we used the fact that Tr [[¢;) (¢;|] = 1, V|¢;) € H which can be proven by choosing an
orthogonal basis { |oj) } of H, with j =1,2,...,d the dimension of the Hilbert space. We can then
compute the trace by assuming that |¢);) admits a decomposition Zz ¢k |¢r) into this basis with
Zz ck|? = 1, which yields

d

d d d
T , 11 = , = crCry (j ! ck[*
T 1 ] = X2 ol (1 ) 6) = 303 3 cuce 510 i) = 3l =1

Sk N

and which concludes this proof.
The fourth property is also obtained using our favorite basis of H, as we have

d d
Tr [ |i) (| A] = Z mm ) (il Aldr) = (il A erlon) = (il Als),
k=1

where we used the definition of the trace then the definition of the ¢; coefficients, then the linearity
of the operator to make the decomposition of |¢;) appear explicitly. We can then use the linearity
of the trace to develop

szTr |¢1 wz|A sz wz’A’wz>a
=1

=1

which concludes this proof.
For the last property, we can use the fourth property along with the last equality in the proof of
the second property. This yields

sz ¢z|p’¢z —Zzplp] QJZ)ZW}J Szzpipjzl‘

i=1 j=1 >0 i=1 j=1

In particular, the equality can only occur if \(1/),;\%-)]2 is always equal to 1, which can only happen
if all ket vectors |¢;) are the exact same. This means that we could rewrite p as |¢) (¢, and thus,
p would be the density operator of a pure state. ]

1.1.4 Quantum mechanics postulates in the density operator formalism

The purpose of this section is to reformulate the well-known postulates of quantum mechanics
for isolated systems using the density operator formalism. The postulates using the ket vector
formalism are taken from Cohen-Tannoudji, Diu, and Laloé’s book, Quantum mechanics, volume
1[37] while the postulates in density operator formalism are taken from Le Bellac’s book Quantum
Physics [38]. Furthermore, these are combined using the postulates for POVM (Positive Operator
Valued Measures) taken from Orszag’s book Quantum optics|35].

11



First postulate

At any time ¢, the state of an isolated quantum system associated with a Hilbert space H, also

called state space, is described through a density operator p(t) acting on the state space, which
is positive definite and trace one.

In the case of an isolated system, p(t) can always be constructed using a single ket vector |¢(t)).

Second postulate

For an isolated quantum system, the time evolution of the density operator p(t) is described by
a unitary transformation U (¢, o):

p(t) = U(t7t0)p(t0)UT(tat0)a (113)

where U(t,tg) = e *H(=%)  The dynamics are equivalently governed by the Liouville-von
Neumann equation

pt) = —i[H, p(t)], (1.14)

where H is the Hamiltonian Hermitian operator of the isolated system.

|\ J

The Liouville-Von Neumann equation is strictly equivalent to the Schrodinger equation,
moreover, is also equivalent to the general solution of the Schrédinger equation . These
can be proven by starting from the density operator for a pure state and computing its time
derivative

pt) = [ (D) (W(b)] + [0 () (W (2)]
= —iH [¢(1)) ()] + iy (1)) (P (1) H
=—i [Hap(t)] ’
where we simply replaced the time derivative of the bra and ket vectors using the Schrodinger

equation ((1.1)) and then rewrote the expression using the commutatorﬂ The other equivalence is
effortlessly proven by replacing the bra and ket vectors of p(t) using the expression ([1.2)). We have

p(t) = [¥(1)) ()]
= e U0 [ytg) (1 (o) €141
= U(t, to)p(to)U' (¢, to).

3The commutator [A, B] is defined as AB — BA.
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Third postulate

Quantum measurements are described by a collection of M; called measurement operators acting
on the state space. The index j refers to the measurement outcome j. Furthermore, the
measurement operators satisfy the completeness relation

S MIM; =1. (1.15)
J

The probability p; of measuring the outcome j is given by the Hilbert-Schmidt inner product
between the density operator and the positive semi-definite operator M JT M;:

pj =T [pM] M), (1.16)

which is also referred to as the Born rule. If the outcome j was measured, the state of the
system immediately collapses into the state

M;pM]

ST [p M;MJ} , (1.17)

Pj

If a measurement is performed without recording the result, the state of the system is given by
the following mixed state

p= ijpj = ZMJ‘PM}- (1.18)
J J

A mixed state is also referred to as a statistical mizture.

& J

The collection of positive semi-definite operators { M j M;}, is precisely what we call a POVM.

The M ]T M; are called POVM elements and are always Hermitian and positive. When the measure-
ment operators M; are orthogonal projectors (M]2 = M; and M; M}, = 0, M;), the POVM reduces
to the standard von Neumann projective measurement framework. POVMs generalize this by allow-
ing non-orthogonal, non-commuting operators and can describe measurements with more outcomes
than the dimension of the Hilbert space. The Hilbert-Schmidt inner product of two operators A
and B acting on the same state space is defined by

(A, B)yyg = Tr [ATB} . (1.19)

One might think that in the case where a measurement is performed without recording the result,
the resulting mixed state is in contradiction with the isolated system quantum mechanics frame-
work. However, in order to perform the measurement, the system must inherently interact with its
environment (the measurement device in this scenario) and is thus no longer isolated. This phe-
nomenon is what we call decoherence, where the emergence of classicality from quantum mechanics
is caused by interactions with the environment. In fact, all non-unitary evolutions of a physical
system are due to its interactions with the environment and if we consider the enlarged system
constituted of the physical system and the whole environment, the evolution remains unitary.
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Fourth postulate

The state space ‘H of a composite quantum system is the tensor product of the Hilbert spaces
of its individual subsystems. For IV subsystems, this is expressed as

N
H=QRQH;=H108H:® - Hn. (1.20)
j=1

If each subsystem j is independently prepared in the state p; (with no correlations or entangle-
ment between subsystems), the density operator of the composite system is the product state

N
P=®Pj5m®p2®'”®/w- (1.21)
j=1

This formalism assumes the subsystems are uncorrelated. For entangled or correlated states, p
cannot be written as a simple tensor product and requires a more general density matrix.

& J

As mentioned above, not all states of a composite physical system can be represented this way.
In particular, correlated states are states that can be represented as statistical mixtures of product

states
n N
Pcorrelated = Zpi ® P}; (122)
=3 i=1

which can be seen as some sort of mixed state for composite systems. Another kind of states are
entangled states, which cannot be written by separating each subsystem with a tensor product. For
example, the Bell state

p =5 (100} + 111} )75 (o0l + (111
= 2 (100) (001 + 00) (11| + [11) (00| + J11) (11 ). (1.23)

cannot be factorized into two separate density operators or expressed as a correlated statelﬂ

1.2 Dynamics of Markovian open quantum systems and steady
state definition

In this section, we will introduce the concept of master equations for open quantum systems and
the corresponding Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation along with its
key hypothesis, the Markovian approximation.

The term master equation was first proposed in 1940 by Nordsieck, Lamb, and Uhlenbeck
to describe a governing equation for the time evolution of probabilities in stochastic systems. Their
insight was that this equation could serve as a universal framework from which other key equations,

4This is not so easy to prove since there is no limit to the number of product states in a correlated state. However,
one way to proceed is to prove that the state can be written as a pure state, which is almost done in the first line of
, and then to argue that since it is a pure state, the total density operator cannot be written as a correlated
state. Then, the only thing left is to prove that it cannot be factorized as p = p1 ® p2, which is already simpler to do.
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such as those for moments (mean, variance, etc.) and equilibrium distributions (e.g., Boltzmann,
Gibbs), could be derived. For example, summing over the master equation’s probabilities yields
mean-field rate equations, while assuming detailed balance recovers equilibrium statistics. The idea
was then generalized by quantum master equations in the context of open quantum systems, by
including non-diagonal elements into the dynamics. A classical master equation is a system of
differential equations for the set of probabilities; this corresponds to only the diagonal elements of
the density matrix. Nowadays, the name “master equation” is used to indicate the unification of
the deterministic (unitary) and stochastic (dissipative) dynamics under a single equation.

1.2.1 The Markovian approximation and the GKSL master equation

The entire derivation of the GKSL master equation will not be done in this WOI“kH however, the
general concepts will still be explained in a more superficial manner. The interested reader can read
the papers of Gorini, Kossakowski, and Sudarshan |5 and Lindblad [6] alternatively, source [40]
provides a pedagogical derivation for the unversed reader. The starting point is to consider the
Liouville-von Neumann equation for the enlarged system containing both the environment and the
system, which is thus assumed to be a closed system. Then we use the partial traceﬂ to elim-
inate the environment degrees of freedom. Afterwards, we use the interaction picture to obtain
an integro-differential equation for pg(¢) depending only on the system density operator and the
interaction Hamiltonian. This equation can then be restricted to second order by using our two
major approximations.

The first one, which is called the Born approxzimation, involves considering a weak coupling
between the system and the environment, which allows us to rewrite the total density operator as

p(t) =~ ps(t) ® pe. (1.24)

From an intuitive point of view, this is similar to considering that the Hilbert space of the environ-
ment has so many degrees of freedom that it is barely affected by its interaction with the system.
To give a classical analogy, this is similar to imagining a gas bottle in space; if we open the bottle,
then no matter how much gas leaks, the space could still be considered empty. The gas would thus
still flow out at a rate that only depends on how much gas is left inside, the size of the opening, and
the nature of the gas, i.e., the current state of the bottle. Now of course, space is not completely
empty and the leaked gas particles are wandering in space and affect the state of the environment
(space). However, this change is negligible on a macroscopic scale and since this particular interac-
tion depends on the macroscopic parameters of the environment (pressure, volume, temperature),
its impact on the interaction is negligible. This is actually the crux of the Born approximation.

The Markovian approxzimation is our second major approximation and central to this thesis. It
simplifies the dynamics by eliminating memory effects, transforming the integro-differential equa-
tion (derived in the interaction picture) into a time-local master equation. While often applied
in tandem with the Born approximation, these are distinct assumptions. The Markovian approxi-
mation is equivalent to assuming that any perturbation in the environment caused by the system
decays on a timescale shorter than any other meaningful system timescale. In contrast, the Born
approximation considers that the interaction is so weak that it cannot significantly alter the state
of the environment in a way that feeds back into the system dynamics. There is significant overlap

5This year, the reading committee will be spared from reading yet again a GKSL derivation.
5The partial trace consists in the operation Trg [p] = ZivE <¢F| p ‘¢1E>, where the {{¢1E>} form an orthogonal
basis of Hg, the Hilbert space of the environment.
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between the two approximations, as a weak interaction inherently generates smaller perturbations
in the environment, which thereby decay more rapidly. Conversely, faster decay of these perturba-
tions reduces their influence on the system-environment interaction dynamics.

To continue our earlier classical analogy, imagine the gas bottle is now in a small compartment
floating in space. This compartment has an opening that connects the inside with the outside; the
size of this opening is directly related to the Markovian approximation. A greater size will cause the
gas particles that escaped the gas bottle to leak out faster. The Born approximation is related to
both the opening of the gas bottle and the size of the compartment. A smaller opening will imply
that fewer particles escape within a given time period, while reducing the probability of an escaped
particle returning near this opening. However, if the compartment opening is too small, particles
will accumulate to the point where neglecting the probability of a particle returning to the bottle
opening becomes invalid. Similarly, if the gas bottle opening is too large, the number of particles
in the compartment will no longer decay quickly enough. These observations allow us to combine
these two approximations into one, called the Born-Markov approximation. If we denote g as the
coupling strength and k as the dissipation rate, the Born-Markov approximation is equivalent to
assuming that the dimensionless |Z| ratio g/k < 1. The classical gas bottle analogy is illustrated in

Fig

Figure 1.2: Sketch of the classical gas bottle analogy for the Born-Markov approximation. The
opening of the gas bottle is too narrow to let particles leak at a significant rate. Conversely the
opening of the compartment is excessively wide, leading to leakage rate too high for the particles
to linger around. Here g can be interpreted as the particle exchange rate between the bottle and
the compartment and k is interpreted as the particle loss rate into space. In the case of the Born-
Markov approximation, we have g/x < 1.

The point of explaining the first part of the GKSL master equation derivation was to introduce
the Markovian approximation and where it intervenes. The rest of the derivation is irrelevant to
understand the remainder of this work and will thus be omitted. The following box introduces the
general form of the GKSL master equation.

"With h = 1, energies and frequencies are dimensionally equivalent.
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Gorini-Kossakowski-Sudarshan-Lindblad master equation

The general GKSL master equation is given by
. . 1
p=—ilH,pl + 3 hij (AipAf = 5 {A]Ai,p}), (1.25)
27‘]

where p abusively designates the density operator of the system pg and not the total density
operator. The time-dependence of the density operator was also removed for readability and H
designates Hg + Hpg, with Hyg the Lamb shift Hamiltonian"} The second term is also referred
to as the dissipator
1
D() = Y hii(4i- 4] - {414, }), (1.26)
/L"j

where {Ay} are arbitrary operators and h is a positive semi-definite matrix. In this general
representation, there is no limit to the number of operators Ay, however it is always possible to
unitarily diagonalize the h matrix such that

0 Y2 ... 0
ulhu = o : : (1.27)
with v; > 0 for j =1,2,..., Né% — 1. And the master equation can then always be rewritten in
the Lindblad form
NZ-1 1
p=—ilH.ol+ X v (LipL - 5{LL;.p}).. (1.28)
J
with
Lj =) ug;Ag, (1.29)
k

the Lindblad operators, which form an orthonormal operator basis, and are now interpreted as
Jump operators and the 7; are interpreted as damping rates. And when the 7; are equal to zero,
the equation reduces to the Liouville-von Neumann equation. The dissipator (in diagonalized
form) and the Hamiltonian commutator, together form the superoperator

L(:) = —i[H, -]+ D(), (1.30)

which is called Liouvillian or equivalently Lindbladian.

“The Lamb shift Hamiltonian represents a correction to the system’s energy levels due to its interaction with
the environment. This renormalization mechanism is analogous to mass and charge corrections in quantum field
theory but arises here at second order in perturbation theory within the Born-Markov framework. In practice,
this contribution is often not considered, simply because the energy levels measured in experiments are always the
corrected levels, while, for theorists, the energy levels are often parameters and not absolute physical constants.
The interested reader may find more information about renormalization theory in this source .

Tt is called a superoperator because it acts linearly on operators the same way operators act linearly on
vectors. Note that the dissipator is also a superoperator.

. J

The GKSL master equation is a cornerstone of open quantum system theory, providing a powerful
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framework to model noise, decoherence, and dissipation. It allowed us to unify unitary dynamics
with environment-induced stochasticity through the Lindblad operators. However, as we have seen,
the GKSL equation relies on both the Born approximation and the Markovian approximation, which
assume weak system-environment coupling and memoryless dynamics. This master equation is thus
not suited to describe non-Markovian systems where the memory cannot be disregarded as well as
systems under strong coupling where dissipative phase transitions (DPT) may occur.

1.2.2 Steady state definition

Now that we have introduced the concepts of master equation and Liouvillian, we can explain
another key concept in this thesis.

Steady state definition

The steady state is a state that remains unchanged over time and is thus unaffected by the
dynamics of the system. It is mathematically defined as

pss = 0, (1.31a)
L(pss) =0, (1.31Db)

where the use of the Liouvillian on the second line does not necessarily imply that we are
studying Markovian systems as we will see later on.

|\ J

Although there exists particular cases of systems for which no steady state exists. Throughout
this thesis, we will assume that a steady state always exists. Furthermore, even though it is
not necessarily unique, for all our intents and purposes, we will assume that it is the case in
this work. Note that systems for which the steady state is not unique arise under very specific
conditions: systems with subspaces immune to dissipation, symmetric Liouvillians, or dissipative
phase transitions. The first kind of systems is not studied in this thesis, and it can even be argued
that these only occur under isolated systems approximations. For the second kind, the steady state
remains unique for a given initial condition, while for the third kind, the degeneracy of the steady-
state space can only happen in the thermodynamic limit (N,V — o00.). In any case, this thesis
focuses on numerical approaches for which these situations do not occur and are thus irrelevant. In
the literature, the steady state is often referred to as non-equilibrium steady state (NESS) in the case
of driven-dissipative systems, to emphasize that the steady state is outside the usual equilibrium
statistics distribution (Bose-Einstein, Fermi-Dirac for example). In this work, we chose to denote
all steady states using the ss subscript in order to avoid introducing too many notations.

1.2.3 Choi—Jamiotkowski isomorphism

We have seen that in order to propagate the dynamics of open quantum systems, we have to use
a superoperator called Liouvillian. And in the case of the GKSL master equation, the Liouvillian
is equivalent to the Lindbladian. However, while we can represent explicitly the density operator
as a matrix, it is difficult to give an explicit representation of a superoperator ﬂ Something that is
possible to do is to vectorize the density operator and use the Choi-Jamiotkowski isomorphism [42],
[43] to map the Liouvillian to an operator which thus admits a matrix representation. What this
isomorphism states is that any quantum channel can be mapped to a quantum state. A quantum
channel is a completely positive (CP) map and the Liouvillian is a particular case called completely

8Since it is equivalent to a rank 4 tensor.
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positive trace-preserving (CPTP) map. The quantum state of the isomorphism refers to a density
operator state and not a ket vector state. As such, this isomorphism allows us to give a matrix
representation for the Liouvillian superoperator. The density operator is mapped from an operator
acting on the Hilbert space H to a ket vector of the Hilbert space H ® H through the following
process

p=2_ruli)Gl = o) = _puli) @Lj). (1.32)

Here we chose to work with the row vectorization convention however, one has to be careful since
the other convention, i.e. column vectorization is also used in the literature. The row vectorization
of the density matrix is obtained by stacking the successive rows of p onto one another:

P11
P12
P11 P12 ... PIN
P1IN
P21 P22 ... P2N
_ . — p21 | . (1.33)
PN1 PN2 ... PNN
P2N
PNN

The dynamics of the vectorized density operator are then given by

1p) = L|p) (1.34)

where £ without parenthesis designates the Liouvillian in matrix form. The definition of the steady
state can be expressed in vectorized form as

L ’pss> = 0. (135)

This means that the steady state is the eigenvector of the Liouvillian corresponding to the eigenvalue
0. In the case of the GKSL master equation, the matrix representation of the Liouvillian can be
explicitly written as

, , 1 1 .
L=-i(HR1-10HT)+) (Lj®Lj—2Lj.Lj®11—211®LJTLj>. (1.36)
J

This can be formally proven by only using the relation
vec(ApBT) = (A ® B) vec(p), (1.37)

where the vec() denotes the vectorization procedure in . The vectorization procedure of the
density operator serves two main purposes. The first one is that we can compute the dynamics,
the eigenvalues and eigenvectors of the Liouvillian by using pre-existing algorithms for matrices.
Moreover, the general solution for the dynamics is given by
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|p(1)) = e |po) , (1.38)

and the steady state is now equivalent to the eigenvector corresponding to the eigenvalue 0. The
second purpose, and perhaps the most important, is that in order to implement the density operator
on qubits (which are described by ket vectors) and the Liouvillian using quantum gates (which are
thus operators), we have no other mean than to use the Choi—Jamiotkowski isomorphism.

1.3 Finding the steady state of a simple open quantum system

This example is taken from [19]. We will consider a particle of spin % subject to an external magnetic
field of intensity hg along the z-axis. The particle will also be affected by a decay process at a rate
~ along the z-axis. The Hamiltonian of the system is then given by

H = hyoy. (1.39)

Furthermore, the jump operator along the z-axis is defined as

o = e "'y (1.40)
2
00
(0. wan
so that the GKSL master equation reads
. . 1 1
p = —iholoz, pl + | 0-poy — Sor0-p— Sposo- |. (1.42)

Technically, we could solve for the steady state using only the equation above. However, to illustrate
the Choi—-Jamiolkowski isomorphism presented in the previous section with an example, we will
apply the vectorization procedure for this system. Since our Hilbert space is of dimension 2, this
means that our density operator is of dimension 2 x 2 and thus, of dimension 4 in vectorized form.
We then have

Poo
Poo  pPo1 po1
= — = . 1.43
P <p10 pll) |p> P10 ( )
P11
Here we chose to work in the computational basis where
1 0 0 0
0 1 0 0
mel=|0. Wwem=[ . meo=[". memw=|
0 0 0 1

The Liouvillian of the system can then be rewritten after the vectorization of the density operator

using Eq. (1.36)) and we have

1 1
L= —iho(ox 1 -1® Uw) + ’y(a_ Ro_ — 50+0- Q1 — 5]1 ® O'+0'_), (1.44)
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where o is defined as

oy = w (1.45)
0 1
() a0
and we used the following equalities
0y =0l (1.47)
o4 = U£, (1.48)
oy =0}. (1.49)

One way to proceed is to apply £ onto the computational basis to explicitly construct its matrix
representation and we have

£10) @ [0) = —+]0)  0) + iho|0) ® 1) — iho[1) ® [0) +~]1) @ 1), (1.50)
L|0) ® |1) = iho|0) ® |0) — %W\@ ® |1) —iho|1) ® [1), (1.51)
L)1) @ [0) = —iho|0) @ |0) — %’y|1) 210) + iho|1) @ [1), (1.52)
L1 @ [1) = —iho|0) ® |1) + iho|1) @ |0), (1.53)

which directly gives us that £ can be explicitly written as

- iho —’iho 0
ihg —3v 0 —ihg
—ihg 0 —3v  ihg

Y —iho ihg 0

L= (1.54)

Alternatively, we could have explicitly computed Eq. using the Kronecker product, however
it is only defined in the second chapter of this thesis and we thus chose not to. The steady state
can then be found by finding the eigenvector associated to the zero-eigenvalue which is equivalent
to solving the following system of equations

P00 - ’ifio —thg 0 £00 0
po1 itho —3v 0 —iho | | po1 0
] = . . = . 1.55
P10 —ihg 0 —3v ihg P10 0 (1.55)
P11 v —thg ihg 0 P11 0

Solving the set of equations by hand or politely asking Mathematica gives us the following solution

4h2 %ivh %i~h T
’p55>unn0rmalized = ( 72+2h3 ’ *,},211423 ) 72242? 1 > ) (156)
which we then have to normalize by imposing the condition Tr[pss] = 1. We then obtain

Ipss) = 4hg  _ 2inhg 2ivhe P+4R3 \T (1.57)
Pss) =\ 278RZ> ~3248h% 72 48h20 248hE ) '

We can convert this back into a density operator

1 4ht  —2ihgy
ss — . 5 1.5
Pas = D0 83 <2zh0’y v? +4hd (1.58)
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which can then be used to compute expected values of operators through the relation using the
trace of the product. Following this we find the following expected values for o, and oy

h
4h0’y 472
<0y> = 2 + 8h2 = ’yhza (159&)
v 0 1+87%
2
— —1
() T = - (1.59b)

9%+ 8h 1+8%

As we can see, the ratio between the magnetic field intensity hg and the damping rate v determines
uniquely the expected values. As such, it is convenient to define the ratio of the two parameters as
h = hg/7 such that the expected values can be rewritten as

4h

< y> 1+8h27 (160&)
-1

(0:) = g (1.60D)

(a) (oy) (b) (02)

Figure 1.3: Density plots of (o) (a) and (o) (b) in terms of hy ranging 0 to 5.0 and ~y varying from

0 to 15. These plots were obtained using eqgs. ([1.60al) and ((1.60b)). We see that points of the same
color are on a straight line, which confirms that the values of (o,) and (0,) depend indeed only on
the ratio hg /7.
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Figure 1.4: plot of (c,) and (0.) in terms of the ratio h = ho/7 from 1073 to 10%. These plots were

obtained using egs. (1.60a) and ([1.60b]).

1.4 Dynamics of non-Markovian open quantum systems

In Section[1.2], we saw how to describe the dynamics of open quantum systems under the Markovian
approximation, using the GKSL master equation. However, in systems with long correlation times
(e.g., low-temperature baths or structured reservoirs), it becomes impossible to neglect memory
effects when describing their dynamics; such systems are termed non-Markovian.

It is crucial to emphasize that the memory of an open quantum system resides entirely in
the environment, and in fact, it is a byproduct of the interaction between the system and the
environment. To illustrate this, recall our classical analogy: a gas bottle within a compartment
floating in space. As we discussed earlier, if the opening of the compartment is narrow or the
opening of the bottle is wide (or both), gas particles accumulate in the compartment before slowly
escaping into space as shown in Fig. Over time, the compartment’s gas concentration reflects
the bottle’s prior states, acting as a memory buffer. Conversely, observing the bottle alone reveals
no information about its past (we cannot infer the initial gas quantity). This is also the reason
why the evolution due to dissipation is non-unitary: it is not possible to revert the evolution and
go back in time.
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Figure 1.5: Sketch of the classical analogy of a gas bottle within a compartment outside the validity
of the Born-Markov approximation. The combined effects of the opening of the gas bottle being
now overly large and the opening of the compartment being too narrow leads to the accumulation
of gas particles within the compartment. These particles now have a chance of returning inside the
gas bottle, impacting the overall interaction between the gas bottle and the compartment. Here ¢
can be interpreted as the particle exchange rate between the bottle and the compartment and « is
interpreted as the particle loss rate into space. For systems exhibiting a strong non-Markovianity,
we thus have g/k > 1.

To accurately describe the evolution of non-Markovian systems, we need to introduce new meth-
ods that take into account the past states of the systems. In this work, we focus on the Hierarchical
Equations of Motion (HEOM) method, which encodes memory effects into auxiliary degrees of
freedom, and benchmark it against Markovian embedding techniques.

1.4.1 Markovian embedding

The first method that we will introduce is in fact not novel: it consists of embedding the physical
system of interest into a larger Markovian system and computing its dynamics using the GKSL
master equation. This method is of course radical and not very efficient; instead of trying to inte-
grate the memory of the systems in the dynamics, it simply takes the whole part of the environment
that contains the memory and propagates its dynamics along with the system’s. At the same time,
it is also the simplest procedure which is why it will be used as a benchmarking tool. To connect
with our classical example, this procedure would be equivalent to considering the entirety of the
compartment along with the bottle, as our physical system, and the interaction between the space
and the compartment could be safely approximated as Markovian due to the immensity of space.

More formally, if we consider a system coupled to a bosonic bath at zero temperature, the total
Hamiltonian is given by

24



Hgp = Hg + Z@kbzbk + Z (gkbkLT + g;;bLL), (1.61)
k k

HE Hint

where Hg, Hg and H,;,; are the Hamiltonians of the system, the bath and the interaction respec-
tively. by is the annihilation operator for the k' mode of frequency @, L is an arbitrary system
operator relative to the nature of the interaction, and g, are the system-bath coupling strengths ﬂ
The spectral density J(w) describes the strength and structure of the interaction between the system
and the bath as a function of the energy w: more specifically, it measures how easily an energy w
can be exchanged with the system (the larger J(w) for a given w, the easier the energy exchange).
It is defined as

J(w) =Y |gk*6(w — @), (1.62)
k

and is related to the bath correlation function (BCF) «(1) through a Fourier transform such that
_ ~ 12 _—i0RT __ 1 > —twT
a(r) = Z |gr|“e = J(w)e T dw. (1.63)
T Jo
k

The BCF is interpreted as a temporal correlation function for the bath E and can be rewritten as

aft) = <B(t)BT(0)> (1.64)

bath
with B(t) the bath coupling operator in the interaction picture E which in our situation (a bosonic
bath) is given by

B=Y"gib. (1.65)
k

In general, the spectral density has a non-trivial structure due to the continuum of modes k.
However, if we consider the particular case where J(w) is a Lorentzian of the form

12

J(w) = (w_ffw; (1.66)

then the BCF would approximately takes the following form [45], [46]
a(r) = ge TRl (1.67)

This corresponds to a pseudo-mode of the bath. The decaying exponential factor represents how
the excitation “disappears” in the environment due to the many degrees of freedom of the bath.
Intuitively, for Markovian systems, « is considered infinite so that any perturbation in the pseudo-
mode of the bath immediately decays. This would correspond to a spectral density that is flat (i.e.,

9We chose to denote the coupling strengths, frequencies using a tilde and the annihilation operator with the letter b
and not the usual a. This is to emphasize that these are different from those corresponding to the pseudo-modes.
However, since in practice, we work with the pseudo-modes, it alleviates the notations to not have the tilde on them
and not the other way around.

10 As such, it can also be interpreted as a propagator.
11n the interaction picture, operators evolve under the free bath Hamiltonian, in our case, we have B(t) =
eiHEtB(O)efiHEt.
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constant). The purpose behind this discussion is that we can extend this idea to a spectral density
which is a sum of multiple Lorentzians

M 2
1 Kj9;
Jw =-S5 (1.68)
W; (W —wj)? + 3

with M being the total number of pseudo-modes. This in turn yields a BCF
M
alr) = Zgjze_zij_”j‘T|. (1.69)
j=1

It has been proven that it is always possible to approximate the spectral density to a satisfying
degree using a sum of Lorentzians [47]—[50]. This scheme is illustrated in Fig.

w1 w2 w3
W

Figure 1.6: Sketch representing how a general spectral density J(w) can be decomposed as a sum
of Lorentzians. The frequency of the pseudo-mode is given by the center of the Lorenztian, the
damping rate by the half-height width and the coupling strength is related to the height (it is not
given by the height however).

Note that is also has been proven that the Lorentzian decomposition is not unique [51]. Perform-
ing this decomposition amounts to coupling the system to a set of pseudo-modes with frequencies w;
which have damping rates x; and coupling strengths g;. The Markovian embedding approach thus
consists in incorporating the system with the non-Markovian part of the environment by adding
pseudo-modes until the enlarged system can safely be considered Markovian. The total system then
evolves according to the GKSL master equation

psB = Ly(pse) = —i[Hsp, psB] + P(psB) (1.70)
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where the subscript SB designates the enlarged system composed of the physical system of interest
and pseudo-modes of the bath (the letter B only designates the pseudo-modes of the bath and
not the bath itself.) and where Ly, designates the Liouvillian of the enlarged system with the
Hamiltonian Hgp being given by

M M
Hgp = Hg + ija}aj + Z (gjajLT + g}-‘a}L) ) (1.71)
j=1 j=1

with a; the bosonic annihilation operator of the pseudo-mode j. And finally, the dissipator is given
by

M
Zli] <2a] a {a;{aj, }> . (1.72)

J=1

An example of a system interacting with the pseudo-mode of a bosonic bath is given in Sec.
where we consider the open quantum Rabi model. It represents an atom, assumed to be a two-level
system inside an electromagnetic cavity.

Exact interaction

<> Narkovian interaction

¢ ' Enlarged system

//////

(Hs ®Hp, Hs + Hg + Hint, psB)

Q Total system

Figure 1.7: Representation of the Markovian embedding approach. The system is enlarged by adding
pseudo-modes of the bath and now contains the exact interaction between the system and the bath.
The enlarged system still interacts with the rest of the bath through Markovian interactions and
its evolution is thus described by the GKSL master equation. However the non-Markovian part is
now contained within the enlarged system.

(He,HE, pE)

We should remind the reader that the enlarged system does not contain the entirety of the bath
but only the part relevant to the non-Markovian interaction. However, even if only a limited portion
of the environment is taken into account, the corresponding Hilbert space has an infinite size (at
each mode is associated a Fock space with an infinite size). This means that in order to numerically
compute the dynamics of the system, we need to introduce a cutoff parameter N¢. It is written in
bold font to indicate that it is a M-dimensional integer vector (N}, N2, ..., NM) such that the N is
the number of Fock states associated to the pseudo-mode w; and thus the corresponding maximum
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number of excitations is N7 — 1. However, in this thesis, we chose to use the same cutoff for all Fock
spaces for simplicity, and we will denote it NV, EL If we suppose the size of the Hilbert space of the
system to be Ng, the length of the Liouvillian (in matrix representation) of the enlarged system,
that we will denote dim(Lyy) is given by

dim(Lys) = NZN?M, (1.73)

It is evident that this scaling becomes rapidly unmanageable for multi-mode systems and systems at
critical coupling where the numbers of excitations in the Fock spaces increase sharply and thus re-
quire a larger cutoff. This is the underlying motivation for finding new methods that are numerically
advantageous for this kind of systems. One such method is presented in the next subsection.

1.4.2 The HEOM method

In this subsection, we will introduce the primary method of this work, to compute the dynamics
of non-Markovian systems, namely the hierarchical equations of motion (HEOM) method. The
derivation will not be included in this thesis as it requires advanced techniques such as the path
integral formalism; however, a physical intuition will be provided instead. This method was initially
developed by Yoshitaka Tanimura and Ryogo Kubo in a paper published in 1989 [11] and was then
polished multiple times by the former [52]-[55]. It is a non-perturbative numerical method to
propagate the dynamics of non-Markovian open quantum systems. The form we use in this work
stems from these sources [56], [57]. When the enlarged system is initially in the state p(0) =
ps(0) ® pp(0), the exact dynamics of the system can be described by the following set of equations

r

pnm) — [ Hg, p<n,m>] — (w* -1+ w-m)pmm

M
+>° (Gjnij(“f_ ™ 4+ Gmyp™™ L+ [0, L] + |1, o)) >
j=1
(1.74)
with n = (ny,na,...,na), m = (my,ma,...,myr) vectorized sets of multi-indices in NM, w =
(wy,ws, ..., wy) € CM, w; = Kj +iwj, a-b = Zj\il a;b; the inner product on CM and n;-t =

(n1,...,n; £1,...,np). For a bosonic bath, the G; are real and simply equal to gjz. At first
glance, Eq. seems a bit overwhelming however, this is simply a fancy set of linear coupled
master equations. The notation p(™™) signifies that we use multiple density operators to accurately
describe the dynamics. More precisely, p(®9) corresponds to the density operator of the system and
all ancillary operators serve as memory cells for the system. The memory is encoded by taking
into account the build-up correlations between the system and the environment. As time evolves,
the ancillary states will become gradually populated through the Gjn;L and G;‘fmjLJr terms (the
greater G;, the faster this will happen). These populations will decay through the (w* - n + w - m)
terms (the greater x;, the faster this will happen), however at the same time, they will influence the
ancillary states closer to the system density state through the L and LT commutators. In theory,
the number of ancillary states is infinite, nonetheless, it can be truncated at higher n; and m;

12The earlier part was written to emphasize that using a single cutoff for all Fock spaces is a choice made to simplify
the convergence analysis made latter in this work. Nonetheless, it is technically possible to choose asymmetric cutoffs
and achieve similar convergences at the cost of having M degrees of liberty instead of 1.
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by assuming that these states will remain too weak to influence the dynamics. The advantage of
HEOM is that this truncation can be chosen to be triangular such that only states for which

M

Z(nj + mj) < Kmaan (175)
=1

are taken into account, where K,,q, € N is the corresponding cutoff parameter. This implies that
the total number of ancillary states (+ the system density state) is given by [58]

(2M + Kpaz)!

R (1.76)

#p =
We can also vectorize (|1.74]) using Choi-Jamiotkowski isomorphism however in practice, we have

to assign an order for the ancillary states to construct the matrix representation of the HEOM
Liouvillian, which can be chosen arbitrarily. The equation ([1.74]) in vectorized form reads

.
M poni)

}:Q%WL®1vmim>+Gp@1®L*
> ((rer-rten) o™ ™)+ (LTe1-10L) [pm0)),  (1L77)

<
=

Jj=1

which is independent of the ordering of the ancillary states. In order to provide the reader with
a stronger intuition of the HEOM method, we will restrain equation (1.77) to only one mode, in
this scenario we have [56]

‘ p<n,m>> —D,,. ‘ p<n,m>> YA, p<n—1,m>> + B, ‘ p(n,m—1>>

+ O ptrttm) — ot [l (1.78)

where the corresponding submatrices are defined as

Dpm=—i(Hs®1-1® HE) — ((n—m)iw + (n+m)r) 1 @ 1, ( )
A, =GnL®1, (1.79Db)
B,=G'ml®L", ( )

C=19L-L'®1. ( )

To construct the matrix representation of the HEOM Liouvillian we order the density operators
using the following logic, taking K., = 2 as an example:

9= (|00, o0 02 |,00) [0 |e0))". (1.80)
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The matrix representation are given for K., = 1 and K4 = 2 below

Dy -Ct C
LHEOM(K’I’R(IQ? = 1) = Bl D()l 0 5 (181)
A1 0 Dy
Do -Ct 0 C 0 0
Bi Dy -Ct 0 C 0
.. | 0 By D 0 0 0
Lrarom(Kmaz = 2) = A0 0 Do -Ct C (1.82)
0 A 0 By D 0

0 0 0 Ao 0 Dy

Figure provides a diagram representing the interactions between each density operator up to
Kz = 3. We intuitively understand how K4, relates to the memory of the system, as a greater
Kao increases the memory depth to which an interaction can propagate and also allows density
operators deeper in the memory to intervene in the total system dynamics. From this, we understand
that the length of the Liouvillian for multi-modes systems, in terms of the cutoff K., is given by

, OM + Koax)!
dlm (ACHEOM) = N‘gv ( )

ROV (1.83)

1.4.3 Markovian embedding VS HEOM

Compared to the dimension of the enlarged system Liouvillian , it is not straightforward to
show the advantage of the HEOM method. In this section, we only provide a rough argument for
this by comparing the typical dimensions of the HEOM and Markovian embedding Liouvillians.
Later on, we will provide quantitative results showing that indeed the HEOM Liouvillian gives rise
to a given precision using less computational resources than the Markovian embbeding Liouvillian
in specific models and parameter regimes.

Now we will consider that N, — 1 E and K4, scale similarly, which is justified by the fact that
in order to measure the same correlations, both cutoffs should be equal [56]. From Eq. , the
leading order term in K., is given by NV g(Kma$)2M /(2M)!. This means that the ratio between the
dimensions of the HEOM Liouvillian and the Markovian embedding Liouvillian goes to 1/(2M)! as
K and Ne — 1 go to infinity. In general, combining and and using Kpqp = N — 1
leads to

dim (»CHEOM) _ (2M =k Kmax)! (1 84)
dim (Lar) M) K (Ko + 12V '

and plotting this equation in terms of the cutoff K,,,; and the number of modes M yields the
plots in Fig. As we can notice, the HEOM method provides an extreme advantage for multi-
mode systems. At only 4 modes and around K,,,, = 10, the ratio is already at the order of 1/4000,
this corresponds to dim (Lggom) = 43758 N2 and dim (L) = 214358881 N2. Furthermore, even
if K,qe and N, — 1 did not scale similarly, Fig. shows that for multiple modes, the HEOM
method is often advantageous even when its cutoff is larger than the Markovian embedding cutoff.
Furthermore, we see on the graph the white line indicating the relation K4, and N, should have for

BWe consider N, — 1 because the argument considers the cutoff as the maximum number of photons and not the
maximum number of Fock states.
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Figure 1.8: Representation of the one-mode HEOM method. The interactions between the density
operators are shown by the blue and red arrows, where the red arrows represent the propagation of
information deeper into the memory while the blue arrows represent the resurgence of information
going to lower depths of the hierarchy. K., indicates the depth of the hierarchy as a triangular
truncation scheme with n 4+ m < K,,4.. The corresponding interaction matrices are also shown, for
example, the red arrow going from p(92) to p(®3) indicates that p(©3) = Bsp(0:2) + (...). Although
it is not shown on this figure, each density operator also evolves depending on their actual state.

their corresponding Liouvillians to have the same dimension. Furthermore, this line seems straight
and its slope is roughly around 1/M. This can be explained by computing the logarithm of the
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Liouvillian where we replace N, by Kq + 1, in terms of the number of pseudo-modes M ranging

Figure 1.9: 3D bar plot of the base 10 logarithm of the ratio between the dimensions of both
from 1 to 15 and the cutoff K,,,, varying from 0 to 50.

ratio explicitly and solving for when it is equal to 0, i.e.,

(1.85)

dim EHEOM

log <

which is of course equivalent to solving

(1.86)

s approximation which

)

(1.87)

I

2M
e

Kmaz ~

Considering M large enough and K4, > 2M, we can then Use Stirling

yields

which confirms our observations.
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Figure 1.10: Density plots of the base 10 logarithm of the ratio between the dimensions of both
Liouvillian for (a) M = 2 and (b) M =5, in terms of both cutoffs each ranging from 1 to 50. The
colormap is chosen as to highlight where one method is advantageous compared to the other. The
white cells thus show where both Liouvillians have around the same size.

1.5 Finding the steady state of the open quantum Rabi model
using the HEOM method

The Rabi model describes an atom assumed to be a two-level system coupled to a single-mode
electromagnetic field inside a lossy cavity. In this scenario, the dynamics of the atom can be non-
Markovian depending on the photon loss rate. Indeed, if the cavity loss rate is small, an emitted
photon by the atom inside the cavity is likely to stay around for while and thus be susceptible to
be reabsorbed by the atom. However, if one includes the cavity mode in the system description,
the dynamics of the enlarged system is typically Markovian (as the coupling of the cavity mode to
the outside electromagnetic field throught the cavity mirror is well described within a Born-Markov
approximation). The Hamiltonian of the enlarged system for such a Markovian embedding approach
is given by

HRrapi = woos + wala + g(a+ aT)az, (1.88)

where Hp,p; corresponds to Hgp in the expression . As such, the first term, which corre-
sponds to the atom Hamiltonian, is identified as Hg, the second term, which corresponds to the
electromagnetic field Hamiltonian for the cavity, is identified as Hp and the last term, which rep-
resents the energy of interaction, is thus identified as Hj;,;. Furthermore, we identify L as o,. The
dissipator for this system is given by

7

D() = H<2a al — {aTa, } ), (1.89)

\

with k the damping rate of the cavity. This means that the bath is characterized by the correlation
function
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a(r) = gPe T, (1.90)

Having only a single-mode, the HEOM expression Eq. (1.78)) and the Liouvillian takes the corre-

sponding form ((1.81)) (1.82)) for K4, = 1,2. By following the same process used in Section we
can compute each of the submatrices in (1.79), we find

dpm 0 0 0
|l 0 dpm — 2iwo 0 0
Dum =1 0 dpm + 2iwg 0 |’ (1.91)
0 0 0 dnm,
dpm = — ((n —m)iw + (n+m)kK), (1.92)
0 0 ¢>n 0
10 0 0 ¢°n
0 ¢*>» 0 0
0 ¢>m 0 0
2
_lgm O 0 0
Bm=1", 0 0 oml| (1.94)
0 0 ¢*>m 0
0 1 -1 0
1 0 0 -1
=11 0 o 1 (1.95)
0 -1 1 0

Plugging these into ((1.81)) and ([1.82]) and then solving the homogeneous system gives the following
expressions for the normalized steady state

0,0)y _ (_F*H(w—2w)? R (wr2w0)® \ T
|p§5 )>> - (2(n2+w2+4w3) 0,0, 2(n2+w2+4w3)> (1.96)
for Kipaz = 1 and
0,00w _ [ _29>+r>+(w—2w0)? 2% +r2+(w+2w0)2 \ T
|pgs )>> — (2(292+52+w2+4w02) 9 07 07 2(2g2+m2+w2+4w02>> (197)

for Kiner = 2. If these were converted back into matrices, the off-diagonal elements would be 0,
which means the steady state has expected values for o, and o, which are equal to 0. This is
expected as the Rabi model possesses a Zo symmetry which implies that the parity is conserved
and o, and o, do not preserve the parity [59]. The expected values for o, are then given by

—4wwy
N=—""" 1.98
8 K2+ w? + 4wd (1.98)
for Kz = 1 and A
(02) Bited (1.99)

- 292+n2+w2+4w3

for Kinar = 2. Here we can see that the expression for K., = 2 only brings a g2 correction in
the denominator. Analytically solving for higher cutoffs is not very practical as it requires solving
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linear systems of increasing size. Furthermore HEOM is a numerical method in essence. Instead,
we can thus compute numerically for different values of ¢ and K4, as shown in Figures and

.12

—o— ¢ =0.5w
—0.151 —o— ¢g=10uwp

2 A 6 8 10 12 14
K7na1

Figure 1.11: Expected value of o, in the case of the Rabi model for progressively larger values of
Kz, where Kiq, ranges from 1 to 15, and for different values of g/wg starting from 0.5 to 2.5
by increment of 0.5. The dimensionless parameters w/wp = 1.0 and k/wy = 2.0 were used for the
computations. The HEOM method requires a larger K4, for higher values of g to reach the desired
precision.
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Figure 1.12: Expected value of ¢, in the case of the Rabi model for progressively larger values of

g/wo that ranges from 0.1 to 1.5 by increment of 0.05 for different values of k/wyg, using K4, = 15
and w/wy = 1.0.
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1.6 Summary

This chapter introduced the reader to open quantum systems. We explained why the ket vec-
tor formalism was insufficient and presented the density operator formalism. The quantum me-
chanics postulates for isolated systems were restated using this formalism. We then introduced
the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation governing Markovian open
quantum systems. Subsequently, we defined the steady state. Following that, we discussed the
Choi-Jamiolkowski isomorphism to map the density matrix to a ket vector. We provided a simple
example of an open quantum system and demonstrated how to classically find its steady state; this
same example will return in Chapter [3| for applying Ramusat and Savona’s quantum algorithm.
Finally, we presented two methods for exploring non-Markovian dynamics: the Markovian embed-
ding approach (used as a benchmark) and the HEOM method. The open quantum Rabi model was
introduced as a non-Markovian example and will also be reused in Chapter [3| to benchmark this
thesis’ quantum algorithm.
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Chapter 2

Quantum information and
computation

“Quantum mechanics is just completely
strange and counterintuitive. We can’t
believe that things can be here and there
at the same time. And yet that’s a
fundamental piece of quantum mechanics.
So then the question is, life is dealing us
weird lemons, can we make some weird
lemonade from this?”

Seth Lloyd 2011

In this chapter, we will introduce the reader to the basics of quantum computation. In the first
section, we will first explain the concepts of computational basis, quantum circuits and the general
quantum gates. The next sections will be dedicated to presenting some well-known quantum algo-
rithms which are frequently used as subroutines in general, namely the quantum Fourier transform
(QFT) and the quantum phase estimation (QPE). These subroutines are precisely what we will use
in the next chapter regarding the quantum algorithms for open quantum systems. The last section
of this chapter is dedicated to the Suzuki- Trotter expansion, which is a method used to approximate
specific quantum gates. The majority of this chapter originates from Nielsen and Chuang’s book,
Quantum Computation and Quantum Information [15).

2.1 Fundamental concepts

2.1.1 Conventions and notations

We should mention that although we have spent the previous chapter of this thesis developing the
formalism related to open quantum systems, in quantum computation, it is assumed that the state
of the system is described using ket vectors and the isolated systems formalismﬂ Furthermore, we
work in what is called the computational basis, i.e., the eigenstates basis of n two-level systems,

Which is also why quantum computers have not yet realized their full potential. The hardware must be extremely
well isolated for extended periods of time in order to produce reliable results.

37



which we call qubits. The corresponding states for a single qubit are

m=(y).  w=()). 1)

where |0) corresponds to the excited state and |1) is the ground state. In this context, the eigenstates
for two qubits are given by

0) ®[0) = |00) = , oo =101 =

He=mo=[1]. Hep=1)=

O R OO O O o
_ o oo O oo

where we use the vector and matrix representation of the eigenstates by using what we call the
Kronecker pmdumﬂ which is simply the representation of the tensor product for discrete bases. It
is defined for two 2 x 2 matrices by

A <a11 a12> B <b11 b12>
ag21 a9 ’ b21 b22 ’
a11bi1  anbiz  aebin  aiabio
anB a2B a11bar  aiibaa  aizbar  ai2b22
A® B = = . 2.2
<a21B a223> ag1bi1  az1biz  azbin  azebio (22)
a21ba1  a21baa  azsbar  azzbar

-

Although we have only shown the explicit product of two 2 x 2 matrices for convenience, the
product is valid for any combination of two matrices of any size (the two matrices do not have the
same size in general). More specifically, the Kronecker product is the map ® : C" x C" @ CP x C? —
C"*P x C™*4, We can see from this that the number of eigenstates available using n qubits
is 2" and that any operator acting on the total Hilbert space has a size 2™ x 2". We often
use the notation |j), where j is an integer between 0 and 2" — 1, to represent the basis state
|70J1 -« Jn—1) = |Jo) ® |J1) ® -+ @ |jn—1), where joji ... Jn—1 is the binary representation of j. For
example, |5) = |101) = |1) ® |0) ® |1). If the system has more than 3 qubits, it is implicitly
understood that the remaining qubits are in the state |0). This convention allows us to refer to
a computational basis state using the decimal representation of the corresponding binary eigenstate.

Let us now introduce the notion of Pauli strings [60]. A Pauli string is defined as
N-1
P=@Q) o, (2.3)
j=0

with 07 € {12x2, 04, 0y,0:}. These are operators that act on N qubits and form an operator basis,
which means that any operator can be decomposed into this basis, using the Hilbert—Schmidt inner

2 Although this product is called after Leopold Kronecker, the first person to define it was actually Johann Georg
Zehfuss https://en.wikipedia.org/wiki/Kronecker_product!
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productﬂ defined as (A|B)yg = Tr[A*B]. It is convenient to rewrite the Pauli matrices with the
notations I, X, Y and Z and write any Pauli string in a compact form such that for example

Ioyo®o, ®oy®o, =1XYZ, (2.4)

which illustrates why they are called this way. It is used everywhere in quantum computing[61]
notably, to efficiently implement any measurement operator on a quantum circuit. It is also an
active field of research, as several individuals have recently proposed different algorithms to achieve
a computational advantage for computing the decomposition more effectively [60], [62]. It allows to
understand more intuitively how a gate is applied qubit-wise, and thus how to construct a specific
operator in a more accessible way.

2.1.2 Quantum circuits and frequently used quantum gates

In this subsection, we will present the concept of quantum circuits and the different conventions
employed. A quantum circuit is composed of horizontal lines (wires), each representing a qubit
with the time going from left to right. At the initial time, the qubits, unless stated otherwise, are
all assumed to be in the state |0). The circuit is appended with quantum gates, which are unitary
operations E| that have matrix representations. Below, we give an example of a quantum circuit.

0) —{a}— ]

\
C
\
0) —{ B} (DA

Here we explicitly indicate that the qubits are initially in the state |0), we apply the gate A on the
first qubit and the gate B on the second one. There are two main conventions used in quantum
computing, the first one, is to consider the lowermost qubit corresponding to the last qubit and the
other convention, which is the one used in Qiskit E|, is the exact opposite. In the first convention,
the state obtained at the dashed line (which is simply used to visually separate different parts
of a quantum circuit) would be [¢)) = A|0) ® B|0) ﬂ In the second convention (i.e., the Qiskit
convention), we would have |¢)) = B|0)® A |0). Unless stated otherwise, the first convention is what
we use in this thesis. Then we apply the C' gate which is a two-qubit gate. It is often implied that
such gates cannot be factorized as a Kronecker product of two one-qubit gate (i.e.,C # Cy ® Cs) ﬂ
We then apply what we call a controlled-gate, where the black dot signifies that the first qubit is the
“control” qubit and the second the “target” qubit, in the sense that the gate D will only be applied
on the second qubit if the first qubit is in the state |1) (otherwise nothing happens). We have to
emphasize that no destructive measurement is applied on the first qubit to determine whether the
D gate is applied or not. If the state of the qubit before this gate is |z) ®|y) = (20 ]0) + 21 |1)) @ |y),
then the state after the controlled-D gate is given by z¢ [0) ®|y)+ 1 |1) @ D |y). The attentive reader

3Be careful that the braket notation is used in the context of an inner product, these are operators and not ket
vectors.

4The operations are unitary because in quantum mechanics, these are the operations which conserve the norm of
a quantum state, which is interpreted as the total probability and must always be equal to 1.

5Qiskit is a library in Python to build and simulate quantum circuits https://github.com/Qiskit/qiskit. Al-
though it was not done in this thesis, these circuits can also be sent on IBM quantum computers.

5From this, we understand that applying the gate A on the first qubit is equivalent to applying the operator A® 1
on the whole circuit, where 1 is the identity operation that leaves unchanged the state of a qubit.

"However, it is always possible to find a succession of one-qubit gates such that C' = ]_[j C1j ® C2; when the C
gate creates no entanglement.

39


https://github.com/Qiskit/qiskit

will have understood that the controlled-gates are what we use to create entanglement in quantum
circuits. The last gates, which are in fact not gates since they are not unitary, are measurement
applied in the computational basis. For example, if we assume that our state before the measurement
is [1)) = a|0)®|0)+B0)®|1) +7|1)@|1) with |a|?+|B]2+|7|? = 1, then the measurement outcomes
are 00, 01, 11, with probabilities |a|?, |3|? and |y|?, respectively. Furthermore, the state is then
projected on the eigenspace associated to the measurement outcome.

Additionally, we use the following notation

to designate a wire carrying a classical bit and
*//L

to indicate that the wire carries n qubits. The table below presents the frequently used one-qubit
gates along with their matrix representations:

Gate Circuit Matrix
Hadamard L L
acama NAVEES!

Pauli-X (NOT gate)

(10)

B

£
(o)
e 5 (o)
/5 (T) (o o)

Among the above gates, the Hadamard gate is one of the most important in quantum computing,
owing to the fact that it is the gate required to create superpositions. Indeed, if we apply the gate
on the states |0) and |1) we have

- )0- 50 e
-5 )05 g es

where we assume that the context is enough to distinguish whether H is used to designate the
Hamiltonian or the Hadamard gate. From its matrix representation, we can effortlessly see that the
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Hadamard gate is Hermitian, it is also unitary since

HH'=HH = % G _11> G _11> = ([1) 2) =1, (2.6)

which means that applying H on (2.5a]) and (2.5b]) will give |0) and |1) respectively. Although these
are less important, the Pauli gates are also worth mentioning, these are exactly the same operators
as in the previous chapter however, they are referred to using I, X,Y, 7 instead of 1,0,,0y,0,
which is simply a convention in quantum computation. The Pauli-X gate is also referred to as the
NOT gate since it flips |0) and |1) (which is also why it can be used to represent a bit flip) and in
general for a state |¢)) = a|0) + 1), we have

X [y) = ((1’ é) (g) - (ﬁ) — 510) +al1). 2.7

The Pauli matrices are also the generators of the special unitary group of degree 2 or SU(2), which is
the group containing unitary 2x2 matrices and of determinant 1. In other words, all unitary matrices
2 X 2, i.e., any one-qubit quantum gate can be generated by computing the matrix exponential of
a sum of Pauli matrices. It is understood by the fact that the Pauli matrices form a basis of the
Hermitian basis vector space and that any unitary matrix can be written as the exponential of a
Hermitian matrix times ¢. This last assertion is easy to understand when we consider a Hermitian
matrix M, and U such that

U=eM, (2.8)
If we compute the Hermitian conjugate of U, we obtain
Ut — (eiM)T e (2.9)
which directly yields
uut =1, (2.10)

which is the definition of a unitary matrix. In particular, each Pauli matrix generates the rotation
on the Bloch sphere along its corresponding axis, for example, a rotation of angle 6 along the z—axislﬂ

is obtained by computing
. Lo
R,(0) = e—300: _ (e 02 629> ) (2.11)

With rotation operators, it becomes possible to describe any unitary operator, for example, any
arbitrary one-qubit gate can be decomposed the following way

[ U = ¢ R,(8) R, (7)R. (), (2.12) ]

with a, 8,7,0 € [0, 27].
We can similarly introduce some of the notorious two-qubit gates, we have the following

8Tt is not direct to see how the rotation comes along on the Bloch sphere, the z,y, z coordinates are obtained by
computing the corresponding expected values of (o), (oy), (7.). As such, the rotation is not applied directly on the
x,, z coordinates but on the ket vector from which we compute these coordinates.
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Gate Circuit Matrix

1 000
01 00
controlled-NOT — 00 0 1
— O 0 0 1 0]
[1 0 0 O]
0 010
0 0 0 1
[1 0 0 0
01 0 0
controlled-U 0 0 Upr Ups
0 0 Uy Us

where the controlled-U gate at the end is there to indicate the representation of an arbitrary
controlled-gate and U;; corresponds to the element 4,j of the matrix representation of U. The
target sign for the controlled-NOT gate is used to indicate a modulo two addition, it is exactly
equivalent to the X Pauli matrix and both are used interchangeably. The cNOT gate is remarkable
as every arbitrary controlled-gate is built using cNOT gates and as such, it is the true source of
entanglement in quantum computing. The SWAP gate is implemented using 3 cNOT gates and as
its name suggests, it swaps two qubits, for example

SWAP (|z) @ [y)) = |y) @ [z) . (2.13)

Furthermore, the entanglement that could exist between one of the two qubits with a third qubit
is passed on with the SWAP gate. The idea behind every quantum algorithm is to use this set of
gates to obtain specific desired results. The quantum advantage is generally achieved through the
use of the Hadamard gate to generate superpositions and the cNOT gate to create entanglement.

2.2 Quantum Fourier Transform

In this section, we will introduce our first quantum algorithm, namely the quantum Fourier
transform (QFT ). Although it is notoriously associated to Peter Shor due to its famous application
in his algorithm [63], its discovery is associated to Coppersmith [64]. The quantum Fourier transform
is a key subroutine in many quantum algorithms and in particular in the quantum phase estimation
algorithm which will be presented in the next section. The QF7T possesses a spectacular advantage
compared to its classical counterpart, the fast Fourier transform FJF7T . The former performs with
an exponential advantage compared to the former. However, this apparent advantage warrants
careful consideration, as we will discuss in more detail later.

2.2.1 Definitions and properties

Classically, the discrete Fourier transform is a mathematical operation that takes a vector of complex
numbers xg, ..., xy—1 with IV being the length of the vector which remains fixed. It then outputs
the vector of complex numbers g, ..., yny_1 where
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N—
E—Z L (2.14)
VN =

There are different conventions being used. In this case the exponent has a positive pre-factor
in its argument but the most common convention has a negative one. Furthermore, some remove
the 1/v/N factor and append a 1/N factor in the inverse discrete Fourier transform. The quantum
Fourier transform does exactly the same thing as a discrete Fourier transform but with different
notations. It acts upon the ket vectors of the computational basis (]0...00) ,|0...01),...|1...11)) such
that

N—
QFT |j) = Z 2imgk/N |y | (2.15)
k:

If we consider any ket vector |x) that can be expressed in the computational basis |j)

@) = > w;li) (2.16)

then the quantum Fourier transform will output the ket vector |y)

N-1

ly) = Q]:TZ%U

€21'7rjk/N ‘k)
xj62i7rjk/N |k>

where the y; are then given by
;| Nl
2imjk/N
> mje : (2.18)
VN &

which is exactly the same expression as in the classical discrete case. This transformation is unitary,
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it can be seen by proving that the ket vector |y) conserves the norm of |z)

N-1 1 N-1 1 N-1
_ —2imjk/N . 2imj'k/N
=3 (3 55 e
k=0 \/N =0 VN /=0
N—-1N-1N-1
l 2271' —j)k/N
N

1 N—-1N-— ) N-1N-1 1 —62“7(3 —7)
N Z ’$J| T Z Z j 5L’ 1— 2271'(] —j)/N
k=0 j=0 J =0 j'#j
N-1
=) =l
7=0
— (o), (2.19)

where we used the formula for a geometric sum to go from the second to the third line and separating
the case where j = 5’ as the formula cannot be applied in this case. The second term in the third
line vanishes because j — j’ will always give an integer which means that the numerator will always
be equal to 0 while the denominator will always be different from 0 because of the 1/N factor in
the exponential.

The constant N is usually expressed in terms of the number of qubits ¢ of the system as N =
2!, Furthermore, we represent the number j in binary representation j = joji...jr—1 = jo2! ! +
712072 + .+ 5:-12°. We will also use the notation 0.j1js...j; to represent the binary fraction
1271452272 + ... +5;27" so that we can rewrite the quantum Fourier transform in its product form

(’0) + 622'7r0.jt ‘1>) (‘0> + 62i7r0.jt_1jt ’1)) (’0> + e2i71'0.j1j2...jt ‘1>)

QFT |jrja---ji) = ot/2

(2.20)
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This equality can be proven by starting from (|2.15|)

2t—1
QIT‘] Z 2imjk/2t ‘k
t—1_
_ L Z eQz‘m’le—l I 22 1€2i7rjk/2f—1 k)
\/? k1=0 k=0
1 1 1
_ i Z e2i7rjk12_1 ]k > Z e2i7rjk22_2 |k: > Z €2i77jkt2—t ]k>
\/? 1 D) een t
k1=0 ka=0 k=0
1
® Z 2imyk 2~ l|]{7
€ l
f =1 \im

@ 0+ n)

B (‘0> 4 e2im0-j¢ ’1>) (|0> 4 e2im0-ji—1]t ‘1>) (|O> 4 e2im0-j1g2.-Jt |1>)
- 9t/2 ’

where we factorized the first qubit to get from the first to the second line, and then we did the
same operation for all the remaining qubits to get from the second to the third line. To go from
the fifth to the last line, we used the fact that only the binary fractions of j2~! will have relevant
contributions, that is, 0.5;—j4+17¢t—142---J¢-

2.2.2 Circuit implementation

With the quantum Fourier transform being linear, the formulation (2.20f) allows us to almost directly
guess the associated quantum circuit, which is conveniently represented in Figure We must
bear in mind that SWAP gates are required after the circuit. The Ry gates are defined as follows

1 0

To prove that the circuit of Fig. works, we can compute progressively, starting with the first
qubit. We can rewrite the effect of the Hadamard gate as

Hl|zy) = 0) + X071 |1)) (2.22)

1
V2
owing to the fact that H |0) = % (10) 4+ |1)) and H |1) = % (|0) — |1)). Applying the controlled- R
gate on the first qubit yields

Ryt 20 |1)) @ |2,) = <‘0> 1 g2im0.ay 2imas/2? ’1>) 2 |za)

f (10) +
(10) + #™0m122 1)) @ |a) (2.23)

Sl =Sl

since 1272 = 0.0z5. Following the same procedure, we apply the remaining gates on the first qubit

and we have the state ]

55

|0> 2i7r0.:c1x2..vxt ’1>) & |l’1(L‘2...JIt> . (224)
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1) Ri_1H Ry |
|z2) EHRQF”#RtJHRt—IF”

|3)

’J;t_1> Ry
|2¢) _.

Figure 2.1: Quantum Fourier transform circuit for ¢ qubits. Although it is not explicitly shown,
SWAP gates are required at the end of the circuit to set the qubits in the right order.

We can do the same type of computation on the other qubits, and we trivially get the final state

1

Q.FT‘.CleQ...wt) = W

(’O> + e2i7r0.x1:v2...a:t |1>) (|0> + €2i7r0.x2...a:t |1>) (‘O> + eQinO.xt |1>) , (2'25)
which is the exact same state as but in reverse order, hence the use of SWAP gates at the end.
As said previously, here we assumed the initial state to be an eigenstate of the computational basis,
however, as the QFT is linear, any linear combination of states will go through and the circuit will
remain valid. It is also necessary to point out that the other commonly used convention discussed
in the previous section, which consists in considering that the lowermost qubit on a circuit (which
would be |z;) in our case) corresponds to the leftmost qubit in the ket vector, would lead to the
circuit being upside down.

It is useful to introduce an explicit compact notation for the QF7 which encompasses all the
gates in the circuit in Fig. We easily have

t t
orT=][| 1] ¢R:-is: | Hi (2.26)

i=1 \j=i+1

where the notation c"R]" means that we apply the controlled-Rj, gate on the mt qubit with
the n'" qubit being the control.
2.2.3 Complexity analysis and further discussions

We can also easily evaluate the complexity of the quantum Fourier transform, we apply Hadamard
gates on all qubits, furthermore, we recognize that the controlled- Ry gates follow an arithmetic sum
and finally, we need /2 SWAP gates (Technically it is ¢/2 if ¢ is even and (¢t —1)/2 = t/2 if ¢ is
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odd) and a SWAP gate requires 3 cNOT gates which means that in total we have

1 3
#gates =1+ §t(t - 1) + 575

= %ﬂ + 2t. (2.27)
Thus, we have that the circuit of the algorithm has a O(t?) scaling. By way of comparison, the
FFT (fast Fourier transform) has a scaling of O(¢2!) [65]. This represents an exponential speedup
over the best-known classical algorithm, however, it is important to stress that the QF7T cannot be
directly used in everyday life for digital applications such as signal processing for example. Indeed,
the amplitudes of the state are not known and require an exponential number of measure-
ments to know them with sufficient precision to be converted in classical bits, making it unsuitable
for such purposes. Nonetheless, for applications for which only one information has to be extracted,
the OFT can generally be used to outperform classical algorithms. It is notably the case for the
renowned Shor’s algorithm [63] which is a quantum algorithm for prime factorization of integers.
Shor’s algorithm uses the quantum Fourier transform to find the period of a function, effectively
extracting only one information.

Unfortunately, in the present day, quantum processors have layouts with limited connectivity
between qubits. For example, the typical layout of an IBM quantum processor can be seen in
Fig. For this kind of processor, qubits have at most three neighbors and most only have two,
meaning they are on a 1-D array ﬂ Knowing this, it is rather evident that the circuit in Fig. [2.1
cannot be directly used or has to be appended with a considerate amount of SWAP gates, and thus
cNOT gates, to be effectively implemented. As a consequence, the real number of gates, in the case
of a 1-D array (linear nearest neighbor), would scale as O(t3). It is easy to understand why; when
summing over the Ry gates, we have to multiply by the number of lines that separate two qubits.
Instead of summing over integers, we thus sum over squared integers which scale cubically. This
problem is well known, and multiple people [67]-[71] have proposed adaptations of the quantum
Fourier transform for various qubits layouts and especially for linear nearest neighbor architectures.
The most efficient implementation thus far, was recently proposed by Klaver et al.(2024) [72]. They
introduced a formalism that leverages the tracking of parity quantum information to enable the
implementation of algorithms on devices with restricted connectivity, eliminating the need for addi-
tional qubits, SWAP operations, or qubit shuttling (i.e. physically moving the qubits so that they
can interact). In their analysis, the exact total number of gates required is #gates = %tQ + %t -3, fur-
thermore, the total depth (the minimum number of layers of quantum gates required to implement
the circuit, a layer being a group of gates that can be applied simultaneously) is #depth = 5t — 3.
Having a lower depth is an advantage in the NISQ era (noisy intermediate-scale quantum era) as
it reduces the execution time that is needed.

To conclude this section, it is worth noting that the basic algorithm, when not restricted by
hardware connectivity limitations, has been significantly improved by various researchers [73], [74].
These improvements often leverage approximation techniques, such as omitting small-angle con-
trolled rotations, to reduce the gate cost. Such approaches have successfully reduced the scaling
of the algorithm to O(tlog(t)) while still maintaining an acceptable precision. To the best of our
knowledge, Ref. [75] remains the only work to develop an approximate quantum Fourier trans-

9The way it works is that the chain that minimizes the total error is selected so in the end, qubits have only two
neighbors. The others may be used for quantum error correction techniques.
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Figure 2.2: Qubits layout of an IBM quantum processor “Heron r2” (Picture taken from ) The
qubits colors indicate the readout assignement errors and the colors of the segments indicate the
connection errors for cNOT gates.

form specifically designed for linear nearest neighbor architectures, achieving a similar scaling of
O(tlog(t)) (although it is very likely that the exact number of gates exceeds that of Refs. [73], [74]).

2.3 Quantum Phase Estimation

In this section, we will introduce our second quantum algorithm, one which is central to this
thesis, the quantum phase estimation(QPE). It was developed by Kitaev and similarly with the
quantum Fourier transform, it is used as a subroutine for other, more complex quantum algorithms.

2.3.1 Overview

Let us suppose a unitary operator U possesses an eigenvector |u;) corresponding to an eigenvalue
e?™?j . Any eigenvalue of any unitary operator U can always be written this way since the unitary
operator can always be written as U = e'™ | with M a Hermitian matrix, which has real eigenvalues.
The purpose of the quantum phase estimation is to estimate the value of ¢;, which is assumed to be
in the interval [0, 1]. In order to do so, it is assumed that we have access to oracles, i.e., black bozes
subroutines capable of preparing the eigenstate |u;) and performing controlled-U 2 operations. The
algorithm is composed of two quantum registers, one containing ¢ qubits and corresponding to the
eigenvalue register used to store the eigenvalue. The second is composed of n qubits and encodes
the eigenvector |u;) in the computational basis as a quantum state. This second part is important,
we could naively expect that stocking the eigenvector |u;) would require 2L times more qubits than
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the eigenvalue, with L the length of the matrix representation of U E However, this is not the case,
the eigenvector register stores the state by specifically using the quantum nature of the qubits. To
illustrate this, we will restrain ourselves to a single qubit for simplicity: to classically store the state
of the qubit (as a pure state), we would need two real numbers EL while we trivially need only one
qubit to represent a qubit (as a quantum state). In general, the number of qubits in this register
is fixed by the size of U, such that n = logy(L). Conversely the number of qubits in the eigenvalue
register is determined by the desired precision, using ¢ qubits will output a ¢-bit estimation of ¢;.
Furthermore, as we will uncover below, a higher number of qubits will also infer on the probability
of success.

2.3.2 Circuit and detailed description

The associated circuit of the quantum phase estimation is illustrated in Fig We assume
that the qubits of the eigenvalue register are all in the state |0) and that the eigenvector register
has the state |u;) already encoded (via the use of the oracle). We then apply Hadamard gates on
all the qubits of the eigenvalue register so that we have a superposition of all possible states and
the state at the first dashed line is given by

t—1
) = H H; |0;) ® |uj)
k=0
2t—1

= \/127 > k) @ Juy) - (2.28)
k=0

We must then apply the controlled-unitary gates onto our state |¢/), however, since |u;) is an

o —H-
: QFT;* }

o ——H}
| |

o
|

|uj) yid *@ @ @7

Figure 2.3: Quantum circuit for the quantum phase estimation. The algorithm assumes the eigen-
vector quantum register is prepared in the state |u;) and it outputs the best ¢-bit estimation of ¢;
with a probability of success greater than 4 /7.

eigenstate of U, passing it through a single gate U 2" will output
U uj) = €2 |u;) . (2.29)

10We would use 2L and not L owing to the fact that the amplitudes are complex but p; is real.

"From a ket vector formalism, we have « |0) + 3|1) with |a|*> + |3|> = 1 and since a and § are complex numbers,
we would need 3 real numbers to store them. However, states related to a global phase factor are undistinguishable
from one another and thus, in practice we need only two real numbers to represent a specific state.
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For simplicity, let us suppose that we have an eigenstate of the computational basis in the eigenvalue
register |z) = |x1—1) ®|T1—2) ®- - - ®|x0), with the x}’s being either 0 or 1. Applying the controlled-U
gates would lead to

t—1
H CkU2 | > ® |’LL]> 227r2t Ty |-Tt 1> ® - - ®62i7r20104pj |x0> ® |u]>

k=0
i k
o
N <® eHTE s !fb’tk>> ® |u;)
k=1
= eQimmOj |.’E> X |’u]> , (230)

where for the first line, we simply have rewritten the effect of a controlled-U 2 gate as adding a
phase factor of ¢272°¢0; conditioned on the value of Tk, and then we simply used that by definition
we have

t—1 t
=Y g => 2"k y, (2.31)
k=0 k=1
t
) = |z 1) @ - & |z0) = Q) lwek) , (2.32)

k=1

to go from the second to the third line. Applying now the controlled-U gates on the state ([2.29)
and using the relation (2.30)), we find

2t—1 2t—1

t—1
HCZU2 Z k) @ |uj) = \F > e k) @ [ug) . (2.33)
=0 k=0

At this point, what we have done, is that we have created a superposition of all the integer values
possible between 0 and 2¢ — 1 and assigned a specific phase factor e*™%i to each state |k) in the
superposition. To give the reader an intuition of what we will do next, let us assume that ¢; admits
a perfect binary fraction decomposition ¢; = 0.z122...x; with ¢ bits. The phase factor will be
equal to 1 when k = 22" + --- + 212! or an integer multiple of this. The period of the phase
factor in this case, is exactly the value of ¢; multiplied by 2°. The attentive reader will already
have understood that we need to apply the quantum Fourier transform (more precisely, the inverse
quantum Fourier transform), to map the Fourier basis |E| onto the computational basis. The inverse
quantum Fourier transform is simply defined by the same expression but with a negative sign
in the exponential. Applying it on the t qubits of the eigenvalue register yields

21 — 2t 1
OFT eQwrk’ng E® |lu - e?urkap]e 2imkl /2t D& |u
T R e ) - \F; D & fuy)
2t—12t—1
1 i /2t
=0 k=0
271 g — eimle2t )
- ?1 o2im (0, —1/2) 1) ® |uj>a (2.34)
=0

2In the case of quantum computing and the quantum Fourier transform, the Fourier basis can be interpreted as
the phase factor basis from an intuitive point of view.



where we used the geometric sum formula to go from the second to the third line. However, the use
of this formula is only valid when there exists no [ such that p; —1/2" = 0, which is equivalent to ¢;
admitting a perfect binary fraction decomposition with ¢ bits. If the geometric sum formula cannot
be used, it is easy to see from the second line in that the precise [ for which the argument
in the exponential is 0, will output a factor equal to 1, since we sum 1/2¢, 2! times. All other
contributions will be 0 which can be seen either by the fact that the quantum Fourier transform
and its inverse are unitary and as such they preserve the norm of the vector. Or it can be seen in
the last line in that the numerator is 0 because ;2" is equal to an integer and we removed
the specific [ that is equal to this integer thus the exponential always gives 1.

In the general case where ¢; does not admit an exact binary fraction with ¢ bits, we can rewrite
it as

a

where a is the best t-bit approximation of ;2! and we thus have —% <82t < % We will prove that
in this case, we have a sufficiently high probability of measuring a in the eigenvalue register. We

will define the coefficient in (2.34)) as

11— 2i7r(4pj2t—l)
2t e2im(p;—1/2t)’

o = (2.36)

and we have in particular that

11— 2i7r(<pj2t—a)
217 _ g2in(p—a/2)

11— 62i7T2t5

= 5 ez (2:37)

Qq =

The probability of measuring |a) in the eigenvalue register is then given by
Pr(a) = |ag|?

1
22t

B sm 772t6
- sin( 7T5
(sm 2t6>
Z
2t+15
Sl )

= — ~0.405, (2.38)
7T

1— 2i7r2t5 2

e2z7r5

where we used the relation |1 — €2|> = 4sin?(x) to go from the second to the third line, we then
used sin?(z) < 22 to establish a lower bound for Pr(a). To find the final lower bound, we used the
fact that |2'6] < 1/2 along with the inequality = < wsin(x) for z < 7/2. The value of the lower
bound itself is not very important, what truly matters is that it does not depend on any parameter
and is thus O(1). As a consequence of this, repeating the procedure only a couple of times will
assure us that the correct eigenvalue is measured.
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2.3.3 Further discussions

In this section, we have established that quantum phase estimation allows us to compute the eigen-
value of a known eigenvector by assuming that we have access to oracles. If the eigenvalue admits
an exact binary fraction decomposition using ¢ bits, then we have a 100% chance of success. Fur-
thermore, we have proven that even if the eigenvalue does not admit an exact binary fraction
decomposition, we still have at the very least a 4/7% probability of measuring the best ¢-bit estima-
tion of ¢;. While it is not proven in this sectionEL if the prepared state in the eigenvector register
is not exactly correct, we still have a good chance of measuring the corresponding eigenvalue.

Although the gate cost of the inverse quantum Fourier transform is known, the scaling of quan-
tum phase estimation cannot be accurately assessed due to the fact that the oracles, especially the
controlled-U gates, are the leading factors in the scaling and are unknown. To improve the quantum
phase estimation, in scaling, precision and resilience (to noise), it is rather its subroutines that are
improved, such as the inverse quantum Fourier transform discussed in the previous section, and
the methods used to build the oracles. One such method is the Suzuki- Trotter expansion which is
presented in the next section. Some researchers |77]—[79] have proposed direct improvements upon
the quantum phase estimation algorithm. These methods will not be discussed further as they are
not particularly relevant to the use of the QPE in this thesis.

To conclude this section, it is worth noting that the quantum phase estimation in its primary
formalism is not very useful and it might not even provide an advantage over classical methods
since determining the eigenvalue from a known eigenvector scales with the length of the matrix EL
Its usefulness lies in fact with its ability to create entanglement between an eigenstate and its
corresponding eigenvalue. Among the many applications of the quantum phase estimation, we can
cite Shor’s algorithm and the Harrow-Hassidim-Lloyd (HHL) algorithm [80], which is a quantum
algorithm for solving linear systems of equations. The latter is one of the most important algorithms
in quantum computing as it finds applications in many fields in science and engineering. To name
only a few, it can be used in machine learning [81]-[83] and it has even been proven to be useful in
some cases in the finite element method [84].

2.4 Suzuki-Trotter expansion

In the previous section, we presented the QPE algorithm, which enables us to compute the eigenvalue
corresponding to an eigenvector via the use of oracles. These oracles are black-box pieces of quantum
circuits for which the algorithm assumes we have access to. However, in many cases, notably for the
quantum algorithms in Chapter [3] these oracles need to be constructed. In particular, the unitary
U gates correspond to the matrix exponential of a Hermitian matrix M which can sometimes be
associated with the Hamiltonian operator in some schemes [46]. Nonetheless, this raises the question
as to why we would need a quantum computer for these problems. Indeed, if we are able to compute
the matrix exponential of the Hamiltonian, an operation that requires one to know the eigenvectors
and corresponding eigenvalues, then there is no reason to use the QPE in the first place. The

131t is indirectly proven in the Ramusat and Savona algorithm in the next chapter The « coefficients are
multiplied by the corresponding initial amplitudes in the eigenbasis of U. As such, if the prepared state has at least a
1/4/2 overlap with the desired eigenstate, then the probability of measuring the best ¢-bit estimation of the eigenvalue
is 2/m? for example.

1We do not need to compute the entire matrix multiplication of the vector, simply doing it for the first element is
enough to compute the eigenvalue.
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solution to this problem is to use what we call the Suzuki-Trotter expansion (ST expansion), also
referred to as trotterization. This expansion allows us to find approximations for the unitary U
gates without explicitly computing the matrix exponential of a Hermitian matrix.

2.4.1 Theoretical background

Usually, the exponential of the sum of two numbers x and y € C is given by
et = e%eY, (2.39)

However, in the general case where we have two matrices A, B € CY x CV that do not commute
with each other, the previous formula cannot be used. Instead we have [85]

A+B _ 1 A/n B/n\"
e nh_)ngo (e 2 ) , (2.40)
which is equivalent to
eATB)m — gAmeB/n L 01 /n?). (2.41)

The second equation can be simply proven using the renowned Baker-Campbell-Hausdorff (BCH)
formula [86]. This formula gives the expression of Z € CV x CV such that

eXe¥ =e?, (2.42)

where X and Y are also squared matrices € CV x CV and the terms of Z are given up to third
order by

1 1
Z=X+Y+3X.Y]+ E([X, (X, Y]]+ [V, Y, X]]) . (2.43)
If we replace X and Y in Eq. (2.42) by A/n and B/n, Eq. (2.43]) gives
1 1 1
= (A+B)+ —[A, B+ —=([A,[A, B B,[B,A 2.44
Z = —(A+B)+ 5 5[A, B+ 5 ([A,[A, B + B, [B. 4])) + (2.44)
We thus have
eA/neB/n _ 6(A+B)/n+(9(1/n2)7 (245)

which is an equivalent form of Eq. . How does the formula help us build oracles 7 The
idea is to decompose the Hermitian matrix M as a sum of Pauli strings and then apply the Suzuki-
Trotter expansion to approximate the exponential by a succession of Pauli strings exponential. The
matrix exponential of a single Pauli operator yields |15]

71 = R;(—26), (2.46)
where R;(¢) is the operator that rotates the state of a qubit (on the Bloch sphere) by an angle ¢
around the j-axis. Furthermore, for a general Pauli string we have

N, ub
. N, u d
OO i = ) Ry, (~26), (2.47)
k=1

since the Pauli matrices within the string commute with each other as they are not applied on the
same qubit. Rotations around the z, y and z axis by an angle ¢ are easy to engineer as they simply
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correspond to specific laser pulses [87]. In practice we set a finite limit to the number n which is
called the total number of Trotter steps with the Trotter step being defined by e4/"eB/™ for the first
order ST expansion.

The corresponding formula for the second order ST expansion is given by

AB _ iy (eA/meB/neA/%)”? (2.48)

n— o0

which is interesting to rewrite for a finite n as

ﬁ (eA/QneB/neA/Qn) _ eA/Qnﬁ (eB/neA/n) 6B/neA/2n’ (249)
=1 =1

which resembles a first order Suzuki-Trotter expansion where we removed the last step and for
which we would have multiplied by e”/2" before and e/™e4/2" after. This means that at almost no
additional cost, the error scaling would be O(1/n?) instead of O(1/n). Although it seems surprising
that this small correction leads to such an advantage, this feature is obtained for all even orders
of the ST expansion [88]. The idea is that symmetrizing the previous odd order expansion cancels
the leading error term which is anti-symmetric. It can be seen in Eq. , the first term is
symmetric then the second term, i.e., the first commutator, is anti-symmetric and the third term is
also symmetric. Note that the advantage of using a ST expansion instead of a Taylor expansion is
that the approximated operator remains unitary, which is not the case for the latter. Since quantum
gates must be unitary, we understand from this that a Taylor expansion is unsuitable.

2.4.2 Simple example

Here we will illustrate what we have explained in the previous subsection. We will consider a simple
Hermitian matrix defined as

M =2(o, +0y) (2.50)
2 -2
=9 _2> , (2.51)
so that the corresponding U gate is
U=eM (2.52)
cos (2\/5) n isin(2v/2) sin(2v/2)

= . V2 vz oo (2.53)

5111(2\/5) \f 1sm(2\/§)

— \/5 COS (2 2) — T
_( —0.951363 + 0.217844 0.21784 (2.54)

- —0.21784 —0.951363 — 0.217847 /° '

We know from our discussion in the previous subsection that this matrix can be approximated by
successive applications of R,(—2¢) and R,(—2¢) which are given by

Rz(_2¢) = <€(i)¢ 60i¢> 5 (255&)
o _ [ cos(¢) sin(¢)
Ry( 2¢0) = <_ sin(g) COS((;5)> . (2.55Db)
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The successive applications of Trotter steps for multiple total numbers of Trotter steps is shown in
Fig. on the Bloch sphere El Here we have assumed that our initial state is given by

1
NG

so that it corresponds to the initial point with coordinates

o) = == (10} + /4 ]1)) (2:56)

1
To = —=, 2.57a
0= (2.57a)
1
= —, 2.57b
w="7 (2.57b)
z0=0. (2.57¢)

The first thing to observe is that the second order expansion is already extremely accurate even
at only 5 Trotter steps. We also notice that, as expected, the trajectories become more and more
accurate as we increase the total number of Trotter steps. Furthermore, we observe that each point
remains on the surface of the sphere, i.e., the state of the system remains pure. This is of course a
consequence of the fact that the Suzuki-Trotter expansion yields a unitary approximation.

To go further, we will plot the fidelity of the approximated quantum gate as a function of the
number of Trotter steps. The fidelity between two quantum states p; and po is defined as |15]

2
Fiorp2) = v |\[Vaim] (2.59)

which corresponds to

F(r,42) = [(While) (2.59)

for pure states. Intuitively, this quantity corresponds to the probability of measuring the state |1)2)
if the state before the measurement is |1;). The fidelity is thus contained within the interval [0, 1]
with 1 being the maximum fidelity corresponding to both states being equivalent. In order to assess
how close the approximation is, we plot the logarithm of 1 — F. As we can see, the first order
ST expansion follows a power law n~2 while the second order follows a power law n~%. This is as
expected since their errors scale as n~! and n~2 respectively. Computing 1 — F using the expression
for the fidelity in Eq. would then yield

1 — F(¥st, Yexact) =1 — |<1/}ST|¢exact>|2 (2.60)
=1 — [(Yexact + O ") |texact)|” (2.61)
=1-1-]0(m ™)’ (2.62)
=O(n™), (2.63)

with p being the order of the Suzuki-Trotter expansion.

2.5 Summary

This chapter introduced the reader to the basics of quantum computation. In the first section,
we explained the concepts of computational basis, quantum circuits, and general quantum gates.

5The Bloch sphere is a tool to visualize the states of a two-level system. Basically, the z,y, z coordinates are
obtained by computing the expected values (oz), (0y), (0:) of the state.
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0)

|1)

(a) 5 Trotter steps

|0)

1)

(b) 10 Trotter steps

—e—— First order ST expansion

—e—— Second order ST expansion

Analytical trajectory

|1)

(c) 40 Trotter steps

Figure 2.4: Plots on the Bloch sphere of the state of the system after each application of a Trotter
step with the total number of steps being (a) 5, (b) 10 and (c) 40. The operations are applied on the
initial state given in Eq. . The blue line represents the first order ST expansion, the red line
the second order ST expansion while the black line represents the analytical trajectory obtained by

explicitly computing the matrix exponential.

The next sections were dedicated to presenting well-known quantum algorithms frequently used as
subroutines: the quantum Fourier transform (QFT) and quantum phase estimation (QPE). These
subroutines are precisely what we used in the next chapter regarding quantum algorithms for open
quantum systems. The last section was dedicated to the Suzuki- Trotter expansion, a method used

to approximate specific quantum gates.

56



10°1 —e— First order ST expansion
—e— Second order ST expansion
10724 USRI -—--= y=0.1n"2
~~~~~ y=0.3n"1
i T
100 RN
| SR
— N“s
1078
10710 i
10712 ]

10° 10! 102 10°
Number of Trotter Steps n

Figure 2.5: Log-Log plot of 1 — F(137, Yexact) in terms of the total number of Trotter steps. The
blue line represents the first order ST expansion and the red line the second order ST expansion.
The dashed lines are references to show the corresponding power laws.
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Chapter 3

Quantum computation for open
quantum systems

“Nature isn’t classical, dammit, and if you
want to make a simulation of nature, you’'d
better make it quantum mechanical, and
by golly it’s a wonderful problem, because
it doesn’t look so easy.”

Richard P. Feynman 1981

Now that we have introduced the reader to open quantum systems and quantum computation.
We will mix the two and explain how we can use quantum computing to solve open quantum system
problems and more specificllay, the steady state problem. The first section of this chapter will be
dedicated to the algorithm of Ramusat and Savona (RS) [19], a quantum algorithm for estimating
the steady state of open quantum systems. In the second section, we apply this algorithm in the
case of the simple spin model presented in Sec. by doing quantum circuit simulations. These
simulations are done in Qiskit [89], an open-source Python library for quantum computing which is
developed by IBM. We then show that we can bypass these simulations by diagonalizing a matrix
defined from the Liouvillian, allowing us to perform advanced convergence analyses. In the second
part of this chapter, we show how the RS algorithm can be adapted to non-Markovian systems using
the HEOM Liouvillian instead, including a few adjustments. This adaptation represents the original
contribution of this thesis. We will then apply this algorithm on the open quantum Rabi model
described in Sec. and compare it against the original algorithm used in the case of a Markovian
embedding approach. Finally, we show how our algorithm gives a non-trivial advantage for multi-
mode systems by analyzing the application of both algorithms on a two-mode open quantum Rabi
model.

3.1 Ramusat and Savona (RS) algorithm

In this section, the algorithm of the paper of Ramusat and Savona [19] will be extensively pre-
sented. They proposed a quantum algorithm to directly estimate steady state expectation values of
observables of open quantum systems. The idea of the algorithm is to use a variation of the HHL
algorithm [80] and the known spectral properties of the generator of the dynamics to have a high
success rate without the use of quantum state amplification. The advantage of the algorithm is that
it bypasses the time integration of the master equation, which can imply heavy costs for systems
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with high relaxation times, and only computes the steady state. However, the computed steady
state cannot be directly accessed and custom measurements must be applied instead, in order to
estimate expected values. Alternatively, quantum state tomography could be used to retrieve the
exact expression of the steady state. However, this is not ideal and most of the time, not useful as
physicists are only interested in the expectation values anyway.

3.1.1 Overview

The algorithm assumes the system to be subjected to the Markovian hypothesis and that it is
described by the GKSL master equation described in the first chapter of this thesis. To
be able to represent the Liouvillian as an operator and to encode the density operator onto a
quantum register, the density operator is vectorized using Choi-Jamiotkowski isomorphism (cf.
Subsection . Using this procedure, the Liouvillian is downgraded to being merely an operator
(instead of a super-operator) which acts linearly upon vectors of the space H ® H. Its explicit
matrix representation is reminded below for convenience

1 1

. T * t T 1%

L=-i(HR1-1®H")+) yj(Lj®Lj—2Lij®]1—2]l®Lij>.
j

Assuming the Hilbert space H has dimension 2V implies the vectorized density operator has a
length of 22V (and the Liouvillian a size 22V x 22V which means it can be encoded onto a quantum
register which contains 2N qubits. If the Hilbert space did not have a dimension of the form 2V for
some N (that is, if the Hilbert space dimension was not a power of 2), the Liouvillian would have
to be padded with 1’s |I| on the diagonal until it reaches a size which can be written as 22V x 22V,
However, the operator has to be further scaled up as it is in general not Hermitian for dissipative
systems. Thus, one usually defines a Hermitian operator M of the form

M= (ET g) (3.1)

which is an operator that acts upon vectors of size 22NV *! meaning it acts upon 2N + 1 qubits.
The algorithm assumes that the Hamiltonian H and the jump operators L; are k-local, meaning
they act at most on k qubits at the same time, allowing these and the M matrix to be efficiently
implemented. Since M is Hermitian and that we need a matrix to be unitary to be implemented
as a quantum gate, we set

U = e2imtoM (3.2)

where t is chosen so that the whole spectrum of ¢y M is in the interval [0, 1]. The spectral properties
of the Liouvillian imply that the operator M has only two eigenvectors associated with the zero-
eigenvalue, which read

m0)on41 = 10) [L)on (3.3a)
Im)ons1 = 1) [pss)an (3.3b)
where pgs is the steady state of the system (satisfying L£(pss) = 0 or equivalently, £|pss) = 0) and

where [1),, is the vectorized identity matrix (the identity matrix being of dimension 2V x 2%V) and
thus has dimension 22Y. We chose to explicitly denote the number of qubits for ket vectors with

"We could pad with any number technically, however, as we will see in the next subsections, we have to be careful
that it has no impact on the rest of the algorithm.
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an index (most of the time) for clarity. Note that for the vectorized identity, it is implied that it
is normalized as a ket vector, furthermore it is not to be mistaken with the notation |1),, which
would correspond to all qubits being in the state |1). For |n;) it is straightforward to prove it as we

have
Mm) = (EOT ﬁ) (Ip(js))
_ (c ygss>)
) (8) | (3.4)

by definition of the steady state ([1.35). The same thing can be done with |n9) and using the fact
that £ |1) = 0, which is a consequence of the fact that the Liouvillian preserves the trace. Indeed,
we have that

Tr[p] = (L]p) =1, (3.5)

and taking the time derivative yields
0=(1Llp). (36)

This equality being valid for any p, we thus find that (1| £ = 0 which is of course equivalent to
L) =0.

The Liouvillian can always be separated into a Hermitian £y and an anti-Hermitian ¢£ 4 con-
tributions such that £ = L — iL4, with Lz and £4 being Hermitian operators. It is trivial to
show that taking

1 .
EH:§<E+ET), LA:%<£—ET), (3.7)
will always give the correct decomposition. This allows us to rewrite M as

M=XQLg+Y QLa, (3.8)

where X and Y are the Pauli operators introduced in the previous chapters. The point of doing
this decomposition is that if £z and £ can be efficiently encoded as quasi-local operators, which
is generally easier to do, then it will also be the case for M. We can now plug into
which gives us

1 * *
Lu=5Y (L@l + Lol - LiLel-18L]L), (3.92)
J
/I: *
La=(HO1-10H ) +2> 5 (Lo -LieL]). (3.9b)
J

The algorithm can be separated into three parts as shown in Figure The first part aims at
preparing an initial state with a large overlap with the zero eigenspace of M (i.e., |no) and |n1))
as depicted in Figure [3.2l Then the algorithm uses a quantum phase estimation subroutine to
completely project the initial statevector onto the degenerate zero eigenspace. The projection, and
thus the algorithm, is successful if the eigenvalue 0 is measured in the first qubit register. Having
reached this point, custom measurements can be applied onto the second qubit register to attain
some information about the steady state.
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Preparation stage Quantum phase estimation stage Measurement stage
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Figure 3.1: Ramusat and Savona algorithm as presented in their paper [19]. The algorithm is
composed of an input-state preparation stage, a quantum phase estimation stage and a measurement
stage using the operator Q defined in Eq. . The first qubit register contains ¢ qubits, having
more qubits in this register allows for higher precision but at a higher cost in gates and qubits.
The second quantum register is composed of 2N + 1 qubits and represents the statevector of the
system. The P gate is explicitly depicted in Figure The white circles represent the conditional
measurement applied on the second register is 0; was measured.

3.1.2 Preparation stage

Figure 3.2: P gate explicitly drawn as a quantum circuit. The circuit takes the |0)
state from 2N + 1 qubits, as input and outputs the state |£). It should be mentioned that this
figure is reproduced from Ramusat and Savona’s paper but the ordering of the qubits is in reverse
order compared to the convention used in Qiskit. It contains 2N controlled gates and 2
single-qubit gates. The circuit can be modified to accommodate known symmetries.

As a reminder (cf. Section[2.3) the QPE takes as input the state |0) |1;), where [1;) is an eigenstate
of the unitary operator U where the associated eigenvalue is ¢;. If 2'¢; is a ¢-bit integer, the
QPE will output with 100% certainty the state |¢;) [n;). However, if 2'¢; is not a t-bit integer,
then the QPE will output with high probability, the state |@;) [n;), where 2°p; is the best t-bit
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integer estimate of 2'¢;. The algorithm assumes that a circuit exists to efficiently implement the
controlled-U? gates via the use of a Suzuki-Trotter expansion (cf. Section [2.4).

This algorithm, however, works backwards, starting from a known eigenvalue, it uses the QPE
to compute the eigenstate corresponding to the eigenvalue. To do so, the P gate is used to prepare
the |£) state where |£) has a large overlap with the eigenstates |ng) and |n1). We generally set

10) [T)on +11)10)on m0)oni1 + 1) 10)oy
V2 V2 ’
so that we have a good balance between the success rate and the precision of the algorithm. The
success rate is determined by the amplitude of the projection of this state onto the zero eigenspace,
while some part of the precision is determined by the amplitude of the projection onto the eigenstate

In1). The choice of |£) gives at worst, a success rate of 50% as we will prove later on, and the
amplitude of the projection is determined by

€) = (3.10)

= (m|1®0), (3.11)

since |ng) and |n;) are orthogonal. We can now expand |£) on the eigenstates of M to rewrite the
state of the system after the preparation stage and we have

~

1) = \0> [)an 11

\[ 10); Im0)on41 + —= ZCJ 0): (M) an 11

10); [m0)a 41 + €1 10), ’771>2N+1
= c; 10), In;) , (3.12)
NG \[ Z j i)oN+1

Jj#0,1

\

where the ¢; are defined as ¢; = (1;|1 ® 0). The advantage of doing this decomposition is that we
can easily write the result of any eigenvector of M going through all the controlled-U gates and
thus generalize it for any decomposition.

3.1.3 Quantum phase estimation stage

For all eigenstates |n;), we have from (2.34))

2t 1 2z7r(t050]2t k))
QPE|0> |77]> - 2t Z 217r (top;—k/2t) |k> |77]>2N+1
21—1 '
= > o ) Inan o (3.13)
k=0

where QPFE designates the action of the quantum phase estimation algorithm before the measure-
ment (i.e., the Hadamard and controlled-U gates) and we defined the a,(j ) coefficients as
G 11— e2im(tow;2" —k))

U T 90 _ p2imltop;—k/20)

(3.14)
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However, we have to be careful that this is only valid when top; — k/2" is not equal to 0 (or any
integer, nonetheless, this is not a problem as we defined ty so that all eigenvalues of toM will be
smaller than 1), otherwise the a coefficient should instead be equal to 1. In our case, we are only
interested in the projection onto the zero eigenspace, thus, we only care about k£ = 0 which means
that this “problem” only occurs when ¢; = 0 which merely concerns |ng) and |n;). It is important
to notice that when the expression is valid, these coefficients decrease exponentially owing
to the 1/2¢ factor in front. We now have everything we need to write the state |12) at the second
dashed line in Fig. [3.1] and we have

t_1
10), [70) a1 + €1 [0), [1)ay :
[ahg) = L 2NH] 7 R chjak 1Y, 175) g (3.15)
g;é()l k=0

Once again, we have to be careful that this is technically incorrect as this notation does not consider
if topj — k/2" can be equal to 0 for k # 0. It is, however, inconsequential as we will now consider
the algorithm was successful and that we measured 0 for all qubits in the first register. Hence, after
measuring the first quantum register, the unrenormalized state is given by

m0)an11 + €1 |771>2N+1
3) = |0), Z Cjao ‘77]>2N+1 ° (3.16)
V2 xf b=

The probability of success is given by the squared norm of the state [i3) as it was unrenormalizedﬂ
and we thus have

p(0) = (¢3¢3)

1
= 5 (010) | (molmo) +lex* (mlm) + D lePlag”? (nslny)
J#0,1
1
=5 +alal+ Y lelladP
J#0,1
1

where p(0) designates the probability of measuring 0 in the eigenvalue register. This proves that
our choice of state |£) gives at worst a success rate of 50%, as stated before.

3.1.4 Measurement stage

We can now apply specific measurement operators onto the state |13) (more specifically, apply
measurement on the second quantum register representing the statevector of the system) in order
to extract steady state values of system obervables. As a reminder, steady state expected values
of observables are computed the following way (O) = Tr[Opss]/Tr[pss|, where contrary to what we

2Remember that the probability of measuring an eigenvalue A of a measurement operator, corresponding to an
eigenspace with the associated projector II, is given by p(\) = (| I |b). Since a projector is idempotent, i.e., TI* = II
and Hermitian, this probability is equivalently given by p(A\) = (¢|¢) with |¢) = II|¢p). This means that the probability
is given by the squared norm of the projected state (before renormalization).
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have seen in the first chapter, we have to normalize the results because even if the expression of
(3.16)) was normalized, a ket vector and a density operator do not possess the same normalization
conditions. To compute the trace directly from the quantum register we will first notice that we
have

<]1‘ O®1InxnN ’pss> - Zpij Z <Z/‘ 0O ’Z> <7’/‘J>

,l'/
=> i (31 Oi)
i?j
= Z pijOji
1,3
= Z (pssO);;
i
= Tr[ps,0), (3.18)
where we replaced both vectors by their decomposition |pss) = 3=, ; pij [1) @ |7), (L] = 32, (i'| @ (¢

and rewrote the third line as a matrix product. We can now define the measurement operator Q
the following way

Q:X®O®1N><N:<O®]?NXN O®]éNXN>. (3.19)
Since |no) = [0) |1)5x and |n1) = [1) |pss)on, We have that
(ol QIno) = (m|Q[m) =0. (3.20)
This also means that we have
(nol @1[m) = (0[0) (1] O @ 1 [pss)
= Tr[pss 0], (3.21)

where we just took the explicit forms of Q, |ng), |71) and used (3.18). Since O is an observable
represented by a hermitian matrix, its expected value must be real and we also have (no| Q1) =
(m| Q|no) = Tr[pssO]. We can now compute the Q expected value of the state |13) using (3.16))
and we have

1 1 . N
(sl 1® Qlita) = 5 (e + ) TrlpasO) + 5 D (esaf” (o] QImy) + ™ (11 Qo)

2j7f071
+ cicjag’ (ml Qnj) +cciag” (ni| Qlm)
1 x  (1)* 1
T3 S > oy el (ml Q) (3.22)

i#£0,1 j£0,1

where we used the relations (3.20) and (3.21). We can condense the expression further by rewriting
with the real part and finally obtain

64



(3| 1 ® Q|¢3) = Re[er] Tr[pssO] + Re | Y (Cjaéj) (ol Qlms) + cicja’ (m| Q |"7j>>
70,1
1 * 7)% 1
T3 Yo N dea ol (ml Q) (3.23)

i#£0,1 70,1

\. J

Note that the third term is also real, it can either be seen by regrouping complex conjugated terms,
separating the ¢ = j terms and make it explicitly appear, or we can simply see that since the first
two terms are real and Q is Hermitian, the sum of the three terms has to be real. It is also worth
noticing that since the diagonal elements of the density operator are real and positive-valued, as they
represent a probability, the ¢; projection constant is strictly real-valued. And as such Re[c1] = ¢1
(remember that the P gate prepares a state that has a 1/v/2 coefficient exactly where it would be
multiplied by the first diagonal element of the steady state density operator when doing the inner
product, hence giving a real value). This remark allows us to specify that any adaptation of the P
gate has to be done carefully. Specifically, any modification that would give a ¢; constant strictly
imaginary is to be excluded, as it would evidently cancel the term containing the measurement op-
erator expected value. Furthermore, we should be careful that in very particular cases, the steady
state may have no overlap with the first diagonal element, giving ¢; equal to 0. If such a case were
to happen, the P gate would have to be modified so that the state prepared corresponds to another
diagonal element. The first term is of course what we want and the other two are errors that origi-
nate from the quantum phase estimation stage. However, these terms decrease exponentially with
the number of qubits ¢ of the quantum register since they all depend on the a(()] ) coefficients which
are given by Eq. (3.14). In order to eliminate both the Re[c1] coefficient and the norm of pg, we
can simply choose O as 1 so that Q would output the value (¢3] Q|13) = Re[c1]Tr[pss] which can
then be used to normalize the expected value of any operator O.

This result is important, as Eq. predicts that for a number of qubits ¢ in the eigenvalue
register large enough, the outcome of the algorithm yields roughly the expected value of the observ-
able. Furthermore it predicts the exact outcome of the algorithm, taking into account the errors
contribution. This in turn infers that we can compute (¢3] 1 ® Q |13) in order to directly compute
the output of the algorithm for a perfect implementation (i.e. without any hardware limitations
and assuming the controlled-U gates are perfectly implemented (cf. Sec , including the error
contribution, all while bypassing the cost of simulating the circuit via Qiskit or any other library.
The advantage is that evaluate Eq. depends only on the size of the studied system (it requires
the same resources regardless of the number of qubits ¢ in the eigenvalue register), whereas the cost
of simulating the circuit giving us this result increases exponentially with ¢t. The efficiency of this
approach is demonstrated in Sec. for a simple open quantum system.

3.1.5 Complexity analysis

The gate cost of the algorithm remains to be determined, and as we shall see, this question is not
so trivial. First, the preparation stage consists of 1 Hadamard gate, 1 NOT gate, N controlled-
Hadamard gates, and N cNOT gates, leading to a total of 2N + 2 gates. The measurement stage
is already more complicated to evaluate. To estimate expectation values with a precision threshold
€m, the algorithm requires V,,, measurements onto the state |¢)3), meaning N, successful runs of
the algorithm, with N,,, = O(1/€2,) [90], [91], which means that the overall scaling of the algorithm
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will be multiplied by 1/e2,. The quantum phase estimation stage is the most delicate part of this
analysis, there are trivially ¢ Hadamard gates and the inverse quantum Fourier transform scales as
O(t?) for exact precision, while approximate circuits achieve a scaling of O(tlogt) (cf. Sec. .
The controlled-U gates are not easily implemented. Assuming the use of Suzuki-Trotter expansions
and that both the Hamiltonian and jump operators are k-local, the most optimal cost of one gate

U? is estimated as O (27rt0\|M||1(2N + 1)k2j(1+1/p)/ei/p> [92]. With e, the Suzuki-Trotter error,

p the order of the Suzuki-Trotter expansion and ||M]||; the 1-norm of the operator ]\ﬂ First
of all, as ty is chosen so that all eigenvalues are smaller than 1 (i.e. t; s max;(A;)), an easy
upper bound is conveniently given by the 1-norm of the operator, which allows us to consider that
2rto||M ||, = O(1). Furthermore, summing over all U%' gates, and using the geometric sum formula
gives us

S 0J(1+1/p) _ —14 21D 3.94
Z{) 142141/ (3.24)
]:

-0 (2’5(1“/1’)) : (3.25)

One way to estimate the number of qubits required in the eigenvalue register is to suppose the
error stemming from the quantum phase estimation scales proportionally with the probability of
measuring the wrong eigenvector in the eigenvector basis after having measured the eigenvalue
register in the computational basis. This simply corresponds to the error probability in the classical
formulation of the quantum phase estimation [15], [93]. Noting this error €,, we have

2N+1_1
o= > loPlag’l (3.26)
J#0,1
where we can develop the factor |Oz[()j ) |2 as follows

. 2
)2 1 11~ 6217rt0<pj2t
lag’|” = 92t

1— 62i7rt04pj

B i ‘sin(ﬂtogoﬂt) ‘2

2% sin(rop;) |
~ ’sinc (ﬂ'togijt) ‘2
1

< -
- 7T2t(2)g0?22t ’

(3.27)

where we used the relation ‘1 — 62”‘2 /4 = sin?(z) to go from the first to the second line, then we
developed the denominator using a Taylor expansion by assuming mtop; < 1 EL which allows us to

3As a reminder, the 1-norm of a matrix is defined as the maximum absolute column sum of the matrix, i.e.
1 All, = max; 3, |aij|.

4This step is not very rigorous but it is what is done in the paper of Ramusat and Savona |19]. A more rigorous
way to proceed would have been to define to so that the whole spectrum of ¢oM is in the interval [0, %] This way,
wtow; would be smaller than 7/2. We could then use the same relation as in the QPE section where we have the
inequality « < 7sin(x) for z < 7/2. However, we will stick with the original development as redefining ¢o does not
change the overall scaling.
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rewrite the expression with a squared sine cardinal function which we can bound using |sinc(z)|? <

1/22. We can then insert (3.27)) into (3.26) and we have

= m22g222+1 (3.28)

where we found an upper bound by replacing each ¢; by the Liouvillian gap, defined as the smallest
nonzero eigenvalue (in norm) of the Liouvillian and then the sum over each |c;|* coefficient can
also be bounded by 1/2 which comes from the normalization condition and that |cy|? = 1/2. This
expression allows us to find an estimation for ¢ and we have

ta~ |1 1 3.29
~ | 1082 W ) (3.29)

Combining everything gives us the following scaling

(3.30)

m t() 67271

t+t2+2N 2N + 1)F
H#gates = O ( 2 + 1Er1/ 1/p) 1/2+1/2p>
g Per'" ep

Note that we did not replace the first ¢ terms by t = — log, (\/Eﬂ'gto), as could be obtained from
Eq. , simply because these terms will not give any significant contributions compared to the
last one. If we neglect the first terms and choose a sufficiently high Suzuki-Trotter expansion order
p, the scaling then becomes

7

i (3.31)

to €2, g €p

n ((2N+1)k>
gates — - 179 |-

\

This means that the scaling is polynomial with the size of the system, furthermore, if the Liouvillian
gap g behaves as an inverse power law with the size of the system, which is often the case away
from critical points [94], then the algorithm performs with an exponential advantage over classical
algorithms. Note that choosing a sufficiently high Suzuki-Trotter is not necessarily advantageous.
While the number of steps needed decreases, it cannot go below roughly 1/(wtggy/2) and will thus
saturate at some point. Furthermore, the cost of one Trotter step increases with p (cf. Sec.
although it is often neglected in complexity analyses. As such, picking a Suzuki-Trotter expansion
order moderately high is the preferred approach.

3.2 Direct application of the RS algorithm in the case of a simple
open quantum system

In this section, we will perform simulations of the Ramusat and Savona algorithm, presented
in Sec. in the case of the same simple open quantum system as in Sec. of a spin subject
to a magnetic field along the z-axis and decay process along the z-axis. We will then compute the
expected results from Eq. and show that it perfectly predicts the outcomes of the algorithm’s
simulations.
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3.2.1 Circuit simulations

The simulations were done on Qiskit using the Aer simulator backend, specifically, the circuit from
Figs. and are simulated and the final statevector is extracted, which is then used to compute
expected values. This kind of simulation does not take into account the measurement stage, the
reason behind this is that Qiskit does not yet handle complex dynamical circuits to a satisfying
degree and the statevector extraction allows us to bypass all eventual problems and compute the
expected value up to a double precision. A dynamical circuit is required in our situation to handle
cases where we did not measure |0) in the eigenvalue register, otherwise the circuit will still try to
measure the observables on the incorrect final state and this will mess up with the total average.
Dynamical circuits can use measurements as controls directly on the circuit, the way it works is
that the circuit can use classical bits (which are used to stock the values of the measurements) to
verify boolean conditions and apply gates conditionally. This is however, still being developed and
the “while” command does not exist yet, thus, the solution is to verify if |0) was measured, do
nothing and use the “else” condition to reset the qubits (also by using dynamical circuits) and redo
the whole circuit in the “else” condition. We then repeat the initial “if, else” enough times so that
at the end, we have a sufficiently high probability of having the correct final state for all shots.
Typically, if we have 1/2 chance of having the correct final state and use 1024 shots to measure an
observable, we need the “if, else” conditions to be repeated at the very least 10 times. The reader
will already have understood how inefficient this method is. However, the real issue is that there
exists a bug when using the Aer simulator on dynamical circuits E| which is still unresolved to this
day (January 31, 2025). Thus, it is way easier to only simulate the first and second stages of the
algorithm and extract the final state when we know the algorithm was successful so that we can
compute the expected values numerically.

Taking the matrix representation (1.54) of the Liouvillian from the example given in Sec.
ie.,
-1 < —ih 0
ih  —3 0 —ih
—ih 0 =3 ih |’
1 —ih ih 0

L= (3.32)

where we directly replaced the components using the dimensionless ratio h for simplicity as it will
give the same steady state anyway. Building the circuit, we can simulate the algorithm for various
parameters. For simplicity, we set h = 0.5 and ¢y = 1/5. The system being a two-level system,
we have NV = 1. Vectorizing the density operator and using the Hermitian operator M thus
yield an eigenvector register with 2N + 1 = 3 qubits. In the following, we simulate the algorithm
using different numbers of qubits in the eigenvalue register, i.e., different t. We also implement the
controlled-U gates almost exactly (i.e., without a Suzuki-Trotter expansion) to simulate a perfect
implementation of the algorithm as we are only interested in the algorithm in itself for this section.
To do so, we use the quantum Shannon decomposition, to synthesize arbitrary gates [95]. The
results of our simulations are shown in Fig. 3.3 which displayed the steady state expectation values
of o, and o, as a function of ¢. As we can see, the simulations indicate that the algorithm converges
indeed on the correct value when increasing the number of qubits ¢ in the eigenvalue register.

Shttps://github.com/Qiskit/qiskit/issues/13162
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Figure 3.3: plots of (o) (a) and (o,) (b) in terms of the number of qubits ¢ in the eigenvalue
register, with h = 0.5 and to = 1/5. These plots were obtained using the Aer simulator backend in
Qiskit. The dashed lines indicate the values from the analytical solutions ([1.60a)) and (1.60bj).

3.2.2 Numerical predictions for the algorithm’s outcome

Now that we have the results of the simulations, we can “manually” compute the state |¢)3) and
use (3.23)|°l To obtain the expected values, the general procedure is described in the box below.

Numerical prediction procedure

1. Construct the matrix representation of the Liouvillian and then the Hermitian operator

M using (3.1).
2. Compute the eigenvalues and eigenvectors of M.

3. Decompose the initial vector |£) (3.10) from the preparation stage, into the eigenvector
basis of M.

4. To each coefficient c;, multiply by the oz(()j ) coefficient (3.14)).
5. Reconstruct the vector with the new coefficients (Optional: renormalize the vector).
6. Compute the expected value of X ® 1 ® 1 using Eq. (3.23).

7. Compute the expected value of any measurement operator O using Q@ = X ® O ® 1 and
Eq. (3.23) and use the expected value of the previous step to normalize the result.

& J

Additionally, since M is Hermitian (and generally sparse, although it is not useful in our case),
specific methods can be used to solve the eigenvector problem, such as the Lanczos algorithm f
98] which is simply a specific case of the Arnoldi iteration method .

Using the same parameters as in the simulations and plotting both the simulations and the prediction
values, we obtain the plots shown in Fig[3.:4 As announced earlier, the results from the simulations

%We should clarify that we never use (3.23) directly, what we do is we compute the state |13) from (3.16)) and
measure Q which we know from (3.23)), converges to the expected value of the measurement operator O, hence the
indirect use.
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are perfectly predicted using the procedure described above. The predicted results are accurate up
to more than 10 decimal places as shown in Fig[3.5] the accuracy drops for higher numbers of qubits
t which is simply due to the accumulation of numerical errors.

"""W_ V0 —e— Numerical predictions
0.61 0.4 ——  Simulations
------ Analytical solution
05 02
0.4 0.0

—e— Numerical predictions

——  Simulations
s ' . —0.21
—————— Analytical solution

2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
' t
(a) (b)

Figure 3.4: plots of (o) (a) and (o,) (b) in terms of the number of qubits ¢ in the eigenvalue
register, with h = 0.5 and tg = 1/5. The lines and points in red indicate the predictions of the
outcome of the algorithm using Eq. , the lines and crosses in blue indicate the results of the
simulations using the Aer simulator backend in Qiskit and finally, the grey dashed lines indicate

the values from the analytical solutions ([1.60a]) and (1.60b)).

—10.5 1
—11.0 1

—14.5 1

2 4 6 8 10 12 14 16 18 20
t
Figure 3.5: Plot of the base-10 logarithm of the precision estimator Cy(o,) which is defined as

Cy (UZ) = <Uz>prediction - <Uz>simulation (t)’ in terms of ¢.

The purpose of demonstrating that the simulations can be precisely predicted using Eq. is
to eliminate the need to actually perform them. This allows us to analyze the algorithm’s behavior in
more complex systems requiring significantly more qubits, where simulations would be impractical
within reasonable timeframes.
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3.2.3 Convergence analysis
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Figure 3.6: plots of (o) (a) and (o,) (b) in terms of the number of qubits ¢ in the eigenvalue
register, for different values of h varying from 0.5 to 2.5. Furthermore t( is chosen as 1/(10h) and
these results are computed from Eq. . The dashed lines, as per usual, represent the analytical
values from egs. (1.60a)) and ([1.60b))

To continue this section, we can now compute the expectation values of the algorithm for different
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values of h and examine the convergence of the algorithm by comparing it with the analytical solution
found in Sec[T.3] The first part is plotted in Fig. [3.6] To evaluate the convergence, we can define an
estimator for the algorithm as follows

$(0) = {0 asgorithin (1) = (O avaytica (3.33)

with ¢ the number of qubits in the eigenvalue register. The dependence on ¢ is only shown for the
algorithm expected value because the analytical solution has of course no such dependence. If the
analytical solution was not known or simply did not exist, a common approach consists in taking
the algorithm expected value for t+ 1 instead. From now on, we will choose o, for the measurement
operator, for the simple reason that o, will give similar results and thus it is simply a waste of
ink and space to plot both. The convergence plots are shown in Fig. We unsurprisingly see

logyo (St(02))

0 5 10 15 20 25 30
t

Figure 3.7: Plot of the base 10 logarithm of S;(o,) in terms of the number of qubits ¢ in the
eigenvalue register, for different values of h varying from 0.5 to 2.5. Furthermore, tg is chosen as
1/(10h).

that the algorithm converges exponentially with the number of qubits in the eigenvalue register.
We also notice that the value of h seems to have as little as almost no impact on the convergence.
To conclude this section, it is worth noting that the system studied here is the same as the one
analyzed in the paper by Ramusat and Savona [19]. Although their analysis yields results that are
very similar to ours, there are slight differences in the errors.

72



3.3 Adapting the RS algorithm to non-Markovian systems using
the HEOM method: the RS HEOM algorithm

In this section, we will prove that the algorithm presented in Section can be seamlessly adapted
to non-Markovian systems using the HEOM method with only a few adjustments.

3.3.1 Overview

We use the HEOM Liouvillian in matrix form using Choi-Jamiolkowski isomorphism, in place of
the standard Liouvillian to define the Hermitian operator

0 »CHEOM(Kmaz)>

Mg, .. = < (3.34)
Loy (Kmas) 0

where we have explicitly written the dependency of Lygom on Kinee to emphasize that both the
quantum circuit and the size of the quantum register now depend on the chosen cutoff. This means
that the preparation gate P and the measurement operators will have to be adapted in consequence.
Furthermore, we will distinguish, in the whole density operator, the part representing the physical
system p(®:0) and we will similarly assume that its Hilbert space has a size 20, where the 0 index is
used to highlight the fact that this does not represent the entirety of the system. Another important
detail to take into account is that the entire size of the system cannot be considered as a pure power
of 2 even though the physical system is ﬂ The total size varies with K4, and thus, has to be
systematically increased to the next power of 2 by appending either 1’s on the diagonal of the
HEOM Liouvillian or 0’s but in this case, one has to be careful to prepare a state with the P gate
that has no overlap with the inevitably new eigenvectors composing the nullspace. Assuming the
entire system is now of size 2V [’| we can define N; = N — 2Ny, to account for the number of qubits
representing the ancillary states in the total number of qubits for the system, where the factor 2 in
front of Vg comes from the vectorization of the density operator. The exact value for NV and Ny can
be found by using the fact that the HEOM method uses in total (M 4+ Kimae)! ancillary states with

2M) Kmaz!
M the total number of pseudo-modes coupled to the system. This yields the following expressions

Ny = |Vlog2 (W)} , (3.35a)

N =2Ny+ {ng (Wﬂ : (3.35b)

The full quantum circuit is illustrated in Fig Similarly as the RS algorithm, it is composed of
a preparation stage, a quantum phase estimation stage and a measurement stage.

"Indeed, the factorial implies of course that successive numbers will be multiplied, the 2M also implies that
(M = 1), there will always be at the very least, two successive number, the only two numbers that can give a strict
power of 2 in this scenario are 1 and 2 (Kqz = 0). Furthermore, it is strictly impossible that for M > 1, a strict
power of 2 exists since three successive numbers multiplied will always give a number that can be divided by 3.

8Note that we do not need to increase the size to 22% with N being an integer (Thus a strict power of 4), to match
the scenario from RS algorithm. We still need to increase the size to a power of 2 for the simple reason that this is
required to be implemented as a quantum gate (It has to act on a number of qubits N which implies that any operator
of this Hilbert space has a size 2V x 2V)
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Preparation stage Quantum phase estimation stage Measurement stage
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Figure 3.8: Quantum circuit diagram for the full algorithm. The algorithm is composed of an
input-state preparation stage, a quantum phase estimation stage and, if successful, a measurement
stage. The first qubit register contains ¢ qubits, having more qubits in this register allows for higher
precision but at a higher cost in gates and qubits. The second quantum register is composed of N +1
qubits and represents the statevector of the system. The quantum phase estimation algorithm uses
t controlled-U?' gates defined in Eq. , applied on the second quantum register and an inverse
quantum Fourier transform applied on the first quantum register. The classical wires (double lines)
indicate the conditional measurement applied on the second register if the algorithm was successful,
i.e., that 0; was measured in the eigenvalue register. The P gate is explicitly depicted in Figure|3.9
And the measurement operator Qurom(O) is defined in Eq. .

3.3.2 Preparation stage

The idea of Ramusat and Savona’s paper was to prepare a state having a large overlap with the
degenerate nullspace by taking advantage of the fact that the left eigenvector of £, |1) was known.
This idea still works for HEOM, however, we must take into account that the left eigenvector of
LyroMm 18 !]l(o’o)>[56|. This notation designates that we have the vectorized identity on the first
2Ny qubits and then O for the remaining N; qubits. This is a consequence of the fact that the
normalization condition for p is that Tr [p(o,o)] = 1. We thus have that the two eigenvectors of
Mk,,.. associated with the eigenvalue 0 are given by

70) =10} [0) v, L)y, - (3.36a)
Im) = 1) |pss) Ny 1o, - (3.36h)

where we added subscripts to clarify the dimensions of each part. This means that the state we
need to prepare is

€) = 10) [0) v, (D)o, +11) 10) v, 10Dy, _ 10) 11+ 1) [0) n, [0)a, (3.37)

V2 V2 ’ '
where the indices are used to indicate the number of qubits required for each sub-state. Note that
this state does not depend on the cutoff K,,,, apart from its size and, as such, neither does the P

gate. This is a major difference and a convenient advantage, compared to the original algorithm
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used in the context of a Markovian embedding approach, where the vectorized identity has to be
prepared by taking into account the Fock space cutoff V. and thus the gate has to be modified
accordingly. The state (3.37)) can be prepared through the P gate, as shown in Fig. 3.9

—{] S Py

Ny

l
{
-
al

Figure 3.9: P gate explicitly drawn as a quantum circuit for the HEOM adaptation.

The state of the circuit after the P gate is then given by

0, 16}y 41 = j§ 10, (109 10) 5, L), + 1)10) v, 10)2;) (3.38)

3.3.3 Quantum phase estimation stage

The quantum phase estimation stage follows the same logic as in Sec. 3.1l Evidently, we need to
use the Hermitian operator M, . for the controlled-U? gates which are thus defined as

U2 — o2mitoMK .2 : (3.39)

where to is chosen so that the whole spectrum of Mg, . is in the interval [0,1]. A convenient
estimation of fy can be obtained by determining an upper bound of the 1-norm of Lygonm, which
can be straightforwardly determined by considering the 1-norms of the sub-matrices of Lyrowm-
However, the attentive reader may have already noticed that the Lyrowm matrix has its sub-matrices
of different physical dimensions. For example, using the expression for HEOM at one mode,
the A and B matrices have s~2 units, the D matrices have s~! units while the the C' matrices
are dimensionless. We have empirically found that replacing the |gj\2 by |g;| and multiplying by
|gj| when the term is dimensionless so that the whole expression is dimensionally coherent yields a
better upper bound for maxy, |\x|. The expression found is given below.
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ma [ < 20/ Hs
+ Ko (s + i1+ 19 1211

M
+2 gl L], (3.40)

Jj=1

where the 1-norm of Hg and L depend on the studied system and can generally be obtained with
relative ease. Note that this inequality is almost equal for |g;| < |k; + iw;| as shown in Fig. [3.10
Note that the choice of ¢y directly impacts the number of qubits required in the eigenvalue register.
The classical formulation of the quantum phase estimation can be summarized (cf. Sec. for an
eigenvector |n;) of M, .., associated with the eigenvalue ¢;, through the relation

2t-1
QPE{(MK,0,) 10) 1)) iy = <Zal 1) )!m N1 (3.41)

where
1 1 — e2im(top;2°—1))

2t 1 — e2im(top;—1/2t)’

which is the same definition as . This relation is only valid if top; # /28,1 =0,1,...,2t -1,
otherwise, if we assume an integer k such that top; = k/2', the sum in vanishes, and we
are simply left with |k), [n;) v, ;. The next step is then to measure the ¢ qubits composing the
eigenvalue register, in the computational basis. In the general case, there is a probability of at least
4/7? to measure the best ¢ bits estimate of ; and 1 if k exists. In our situation, we have a state
having a large overlap with the nullspace of Mg . and which is not an eigenstate. The purpose
is to create entanglement between the eigenstates and eigenvalues using the QPFE, and hope we
measure 0; in the eigenvalue register so that the final state will be the projection of the initial state
onto the nullspace. Expanding |£) on the basis of eigenvectors |n;) of M, ,,. yields

al(J)

1 oN+1_q
1€) = 72 n0) + Z ¢ n5) (3.42)
Jj#0

with ¢; being the projection of |£) onto the eigenstate |n;), i.e.,

cj = (n;1€) (3.43a)
= (n;11 ® On1 @ O2n,) (3.43D)

since (no|n;) = 0 for j # 0. We can then apply the quantum phase estimation on our state |{) which
gives

1
QPE(Mn.) 10) €)1 =10 (75 v + 1 ) )

oN+1_q 2t—1
+ > q(Za )\nj Nl (3.44)

J#0,1
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Figure 3.10: Plots of the largest eigenvalue (in blue) of Lygowm in terms of Ky,q, in the case of the
two-mode open quantum Rabi model presented in Sec. for multiple parameter values. Here
we set we = 0.5, g2 = 0.5 and ko for all 4 plots as only the largest parameters among the multiple
modes contribute. The orange dashed line is the linear fit obtained with the blue points and the

257 Linear fit
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red line represents the upper bound (3.40)).

where we assume for simplicity, that the non-zero eigenvalues of Mg, . do not admit exact binary
decompositions with ¢ bits, so that the «;
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(b) wo = 1.0, wy = 1.0, g1 = 5.0, K1 =2.0
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(d) wo = 10, w1 = 500, g1 = 10, K1 = 50.0

coefficients are well-defined. Assuming we measured O

in the eigenvalue register, we are left with the following state
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[9) Nt41 = 10)¢ [P s - (3.45)

where
N+1_q
109 10) v, [0} i ‘
Oy ==t taDlpshyt D oy e, (346)
j#0,1

\.

where we have written explicitly the expression for |ng) and |n;). The probability to measure 0,
will always be greater than 1/2 owing to the 1/v/2 factor in front of |ng) in Eq. (3.42))(cf. Sec .
3.3.4 Measurement stage

The underlying principle of the measurement stage in Ramusat and Savona’s paper was to use the
identity

(0) = N'Tx[Op]
=N{I|O®1|p) (3.47a)
_ N (ploa1|1), (3.47b)

with N a normalization constant coming from the fact that the state |p) is unnormalized from a
density operator standpoint, O is a measurement operator and 1 the identity operator, both acting
on the Hilbert space of the system. The purpose was then to use a quantum measurement () defined
as

Q=X®0&1,

so that we can take advantage of the fact that the states primarily surviving the quantum phase
estimation stage are the eigenstates associated with the eigenvalue 0 which are precisely |1) and
Pss-

In our non-Markovian case, the eigenstates that survive are ‘]l(o,o)> and |pss). Furthermore, the
former is what we need (from a projector perspective) to measure the part p(070) from the total
density operator through the relation

Tr [Op(o,o)] _ <]1(0,0)‘ 1y, ©0 @1y,

p> (3.482)

— <]l(0,0)‘ Iy, ®O0® 1y, p>7 (3.48Db)

where O is a measurement operator acting on the Hilbert space of the system and thus on Ny qubits,
and 1y, is an operator acting trivially on N; qubits, i.e. Toxs ® -+ ® Lax2. We can similarly define

N;j
the operator

7

QueoMm(0) =X @1y, @ 0 ® 1y, (3.49)

\

where we added a O argument to specify which measurement operator is used. This operator acts
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on N + 1 qubits and has the following properties

0| Queom(0O) [10) =
m| Queom(O) [m) =0,
0| Queom(0) [m) =
m| Queom(O) o) =

o~ o~~~

which stems from the fact that the X gate flips the corresponding qubit and the expressions (13.36a))
and (3.36D)) for |no) and |n;) and that @ is Hermitian. Measuring the state with the opera-
tor (3.49) yields the following expression

(@] Qurom (O )\<I>>—c1\fTr[op(00)}

2NV+1_g
+2Re| ) Cjaéj)(ﬁ (0| @ueom(0) [n;) + €} (nllQHEOM(O)Inj>)]
70,1
2N+1_12N+1_1
+ > > ool (nj] Queom(O) nk) (3.51)
§£0,1 k0,1

where the second and third terms are errors originating from the quantum phase estimation stage
and decrease exponentially with the number of qubits ¢ in the eigenvalue register. In order to
eliminate both the norm of the steady state and the ¢; /2 pre-factor, we can replace the measurement

operator O by the identity operator 1y, so that the expression (3.51) goes to c1V2Tr {pss )} for
t — 0co. We can then compute any expectation value using

e D

Tr[Opss]

Tr[pss]

(@] QueEoM(O) |P)
~ (@] Qurom (1) |®)

. J

(0) =

(3.52)

This relation, along with the expression for |®), is what we use to predict the outcome
of the algorithm for benchmarking purposes, thus bypassing the need to emulate the whole circuit.
This allows us to be relatively unrestricted in the number of qubits in the eigenvalue register, the
downside being that in order to compute the state |®), we need to know every eigenvector and
eigenvalue of the matrix My, . which can become computationally challenging for large systems.

3.3.5 Complexity analysis

We still have to characterize the scaling of the algorithm, luckily for us, the discussion at the end
of Section remains valid and we simply need to account for the increased size of the system.
Furthermore, we will only consider the QPE scaling (combined with the measurement stage scaling
€m) as it dominates the overall scaling of the algorithm. We have in this setup that the number of
gates scales as
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H#gates = O( W+ 1" > (3.53)

(tog)1+1/p 611)/2+1/2p el

where the expression for N is defined in (3.35b). We see that the HEOM method primarily intro-
duced a linear dependence of K., which is hidden in the expression of ty with . Since Ny was
logarithmically defined with regards to the size of the system, (N 4 1)¥ scales polylogarithmically.
Furthermore, the scaling depends on the ratio between the largest eigenvalue (through tp) and the
HEOM Liouvillian gap g. Assuming this ratio scales as a power law of the system, this algorithm
is thus expected to perform with an exponential advantage compared to exact diagonalization. For
notational convenience, we will refer to this adaptation as “RS HEOM algorithm” for the remainder
of this work.

3.4 Applications of the RS HEOM algorithm

In this section, we will apply the algorithm explained in the previous section to the same model as
in Sec. i.e., the open Rabi model. We will then compare it against the original RS algorithm
in the case of a Markovian embedding approach. As a second stage, we will apply both algorithms
to a two-mode open quantum Rabi model.

3.4.1 Open quantum Rabi model

The point of this subsection is the same as Sec. The first step consists in doing simulations of
the circuit and then proving that we can bypass the simulations using Eq. (3.52)) in order to study
large system sizes and the algorithm’s convergence.

For self-evident reasons, the simulations were only done for K., = 1,2. Note that the tools
and procedures used here are exactly the same as in Sec. and as such, they will not be detailed
again. The comparison plots with the numerical predictions using Eq. are directly shown in
Fig.[3.11} Evidently, these results were to be expected, the simulations being done as a verification
for the algorithm validness.

We can now evaluate the convergence of the algorithm. However, a subtlety is that we have
two parameters that control the convergence in this algorithm: the order K,,,, and the number

of qubits t in the eigenvalue register. As such we define the following two convergence estimators
SkK,...(0) and Si(O)

SKmaz (O)
S¢(0)

(O (Kmaz +1,1)) — (O (Kinaz, t))] (3.54)
(O (Kmaz; t +1)) = (O (Kinaz, t))] - (3.55

Note that these estimators, even if they are defined to estimate the convergence for only one param-
eter, depend in fact on both parameters. As a second remark, we defined the second estimator by
comparing successive increments. Nevertheless, one could alternatively compare it directly to the
classical nullspace computation. However, this approach was not adopted because, from a purely
quantum computing perspective, the classical results are assumed to be unknown. Therefore, we
opted for this point of view in defining the estimator. Finally, from these two estimators, we can
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Figure 3.11: Left figures: (o,) in terms of the number of qubits ¢ in the eigenvalue register for
Kpae = 1 (a) and Kper = 2 (¢). For all computations and simulations, we have wy = g =
w = k/2 = 1.0 and tmx = 1/10. The line and dots in red represent the numerical predictions
obtained via Eq. while the line and dots in blue represent the simulations done on the Aer
simulator in Qiskit. The dashed grey line represents the classical nullspace computation obtained
in the previous Section, using Eq. (a) and Eq. (c) Right figures: Precision estimator

(02) prediction — (2)simulation | PlOtted in base 10 logarithm in terms of the number of qubits ¢ in the

eigenvalue register for K4, = 1 (b) and K4, = 2 (d). The numerical predictions and simulations
are in accordance to more than 11 decimals.

define a third one that aims to estimate the complete convergence

Smant(0) = V/ (Skan (0))2 + (S:(0))2. (3.56)

This estimator simply corresponds to the Euclidian norm of the first two and this definition is purely
arbitrary, as we could have chosen the Manhattan norm for example. The results, however, would
not differ much.

The estimator is plotted for different parameters in Fig We can see on both plots
the two different regimes, either i) ¢ is not large enough compared to K4, and the “steps” seem
erratic or ii) Kuq, is not large enough compared to ¢ and the “steps” seem remarkably regular.
Furthermore, while the exponential convergence was already established in Section [3.2] we notice
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Figure 3.12: 3D bar plot (a) and density plot (b) of the base 10 logarithm of the convergence
estimator Sk, .. +(0,) in the case of the open quantum Rabi model for g = w = wy = k/2 = 1.0,
with the number of qubits ¢ in the eigenvalue register varying from 1 to 50 and the HEOM cutoff
parameter K., varying from 1 to 15. The color scale is the same for both plots. Note that o was
not chosen using the determined upper bound but with a linear fit. The reason behind this
choice was so that these results could be compared later, with the Markovian embedding approach.
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that the results here suggest a faster than exponential convergence for Kmmﬂ since the difference
between each “step” increases. As previously said, any number of qubits ¢ in the eigenvalue register
takes the same amount of time when computing, the reason we did not go further than 50 qubits is
because the precision of the machine is reached around there and as such, the errors stagnate.

3.4.2 RS VS RS HEOM algorithm: open quantum Rabi model

As mentioned earlier in this work (cf. Chapter [Ifand more precisely Subsection , the simplest
way conceptually, to simulate non-Markovian systems is to encompass the part of the environment
containing the interaction with the studied system (i.e., the pseudo-modes), into a larger Markovian
system. This approach, commonly referred to as Markovian embedding, can be used directly in the
case of the RS algorithm without any major adaptation. The purpose of this section is to compare
both non-Markovian methods to determine if the HEOM adaptation has any meaningful advantage.

In the case of the Markovian embedding approach, the enlarged Hilbert space is H = Hgys @
Henﬂ where Hen, represents the pseudo-modes Hilbert space, and we use the notion of tensor
product extension to adapt operators acting on only one of the Hilbert space to the enlarged Hilbert
space. For example, any operator Os,s acting on Hs,s can be adapted to H using

O = Osys @ Loy (3.57)

In the case of the open quantum Rabi model, the system is the two-level system representing the
atom while the environment is the cavity mode surrounding the atom. These operator extensions
allow the Hamiltonian of the system (and thus the Liouvillian) to be expressed as a single equation
given by where the absence of indices indicates that the operators are extended to the enlarged
Hilbert space and as such, we can implement it using RS algorithm. The size of the Hilbert space
of the cavity mode is infinite in theory as there is no limit to the number of photons that can be
present within the cavity. However, for numerical computations, we introduce a cutoff N, for the
size of the Fock space describing the cavity, as in Sec. The cutoff N, is analogous to the cutoff
parameter K., used for the HEOM method, nonetheless, there are important differences between
the two. Notably, N, is a square cutoff, meaning if we write explicitly the density operator for the
cavity, we have

Nc
Penv =~ ij ‘w]> <w1’ ’ (3'58)
j=1

if we vectorize this density operator, we obtain
T
|pems) = <p(1,1)7p(1,2)’ oy N (21 m’p(Nc,Nc)) _ (3.59)

This means that any p(t7) where max(i,j) < N, will be considered in the computations. Never-
theless, as mentioned in Section the pre-factor has to be increased to a pure power of 2 to be
implemented on quantum computers as gates.

In order to compare both methods without biases, we computed the largest eigenvalues numer-
ically to determine the best possible value for toEl Something similar was already done for the

9At least faster than a simple exponential.

ONote that the “env” index is used somewhat loosely, as it represents only a part of the environment, i.e., the
pseudo-modes.

" Estimating the upper bound for the Markovian embedding method and using the one determined in Sec. could
lead to an advantage for one or the other. We want to compare first without taking this into account.
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HEOM adaptation in Fig for the Markovian embedding approach, it is displayed in Fig[3.13
Another detail to keep in mind is that the minimal value for N, is 2, whereas K., can be equal to
1. Indeed, the operators a and a' link two different states of the cavity, meaning we need at least
two different states for them to contribute to the dynamics.

801
—o— max; |

701 Linear fit: max; |A\;| = 5.0N, — 6.3 P

4 6 8 10 12 14
Ne

Figure 3.13: Plot of the largest eigenvalue of Ly in terms of N, in the case of the Rabi model
for g = w = wp = k/2 = 1.0. The blue dotted line is the plot of the largest eigenvalue computed
numerically with the orange dashed line being its linear fit.

The outcome of the algorithm can be predicted using the exact same approach as in Section
Furthermore, we can define a convergence estimator Sy, +(O) using the same principles as in Sec-
tion This estimator leads to plots that are extremely similar to those in Fig. which are
displayed in Fig. It is rather complicated using Figs. to compare which method is
better. One way to compare the two methods is to compute the required resources to reach an
arbitrary precision threshold and compare them. For example, we can take the difference with the
number of qubits required in the eigenvalue register and compute the ratio of the dimensions of the
systems. This approach is illustrated in Fig. where we have considered the dimensions of the
Liouvillian for which their size are not increased to the next pure power of 2. As we can see, there is
no real advantage in terms of HEOM or Markovian embedding Liouvillian dimensions, but there is a
clear advantage in terms of required numbers of qubits in the eigenvalue register, t. At first glance,
this difference may seem insignificant, especially for higher precision thresholds where the relative
advantage is less than 10%@ However, recalling the discussion in Section regarding the scaling
of the algorithm, the number of gates required for implementing one controlled-U?’ scales with 27
(and we have ¢ such controlled gates as j = 0,¢t — 1). As such, even one qubit of difference means
that we would require twice as many gates using the Markovian embedding approach, assuming one
Trotter step takes the same resources for both methods. On average, the RS HEOM adaptation
requires three qubits less than its counterpart, which translates to a gate cost approximately 8 times
cheaper.

2Typically, for the last point, we have ty = 48 and tgroa = 45.
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Figure 3.14: 3D bar plot (a) and density plot (b) of the base 10 logarithm of the convergence
estimator Sy, ¢(0.) in the case of the open quantum Rabi model for g = w = wy = £/2 = 1.0, with
the number of qubits ¢ in the eigenvalue register varying from 1 to 50 and the Markovian embedding
cutoff parameter N, varying from 2 to 15. The color scale is the same for both plots. tg is chosen

according to the plot in Fig.

However, a few points should be emphasized: firstly, the results of this comparison are inherent

85



to our choice of parameters, as we will see later on. Secondly, the difference is slightly erratic, and
this irregularity can sometimes lead to a negative difference, i.e. a disadvantage, for some precision
thresholds and other choices of parameters. And thirdly, we have no means to predict for which
precision thresholds this can happen.
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Figure 3.15: (a) Difference between the number of qubits in the eigenvalue register between the RS
HEOM adaptation and the Markovian embedding approach and (b) Ratio between the dimensions
of the HEOM Liouvillian and the Markovian embedding Liouvillian, to reach a precision threshold
e in logarithmic scale in the case of the open quantum Rabi model for g = w = wy = /2 = 1.0. The
dimensions of the Liouvillians are not increased to pure powers of 2 in order to show the black/gray
lines which are respectively the projected ratios where we replaced K4, by N, and N, — 1 in the
dimension computations.

In order to evaluate the difference in the number of qubits in the eigenvalue register for multiple
choices of parameters, we will take the average for different precision thresholds so that we only
take into account the global tendency. This approach allows us to have an objective criterion for
comparing both methods with multiple combinations of parameters. The full plot for the conver-
gence parameter space analysis is shown in Fig. |3.16] There are multiple instances where neither
method managed to converge and parameter sets for which only the Markovian embedding approach
converged. These instabilities seem to occur around critical coupling values and when the system
is under strong non-Markovianity as Fig. indicates. The dimensionless ratio g2/kg. thus seems
to predict rather roughly where these instabilities occur. The critical coupling g. is defined as

1 k2w
ge = 5\ wwo + 4w0 (3.60)

for the one-mode open quantum Rabi model [100].  Overall, this suggests that the Markovian
embedding algorithm is more robust than its RS HEOM counterpart EL Such differences stem
from the fact that it has been proven that HEOM suffers from instability issues under specific
regimes [57]. Although these results are slightly unfortunate, this is not necessarily problematic as
the RS algorithm is initially expected to perform poorly near critical points [19]. Away from these

13The white cells where only the RS HEOM adaptation converged are a bit misleading as the HEOM values barely fit
the convergence criterion while the Markovian embedding approach fell short by a very small margin (=~ 2.3 x 107°).
However, if we still aim to compare the number of qubits required for lower precision thresholds, the Markovian
embedding algorithm still holds an advantage.
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Figure 3.16: Full convergence analysis across the parameter space for the RS HEOM and Markovian
embedding methods, shown as a heatmap of the average difference in the required number of
qubits in the eigenvalue register across 20 logarithmically spaced precision thresholds from 107! to
1075. Black cells indicate parameter sets where neither method converged to the minimal threshold
(1079); grey cells denote cases where only the Markovian embedding approach converged while white
cells show situations where only the RS HEOM algorithm converged to a satisfying degree. The
convergence criterion is based on the highest precision obtained using the maximal value of K4,
and N, which is 15 in these computations. The plasma colormap quantifies (t\arkovian — tHEOM)
where both methods converged.
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Figure 3.17: Heatmap across the parameter space of the value g?/kge, i.e., the product of the ratio
g/gc and the ratio g/k. g. is the critical coupling value for which the dissipative phase transition
occurs and g/k represents the non-Markovianity of the system.

points, the RS HEOM adaptation performs better than its counterpart, holding a steady advantage
of roughly two (and up to 4.5) qubits, which also corresponds to a gate cost 4 times cheaper as
mentioned earlier. Note also that a possible outlook of this work could be to overcome the problem
of convergence of HEOM in critical regimes by finding a modified version of HEOM through alter-
native definition of auxiliary states, as done in [101] for non-Markovian quantum trajectory methods.
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For classical computations, the advantage of the HEOM method stems from its system size
scaling, a feature not observed in our analysis. This is not necessarily surprising as quantum
supremacy is partly rooted in quantum computers’ superior scaling efficiency for encoding quantum
states. In this analysis, we studied the open quantum Rabi model composed of only a single
mode. The dimension of the HEOM Liouvillian, at equal cutoffs, goes to half the dimension of the
Markovian embedding Liouvillian (cf. Subsection [1.4.2)). One additional qubit allows us to encode
quantum states twice as large; this, in turn, infers that the advantage of the HEOM approach for
one mode is almost nullified. As we increase the size of the systems to pure powers of 2, either
both methods use the same number of qubits or HEOM uses one qubit less, as previously shown in
Fig However, the advantage of the HEOM approach in terms of size scaling becomes more
significant as we increase the number of modes. An example at two modes is the subject of the
next section.

3.4.3 RS VS RS HEOM algorithm: two-mode open quantum Rabi model

As we have mentioned earlier, the HEOM method is expected to perform better with multi-mode
systems, and the advantage for a single-mode system is hardly noticeable in the case of quantum
computing. For two modes, the leading order term in the dimension ratio of the Liouvillian is
1/4! = 1/24, which means that for large values of K4, and N,, we could expect an advantage of
around 4 to 5 qubits for the system register. In order to verify this hypothesis, we will do the same
comparison than in the previous sections using the two-mode Rabi model instead.

The Hamiltonian of the two-mode Rabi model is given by

Hgvemode — (05 4+ Z wja;r-aj + Z gji(a; + a})%, (3.61)

where the wj, is the frequency of the mode k, aj is the corresponding annihilation operator
for the mode wy and g is the associated coupling parameter between the mode and the two-level
system. The associated BCF is given by

a(r) = Z gjz-e_“jh'_i“’ﬂ. (3.62)
j=1,2

We will follow the same procedure as in the previous sections however, we will only focus on the
convergence comparisons between the two methods. Due to the numerical cost of the computations,
we have restrained ourselves to a single set of parameters, and a figure similar to [3.16] was not
produced for the two-mode Rabi model El In order to have a convergence rate (relative to the

M Note that the plot at one mode took 57 hours to complete, unparallelized. However the computation time is not
the only limiting factor at two modes, we need a lot of RAM memory in order to store the Liouvillian matrix and
its eigenvectors. Since we need every eigenvector and every eigenvalue of the matrix, we cannot use sparse methods.
Typically, picking N. = 8 for the Markovian embedding cutoff for the two-mode Rabi model, gives a M matrix of size
32768 x 32768, assuming 128 bits per element (double precision for a complex number) means that we need 16GB to
store it. Furthermore, diagonalizing such a matrix takes a considerate amount of time and parallelizing is not feasible
due to the ram consumption unless we have access to a cluster which was not our case in this work.

89



cutoff parameters) neither too slow nor too fast, we picked the following set of parameters
1.0 =wp = k1 = K2/0.5 = w1 /0.5 = w2 /0.35 = g1/0.25 = ¢5/0.2.

The two-mode HEOM Liouvillian was implemented by using the library available in QuTiP .
Contrary to the one-mode convergence analysis, we chose to estimate the convergence, not by
comparing with the next increment of the parameters but by comparing the computations, to a
classically obtained estimation of (o.),,. The reason being that we have more points to compare
using this approach |T_5l The classical method employed consisted in propagating the dynamics for
an extended period of time, typically ¢ = 5000w, ! to reach the steady state and using high cutoff
parameters, K., = 20 and N, = 12. This yielded the two values

(02) = —0.35683403225378906853, (3.63a)

(02)urom = —0.35683403225375598389, (3.63Db)

which are in accordance to 13 decimal places. Alternatively, we could have used sparse matrix
methods to obtain the eigenvector corresponding to the eigenvalue 0. However, due to the low
relaxation time of the system El, it is faster to propagate the dynamics. Computing the dynamics

up to ¢t = 5000w ! yields results accurate to 17 decimal places compared with the diagonalization
at lower cutoff values. The estimator is thus defined as

Sxi(02) = [(02(X, 1)) — {0=) el s (3.64)

where X designates both K, or N, depending on the context and CC refers to Classically Com-
puted. The convergence plots for both methods are illustrated in Fig. [3.18
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Figure 3.18: 3D bar plot for HEOM (a) and the Markovian embedding approach (b) of the base
10 logarithm of the convergence estimator , in the case of the two-mode open quantum Rabi
model, with the number of qubits ¢ in the eigenvalue register varying from 1 to 50, the HEOM
cutoff parameter varying from 1 to 10 and the Markovian embedding cutoff parameter ranging from
2 to 8. The color and height scale is the same for both plots. ty is chosen by computing the largest
eigenvalue of the matrix, multiplying by 1.05 and taking the inverse.

5The maximum value for N. we could obtain was 8. Using the previous approach, this value would have served to
estimate the convergence relative to N. = 7. Comparing to another value obtained classically, allows us to use N, = 8
in the convergence analysis.

16The relaxation time is defined as the typical timescale over which a system returns to equilibrium after a pertur-
bation.
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Figure 3.19: (a) Plot of the number of ancillary qubits required to reach a precision thresh-
old ¢ ranging from 0.25 to 2 x 107!% for both methods with (b) being the plot of the differ-
ence between the Markovian embedding and HEOM numbers of ancillary qubits. The linear
fits are tyy = —3.297logg(e) + 11.817 and tgrpom = —3.459log;o(€) + 10.823. (c) Ratio be-
tween dim (Lgponm) and dim (Ly) as a function of the precision threshold e. The dimensions
of the Liouvillians are not increased to pure powers of 2 in order to show the black/gray lines
which are respectively the projected ratios where we replaced Ko by N. + 1, N, and N, — 1
in the dimension computations. The Liouvillian dimensions increased to pure powers of 2 are
implicitly shown in (d) which is the plot of the number of qubits representing the complete sys-
tem for both methods as a function of the precision threshold . For all computations, we used
1.0 = wo = K1 = K2/0.5 = w1 /0.5 = wy/0.35 = g1/0.25 = g2/0.2, which is justified by the fact
that this set of parameters allows a rate of convergence that is neither too slow nor too fast for our
numerical resources.

The results seem more irregular due to the comparison with (0.) ¢ instead of the next parameter
iteration. We can then proceed as in the previous sections and reverse the plots in Fig. to
obtain the minimal parameter values as a function of the precision threshold. All the plots of the
convergence analysis are illustrated in Fig. [3.19] The first feature to notice is that the advantage
regarding the number of qubits in the eigenvalue register has disappeared. Such a result is not
necessarily surprising owing to the fact that the choice of parameters has a considerable impact on
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whether a method holds an advantage over the other in this regard. As such, it seems likely that this
specific choice of parameters translates to no advantage in terms of qubits in the eigenvalue register
and that parameters where HEOM holds an advantage over the Markovian embedding approach
exist. Nonetheless, such a conclusion is overly stretched in the case of the two-mode open quantum
Rabi model and deserves further research since a plot similar to Fig. [3.16] for two modes was not
conducted.

The particular element to notice is that the advantage regarding the number of qubits allocated
to the system, i.e. the eigenvector register, has grown compared to the one-mode open quantum
Rabi model. Furthermore, the gray lines in Fig. seem to indicate that K,,,, and N, scale
indeed rather similarly. Although there seems to have been a shift of 1 between the respective
values of K4 and N, compared to the one-mode Rabi model, such a difference is inconsequential:
we have shown in the first chapter of this thesis (cf. Sec that for neither method to be able
to provide an advantage over the other, we would need that K,q, ~ (2M/e) N, which is evidently
not the case here. This in turn suggests that our initial intuition that the advantage for the HEOM
method would get larger for multi-mode systems seems correct. Moreover, although the difference
for the number of qubits for the system is around 2 to 3, it is within expectations since we have only
gone up to N, = 8 which only leads to a ratio of around 1/8. As such, increasing the Liouvillians
to pure powers of two would either yield 1/4, 1/8 or 1/16. However, the latter does not occur as
increasing to pure powers of two tends to favor the Markovian embedding approach as discussed in
the previous sections

3.5 Summary

The first section of this chapter was dedicated to the algorithm of Ramusat and Savona (RS) [19],
a quantum algorithm for estimating the steady states of Markovian open quantum systems. In
the second section, we applied this algorithm to the simple spin model from Sec. through
quantum circuit simulations. We then demonstrated how to bypass simulations by diagonalizing a
Liouvillian-derived matrix, that enabled us to perform advanced convergence analyses.

In the latter part of the chapter, we showed how the RS algorithm could be adapted to non-
Markovian systems using the HEOM Liouvillian with a few key adjustments, which is the original
contribution of this master’s thesis. We applied this modified algorithm to the open quantum
Rabi model (Sec. and compared it against the Markovian embedding approach. Finally, we
demonstrated our algorithm’s non-trivial advantage for multi-mode systems through the analysis of
a two-mode open quantum Rabi model.

7To have an advantage of 4 qubits it is expected to be at least at N, = 10.
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Conclusion

The main objective of this master’s thesis was to develop a quantum algorithm for finding the steady
state of non-Markovian open quantum systems. In the first chapter, we introduced the reader to
the field of open quantum systems. We presented the density operator formalism, showed why it
is necessary, and proved some of its key properties. We then explained how to compute the dy-
namics of open quantum systems using the GKSL master equation that relies on the Born and the
Markov approximations. Afterwards, we described how the Choi—Jamiolkowski isomorphism allows
us to map density operators to ket vectors and CPTP maps to operators in order to implement
them on quantum computers. We also outlined how to compute the dynamics of non-Markovian
systems, first by using Markovian embedding techniques and second by using the HEOM method,
and clarified why the latter is generally advantageous. Furthermore, we provided two examples of
open quantum systems, one Markovian and the other non-Markovian, to equip the reader with a
stronger intuition on the subject.

The second chapter aimed at explaining the general formalism of quantum information and com-
putation by introducing the concepts of computational basis, quantum circuits, and quantum gates.
We then described the quantum Fourier transform and quantum phase estimation algorithms as
they are part of the key subroutines of this thesis algorithm. Moreover, we showed how the oracles
for the controlled-U gates can be implemented using the Suzuki-Trotter expansion.

In the third chapter, we extensively presented the algorithm of Ramusat and Savona to find the
steady states of Markovian open quantum systems. As an original contribution, we demonstrated
how this algorithm could be generalized to non-Markovian systems using HEOM and a few adap-
tations; notably to the P gate, the choice of ¢y, and the measurement operator. Furthermore, we
used the same open quantum systems introduced in the first chapter to apply both algorithms. We
first implemented the algorithm by employing circuit simulations in Qiskit using the Aer Simulator
backend, and then showed that the outcome of the algorithm could be accurately classically pre-
dicted at the cost of needing to entirely diagonalize the M matrix of the corresponding Liouvillian.
In the case of the one-mode open quantum Rabi model, we have established that away from critical
points and where the systems do not exhibit strong non-Markovianity, our adaptation performs
with a steady advantage regarding the number of qubits in the eigenvalue register compared to the
original algorithm used in the case of a Markovian embedding approach. Additionally, we confirmed
in the case of the two-mode open quantum Rabi model that our algorithm exhibits a clear advantage
regarding the number of qubits for the system, a feature not observed at one mode. These observa-
tions seem to substantiate the initial assumption that our HEOM adaptation should perform with a
non-trivial advantage for the number of qubits in the eigenvector register. A manuscript gathering
all these results is currently under preparation.

Moving forward, one could use the HEOM method to adapt other algorithms to non-Markovian
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systems. In particular, algorithms that use quantum annealing instead of digital quantum computers
may provide interesting challenges. An additional and promising prospect could be to develop
a quantum algorithm to compute the dynamics of non-Markovian open quantum systems that
takes full advantage of the noise present in the hardware to implement the decoherence effects.
While this idea was already proposed by Seth Lloyd in 1996 [102], only few people have actively
tried to do so [23], [103]. Furthermore, one could also use measurement operations to simulate
decoherence [104]. Combining these two approaches also offers considerable advantages; for example,
removing the non-unitary parts in the Liouvillian eliminates the need to embed it into a larger
Hermitian matrix. The measurements used to implement the decoherence would inevitably yield
information about the system, and lastly, such an algorithm would be utterly noise-resilient.
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