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Abstract

Deep beams in concrete infrastructures work mainly in shear. It is therefore important
to assess the shear resistance of such a beam, as well as the evolution of the diagonal
shear crack that develops on it, with a view to taking adequate measures to ensure its
compliance during its service life. This work is therefore divided into an Ultimate Limit
State study and a Serviceability Limit State study of deep beams; and more precisely of
simply supported deep beams subjected to point loads. At Ultimate Limit States, the aim
is to define relatively simple closed-form design equations against shear failure as in the case
of slender beams. These equations are obtained by simplifying the full process established
on the Two-Parameter Kinematic Theory which predicts the shear strength of a deep beam
based on four components: the critical loading zone (CLZ), the aggregate interlock, the
stirrups and the dowel action. The simplifications made to this method are designed to
make it non-iterative, and to reduce the number of shear strength components from four to
three by neglecting the dowel action contribution. At Serviceability Limit States, the aim is
to establish a relationship between the applied shear and the width of the critical diagonal
crack, in order to predict it at each loading stage of the beam. The approach developed
is based on a rapid crack-based assessment model which enables to evaluate the residual
shear capacity of a deep beam through three on-site measurements and two simple closed
equations. It incorporates a crack-control effect likely to develop in some deep beams, so as
to gain greater accuracy in predicted crack-width values.
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Chapter 1

Introduction

1.1 Context and motivation

Deep beams are a special category of reinforced or prestressed concrete structural elements,
mainly used in structures where high loads (generally concentrated loads) have to be carried
over a short distance, while ensuring high rigidity and limited deformation.

They are widely used in various areas of construction, including bridge headers, inter-
connected foundation footings and transfer girders in large buildings.

| | { | ) | }
slender
beam

transfer
girder

f deep beam f

footing
Figure 1.1: Slender and deep beam in a building .

These beams are characterised by a short span relative to their height. This geometric
configuration results in a non-linear stress distribution and renders inapplicable the classical
assumptions of Bernoulli’s theory of bending, in particular that of the conservation of plane
sections first demonstrated by Robert Hooke in 1678, and used to predict the load-deflection
response of slender beams.

The first rigorous, structured study of deep beams is attributed to German researchers
Leonhardt and Walther, who in the 1960s analysed the non-linear behavior of these elements
and highlighted the inadequacy of conventional methods based on bending for this type of
structure. They were among the first to propose a model based on the strut-and-tie method,
which provides a better understanding of the actual path of internal forces between the load
application zones and the supports. This concept was subsequently widely developed and
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formalised by Jorg Schlaich, another German engineer, who in the 1980s introduced a sys-
tematic formulation of the strut-and-tie model for discontinuous zones in reinforced concrete,
including deep beams. This model was subsequently incorporated into several design codes,
including ACI 318 (USA) and Eurocode 2 (Europe).

Because of the relatively low span-to-height ratio of these beams (a/d ratio generally be-
tween 1.20 and 2.30), they work mainly in shear. Therefore, other theoretical models based
on a prediction of the deformation patterns and using equilibrium, compatibility, and stress-
strain relationships are used to predict the shear behavior of deep beams in an analogous way
to the plane-sections theory for flexure, as the Two-Parameter Kinematic Theory (2PKT),
which enables engineers to evaluate safety and assess deformations and crack widths of deep
reinforced concrete beams such as the transfer girder in Figure [1.1}

Given that deep beams work mainly under large concentrated loads in concrete infras-
tructure, they often exhibit wide diagonal shear cracks that extend from the supports to
concentrated loads during their services life. Therefore, in order to prevent these cracks
from developing unacceptably during the service life of the beam, for example by carrying
out early maintenance and strengthening techniques, it is necessary to be able to predict
their evolution by correlating their width with the applied service loads.

1.2 Objectives of the thesis

The first purpose of this master thesis is to simplify the Two-Parameter Kinematic Theory
(2PKT) in order to predict the shear strength of deep beams using closed-form design equa-
tions, such as those used for slender beams.

The second purpose is to use a model on rapid crack-based assessment (CBA) based
on a single crack measurement which assesses the residual shear capacity of a deep beam,
combined with the Two-Parameter Kinematic Theory with the aim of predicting the widening
of shear cracks following applied loads over the service life of the deep beam.

1.3 Thesis outline

The following work is composed of five chapters, an appendix, and a bibliography.

Chapter 2 presents the backgrounds used for the work. The first part of this chapter ex-
plained the Two-Parameter Kinematic Theory for Shear Behavior of Deep Beams developed
by Boyan I. Mihaylov, Evan C. Bentz, and Michael P. Collins as the simplified approach
with closed-form design equations is based on it.

The second part presents a rapid crack-based assessment approach of deep beams based
on a single crack measurement developed by Boyan Mihaylov, Eissa Fathalla ,and Alexandru
Trandafir. Combined with the 2PKT, these two models are used to establish the approach
proposed in this work for predicting crack widths in a deep beam.

Chapter 3 presents a simplified 2PKT approach for predicting the shear strength com-
ponents of a deep beam. On the basis of justified assumptions, closed-form equations giving

ULiege 20242025 7
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the shear resistance of a deep beam are obtained in the same way as for a slender beam.

Chapter 4 presents a model based on the combination of the Two-Parameter Kinematic
Theory and a rapid crack-based assessment of deep beams based on a single crack measure-
ment for assessing the width of diagonal shear cracks in a deep beam in service.

Chapter 5 summarizes the conclusions that can be drawn from this study, and presents
perspectives for improving the approaches developed.

ULiege 20242025 8



Chapter 2

Backgrounds

This chapter draws primarily on the paper by Boyan I. Mihaylov, Evan C. Bentz, and Michael
P. Collins published in 2013 on Two-Parameter Kinematic Theory for Shear Behavior of Deep
Beams [1], as well as the paper by Boyan Mihaylov, Eissa Fathalla, and Alexandru Trandafir
published in 2024 on Rapid crack-based assessment of deep beams based on a single crack
measurement .

2.1 Two-Parameter Kinematic Theory for Shear Be-
haviour of Deep Beams

The Two-Parameter Kinematic Theory for shear behavior of Deep Beams is a kinematic
model capable of predicting the deformed shape of deep beams on the basis of two degrees of
freedom (DOFs). Indeed, the fundamental hypothesis for slender beams that “plane sections
remain plane” is not applicable for this type of beam, since plane sections no longer remain
plane, as shown in figure (d) Shear deformations become dominant and the deformation
mode much more complex.

(b) Plane sections remain plane assumption
Robert Hooke 1678

/—J .’ i 7 ;_ji” K/ V
\\L“‘—L‘r’\"\//m/*

(c) Measured deformations (*300) of cracked
ret'nf orced concrete slender beam

r////_‘:\
' DS

(d) Measured deﬁn;umn (%40) of cracked
reinforced concrete deep beam

Figure 2.1: Deformation patterns of slender beams and deep beams ||

Combined with equilibrium equations and stress-strain relationships, the 2PKT model
can be used to predict the shear strength and deformation patterns of deep beams at shear
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failure. This deformation mode includes crack widths, maximum deflections, and the com-
plete displacement field for the beam.

2.1.1 Kinematics of Deep Beams

The model is based on only two degrees of freedom capable of describing the deformed shape
of diagonally-cracked point-loaded deep beams subjected to single curvature.

The model assumes that the critical crack extends from the inner edge of the support to
the far edge of the tributary area of the loading plate responsible for the shear force V. The
concrete above this crack is modeled as a rigid block, while the concrete below the crack
is modeled as a series of rigid radial struts (¢, = 0), connecting the loading point to the
bottom longitudinal reinforcement. These two regions on either side of the critical crack
are connected by the critical loading zone (CLZ) at the top of the section, by the bottom
flexural reinforcement and by the stirrups.

The basic assumption of this model is that the motion of the concrete block above the
crack can be described by a rotation about the top of the crack and by a vertical transla-
tion (Figure 2.2)(a)). This translation is equal to the vertical displacement A, of the CLZ,
while the rotation is proportional to the average strain in the bottom reinforcement €; 4,4.
Thus, A, and € 404 represent the two degrees of freedom of this model (Figure 2.2b)). The
elongation of the bottom reinforcement causes the rotation of the rigid radial struts about
the loading point and crack widening. Transverse displacement in the the critical loading
zone causes both widening and slip displacement of the critical diagonal crack. As shown in
Figure[2.2(b), the two degrees of freedom cause tensile strains in the transverse reinforcement.

ULiege 20242025 10
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lo1e= VPN, |P
.ﬂE
’ cLz —

ate , 0coto

[ - P
t.min £

Etavg

(a) Details of kinematic model

DOF & 20 DOF A, Ag
3,0 r
] EZZﬂC ] I
227 llSS—OU
—_— 1 X Tz, Z
._\ = E¢ min | T“_‘—H'
Oy a+ E"l.avgd cotot A I.k=l.c| X

(b) Degrees of freedom of kinematic model

A

h=l

E
tmin
£ max

(c) Modifications for long beams

Figure 2.2: Kinematic model for deep beams ||

Based on the aforementioned assumptions, the horizontal and vertical displacements of
all points in the beam can be expressed from the two degrees of freedom as follows :

« Points below the critical crack

0:(2, 2) = € aug (2.1)
5.(z,2) = Cravg™” (2.2)
z I - h — N
« Points above the critical crack
0z(x, 2) = €tavg(h — d) cot a (2.3)
0,(2,2) = €ravgr cOt v + A, (2.4)

These displacements are with respect to the x-z axis system shown in figure (a). Thus,
these equations describe the complete deformed shape of the beam, and can therefore be
used to calculate the strain between any two points on the surface of the beam.

ULiege 20242025 11
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o Critical diagonal crack.

This model can also be used to estimate the width of critical diagonal cracks. Based
on figure [2.2] we show that:

€t7minlk

(2.5)

w = A.cosa; + —
sin

Where the two terms in this expression represent the contributions of the two DOFs.
Quantity Il in Eq. is the length of the bottom reinforcement whose elongation
contributes to the width of the critical crack, which is equals to the distance between
the kinks that develop in the longitudinal bars near the support (Figure and thus

I = lp + d(cot o« — cot ay) (2.6)

l() = 15(h - d) cot (03] 2 Smazx (27)
0.28d, 2.5(h — d)

Smaz = 2.8

o g (2.8)

where [ is the length of the heavily cracked zone at the bottom of the critical crack;
Smaz 1S the spacing of the radial cracks at the bottom of the section; and the quantity
2.5(h — d) is the approximate depth of interaction between the bottom bars and the
surrounding concrete.

Figure shows that equation takes fairly well into account all the parameters
that influence crack width. The vertical axis shows the crack widths measured during
the experimental study, while the vertical axis shows those calculated using equation
2.0l

pred’
0 0.03 0.06 0.09 0.12 0.15

. 0.15
.
3 - 0.12
. .
L ]
E . 0.09 £
.2 L -y
2 .. g
30 . o . z
- 0.06
e o "
1 . . $
(] 0.03
‘.
. * - -
0 0
0 1 2 3 4
wpred’

Figure 2.3:

Predictions of kinematic model for crack widths ||
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2.1.2 Ciritical Loading Zone

The critical loading zone (CLZ) represents a key component of the two-parameter kinematic
theory.

0-5lp1e 'bte

(a) CLZ afier failure (b) Dimensions of CLZ

(c) Deformations and shear capacity of CLZ

Figure 2.4: Modeling of CLZ .

Figure (a) shows a photograph of the critical loading zone of one of the specimens of
the experimental study after failure. The spalled concrete and the orientation of the cracks
in this zone indicate that it failed due to high diagonal compressive stresses.

The CLZ can be idealized by a variable-depth elastic cantilever fixed at one end and
loaded at the other shown in figure [2.4(b). Analysis of this model shows that the compres-
sive stress along the bottom edge of the cantilever reaches its maximum value at a distance of
1.50p1. cos a from the tip section and returns to the applied stress at a distance of 3l cos a
from the same section. This result makes it possible to define a triangular critical loading
zone with a bottom length of 3l cos @ and a top vertex located opposite to the location of
the maximum compressive stress.

Knowing the geometry of the critical loading zone, the ultimate shear displacement A,
can be calculated by assuming values for the average strains along the bottom and top
sides of this zone (refer to Figure 2.4(c)). As the zone fails due to combined moment and
compression, the bottom strain is assumed equal to —0.0035 and the top strain is assumed
equal to zero. Using these values, it can be shown that

A, = 0.0105/;, cot cv (2.9)

The appropriateness of Eq. (2.9) is illustrated in Figure[2.5, which shows the relationship
between the shear force and the measured shear displacement of the critical loading zones

ULiege 20242025 13
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of eight specimens of the experimental study. It can be seen that the experimental results
agree reasonably well with the predictions.

0.05 0.1 0.15

0
1000
900 + 200
800
700
150
600

500

V, kN
V, kip

400 -

300

Ir |
200 - i ]d 1%

100

Figure 2.5: CLZ: test results and predictions |\

The shear capacity of the critical loading, Vo7, can be derived with the help of Figure
2.4/(c), where it is assumed that the compressive strain € varies linearly from zero at the edge
of the loading plate to —0.0035 just above the critical crack. The average compressive stress
from this strain profile is thus

§20

— 7~ 14318 M 2.1
00035 3f2°[Mpal] (2.10)

j;vg =

where () is the area under the stress-strain curve of concrete in uniaxial compression

taken up to a strain of —0.0035. Considering the triangle of forces shown in Figure. (c),
the shear strength of the critical loading zone is expressed as

Vorz = k faugblpie sin® a (2.11)

where k is a crack shape coefficient which accounts for the fact that, in slender beams,
the critical diagonal crack is not straight but has an S-shape and approaches the loading
plate at a very flat angle.. Based on comparisons with tests, it is suggested that £ = 1 for
beams with cota < 2 and k = 0 for beams with cota > 2.5, with a linear transition for
intermediate values of cot a.

Figure [2.5] also shows very high values of shear resistance at a very small value of A..
This shows that a significant part of the shear in deep beams is carried by mechanisms other
than diagonal compression in the critical loading zones.

ULiege 20242025 14
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2.1.3 Other shear strength components in deep beams

2.1.3.1 Shear Resisted by Aggregate Interlock

Due to the displacement A, the critical diagonal crack undergoes widening and a signifi-
cant slip displacement, as Detail A in Figure (a) shows. Due to aggregate interlock, this
slip will generate significant shear stresses contributing to the shear resistance of the member.

The shear resisted by aggregate interlock is expressed as

cr T

08y 2.12)

24w
0.31+ 2he

where the effective aggregate size ag4. equals ay4 for concrete strengths less than 60 MPa
and zero for strengths larger than 70 MPa with a linear transition for intermediate strengths,
and the crack width w is calculated from Eq. (2.5 using the following simplification :

1oz Va

€t min = €t maz = = (213)

E,A,  E,A,0.9d)

where T,,.. is the tension force in the flexural reinforcement at the section with maximum
bending moment.

2.1.3.2 Shear Resisted by Stirrups

The shear resisted by the stirrups is calculated from

‘/s = psb(dCOt a1 — l() - 1-5lble)fv (2].4)

where the expression in the brackets represents the length along the shear span within
which the critical crack is wide enough to cause significant tension in the stirrups (refer to
Figure . The stress in the stirrups is calculated by assuming elastic-perfectly plastic
behavior of the steel :

fo=Ese, < fio (2.15)

where the transverse strain at the middle of the shear span, €,, is derived from the
kinematic model :

1.5A,
0.9d

1
€ = —— (A + 0.25€; 40d cot? o) &

2.16
0.9d (2.16)

2.1.3.3 Shear Resisted by The Dowel Action

As we can see in Detail B in Figure 2.2]a), the bottom longitudinal bars in deep beams are
subjected to double curvature near the support and thus will resist shear by dowel action.
The dowels of length [, can be very effective, as at one end they push upon the support plate
and at the other end upon the concrete of the web.

So, the shear resisted by the dowel action of the bottom reinforcement is calculated from

ULiege 20242025 15
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3

d
V= nbfyeg—ll; (2.17)

where ny, is the number of bars, and d; is the bar diameter. This expression is derived
by assuming that the dowels of length [, (Eq. ) work in double curvature with plastic
hinges forming at each end. The moment capacity of the hinges is calculated with an effective
yield strength f,. to account for the effect of the tension in the bars.

Tmin
fyAs

where the tension force in the reinforcement near the support, T,,;,, can be replaced by
Trnaz from Eq. for simplicity, and the limit of 500 MPa in Eq. accounts approx-
imately for the fact that the transverse displacement at the dowel may not be sufficiently
large to cause plastic hinges in bars with high yield strength.

foe = full = ( )?] < 500[Mpal) (2.18)
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Figure 2.6: Shear strength components in deep beam .

2.1.4 Shear Strength of Deep Beams

The shear resistance of deep beams can be expressed as

Vi=Vorz+ Ve +Vs+ Vg (2.19)

as the free body diagram in Figure [2.6] shows. Veorz, Vi, Vi, and V, are the shear forces
resisted by the critical loading zone, by aggregate interlock, by stirrups, and by dowel action
respectively.
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Figure 2.7: Predicted shear strength components for different a/d .

Figure summarizes the predicted components of shear strength and how these compo-
nents change with the a/d for beams having the same section as that used in the experimental
program.

For deep beams, the concrete contribution Vipz + Vi, varies from 67% when a/d = 2.3
up to 97% at a/d = 0.5, with the dowel force provided by the longitudinal reinforcement
accounting for the remaining 3% of the shear strength.

As a/d increases, the angle of the critical crack will decrease, resulting in a larger stirrup
contribution V; as more stirrup legs cross the critical crack. At the same time, the shape
of the critical loading zone becomes more slender, reducing both its strength Vo7 and its
stiffness. The reduction in stiffness results in a wider critical crack, and thus lower aggregate
interlock contribution V,; as a/d increases.

2.1.4.1 The Size Effect

The 2PKT method gives a better understanding of the size effect in deep beams, which was
an important motivation for the development of the model. In fact, The components of
shear resistance V7, Vi, and Vj for the beams without stirrups predict that the size effect
in deep beams is caused mainly by aggregate interlock. As the member size increases, the
larger critical loading zone deforms more, causing wider diagonal cracks that in turn result
in diminishing shear stresses transferred across the cracks.
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Figure 2.8: Size effect in deep beams: theoretical predictions and experimental results ||

Figure [2.8] compares the shear strength predictions to the results of 12 size effect tests by
Zhang and Tan. Eight of the specimens were without web reinforcement (hollow dots) and
four of the specimens contained 0.41% of stirrups (solid dots). As we can see in that figure,
the 2PKT captures well the size effect contrary to AASHTO strut-and-tie model, which does
not account for the size effect and provides an approximate lower bound to the predictions
of the 2PKT method. For these beams, the ACI strut-and-tie model, which also neglects
the size effect, produces similar predictions.

2.1.5 Comparison of the 2PKT Method with Other Methods

Other predictions similar to those made in the experimental study were made on a total of
434 tests published on simply supported beams with a/d between 0.5 and 3, and the results
are summarized in Figure 2.9
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Figure 2.9: Comparison between 2PKT, AASHTO, and ACI shear previsions for 434 tests

-

Also shown in this figure are the ratios of experimental to predicted shear strengths given
by the AASHTO and ACI codes. The top three plots show the ratios of experimental to
predicted shear strengths as a function of a/d, while the bottom three plots show the same
ratios as a function of the effective depth d. It can be seen that the 2PKT method provides
significantly more consistent predictions than the two design codes across the entire range of
a/d and d values. The predictions of the AASHTO code have a large number of conservative
values for a/d between 1 and 2.5 and it is in this region that the 2PKT method provides the
most significant improvement in accuracy. Because the ACI code does not account for the
size effect in shear, there is a clear decrease in conservatism as member depth increases.

2.1.6 Conclusion on the Two-Parameter Kinematic Theory (2PKT)

The two-parameter kinematic theory (2PKT) presented in this paper is capable of predicting
the shear failure load, the crack widths near failure, and the complete deformed shapes of
diagonally cracked point-loaded deep beams subjected to single curvature. A key component
of the 2PKT is the modeling of the critical loading zone which is the area of highly stressed
concrete near the point of load application. The ultimate vertical displacement of this zone
is one of the two kinematic parameters of the model, while the other is the average tensile
strain in the longitudinal reinforcement on the flexural tension side. The theory allows for
the components of shear resistance of deep beams to be evaluated at failure.

2.2 Rapid Crack-Based Assessment of Deep Beams based
on a Single Crack Measurement

At failure, deep beams often exhibit wide diagonal shear cracks extending from the supports
to the concentrated loads. During the service life of the beam, this diagonal crack widens,
reducing the stiffness of the beam and therefore its residual capacity, which corresponds
to the additional load that the beam can still support before it completely fails. Knowing
the residual strength of the beam during its service life would therefore enable it to be
maintained over the long term. For deep beams in bridges for example, this would make
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it possible to reinforce the structure or remove lanes depending on traffic loads, and thus
prevent the bridge from collapsing.

2.2.1 Introduction

The model presented here can be used to assess the residual capacity of a deep beam in
service on the basis of its condition.

Based on three input parameters, this model can be used to assess the residual capacity
of a deep beam in service. It is based on the Two-Parameter Kinematic Theory (2PKT)
presented above, the key element of which is the the critical loading zone (CLZ). The three
input parameters correspond to three on-site measurements: the depth of the critical load-
ing zone (CLZ) determined by the diagonal crack; the angle of the crack in the CLZ; and
the vertical crack displacement in the vicinity of the CLZ. Knowing these data, the model
establishes a relationship between the crack opening and the residual strength expressed as
a percentage of the ultimate shear strength of the deep beam through two relatively simple
closed-form equations.

100

80

60 -

40 1
Assessed

Residual Shear Capacity, %

201

Crack Displacement
Measured

Figure 2.10: Residual shear capacity diagram for direct crack-based assessment ||

The more the beam is loaded, the wider the crack and the lower the stiffness of the beam,
and therefore the additional load that the beam can support before its failure decreases. So,
from this simple physical understanding, it can be seen that the residual strength decreases
with the opening of the crack and is zero when the beam supports its maximum load (shear

failure). This is shown in figure

The aim of this model is therefore to draw up diagrams such as the one in Figure [2.10
in advance, which, based on the measurement of the crack displacement, allow the residual
capacity of the beam to be rapidly assessed and appropriate measures to be taken.

2.2.2 Experimental observations and 2PKT Analysis

In order to answer important questions about the crack-based assessment and to develop
the model presented here, an experimental study was carried out on a specimen named PS.
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2.2.2.1 Experimental observations

Three loading-unloading cycles were performed on the beam, increasing the load at each
loading but maintaining the unloading at the same level.
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Figure 2.11: Global response of the specimen .

Points 1, 2 and 3 correspond respectively to peak loads of 300kN, 375kN and 450kN
during each loading cycle, while points 1’, 2" and 3’ correspond to unloading at 200kN.

Major diagonal cracks formed at a shear force corresponding to approximately 49% of the
shear strength. The failure then occurred at a load V' =V, = 459k N by a sudden widening
of the diagonal crack on the east side and by the crushing of the concrete above the critical
crack near the edge of the loading plate.

This zone of high damage corresponds to the critical loading zone (CLZ) as it typically
triggers the failure of deep beams, as seen in the 2PKT model above. Following this obser-

vation, the CLZ emerges as the key element for developing a rapid crack-based assessment
(CBA) approach.

The deformations of the critical loading zone were therefore captured during the three
loading-unloading cycles and studied.
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Figure 2.12: Deformations in the critical loading zone ||

The diagrams in figure show clear shear distortions of the critical loading zone, par-
ticularly at 98.1% of V,, when inclined macrocracks formed in the CLZ due to high diagonal
compressive stresses. Shear deformations mainly result in vertical displacements of critical
diagonal cracks in the vicinity of the load, denoted w,, ..

It can be seen also that as we go from one charge cycle to the next, i.e. as we increase
the load, w, ., increases quite visibly, whereas at each discharge, w, ., is recovered weakly.
This is an important property of the critical vertical crack displacement.

2.2.2.2 2PKT analysis

The behavior of this experimental specimen is then modelled and studied using the crack-
based assessment approach which is based on the 2PK'T model presented above. In this way,
the CBA is applicable to shear-critical deep beams, which have developed complete diagonal
cracks between the loading and support points, just like the 2PKT.
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Figure 2.13: Summary of the CBA approach using the 2PKT ||

Figure [2.13| shows the main stages of the CBA. Firstly, the geometry of the critical diag-
onal crack is measured on site. Secondly, this crack geometry and the main beam properties
are used as input parameters to the 2PKT model in order to simulate the complete shear
response of the beam up to failure.

Figure 2.13h-¢ summarises the 2PKT model seen in section [2.1 Thus, by solving the two
equations in Figure for a given shear force V', the two degrees of freedom ¢€; 4,y and A,
of the 2PKT model are obtained, and the A. degree of freedom is used to predict the shear
response of the beam.

The critical loading zone is a key element of the CBA approach. It is modelled as
described in the 2PKT in section [2.1.2l Based on the modelling of the CLZ, its shear
strength is expressed in the CBA approach as :

Vorz = Oagbderz sinacrz (2.20)

with 04,4 the average compressive stress in the CLZ which is equals to f4,, in the 2PKT
model, dcrz = lyesin acrz, with acrz the angle of the critical diagonal crack which corre-
sponds to a;y in the 2PKT. [, is the effective width of loading plate parallel to longitudinal
axis of member, as seen above in the 2PKT. By rearranging this expression of Vo7, we find
the same expression as in the 2PKT model in equation for k = 1 and by approximating
a1 by a. Indeed, k is a crack shape coefficient which allows the boundary between deep and
slender beams to be taken into account in the 2PKT model. However, the CBA approach
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applies exclusively to deep beams, for which a/d < 2.3 is generally the case and for which
k =1 is therefore required.

Equation therefore shows that the prediction of the CLZ behavior is quite influ-
enced by the values of dorz and acpz, which are very sensitive to random variations in
the geometry of the critical diagonal crack. For this reason, dcrz and acrz are obtained
from the measured crack geometry in the CBA approach in order to maintain good accuracy.

In the 2PKT method, the A. degree of freedom characterizes the deformation of the CLZ,
whereas in the CBA approach, this deformation mainly results in the vertical displacement
of the critical crack w, ... It is therefore crucial to make a link between the two. By compar-
ing figure and the idealized deformation pattern in figure [2.13] it can be seen that the
shear degree of freedom A, is nearly identical to the vertical crack displacement w, ., due
to the fact that the strains along the bottom reinforcement (e;q.,4) has a negligible effect on
the vertical crack displacement. To be more precise, w, ., should be measured at the edge
of the CLZ (at point A according to figure , as this is where the effect of € 40y 0D Wy ¢
is most negligible.

Thus, the CBA approach presented in figure [2.13] can be used to predict the measured
crack displacement at the edge of the CLZ as equals to A..

This CBA approach is implemented on the specimen of this experimental study.
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Figure 2.14: 2PKT analysis of the specimen .

The plot in figure compares the predicted and measured response in terms of shear
force V' versus the critical vertical crack displacement w, ., = A.. It can be seen that after
each unloading, the vertical displacement of the crack is not recovered, as shown in figure
2.14] This is an important property of the model presented here. It can be seen also that
the failure of the beam and the failure of the CLZ are almost coincident in terms of w, .,
values, which justifies that the shear failure of the deep beam is mainly defined by the failure
of the CLZ, as stipulated above. Thus, based on these observations, it emerges that in order
to predict w, . at the failure of the beam, it is only necessary to predict the displacement
capacity of the CLZ, independently of the other shear mechanisms. This too is an important
property for the development of the simplified CBA model.

Figure [2.14b presents the same information but in a different format. Mainly, it shows
that at A, = 0, the residual shear strength V,., = V,, the ultimate shear strength, and that

ULiege 20242025 24



CHAPTER 2. BACKGROUNDS

at A, = A., the vertical displacement capacity of the crack, the residual shear strength is
zero (V,.es = 0). These properties, and the elliptical shape of the curve, reflect the physics of
the problem, as shown by the comparison between figures and [2.14p.

Finally, and most importantly, a good agreement is achieved between the measured and
predicted monotonic response in terms of envelope curves, reflecting a fairly good accuracy
of the CBA approach compared to the experimental study.

This elliptical shape and an adequate prediction of A., are used to develop a simplified
CBA approach.

2.2.3 Proposed novel simplified CBA for rapid assessment

2.2.3.1 Formulation of the simplified CBA

Based on observations made from the experimental study and the CBA-2PKT analysis of
the specimen P8, a rapid and simplified approach of the CBA can be developed. It consists
on a H-step procedure:

1. Inspect the CLZ of the beam for inclined macrocracks. If this is the case, then the
element is in distress and urgent measures must be taken to prevent its collapse.

2. If inclined cracks are not present, measure the geometry of the critical loading zone,
more precisely the distance dopz and the angle acrz.

3. Calculate the displacement capacity of the CLZ A, as :

COsS oLz

2

Ag = 0.009de 7 —
SI” oLz

(2.21)

This expression of A, is virtually the same as that proposed by the 2PKT model in
equation [2.9) knowing that dorz = lpie sin oLz, approximating acrz by « and replac-
ing the constant 0.009 by 0.0105. Indeed, the CBA approach considers a compressive
strain along the bottom face of the CLZ €4, of —3 % 1073 versus —3.5 * 1072 in the
2PKT model.

4. Measure the critical vertical crack displacement w, ., at the edge of the CLZ, i.e. at
point A in figure 2.12]

5. Calculate the residual shear capacity of the beam 1 for the measured critical crack
displacement w, .,. This residual capacity is expressed by :

Y(wye) = (1 — “//) £100% = 0.9[1 — \/1 (- %)2] % 100% (2.22)
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The first step in this procedure is justified by the fact that macrocracks develop close
to failure, when the crushing of the critical loading zone is observed. The equation [2.22] is
derived on the basis of the elliptical shape of the curve V,.s — w, . and its properties, as
seen in figure above. The factor 0.9 is applied to this ellipse in equation [2.22]in order
to introduce a certain conservatism into the estimation of the residual shear capacity.

As mentioned above, the critical crack displacement is not recovered after each unloading.
Thus, ¥(w, ) does not necessarily represent the residual shear capacity of the beam under
the current loading, but rather that under the greatest load the beam has had to bear during
its entire service life. Thus, this simplified CBA approach allows to take into account the
beam’s “memory” by keeping the maximum load it has experienced during its entire loading
history.

2.2.3.2 Validation of the simplified CBA

The simplified and rapid crack-based assessment approach presented above is validated with
various tests.

Beam a/d—] dmm] p %] p, (%] f.MPa] derz [mm] acrz [deg] Acuprea mm]  Acyexp [mm] Vi eqp [KN]
P8 1.64 732 1.37  0.134 39.7 54 41 0.85 1.40 459
P3 1.64 732 1.37  0.134 40.5 74 34 1.77 1.60 466
CCR2 2.00 1105 2.10  0.141 35.8 127 30 3.83 3.38 1118
PLS4000W  1.82 3840 0.66  0.080 44.2 123 32 3.29 3.47 1509
S1M 1.55 1095 0.70  0.101 33.0 59 36 1.25 - 941
SOM 1.55 1095 0.70 0 34.2 34 30 1.01 - 721

Table 2.1: Summary of beam properties ||

with : a = shear span; d = effective depth; p; = flexural reinforcement ratio; p, = trans-
verse reinforcement ratio; f. = concrete compressive strength; dorz = measured depth of
critical loading zone; aiorz = measured angle of critical crack in critical loading zone; Agy, pred
= predicted displacement capacity of the CLZ using equation [2.2I} A,y cqp = measured dis-
placement capacity of the CLZ (w, . at beam failure); V, .,, = measured shear strength.

The table in Figure 2.1 shows the main properties of the beams used for these tests.
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Figure 2.15: Measured and predicted residual capacity diagrams of nominally identical spec-
imens P8 (red) and P3 (blue) [2].
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Figure [2.15| compares the predicted and experimental residual shear capacities of speci-
mens P8 and P3. These specimens are almost identical, differing only slightly in f. (39.7MPa
for P8 vs 40.5 Mpa for P3). However, the measured ¢ curves are quite different. This is
mainly due to acrz and derz which are different because of random variations in the path
of the critical cracks near the CLZ, as assumed above. Figure therefore highlights the
fairly significant influence of these two measured parameters on the Simplified CBA approach.

Also important, figure demonstrates the fairly good accuracy of this simplified CBA
model in predicting the residual shear capacity of the two specimens using few input param-
eters, with a good matching between predicted and experimental ¢ curves.

Figure below shows the predicted and experimental residual shear capacity curves
for the four remaining specimens, which have quite different properties. It therefore provides

further confirmation of the accuracy of this simplified crack-based assessment approach.
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Figure 2.16: Measured and predicted residual shear capacity diagrams of specimens with
variable properties [2].

2.2.4 Conclusion

The simplified and rapid crack-based assessment approach presented here allows to predict
with a fairly good accuracy the residual shear capacity of deep beams based on only two
simple closed-form equations together with three input parameters, which are represented
by three measurements: the depth of the CLZ determined by the critical diagonal crack, the
angle of the crack in the CLZ, and the critical vertical crack displacement at the edge of the
CLZ.

Although this approach does not explicitly address long-term effects such as fatigue and
creep, these are nevertheless implicitly taken into account. In fact, fatigue and creep have the
effect of increasing the critical vertical crack displacement over time, resulting in a decrease
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in the residual shear capacity of the beam. This model predicts this through the equation
2.22| which shows a decrease in ¢ with w, ..

As the critical vertical crack displacement is not recovered after unloading the beam,
thus, the residual shear capacity predicted by this model shows the load closest to the fail-
ure load that the beam has experienced throughout its entire service life. This model would
therefore allow long-term monitoring, by imposing a limit on the residual shear capacity of
the beam, which decreases monotonically over time.

This rapid crack-based assessment approach therefore combines parsimony with high
accuracy and explaining power.
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Chapter 3

Simplified 2PKT Model for the Shear
Strength of Deep Beams (ULS)

In this chapter, a simplified approach to the 2PKT model for predicting the shear strength
of deep beams is presented.

The 2PKT model outlined in the preceding chapter is undoubtedly reasonably precise,
however it necessitates a substantial amount of calculation. Firstly, the method is itera-
tive. In equation [2.13] the expression for the maximum strain along bottom longitudinal
reinforcement € 4, is a function of the shear strength of the beam V', which must be de-
termined. Subsequently, the shear strength components are functions of several parameters
whose expressions and calculation are rather cumbersome.

The aim of this simplified approach is therefore, on the basis of the full 2PKT model, to
develop a non-iterative model whose shear strength component expressions are fairly simple
closed-form design equations, like those for slender beams, while maintaining a good level of
accuracy.

3.1 Formulation

3.1.1 Shear Resisted by The Critical Loading Zone V¢o1»

As shown in section [2.1.2] the critical loading zone (CLZ) is an important component of the
2PKT model. Based on the idealized geometry of this zone, its shear strength is given by :

VCLZ = k’favgblble Sin2 « (31)

Based on physical assumptions, this expression can be further simplified.

3.1.1.1 Effective width of loading plate [;;.

lp1e represents the effective width of loading plate parallel to longitudinal axis of member.
In the full 2PKT model, it is expressed as :

lie = maz[(V/P)lp, 3a,) (3.2)
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In most cases, the effective width of the loading plate ly;. is not less than three times the
maximum size of coarse aggregate a,. So :

lble ~ (V/P)lbl (33)

V/ P represents the fraction of the total applied load carried by the shear span studied.
This fraction can be determined by the equilibrium equations, without needing to know V.
For a beam on two supports loaded at mid-span, V/P = 0.5; for a beam on two supports
taking two point loads P applied symmetrically about the centre of the beam, V/P = 1;
and so on.

3.1.1.2 Angle «

The angle o represents the angle of line extending from inner edge of support plate to far
edge of tributary area of loading plate responsible for shear force V. In the full 2PKT model,
its tangent is expressed by :

h
tana = 3.4
a—ly/2 = ly2/2 — lpie (3.4)
In reality, the supports and loading points of deep beams are usually columns with
approximately the same width, which is expressed by [y = lps. Thus, the term ({y;/2 +
lp2/2 + lyre = U1 + lp1e) is generally negligible compared to the beam shear span a. The
expression for the tangent of angle a thus becomes

t ~ — — «a =~ arctan(— 3.5
anax - —a arcan(a) (3.5)

As seen above in the full 2PKT model, k is a crack shape coefficient which equals 1
for beams with cota < 2 and 0 for those with cota > 2.5, with a linear transition for
intermediate values of cot . Thus :

k = min[max(5 — 2 cot «,0), 1] (3.6)

By replacing parameters of equation by their expressions, V7 is finally given by the
equation :

Vorz = min[max(5 — 2 cot «,0), 1] faugb(V/ P)lyy sin® (3.7)

3.1.2 Shear Resisted by Aggregate Interlock V;

Aggregate interlock represents the second largest component of the shear resistance of deep
beams after Vo7 in most cases. It is due to the slip displacement of the critical diagonal
crack which generates large shear stresses. In the full 2PKT model, the shear taken up by
the aggregate interlock is expressed by :

—Olg\/ﬁ bd (3.8)

ci = 24w
0.31 + Goe 16
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As shown in equation [3.8] this component depends on the width of the critical diagonal
crack at failure w. Thus, simplifying this expression requires simplifying the formulation
of w, while remaining conservative because the resistance provided by aggregate interlock
decreases with the width of the crack.

3.1.2.1 Width of critical diagonal cracks

In the full 2PKT model, the width at failure of critical diagonal cracks is predicted at the
mid-depth of the member by :

w=A,cosag + Ctyminth (3.9)
2sin oy

The first term of this equation represents the contribution of the first degree of freedom
to this width and the second term the contribution of the second degree of freedom.

The iterative nature of the method comes from the minimum strain along bottom lon-
gitudinal reinforcement €; ,,,;,, which depends on the shear strength V' to be determined, as
shown in equation [2.13] So, in order to develop a non-iterative approach, we need to make
the determination of € ,,;, non-iterative.

3.1.2.1.1 Minimum strain along bottom longitudinal reinforcement ¢ ,,,

In the full iterative model, minimum strain along bottom longitudinal reinforcement is
expressed as :

T o Va

€t min = €t maz = = (310)

E,A,  E.A,0.9d)

In practice, a beam is firstly designed for bending in the majority of cases. The bottom
longitudinal reinforcement is sized to carry the maximum bending moment. Thus :

MEgq

mar = T 4 /n I 11
“ E.A,(0.9d) (311

where Mg, is the maximum applied bending moment. By designing for bending, Mg, =
Mpgg, the resistant bending moment. Thus, the minimum strain along bottom longitudinal
reinforcement can be approximated by :

Mpa
in R = 12
Et,mzn 6t,mowﬁ E AS(Ogd) (3 )
£,A5(0.94)
=== 1
F.A.,(0.9d) (3:13)
_f (3.14)

E;

SO
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_fy

€t,min ~ €t max = E = €y (315)

The expression of the minimum and maximum strain along bottom longitudinal rein-
forcement is therefore no longer iterative, and is safe because in the case of deep beams, they
very rarely reach €, at shear failure.

The other parameters in the expression of w are determined in a non-iterative way but
still require simplifications in order to obtain a relatively simple closed-form equation for V.

3.1.2.1.2 Ultimate shear displacement A,

The ultimate shear displacement is expressed as in equation by :

A, = 0.01050p;. cos o (3.16)

By replacing l,;. by its simplified expression at equation (3.3

A. = 0.0105(V/P)ly cos (3.17)

3.1.2.1.3 Angle of the critical diagonal crack o,

As the ratio a/d increases, the critical diagonal crack flattens, with the minimum required
value 6 which is the angle of diagonal cracks in uniform stress field. However, deep beams
extend up to a ratio a/d of the order of 2.3, and the diagonal crack therefore generally
develops between the loading point and the support in the critical shear span. As mentioned
above, in practice, the loading points and supports are generally columns of relatively small
widths compared to the height of the beam. Thus, the angle of the critical diagonal crack
can be approximated by :

a; = mazfa, 0] = a (3.18)

3.1.2.1.4 Length of dowels [

As seen in equation [ represents the length of the longitudinal bottom reinforcement
whose elongation contributes to the width of the critical crack, and is expressed in the full
model as

I = lp + d(cot o« — cot ay) (3.19)

Following the assumption made above that a; = « in most cases:

lop can then be simplified with the following expression :
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lo =1.5(h — d) cot a (3.21)

In fact, the quantity 1.5(h — d) represents approximately the depth of the zone directly
outside the crack control. [y is therefore the projection of the depth this zone onto the hori-
zontal, which represents the length of the heavily cracked zone at the bottom of the critical
crack.

By replacing the non-iterative formulation of € ,,;, and the simplified expressions of the
other parameters in the formulation of w in equation the result is :

1.5(h — d) cot «

2 sin o

(3.22)

w = A,cosa+ ¢,

This equation giving the critical diagonal crack width is non-iterative. It remains fairly
conservative, mainly in its second term as presented here, but also fairly precise, as we will
see later.

Based on this formulation of w, V,; is expressed as follows:

_ 018/ bd (3.23)

c 0.0105(V/ P)ly; cos? a+0.75¢y (h—d)
0.31 + 24 (al;1+16) sina ‘

with a, the maximum size of coarse aggregate, which is an approximated value of the
effective size of coarse aggregate age.

Through the closed-form equation |3.23] the shear resisted by the aggregate interlock is
therefore determined in a non-iterative way, which considerably reduces the computing time
of this simplified approach, compared to the full 2PKT approach.

3.1.3 Shear Resisted by Stirrups V;

The shear carried by the transverse reinforcement (stirrups) is expressed in the full model
as :

Vs = psb(dcot iy — lg — 1.50p1¢) fo (3.24)

The calculation of this component is certainly not iterative, but it is not direct either.
It requires the calculations of f, in equation and €, in equation The aim of
simplifying the expression of this component is to obtain a closed-form equation like that
giving V in the case of slender beams.

3.1.3.1 Stress in the stirrups at shear failure f,

In the full 2PKT model, The stress in the stirrups at shear failure is given by :

fo=Esey < fiu (3.25)
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It will be assumed that stirrups are designed for shear failure as is the case for slender
beams, and as is generally the case for deep beams too. This assumption allows to dispense
with calculations in equations and and thus to have :

.fv = fyv (326)

3.1.3.2 Working length of stirrups

In the full model, the length along the shear span within which the critical crack is wide
enough to cause significant tension in the stirrups is expressed by :

d cot aqp — lo - ]--5lble (327)

For slender beams, this working length of the stirrups is approximated by :

0.9d cot o (3.28)

In order to have a similar expression deep beams, the expression can be simplified
by :

0.3d cot o (3.29)

This expression is justified by the order of magnitude of [o+1.5051. compared with d cot a;.
By replacing the expression in brackets in equation by the one in equation [3.29] and

fv by fyu, the formulation of the shear resisted by stirrups in deep beams in this simplified
approach of the 2PKT model is therefore given by :

Vs = psb(0.3d cot @) fy, (3.30)

3.1.4 Shear Resisted by The Dowel Action V

The shear carried by the dowel action is expressed in the full model by :

d3
Vi = npfremt (3.31)
3l
with the effective yield strength
Tmin 2
fye = fy[1 = ( )7} < 500[M pal (3.32)
fyAs

which accounts for the effect of the tension in the bars.

As seen in equation which makes the computation of the minimum strain along
bottom longitudinal reinforcement non-iterative, the assumption that the bending resistance
uses all the capacity of the bottom longitudinal reinforcement is made. Thus,
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Tonin = Traz = fyAs (333)

As a result, there would be no capacity left in the bottom longitudinal reinforcement for
the dowel action, and therefore :

Tmin fyAs

fye = fyll - = fyll - =0 3.34
Yy y[ (fyAS)] y[ <fyAs)] ( )
This results in a zero contribution to shear strength :

Va=0 (3.35)

Thus, in this simplified approach of the 2PKT model, the shear resisted by the dowel
action is zero and not taken into account. This simplification is still adequate however, as it
compensates for the overestimation of the shear strength of deep beams introduced by the
new expression for the minimum strain along bottom longitudinal reinforcement in equation

B.15

3.1.5 Summary of Shear Strength Components

In summary, as a result of the simplification of the 2PKT model intended to make the
determination of the shear strength of deep beams non-iterative through simple closed-form
design equations, the shear strength components of deep beams are given by :

o The shear resisted by the critical loading zone :

Vorz = min[max(5 — 2 cot a,0), 1] faugb(V/ P)ly sin® a (3.36)
o The shear resisted by the aggregate interlock :

= 018 bd (3.37)

c = 0.0105(V/ P)lyy cos? a+0.75¢, (h—d)
0.31 +24 (azl—f—lﬁ) sin o -

o The shear resisted by the transverse reinforcement (stirrups) :

Vs = psb(0.3d cot @) fy, (3.38)

o The shear resisted by the dowel action :
Va=20 (3.39)
with

o « the angle of line extending from inner edge of support plate to far edge of tributary
area of loading plate responsible for shear force V :

h
a = arctan(—) (3.40)
a
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* €tmin the minimum strain along bottom longitudinal reinforcement :

€t min = €t maz = gl = €y (341)

e fawg the average diagonal compressive stress in the CLZ :

favg = 1.43f0.8 (3.42)

The accuracy of these equations will then be presented through predictions of the shear
failure behavior of deep beams made on a total of 327 published tests on simply supported
beams with a/d between 0.5 and 2.5.

3.2 Test database

In order to verify the simplified approach of the two-parameter kinematic theory presented
above, a total of 327 published tests on simply supported beams with a/d between 0.5 and
2.5 were used, for which data are given in the appendix. These beams and their data come
from the database used for the verification of the two-parameter kinematic theory [1] which
contains 529 specimens. This database has therefore been filtered beforehand for the ver-
ification of this simplified approach, as not all the specimens meet the conditions for the
application of this approach.

In fact, the key component of the 2PKT is the critical loading zone (CLZ), which pro-
vides the greatest shear strength contribution in deep beams. Thus, the shear failure mode
of the beam predicted by this model corresponds to the crushing shear failure of the critical
loading zone ( 2PKT mode = C). Specimens in the initial database whose predicted shear
failure mode differs from this have been excluded.

In order to subsequently compare the simplicity and accuracy of the full 2PKT model
and the simplified one, specimens for which the ratio between the experimentally determined
shear strength and that predicted by the 2PKT method was not given in the initial database
were also excluded.

Following these two conditions, there are 327 elements left in this database for which this
simplified approach is verified.

The data for these beams corresponds to : geometric properties of members and
supports, reinforcement details, material properties, force data, failure modes
predicted by different approaches, and the ratio of experimentally observed shear
strength to that predicted by each approach.

3.3 Validation

On the basis of the database presented above, the simplified approach of the two-parameter
kinematic theory developed in this work has been verified and validated.
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3.3.1 Validation of the Full 2PKT Model against Experimental
Tests

In order to fully validate the simplified approach of the two-parameter kinematic theory , it
is first necessary to validate the full model against experimental tests based on predictions
made on the specimens in the filtered database.

In fact, The 2PKT approach developed here is a simplification of the full model. The
accuracy of this model should therefore be checked beforehand by comparing the results
obtained using it with those following experimental tests, which are closer to the reality.
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Figure 3.1: Comparison of 2PKT predictions with experimental observations for 327 tests.

The average ratio of experimental to predicted shear strengths for these tests
is 1.11 with a coefficient of variation of 13.72%.

As shown in Figure [3.1] the full 2PKT model gives fairly accurate predictions, with a
coefficient of variation of 13.72%. This model is also fairly conservative, as can be seen in
figure [3.1. The ratios of experimental to predicted shear strengths are for the most part
> 1 (261 specimens in total, i.e. 80% of the test specimens ) with an average of 1.11, which
means that in general the real shear strength of the deep beam is underestimated using this
model.

One of the main motivations for developing the 2PKT model was to take better account
of size effect in deep beams. Figure shows that this is indeed the case, given the small
dispersion relative to 1 of the ratios for deep beams with large spans (d > 1500mm).

So, based on this filtered database of 327 specimens, the accuracy of the 2PKT model was
found to be adequate, given the complexity of an accurate prediction of the shear strength
of a deep beam.

3.3.2 Validation of the Simplified 2PKT Model against the Full
2PKT Model

Having validated the full 2PKT model against experimental tests, it is now necessary to
validate the simplified approach of this model against the full one.

Indeed, the model developed during this work results from a simplification of the two-
parameter kinematic theory as presented above in section [3.1, which aims to make the
initially iterative 2PKT method non-iterative, and to define simple closed-form design equa-
tions against shear failure for deep beams, as is the case for slender beams.
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As in the previous section, therefore, the accuracy of this simplified model must be
checked against the full one.

3.3.2.1 Minimum strain along bottom longitudinal reinforcement ¢, ,,;,

In the full 2PKT model, the minimum strain along bottom longitudinal reinforcement is
given by :

Va

min — 3.43
“t E,A,(0.9d) (3:43)

As explained above, the computation of the latter is iterative since it depends on the
shear strength of the deep beam V which is the unknown to be determined. This is where
the iterative nature of the initial 2PKT model comes from. In order to make this model
non-iterative and direct, this expression of €, is approximated by :

€t,min = ES = €y (344)

To assess the accuracy of this simplification, the ratio between € ,,;, predicted by the
full approach (equation [3.10|) and that predicted by the simplified approach (equation [3.14))
is calculated for each of the 327 specimens in the database.
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Figure 3.2: Predictions of Full vs Simplified 2PKT model for € .

The average ratio of full 2PKT to simplified 2PKT minimum strains along
bottom longitudinal reinforcement for these tests is 0.71 with a coefficient of
variation of 35.46%.

As shown in Figure and as expected, the minimum strain along bottom longitudinal
reinforcement is overestimated by approximating €; i, by €,, with a coefficient of variation
of 35.46% which is quite high.

However, €, is a parameter in the expression of the critical diagonal crack width w,
so we need to assess the influence of its simplification on w.
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3.3.2.2 Width of critical diagonal cracks

The width of critical diagonal cracks is expressed in the full 2PKT model as :

Et,minlk

w = A.cosag + — (3.45)
S11 (1
In the simplified approach, it is expressed as :
1.5(h — d) cot
w=A.cosa+¢, ( _ ) (3.46)
2sin o
12,00 3,00
10,00 2,50 ]
— 8,00 ~— 2,00 ®
E 5 ° o
E 6,00 t;, 1,50 o °
£ 400 = 1,00 WM
H o
2,00 z 0,50
0,00 0,00
0,00 2,00 4,00 6,00 800 10,00 12,00 0,00 0,50 1,00 1,50 2,00 2,50 3,00
w_Spl [mm] a/d [mm]

(a) Predictions of full vs simplified 2PKT  (b) Ratio of full to simplified 2PKT predic-
model for w. tions for w.

Figure 3.3: Predictions of Full vs Simplified 2PKT model for w.

The average ratio of full to simplified 2PKT predictions of crack widths for
these tests is 1.03 with a coefficient of variation of 21.03%.

As shown in Figure (a), the crack width predictions through the simplified approach
match quite well with those through the full approach. There is less scatter around 1 in
the crack width ratios calculated through these two models as shown in Figure [3.3|b), in
contrast to previously in Figure [3.2]

Indeed, the overestimation of the minimum strain along bottom longitudinal reinforce-
ment € i, following its simplification is counterbalanced in the end in w mainly in the
approximation of [ by 1.5(h — d) cot @ which reduces the contribution of the second degree
of freedom on the crack width. For some specimens, the length of dowels provided by bot-
tom longitudinal reinforcement [, is greater than 1.5(h — d) cot . Thus, for some specimens
specimens, €; i, is overestimated and [ is underestimated, which attenuates the impact of
the simplifications on the second term of w, the first term relating to the first degree of
freedom already being little influenced.

The width of critical diagonal cracks w is indirectly related to the shear strength of the
deep beam V' through its component V;, the shear resisted by aggregate interlock.

ULiege 20242025 39



CHAPTER 3. SIMPLIFIED 2PKT MODEL FOR THE SHEAR STRENGTH OF DEEP
BEAMS (ULS)

3.3.2.3 Shear resisted by aggregate interlock V,;
The shear carried by aggregate interlock is expressed in the full 2PK'T model by:

OIE 37

ci = 24w
0.31 + Goet16

with w presented in the equation [3.9] In the simplied approach, it is expressed by :

= 018 bd (3.48)

V., =
€ 0.0105(V/P)lp1 cos? a+0.75¢y (h—d)
0.31 + 24 (a21+16) sina :
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Figure 3.4: Predictions of Full and Simplified 2PKT model for V;.

The average ratio of full to simplified 2PKT predictions of V,; for these tests
is 0.99 with a coefficient of variation of 8.79%.

As shown in Figure [3.4], by switching from an iterative to a direct determination of aggre-
gate interlock shear strength, we nevertheless retain fairly good accuracy. The coefficient of
variation of ratios of V,; predicted by the full 2PKT model to that predicted by the simplified
approach is 8.79%, much lower than the previous one concerning w which is 21.03%.

The effect of simplifications made to the width of critical cracks w on one hand through
€t min Dy making its determination direct and on the other hand through the other parame-
ters such as oy and [ is further attenuated in V;.

Predictions of the shear strength component V,; are therefore still fairly accurate, which
shows that assumptions made for its simplification which already make physical sense, are
also acceptable.

3.3.2.4 Shear resisted by the critical loading zone V-,

The critical loading zone is a key component of the 2PKT model. It is the one of the four
components that makes the greatest contribution to the shear strength of the deep beam.
In the full 2PKT model, it is expressed as :

VCLZ = kfavgblble SiIl2 (0% (349)
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with 1. and « expressed in equations [3.2] and [3.4] respectively. In the simplified model,
it is expressed by :

Vorz = min[max(5 — 2 cot a,0), 1] faugb(V/ P)ly; sin® a (3.50)

with a = arctan(%).
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Figure 3.5: Predictions of Full and Simplified 2PKT model for Vip 7.

The average ratio of full to simplified 2PKT predictions of Vi, for these tests
is 1.07 with a coefficient of variation of 17.30%.

As shown in Figure [3.5] the accuracy of the prediction of Vrz in the simplified approach
remains fairly good, with a coefficient of variation of ratios of V17 predicted by the full
method to that predicted by the simplified method of 17.30%.

Indeed, for the 327 specimens in the database, the shear resisted by the critical load-
ing zone represents on average 60% of the total shear strength of the deep beam following
the full 2PKT model. It therefore represents the most important component as mentioned
above. This is why simplifications made to it in the simplified approach were not performed
to reduce the predicted values of Vi, for most specimens.

It is therefore necessary to remain conservative in the prediction of Viopz in order to
remain conservative in the prediction of the shear strength of the deep beam, as shown in
figure [3.5| with an average contribution of the CLZ on the shear strength of the deep beam
of 64%. This average contribution is larger in the simplified approach of the 2PKT model
in order to account for the fact that the shear resisted by the dowel action is neglected.

3.3.2.5 Shear strength of the deep beam
In the full 2PKT model, the shear strength of the deep beam is given by :

V=Vorz+ Ve +Vs+Vy (3.51)

It is calculated iteratively. In the simplified approach developed, the shear strength is
calculated directly, i.e. non-iteratively, and is expressed by :

V=Vorz + Ve + Vi (3.52)
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with the components Vi 7, Vi; and V; calculated respectively through closed-form equa-

tions and [3.30]
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Figure 3.6: Predictions of Full and Simplified 2PKT model for the shear strength V.

The average ratio of full to simplified 2PKT predictions of V for these tests
is 1.13 with a coefficient of variation of 13.79%.

As shown in Figure [3.6] the prediction of the shear strength of the deep beam remains
conservative compared to the full model.

The non-inclusion in this simplified approach of the V; component, which represents on
average approximately 10% of the shear strength predicted by the full model, is partly com-
pensated by an overestimation of Vi, as seen above.

Despite this security, the approximated model is still fairly accurate, resulting in a rea-
sonable coefficient of variation of the ratios between V' predicted by the full model and V/
predicted by the simplified model of 13.79%.

3.3.3 Validation of the Simplified 2PKT Model against Experi-
mental Tests

Now that the simplified 2PKT model has been validated against the full model, we need to
validate it against the experimental tests, which give the results closest to those observed in
reality.

Figures and (a) show the same shape. Figure shows good matching between
the crack width predicted by the 2PKT model and that obtained experimentally, as does
Figure (a) between the crack width predicted by the simplified model and that predicted
by the full one. This comparison shows that the simplified approach is fairly accurate in
predicting crack widths compared with the experimental tests.
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Figure 3.7: Experimental observations and predictions of the simplified 2PKT model for the
shear strength V.

The average ratio of experimental to simplified 2PKT predictions of V for
these 327 tests is 1.26 with a coefficient of variation of 18.81%.

As shown in Figure [3.7] the simplified approach developed in this work predicts the shear
strength of a deep beam both conservatively and accurately. It is even more conservative for
a/d between 0.5 and 2.3, which is the range of a/d for most deep beams.

Also, this simplified 2PKT model is even more accurate than the ACI and AASHTO
models, which give coefficients of variation of the ratios between the shear strength obtained
experimentally and that predicted of 24.6% and 29.0% respectively.

This simplified approach of the two-parameter kinematic theory allows the shear strength
of a deep beam to be predicted conservatively and accurately using fairly simple closed-form
shear design equations, as is the case for slender beams.

3.4 Discussion

The approach proposed in this work for the prediction of the shear strength of deep beams
is based on the 2PK'T model, which enables the beam’s deformed shape to be predicted
in terms of just of two degrees of freedom, and thus its shear resistance to be calculated
knowing that, as is the case for slender beams. However, the prediction procedure presented
in the 2PKT model is rather tedious to carry out, compared with that for slender beams.
Indeed, the 2PKT method is firstly iterative, as the determination of the degree of freedom
€avg Which represents the average strain along bottom longitudinal reinforcement depends on
the beam’s shear strength V', which is precisely what is sought, as shown in equation [2.13]
This therefore makes the method not direct and one of the shear design equations unclosed.
Secondly, these design equations are rather cumbersome to implement, as they depend on
several parameters that require prior calculations. Thus, the aim of the approach proposed
here is to simplify the initial 2PKT model, by making it non-iterative, i.e. by making direct
the determination of the degree of freedom € 4,4, Which is achieved through equation m;
and then by proposing closed-form shear design equations whose implementation requires
almost no prior calculations. In other words, the aim of this approach is to propose a shear
design procedure for deep beams similar to that for slender beams.

However, it is essential to maintain the accuracy of the results. Indeed, simplifying the
initial model leads to a loss of precision, as the iterative calculation of € 4,, and the more
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detailed expressions of other parameters make their estimates closer to the real values. The
approach proposed here offers a fairly good compromise between simplicity and accuracy.
It is validated on the basis of 327 published tests on simply supported beams, for which
the coefficient of variation of ratios between the shear strength obtained experimentally and
that predicted by the simplified model is 18.81% with an average ratio of 1.26, compared to
the coefficient of variation of ratios with predictions through the full model of 13.72% with
an average of 1.11. There is therefore a difference of 5.09% in the coefficients of variation,
reflecting a slight loss of precision when switching to the simplified model. This loss of pre-
cision is nevertheless acceptable, given the simplicity provided by the new approach. It is
therefore satisfactory.

One way to improve this new model would be a better account of the size effect. Indeed,
a better understanding of the size effect is a key motivation of the development of the
two parameter kinematic theory, and a comparison between figures and shows a
reduction in its inclusion in the simplified model, with ratios that are more dispersed and
shifted upwards from 1 for deep beams with large effective depth of section (d > 1500mm).
So, taking a better account of this size effect would therefore lead to an increase in the
accuracy of the new approach.
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Chapter 4

Evaluation of Crack Widths in Deep
Beams (SLS)

In this chapter, an approach for predicting the evolution of critical diagonal shear crack
widths in deep beams during their service life is presented.

The model presented on a rapid crack-based assessment approach allows the residual
shear capacity of deep beams to be predicted according to the current state of the beam,
more precisely according to the current geometry of the critical diagonal shear crack located
close to the point of loading, called the critical loading zone. However, at serviceability limit
states, it is essential to be able to assess widths of these critical diagonal cracks in the beam.
It is even more important to be able to do this in advance, i.e. before they appear, so that
appropriate measures can be taken if necessary.

This is the aim of the model developed here: to predict fairly accurately the evolution
of the shear crack width on a deep beam as a function of its loading. Indeed, it is still very
difficult to accurately calculate the width of cracks on a deep beam. Therefore, in order to
make the approach developed during this work as accurate as possible, it is based on the
complete Two-Parameter Kinematic Theory (2PKT) presented in section as well as on
the Rapid Crack-Based Assessment approach (CBA) seen in section .

4.1 Formulation

In this work, two different formulations for crack width predictions following the applied
shear are tested, with the main aim of improving the accuracy from the first formulation to
the second.

4.1.1 Experimental observations

In order to verify each of the two formulations, predictions are made and compared with
experimental results obtained on a test specimen named 1-03-2.

4.1.1.1 Description of test I-03-2

An experimental study was carried out on test specimen 1-03-2. This beam comes from
a shear research project (Project 0-5253) carried out in Texas [3]. Figure shows its
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geometrical and material properties, the main ones being : a shear-span-to-effective-depth
ratio a/d = 1.84; a flexural reinforcement ratio p; = 2.29%; and a transverse reinforcement
ratio p, = 0.29%. All properties are listed in the appendix.
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Figure 4.1: Beam geometry, reinforcement, and material properties of specimen 1-03-2 .

Note : 7oc” stands for ”on center”; ”P.” represents the loading or support
plate; and 1” = 25.4[mm).

The beam was subjected to an asymmetrical three-point bending test. Initially, the load
was applied near one of the supports in accordance with the designated a/d ratio, and the
behavior of the specimen was monitored until shear failure occurred in the corresponding
test zone. After this failure, external post-tensioned clamps were installed to reinforce the
damaged region. The hydraulic actuator was then repositioned to the opposite end of the
beam, again based on the required a/d ratio, and the beam was reloaded. The behavior of
this second test region was subsequently monitored. This process is illustrated in figure
below.

(a) Shear failure in Test Region A. (b) Shear failure in Test Region B.

Figure 4.2: Loading process of the beam up to complete failure ]

In this way, the two shear spans are considered, since in reality the critical shear span is
not known in advance. This also makes it possible to account for any random variability in
the results obtained.
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4.1.1.2 Observed behavior of specimen 1-03-2

At each stage of loading a test region to failure, the width of each diagonal crack is recorded.
During this process, no distinction is made between flexure-shear cracks or web-shear cracks.
However, as the applied shear increases, the main diagonal crack becomes more distinct, and
its maximum width is generally recorded at mid-depth of the beam. Figure below shows
the process of measuring and recording crack widths.

= b

(a) Crack pattern at Shear faﬂure_ (b) Crack Wldth measurement technique.

Figure 4.3: Recording of maximum diagonal crack width .

The table below shows the maximum width of diagonal cracks observed in both
regions at each loading stage.

V/Vu%] | VIEN] | wggp[mm]
0 0 0.00
15 380 0.00
23 582 0.15
33 835 0.33
43 1088 0.51
53 1341 0.64
63 1595 0.76
73 1848 0.89
83 2101 1.22
93 2354 1.52
100 2531 -

Table 4.1: Measured crack widths at all loading stages for specimen 1-03-2 .

Therefore, figure shows the evolution of the maximum width of diagonal cracks fol-
lowing the loading during the test.
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Figure 4.4: Evolution of measured crack width following the applied shear for specimen I-
03-2.

The maximum width of diagonal cracks therefore increases with the applied shear, which
is consistent with the physics of the problem. These experimental results are then compared
with predictions of each of the two formulations developed.

4.1.2 First formulation

The first formulation is based explicitly on the expression of the width of critical diagonal
cracks at mid-depth in the 2PK'T model. It is expressed as seen in equation by:

Iy

w = A.cosaq + € minT——
2 sin o

(4.1)

The first term of this equation represents the contribution to crack width from the first
degree of freedom of the 2PKT model (the vertical shear displacement of the critical loading
zone A.) while the second term represents the contribution from its second degree of freedom
(the average strain along bottom longitudinal reinforcement €; 4,)-

In order to predict the crack width as a function of the applied shear, i.e. to have an
expression of the form w(V'), it is necessary to predict the vertical shear displacement of the
critical loading zone as a function of the applied shear A.(V') as well as the minimum strain
along bottom longitudinal reinforcement €; ., (V).

4.1.2.1 Prediction of A, as a function of V

As seen in the CBA approach presented in section and more precisely by comparing
figures and [2.13]) the vertical shear displacement of the critical loading zone A, is nearly
identical to the vertical crack displacement w, ., due to the fact that the strains along bottom
longitudinal reinforcement (the second degree of freedom ¢, 4,4) has a negligible influence on
Wy . Thus, at any load stage, A, can be taken to be equal to w, .. As shown in Figure
2.13h, the part of the width of the critical diagonal crack due to the degree of freedom A,
(whose vertical projection is in fact equals to A.) is constant throughout the depth of the
beam. Thus, the vertical displacement of the critical diagonal crack w, ., can also be taken
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as constant over the entire depth of the beam, and therefore as being the same at the edge
of the CLZ and at the mid-depth of the beam.

A relationship between the vertical displacement of the critical diagonal crack w, .. and
the applied shear V is expressed in the residual shear capacity v in equation [2.22]:

B(waer) = (1 — “//) + 100% = 0.9]1 \/1 _a-

Wy, cr

ACU,

)2] % 100% (4.2)

By rearranging this expression, w, ., is expressed as a function of V by :

1V
vcr:Acul_ 1-— — —1)2 4.
e = Ball - 1= g1 (1.3
Having shown that w, . = A, it follows that :
1V
Ac=An[l =41 — —(— —1)2 4.4
11~ gar(ae — V7 (1.4

with V,, the shear strength of the deep beam and A., the ultimate vertical shear dis-
placement of the critical loading zone expressed by :

A, = 0.00903, cot v (4.5)

This formulation of A, is obtained following equation [2.21], with the effective width of
loading plate Iy, presented in equation [3.2

Equation can therefore be used to predict the vertical shear displacement A. as a
function of V at each load stage during the service life of the beam.

4.1.2.2 Prediction of ¢ ,,;, as a function of V

As shown in equation the minimum strain along bottom longitudinal reinforcement is
expressed in the 2PKT model as :

a

min ~ €tmazr = Ve 4.6

“ ® E,A,(0.9d) (4.6)

with a the shear span, d the effective depth of section and A, the area of longitudinal
bars on flexural tension side of section.

The equation [4.6) results simply from a rotational equilibrium at the most stressed section
of the beam, and approximating the minimum strain along bottom longitudinal reinforce-
ment € ,,;, by the maximum one € 4, introduces conservatism.

The equation can therefore be used to predict the minimum strain along bottom
longitudinal € i, as a function of V at each load stage during the service life of the beam.
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4.1.2.3 Expressions of a; and [,

oy and [, designate respectively the angle of critical diagonal crack and the length of dowels
provided by bottom longitudinal reinforcement as shown in figure 2.2, In order to obtain
the best accuracy, their expressions defined in the full 2PKT model are considered:

a; = max|a, 0 (4.7)
Il = lo+ d(cot a — cot ay) (4.8)
with
a = arctan( h ) (4.9)
a— 1y /2 —l/2 — lpe '

0 = 35.9° (4.10)

lo = 15<h — d) cot g 2 Smazx (411)

- 0.28d, 2.5(h — d) (4.12)

P d

4.1.2.4 Prediction of w as a function of V

Based on the predictions of the vertical shear displacement of the critical loading zone A,
and the minimum strain along bottom longitudinal reinforcement € ,,;,, the width of the
critical diagonal shear crack w can be therefore predicted as a function of the applied shear
V at each load stage.

i

w(V) =A(V) - cosag + € min(V) - Ssina (4.13)
A(V) = Acu[l = \/1 - 0181(“//” —1)?] (4.14)
€min(V) = Vm (4.15)

4.1.2.5 Measured vs predicted response of specimen 1-03-2

Firstly, in order to verify and validate or not the above formulation of the prediction of the
width of the critical shear crack as a function of the applied shear V, a comparison is made
between the results obtained experimentally (section and those predicted by equation
[4.13] on specimen I-03-2.

Thus, the table below shows the measured and the predicted widths of the main diagonal
crack, respectively wgs, and wp.q, at different levels of the applied shear.
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V/Vu[%] | VIEN] | wgep[mm] | wppea[mm]
0 0 0.00 0.00
15 380 0.00 0.13
23 282 0.15 0.22
33 835 0.33 0.39
43 1088 0.51 0.60
53 1341 0.64 0.87
63 1595 0.76 1.21
73 1848 0.89 1.64
83 2101 1.22 2.20
93 2354 1.52 3.01

100 2531 - 3.94

Table 4.2: Measured and predicted crack widths at each loading stage for specimen [-03-2.
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Figure 4.5: Measured and predicted crack widths for specimen 1-03-2.

Figure [4.5| shows the predicted width of the critical diagonal shear crack at each loading
stage of the beam.

This prediction is very conservative and rather overestimates the width of the crack, espe-
cially at high loads. In fact, the ‘w_,s" curve represents the contribution to the crack width
from the bottom longitudinal reinforcement , i.e. the second term of the equation [4.13, This
curve fits well with the first experimental measurements, since the first cracks to appear on
the beam during loading are flexural cracks, which are therefore mainly due to the tension
of the bottom longitudinal reinforcement. However, as the applied shear increases, there
is a mismatch between the predictions and the measurements, which is mainly due to the
contribution of the vertical shear displacement of the CLZ, i.e. the first term of equation[4.13]

This first formulation of the predicted shear crack width on a deep beam therefore mainly
underestimates the restriction to the vertical displacement of the main crack w, . = A..
Other phenomena induced by the appearance of a main diagonal crack in a deep beam dur-
ing its loading must be taken into account.
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4.1.3 Second formulation

The previous formulation for predicting the width of the diagonal shear crack gives results
that are certainly conservative, since it predicts crack widths greater than those obtained
experimentally, but that are not sufficiently accurate. In fact, as the applied shear increases,
the predicted crack width is greater than that measured, by a ratio of 2 approximately

(szp/wPred ~ 05)

In fact, the previous formulation does not incorporate the crack control effect that de-
velops following the appearance of the critical diagonal crack and restricts its widening.

4.1.3.1 Crack control effect

Crack control is produced by the appearance of secondary cracks on either side of the critical
diagonal crack.

Indeed, after the appearance of the critical diagonal crack at low load, other smaller
cracks can develop above and below this main crack, which has the effect of distributing the
loss of stiffness due to the cracking of the beam between the main crack and the secondary
cracks, and therefore of slowing down the widening of the main crack when the load increases.
This effect is all the more pronounced when the beam has web reinforcement because these
force the appearance of secondary cracks. This is shown in figure below, where for two
beams almost identical at all points and varying only by the amount of web reinforcement,
the one with web reinforcement shows several secondary cracks at approximately 100% of its
shear capacity, while the one without web reinforcement shows very few at the same percent
of applied shear. A more detailed comparative study of these two test specimens is carried
out in section E.3.T]

(a) Test I1I-1.85-00. (b) Test I11-1.85-03b

Figure 4.6: Crack patterns in a specimen without (left) and with (right) web reinforcement
at shear failure [3].

Thus, depending on the amount of web reinforcement and on the tensile strength of the
concrete, secondary cracks inducing a crack control effect may or may not be taken into
account.
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4.1.3.2 Prediction of secondary cracks

The formation of secondary cracks first requires the presence of transverse reinforcement.
The main diagonal crack widens as the stirrups progressively elongate. It is therefore assumed
that secondary cracks do not appear until the stirrups are fully yielded. In other words,
secondary cracks only develop when the width of the main crack w is equivalent to that due
to yielding of the stirrups w,,. The vertical crack width corresponding to yielding of the
transverse reinforcement is expressed as follows:

dbv y21)
- % 4.1
Yo = LB, (4.16)
Ty = 2fu &~ 2% 0.334/ - (4.17)

with dp, the diameter of stirrups, f, the yield strength of stirrups, f. the tensile strength
of the concrete and 7, the bond strength of stirrups. w,, is obtained by integrating the strain
profile along the transverse reinforcement at yielding.

As the crack displacement is nearly vertical, it is assumed that when the width of the
critical diagonal crack w reaches w,,, secondary cracks may appear on either side of it. In
fact, in the vicinity of the main crack, aggregate interlock generates stresses that put the
concrete in tension on either side of the main crack. Thus, at w = w,,, according to the
free-body diagram in figure[4.7], the total tensile stress induced at the main crack is expressed
by :

f=vgtanag + fyupy cos® oy + Jynpn sin? oy (4.18)
0.18,/f,
i = 031 ¢ ooy (4.19)
. ag+16
\etz

Ay

Figure 4.7: Tensile stress components within the critical diagonal shear crack.
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The first term of equation represents the tensile stress induced by aggregate in-
terlock, the second term represents the maximum tensile stress induced by the transverse
reinforcement and the last term represents the maximum tensile stress induced by the hori-
zontal reinforcement. The expression for the tensile stress induced by aggregate interlock in

equation is taken from the 2PKT model (equation [2.12]).

Thus, when this tensile stress is greater than the tensile strength of the concrete (f > fu),
secondary cracks form on either side of the main crack and the total additional widening
that would apply solely to this main crack is now distributed between it and the secondary
cracks.

4.1.3.3 Prediction of w as a function of V

The width of the critical diagonal shear crack can then be predicted at each loading step.
The second formulation of the prediction of w as a function of the applied shear V takes the
first formulation developed in section [4.1.2] and includes the crack control effect to improve
the accuracy of the results.

In fact, for a deep beam with web reinforcement, if the total tensile stress f induced at
the vicinity of the main crack by aggregate interlock and by the yielding of the web rein-
forcement exceeds the tensile strength of the concrete f.;, secondary cracks form when the
width of the main crack w reaches that due to the yielding of the stirrups w,,,, and therefore
the additional widening is distributed between the secondary cracks and the main crack.
The secondary cracks on each side of the main crack can be combined to form a single crack.
Thus, the idealised cracking pattern of the beam considers three cracks: a diagonal main
crack extending from the loading point to the support, a secondary crack above the main
crack, and a secondary crack below it.

This model is translated into equations as follows:

if p, >0and f > fu:

. 1
UJ(V) = mln(wtot; wvy + g(wtot - wvy)) (420)
otherwise :
w(V) = Wit (4.21)

with wy,; = w(V') expressed in equation 4.13] w,, and f expressed in equations and
respectively.

Equations and can therefore be used to predict the width of the critical diagonal
shear crack in a deep beam at each loading stage.

4.1.3.4 Measured vs predicted response of specimen I-03-2

To verify this new formulation of the prediction of the critical diagonal shear crack width as

a function of the applied shear in a deep beam, a comparison is made between experimental
(section [4.1.1]) and predicted results.
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Figure 4.8: Measured and predicted crack widths for specimen 1-03-2 including crack control
effect.

Figure |4.8/shows a better accuracy of the predicted results, while remaining fairly conser-
vative. Indeed, a close look at the experimental measurements reveals a drop in slope from
an applied shear V =~ 1200kN. This decrease in slope reflects the effect of crack control,
induced by the formation of secondary cracks. The table below shows the improved ac-
curacy of this second formulation of the predicted crack width wp,.q4o following the applied
shear V compared with that from the first formulation wp,eq1. Up to V' = 1088k, both
formulations predict the same crack width values, which means that up to this load there
are no secondary cracks, only the main crack widens. Beyond this load, secondary cracks
form, and the rate of widening of the main crack decreases.

This crack control effect is well captured by the new model, as shown by the continue
curve of predicted widths. There is therefore a better match between crack widths obtained
experimentally and those predicted, and the second formulation can be retained.

V/Vu[%] V[kN] WEzp [mm] Wpredl | WpPred2 [mm]
0 0 0.00 0.00 0.00
15 380 0.00 0.13 0.13
23 582 0.15 0.22 0.22
33 835 0.33 0.39 0.39
43 1088 0.51 0.60 0.60
53 1341 0.64 0.87 0.75
63 1595 0.76 1.21 0.87
73 1848 0.89 1.64 1.01
83 2101 1.22 2.20 1.19
93 2354 1.52 3.01 1.47
100 2531 - 3.94 1.77

Table 4.3: Measured and predicted crack widths at each loading stage for specimen 1-03-2
with and without crack control effect.

In order to further validate this model, the influence of main beam properties such as
the amount of web reinforcement, the concrete strength and the shear span length will be
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studied on sets of almost identical specimens varying only by the considered property, in
order to determine its influence on the crack behavior. Then, predictions similar to the one
shown in figure |4.8 will be made for other deep beams.

4.2 Test data

To further verify the crack-width prediction model formulated above, a total of 18 published
tests on simply supported beams with a/d between 1.2 and 2.3 were used. These specimens
were taken from the database used to validate the 2PKT model. In fact, only tests for which
crack width measurements at different loading stages are provided, as well as the width of
the loading plate [, are retained. [ is an essential parameter for the prediction formulated
here. Approximating it by orders of magnitude would lead to a loss of accuracy.

The table[d.4below summarizes the main properties of the specimens under consideration,
all properties required for a calculation being listed in the appendix.

Beam | a/d|—] | dimm] | al%] | pu[%] | JolMpa] | Vegep[EN]
SOM 1.55 1095 0.70 0.0 34.2 721
S1M 1.55 1095 0.70 0.1 33 941
LOM 2.28 1095 0.70 0.0 29.1 416
L1M 2.28 1095 0.70 0.1 37.8 663
1-03-2 1.84 978 2.29 0.29 36.1 2531
[-02-2 1.84 978 2.29 0.2 27.2 2019

11-02-CCC1021 1.84 980 2.31 0.2 31.9 1463

II-03-CCT1021 1.84 980 2.31 0.31 30.4 2829

I11-02-CCT0507 1.84 980 2.31 0.2 21.5 1784

I1I-1.85-02 1.84 980 2.31 0.2 28.3 2171

I11-1.85-025 1.84 980 2.31 0.24 28.3 2295

I11-1.85-03 1.84 980 2.31 0.29 34.4 1833
I11-1.85-03b 1.84 980 2.31 0.31 22.8 2095
I11-1.85-00 1.84 980 2.31 0.00 21.9 1624
II1-1.2-03 1.20 980 2.31 0.31 29.1 3688

IV-2175-1.85-03 1.85 1750 2.37 | 0.31 34.0 3745

1V-2123-1.85-03 1.85 495 2.32 0.3 28.7 1463

1V-2123-1.85-02 1.85 495 2.32 0.2 29.1 1544

Table 4.4: Summary of main beam properties ||
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4.3 Validation

4.3.1 Influence of web reinforcement

As presented above, crack control in a beam is mainly induced by the amount of web rein-
forcement. In fact, web reinforcement force the formation of secondary cracks all around the
main diagonal crack. As a result, the main diagonal crack widens less at each loading stage
following the appearance of secondary cracks.

To validate this, a comparative study of crack patterns following loading of specimens
I11-1.85-00 and III-1.85-03b listed in the table [4.4] is carried out. These two specimens are
almost identical, and vary only in the amount of web reinforcement. specimen I11-1.85-00
has no web reinforcement while I11-1.85-03b has p, = 0.31% of transverse reinforcement and
pn = 0.29% of horizontal reinforcement.

(). V=0.71Vma (d). V= Vax

Figure 4.9: Crack development in specimen without web reinforcement, I11-1.85-00 .
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-
(d). V= Vmax

(). V=0.73Vima

Figure 4.10: Crack development in specimen with 0.3% in each direction, I11-1.85-03b .

Figures and show the evolution of cracks in these two beams during experimental

tests. It is clearly

visible that test I11-1.85-03b shows significantly more cracks than test I1I-

1.85-00 at the same loading levels. At the maximum applied shear, test I1I-1.85-03b shows a
fairly rich cracking pattern with a main diagonal crack that is difficult to distinguish as it is
well surrounded by secondary cracks, in contrast to test I1I-1.85-00 where at the same per-

cent of maximum

applied shear the main diagonal crack is quite distinct given the reduced

number of secondary cracks.

Measurements

of the width of the main diagonal crack at different loading levels were

taken at each of the two tests. They are compared in the figure below.

Diagonal Crack Width [mm]

Figure 4.11:
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Diagonal crack widths comparison of II1I-1.85-00 and II1-1.85-03b.

As shown in figure the main diagonal crack widens less for the specimen with ap-
proximately 0.3% of web reinforcement. This reflects the crack control effect induced mainly
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by web reinforcement (transverse and horizontal reinforcement) as explained above.

These experimental measurements can then be compared with the crack widths predicted
by the model on the same specimens.

E
E
€=
B —e—Explll-1.85-00
= xp I11-1.85-
=
-
Q
© —8—Explll-1.85-03b
(&)
]
s ——Pred1I-1.85-03b
oo
5
a
——PredI1I-1.85-00

0 20 40 60 80 100

Percent of Maximum Applied Shear [%]

Figure 4.12: Measured and predicted diagonal crack widths of I11-1.85-00 and II1-1.85-03b.

Figure therefore shows that the effect of crack control is well taken into account
in the prediction of widths of the main diagonal crack in specimen II1-1.85-03b, as the ex-
perimental measurements match the calculations fairly well. The prediction curves of the
two specimens are approximately merged until the clear formation of secondary cracks in
I11-1.85-03b, which results in the “break” in its curve, at approximately V/V, = 0.5. This
observation is validated by comparing figures and where a clear difference in the
crack patterns of the two specimens is observed at V' = 0.5V,,,, (figures and )
This shows that the appearance of secondary cracks, and hence crack control, is mainly due
to the web reinforcement.

To further validate this analysis, figure below is prepared. It compares the experi-
mental and predicted evolution of the width of the main diagonal crack following the applied
shear on specimens I11-1.85-02, II11-1.85-025, I11-1.85-03 and III-1.85-03b listed in the table
.4l These beams vary mainly by the amount of web reinforcement. Specimen I11-1.85-03b
is the main exception with a concrete strength f. quite lower than those of the other three
specimens.
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Figure 4.13: Measured and predicted diagonal crack widths of four almost identical specimens
with the web reinforcement ratio as the main variable.

This figure shows fairly good agreement between experimental measurements and pre-
dictions of the width of the main diagonal crack at each loading stage, further evidence of
the accuracy of the model developed. The crack control effect is well captured. Indeed,
predicted curves of the four specimens are almost all superposed until the formation of sec-
ondary cracks (at the location of the “break”) in specimens I11-1.85-03 and I1I-1.85-03b,
despite the variability in the amount of web reinforcement. Thus, the amount of web re-
inforcement only influences the evolution of crack width after the formation of secondary
cracks, if of course the total tensile stress induced within the main crack mainly by the
yielding of the web reinforcement is sufficient to form secondary cracks. This is shown by
the superposition of the four prediction curves up to the “break” and the total superposition
of those of specimens II11-1.85-02 and ITI-1.85-025, despite a 0.05% difference between their
web reinforcement ratios.

4.3.2 Influence of concrete strength

Figure [4.13] also shows the limited influence of concrete compressive strength on main crack
widening. Indeed, specimen I11-1.85-03b benefits from a crack control effect unlike specimens
I11-1.85-02 and III-1.85-025 despite the fact that its concrete strength is 5.5[Mpa] lower
than that of the other two. It is deduced that the crack-control effect is mainly due to a
sufficient quantity of web reinforcement before the concrete strength. Also, the predicted
curves of specimens II1-1.85-03 and III-1.85-03b are almost identical despite a difference of
approximately 12[Mpa] between their concrete strengths. Concrete strength therefore has a
limited influence compared to that of the amount of web reinforcement on the evolution of
the width of the main diagonal crack in a deep beam following its loading.
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4.3.3 Influence of shear span length

The shear span a is an important property of beams, both in experimental studies and in
predictions. In the latter, it is used to calculate the minimum strain along bottom longitu-
dinal reinforcement € ,,i, at each loading stage, as shown by equation m This predicts
the increase in the width w of the main diagonal crack with the increase in the shear span.
However, this increase should be relatively small for a shear span as the main variable, since
it only influences the contribution of the bottom longitudinal reinforcement to the crack
width (the second term of equation , which is small compared to that of the vertical
shear displacement A, (the first term of the equation in deep beams.

The influence of the shear span length is captured by analysis of tests I1I-1.85-03 and
I11-1.2-03 listed in table [4.4, These two specimens are almost identical in every respect,
and vary mainly in the a/d ratio and therefore in the shear span which is a = 1804[mm)| for
I11-1.85-03 and a = 1177[mm)] for 111-1.2-03; since the effective depth of section d = 980[mm)|
in both cases.

N
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/2 Bty
Faldl e vten ],

Figure 4.14: Crack patterns at shear failure in specimens III-1.85-03 (left) and III-1.2-03
(right) [3.

Figure above compares crack patterns at shear failure in tests I1I-1.85-03 and III-
1.2-03. Despite the clear difference in shear spans, it is difficult to distinguish the cracking
patterns at failure.

A comparison of main diagonal crack width measurements at different loading stages for
each of these specimens is shown in figure below.

ULiege 20242025 61



CHAPTER 4. EVALUATION OF CRACK WIDTHS IN DEEP BEAMS (SLS)

1,60
1,40
1,20
1,00
0,80 —e—|1I-1.85-03

0,60 —e—11-1.203

Diagonal Crack Width [mm]

0,40
0,20

0,00
0 20 40 60 80 100

Percent of Maximum Applied Shear [%]
Figure 4.15: Diagonal crack widths comparison of 111-1.85-03 and ITI-1.2-03.

As shown in the figure above, specimen I11-1.85-03 exhibits a thicker crack than specimen
ITI-1.2-03 at almost all loading levels due to its greater shear span. However this difference
is relatively small.

The origin of this difference is fairly well captured by the prediction model, as shown in
figure [4.16|
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Percent of Maximum Applied Shear [%]

Figure 4.16: Measured and predicted diagonal crack widths of I11-1.85-03 and I1I-1.2-03.

The “w_,p,s" curves in the figure above represent the second term of the equation 4.13]
i.e. the contribution to crack width from the bottom longitudinal reinforcement. The gap
between these curves corresponds approximately to the gap between the prediction curves,
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slightly overestimated. Thus, the shear span only affects the contribution of the bottom lon-
gitudinal reinforcement to crack width, but only slightly, as this contribution is the smaller
of the two contributions to the crack width.

Figure also shows a good matching between experimental measurements and predic-
tions. Thus, the prediction model developed is quite accurate and captures well the influence
of the shear span length on the widening of the main diagonal crack of a deep beam following
its loading.

4.3.4 Validation with Tests

Finally, the model for the prediction of the width w of the critical diagonal shear crack
following the applied shear V presented in section |4.1.3|is then implemented on the different
specimens listed in table A curve similar to that shown in figure 4.8|is predicted for each
of these deep beams in order to compare the results predicted by the equations
and those obtained experimentally, and thus to further validate the model developed.
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Figure 4.17: Measured and predicted maximum crack widths for 18 tests.

Figure 4.17) shows validations of the proposed approach on the prediction of the maxi-
mum crack width as a function of the applied shear with the tests from table [4.4] Predicted
results are fairly accurate compared with those obtained experimentally. Equations|4.20jand
[4.21] capture well the crack control effect when it is present.

Firstly, figure £.17h, [£.17c and .17 respectively for specimens SOM, LOM and III-1.85-
00 show experimentally a fairly rapid widening of the main diagonal crack. Predictions
match this as closely as possible. These beams do not have stirrups, and the approach
developed therefore considers that there is no formation of secondary cracks and therefore
no crack control effect. Only the main diagonal crack widens, and its width predicted by
equation |[4.21]is greater than that predicted by equation |4.20| which considers a crack control.

Beams S1M, L1M, 1-02-2, 11-02-CCC1021, 11-02-CCT0207, II1-1.85-02 and III-1.85-025
on the other hand, have transverse reinforcement. However, they do not exhibit crack con-
trol. Indeed, for these specimens, the total tensile stress generated in the vicinity of the
critical diagonal crack after yielding of stirrups, i.e. when w = w,,, is not sufficient enough
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to form secondary cracks (f < f.). Thus, the prediction model developed considers only
the presence of the main crack, whose width is calculated through equation [4.21] Figures
for these specimens show that the experimental results are more or less in line with those
predicted, particularly for specimens SIM in figure and I1I-1.85-025 in figure [4.17k.
Here again, the model for the prediction of the width of the critical diagonal shear crack
gives fairly accurate results, given the complexity of the problem.

Finally, all other specimens that feature also transverse reinforcement benefit from a
crack-control effect, which can be seen through the “break” in their predicted crack-width
curve. For these beams, the total tensile stress f is greater than the tensile strength of the
concrete f,. Thus, when the width of the main crack w reaches the width of the crack fol-
lowing the yielding of the stirrups w,,, the model predicts the formation of secondary cracks,
and hence a reduction in the rate of widening of the main crack, expressed by a decrease in
the slope of the predicted curve after the “break”. Figures relating to these specimens also
show a fairly good match between experimental results and predictions, as do figures .17,
M.1I7], and related to specimens 1-03-2, I11-1.85-03 and III-1.85-03b. The approach of
predicting the maximum crack width as a function of the applied shear on the beam therefore
gives fairly accurate results in these cases too.

The model formulated in this work can therefore be validated on the basis of these 18
tests.

4.4 Discussion

The proposed approach on the prediction of the critical shear crack width at each loading
stage is based on the CBA-2PKT model. To improve the accuracy of the results, it takes
into account the crack control effect induced by the formation of secondary cracks on either
side of the main crack, which is generally the case for deep beams with sufficient web rein-
forcement. This model is validated on the basis of 18 published tests on simply supported
beams for which measurements of maximum crack width have been carried out at different
loading stages. Thus, this approach enables the estimation in advance of the maximum
crack width that will occur on the beam, depending on its main properties and knowing
the load it is expected to support. Since the model is conservative in the majority of cases,
if the predicted maximum crack width is less than the set limit, the beam can continue to
be used as it is. On the other hand, if the predicted maximum crack width is greater than
the set limit, action should be taken: either a more precise analysis should be carried out
to estimate the maximum width even more accurately, or maintenance measures should be
taken to ensure the beam’s compliance with the serviceability limit states.

However, this study does not take into account long-term effects such as fatigue and
creep, as well as the influence of the environment. Indeed, unlike the CBA model presented
above, where predictions are made on the basis of on-site measurements where long-term
effects are represented in these measurements and therefore indirectly influence the pre-
dictions, the model developed here does not consider any on-site measurements, which is
precisely its basic purpose, i.e. to make predictions “in advance”. So, in order to achieve a
more accurate analysis and to predict crack widths closer to those that would be observed in
reality, long-term effects should be incorporated into the model. This could be achieved, for
example, by carrying out measurements on the beam in its current state, such as the state of
deformation of the critical loading zone and the vertical displacement of the diagonal crack
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Wy r, and on the basis of these predict a maximum crack width according to the future load
the beam will have to support. The inclusion of long-term effects in a predictive crack-width
model is an improvement perspective for the model developed in this work.

The approach proposed in this work is nevertheless quite satisfactory, given the com-
plexity of the problem. Accurate calculation of the crack width on a beam is quite difficult.
Long-term effects such as fatigue and creep are difficult to model and to integrate into a
study, and other external parameters such as environmental ones influence the condition of
the beam in service. However, given these complexities and uncertainties, the predictive
model developed here gives fairly accurate results, including such a complex mechanism as
crack control effect.
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Chapter 5

Conclusions and perspectives

The work deals with deep beams at ultimate limit states and at the service limit states.

The ultimate limit state (ULS) study can be summarized as follows:

o The approach developed is a simplified model of the Two-Parameter Kinematic The-
ory (2PKT) for Shear Behavior of Deep Beams which makes it possible to describe
the deformed shape of such members in terms of just two primary parameters given
that in the case of deep beams the fundamental hypothesis that "plane sections remain
plane” is no longer respected. And so, to predict the shear strength and deformations
patterns of deep beams at shear failure, as in the case of slender beams.

e The simplifications made to the initial model mainly consist in developing a non-
iterative model whose shear design equations are closed and fairly simple to imple-
ment. The complete 2PKT model is iterative, mainly through the determination of
the minimum strain along bottom longitudinal reinforcement (one of the two degrees
of freedom) which depends on the beam’s shear strength, and the equations predicting
the shear strength components depend on parameters whose expressions are rather
cumbersome, necessitating prior calculations. In the simplified approach, the determi-
nation of the minimum strain along bottom longitudinal reinforcement is direct, and
the expressions of the various parameters on which the shear strength components de-
pend are simplified, with a view to dispensing with previous calculations and having
simple closed-form shear design equations as in the case of slender beams.

o Simplifying the initial model, however, leads to a loss of precision. It is therefore
necessary to find a good compromise between simplicity and accuracy. In the end, the
accuracy of this new approach is good, given the simplicity provided. It is validated
on the basis of 327 published tests on simply supported beams with a/d between 0.5
and 2.5 whose coefficient of variation of the ratios of experimental to predicted shear
strengths following the simplified approach is 18.81% with an average of 1.26, compared
with a coefficient of variation of the ratios of 13.72% with an average of 1.11 between
the experimental strengths and that predicted by the full 2PKT model. In comparison,
this simplified approach is still more accurate than AASHTO and ACI codes whose
coefficients of variation of the ratios between experimental and predicted results are
24.6% and 29.0% respectively.

The serviceability limit state (SLS) study can be summarized as follows:
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e The proposed model is inspired by a rapid crack-based assessment approach, which en-
ables to assess the residual shear capacity of a deep beam on the basis of only three in-
put parameters and two simple closed-form equations, and by the 2PK'T model studied
at ULS. However, at SLS, interest is generally directed towards assessing crack widths,
so that appropriate measures can be taken to prevent unacceptable degradation of the
beam and ensure its suitability for service. Thus, the designed model enables to pre-
dict the maximum crack width that would appear on a deep beam in service at each
loading phase, which is quite a complex task given the great variability of the effects
influencing the evolution of cracks on a beam in service.

e The model is then designed in two phases. The first formulation considers only one
crack, the critical diagonal shear crack, whose maximum width is expressed in the
2PKT model. However, this formulation does not take into account the formation of
secondary cracks on either side of the main crack, which can lead to crack control in
certain cases. Indeed, with the formation of secondary cracks, the widening of the main
crack is reduced. The second formulation builds on the first by incorporating this crack
control effect. It considers that when the total tensile stress induced in the vicinity of
the main crack following the yielding of the transverse reinforcement is greater than
the tensile strength of the concrete, secondary cracks form and the rate of widening
of the main crack is reduced, which is reflected in the curves expressing the maximum
width of the main crack as a function of the applied shear by a decrease in the slope
of the curve after the width of the main crack has reached that following yielding of
the transverse reinforcement.

o This second formulation of the prediction of the maximum width of the critical diagonal
shear crack is validated on the basis of 18 published tests on simply supported beams
for which measurements of maximum crack widths were made at different loading
stages.

The work carried out nevertheless opens up on other effects to consider. At ULS, the
simplicity of the shear design equations is quite satisfactory, but the accuracy could be im-
proved by taking a better account of the size effect, which a good understanding is a key
purpose of the 2PKT model. Further study could therefore be carried out on beams at the
boundary between deep and slender.

At SLS, on the other hand, long-term effects such as fatigue, creep and environmental
impact influencing the evolution of cracks on a beam in service have not been taken into
account in the present model. In some cases, they can accelerate crack growth and beam
degradation. Taking into account these effects, which are admittedly rather complex to
model, would make the predictions more conservative and accurate.
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