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Abstract

Vibration testing plays an important role in the development of modern engineering structures by
revealing their dynamic limitations, providing validation data for numerical models, and serving
as a benchmark in standardised testing procedures. While modal analysis of linear systems is
a well-established process, with linear systems characterised by constant resonance frequencies
regardless of excitation amplitude, the adoption of novel materials and complex structures in the
aeronautical industry has led to the increased occurrence of nonlinear phenomena. Such systems
may exhibit multiple stable and unstable solutions, superharmonic and subharmonic resonances, and
amplitude-dependent frequency responses, thereby challenging classical identification techniques in
the reconstruction of complete bifurcation diagrams.

To identify complete frequency response and backbone curves of nonlinear structures, experimen-
tal continuation methods have recently gained interest. This thesis investigates the implementation
of a phase-locked loop (PLL) algorithm in the LabVIEW FPGA environment to perform real-time
tracking of fundamental frequency response and backbone curves, with a view towards industrial
application.

The PLL approach is first developed within the Simulink environment as a reference model, and
is validated numerically and experimentally. The algorithm is then implemented in LabVIEW, and
multiple tests are performed on experimental setups. Results demonstrate that the LabVIEW-based
PLL achieves real-time computation of frequency response and backbone curves with an accuracy
comparable to that of the Simulink implementation. An industrial application of the present work
can be considered to track frequency response and backbone curves of fundamental resonances of
nonlinear systems. However, instabilities arising from the inappropriate calibration of controller
gains when identifying unstable responses prevent a smooth application of the method, and a robust
technique for determining these gains has yet to be established.

Keywords: Nonlinear dynamics, Experimental continuation, Phase-locked loop method, Nonlinear
frequency response curve, Backbone curve



Résumé

Les essais vibratoires jouent un role essentiel dans le développement des structures d’ingénierie
modernes, en révélant leurs limitations dynamiques, en fournissant des données de validation pour
des modeles numériques, et en servant de référence dans les procédures d’essais normalisées. Alors
que I’analyse modale des systemes linéaires est un processus bien établi, ou les systemes linéaires sont
caractérisés par des fréquences de résonance indépendantes de I’amplitude d’excitation, I’adoption
croissante de matériaux innovants et de structures complexes dans 1’industrie aéronautique met de
plus en plus en évidence des phénomenes non-linéaires. De tels systemes peuvent présenter plusieurs
solutions stables et instables, des résonances super-harmoniques et sous-harmoniques, ainsi que des
réponses en fréquence qui dépendent de 1’amplitude d’excitation, que les techniques classiques
d’identification ne permettent pas de distinguer.

Afin d’identifier les courbes complétes de réponse en fréquence des structures non-linéaires, les
méthodes de continuation expérimentale suscitent un intérét croissant. Cette theése investigue la mise
en ceuvre d’un algorithme de boucle a verrouillage de phase (PLL) dans I’environnement LabVIEW
FPGA, permettant le suivi en temps réel de réponses fréquentielles, dans une optique d’application
industrielle.

La méthode de boucle a verrouillage de phase est premierement développée dans 1’environnement
Simulink en tant que modele de référence, et est validée numériquement et expérimentalement.
L’algorithme est ensuite implémenté dans LabVIEW, et plusieurs essais sont réalisé€s sur des bancs
expérimentaux. Les résultats montrent que la PLL implémentée sur LabVIEW permet un calcul
en temps réel des courbes de réponse en fréquence avec une précision comparable a celle obtenue
avec Simulink. Une application industrielle des travaux présentés peut étre envisagée pour le suivi
des courbes de réponses en fréquence et de lieu des points de résonance associées aux résonances
fondamentales des systeémes non-linéaires. Cependant, les instabilités découlant d’une calibration
inapropriée des gains du contrdleur lors de I’identification de réponses instables empéche une appli-
cation fluide de la méthode, et une technique robuste pour déterminer ces gains reste a établir.

Mots-clés : Dynamique non-linéaire, Continuation expérimentale, Méthode de boucle a verrouil-
lage de phase, Courbe de réponse en fréquence non-linéaire, Courbe de lieu des points de résonance
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1 Introduction

The analysis of structural vibrations is a fundamental practice in engineering, as all bodies constituting
the universe are in a state of perpetual motion. Vibration testing is a standard procedure in the
development of engineering systems, employed for various purposes ranging from the experimental
characterisation of aerospace components during the development phase to the modal analysis and
structural health monitoring of large-scale civil infrastructures. It plays a critical role in the validation
and verification processes of engineered systems.

In industrial applications, it is often convenient to assume that systems behave linearly, as this
assumption considerably simplifies their analysis. However, in practice, few systems are truly linear.
Nonlinearities are ubiquitous in real-world systems — present not only in engineered structures
but also in natural systems, including biological structures [1]. Nonlinear systems exhibit distinct
behaviours, which can vary from complex and unpredictable responses to fully chaotic dynamics.
As a result, understanding and characterising these nonlinear behaviours remain both a challenging
and essential aspect of system analysis.

In linear systems, the principle of superposition holds. The principle of superposition is defined
by two properties: additivity and homogeneity. The first one claims that the response of a system to an
excitation composed of multiple sources is equal to the sum of the response to each source individually.
The homogeneity property states that scaling the input results in a proportional scaling of the output.
The properties of additivity and homogeneity significantly facilitate the analysis of vibrating linear
systems, as they allow the response to complex excitations to be decomposed into a superposition
of simpler, more tractable problems. Moreover, linear structural dynamics relies on three main
assumptions. The first one assumes that materials exhibit linear elastic behaviour, as described by
Hooke’s law. It is also assumed that structures undergo small rotations and displacements, and that
the damping is directly proportional to the velocity of the structure, a property also known as viscous
damping.

Nonlinear systems, however, exhibit fundamentally different dynamic behaviours. The origins
of nonlinearities are varied. For instance, nonlinearities may arise from friction, as investigated by
Ackermann and Miiller [2], from material properties, such as nonlinear composites or viscoelastic
materials [3, 4]. Nonlinear effects may also originate from geometric aspects, as observed, for
example, in large deformations of rotors [5], or from boundary conditions [6]. Finally, interaction
nonlinearities can also occur, as in fluid-structure interactions.

In the aeronautical industry, nonlinear analysis is becoming progressively more prevalent. The
introduction of new materials and connection mechanisms has led to the identification of sources of
nonlinearities within aeronautical systems. For example, the nonlinear dynamics of an F-16 aircraft
has been investigated multiple times, as in [7, 8], where it is observed that nonlinearities arise in the
mechanisms linking the payload fixed to the wing of the military aircraft and the wing itself.
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Another contemporary example is the open-fan architecture engine introduced in the framework
of the RISE (Revolutionary Innovation for Sustainable Engines) program [9], a collaborative initiative
led by CFM International. Extensive research is being conducted on this next generation of engines,
as they promise significant reduction of CO; emissions and fuel consumption, thereby making a
substantial contribution towards achieving European greenhouse gas reduction targets.

In such open-rotor engines, the mounting of engine components, such as the heat exchanger or oil
reservoir, poses considerable challenges. Indeed, in this type of architecture, components must not
only be securely mounted to the structure but must also be capable of withstanding significant thermal,
mechanical, and vibrational loads. Within this context, Walloon companies in the aeronautical sector
explore structural technologies capable of withstanding extreme temperatures while also resisting
high-level vibrations. One of the proposed solutions involves transitioning from rigid to flexible
connections, including the use of non-rigid joints, spherical bearings, or sliding systems, which
allow for controlled movement and thermal expansion. However, these newly proposed solutions
are accompanied by complex dynamic phenomena, including nonlinear behaviours arising from
clearance, friction, and intermittent contact within the flexible connections.

Experimental vibration testing of such aeronautical systems is crucial for validating the corre-
sponding numerical models, which are subsequently used to predict system behaviour under specified
loading. Furthermore, vibration testing is critical for verifying the structural design in accordance
with the RTCA-DO standard, a widely recognised benchmark for structural qualification in the
aerospace industry. During these tests, the structure is typically mounted on a shaker, which is used
to excite the structure. Depending on the experimental objectives, the excitation force generated by
the shaker may vary; for instance, it may consist of broadband random noise, a sine sweep signal,
or a sinusoidal excitation with a controlled frequency, as typically employed in dwell testing. The
structural response is measured using accelerometers and strain gauges strategically positioned on
the system, which, in certain cases, may exhibit nonlinear behaviour.

When experimentally testing systems that exhibit nonlinearities, such as systems equipped with
semi-flexible fixtures, V2i’s vibration testing methodology encounters some challenges due to the
linearity assumption embedded in the shaker control loop, which presumes a linear transfer function
between the excitation and the response. In such cases, nonlinearities can arise, disrupting the linear
relationship on which the control loop relies. The main current limitations are the inability to predict
the unstable branches of frequency response functions (FRFs), called nonlinear frequency response
curves (NFRCs) in nonlinear systems, which hinders a complete characterisation of the system’s
dynamics and prevents the development and validation of accurate numerical models. Additionally,
dwell testing poses challenges due to control difficulties and instabilities arising from resonant
amplification or damping behaviour, which can shift unpredictably as a result of sudden response
Jjumps. Illustration of such behaviours are reported in Figure 1.1, namely level-dependent NFRCs in
Figure 1.1a and jumps in Figure 1.1b.

Figure 1.2 illustrates the theoretical relevance of continuation methods in recovering the bifur-
cation diagram near the fundamental resonance of a nonlinear system. The NFRC is superimposed
on the frequency response obtained using linear identification techniques, highlighting the ability of
continuation methods to reveal inaccessible solution branches.

Asrelated by Raze et al. [10], a variety of continuation methods have emerged since the early work
on experimental nonlinear dynamics [11]. The first experimental continuation method implemented
was the control-based continuation (CBC), which was introduced by Sieber et al. [12]. The main
drawback of CBC s that it requires the computation of derivatives from experimental data, a procedure
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that is highly sensitive to noise and computationally demanding. Since then, various derivative-less
experimental continuation methods have emerged, such as the phase-locked loop (PLL) [13] or
response-control testing (RCT) [14] methods. These methods have recently attracted considerable
interest in the field of experimental nonlinear dynamics, as they offer a promising alternative for the
experimental determination of NFRCs and backbone curves.
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(a) FRFs measured experimentally at two locations for various amplitudes of excitation. Shifts of
the resonance peaks are observed with varying amplitudes of excitation.
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(b) FRFs measured experimentally when performing sine sweep up and down excitations at dwell
testing level. Jump phenomena are observed.

Figure 1.1: Examples of nonlinear behaviours observed in industry during vibration testing (courtesy
of V2i).
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Figure 1.2: Response of a nonlinear system to sweep up (—) and down (—) excitations of the same
amplitude. The corresponding NFRC computed with a continuation method is also depicted (—).

1.1 Objectives

The objectives of this Master’s thesis are to explore the feasibility and practicality of employing a PLL
method to track the fundamental resonance curves of nonlinear industrial systems, and to assess its
applicability at the V2i company. Specifically, the thesis investigates the potential for implementing
such real-time method within the LabVIEW environment, which is used for application development
at V2i. Additionally, the thesis will evaluate the nonlinear controller presented in the very recent work
of Chukwu et al. [15] in its effectiveness, ease of implementation, and application being thoroughly
evaluated.

The methodology of the research is the following. Initially, the PLL method will be implemented
within the well-established Simulink environment. The method will then undergo numerical valida-
tion by simulating the dynamics of both linear and nonlinear systems and retrieving their NFRCs and
backbone curves. Following the successful numerical validation of the PLL method in Simulink,
experimental tests will be conducted on academic nonlinear systems to further validate the algorithm
experimentally.

Once these tests are completed, attention will shift to LabVIEW environment. To facilitate
real-time control and data acquisition, an FPGA chip will be used in conjunction with the LabVIEW
FPGA module, which allows describing hardware systems graphically. The primary aim of this
LabVIEW implementation is to evaluate the feasibility of performing such analyses within the
LabVIEW FPGA environment, specifically focusing on whether the required computational speed
is sufficient to enable experimental real-time control of nonlinear systems. Finally, experimental
analyses will be conducted using the LabVIEW implementation of the PLL to evaluate the quality
and performance of the method within the LabVIEW environment, and comparison will be drawn
with the results obtained with PLL implementation carried out in Simulink.

This thesis concludes with an evaluation of a novel control method proposed for the feedback
control of frequency within the PLL algorithm, where a nonlinear element is introduced into the
controller.



2 Theory of linear and nonlinear vibrations

The theory of system vibrations is believed to have originated in antiquity, around the fifth century
BC, with the Pythagoreans. These early philosophers observed that the natural frequency of a
vibrating system is an intrinsic property, independent of the type of excitation applied. At that time,
Pythagoreans experimentally established the fundamental natural frequencies of multiple simple
systems, such as vibrating strings or pipes [16].

Since the early developments of vibration theory, numerous comprehensive works have emerged
that delve deeply into these phenomena. Today, references such as the famous work of Géradin and
Rixen [17] or Genta [18] offer extensive coverage of the current state of vibration theory. While
Géradin and Rixen provided a detailed explanation of linear mechanical vibrations in both discrete
and continuous systems, Genta extends the discussion to nonlinear systems and the dynamics of
rotating machinery. An additional key reference in the study of nonlinear vibrating systems is the
seminal work by Nayfeh and Mook [19].

This chapter introduces the fundamental principles of the theory of vibration of linear and nonlin-
ear systems. The study begins with the introduction of the linear paradigm, and the assumptions and
properties upon which linear system analysis is based. Mathematical formulations of the dynamics
of single-degree-of-freedom (SDOF) and multiple-degree-of-freedom (MDOF) linear systems are
presented, alongside important concepts of linear systems, namely the FRFs and mode shapes. The
paradigm then shifts to nonlinear systems, where the simplifications arising from the linearisation of
system dynamics are no longer valid. The typical sources and types of nonlinearities encountered
in structures are outlined, and the characteristic behaviours of nonlinear systems are illustrated. A
parallel between the exact solution of a linear SDOF conservative system and its nonlinear coun-
terpart is derived, highlighting the fundamental differences between both system types. Finally, the
concepts of nonlinear normal modes (NNMs) and NFRCs are introduced, alongside the presentation
of phenomena intrinsic to nonlinear structures, such as bifurcations and solution instabilities.

2.1 Linear systems

Despite the widespread recognition of nonlinear phenomena in structural dynamics, the linear
paradigm continues to dominate system analysis. While the fundamental principles governing
mechanical systems, such as the principle of virtual work or Hamilton’s principle [17], inherently
lead to nonlinear equations of motion, the dynamic behaviour of such systems may, in certain engi-
neering applications, be satisfactorily approximated by small oscillations about a static equilibrium
configuration [17]. In such cases, the dynamics of the system can be significantly simplified by
considering the linearised equations of motion about an equilibrium position. This approach, when
applicable, is often favoured due to the simplicity it affords. Linear time-invariant (LTI) systems
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are characterised, as previously stated, by two fundamental properties: additivity and homogeneity.
These properties facilitate the computation of the response of such systems to external forces. Indeed,
in linear systems, the response to a complex excitation, e.g., consisting of multiple harmonics, can
be decomposed into the response to each individual excitation, thereby making the computation
considerably more straightforward. Moreover, in linear systems, the computation of the linear modes
and their associated natural frequencies can be performed with robust standard numerical methods.
Although such simplifications are undoubtedly practical, it is important to emphasise that their valid-
ity is restricted to scenarios involving small deformations and displacements. Beyond these limits,
the assumption of linearised dynamics ceases to be applicable.

This section introduces the concept of resonance in linear SDOF and MDOF systems. The focus
is also placed on the FRFs of such systems, alongside the identification of their mode shapes and
natural frequencies.

2.1.1 Single-degree-of-freedom conservative systems

The following reasoning is presented to facilitate a qualitative comparison between the behaviours
of linear and nonlinear conservative SDOF systems. This analysis is based on the developments
presented in the lecture of Nonlinear Vibrations of Aerospace Structures presented by Prof. Kerschen
and Dr. Raze at ULiege [20].

Consider a linear conservative SDOF system whose dynamics is driven by the following equation
mi(t) + kx(t) =0, 2.1

where x(¢) is the system displacement, ¥ () its acceleration, m its mass and k its stiffness.

Equation 2.1 can be mass-normalised to obtain the following formulation

£(1) + wix(t) =0 with wo = Vk/m, (2.2)
where w( denotes the natural frequency of the system.

Consider the system defined in Equation 2.2 with the following initial conditions in terms of
velocity and displacement respectively

x(0) =% and x(0) = xo. (2.3)
To find the exact solution x(¢) of the system, Equation 2.2 is multiplied by the system velocity

x(t) and subsequently integrated. The mathematical developments are detailed in [20], and the
corresponding solution is given by

2
b7 WoX

x(1) =q|x2 + —(; sin | wot + arctan ——2 24)
wy X0

Equation 2.4 provides insight into the expected behaviour of a linear conservative SDOF system.
More particularly, it indicates that the amplitude of the solution will depend only on the initial
conditions and the natural frequency of the system. It also indicates that the system oscillates at a
frequency corresponding to its fundamental natural frequency, which depends solely on the system’s
physical properties and is independent of its initial conditions.
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Equation 2.4 can be reformulated as follows
Xo .
x(t) = — sin wot + X COS Wot, (2.5)
wo

where the first term corresponds to the response induced by the initial velocity of the system, while
the second term represents the response due to the system’s initial position. The response of a linear
conservative SDOF system to varying initial conditions is presented in Figure 2.2a.

2.1.2 Linear normal modes

A linear normal mode (LNM) of a dynamical system is defined as a synchronous motion, meaning
that all DOFs oscillate at a common natural frequency wg, and reach their minima, maxima, or pass
through zero simultaneously [17].

The following presentation of LNMs is sourced from [17]. LNMs can be readily introduced
mathematically by developing the general form of the equations of motion of a conservative MDOF
linear system

Mx(t) + Kx(t) =0, (2.6)

where x7 () = [x1(¢) x2(¢) - - x,(¢)] is the displacement vector, with n the number of degrees of
freedom in the system, and K and M are respectively the system stiffness and mass matrices.

A particular solution of the form
x =n¢(1), (2.7)

where n is a vector of constant scalars, which governs the deformation shape, and ¢(¢) is the temporal
law of motion, is sought. The solution described by Equation 2.7 is referred to as synchronous, as
all degrees of freedom of the system follow the same temporal evolution.

Substituting Equation 2.7 into Equation 2.6 leads to
d(t)Mn + ¢(t)Kn = 0. (2.8)
If the matrix K is non-singular, Equation 2.8 can be reformulated as

Kn = —MMn = w’Mn. (2.9)

(1)
Equation 2.9 establishes an eigenvalue problem, where the vector n, also known as eigenmode,
describes a free synchronous vibration motion of the system, and the variable w? is its associated
eigenvalue. The nontrivial solution n ) of this system of equations is found by computing

(K — w?M)n(, =0, (2.10)

where w? is the root of
det(K — w*Mn ) = 0. (2.11)
Equations 2.10 and 2.11 define the mode shapes and the associated natural frequencies of the system.

LNMs exhibit two principal properties of significant interest. Firstly, they are invariant, implying
that a motion initiated in a given LNM remains confined to that specific mode. Secondly, both the
free and forced responses of a linear mechanical system can be represented as a linear combination
of several distinct LNMs [21].
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The computation of LNMs is particularly useful in vibration analysis, as they provide valuable
physical insight into the structural deformation of the system at resonance. Specifically, they provide
information regarding the locations of maximum deformation within the structure. For instance,
when performing experimental measurements at resonance, it is crucial to place the sensors away
from vibration nodes, where the deformation of an MDOF structure in response to an excitation force
is null. Consequently, measurements taken at these nodes will result in the absence of resonance
identification in the FRF. A similar outcome will occur if the excitation force is applied at a vibration
node or if it is oriented perpendicular to the direction of the structural deformation of the mode shape.

2.1.3 Multiple-degree-of-freedom forced and damped systems

The equations of motion of a damped and forced linear MDOF system can be derived from the
conservative counterpart (Equation 2.6) by adding damping and external excitation

Mi(t) + Cx(t) + Kx(t) = f(1), (2.12)
where f(¢) is the vector of excitation forces, and C is the damping matrix of the system.

In the frequency domain, i.e., by assuming an oscillatory motion of the system of the form
x (1) = Xe/*', Equation 2.12 becomes

(—w?M +iwC + K) X (0) = F(w), (2.13)
and the transfer matrix takes the form of a matrix of FRFs
H(w) = (~w*M +iwC + K)7!, (2.14)

where an element H;,(w) of the FRF matrix corresponds to the frequency response at coordinate
n°/ to a single excitation of unit amplitude at coordinate n°m [17].

To illustrate the principles of the forced response of a linear damped system, the case of a SDOF
system is considered. This choice is made for the sake of simplicity in the theoretical development;
however, the same principles are applicable to both SDOF and MDOF systems.

The dynamics of an SDOF mass-spring-damper system is easily derived from the MDOF coun-
terpart (Equation 2.12)

mi(t) + cx(t) + kx(t) = f(1). (2.15)
This equation can be normalised by the mass and expressed in the following form
X(1) + 2L wox (1) + wix(t) = f(1)/m, (2.16)
where c
(= and wy = woV1 - 2. (2.17)
2mwy

Equation 2.17 defines the damping ratio { and the damped natural frequency wy of the system.
By expressing Equation 2.15 in the frequency domain, it comes

(—w’m +iwe + k) X (w) = F(w). (2.18)

The FRF of the linear system is then mathematically expressed as
_X(w) 1 1

Hw) = Flw) k1- wz/wg+2i{w/wo’

(2.19)
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where the term 1/k represents the static response of the system, and the remaining term is known as
the dynamic amplification factor.

The FRF provides a quantitative measurement of the magnitude and phase of the output of the
system as a function of the input force, i.e., it offers quantitative insight into the amplification or
attenuation of the system’s response amplitude relative to the excitation force, as well as the phase
difference between input and output. It is a constant property in linear systems and is widely used in
vibration testing.

The amplitude of the FRF increases significantly when the excitation frequency w lies in the
vicinity of the system’s natural frequency wg, a phenomenon commonly referred to as resonance.
Two types of resonance are typically distinguished: amplitude resonance, which occurs when the
amplitude of the FRF reaches its maximum, and phase resonance, characterised by a quadrature phase
lag, i.e., a phase difference of /2 rad, between the excitation force and the system’s response. In
undamped systems, amplitude and phase resonances coincide; however, in the presence of damping,
the disparity between these two resonance frequencies increases with the damping.

In the case of lightly damped structures with well-separated modes, the FRF data can be used to
compute the mode shapes of the structure using, for instance, the polyreference least-squares complex
frequency-domain method [22].

Figure 2.1 illustrates the typical appearance of an FRF curve for an SDOF mass—spring—damper
system. The influence of the damping ratio of the system on its dynamics is demonstrated. As
observed in Figure 2.1a, the amplitude of the resonance peak of the FRF decreases as the damping
ratio increases. For a damping ratio of 95%, it is observed that the overshoot disappears. Furthermore,
it is evident that amplitude resonance occurs at lower frequencies for systems with higher damping,
thereby illustrating the distinction between the natural frequency and the damped natural frequency
defined in Equation 2.17. Finally, it is worth noting that, in damped systems, amplitude resonance
no longer corresponds to a phase lag of —m/2 rad between the system’s response and the excitation
signal, but it appears at phase lags greater than —x/2 rad.

40 ¢
0

60y .

<
2 g
§ -80 ¢ E -ml2 ¢
Ay T
— -100 h

I -
-120 A : : A '” : A A A ‘
0 10 20 30 40 50 0 10 20 30 40 50
f (Hz) f (Hz)
(a) Amplitude of the FRFs. (b) Phase of the FRFs.

Figure 2.1: Bode plots of the FRFs of a mass-spring-damper SDOF system (Equation 2.19) for
various damping ratios: { = 0.1% (=), { = 15% (=), { = 45% (—) and { = 95% (=) and a natural
frequency wo = 15.91 Hz.
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2.2 Nonlinear systems

In cases where systems exhibit, for instance, excessively large deformations, or when nonlinearities
arise from material properties or contact conditions, the linearisation of their dynamics is no longer
valid. As a consequence, the dynamics of the whole nonlinear system must be investigated.

The study of nonlinear dynamical systems, encompassing both theoretical and experimental
approaches, has constituted an extensive research field for over a century. It was first introduced by
Poincaré in the nineteenth century, who, at the time, provided a mathematical formulation of the
dynamics of self-oscillating systems [10]. Since then, considerable research has been conducted
on nonlinear dynamics, accompanied by the development of numerical and experimental methods
aimed at investigating the often unpredictable behaviour of nonlinear systems.

2.2.1 Single-degree-of-freedom conservative systems

This section aims to present the fundamental principles underlying nonlinear systems. A conservative
Duffing oscillator is employed as an introductory example to illustrate the essential characteristics
of such systems. The Duffing oscillator, which consists of a classical mass-spring-damper system
where a cubic stiffness term is added, is among the most frequently studied nonlinear systems in the
literature [23, 24].

The following equation describes the dynamics of a conservative SDOF Duffing oscillator,
normalised with respect to the system mass

$(t) + wix(t) + azx(t)’ = 0, (2.20)
where a3 is the cubic stiffness coefficient. The system has the following initial conditions
x0(0) = xo and %((0) = 0. (2.21)

The exact analytical solution of this equation is not trivial. The details of the demonstration can be
retrieved in [20].

The solution of Equation 2.20 is expressed as a function of an elliptic cosine

2
@3x;
202

x(1) = xoen(Qely) with Q= \Jwl +a3x) and y =

(2.22)

Important conclusions can be drawn from Equation 2.22. Firstly, the form of the exact solution
indicates that the response no longer exhibits purely harmonic motion. Secondly, the frequency of
vibration depends not only on the system stiffness and mass, as in the linear case, but also on the
cubic stiffness coefficient and on the initial displacement. In such cases, the systems are said to be
frequency-amplitude dependent. These observations are of significant importance, as they highlight
the fundamental principles on the dynamics of nonlinear systems. From these observations, it can
be concluded that the response of a Duffing oscillator varies quantitatively depending on the initial
displacement and the magnitude of the nonlinear stiffness term. In such conditions, the superposition
principle can no longer be applied.

Figure 2.2 compares the response of a conservative SDOF linear system and a conservative SDOF
Duffing oscillator. As discussed in the previous section, the linear system exhibits harmonic motion
at its natural frequency, irrespective of its initial conditions, the latter only influencing the amplitude
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of the vibratory motion. On the other hand, Figure 2.2b demonstrates a different behaviour. While the
amplitude of the system’s response depends on its initial displacement, the frequency of oscillation
is also influenced by it, as well as by the cubic stiffness coefficient. In such cases, the system no
longer exhibits a purely harmonic motion.
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(a) Response of the linear system. (b) Response of the Duffing system.

Figure 2.2: Comparison of the response variation of conservative SDOF linear (Equation 2.1) and
nonlinear (Equation 2.20) systems having a natural frequency wop = 1 Hz, a nonlinear coefficient
a3 = 50 N/(kg m?) and various initial conditions. In both cases, xo = 0 m/s for the three curves, and
xo=1m(—=),xo=2.5m(—)and xo = 5 m (—).

Figure 2.3 illustrates another characteristic of nonlinear systems, namely the dependence of the
system’s oscillation frequency on the nonlinear stiffness coefficient. As expected from physical rea-
soning, the frequency of oscillation increases with the magnitude of the nonlinear stiffness coefficient,
such that the response of the nonlinear system is no longer purely periodic.

t (s)

Figure 2.3: Free response of the conservative SDOF Duffing oscillator (Equation 2.20) of natural
frequency wgo = 1 Hz for various nonlinear stiffness coefficients: a3 = 2 N/(kg m3) (=), a3 =1 N/(kg
m?) (—) and a3 = 0 N/(kg m?) (—). The initial conditions are kept constant between the various
responses and are set to xo = 2.5 m and xo = 0 m/s.

It is interesting to mention that the Jacobi elliptic cosine function is represented in a Fourier
expansion by an infinite number of harmonics [20], which can be observed by computing the Fast
Fourier Transform (FFT) of the response of the Duffing oscillator. Figure 2.4 illustrates the harmonics
creation of the nonlinear system, as three resonance peaks are visible in the Fourier Transform of the
free response of the undamped Duffing oscillator defined in Equation 2.20.
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Figure 2.4: Computation of the FFT of the free response of the conservative SDOF Duffing oscillator
(Equation 2.20) of natural frequency wo = 1 Hz, defined with the following initial conditions xo = 5
m and Xo = 0 m/s. The nonlinear coeflicient a3 is set to 50 N/(kg m?).

This observation confirms that nonlinear systems do not exhibit purely harmonic motion, as they
tend to generate higher-order harmonics, a phenomenon not observed in linear systems.

2.2.2 Nonlinear normal modes

NNMs are the nonlinear counterpart of LNMs arising in linear systems. NNMs were first introduced
by Rosenberg in the 1960s [25]. Since then, NNMs have attracted increasing attention and were
investigated extensively in the literature, notably by Shaw and Pierre [26].

Within the field, there exist mainly two definitions of the NNMs [21], one introduced by Rosen-
berg [25], and a second by Shaw and Pierre [26].

Rosenberg’s definition is considered as an extension of the linear approach to nonlinear systems.
He defined an NNM as a synchronous oscillation of the undamped and unforced system, where all
points of the system reach their maxima, minima, or pass through zero simultaneously. However,
Rosenberg’s approach, while elegant and insightful, remains relatively restrictive in its applicability.
Specifically, it requires multi-point, multi-harmonic forcing on the structure, which is not commonly
used in practice [27]. Rosenberg’s definition, as it stands, cannot be extended to non-conservative
systems. Furthermore, in the presence of internal resonances, where multiple NNMs interact,
some coordinates on the structure might have a dominant frequency component that differs from
those of other coordinates. In such cases, the requirement for a synchronous motion is no longer
satisfied [21, 25].

As a consequence, Kerschen et al. [21] proposed a revised definition of NNMs introduced by
Rosenberg. This formulation extends the original definition by characterising an NNM as a periodic
motion of a nonlinear system, thereby eliminating the requirement for synchronous motion and
enabling the inclusion of internal resonances within the NNM framework.

Shaw and Pierre, on the other hand, proposed a definition of an NNM that is an extension of the
form of the NNM presented by Rosenberg, and which is extendable to damped systems. In their
work, Shaw and Pierre defined an NNM as a two-dimensional invariant manifold in phase space.
Such a manifold is invariant under the flow, i.e., orbits that start out in the manifold remain in it for
all time, which extends the invariance property of LNMs to nonlinear systems [21, 26]. This second
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definition is less favoured in the experimental approach, because of the practical complications it
involves [28].

2.2.3 Multiple-degree-of-freedom forced and damped systems

The general form of equations of motion for a forced and damped MDOF nonlinear system is given
by
ME(1) + Cx(1) + Kx (1) + oy (x (1), (1)) = foxe(@,1), (2.23)

where f;(x(),%(¢)) is the vector of nonlinear forces and f,.(w, ) is the vector of excitation forces.

Obtaining the exact solution of such dynamical systems is far from being the norm in nonlinear
dynamics. Consequently, the computation of the dynamics of nonlinear systems typically relies on
approximation methods, which have become the standard approach in such analyses. The following
discussion briefly presents several commonly employed methods.

One widely employed approach for identifying periodic solutions of nonlinear systems is the
harmonic balance method (HBM). The HBM is a numerical method which employs Fourier basis
functions and corresponding weighting functions as an ansatz for the solution [29]. The rationale for
employing Fourier series lies in the fact that a reasonably accurate approximation of the steady-state
response of a system subjected to a harmonic excitation can often be obtained by retaining only the
first few harmonics of the series. However, this method is not suitable for non-periodic systems or
non-smooth nonlinearities such as Coulomb friction [20]. Moreover, ensuring sufficient accuracy
requires either prior knowledge of the solution or the inclusion of a sufficient number of harmonics
in the Fourier series [19].

Another commonly used approach is the shooting method, which iteratively determines the initial
conditions that lead to a periodic motion of the system. A root-finding algorithm, such as Newton-
Raphson, is employed to refine the guess for the initial conditions. While this method yields a single
solution, continuation techniques, such as sequential or pseudo-arclength continuation, can be used
to trace complete solution branches [20].

Finally, Nayfeh and Mook [19] presented the method of multiple scales to compute an approximate
solution of nonlinear oscillations by considering different time scales in the approximated response.

2.3 Characteristics of nonlinear systems

As reviewed in Section 2.2, nonlinear systems exhibit behaviours that are unique to their nature.
This section presents several properties and characteristics that are essential in the analysis of such
systems. More precisely, the concept of backbone curve, NFRC, bifurcation and secondary resonance
are presented.

2.3.1 Backbone curve

One of the most well-known characteristics of nonlinear systems is the dependence of their frequency
of oscillation on the amplitude of motion. This property, also known as frequency-energy, or
frequency-amplitude dependence, is commonly illustrated using a backbone curve. This curve,
which represents the amplitude of the response of a nonlinear system at resonance as a function of
its frequency of oscillation, is commonly used to characterise nonlinear systems.
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The concept of the backbone curve was introduced in the 1960s by Rosenberg, alongside his
definition of NNM [25, 30]. In his text, Rosenberg presented the backbone as an indicator of how the
natural frequency of the conservative system varied with the amplitude of its response (and its initial
conditions). At that time, the backbone curve was closely linked to the NNM. Subsequently, Nayfeh
et al. [19] introduced a second definition of the backbone curve, corresponding to the curve tracing
the loci of the peak amplitudes of the NFRCs. In such a definition, the backbone is associated to non-
conservative systems. A third definition arises from the phase resonance condition [31], whereby the
backbone curve corresponds to the response amplitude when phase quadrature between the system
response and the excitation force is enforced. This last definition also pertains to non-conservative
systems, and will be considered in this Master’s thesis. An illustration of a backbone curve can be
found in Figure 2.5a.

2.3.2 Nonlinear frequency response curve

It is common practice to characterise nonlinear systems, analogously to their linear counterparts,
using NFRCs. However, an NFRC and an FRF do not have the same properties. As its name
suggests, an NFRC is not a function but a curve, meaning that there might be multiple coexisting
solutions associated with a given excitation frequency. Furthermore, as will be detailed below, the
curve shape of the NFRC depends heavily on the forcing applied to the system.

To introduce the principle of NFRC, consider an SDOF damped and forced Duffing oscillator,
whose motion is described by the following equation

%(1) + 2L wox + wix (1) + a3x(1)® = F cos (wt), (2.24)

where F is a scalar representing the forcing amplitude of the excitation force, and w is the frequency
of excitation.

NFRCs were computed for an SDOF damped Duffing oscillator subjected to varying amplitudes
of excitation. The resulting curves are presented in Figure 2.5a.

As shown, the resonance peak of the NFRC shifts towards higher frequencies as the amplitude
of excitation increases. This phenomenon, which is indicative of nonlinear stiffness effects, reflects
the characteristic hardening behaviour of the Duffing oscillator. This response is consistent with
Equation 2.24, wherein the presence of a positive cubic stiffness term leads to an effective increase
in system stiffness. The contribution of this nonlinear term scales cubically with the system’s
displacement. Consequently, at low levels of excitation, where the structural response remains
minimal, the influence of the nonlinear term is negligible and the system exhibits predominantly
linear behaviour. In contrast, as the amplitude of excitation increases, and with it the displacement,
the contribution of the nonlinear term becomes increasingly significant, thereby amplifying the
system’s nonlinear characteristics.

As previously discussed, the term curve is used in reference to the NFRC rather than function,
owing to the potential existence of multiple solutions in nonlinear systems. This multiplicity of
solutions can be observed in Figure 2.5a. For instance, in the case of the 25 N excitation curve, three
distinct response amplitudes of the NFRC correspond to a frequency of 17 Hz: one at x = 0.02 m,
another at x = 0.018 m, and a third one at x = 0.0018 m. In such cases, the lower part of the NFRC
peak, which is highlighted by a dashed line in Figure 2.5a, is an unstable part. When the system
resides in an unstable solution, small perturbations lead it to converge towards an alternative stable
solution.
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(a) NFRCs and backbone curve. (b) Phase of the response.

Figure 2.5: Response of the damped Duffing oscillator defined in Equation 2.24 for the following
parameters: wg = 15.91 Hz, { = 0.5 % and a3 = 5 X 10° N/(kg m3). Four forcing levels were
used: 2 N (=), 10 N (=), 25 N (=) and 35 N (—). The dashed lines denote the unstable parts. The
computations were carried out using the HBM implemented within the NI2D software.

In nonlinear systems, the steady-state response is highly sensitive to initial conditions, which
dictate the specific branch of the solution to which the system will converge.

2.3.3 Bifurcation

When performing classical sine sweep tests, which consist of gradually and continuously increas-
ing the excitation frequency while maintaining a constant excitation amplitude, nonlinear systems
exhibiting unstable regions typically undergo abrupt transitions, or jumps, from one stable state to
another. Such jump phenomena are hallmark features of nonlinear systems. However, characterising
the unstable regions of nonlinear systems remains essential, as changes in stability can significantly
influence the system’s dynamics through the occurrence of bifurcations. One of the most common
types of bifurcations is fold bifurcation, which is located near resonances. Fold bifurcations are
observed at the turning point of the NFRCs in Figure 2.5a, they delimit the unstable regions. Other
types of bifurcations, such as branch-point bifurcations or Neimark-Sacker bifurcations also exist.
However, a comprehensive review of these bifurcations and their methods of computation falls out-
side the scope of this thesis. The reader can refer to [32, 33] for bifurcation analysis of nonlinear
systems.

2.3.4 Secondary resonance

This work focuses on identifying NFRCs and backbone curves associated with fundamental res-
onances. Nevertheless, it is important to acknowledge that nonlinear systems frequently exhibit
additional forms of resonances, referred to as superharmonic, subharmonic and ultra-subharmonic
resonances.

As previously noted in this chapter, nonlinear systems are characterised by the generation of
harmonics. This property can be exploited by representing the NFRCs of the system when computed
using the HBM formulated with multiple harmonics.
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Figure 2.6 displays both superharmonic and subharmonic resonances of a Duffing oscillator. Let
us note the frequency kwg/v, where k and v are incommensurate positive integers. Following this
definition, the fundamental resonance happens when k = v = 1. The superharmonic resonances
happen at frequencies for which v = 1,k > 1, whereas subharmonic resonances are characterised
by frequencies for which k = 1,v > 1. The ultra-subharmonic resonances happen at frequencies
for which £ # v # 1. The superharmonic (subharmonic) resonances are located before (after) the
fundamental resonance, and can be perceived at frequencies lower (higher) than 1 in Figure 2.6. The
location of the ultra-subharmonic on the bifurcation diagram depends on the harmonics, if k > v,
the ultra-subharmonic is located before the fundamental resonance, and to the right if £ < v.

10 T T

Amplitude (-)

Frequency (-)

Figure 2.6: Bifurcation diagram of a Duffing oscillator, displaying the fundamental resonance, as
well as superharmonic, subharmonic and ultra-subharmonic resonances [10].

Subharmonic responses in nonlinear systems often manifest as detached solution branches known
as isolas or isolated response curves. These isolated branches of periodic solutions are not retrieved
trivially. Hirai and Sawai [34] proposed a general criterion for the existence conditions of such jump
phenomena in nonlinear systems, Woiwode and Krack [31] investigated the experimental uncovering
of isolas using backbone tracking implemented with a PLL. method. Additional information on isolas
formation and tracking can be found in [35, 36].

2.4 Conclusion

This chapter presented the fundamentals of linear and nonlinear vibrating systems, emphasising the
key distinctions between the linear and nonlinear paradigms.

The linear paradigm was shown to offer substantial simplifications in both the formulation and
the resolution of system dynamics. It was demonstrated that, in conservative linear systems, the
amplitude of the response depends solely on the initial conditions, while the system consistently
oscillates at its fundamental frequency, which is determined by its stiffness and damping properties.
The mode shapes of linear systems were then presented. Also known as linear normal modes, these
deformations are a useful tool in modal analysis of systems, as they provide information on the system
deformation and behaviour under resonance conditions.
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Nonlinear systems, on the other hand, exhibit more complex dynamics. The introduction of such
systems began with the derivation of the exact solution of a conservative SDOF Duffing oscillator.
The analysis of this system concluded with the observation that the frequency of oscillation of the
free response of the undamped Duffing oscillator depended not only on its natural frequency, but also
on its initial conditions. In such cases, the response of the system does not follow a purely periodic
motion, as opposed to linear systems. Moreover, due to the inherent characteristics of nonlinear
dynamics, such systems are observed to generate harmonic components.

The reader was also introduced to NNMs, which are the nonlinear counterpart of LNMs. Although
these two motions describe the structural deformation at resonance, they exhibit distinct properties.
For nonlinear systems, it was observed that NNMs may exhibit unstable regions, are energy-dependent
and may interact, thereby invalidating the properties of modal superposition and orthogonality derived
in the linear paradigm.

This chapter concluded with the introduction of two essential properties of nonlinear systems,
namely the NFRC and the backbone curve. The NFRCs were the support for the presentation of
multiple features of nonlinear systems, such as stable and unstable regions, jump phenomena observed
in classical sine sweep analysis performed on nonlinear systems, and the concept of superharmonic
and subharmonic resonances, the latter of which often take the form of isolas. It was observed
that the definition of the backbone curve can be linked to conservative systems and non-conservative
systems. In the latter case, the backbone was found to approximate the loci of the NFRCs of nonlinear
systems.



3 Introduction to control systems

A comprehensive review of the fundamental principles of control theory is essential before analysing
the algorithm of the PLL. Feedback control has always been a part of our everyday lives. Its
introduction is thought to date from antiquity, where water clocks used feedback control to keep
track of time [37]. Nowadays, feedback control is omnipresent in aerospace engineering systems.
For instance, they are used in satellite attitude control, where the disturbances have to be diminished
to ensure precise attitude regulation [38], as well as in the new generation of gravitational wave
observatories, where active isolation is required to reduce all sources of noise, and particularly
seismic noise [39].

The main idea behind feedback control is that the system’s output is continuously monitored
and used in a feedback loop. This feedback loop allows the controller to adjust its output to bring
the system to a desired state autonomously, while still requiring adequate tuning of the controller
gains. In this chapter, the focus will be on proportional-integral-derivative (PID) controllers, whose
principle was introduced in 1911 by Sperry [40].

This chapter introduces fundamental concepts of control theory, defining the differences between
open-loop and closed-loop systems. It then focuses on the definition of PID control, examining the
influence of gain parameters and their tuning on system performance.

3.1 Open-loop and closed-loop control systems

When designing control systems, one of the primary considerations is whether a feedback loop will
be incorporated within the system. If no feedback is present, the system is classified as an open-loop
system (Figure 3.1a). Conversely, if the controller includes a feedback mechanism, the system is
referred to as a closed-loop one (Figure 3.1b).

T Controller > Actuator System Y

Uc Uq Us
T ———>{ Controller > Actuator » System —>Y

Sensor

(a) Block diagram of an open-loop control. (b) Block diagram of a closed-loop control.

Figure 3.1: Presentation of open-loop and closed-loop control systems.

The structure of control systems are often described using block diagrams. This type of repre-
sentation highlights the causal links between the various components of the system, and their inputs
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and outputs. In Figure 3.1, the controller, the actuator, the sensor and the system are represented by
black boxes, which take an input, perform an operation on this input, and return the output.

In an open-loop system, the reference input r is processed by the controller, which generates an
appropriate control signal u. for the system. This control signal is fed to an actuator that translates
it into an actuating signal u,. The system then responds to this signal, and its output state is referred
to as y. In open-loop control systems, the absence of a feedback loop prevents the controller from
automatically adapting its control signal to the system state, necessitating external intervention for
system calibration.

On the other hand, in a closed-loop control scheme, the output of the system y is measured by a
sensor, and fed back to the input of the controller. To do so, the sensor signal ug, which is equal to
the system state y in a theoretical ideal system, is compared to the reference value. An error signal e
is derived from this difference and is used as an input of the controller. Thanks to the addition of a
negative feedback loop, the controller adapts its output automatically to the state of the system.

In real experimental conditions, sensor measurements may be affected by noise, and the system
may be influenced by external disturbances. For the sake of clarity, these disruptive signals are
omitted in the block diagrams.

Despite the structural differences between open-loop and closed-loop control systems, they both
share a common goal, which is to bring the controlled system to a reference state. However, the
feedback loop has the advantage to reduce the sensitivity of the system to external disturbances or to
modifications of the system itself. Feedback control systems also have the possibility to modify the
dynamics of a system, for example, by implementing active isolation to enhance its damping, or to
stabilise unstable or marginally stable system conditions [41].

To illustrate the difference between open-loop and closed-loop control systems, one could imagine
the management of an aircraft speed through throttle control. In a simple open-loop system, the pilot
manually sets the throttle to a desired power level. To achieve a desired aircraft speed, the skilled
pilot observes the aircraft’s flight characteristics and manually adjusts the throttle accordingly. In a
closed-loop system, the pilot would set a desired aircraft speed, and the throttle would automatically
adapt its engine power depending on various parameters, such as the current aircraft speed, altitude,
pitch angle, wind strength and direction.

In general, closed-loop systems are more often considered in engineering systems, as they offer
more precise, situation-specific control when properly calibrated. Controller tuning will be addressed
in the following sections.

3.2 Fundamental principles of feedback control systems

As detailed in [42], a closed-loop control system is expected to meet the following criteria:
* Stability: the controlled system has to be stable.
* Accuracy: the controlled system must track the reference state as accurately as possible.

* Active isolation: the controlled system’s output must be as independent as possible from
external disturbances.

Concerning the stability requirement, there are two possible scenarios. The first one is that the
system 1is initially unstable, in that case the feedback control must render it stable. The second case
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is that the system is initially stable, but the addition of feedback control makes it unstable. In both
scenarios, the addition of feedback control has to lead to a stable output of the system.

It is common practice to evaluate the robustness and efficiency of a controller by analysing the
system response to a step excitation, which entails transitioning the system input from zero to a
constant value. In particular, it is customary to analyse system rise time, settling time, overshoot and
steady-state error. These variables are all presented in Figure 3.2, which represents a typical curve
of a step response of a second-order system.

The rise time ¢, is the time the system
takes to approximately reach the new set
point. It is often referred to as the time the
system takes to go from 10% to 90% of the set
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(£ > 1) systems.

Sensor output (V)

Peak time Settling time

The settling time ¢, is a characteristic of the transient part of the system’s response. It corresponds
to the time the system takes to approximately reach a steady-state. It is commonly required to obtain
a fast and efficient controller.

Finally, the steady-state error is introduced. The steady-state error is measured when the system
has reached a steady-state, i.e., when the transient part of the response has faded out. It corresponds
to the error that exists between the desired state and the actual system state. For applications that
require high-level precision (e.g.,, satellite attitude control), minimal steady-state error should be
obtained, making it a key criterion for the controller design.

3.3 PID control and gain adjustments

A PID controller is nowadays the most commonly used type of feedback control system [44]. It
consists of three primary components: a proportional gain, an integral gain, and a derivative gain.
While this thesis primarily focuses on proportional-integral (PI) control, the derivative gain will be
introduced for the sake of completeness.

The following presentation of PID feedback is based on [41, 42, 44]. In the case of a PID, the
action of the controller is expressed by the following equation
de(t)
dt ’

uc(t) = kpe(r) + ki/ e(t)dt + kg (3.1
0
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where u.(t) is the signal output by the controller, e is the error (see Figure 3.1b), k, is the proportional
gain, k; is the integral gain, and k, is the derivative gain. The role of each of these three gains is
detailed in the following subsections.

3.3.1 Proportional gain

In classical, rudimentary, on-off control systems, switching from one state to another, i.e., from on
to off or vice versa, causes oscillations in the system. This behaviour is observed because the system
overreacts, as a small change in the error makes the actuated variable switch across its full range.
The introduction of a proportional constant &, is used to dampen this effect. In proportional control,
the controller output is directly proportional to the control error

uc(t) = kpe(t). (3.2)

While the addition of proportional gain mitigates the high oscillations present in on-off control, it
causes the system to settle at a value different from the reference, resulting in a steady-state error. This
effect is demonstrated in Equation 3.2, where it is clear that, for the system to reach the reference state,
the error e(¢) must be zero, indicating that the controller would not be functioning. Consequently,
controller start-up is associated with a non-zero static error.

The closed-loop system presented in Figure 3.1b can be translated in the Laplace domain

Ek,=Y/G k,G
p=v }@Ym P

-7 3.3
R-Y=E 1 +k,G 3-3)

where G denotes the transfer function of the system. From Equation 3.3, it is easily observable that
the state of the system tends to the reference state when k, — co. However, setting the proportional
gain too high causes the controller to overshoot the set point, making the system oscillatory and,
in some cases, unstable. Thus, the calibration of the proportional gain results from a compromise
between the amplitude of the system’s offset and its stability.

3.3.2 Integral gain

Integral gain was introduced to solve the problem of static error caused by the proportional gain. It
is used to reduce the system offset and the steady-state output response to disturbances. With an
integral gain, Equation 3.2 becomes

uc(t) = kpe(t) + kl-/ e(t)dr, (3.4)
0

which defines a PI controller. The integral term in Equation 3.4 indicates that the controller no longer
depends solely on the error at time ¢, but also on the system’s error history. Equation 3.4 also shows
that the controller is active, and sensitive to the error, as long as the error is non-null.

Whereas the action of a high integral gain allows attenuating the influence of disturbances, too
high integral gain values can lead to an oscillatory behaviour of the system and a possible instability.

3.3.3 Derivative gain

The last term introduced in PID controllers is the derivative gain. The derivative term, often referred
to as the anticipatory term, aims to improve closed-loop stability of the system, but also to reduce
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the overshoot and to speed up the transient response. An estimation of the error is found by linearly
extrapolating the error
de(t)

dt

e(t+Ty) ~e(t)+ Ty , (3.5)

where 7 is the time for which the error is predicted.

Derivative controllers are almost never used alone. They have the advantage to be anticipatory,
as the derivative term has information on the slope of the signal; thus, the output of the derivative
term is dependent on the trend of the error signal. On the other side, the derivative term does not
provide information on the desired final state, and for constant error, the derivative control is not
active, requiring the addition of a proportional and/or integral control(s). Furthermore, derivative
control tends to enhance noise, potentially resulting in system instability.

3.3.4 Summary of gain tuning for PID controllers

Figures 3.3 and 3.4 synthesise the action of the three parts of the PID controller, and the influence of
their gains.

Error A Present

Past Future

Time
t t+ Ty

Figure 3.3: Action of the three terms of a PID controller. At time ¢, the output of the PID depends on
the error at instant ¢, measured by the action of the proportional control, on the history of the error
up to time ¢ (grey area), controlled by the integral part, and on the prediction of the growth or decay
of the error, computed by the derivative term. 7 represents the time for which the derivative of the
error is estimated. [44]

PI controllers are often the chosen solution in the industry, as the combination of proportional
and integral control gives a fast and precise response while avoiding the risk of system instability
caused by noise amplification associated with derivative control. For the purposes of this thesis, a PI
controller was selected for the PLL algorithm, in line with current practice.

Although studies were carried out to establish tuning methods for PI(D) controllers [45, 46] there
is as yet no effective method for implementing controller gain tuning in the PLL algorithm, so that
control gains are often determined empirically.

To more effectively illustrate the influence of gain parameters on system stability, a representative
example is presented. Consider an SDOF linear mass—spring—damper system, whose dynamics are
governed by Equation 2.15, and whose transfer function is provided in Equation 2.18.

Let us assume that the system is subjected to external excitations. A sensor, which measures the
position of the mass, and an actuator, which applies a corrective force to restore the mass to a desired
position, are integrated into a feedback control system governed by a PI controller.
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Figure 3.4: Influence of the proportional, integral and derivative gains on the step response of a
second order system controlled by (a) a proportional controller, (b) a PI controller, and (c) a PID

controller. [44]

To tune the gains of the PI controller, the step response of the closed-loop system is computed using
MATLAB step function, which computes the step response of the system, and the proportional and
integral gains are tuned according to the response. Since the purpose of this example is to demonstrate
the unstable behaviour of a poorly tuned system, several scenarios are considered. Initially, the off-
control response is presented (Figure 3.5a). Subsequently, proportional and integral gains are adjusted
to achieve a stable response (Figure 3.5b). The integral gain is then progressively increased to produce
a marginally stable system (Figure 3.5¢), and finally, an unstable one (Figure 3.5d).

As illustrated in Figure 3.5, improper tuning of the proportional and integral gains in a PI
controller can result in system instability. In particular, an excessively high integral gain leads to
a diverging response, while an overly large proportional gain increases the oscillatory nature of the
system response—both of which are undesirable and should be avoided. It is also observed that
the proportional gain helps stabilise the system, as the response of the system tuned with the same
integral gain can lead to stable (Figure 3.5b) or unstable outcomes (Figure 3.5d) depending on the
tuning of the proportional gain.

3.4 Conclusion

This chapter introduced the fundamentals of control theory, distinguishing open-loop systems, where
the controller’s input signal is independent of the system’s output, and closed-loop systems, which
incorporate a feedback path. Particular emphasis was placed on the PID controller, a widely used
feedback control method. The chapter methodically presented each component of the PID controller,
detailing the role and action of the proportional, integral, and derivative terms, and their collective
influence on system performance. A simple example of an SDOF system was subsequently introduced
to illustrate how improper tuning of the PI controller can lead to system instability, and to examine
the resulting system behaviour in such cases. By understanding these core concepts and the detailed
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Figure 3.5: Step response of an SDOF mass-spring-damper system for four cases: (a) off-control
system and (b), (c), (d) closed-loop system with varying proportional and integral gains of the PI

controller. The reference state (==) is indicated.

time specifications of control systems, the foundation for PID gain tuning was established. Given
the lack of a universally accepted approach for tuning PID gains to control nonlinear systems, the
gain tuning process will be conducted through trial and error. Recent research on gain tuning in the
context of PLL controllers, employed for the identification of NFRCs and backbone curves, will be

presented in subsequent chapters.



4 Phase-locked loop algorithms

The PLL method belongs to the family of experimental continuation techniques employed in the
analysis of nonlinear systems. Originally introduced in radio technology during the 1930s [28], the
PLL method has only recently begun gaining interest within the field of experimental analysis of
nonlinear dynamical systems, where a first experimental application of a PLL method to retrieve the
NFRC of a Duffing oscillator was proposed by Mojrzisch et al. [47]. Peter et al. [28] then extended
the concept to the experimental tracking of backbone curves. Since then, numerous studies have been
carried out on the application of PLL, and more generally on experimental continuation methods in
the field of nonlinear vibratory systems.

This chapter presents the state of the art of the experimental continuation methods in the field of
nonlinear dynamics. The focus is then brought to the PLL technique, carefully detailing the principle
of the method and the adaptive filter that is employed in the algorithm. This chapter concludes with
a discussion of the parameters associated with the PLL method.

4.1 Introduction

The experimental analysis of nonlinear mechanical systems is a vast research area. Recent advances
in this field have been thoroughly reviewed thoroughly reviewed by Raze et al. [10].

The latest developments in experimental continuation methods have been motivated by their
simplicity, as they enable a model-free approach in the analysis of nonlinear systems, in contrast to
more complex approaches such as nonlinear system identification methods. Sieber et al. [12] firstly
pioneered experimental continuation methods by introducing the CBC method, which relies on a
Newton-Raphson algorithm. Since then, less costly derivative-free methods have been developed.
The PLL method is currently among the most commonly employed continuation techniques for
the analysis of nonlinear systems, alongside other experimental continuation methods, such as the
simplified-CBC (SCBC), and the arclength control-based continuation (ACBC) methods, which was
introduced in [48].

Experimental continuation methods are generally based on a common working principle. The
controlled system typically comprises the structure under test, an actuator (e.g., a shaker), one or
more sensors to measure the structural response, and a controller. In such methods, a desired state is
indicated as an input of the controlled system. The controller, which receives the discrepancy between
the measured state of the structure and the desired state, adjusts the actuation signal accordingly to
drive the system towards the specified target.

An important property of experimental continuation techniques that must be enforced is the non-
invasiveness of the controller. This property states that the equilibrium position of the plant, which
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is typically composed of the structure under test, but also of the actuators and sensors, should not be
modified by the presence of the controller. In the PLL method, non-invasiveness is naturally reached
when the excitation frequency w of the closed-loop system is stabilised [10].

The PLL method, as opposed to CBC methods, has the advantage of not relying on an iterative
process, thereby offering the advantage of faster computation of NFRCs and backbone curves.
Furthermore, the implementation of a PLL algorithm is comparatively straightforward and less
complex than that of CBC methods, which require two principal resolution algorithms. However,
the working principles of the PLL algorithm rely on the assumption that the phase lag exhibits a
monotonic behaviour in the vicinity of the targeted resonance. Consequently, this method encounters
difficulties when tracking non-monotonic phase behaviour, which may arise in the presence of
secondary resonances such as isolas [31]. Moreover, this assumption restricts the applicability of the
PLL algorithm, rendering it unsuitable for broadband NFRC testing, where non-monotonic phase
behaviour is expected.

In this thesis, the investigation is centred on the fundamental resonances of nonlinear systems;
as a consequence, the PLL algorithm is regarded as a particularly appropriate choice, as it provides
a simple and efficient means of recovering the characteristic curves of nonlinear systems under
real-time conditions.

4.2 Presentation of the algorithm

A PLL testing setup typically consists of a structure under test, a phase detector, a PI controller, a
voltage-controlled oscillator (VCO), an actuator and a sensor. The working principles of the PLL are
illustrated in Figure 4.1.

PI controller

A 4 Y

Phase detector

Plant

Figure 4.1: Schematic illustration of the PLL algorithm.

Specifically, within a PLL algorithm, a reference phase lag ¢f 1s prescribed by the experimenter.
This reference phase is compared with the phase lag observed between the system’s response,
measured using either the displacement, the velocity, or the acceleration of the structure at a chosen
location, and the excitation force. The latter may correspond either to the voltage signal transmitted
to the actuator or to the measured excitation force generated by the actuator, depending on practical
considerations discussed in further detail in Section 6.4. The phase error Ag between the measured
phase lag and the reference state is then used as an input of a PI controller, which adapts the excitation
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frequency of the exciter w(?) to reach the desired phase lag within the system

w(t) = wo + kpAp(t) + k; / Ap(T)dT. 4.1)
0

Thus, the frequency of excitation is determined by an open-loop frequency wq, and the output of a
PI controller, which is dependent on its integral and proportional gains, respectively k; and k.

The derived frequency is sent to the VCO, which generates a signal oscillating at a frequency
w; this signal is subsequently used as the input to a sine function that serves to excite the structure.
Finally, the sine excitation force is multiplied by a forcing amplitude F, which is determined by the
experimenter. The excitation force is derived from

f(t) = Fsinf(t) = F sin (/tw(f)dr). 4.2)
0

In the PLL algorithm, the phase detector constitutes the principal component. In the implementation
presented in this thesis, the adaptive filter was selected for this purpose. Further details concerning
phase detectors, with a focus on adaptive filters are provided in the following section.

4.3 Adaptive filters

The phase detector is an essential component in a PLL algorithm as it enables the determination
of the phase difference between two signals, namely the system’s response and the excitation force,
which is the driving factor of the PLL method.

A widely used method to perform a Fourier decomposition of a signal, though less common in PLL
implementations, is the discrete Fourier transform (DFT). The DFT computes Fourier coefficients
offline from recorded time signals by processing data over defined intervals. While effective, its offline
nature limits real-time application, where online methods are preferred for continuous coefficients
estimation [48].

Traditionally, phase detection in phase-controlled vibration testing employed synchronous de-
modulation (homodyne detection), which performs online Fourier decomposition by multiplying the
signal with sine and cosine functions at the controller frequency and applying low-pass filters to
extract amplitude and phase of the fundamental harmonic [13, 49, 50].

More recently, Abeloos et al. introduced adaptive filters within PLL algorithms, describing them
as elements approximating signals using a time-varying Fourier series basis, enabling improved
real-time analysis [51]. The main goal of the adaptive filter is to estimate the amplitude and phase
lag of a signal by using a truncated Fourier expansion as a basis in which the signal is expressed. For
a signal x(¢), the approximation X(¢) is obtained by

x(1) = 2" (1)gq (1) = zo(1) + Z (25 (¢) sin (kO(2)) + zck (1) cos (kO(1))) = X(1), (4.3)
k=1

where ¢(¢) is a vector that contains the ny harmonic functions of the Fourier series, and the vector
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z(t) includes the weight factors of each harmonic. These two vectors are developed as follows

1 - [ 20(1) |
sin (6(7)) z51(1)
o(t c1(t
q(t) = Scl?ls((ze((t)))) and z(t) = isigti . 4.4)
cos (n},e(r))_ z,, (1))

When the error between the signal x(7) and its approximation X(z) is negligible and the weight
coefficients z(¢) have converged, Equation 4.3 represents a Fourier decomposition of x(z), and z(¢)
approximates its Fourier coefficients.

The coefficients z(¢) are updated using adaptive filtering with a least mean-squares (LMS)
algorithm [52]. LMS algorithm enables the estimation of the Fourier coeflicients at discrete time,
and it is commonly employed to compute in real time conditions the amplitude and phase of acquired
signals during vibration testing. LMS is well suited for use in a PLL method applied in nonlinear
vibration testing, owing to its simplicity and low computational cost [49, 52].

At a time step #;, the error between the signal and its estimate is given by

e(1;) = x(1;) — 2" (1) q(1y), (4.5)
and the coefficients z(#;) are updated according to the following law derived from the LMS algorithm
2(t331) = 2(1) + 1 (x(1) = 2" (1)q 1)) 4 (1) (4.6)

where u is the step-size factor of the LMS method. In the following, ¢ will also be referred to
as the adaptive filter gain, and @ = uf; as the adaptive filter cut-off frequency, where f; is the
sampling frequency. This variable represents the rapidity of the filter to adapt to the measured signal.
A stability analysis of this variable can be found in [48], and further discussions are presented in
Sections 4.7 and 5.6.

From Equations 4.3- 4.6, it is possible to retrieve the amplitude and phase of the k-th harmonic
of the measured signal, respectively, using the following relations

A = A /ka +22, and @ = arctan(zek/Zsk)- 4.7

The phase lag of the fundamental harmonic of the measured acceleration with respect to the applied
excitation force is approximated by employing the adaptive filter method to both the response of the
system and the excitation force

@ = Qg1 — PF.1. 4.8)

A comparison of the settling time and accuracy of results obtained with the DFT, the synchronous
demodulation and the adaptive filter methods was carried out by Abeloos in [48]. In his thesis,
Abeloos concluded that the adaptive filter exhibits a faster and more accurate estimation of the
measured signal than the performance offered by the synchronous demodulation. Similar conclusions
were also drawn by Hippold er al. [49], who compared experimentally the capacity of the adaptive
filter and synchronous demodulation to retrieve the phase lag of a signal. From their experiments,
they concluded that, for a similar cut-off frequency of the phase detector and temporal signal, the
adaptive filter leads to smaller fluctuations in the estimated phase lag compared to the synchronous
demodulation. As a consequence of these observations, the adaptive filter method appears to be the
most suitable choice and will therefore be implemented in this thesis.
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4.4 Identification of backbone curves

To experimentally identify an NNM, the force appropriation method is commonly employed [28].
While the theoretical definition of NNMs, as introduced in Section 2.2.2, assumes conservative
systems, experimental conditions invariably involve damping. Consequently, the non-conservative
form of the equations of motion must be considered when describing the dynamics of experimental
systems. The force appropriation method is particularly well suited to this context.

The force appropriation method is based on the principle that an NNM arises when the external
excitation force precisely compensates for the system’s dissipative forces [53]. This principle is
illustrated in Figure 4.2, where the terms are obtained by expressing Equation 2.23 in the frequency
domain.

Because nonlinear systems generate harmonics, this force-dissipation equilibrium must hold at
every harmonic component of the motion. This equilibrium can be represented graphically in a
complex plane, as illustrated in Figure 4.2. An NNM occurs when the excitation force counteracts
the damping at each harmonic. In the case of viscous damping, this results in a phase quadrature
between the excitation force and both the system displacement and acceleration [28]. In conclusion,
a phase lag of 7/2 rad between the excitation and the response at each harmonic is required to ensure
the presence of an NNM.

[

f exc KX
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\

Figure 4.2: Phase diagram describing the dynamics of the k-th harmonic of an NNM motion of
a non-conservative system (derived from Equation 2.23 expressed in the frequency domain). The
excitation force f,. is in phase quadrature with the system displacement and acceleration, and it
balances out the damping term.

Because of the presence of multiple harmonics in nonlinear systems dynamics, the application
of such a method requires the use of a multi-point, multi-harmonic excitation force. Each harmonic
of the excitation force must be in phase quadrature with the corresponding harmonic of the system’s
response at the collocated point. Such requirements are usually not practically feasible during
vibration testing; as a consequence, a mono-harmonic single excitation is often employed. This
approximation proved sufficient in the case of lightly damped structures with well-separated modes,
where the fundamental harmonic dominates the dynamics [28, 54]. However, caution is required in
the vicinity of internal resonances or when modes are closely spaced, where higher harmonics have
a greater influence on the system’s response [28].

Following the previous discussion, an NNM motion can be approximated by imposing a phase lag
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¢ret Of —1/2 rad between the system’s response and the collocated excitation force. Imposing such
a phase lag while gradually increasing the excitation force F allows tracking the backbone curves of
nonlinear systems. The first step in the algorithm consists in locking the system’s state at the initial
reference state, which is fixed by a phase lag imposed at —x/2 rad and a low forcing amplitude that
is chosen by the experimenter. Typically, the forcing amplitude is selected so that the system lies
initially in the vicinity of its linear regime. Once the system response has converged to a steady-state,
the force is gradually increased, at a rate that allows the convergence of the system to a steady-state
for each loop iteration.

It is important to note that, under experimental conditions, shaker dynamics cause a phase lag
between the voltage input and the actual force delivered. Consequently, the phase lag between the
voltage signal and the system’s response may not exactly be —x/2 rad, but such a phase lag will be
observed between the applied excitation force and the system’s response. Moreover, if the excitation
and measurement points are not collocated, an additional phase lag arises between the applied force
and the measured response due to propagation delay of the force along the structure. Algorithm 1
presents the methodology used during backbone tracking.

Algorithm 1 Identification of backbone curves of nonlinear systems using the PLL. method.

11 Qref < —1/2

2: F «— Finit

3: loop

4 Convergence of the PLL (Ap — 0)

5 Computation of the amplitude of the response
6: F «— F+AF

7: end loop

4.5 Identification of frequency response curves

The identification of the NFRCs is led similarly as the computation of the backbone curves. To
compute the NFRCs, the amplitude of the forcing signal Fp is fixed by the experimenter, and an
initial phase reference @jyj; is also imposed. Once the system is locked to the initial state, i.e., once
the phase of the system is locked to the desired state, a sweep in the phase is triggered.

Typically, to construct a complete bifurcation diagram, the reference phase is selected such that
the computation of the NFRCs begins well before or well after the resonance. It is then gradually
modified to reach the resonance condition, and subsequently adjusted continuously until the system is
no longer in the vicinity of resonance. Usually, the phase reference is swept from 0 to —n rad; however,
as previously mentioned, the presence of the shaker may introduce a phase lag between the voltage
signal and the applied excitation force, which consequently affects the monitored phase difference
between the voltage signal and the system’s response. Algorithm 2 describes the methodology
employed for the computation of the NFRCs.

4.6 Gain tuning of the PI controller

The PLL method presented in this chapter employs a PI controller to control the phase lag of the
system. The properties of such controllers were highlighted in Chapter 3. In the context of the
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Algorithm 2 Identification of NFRCs of nonlinear systems using the PLL method.
I: F—F,
2! Pref < @init
3: loop

4: Convergence of the PLL (A¢ — 0)

5

6

7

Computation of the amplitude of the response

Pref < Pref + AQincrement
: end loop

PLL employed in the identification of the NFRCs and backbone curves of nonlinear systems, it is
widely acknowledged that, to date, the tuning of the controller gains remains largely heuristic. As
highlighted by Peter et al. [28], several studies were carried out concerning the stability requirement
for integral and PI controllers of nonlinear systems, and can be found in [13, 49].

The development of a systematic procedure for determining the controller gains of the PLL
remains an active area of research. Recently, multiple studies have been conducted proposing
methodologies to facilitate the tuning of controller gains. Hippold ef al. [49] proposed a more
systematic design approach for backbone tracking using a PLL method. Their work was established
on the fundamental assumptions that the amplitude and phase lag of the system evolve slowly
compared to the action of the phase controller, and that the normal modes are well-separated and
no internal resonance occurs. The determination of the PI controller gains was based on the linear
dynamics of the system, and the resulting gains were retained throughout the computation of the
backbone curve. To derive the ideal controller gains, Hippold et al. investigated the asymptotic
behaviour of the system around the locked state. From their mathematical developments, they found
an expression of the controller gains that depends solely on the linear dynamics of the system.
According to their results, the tuning of the gains led to a fast and robust tracking of backbone curves.

On the other hand, Denis ef al. [13] analysed the stability condition of a Duffing oscillator
controlled by the PLL method implemented with a purely integral controller for any imposed phase,
i.e., to track backbone curves or NFRCs. Similarly to the analysis of Hippold et al., they used the
averaged dynamics of the system to derive the amplitude and phase of the signal at steady-state, from
which a stability criterion is established. Denis ef al. also investigated the influence of the integral
gain on the stability of the system. They concluded that increasing the integral gain extends the
boundary of the stable region, thereby contributing, up to a certain extent, to the stabilisation of the
controlled system. Furthermore, it was observed that the optimal value of the integral gain depends
on both the system damping and the adaptive filter gain.

Finally, Chukwu et al. [15] recently introduced a novel controller to employ within the PLL
algorithm. This method involves augmenting the conventional PI controller with a nonlinear element,
which is combined with a low-pass filter. As this approach is analysed thoroughly in Chapter 9,
implementation details are omitted at this stage.

Despite the development of numerous methodologies, a general and direct procedure for deter-
mining controller gains that guarantee system stability has yet to be established. In the present study,
the controller gains were determined with intuitive reasoning and trial-and-error procedures, with
the aim of achieving both rapid convergence and robust performance.
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4.7 Parameter selection

In addition to the PI controller gains, the implementation of the PLL method also requires the
specification of additional parameters: the open-loop frequency wy, the adaptive filter gain u and the
number of harmonics in the adaptive filter ng.

To ensure convergence of the PLL method towards the desired solution rather than an unintended
one, it is essential to select an open-loop frequency wq that lies in close proximity to the target
solution. It is common practice to define this frequency as the linear natural frequency of the
analysed mode.

The adaptive filter cut-off frequency [, which depends on both the filter gain and the sampling
frequency, is an important property. As related in [49], the cut-off frequency of the adaptive filter
is directly linked to the time scale of the transients; as a consequence, this cut-off frequency has a
great influence on the speed of the tracking. Indeed, the frequency components not considered in the
adaptive filter lead to variations in the estimated Fourier coefficients, which determine the amplitude
and phase lag of the signals. As aresult, the estimated quantities could be erroneous or no steady-state
could be reached. However, it is also important to emphasise that increasing the cut-off frequency
enhances the sensitivity of the adaptive filter, particularly with respect to noise disturbances.

Additionally, the number of harmonics ny in the truncated Fourier expansion of the adaptive
filter should be chosen with care. Indeed, considering a high number of harmonics in the adaptive
filter may help to mitigate the fluctuation effects in the phase and amplitude detection. Moreover,
even if the assumption of weak modal interaction is made in this implementation of the PLL method,
so that the weight coefficients associated with high harmonics are expected to be moderate, some
type of nonlinearities, such as non-smooth nonlinearities, can create higher harmonics in the system
response. As a result, a higher number of harmonics in the adaptive filter leads to less spurious
fluctuations, but practical considerations on the real-time controller limit the possible maximal
number of harmonics. Too many harmonics can lead to extensive computations, which could slow
down the operation speed of the controller, and consequently, the achievable sampling. Furthermore,
the highest harmonic coverable without the risk of aliasing is limited by the sampling frequency of
the controller [49]. A trade-off between the computational resources, controller capacity and signal
aliasing is thus necessary to determine the number of harmonics to be used in the adaptive filter.

4.8 Conclusion

This chapter reviewed the current state of the art of experimental continuation methods applied to
identify resonance phenomena in nonlinear systems. Two main branches of experimental continuation
methods were introduced: the CBC and the PLL methods. The characteristics of each method, as
well as their drawbacks and advantages were summarised.

The focus was then turned to the PLL algorithm and its adaptive filter, which showed an efficient
and accurate way of estimating the phase lag of the system with respect to the excitation force. The
methodologies behind the identification of the backbone curves and NFRCs were introduced, and the
force appropriation method was presented.

Finally, the chapter concluded with a discussion of the principal topical issues concerning the
PLL method: the tuning of the controller gains and the parameters of the adaptive filter. Although
several recent advances have been made on this subject, such as the works of Hippold et al. [49]
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and Chukwu et al. [15], it was observed that no generalised tuning procedure currently exists for the
controller gains of the PLL technique, and that the process remains largely heuristic.



S5 Numerical applications of the phase-locked
loop method

The PLL method introduced in Chapter 4 is commonly used to obtain NFRCs and backbone curves
of nonlinear systems. The principal advantage of the PLL method over alternative techniques lies in
its suitability for experimental analysis; nevertheless, it can also be effectively employed in numerical
studies.

This chapter investigates the effectiveness of the PLL method in retrieving numerically the
characteristics of nonlinear systems. Specifically, the implementation of the PLL method, which is
carried out in Simulink, is evaluated.

The analysis begins with a brief overview of the practical aspects of implementing the PLL method
in Simulink and the methodology adopted for the numerical experiments. The PLL is initially tested
on a simple linear system, and nonlinearities are subsequently introduced to test its ability to track
unstable response branches. The chapter concludes with a discussion on the influence of PLL gain
tuning on tracking performance and result accuracy.

5.1 Practical considerations on the implementation

Simulink is a high-level graphical programming environment built on MATLAB, widely employed
for the modelling, analysis, and simulation of dynamic systems. Due to its intuitive block-diagram
interface and seamless integration with MATLAB functions, Simulink is particularly well suited for
implementing and testing control algorithms, such as the PLL method. The detailed implementation
of the PLL method in Simulink can be found in Appendix A.

In the present numerical investigations, the ode4 solver, which implements a fourth-order Runge-
Kutta integration method with a fixed time step, was used. A time step of 10™* s was adopted for all
simulations to ensure sufficient numerical accuracy.

5.2 Methodology

The computation of the NFRCs and backbone curves was conducted by incrementally varying
the phase reference and forcing amplitude, respectively, in small discrete steps, as described in
Algorithms 1 and 2. The NFRCs were computed by varying the imposed phase lag from O to —x
rad at constant forcing amplitude, while the backbone curves were obtained by fixing the phase lag
at —m/2 rad and gradually increasing the excitation force amplitude. For each computed response,
the error tolerance between the measured phase and the reference phase was set to 0.01 rad.
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5.3 Single-degree-of-freedom linear system

The implementation of the PLL method is first evaluated on an SDOF linear system, whose dynamics
are described by Equation 2.15. This system is interesting as a first evaluation of the PLL method, as
it represents the simplest case of study. The parameters of the system used during the experiments
are the following: wg = 50.3 Hz and { = 1.6%.

To compute the FRF of the linear SDOF system, the force amplitude is fixed at 5 kN, while it
is varied from 1 N to 6 kN for the computation of the backbone curve. The parameters of the PLL
method used for the identification of the FRF and the backbone curve are summarised in Table 5.1.
The results of the FRF and backbone identification of this SDOF system are presented in Figure 5.1,
where the FRF computed with the PLL algorithm is compared to the analytical solution presented in
Equation 2.19.

PLL parameter g (Hz) nyg k, (s ki (s7?)
Value 100 1 2 10

Table 5.1: Parameters of the PLL algorithm used in the identification of the FRF and the backbone
curve of the SDOF linear system.
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Figure 5.1: Comparison of the results obtained with the PLL method (—) and the analytical expression
of the FRF (--).

As observed in Figure 5.1, the FRF and backbone curve were successfully identified. The FRF
computed with the PLL algorithm implemented in Simulink matches perfectly with the analytical
expression of the FRF of the SDOF linear system. Concerning the backbone curve, it forms a straight
line at the resonance frequency of the system, which follows the expected behaviour of the backbone
curve of a linear system, as the natural frequency of a linear system does not depend on the amplitude
of the excitation force.

The results also demonstrate that the phase lag detected by the adaptive filter implemented in
the PLL algorithm is accurate, as the computed phase lag matches closely with the analytical curve.
Moreover, the results confirm that amplitude resonance occurs at around —r/2 rad, which is expected
as the system is lightly damped.
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5.4 Single-degree-of-freedom nonlinear Duffing oscillator

Following the verification of the method’s implementation on an SDOF linear system, nonlinearities
are introduced to assess its performance under nonlinear conditions, particularly its ability to stabilise
unstable solution branches. A cubic stiffness nonlinearity is introduced into the dynamics of the SDOF
system, resulting in a Duffing oscillator described in Equation 2.24. The parameters of the system
are the following: wg = 50.3 Hz, ¢ = 1.6% and a3 = 107 N/(kg m?).

The parameters of the PLL algorithm used to perform the numerical experiments are summarised
in Table 5.2. An NFRC of the system was computed with an amplitude of excitation of 5 kN and the
backbone curve was determined by varying the excitation amplitude from 10 N to 6 kN.

PLL parameter g (Hz) ny k, (s ki (s7?)
Value 100 9 100 100

Table 5.2: Parameters of the PLL algorithm used in the identification of the NFRC and the backbone
curve of the SDOF Duffing oscillator.

The NFRC and backbone curve of the nonlinear SDOF system identified with the PLL algorithm
are illustrated in Figure 5.2. The NFRC and backbone curve computed numerically with the PLL
method are compared with the NFRC of the system identified with NI2D software, where the NFRC
is computed with the HBM implemented with nine harmonics and the backbone curve is computed
using the conservative system. Figure 5.2 demonstrates strong agreement between the two sets of
results, thereby validating the ability of the PLL algorithm, when correctly tuned, to stabilise the
unstable solution branch of the NFRC. Furthermore, since the fundamental harmonic predominantly
governs the system dynamics, the applied force offsets the damping, and the backbone curve computed
using the PLL method closely approximates the NNM of the associated conservative system. Finally,
as the system is lightly damped, amplitude resonance and phase resonance coincide.
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(a) NFRC and backbone curve of the system computed
with the PLL method (==) and the HBM (==). The
backbone curve computed with the PLL algorithm is
compared with the NNM.

(b) Comparison between the temporal response of
the system (—==) and the approximation of the signal
reconstructed using the coefficients associated with
the fundamental harmonic of the Fourier expansion
computed with the adaptive filter (=-).

Figure 5.2: Results obtained with the PLL method applied to the SDOF Duffing oscillator.
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A comparison between the reconstructed signal using the first harmonic of the fitted Fourier
series implemented in the adaptive filter and the system response is presented in Figure 5.2b. This
figure represents the temporal signals at steady-state when a phase lag of —1.2 rad is imposed.
The comparison between the exact and approximated signals demonstrates the effectiveness of the
adaptive filter in reconstructing signals from a Fourier basis, and highlights the approximation’s
ability to capture the signal’s essential characteristics.

5.5 Single-degree-of-freedom softening-hardening system

To conclude this validation section, the PLL method is tested on a system displaying softening-
hardening nonlinearities. To simulate such a system, a quadratic stiffness term is added to the
Duffing oscillator defined in Equation 2.24. The equation of motion of this system is presented below

X(t) + 2L wox + a)gx(t) + a3x(1) + aox(1)? = F cos (wr), 5.1

where @, is the quadratic stiffness coefficient. The softening-hardening nonlinear system exhibits
multiple unstable regions; as a consequence, investigating the performance of the PLL in retrieving
these various unstable branches is of interest.

To compute the NFRC of the system, an excitation amplitude of 4 kN was applied. The backbone
curve was obtained by sweeping the forcing amplitude from 1 N to 5 kN. The parameters of the PLL
employed during the identification are presented in Table 5.3, and the parameters of the system are
as follow: wy = 50.3 Hz, ¢ = 1.6%, a3 = 7 x 10° (N/kg m?) and a» = 1.5 x 10® (N/kg m?).

PLL parameter g (Hz) ny &k, s ki (s7?)
Value 20 17 300 100

Table 5.3: Parameters of the PLL algorithm used in the identification of the NFRC and the backbone
curve of the SDOF nonlinear softening-hardening system.

The results obtained with the PLL method are presented in Figure 5.3, where it is observed that
the NFRC computed with the PLL method matches closely with the NFRC computed using the HBM
method implemented with 17 harmonics. This final observation validates that the PLL algorithm is
able to track multiple unstable branches of an NFRC.

The effect of the number of harmonics ny included in the Fourier basis implemented in the
adaptive filter is presented in Figure 5.3b. Particularly, this figure compares the exact response of the
system at steady-state with the approximation obtained by including different numbers of harmonics
in the Fourier basis of the adaptive filter. As observed in this figure, to obtain a sufficiently accurate
approximation of the system response, at least three harmonics are required in the truncated Fourier
expansion. The response was obtained by using the PLL with an imposed phase lag —0.52 rad
between the system response and the external excitation force.

The influence of the quadratic term on the system dynamics is clearly evident in Figure 5.3b,
as seen in the smoother response for negative displacements and the sharper transitions for positive
displacements. Moreover, the asymmetry in the response is characteristic of even-order harmonics.
As shown in the figure, incorporating the second harmonic in the expansion enables the reconstruction
of these observed features.
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Figure 5.3: Results obtained with the PLL method applied to the SDOF softening-hardening nonlinear
system.

5.6 Parameter analysis

To perform the numerical computations, several parameters were specified. While selecting the
sampling frequency and the number of harmonics in the Fourier expansion of the adaptive filter is
relatively straightforward for numerical experiments, determining appropriate values for the adaptive
filter step-size factor y and the proportional and integral gains k, and k; of the PI controller is
considerably more complex.

To illustrate the effect of the adaptive filter gain u, the phase lag estimated by the adaptive filter
is computed in open-loop tests on the Duffing system presented in Section 5.4 for various values
of u and an amplitude of excitation of 5 kN. The open-loop frequency is fixed at the linear natural
frequency of the system and the number of harmonics in the Fourier series of the adaptive filter
is fixed at nine. To generalise the results, the adaptive filter gain ¢ is multiplied by the sampling
frequency and normalised by the linear natural frequency of the system, so that {/wg = ufs/wo is
varied.

Figure 5.4 presents the phase lag between the system response and the excitation force estimated by
the adaptive filter for values of fi/w( ranging from 0.02 to 20. As illustrated in the results, increasing
the adaptive filter cut-off frequency accelerates the settling of the phase estimation but also leads
to larger oscillation amplitudes, as the phase detector becomes more sensitive. Under experimental
conditions, signal-to-noise ratio is an important factor, and a noisy signal entering the adaptive filter
with a high cut-off frequency could lead to spurious phase fluctuations. Consequently, the choice
of the cut-off frequency should result from a compromise between speed of response, accuracy and
stability. In the presented scenario, it is observed that the adaptive filter cut-off frequency of 100 Hz,
leading to a gain u = 0.01, which was adopted during the experiments, is a satisfactory choice. For
the experiments performed on the softening-hardening system, the cut-off frequency was reduced, as
some unstable orbits were difficult to stabilise.
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Figure 5.4: Phase lag estimated by the adaptive filter for open-loop tests performed on the Duffing
oscillator. Various values of the adaptive filter cut-off frequency were imposed: [i/wo = 20 (=),
f/wo =2 (=), fi/wy = 0.2 (=) and fi/wo = 0.02 (—). The reference phase lag of —0.26 rad is also
illustrated (==-).

The effects of the proportional and integral gains of a PI controller were reviewed extensively
in Chapter 3. It was concluded that the proportional gain helps stabilising the control system,
but introduces a steady-state error. In contrast, the integral gain eliminates the steady-state error
and enhances the tracking ability of the controller with greater speed and robustness. However,
excessively high integral gains should be avoided, as they can induce instabilities in the system. As
a consequence, the tuning of the PI gains was guided by a trade-off between robustness, tracking
speed, and accuracy.

For the linear system, gain tuning was relatively straightforward, as the response remained stable.
The integral gain was set to 10 s~ to enable sufficiently fast curve tracking while limiting controller-
induced oscillations. The proportional gain was set to 2 s~! to enhance system stability. This value
could have been slightly increased or decreased without significantly affecting the system response.

In contrast, gain tuning for the nonlinear systems was more challenging, as the controller had to
stabilise one or more unstable response branches. The integral gain was increased to 100 s~2 in both
cases to accelerate convergence to the steady state, and the proportional gain was raised to higher
values to stabilise the unstable branches. For the softening-hardening system, the proportional gain
was set to 300 s~! as lower values failed to stabilise all points on the NFRC.

Figure 5.5 illustrates the effects of the PI gains on the response of the softening-hardening system
for a forcing amplitude of 4 kN and a reference phase lag of —0.44 rad, i.e., when the system response
is located on the first unstable branch shown in Figure 5.3a, which is particularly challenging to
stabilise. During the computations, the PI gains were varied, while the remaining parameters were
fixed as detailed in Section 5.5.

In Figure 5.5, the gain tuning used for the computation of the NFRC and the backbone curve of
the softening-hardening system (Figure 5.3), that is k, = 300 s~!and k; = 100 s, is represented by
a black line. This case serves as the reference for the following discussion.

For the same proportional gain as the reference case, increasing the integral gain results in faster
convergence, while decreasing it slows convergence. In both cases, the response remains stable
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and approaches the desired state. Conversely, keeping the integral gain constant but reducing the
proportional gain causes insufficient stabilisation, with the response oscillating between neighbour-
ing points on the same solution branch. Increasing the proportional gain introduces small initial
oscillations during stabilisation, but the system ultimately stabilises. Finally, when both gains are
too low, the response jumps between solution branches without stabilising. When set too high, the
gains render the system overly sensitive, resulting in high-frequency oscillations and preventing sta-
bilisation. For clarity, this case is not illustrated in the figure. Although the integral gain could have
been increased during the computations, the chosen value was sufficient to ensure fast and accurate
response tracking.
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(a) Temporal variation of the phase error. (b) Temporal variation of the amplitude of the system

response estimated with the adaptive filter.

Figure 5.5: Illustration of the effect of PI controller gains of the PLL method on the response of the
softening—hardening system. Various gain combinations were used: k, = 300 s™!and k; = 100 s72
(=), k, =300 s and k; = 300572 (—), k, =300s™" and k; = 8 s> (—), k, =250 s! and k; = 100
s (=), kp =900 s~ and k; = 100 s™ (=) and k, = 10 s™! and k; = 8 s72 ().

5.7 Conclusion

The implementation of the PLL method in Simulink was numerically validated on numerous models
displaying linear and nonlinear behaviours. The computation of the NFRCs and backbone curves
with the PLL implemented in Simulink proved efficient to retrieve precisely the characteristics of
nonlinear systems numerically.

The effects of the number of harmonics included in the Fourier basis of the adaptive filter were
analysed. It was observed that, for nonlinear systems, a sufficient number of harmonics is required
to accurately model the measured response. However, increasing the number of harmonics raises
computational cost, necessitating a trade-off between accuracy and efficiency.

An analysis on the effect of the adaptive filter gain u was also performed, and it was concluded
that higher gains are favourable as they speed up the computation time; however, these gains are
limited by the noise-induced fluctuations, which can be particularly problematic during experiments
at low-excitation levels. The effects of the PI controller gains on system dynamics were illustrated. It
was observed that the integral gain facilitates faster response tracking, while the proportional gain is
crucial for stabilising unstable orbits. Consequently, fixing the adaptive filter and PI controller gains
involves a trade-off among these parameters to robustly and rapidly stabilise unstable orbits.
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The approach presented in this chapter can readily be extended to MDOF systems, provided that
the modes are sufficiently well separated. As these analyses closely resemble those conducted for
SDOF systems, they are not presented in this work.

In conclusion, the numerical validation confirmed the robustness of the Simulink-based PLL
implementation and supports the feasibility of its subsequent experimental application.



6 Experimental validation of the phase-locked
loop method implemented in Simulink

This chapter presents the experimental validation of the PLL algorithm implemented in Simulink.
The tests focus on two distinct systems: an electronic Duffing oscillator and a nonlinear beam. The
objective of this section is to evaluate the ability of the implemented method to experimentally
retrieve the NFRCs and backbone curves of the tested structures.

Details of the experimental setups of the electronic Duffing oscillator and the nonlinear beam
are provided in the following sections. Subsequently, the results derived from the application of the
PLL method are presented, followed by a discussion on the ease of use, gain tuning, and precision of
results offered by the PLL method.

6.1 Methodology

Prior to applying the PLL algorithm to a system, its linear natural frequencies are first identified.
These frequencies may be determined, for example, by using a low-amplitude sine sweep force to
excite the system’s linear response, or by performing an experimental modal analysis (EMA).

After having determined the natural frequencies of the system, the NFRCs and backbone curves
are drawn. To compute an NFRC, the amplitude of the voltage signal is fixed, and the imposed
phase lag is varied from an initial phase lag ¢jni, which is often set to O rad, to a final phase lag
¢final = @init — 7 rad. However, as will be detailed in Section 6.4, the presence of the shaker and its
dynamics shifts the imposed phase lag, as a phase delay exists between the voltage signal sent to the
shaker and the measured excitation force applied to the beam.

The backbone curve is computed by enforcing a phase lag that satisfies the phase quadrature
criterion between the measured acceleration of the structure and the applied excitation force. Once
the phase is locked, the excitation amplitude, which is initially set at a very low level, is gradually
increased until the maximum desired amplitude is reached.

6.2 Practical considerations

To conduct the tests, the structures are controlled through a Simulink model via a MicroLabBox
(dSPACE), which is programmed using a Real-Time Interface (RTI) for Simulink. This setup
enables real-time modification of the PLL implementation parameters, facilitating the tuning of the
PI controller gains to track the NFRCs and backbone curves.
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During the experiments, the sampling frequency is set to 10 kHz. According to the Shannon-
Nyquist criterion, to avoid aliasing

fs 2 2 fmax, 6.1

where f; is the sampling frequency and fax is the highest frequency considered in the analysed
system. Moreover, for real-time control in closed-loop systems, this frequency is recommended to
be approximately 10-20 times the system’s closed-loop bandwidth [42]. Given the experimental
frequency range, which is from 20 Hz to 400 Hz for the fundamental frequencies, and the low rate of
phase or voltage signal variation during PLL tracking, the chosen sampling frequency is more than
sufficient.

6.3 Electronic Duffing oscillator

The first experiment is conducted on an electronic Duffing oscillator, which is presented in Figure 6.1.
This system is characterised by low damping and a modular cubic nonlinearity [55].

The fundamental operating principle of this electronic Duffing oscillator is that its output voltage
is governed by a Duffing equation

2 3
. C2R4R5 . R4R7 g R4R
C1CaR4RsVour + i Vout + P25 Vout + P3 ===V = Vin, (6.2)
R>Rg R3R;

where the parameters R; and C; fori = 1, ..., 7 are the resistance and capacitance values of the electrical
circuit. The system was designed by Raze; detailed information regarding its implementation can be
found in [55].

6.3.1 Setup description

The characteristics of the system are modified using the three knobs of the potentiometers located
at the bottom of the printed circuit board (PCB) in Figure 6.1. These knobs are used to modify the
system damping (p1), stiffness (p») and cubic nonlinearity (p3).

To measure the potentiometers pp, p> and p3, the corresponding switches are flipped to connect
the potentiometers to the power supply. The output of the buffer connected to these potentiometers
is connected to three test points, which are located at the bottom left of the PCB in Figure 6.1. A
voltmeter can be used to measure the voltage at these test points; for a power supply Vi, the identified
values correspond to p;Vs. As the power supply Vi was at 15.08 V during the experiments, the values
of the potentiometers could be determined.

The mass m, damping c, stiffness k& and cubic nonlinear coefficient k3 of the system can finally
be computed by comparing the equation of a classical Duffing oscillator (Equation 2.24) with
Equation 6.2, where the values of the resistances and capacitances are defined in [55]. These
parameters are summarised in Table 6.1.
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Forcing signal Displacement signal

Parameter Value
Velocity signal Power supply P1 0.4496
)23 0.2566
D3 0.472
Damping knob Frequency knob m (sz) 1074
c(s)  4.496x107*
Damping switch Nonlinearity switch k (') 2.566
k3 (V72) 0.472
Test points ™~ Nonlinearity knob w{,? ((OII_(I))Z) 2?39
Single/double-well switch Frequency switch Table 6.1: Parameters of the

Duffing oscillator.
Figure 6.1: Photograph of the electronic Duffing oscillator. [55]

To drive the electrical circuit and measure its response, BNC connectors are used. The driving
force is applied through the forcing signal port, and the displacement and velocity of the system are
measured as outputs of the system. In this experiment, the displacement signal is used as the input
to the PLL algorithm.

As outlined in [55], the electronic circuit is not ideal, and the three primary undesired effects are
voltage offsets, which hinder perfect symmetry in the oscillator; imperfect integrators resulting from
finite open-loop gains; and an imperfect nonlinearity due to inaccuracies in the analogue multipliers.
However, these limitations did not qualitatively alter the results.

6.3.2 Results

To identify the NFRCs of the electronic Duffing oscillator, the PLL algorithm was employed with
varying amplitudes of the excitation signal. To capture the NFRCs, phase sweeps from 0 to —x rad
were performed at various voltage amplitudes. To determine the backbone curve, the phase was
locked at —x/2 rad, and the amplitude of excitation was continuously increased from 0.001 V to 1.35
V. The integral and proportional gains were adjusted between the different experiments to ensure a
fast and robust tracking of the NFRCs. Their values are presented in Table 6.2. Finally, the adaptive
filter cut-off frequency [ was set to 100 Hz, and 17 harmonics were used in the adaptive filter, which
is more than sufficient for the experiments conducted, given that mainly the first and third harmonics
are expected to play a major role in the system response.

The identification of the NFRCs and backbone curve was successfully carried out, as demonstrated
in Figure 6.2a. The resulting curves reveal that the system exhibits a hardening behaviour, which is
consistent with the characteristics of the Duffing oscillator. Additionally, it was observed that as the
amplitude of excitation increases, the nonlinear behaviour of the system becomes more pronounced,
whereas for the lowest excitation levels, the system behaves nearly linearly. This can be attributed
to the cubic term in the nonlinear equation, which remains negligible for small displacements and
increases significantly as the displacement grows. Finally, Figure 6.2a illustrates a strong agreement
between the various NFRCs and the backbone curve, which represents the locus of amplitude
peaks of the NFRCs, thereby further confirming the effectiveness of the PLL implementation in
accurately capturing the system’s characteristics. Figure 6.2a demonstrates the ability of the PLL
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Type of curve F (V) kp s ki (s72)

NFRC 0.04 10 25
NFRC 0.08 10 25
NFRC 0.3 50 100
NFRC 0.6 50 100
NFRC 0.9 250 500
NFRC 1.2 250 500
Backbone 001 - 14 20 50

Table 6.2: Controller gains used for the identification of the NFRCs and backbone curve of the
electronic Duffing using the PLL method.

to experimentally stabilise and track the unstable branch of the fundamental resonance of a Duffing
oscillator.

Itis also interesting to observe the evolution of the phase between the displacement and the applied
force when varying the frequency of excitation of the system. The results, presented in Figure 6.2b,
exhibit the characteristic behaviour of hardening nonlinear systems, which display a bump near the
resonance phase. The phase of resonance remains constant across increasing amplitudes of excitation,
but appears at higher frequencies as the amplitude of excitation increases. This observation is in
agreement with the behaviour of a hardening system.
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(a) NFRCs and backbone curve (—). (b) Phase lag between the displacement and the forc-
ing signal.

Figure 6.2: Application of the PLL method to the electronic Duffing oscillator. Various excitation
amplitudes were used: 0.04 V (=), 0.08 V (—),03V (—),06 V(—),09V (—)and 1.2V (—).

To further validate the results, the NFRC drawn at a forcing amplitude of 1.2 V is superposed
to the response of the system to sine sweep up and down excitations at the same voltage amplitude.
The results are presented in Figure 6.3, where it is observed that the NFRC identified with the PLL
method overlaps well with the response of the system to classical sweep up and down excitations.
As Figure 6.3 highlights, the PLL method enables the recovery of the unstable part of the NFRC
of the fundamental resonance of the Duffing oscillator, which cannot be detected using classical
identification methods.
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Figure 6.3: Superposition of the NFRC identified with the PLL method (—) and the system response
to sweep up (—) and down (—) excitations for a forcing level of 1.2 V.

6.4 Nonlinear beam

While the electronic Duffing oscillator allowed initial experimental testing of the PLL method, it
corresponds to almost ideal testing conditions and does not reflect the typical challenges associated
with shaker—structure interactions. This section experimentally applies the PLL method to the first
three modes of a clamped beam excited by a shaker.

6.4.1 Setup description

The steel structure comprises two sections: a main beam (700 mmx14 mmx 14 mm) and a laminated
end (40 mmx14 mmx0.5 mm), clamped within a steel block. The setup is shown in Figure 6.4. The
nonlinearity of the structure mainly arises from large displacement-related effects, i.e., geometric
nonlinearity.

Electrodynamic shaker [
(=30 o

Impedanp had 5

Figure 6.4: Setup of the nonlinear beam.

To perform the tests, an electrodynamic shaker (Modal Shop K2007EO1) is connected to the
beam through a plastic rod. An impedance head (Dytran 5860B), glued 30 cm from the left end of
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the beam (excluding the lamina), measures both the applied force and the acceleration at the driving
point. A triaxial accelerometer is placed at the left tip of the beam to record the system response and
extract the NFRCs and backbone curves for the first three modes. The positioning of the impedance
head and accelerometer was guided by an EMA, detailed in Appendix B.

6.4.2 Results

The EMA allowed the identification of the first three natural frequencies of the beam in the direction
of the excitation, which are located at 35 Hz, 140 Hz, and 400 Hz.

To apply the PLL algorithm, the voltage signal sent to the shaker was used as an input to
the adaptive filter instead of the forcing signal measured by the impedance head. This approach
enabled the consideration of the entire plant, comprising both the structure and the shaker, during
the experiment. As a result, shaker-structure interactions were not accounted for.

Nevertheless, it is important to mention that, due to the shaker’s inertia, the voltage signal and the
excitation force measured at the impedance head are not perfectly in phase. Consequently, amplitude
resonance does not occur at or near a phase lag of —7/2 rad between the system’s acceleration and the
input signal, as would be expected in an ideal case because the structure is lightly damped. Instead, a
constant phase shift is observed. Nonetheless, phase quadrature is still evident between the system’s
response and the collocated applied excitation force. Similar observations were reported by Gabos
et al. in [56].

Additionally, due to shaker-structure interactions, the force applied to the structure when perform-
ing a frequency sweep is not constant, even when the forcing voltage maintains a constant amplitude.
In light of this, the mean amplitude of the measured excitation force is employed to quantify the
effective amplitude of the force applied to the structure.

Finally, it is important to note that the experimental setup was operated near its physical limits,
with the maximum feasible excitation amplitude nearly reached. The primary limitation arose from
the mounting of the impedance head; as it was glued to the beam, and high excitation forces caused
it to detach frequently.

For the experiments conducted on the three modes, the PLL method was applied with the adaptive
filter cut-off frequency fixed at 100 Hz, and the number of harmonics included in the Fourier basis,
ny, set to nine.

First mode of the nonlinear beam

The identification of the NFRCs of the first mode of the nonlinear beam is done by exciting the
structure with different excitation amplitudes, with mean values of the applied force ranging from
1.1 N to 7.3 N. The integral and proportional gains used during the experiments are summarised in
Table 6.3. The results are displayed in Figure 6.5a.

The controller gains were mainly adjusted across the measurements to improve tracking speed,
which was achieved by increasing the integral gain. The proportional gain was increased consequently
to ensure stability, as detailed in Sections 3.3 and 5.6.

As Figure 6.5a shows, the structure exhibits a softening-hardening behaviour. The hardening
nonlinear behaviour comes from the clamping of the thin lamina, whereas the softening behaviour
may be due to deformation of the lamina from previous experiments, creating a bending moment
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Type of curve F (V) Fean N)  kp (s ki (s72)

NFRC 0.05 1.1 10 50
NFRC 0.1 2.6 10 50
NFRC 0.15 4.1 10 75
NFRC 0.25 7.3 25 90
Backbone 0.005—-03 05—175 35 110

Table 6.3: Controller gains used for the identification of the NFRCs and backbone curve of the first
mode of the nonlinear beam.

when it is clamped. Figure 6.5a also demonstrates the capability of the PLL method to stabilise the
unstable part of the NFRC.
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and the forcing signal.

Figure 6.5: Application of the PLL algorithm to the first mode of the nonlinear beam. Various
amplitudes of excitation were used: 1.1 N (—), 2.6 N (—), 4.1 N (—) and 7.3 N (—).

The backbone curve shown in Figure 6.5a is slightly shifted from the maxima of the NFRCs.
This shift arises from the presence of the shaker in the test setup and the non-collocation of the
excitation and measurement points used for the PLL tracking. Consequently, the resonance of the
overall system was not detected at a phase lag of —x/2 rad, the phase lag imposed during the
measurement of the backbone curve, but rather at —1.65 rad. As several high-amplitude experiments
were conducted between the acquisition of the NFRCs and the backbone measurement, the system’s
properties appear to have undergone slight alterations, potentially due to structural heating during
testing or progressive deformation of the lamina under large excitation amplitudes. As a result, the
backbone curve corresponding to the measured NFRCs and a phase lag of —1.65 rad could not be
fully retrieved. Nevertheless, the results remain sufficiently consistent to conclude that the algorithm
successfully identified the NFRCs associated with the first mode of the nonlinear beam.

The variation of the phase lag between the acceleration of the beam and the excitation signal is
illustrated in Figure 6.5b. This figure further reveals the softening-hardening behaviour of the system.
Initially, a decrease in the resonance frequencies is observed between the two lowest excitation levels,
where the softening behaviour is predominant. At higher excitation levels, the resonance frequency
increases, reflecting a transition to a hardening behaviour. Additionally, at high excitation amplitudes,
the softening response is evident for phase lag close to 0 rad and —n rad, where a slight reduction in
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frequency precedes a more pronounced increase due to the onset of hardening behaviour. Figure 6.5b
also proves that the amplitude resonance occurs at a phase lag lower than —z/2 rad, as previously
mentioned.

Second mode of the nonlinear beam

The second mode of the nonlinear beam is located at around 140 Hz. The NFRCs were identified for
mean applied force amplitudes ranging from 0.4 N to 22.6 N. The controller gains used during the
identification are presented in Table 6.4, and the corresponding results are displayed in Figure 6.6.
The integral gain was increased between experiments to accelerate the tracking. As no unstable
response branches required stabilisation during these tests, the gain tuning process was relatively
straightforward, and the proportional gain was kept constant.

Type of curve F (V) Fean N)  kp 571 ki (s72)
NFRC 0.01 0.4 2 15
NFRC 0.1 3.7 25 45
NFRC 0.4 13.6 25 100
NFRC 0.7 22.6 25 150

Backbone 0.005 - 0.75 0.2 - 30 25 100

Table 6.4: Controller gains used for the identification of the NFRCs and backbone curve of the second
mode of the nonlinear beam.
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Figure 6.6: Application of the PLL algorithm to the second mode of the nonlinear beam. Various
amplitudes of excitation were used: 0.4 N (=), 3.7 N (—), 13.6 N (—), 22.6 N (—).

The NFRCs and the backbone curve of the second mode show a softening behaviour of the beam,
which is also seen in the phase lag between the measured acceleration and the input signal. Further
increasing the amplitude of excitation would have been of interest; however, this was limited by the
experimental setup, particularly due to the impedance head, which frequently detached as a result
of the beam oscillations. The resonance phase of this mode occurs at a phase lag of about —2.2
rad between the voltage signal and the system’s response, and shows the softening tendency of the
second mode.
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An unwrapping of the measured phase difference between the acceleration signal and the excitation
voltage was performed to enable the computation of the NFRCs for this mode. The phase lag is
computed in the adaptive filter by using MATLAB’s atan2 function, which returns values constrained
within the interval [-x, 7] rad. As a consequence, discontinuous phase jumps occur at these
boundaries. Although these jumps are purely numerical artefacts, they disrupt the application of
phase sweeps required for NFRC computation, as the controller is designed to follow continuous,
monotonic variations in phase.

Figure 6.7 demonstrates the quality of the adaptive filter to retrieve the amplitude of the accel-
eration signal when the fundamental harmonic dominates the dynamics. In this figure, the NFRCs
obtained with the PLL algorithm align closely with the acceleration signal measured by the ac-
celerometer.

Il Il Il Il Il Il Il 1

120 125 130 135 140 145 150 155 160
f (Hz)

Figure 6.7: Comparison of the acceleration signal measured by the accelerometer and the NFRCs
computed with the PLL method for the second mode of the nonlinear beam. Various excitation
amplitudes were used: 0.4 N (=), 3.7 N (=), 13.6 N (—), and 22.6 N (—).

Third mode of the nonlinear beam

Finally, the third mode of the beam is at about 400 Hz. The integral and proportional gains of the
controller used for the identification of these curves are summarised in Table 6.5. The NFRCs and
the backbone curve identified using the PLL method, with the applied force having a mean amplitude
ranging from 0.4 N to 20.6 N, are shown in Figure 6.8a. As observed in Figure 6.8, the third mode of
the beam exhibits a similar behaviour to the second one, being characterised by a softening behaviour.
The tuning of the PI controller gains was performed similarly as described for the second mode of
the beam.

Figure 6.9 illustrates the variation of the excitation force measured at the impedance head as a
function of its frequency. This figure highlights the shaker-structure interactions that were previously
mentioned. Notably, whereas the amplitude of the excitation force is expected to be constant, a
significant drop in the forcing signal is observed at the beam’s resonance frequency. During this
phenomenon, known as the force drop-off, the system appears to behave as if the beam were exciting
the shaker, rather than the reverse. In strongly nonlinear systems, where higher-order harmonics are
prominently present in the structural response, these components may also appear in the measured
excitation force. Such behaviour is observed in detail in Section 8.4.2.
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Type of curve F (V) Fean N) k) ™ ki (s7?)

NFRC 0.01 0.4 50 100
NFRC 0.1 4.4 50 125
NFRC 04 15 50 200
NFRC 0.7 20.6 50 250
Backbone 0.005 - 0.8 0.2—>25 25 100

Table 6.5: Controller gains used for the identification of the NFRCs and backbone curve of the third
mode of the nonlinear beam.
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Figure 6.8: Application of the PLL algorithm to the third mode of the nonlinear beam. Various
amplitudes of excitation were used: 0.4 N (=), 4.4 N (—), 15N (—), 20.6 N (—).
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Figure 6.9: Excitation force measured by the impedance head. Various excitation amplitudes were
applied: 0.4 N (=), 44 N (=), 15 N (=), and 20.6 N (—). The force drop-off phenomenon is
illustrated.
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6.5 Effects of controller gain tuning on the performance of the
phase-locked loop method

A well-established fact in the application of PLL to the study of nonlinear dynamic systems is that
gain tuning remains largely heuristic. To date, no fully automated method has been established for
tuning of the controller and adaptive filter gains within the PLL, although some investigations into
this topic have been conducted [15, 49].

During this initial series of experiments, several practical insights were gained regarding the
selection of appropriate controller gains. These conclusions are outlined in the following paragraphs.

As mentioned in Section 3, the integral gain of the PI controller is used to eliminate the static
error arising from the proportional gain, as well as dampen the effects of external disturbances. When
adding the integral gain to the PI controller of the PLL method, the locking of the PLL to the desired
phase was performed faster. The higher the gain, the faster the convergence towards the specified
phase lag. However, an excessively high gain can cause oscillatory or unstable control, which should
be avoided.

Another factor that influenced the performance of the PLL method in accurately tracking the
backbone curve and the NFRCs was the imposed phase or force sweep. Lower sweep rates provide the
controller with more time to adapt and converge towards the reference signal. However, excessively
low sweep rates are impractical, as the time required to build an NFRC or a backbone curve can
become prohibitively long. During the experiments presented in this chapter, a compromise was
made between the magnitude of the gains and the imposed sweep rates.

Furthermore, it was observed that tuning the gains of the controller becomes more difficult when
the system exhibits a pronounced unstable branch in its NFRC, as displayed in the highest amplitude
NFRCs in Figure 6.2a. In such cases, it was observed that increasing the proportional gain of the
controller helped to stabilise the unstable response.

Finally, it is interesting to note that the system must be properly locked to the specified initial
state before starting to activate the sweep of the PLL. If the controlled system is not stabilised before
starting the phase or force sweep, or if the sweep rate is too fast for the controller to follow, oscillations
are observed in the NFRCs. Such transient regimes are illustrated in Figure 6.10, where oscillations
are visible at the beginning of the highest amplitude NFRC. Similar observations were also made by
Denis et al. in [13].

6.6 Conclusion

The implementation of the PLL algorithm in Simulink was successfully validated experimentally on
both the electronic Duffing oscillator and the nonlinear beam. The NFRCs and backbone curves of
both systems were identified, and their nonlinear behaviour was analysed.

In addition to validating the implementation of the PLL method, this chapter reviewed several
challenges that may arise during experimentation. These factors include shaker-structure interactions,
which affect the excitation force applied to the structure, and the tuning of the controller gains, which
plays a fundamental role in the successful application of the PLL method, as the gains determine
the system’s ability to lock to the specified state. The effects of force and phase sweep rates on the
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Figure 6.10: NFRCs and backbone curve identified using the PLL method on the electronic Duffing
oscillator for various levels of excitation: 0.04 V (=), 0.08 V (—), 0.4V (—),and 1.2 V (—=). The 1.2
V NFRC shows the oscillations created by the controller of the PLL at the beginning of the phase
sweep.

convergence of the PLL were also illustrated, and the effectiveness of the adaptive filter in retrieving
the characteristics of a signal under real-time conditions was demonstrated.



7 Implementation of a phase-locked loop
method in LabVIEW

The primary objective of this thesis is to investigate the feasibility of implementing a PLL method in
LabVIEW to identify the NFRCs and backbone curves of nonlinear systems during vibration testing.
This chapter first introduces LabVIEW software and its working principles. The emphasis is then
placed on LabVIEW FPGA module, which enables the use of the designed circuit in a real-time
module, a capability crucial for the experimental application of the PLL method. The challenges
encountered during the implementation of the PLL using the LabVIEW FPGA module are discussed
in detail, with an explanation of the design decisions made throughout the process. This chapter
concludes with a discussion of the feasibility and potential applications of such a design for vibration
testing in the industry.

7.1 Presentation of LabVIEW

LabVIEW is a graphical system design and development platform created and distributed by National
Instruments (NI). It consists of a programming environment that employs a visual programming
language, known as G, in which functional nodes are interconnected through wires that facilitate
the flow of data, similar to the approach used in Simulink. LabVIEW is widely employed in data
acquisition, instrument control, and is used for application development at V2i.

7.2 Introduction to FPGA

FPGAs, also known as field-programmable gate arrays, are reprogrammable, pre-fabricated inte-
grated circuits capable of implementing user-defined logic operations and functions. A key charac-
teristic of FPGAs is their ability to be reprogrammed multiple times.

FPGAs were first introduced in 1985 by Xilinx, which presented its XC2064 FPGA [57]. Their
origins are linked to the development of integrated circuits during the previous decades. The
initial cellular arrays primarily consisted of a two-dimensional array of logic cells that were pro-
grammed during the manufacturing process to implement a variety of two-input logic functions.
Field-programmability, characterised by the potential to reconfigure the logic function of a chip
after the manufacturing process, was accomplished in the 1960s. In the following decade, inte-
grated circuits incorporating read-only memory (ROM) were developed, offering a novel approach
to the implementation of logic functions. Since its inception, FPGA technology has evolved con-
tinuously, transitioning from static memory-based designs to ROM-based implementations, and has
expanded exponentially. For instance, while the XC2064 device comprised 64 logic blocks and 58
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input/output ports, modern FPGAs can contain over 300,000 logic blocks and approximately one
thousand input/output ports [58].

7.2.1 Architecture of an FPGA chip

A typical structure of an FPGA integrated cir-
cuit is presented in Figure 7.1. In this archi-
tecture, three main components are found: an
array of programmable logic blocks, which usu-
ally contain different types of logic, including "
general logic, memory, and multiplier blocks.

A programmable routing fabric interconnects

these blocks, transforming the circuit code into M u
a functional electronic circuit. The third main

component of an FPGA chip is input/output

(I/0) ports, which are located at the boundary of M l
the circuit. As their name suggests, these pins

allow the FPGA to communicate with external

components through its input and output inter- M l
faces. In this project, the inputs will be the sig-
nals from the accelerometers, whereas only one
output will be used to actuate the shaker with
the signal derived from the PLL algorithm.

o

o

o

o

Figure 7.1: Standard FPGA architecture. [58]
FPGA chips operate based on a complex

architecture and underlying principles. A com-
prehensive discussion of all elements constituting an FPGA cell is beyond the scope of this thesis. To
ensure clarity and conciseness, this chapter will focus solely on the components relevant to the design
of the PLL in LabVIEW. For a more in-depth understanding of FPGA chips and their fundamental
principles, the reader is referred to [59, 60, 61].

7.3 Integration of FPGA hardware in LabVIEW

The implementation of a PLL in LabVIEW is undertaken using the LabVIEW FPGA module. This
module enables the development of FPGA code written in LabVIEW on NI hardware equipped with
user-programmable FPGAs [62]. In this project, a CompactRIO system was used.

In addition to the FPGA module, LabVIEW also includes the Real-Time module, which plays
a crucial role in the development and deployment of stand-alone, real-time applications that run on
embedded hardware devices. Together, these modules enable the execution of LabVIEW code on
alternative hardware targets, such as the CompactRIO.

More precisely, the Real-Time module enables the LabVIEW project to be downloaded and
executed on a dedicated controller board that has its own real-time operating system. As a result,
this module ensures that the LabVIEW code will continue to run accurately, even if the host machine
encounters a technical issue.

The FPGA module is used to run a LabVIEW program in an embedded system that uses FPGA.
FPGA chips have the intrinsic property of being inherently parallel programmable logic devices. This
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property is exploited by the LabVIEW FPGA module, where parallelism can be easily implemented
by graphically coding parallel operations in the block diagram window. Naturally, for LabVIEW’s
parallelism to be effective, the parallelized operations must be independent of one another, as any
data dependency between them would impose a sequential execution constraint.

7.3.1 CompactRIO

The CompactRIO is a real-time embedded controller produced by NI. It offers high-performance
processing capabilities. The CompactRIO includes a real-time processor, configurable I/O modules,
a user-programmable FPGA, which is useful for executing high-speed logic operations, and an
Ethernet expansion chassis [63]. The controller inside the CompactRIO runs a Linux Real-Time
operating system.

In this project, a CompactRIO-9054, presented in Figure 7.2, is used. Some of its specifications
are listed in Table 7.1, and the complete datasheet can be found in [64].

Figure 7.2: CompactRIO-9054 chassis with I/O modules (NI 9234 and NI 9263).

Processor
CpPU Intel Atom E3805
Number of cores 2
CPU frequency 1.33 GHz
Reconfigurable FPGA
FPGA type Xilinx Artix-7 A100T
Number of flip-flops 126,800
Number of 6-input LUTs 63,400
Number of DSP slices (18x25 multipliers) 240
Available block RAM 4.86 Mbits

Table 7.1: Processor and FPGA specifications of CompactRIO-9054. [64]

Hardware specifications

Certain FPGA specifications must be carefully considered when designing an FPGA-based appli-
cation. These include the limitations of the FPGA board and its logic operation capabilities. To
better understand these constraints, it is essential to introduce the concepts of look-up tables (LUTSs),
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flip-flops, digital signal processing slices (DSPs), and block random access memory (BRAM). The
presentation of these FPGA components is based on [65].

Each FPGA chip consists of a specified number of resources with programmable interconnects,
which facilitate the implementation of the electronic circuit designed using block diagram code in the
LabVIEW FPGA module. When an FPGA VI is implemented, the coded block diagram represents
the architecture of the logic on the FPGA chip. During compilation, the graphical code is converted
into the corresponding FPGA circuit [65].

LUTs

LUTs are collections of logic gates that are hardwired onto the FPGA. They store precomputed output
values for various input combinations, enabling the rapid retrieval of corresponding outputs for logic
operations. LUTs are used to perform Boolean algebra inside FPGAs.

Flip-flops

Flip-flops are employed in FPGA systems to temporarily store processed results and to synchronise
them with the global clock [66]. They are essential elements for implementing sequential logic,
such as shift registers or pipelining architectures, where access to both current and previous states is
required.

DSP48E

A DSPASE slice is a DSP logic element found in the Xilinx Artix-7. This type of slice is used to
perform arithmetic operations such as (high-throughput) addition, multiplication or sine and cosine
computation. DSP48E slice includes a multiply-accumulator, multiply-adder, and an n-step counter.
In addition to performing arithmetic operations, this type of slice can also perform logic operations.

Block RAM

Block RAM, also known as block memory, is a RAM that is used inside the FPGA to store data.
It is commonly used in FPGAs due to their efficiency in implementing large amounts of memory.
LabVIEW generally uses block RAM when it comes to the use of Memory and FIFO functions in
FPGA VIs.

LabVIEW FPGA resource allocation

A notable feature of LabVIEW FPGA that must be considered is its automatic allocation of logic
resources. LabVIEW determines whether operations defined in the graphical code are implemented
using look-up tables (LUTs), block RAM (BRAM), or DSP slices (DSP48s), depending on the type
of logic described. This resource allocation is handled autonomously by the compiler and cannot be
directly modified or overridden by the user, except by explicitly modifying the design of the code
(e.g., by changing the data type or the operation performed). It is therefore essential to consider this

characteristic during design, as the number of available hardware resources is limited, as shown in
Table 7.1.
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7.3.2 Modules I/0

Two input and output modules are employed for experimental data acquisition and system actuation.
This section provides a brief overview of the selected hardware.

ADC module - NI-9234

To acquire the data during experiments, an NI-9234 module [67] is used. This acquisition module has
four analogue input channels, and some of its specifications are reported in Table 7.2. The complete
datasheet can be found in [67].

Input characteristics
ADC resolution (fixed-point data type) <=+24.,4> bits

Type of ADC Delta-Sigma (combined with analogue prefiltering)
Timebase used
Maximum internal master timebase 51.2 ksample/s/channel

Table 7.2: Input characteristics and timebase of NI-9234 acquisition module. [67]

The data acquired by the NI-9234 module is encoded using a (+24, 4)-bit format, in which 24
denotes the total number of bits used for encoding, and 4 represents the number of bits allocated to
the integer part. This corresponds to a representable value range of [—8, 7.99] with a resolution of
9.5 x 1077, This range and precision are well-suited to the intended applications, as the acquisition
module enables the capture of high-precision signals across a sufficiently wide amplitude spectrum.
It is worth noting that, in the context of the experimental vibration analysis presented in the following
sections, accelerometers with either higher or lower sensitivity may be employed depending on the
measurement requirements.

The NI-9234 is an ADC (analogue-to-digital converter) system, meaning that it transforms the
measured continuous analogue signal into a discrete digital representation. To do so, the ADC
must sample the analogue signal, which is done using a Delta-Sigma modulation. The Delta-Sigma
modulation is an oversampling method that is used to encode signals into low bit depth digital signals
at a very high sample-frequency. In a Delta-sigma modulator, the analogue input signal is sampled
at a much higher rate than the Nyquist rate (which is 2 times the maximum frequency in the analysed
frequency spectrum).

Another important consideration to take into account in the PLL design is the maximum internal
master timebase of the NI-9234. This value indicates the maximal data rate that can be produced by
the acquisition module when running at the maximal rate of the built-in clock. In consequence, the
NI-9234 can produce, at maximum, 51,200 samples per second.

DAC module - NI-9263

To control the shaker, the NI-9263 is used. NI-9263 is a DAC (digital-to-analogue converter) system,
meaning that it turns a digital signal into a continuous one. In this context, the DAC transforms the
digital forcing signal into the signal sent to the shaker. NI-9263 has four analogue output channels.

Some characteristics of the NI-9263 are presented in Table 7.3, and further specifications can be
found in [68].

The data transmitted by the NI-9263 module is coded on (+20, 5)-bit format, meaning that values
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Output characteristics

DAC resolution (fixed-point data type) <=+20,5> bits

Output nominal voltage range + 10V

Maximum internal master timebase 100 ksample/s/channel

Table 7.3: Output characteristics and timebase of NI-9263 analogue output module. [68]

lie in the [—16, 15.99] range, with a precision of 3.05 x 107>, This level of precision is sufficient for
the intended application.

The data rate allowed by the NI-9263 module is higher than the one accepted by the acquisition
module, so the NI-9234 will be the limiting hardware in this setup.

7.4 Implementation considerations

Implementing a PLL in LabVIEW using an FPGA requires a more in-depth understanding of the
algorithm and its behaviour in comparison with an implementation in Simulink. Indeed, the Lab-
VIEW FPGA module demands the explicit specification of data width at each node of the circuit,
and the selection of a suitable data representation format. Due to the real-time requirements of the
application, the controller must guarantee a rapid response with minimal latency. Consequently,
execution time and delay become critical factors in the design process. Furthermore, it is imperative
to consider the combinatorial path length of the implemented circuit, as an excessively long path
may lead to timing violations. Such violations indicate that the circuit cannot reliably operate at the
specified clock frequency. In addition, the FPGA chip provides a limited number of logic resources
for implementing computational operations, which imposes additional design constraints.

This section investigates the various limitations and design challenges faced during the implemen-
tation of the PLL in LabVIEW. Most of the implementation details are sourced from the LabVIEW
FPGA Module User Manual [69], which provided significant support throughout the exploration and
implementation of the PLL code in LabVIEW.

7.4.1 Data type

In FPGA applications, it is a common choice to choose a fixed-point data type [59]. Fixed-point
representation has the advantage of allowing higher computing performances as it allows binary
and integer operations. These operations are generally less resource-intensive and energy-intensive
compared to floating-point operations of equivalent calculations. In LabVIEW, the data fixed-point
representation can be tailored by choosing the word length, which corresponds to the number of bits
used to represent the whole number, but also the integer word length, which is associated with the
number of bits used to represent the integer part of the number. It is also possible to choose if the
data is signed, meaning that it can be negative, zero or positive, or unsigned, which means that the
data can only be represented by zero or positive numbers. If the data is signed, a bit of the word
length is associated with the sign of the number.

7.4.2 Data size

In addition to selecting the type of data to be processed, it is also essential to specify their size.
The choice of the data size during the implementation of the PLL was led carefully. A compromise
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between the data precision and data size had to be done, as larger data size requires more logic blocks
to perform operations.

For example, during the implementation, issues were encountered with the number of DSP48
slices available. Indeed, multiplication operations are commonly assigned to DSP48 slices by
LabVIEW. As the implementation of the PLL in LabVIEW requires a great number of such operations,
the size of the data had to be selected so that the required number of DSP48 slices did not exceed the
available number, which is of 240 (see Table 7.1). The allocation of DSP slices works as follows:
one DSP slice is allocated when a 25 bit number is multiplied by a 18 bit one, two DSP slices are
used when a 32 bit number is multiplied by a 25 bit number, and for two 32 bit data, 4 DSP logic
blocks are required. As a consequence, the data size operated in the adaptive filter had to be slightly
reduced. However, no lack of precision in the data was detected in the following.

7.4.3 Throughput versus latency

Another important consideration to take into account in the design is the throughput allowed by the
program, as well as its latency. Indeed, the PLL implemented in LabVIEW must lead to a fast data
processing with acceptable latency.

The throughput is an important consideration in the FPGA implementation of the real-time PLL
application. In LabVIEW, the throughput corresponds to the rate at which a functional node delivers
information, and more precisely, to the time a functional node requires to perform operations on an
input, and return a valid output. The throughput is measured in number of cycles per sample.

On the other hand, the latency refers to the time lag with which signals are processed. The
latency is often quantified in number of cycles or in seconds. To modulate the throughput and latency
delivered by the implementation, pipelining can be used.

7.4.4 Pipelining

Pipelining can be used in LabVIEW to increase the clock rate and the throughput of an FPGA VI
or subVI. In essence, pipelined code leverages the parallel processing capabilities of the FPGA to
reduce the execution time of sequential operations. Figure 7.3 illustrates the principle of pipelining.

Clock Cycla 1 Clock Cycla 2 Clock Cyele 3 Clock Cycla 4
subVI A subv| A subvil A subVI A
Input Output It Output Input Oufput Inpaut Cutput
[ [ [ [ LEE]U
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In Figure 7.3, the subVIs A, B, and C are placed within a single-clock timed loop. When the
three subVlIs execute sequentially and no pipelining is implemented, an iteration of the sequence of

Figure 7.3: Illustration of a pipelining implementation. [70]
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subVIs requires the three subVIs to complete their operations before restarting. In consequence, the
clock rate of the code sequence corresponds to the sum of the execution time of all the subVIs that it
contains.

In a pipelined code, as illustrated in Figure 7.3, subVI A does not need to wait that subVI C has
output a valid value to acquire new input. At each clock cycle at which subVI A has output a valid
value, it can directly intake a new one. At the first clock cycle, subVI A performs an operation, and
outputs a valid value. At that time, subVI A has not output anything valid yet such that subVIs B and
C are not operating, and simply output invalid results. During the second clock cycle, the valid output
of subVI A enters subVI B, which processes the valid output of subVI A of the first clock cycle, and
subVI A takes a new input. SubVI C takes as an entry an invalid value from subVI B, such that it
does not perform any operation and also outputs an invalid result. Finally, in the third clock cycle,
each subVIs outputs valid results, as the valid output of subVI A of the first clock cycle has finally
arrived to subVI C, which processes it. At that time, subVI A processes the third input, and subVI
B processes the output of subVI A from the previous clock cycle. The pipeline is now said full, and
a valid output exits the code at each clock cycle, having a constant latency of two clock cycles. In
pipelined code, the execution time is limited by the subVI that has the longest time execution, i.e.,
the longest combinatorial path.

Note that, in such pipelined structures, the latency of the pipeline, which is often measured in
terms of clock cycles, is proportional to the depth of the structure. In the example of Figure 7.3, the
depth of the pipelined code is of 3. For a pipelined structure of depth N, a first valid result occurs
after N clock cycles, and the valid output of each clock cycle lags behind the input by N — 1 clock
cycles. As a consequence, the deeper the pipelined structure, the greater the latency of operation.

In the LabVIEW implementation of the PLL, a latency on the order of the microsecond was
reached, which is deemed more than sufficient for the required application.

Note that in such FPGA implementations, the bottleneck principle applies. This principle is
simple and based on the fact that the lowest throughput rate of a series of connected nodes, which
corresponds to the shortest time after which valid data outputs the code, is only dependent on the
throughput rate of the slowest node, i.e., the node that has the highest throughput rate in the code. In
this case, the bottleneck node dictates the operational rate of the circuit. To prevent data loss during
operations, it is necessary for the input data rate to be lower than the processing rate.

7.5 Comparison of the implementations of the method in Simulink
and LabVIEW

Both LabVIEW and Simulink provide an effective graphical interface for the development of a
PLL algorithm. Their operational principles are comparable, as both platforms rely on graphical
programming that is subsequently translated into an HDL, such as VHDL. The resulting FPGA code
is then deployed onto hardware platforms, namely the MicroLLabBox when using Simulink, and the
CompactRIO when using LabVIEW.

The principal difference between the two environments is that Simulink offers a much higher-
level description of the algorithm, which allows the user to experience greater productivity. On
the other hand, the low-level capabilities of LabVIEW, while requiring greater implementation time
and technical expertise, enable the user to develop a customised solution that is well suited to the
specific problem. For instance, Simulink offers an extensive range of libraries in which a large
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number of functions are already implemented. By contrast, the LabVIEW FPGA module provides
a more limited set of functions for implementing the PLL, primarily comprising arithmetic and
trigonometric operations. As a result, functions readily available in Simulink, such as integrators
or phase unwrapping blocks, have to be manually implemented within the LabVIEW interface.
However, these customised implementations do not significantly limit the design.

Concerning the performances, both implementations exhibited comparable operational character-
istics. The maximal available sampling frequency on the MicroLabBox is of about 20 kHz, whereas
a maximal rate of 51.2 kHz can be attained with LabVIEW implementation. An additional important
factor to consider is the cost of the hardware and software. In this regard, the LabVIEW-based
solution was found to be approximately half the price of the MicroLabBox, which is a significant
advantage.

7.6 Conclusion

This chapter presented the implementation of the PLL in LabVIEW using the NI FPGA module.
The fundamental operating principles of FPGAs relevant to the implementation were outlined,
together with a description of the hardware characteristics. The challenges encountered during the
implementation were reviewed, and the rationale behind key design choices was explained.

The chapter concluded with a comparison between the solutions offered by Simulink and Lab-
VIEW, emphasising the respective advantages and limitations of both environments. This discussion
included an evaluation of the performance achieved with each platform, confirming that comparable
operating frequencies were attained. Moreover, the reached frequency range was deemed more than
adequate for the industrial applications anticipated by the V2i company, thereby validating the PLL
design in LabVIEW and enabling subsequent experimental validation.



8 Experimental validation of the phase-locked
loop method implemented in LabVIEW

This chapter presents the experimental validation of the PLL implementation in LabVIEW. The ability
of this implementation to retrieve the characteristics of nonlinear systems in real-time conditions is
evaluated. More precisely, the speed of execution and the tracking ability of the method are assessed.

To investigate the method experimentally, three structures are analysed. Firstly, the first mode
of the nonlinear beam described in Section 6.4 is investigated. Then, a bolted beam mounted on a
shaker head is examined. This testing configuration is interesting for evaluating the PLL method,
as the testing conditions resemble those encountered in practical applications at the V2i company.
Thirdly, the first mode of a highly nonlinear thin beam is also investigated. For all three case studies,
the results obtained using the PLL method implemented in LabVIEW will be compared with those
obtained from the Simulink implementation, which was previously validated in Chapters 5 and 6.

8.1 Methodology

During the tests performed with LabVIEW, the sampling frequency was set to 25.6 kHz. It was set
to 10 kHz for the Simulink implementation. In all experiments, these sampling frequencies were
more than adequate to ensure accurate data acquisition and control, for the same reasons outlined in
Section 6.1, as the identified linear natural frequencies of the studied systems ranged from 13 Hz to
50 Hz.

The NFRCs and backbone curves were obtained using the same methodology as described in
Section 6.1. Furthermore, as discussed in Section 6.4, the forcing voltage signal, rather than the
applied excitation force, was used in the feedback loop of the PLL algorithm.

To perform the computation, the MicroLabBox was used as the real-time interface for the Simulink
implementation, similarly to the setup presented in Chapter 6. For the LabVIEW implementation,
the CompactRIO presented in Section 7.3.1 was employed.

8.2 Nonlinear beam

The nonlinear beam introduced in Section 6.4 is used as the first case study to evaluate the implemen-
tation of the PLL method in LabVIEW. The test of the PLL algorithm on this system mainly aimes to
qualitatively determine the ability of the hardware and the implementation to track resonance curves.
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8.2.1 Setup description

The testing setup is identical to the one presented in Section 6.4; however, it is important to note that
the lamina of the nonlinear beam fractured during transport following the tests conducted previously.
It was still possible to clamp the lamina in steel blocks, but the length of the clamped part of the
lamina was heavily reduced, so high excitation levels were not reached during these tests to prevent
further damage to the beam.

8.2.2 Results

The NFRCs retrieved for the first mode of the nonlinear beam and the corresponding phase lag
between the measured acceleration and the forcing signal are illustrated in Figure 8.1. During the
tests, the gains were fixed at k; = 35 s~2 and k, =10 s~!, and the adaptive filter gain u was set at
0.01. This gain tuning enabled sufficiently fast and robust tracking of the NFRCs.

As observed in this figure, the first experimental results of the PLL implemented in LabVIEW are
promising. The NFRCs still display a combined softening and hardening behaviour, as previously
observed in Figure 6.5a, although the associated frequencies are slightly shifted. This outcome was
anticipated, as the lamina had to be clamped slightly deeper due to the damage, leading to an increase
in system stiffness. Concerning the behaviour of the phase lag, the results are coherent with what is
expected from a hardening system, where a slight bump in the phase can be observed for the highest
forcing curve. This behaviour was also observed in Figure 6.5b. By taking into account the phase
lag existing between the voltage signal and the applied force, it is observed that the phase resonance
is close to the amplitude resonance, which is consistent as the structure is lightly damped.
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(a) NFRC:s of the first mode of the nonlinear beam. (b) Phase lag between the acceleration of the beam
and the forcing signal.

Figure 8.1: Application of the PLL algorithm implemented in LabVIEW on the first mode of
the nonlinear beam presented in Section 6.4. The NFRCs were computed for the following mean
excitation levels measured at the impedance head: 1.6 N (=), 3.7 N (=), 7.7 N (=) and 10.7 N (—).

8.3 Bolted beam

The second system under investigation is the bolted beam depicted in Figure 8.2. The experimental
analysis presented in this section focuses on the first mode of this system.
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8.3.1 Setup description

The beam is mounted on an electrodynamic shaker table (G&W V2664), which excites the structure
in the vertical direction. Two triaxial accelerometers are employed: one is positioned at the tip of the
beam, where high accelerations are expected for the first mode, and the other is located at the base to
measure the input acceleration.

The beam (400 mmx40 mmx1 mm) consists of two segments connected by a bolt. This academic
system was tested at V2i, and a small rubber element was inserted between the two parts to promote
the occurrence of potential nonlinearities within the system. As the objective of the experiments
was to trace NFRCs of nonlinear systems, several screw torque levels were applied to determine the
configuration that induced the strongest nonlinear behaviour. Although no significant differences
were observed between these configurations, it was noted that, for a given excitation level, lower
torque values resulted in slightly greater nonlinearity. However, a sufficiently high torque was
required to ensure that the structure remained securely in place during the tests; consequently, the
torque was set to 9 Nm.

Figure 8.2: Setup of the bolted beam.

8.3.2 Results

The analysis of the bolted beam is restricted to its first mode. The NFRCs corresponding to this mode
were computed using both implementations of the PLL method, namely those developed in Simulink
and LabVIEW. The results are presented in Figure 8.3. The controller gains used for all computations
and with both algorithms were the following: k, = 10 s ~1, k; = 25 s72, and the adaptive filter gain
was set to 4 = 0.01. As no unstable response needed to be stabilised during the experiments, the
tuning of the PI controller gains was relatively straightforward, and the gains were mainly selected
to ensure sufficiently fast tracking by the PLL method.

Figures 8.3a and 8.3b illustrate the softening behaviour of the system, characterised by a decrease
in resonance frequency with increasing excitation amplitude. As shown in Figure 8.3a, a slight
frequency shift appeared between the 0.9 g, 1.6 g, 1.9 g curves compared to the others. As the
experiments were conducted over two separate days, it is highly likely that environmental factors,
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Figure 8.3: Application of the PLL algorithm implemented in Simulink and LabVIEW on the first
mode of the bolted beam presented in Figure 8.2. The NFRCs were drawn for various levels of
excitation measured at the base, for LabVIEW computations: 0.8 g (—), 1.4 g (—) and 3.4 g (—) and
for Simulink computations: 0.9 g (—), 1.6 g (—), 1.9 g (—), 2.7 g (). The backbone curves computed
in LabVIEW (=) and Simulink (—) are also displayed.

such as room temperature or humidity, slightly influenced the system’s characteristics, thereby causing
a shift in the resonance frequencies. This phenomenon was also observed in the sine sweep tests
that were performed, and which are presented in Figure 8.4. This shift in frequencies also accounts
for the discrepancy between the backbone curve computed in Simulink and the locus of the three
lower-level curves. Nonetheless, the two backbone curves still coincide, as they were computed
one after the other, thereby confirming the hypothesis of a modification of material properties and
validating the results obtained with both implementations. Tang et al. [71] investigated the effect
of temperature variations between tests on a system’s resonance frequency and concluded that an
increase in structural temperature results in a decrease in resonance frequency, which likely accounts
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Figure 8.4: FRFs of the bolted beam to sine sweep down excitations of 1.5 g of amplitude measured
at the base. The resonance frequency decreased between the measurements taken the first day of
tests (—) and the second day of tests (—).
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for the shift observed in the present study.

8.4 Thin nonlinear beam

To conclude the experimental validation of the PLL implementation in LabVIEW, an additional
system is tested. This system consists of a thin nonlinear beam, which is clamped at both ends. The
structure is presented in Figure 8.5. This system is particularly suitable for the experimental validation
of the PLL method implemented in LabVIEW, as its response exhibits a significant unstable region
even under moderate forcing levels. The analysis detailed in this section is limited to the first mode
of this thin beam.

Figure 8.5: Setup of the thin nonlinear beam.

8.4.1 Setup description

The structure analysed is a doubly clamped beam (754mmx20 mmX2 mm) made of aluminium. The
system is excited by an electrodynamic shaker (TIRA TV 51057), which is placed on an optical table.
This shaker excites the beam through an impedance head (Dytran 5860B), which is linked to the
beam through a plastic rod.

The excitation point is placed 70 cm away from the left clamping, whereas a triaxial accelerometer
is fixed on the beam at a distance of 38 cm from the left clamping. This triaxial accelerometer is
employed to measure the beam response, which is subsequently fed back into the PLL to control
the system. Since the analysis focuses on the first mode of the beam, positioning the measurement
point at the beam’s midpoint is of particular interest, as this location corresponds to the maximum
expected deformation. Moreover, because of the system configuration, and more precisely because
of the fact that the structure has a mass that is of the same order of magnitude than the moving
mass of the shaker, high shaker-structure interactions are expected within the system. Consequently,
placing the shaker near the clamping, at a location that is responsive to the target mode shape, seems
an interesting choice to minimise these interactions.
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8.4.2 Results

The system investigated is heavily sensitive to temperature fluctuations. Consequently, the resonance
frequency of its first mode varies depending on its temperature. During the tests, this frequency was
estimated at about 13 Hz, but slight variations were observed.

The NFRCs and backbone curves were recovered using both implementations (LabVIEW and
Simulink) of the PLL with comparable amplitudes of excitation. The controller gains used during the
experiments are summarised in Table 8.1, which also reports the mean amplitude of the applied force
measured at the impedance head. The results are presented in Figure 8.6, where Figure 8.6a depicts
the NFRCs and backbone curves, and Figure 8.6b shows the variation of the phase lag between
the beam acceleration measured by the triaxial accelerometer and the forcing signal. During all
experiments, the adaptive filter gain was set to u = 0.01.

Type of curve Frean N) k) s ki (s7?)
NFRC (LabVIEW and Simulink) 0.17-0.36 10 15
NFRC (LabVIEW) 1.5 10 75
NFRC (Simulink) 1.7-2.3 10 75
NFRC (LabVIEW) 3 5 300
Backbone (LabVIEW and Simulink) 0.05 — 3.5 10 75

Table 8.1: Controller gains used for the identification of the NFRCs and backbone curves of the first
mode of the thin beam using both implementations (LabVIEW and Simulink) of the PLL method.
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Figure 8.6: Application of the PLL algorithm implemented in Simulink and LabVIEW on the first
mode of the thin beam presented in Figure 8.5. The NFRCs were computed for various levels of
excitation measured at the impedance head, for LabVIEW computations: 0.17 N (=), 0.35 N (—),
1.5 N (=) and 3 N (=) and for Simulink computations: 0.19 N (<), 0.35 N (=), .7 N (=) and 2.3 N
(—). The backbone curves computed in LabVIEW (=) and Simulink (—) are also presented.

Various observations can be made from Figure 8.6. First and foremost, it is observed that the
results obtained with both implementations lead to similar outcomes, confirming that the PLL method
implemented in LabVIEW can also stabilise unstable response branches. A slight frequency shift
is observed in the low-level measurements, similarly to the observations made in Section 8.3. This
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small difference is probably caused by the temperature change within the structure, which might have
caused a small change in the beam properties.

Concerning the phase lag between the beam response and the voltage signal sent to the shaker,
the results correspond to the expected behaviour of a hardening beam, as analysed previously. The
backbone curves were traced for an imposed phase lag of —2.2 rad. By taking into account the
constant phase lag existing between the forcing signal and the applied force, it is concluded that
phase resonance and amplitude resonance coincide, which is expected as the beam is lightly damped.

Finally, it is interesting to note that the gain tuning of the PLL method was particularly difficult
when tracking unstable response branches. In this case, the gain tuning had to be adjusted to
avoid instabilities, which can be dangerous for both the structure under test and the exciter. In
these experiments, stabilising the highest amplitude curves proved more difficult than stabilising the
lower-level ones. The gain tuning consequently differed between the two implementations, as a finer
gain adjustment was required, and the sampling frequency was set to a different value, necessitating
corresponding adaptations of the gains. Specifically, a higher cut-off frequency for the adaptive
filter was selected in the LabVIEW implementation, resulting in a phase lag detection that was more
sensitive to signal variations and, consequently, a system more responsive to control inputs. Although
reducing this cut-off frequency for tracking the curve could have been beneficial, the resonance curve
was still successfully tracked.

As shaker-structure interactions are important in the system, the force drop-out phenomenon,
which was described in Section 6.4, is clearly visible in the experiments. Figure 8.7 illustrates the
phenomenon. Moreover, harmonics created by the beam response are clearly visible in the forcing
signal, which is also typical of shaker-structure interactions.
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force applied by the shaker.

Figure 8.7: Force drop-off phenomenon due to shaker-structure interactions. The beam acceleration
is measured by the triaxial accelerometer and the force is measured by the impedance head. Non-
fundamental harmonics are observed in the excitation force.

An interesting approach to analyse the effects of shaker-structure interactions on the calculated
NFRCs involves constructing an NFRC surface from multiple measurements, followed by extracting
sections of this surface at constant forcing amplitudes. Such analysis was proposed in [72], where
it was observed that this method proved effective in retrieving the structural NFRCs from surface
resectioning.
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To construct the NFRC surface, the four-level NFRCs drawn with the PLL method implemented in
Simulink were used. The surface was interpolated using griddedInterpolant MATLAB function.
The results of this interpolation are shown in Figure 8.8a. The 0.35 N curve presented in Figure 8.6a
is used as an illustrative example of shaker-structure interactions.
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Figure 8.8: Illustration of shaker-structure interactions and force drop-off phenomenon observed
during PLL testing on the thin beam. (a) NFRC surface identified by interpolating the computed
NFRCs. (b)-(d) Comparison of the NFRC computed at a mean forcing amplitude of 0.35 N (—)
and the NFRC obtained by resectioning the NFRC surface at a constant amplitude of 0.35 N (—).
(=) represents the limit of the NFRCs that can be resectioned from the surface. For greater forcing
amplitudes, the resectioned NFRCs are incomplete, and it would be necessary to use backbone curve
measurements to interpolate the NFRC surface.

As observed in Figure 8.8, for this series of experiments, the shaker plays an important role in
the system dynamics that were identified with the PLL method. The resonance peak of the NFRC
identified with the resectioning method is sharper and happens at a slightly lower frequency. This
result can be explained by the fact that, at resonance, the system behaves as if the shaker is driven by
the beam. Consequently, at these frequencies, the shaker counteracts and damps the beam’s motion,
which leads to a reduction in the amplitude of the system response.

Itis important to note that in cases of significant shaker—structure interactions, where the excitation
force amplitude varies considerably during the experiment, the resulting interpolated NFRC may be
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incomplete. In such instances, Zoltan et al. [72] propose interpolating an NFRC surface using
backbone measurements acquired under various imposed phase lags between the system response
and the excitation force, thereby covering the entire NFRC domain. Although this method is more
time-consuming, it offers the advantage of controlling the forcing amplitude, and consequently the
amplitudes at which the NFRC surface can be resectioned.

8.5 Conclusion and remaining challenges

The results obtained on the three distinct structures analysed in this chapter demonstrate that the
LabVIEW-based PLL successfully managed to identify the characteristics of these nonlinear systems.

In terms of performance, the results were comparable to those obtained with the dSPACE Mi-
croLabBox. Both platforms offered similar ease of use through their respective user interfaces and
operated on the same underlying principles. These findings are promising for the potential industrial
deployment of the PLL implementation in LabVIEW; however, two key issues remain to be addressed.

Firstly, as reviewed in Chapter 4.6, no robust method currently exists for selecting PI controller
gains for NFRC tracking. Although this limitation does not impede the identification of backbone
curves and stable branches of NFRCs, it becomes critical when entering unstable response regions.
For the unstable parts of NFRCs, gain tuning is challenging, and inadequate tuning can precipitate
instability, which is illustrated in Figure 8.9. At that time, the controller induces uncontrollable
frequency fluctuations and, consequently, large amplitude variations. Without appropriate safety
measures in the algorithm, these instabilities could inflict substantial damage on the test structure or
exciter.
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(a) NFRC drawn during the experiment. (b) Variation of the excitation frequency during the
experiment.

Figure 8.9: Unstable results obtained with inappropriate tuning of the controller gains of the PLL
algorithm when controlling an unstable response branch.

Secondly, shaker—structure interactions present significant challenges during vibration testing.
During the experiments, these interactions manifested as force drop-oft and the presence of non-
fundamental harmonic components in the applied force. While optimising shaker placement can
mitigate these effects, it cannot eliminate them entirely. Several studies have addressed this issue.
Abeloos [48] introduced a proportional controller to suppress non-fundamental harmonics in the
applied force by adjusting the voltage signal; however, he specifies that the method lacks general
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applicability and requires heuristic tuning. Similar investigations were carried out by Woiwode and
Krack [31], who focused on controlling the fundamental excitation harmonic. More recently, Gabos
et al. [72] proposed a post-processing approach to extract NFRCs at constant forcing amplitude,
yielding results comparable to those obtained using an amplitude controller on the voltage signal.
Although their alternative is more time-consuming, as it requires computing a sufficient amount of
NFRCs or backbone curves to reconstruct the NFRC surface, it avoids the additional instability risk
associated with amplitude control, which may compromise the structure or the exciter.



9 Nonlinear controller for the phase-locked
loop method

Although the use of a PLL method for the characterisation of nonlinear systems is a currently
investigated subject, the tuning of the controller gains in the method remains heuristic, as elaborated
in Section 4.6. This chapter investigates the solution recently proposed by Chukwu et al. [15], who
introduced a PLL algorithm incorporating a modified version of the conventional PI controller. This
modified approach was termed the nonlinear controller PLL (NCPLL).

The objective of this novel control method, as outlined by Chukwu et al., is to provide a unified
approach for determining an upper bound on the controller gain that remains valid across various
types of nonlinearities. As a result, Chukwu et al. aim to reduce the number of tuning parameters in
the PLL method to one, thereby simplifying the gain tuning process.

This chapter presents the principles behind this new control methodology. The method is reviewed
by numerically testing the controller on a case study presented in the original article. The results
obtained using the NCPLL are subsequently compared with those derived from the classical PLL
algorithm.

9.1 Presentation of the nonlinear controller

This section presents the nonlinear controller introduced by Chukwu et al. in [15]. The schematic
representation of the algorithm incorporating the newly introduced nonlinear controller is shown in
Figure 9.1. The underlying principles of the adaptive filter and VCO remain as described in Chapter 4,
with the primary modification residing in the controller component.
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Figure 9.1: Schematic illustration of the NCPLL algorithm.

The nonlinear element N (A¢) takes the form of a hyperbolic function of the phase error Ag, which
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corresponds to the difference between the measured phase lag, i.e., the phase difference between the
system response and the excitation force, and a specified reference phase lag

N(Ag) = K, tanh %, (9.1)

where K, > 0 is the gain to be tuned, and 0 < 8 < 1 is a steepness parameter. This steepness
parameter is employed to adjust the influence of the controller on the system. Specifically, a small
value of g results in a sharper response and abrupt transitions induced by the controller, while also
promoting faster convergence. This value is independent of the system under investigation, and
Chukwu et al. set it to 0.01, stating that this choice offers an effective compromise between rapid
convergence and smooth transitions.

A low-pass filter is introduced in the control technique to remove the high-frequency components
of the nonlinear element. The transfer function of this filter takes the following form

1
sla+1’

L(s) = (9.2)

where « is the cut-off frequency of the filter and s is the Laplace variable.

In their methodology, Chukwu et al. set the open-loop frequency wq to the linear natural
frequency of the investigated mode. They also fix the PI controller gains k; and k, to unity. The
sampling frequency f;, the number of harmonics in the adaptive filter ny, and the adaptive filter
cut-off frequency i are selected according to the guidelines presented in Section 4.7 and detailed
in [49]. Consequently, the remaining parameters that require tuning are the low-pass filter cut-off
frequency a and the nonlinear gain K,.

Chukwu et al. do not provide a precise methodology for selecting the low-pass filter cut-off
frequency. However, they recommend selecting a value of o within the range 1 < «a/g < 100,
noting that such values effectively suppress the oscillatory component of the phase error Ag without
significantly slowing down the controller.

An expression for the upper bound of the nonlinear gain is derived by Chukwu et al., and
is presented in their paper [15]. This expression reveals that the stability limit of the nonlinear
controller is strongly influenced by the low-pass filter cut-off frequency, the linear damping ratio of
the system, with and without the exciter, and the modal mass of the exciter.

9.2 Review of the method

This section reviews the novel method by reproducing a numerical experiment originally presented
in the referenced study. The experiment is carried out on a Duffing oscillator, whose dynamics are
presented in Equation 2.24. Chukwu et al. set the following parameters for this oscillator: the linear
natural frequency fo = 62.8 Hz, the damping ratio { = 0.05%, and the nonlinear stiffness coefficient
a3 = 5 x 10° N/(kg m®). They fix the number of harmonics in the adaptive filter ny = 10, the
adaptive filter cut-off frequency i = fy/3 and the low-pass filter cut-off frequency @ = 304. Finally,
the derived upper bound K, is 5.919.

In their experiment, Chukwu er al. identified the NFRCs of the system for three forcing levels:
I N, 5 N and 10 N. The results are computed with the advised values for the NCPLL method.
Moreover, a computation is also carried out with the classical PLL method, with the integral gain
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k; = 100 s=2 and the proportional gain k p =25 s~!. The results are shown in Figure 9.2, where it
is observed that both methods yield identical results with comparable computation times for similar
accuracy. Furthermore, gain tuning for the classical PLL. method was not particularly challenging in
this scenario.
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Figure 9.2: NFRCs and backbone curve of the Duffing oscillator obtained with the NCPLL (=) and
PLL (=) methods. The NCPLL method was also tested with a controller gain of 3K, (—).

To assess the stability limit, computations were performed using the NCPLL with a controller gain
of 3K,,. The computations revealed that the unstable region of the NFRC could still be stabilised using
this gain value, thereby casting doubt on the stated stability limit. Furthermore, no mathematical
derivation of this upper bound is provided in [15], leaving the basis for this gain unclear.

Finally, the influence of the cut-off frequency of the low-pass filter was also examined. The
NCPLL was tested using various cut-off frequencies, and it was observed that neither the inclusion of
the filter nor the specific choice of its cut-off frequency had a significant impact on the stabilisation
of the system.

9.3 Conclusion

The methodology presented by Chukwu et al. introduces several noteworthy concepts, particularly
the inclusion of a nonlinear element, which serves to moderate the influence of the controller on the
system and avoid large overshoots in the control. However, the approach proposed by the authors
raises certain questions.

Although the authors propose a method that requires the tuning of a single gain parameter, several
other parameters of the PLL algorithm, such as the cut-off frequencies of the low-pass filter and the
adaptive filter, are assigned arbitrarily in the article, with no clearly defined methodology provided
for their selection.

Moreover, the derivation of the upper bound gain K, is not explicitly detailed in the article, and
numerical investigations indicate that this value does not represent a strict upper bound, as the system
remains stable for higher gain values. Furthermore, the computation of this upper bound requires
knowledge of the modal mass of the exciter, which is not straightforward to determine in the case of
experimental application of the NCPLL. Based on these observations, the analysis was limited to the
numerical domain and was not extended to experimental validation.
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Nonlinear systems are increasingly encountered during experimental vibration testing. The complex
and, at times, erratic behaviour they exhibit renders their analysis particularly challenging. Phenom-
ena such as jumps or secondary resonances, which may appear as attached or detached response
branches, further complicate the characterisation of their full dynamic behaviour. Within this frame-
work, classical modal testing methods, such as sine-sweep or dwell tests, are limited in effectiveness,
as they only allow the identification of stable periodic orbits of nonlinear systems. Experimental
continuation methods address this limitation by introducing a feedback control into the system to
stabilise otherwise inaccessible unstable response branches.

In this context, the PLL method presents a promising approach for the experimental reconstruction
of bifurcation diagrams around fundamental resonances of nonlinear systems. This derivative-less
technique is advantageous as it does not require a mathematical model of the system, which can
be highly intricate for complex structures. In experimental analysis, the PLL method enables the
identification of NFRCs and backbone curves, which is of particular relevance to companies such as
V2i.

This master’s thesis was structured around two principal research questions:

(i) Can the PLL method be implemented in LabVIEW to experimentally identify NFRCs and
backbone curves of nonlinear systems?

(i) To what extent is this implementation suitable for application in an industrial context?

The initial chapters of this thesis established the theoretical context and outlined the key challenges
addressed in this study. Chapter 2 presented the fundamental principles underlying the dynamics of
linear and nonlinear systems, highlighting the foundational distinctions between the two paradigms.
The various complex phenomena arising from nonlinear dynamics were also detailed. Chapter 3
reviewed basic concepts of control theory, with a particular emphasis on PID controllers, which
underpin the PLL method. The theoretical background concluded with Chapter 4, which established
the foundation of experimental continuation methods. The PLL algorithm and working principles
were presented, and the adaptive filter, employed as a phase detector within the method, was described
in detail.

The first experimentation of the PLL method began with numerical models implemented in
Simulink. The PLL method was tested on both linear and nonlinear models, and successfully re-
trieved the complete bifurcation branches associated with the fundamental resonances. Experimental
validation of this implementation was successfully performed on two systems, an electronic Duffing
oscillator and a hardening nonlinear beam, both exhibiting unstable branches in their response curves.

The main research question of this thesis was addressed in Chapters 7 and 8, which introduced
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the LabVIEW programming environment. This low-level graphical interface is widely employed
in vibration testing for control and data acquisition, and is used at V2i for product development.
The experimental application of the PLL requires fast and real-time control, which is achieved
using an FPGA chip integrated within the LabVIEW hardware. The challenges encountered during
the implementation, notably the timing requirements and data size management, were emphasised.
The chapter concluded with a comparison between the solutions offered by dSPACE and National
Instruments, from which it was concluded that both are suitable for implementing the PLL method.
While Simulink offers a high-level interface that facilitates development, LabVIEW enables finer
tuning of the algorithm due to its lower-level programmability. For instance, the data type, the data
size, and the data exchange between the hardware and the host computer must be explicitly defined
in LabVIEW, thereby providing greater insight into how the data are handled during computations.

Finally, Chapter 8 presented the experimental validation of the PLL implementation in LabVIEW.
The method was tested on three distinct systems, and successfully retrieved their dynamic character-
istics. The results obtained using both implementations showed strong agreement, thereby validating
the LabVIEW-based approach. The performance achieved using National Instruments hardware was
comparable to that of dSPACE, and no difficulties were encountered in the real-time tracking of
systems response using the LabVIEW real-time controller.

10.1 Future work

The PLL method proposed in this thesis offers an promising solution to identify bifurcation diagrams
around fundamental resonances of nonlinear systems. However, two main difficulties encountered
during the practical applications of the method remain to be investigated.

Firstly, the gain tuning of the PLL method is heuristic. Recent research were conducted on the
derivation of a systematic approach for the gain tuning of the PLL algorithm, but no generalised
methodology was established. The principal difficulty in this absence of a defined methodology
lies in the tracking of unstable responses. Indeed, while the gain tuning of the PLL method when
identifying stable portions of NFRCs or backbone curves is relatively straightforward, the controlled
system may rapidly become unstable if the tuning is not appropriately adjusted to stabilise unstable
orbits.

The methodology employed in the experiments is as follows. The experiments begin with
an open-loop system, where the controller gains are initially set to zero. These gains are then
gradually increased to a user-defined level, recognising that the integral gain enhances the tracking
capability of the controlled system, while the proportional gain contributes to its stability. To
accelerate computations during the experiments, the integral gain was often set to relatively high
values, typically exceeding the proportional gain. However, when tracking the unstable responses of
nonlinear systems, the controller may become unstable, resulting in high-frequency variations in the
driving signal. Such erratic behaviour must be avoided during experimental testing, as it may cause
damage to either the structure under test or the exciter. Consequently, tracking unstable response
branches necessitates a more precise tuning of the algorithm, which can be time-consuming.

Secondly, shaker—structure interactions prevent the application of a constant excitation amplitude
to the structure. However, maintaining a constant amplitude is essential during vibration testing
to accurately evaluate the structural characteristics. Furthermore, these interactions may introduce
harmonic components into the excitation force, which is undesirable.
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To mitigate shaker-structure interactions, several solutions were investigated. Abeloos et al. [S0]
proposed incorporating an amplitude controller within the PLL method. The proportional controller
introduced in the feedback loop of the PLL aims to regulate the shaker input voltage, thereby
suppressing non-fundamental harmonic components in the excitation force. However, this approach
is not yet well-established, and no established methodology exists for the tuning of the proportional
controller gain. Consequently, improper tuning may induce unstable system responses that could
compromise structural integrity; therefore, its application in an industrial context is considered
impractical. Gabos et al. [72] introduced an extraction technique to retrieve NFRCs of the structure
under test based on an NFRC surface identified with classical PLL measurements. The method
was compared with results obtained using an amplitude controller, and both approaches exhibited
similar outcomes. The outlined methodology offers an appealing alternative as it neither requires
further tuning nor entails the risk of instability associated with gain tuning in the PLL method;
however, interpolating an NFRC surface demands a substantial number of measurements, which
can be time-consuming. Finally, it is worth noting that the experimental configuration can also be
adjusted to mitigate the influence of the shaker dynamics on the structure. For instance, minimal
shaker—structure interactions are observed when the apparent mass of the structure is significantly
greater than the moving mass of the shaker; however, this condition is not always feasible due to
practical constraints in the experimental setups.

Following this discussion, it is concluded that the LabVIEW implementation of the PLL technique
developed in this thesis can be employed to experimentally extract the dynamic characteristics of
nonlinear systems. The method is considered sufficiently mature to support industrial applications
focused on identifying backbone curves of fundamental resonances. However, although theoretically
applicable, the use of the PLL method to recover unstable response branches remains impractical for
industrial deployment, primarily due to the two challenges previously identified. Addressing these
issues could constitute the focus of future work.
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A Simulink diagrams

A.1 Phase-locked loop method

The Simulink implementation of the PLL method, as illustrated in Figure 4.1, is presented in the
present appendix.

In Figure A.1, the integrated excitation frequency #(¢) and the system response x(¢) are fed back
into the adaptive filter. A Fourier basis with ny harmonics is constructed from the instantaneous
excitation frequency, and the coefficients associated to these harmonics are computed using the LMS
algorithm presented in Equation 4.6. The Fourier coeflicients corresponding to the k-th harmonic,

Adaptive filter with LM S algorithm

t i
theta_1] -I(O:nh-w y I_.

COS

:
[x] >

1

Signal phase

CE—
Signal amplitude

BN e B0 O b o
.J

System

T B
(b) (©)

Figure A.1: Simulink implementation of the PLL algorithm. Subfigure (a) presents the implementa-
tion of the adaptive filer with the LMS algorithm. Subfigure (b) shows the computation of the phase
lag and amplitude of the k-th harmonic of the signal, as decomposed by the adaptive filter. Subfigure
(c) shows the implementation of the PI controller and the VCO.
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denoted z and z ., are then extracted to retrieve the amplitude and the phase of the selected harmonic
of the signal. In the PLL experiments, the fundamental harmonic was consistently selected. Finally,
the phase difference between the system response and the excitation force is compared to the reference
phase lag, and the resulting error is fed into a PI controller. The controller output provides a frequency
variation used to excite the system and drive it to the desired state through a VCO. The amplitude of
the excitation force is selected by the experimenter.



B Experimental modal analysis of the non-
linear beam

This appendix presents the experimental modal analysis (EMA) performed on the nonlinear beam
presented in Section 6.4 and shown in Figure 6.4. The objective of this EMA is to identify the first
three linear modes of the beam.

B.1 Setup description

The EMA was conducted using V2i Acquisitor software. An impact hammer with a sensitivity of
2.23 mV/N and fitted with a vinyl tip was used to excite the structure. The choice of vinyl material was
appropriate, as the study focused on responses in the medium-frequency range. The tests involved
roving a triaxial accelerometer, with measurement points uniformly spaced at 10 cm intervals along
the beam. The impact point was located 25 cm from the left end of the beam. A schematic of the
testing setup is presented in Figure B.1.

X

Figure B.1: Schematic of the testing setup of the nonlinear beam. Measurement points (=) and impact
point (=) are highlighted.

To mitigate the effects of the leakage that occur due to the imperfect periodicity of the signals,
windows were used. As the hammer signal resembles a Dirac peak, a uniform window was applied
to the excitation signal; for the measured acceleration, an exponential window was added, as the
structure is naturally damped. Finally, to reduce the randomness effects that can appear during
experimental testing, three measurements were averaged for the FRFs collected at each measurement
point.

B.2 Results

The EMA proved particularly useful for computing the FRFs of the structure along the excitation
direction, denoted x, and its perpendicular direction z. The sum of the eight measured FRFs and
their corresponding coherence functions, is presented in Figure B.2.

As observed in Figure B.2a, three resonance frequencies appear in the direction of excitation, at
approximately 35 Hz, 140 Hz, and 400 Hz. Concerning the z direction, two modes are distinguished,
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one at about 87 Hz and another at 270 Hz. The two coherence functions indicate a high coherence in
the results, especially near the resonance frequencies, validating the accuracy of the measurements.
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Figure B.2: Sum of the eight measured FRFs of the nonlinear beam in the 0 — 500 Hz frequency
range (top) and their corresponding coherence functions (bottom).

Moreover, it is essential to verify the excitation signals when conducting an EMA. In the case of
hammer excitation, the power spectral density (PSD) of the input force provides valuable insight. As
observed in Figure B.3, the vinyl tip excites the frequency range of interest almost equally. Indeed,
the use of a vinyl tip, classified as medium-hardness, limits the excitation bandwidth, thus focusing
the excitation on the frequency range of interest.
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Figure B.3: Average of the PSD of the hammer impacts.

Finally, the EMA concludes with a presentation of the three modes of interest. This preliminary
analysis provides quantitative indication of the ideal location for the accelerometer and the impedance
head, which will subsequently be used to experimentally extract the NFRCs and backbone curves
of the first three modes of the system using the PLL method. Furthermore, it should be noted that
this type of EMA is particularly relevant for obtaining a linear basis for industrial applications where
systems exhibit nonlinear behaviour even at the lowest excitation levels achievable with a shaker.
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The first three modes have been identified using a stabilisation diagram, computed with PolyMAX
method for a polynomial order of 70 [22]. The mode shapes and the stabilisation diagram were
computed in LMS software, and the results are shown in Figure B.4. As observed in the three mode
shapes, the displacement at the left end of the beam, located at y = 0 cm, is significant across all
three modes, making it a suitable location for the accelerometer. Regarding the excitation point, it
must be positioned such that all three modes are responsive to the excitation, meaning it should not
be placed at a nodal point of the beam. Consequently, the shaker was positioned 30 cm from the
left edge of the beam (y = 30 cm), where the first three horizontal modes exhibit varying degrees of
response.
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(a) First mode at 34.7 Hz. (b) Second mode at 139.2 Hz. (c) Third mode at 406.3 Hz.

Figure B.4: Firsts three mode shapes of the nonlinear beam in the direction of excitation (—). The
undeformed structure is also illustrated (—).



