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University of Liège - Faculty of Applied Sciences

Master’s thesis
for the degree of Master of Science in Aerospace Engineering

Machine learning for experimental
bifurcation analysis

Author
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Abstract

Understanding and predicting the dynamic vibrational response of mechanical systems remains a core

challenge in structural dynamics. Real-world structures frequently exhibit nonlinear behaviour, resulting

in complex phenomena such as primary and secondary resonances, multistability, and the emergence

of unstable response branches. These features lie beyond the reach of standard experimental modal

analysis (EMA), which, based on linear assumptions and typically relying on swept-sine excitation,

can only capture the stable portions of the frequency response. As a result, crucial information

about bifurcations and unstable dynamics remains experimentally inaccessible. Although control-based

continuation methods have been developed to overcome this limitation, their practical application is

hindered by the need for precise controller tuning and complex feedback architectures.

This thesis proposes a novel data-driven methodology that bridges this gap by combining standard

EMA techniques with deep learning. Specifically, it investigates whether unstable branches of nonlinear

frequency response curves (FRCs) can be predicted solely from experimental swept-sine measurements,

which contain only the stable portions of the response. To the best of the author’s knowledge, this

is the first approach that enables the prediction of unstable branches of nonlinear frequency response

curves from experimental swept-sine data alone.

To this end, a supervised learning framework is developed and applied to the Duffing oscillator, a one-

degree-of-freedom nonlinear system with cubic stiffness. A convolutional neural network is trained

on synthetic datasets, with input data generated from binary image representations of swept-sine

envelopes. The model successfully predicts not only the fundamental resonance but also subharmonic

and superharmonic resonances, effectively reconstructing the full FRC.

Crucially, the methodology is validated on an experimental electronic Duffing oscillator, confirming that

unstable branches can indeed be predicted from swept-sine tests alone. The approach is then extended

to other oscillator types and nonlinearity forms, demonstrating promising generalization capabilities.

Overall, this work presents a practical and effective alternative to control-based methods for the

analysis of nonlinear experimental data. It demonstrates the feasibility of integrating standard EMA

techniques with machine learning to predict otherwise inaccessible dynamic features.

Keywords: Experimental modal analysis, Machine learning, Nonlinear dynamics, Frequency response

curve, Bifurcation, Secondary resonances, Isolated responses





Résumé

Comprendre et prédire la réponse vibratoire dynamique des systèmes mécaniques demeure un enjeu

central en dynamique des structures. Contrairement aux systèmes linéaires, les structures réelles

présentent souvent un comportement non linéaire, donnant lieu à des phénomènes complexes tels que

les résonances primaires et secondaires, le multi-stabilité, ainsi que l’apparition de branches de réponse

instables. Ces caractéristiques échappent aux méthodes classiques d’analyse modale expérimentale,

qui, fondées sur des hypothèses linéaires et reposant généralement sur des essais de type balayage

sinusöıdal, ne permettent d’identifier que les solutions stables de la courbe de réponse fréquentielle.

Par conséquent, des informations cruciales concernant les bifurcations et les dynamiques instables

restent inaccessibles expérimentalement. Bien que des méthodes de continuation expérimentale aient

été développées pour accéder à ces régions, leur mise en œuvre reste limitée en raison de la complexité

de la conception des contrôleurs et du réglage précis des gains.

Ce mémoire propose une méthodologie innovante, fondée sur l’apprentissage automatique, qui vise

à combler cette lacune en exploitant des données issues de tests expérimentaux classiques. Plus

précisément, l’approche vise à prédire les branches instables des courbes de réponse fréquentielle non

linéaires à partir de mesures obtenues par balayage sinusöıdal. À la connaissance de l’auteur, il s’agit de

la première méthode permettant de prédire les branches instables d’une courbe de réponse fréquentielle

non linéaire à partir de ce seul type de mesure expérimentale.

Pour ce faire, une méthode d’apprentissage supervisé est développée et appliquée à l’oscillateur de

Duffing, un système non linéaire à un degré de liberté caractérisé par une raideur cubique. Un réseau de

neurones convolutifs est entrâıné sur des données synthétiques, construites à partir d’images binaires

représentant les enveloppes des réponses mesurées issues de balayages sinusöıdaux. Le modèle permet

de prédire avec succès non seulement la résonance fondamentale, mais également les résonances

secondaires comme les super-harmoniques et sous-harmoniques, reconstituant ainsi l’ensemble de la

courbe de réponse fréquentielle.

La méthodologie est ensuite validée expérimentalement sur un oscillateur électronique reproduisant

le comportement de l’oscillateur de Duffing, confirmant la capacité du modèle à reconstruire l’ensemble

de la courbe de réponse fréquentielle, y compris ses branches instables, à partir de données expérimentales.

Enfin, l’approche est étendue à d’autres types d’oscillateurs et de non-linéarités, mettant en évidence

un potentiel de généralisation prometteur.

Ce travail constitue une alternative pratique et prometteuse aux méthodes de continuation expérimentale

pour l’analyse des systèmes non linéaires. Il démontre la faisabilité d’intégrer des techniques classiques,

telles que le balayage sinusöıdal, avec des approches d’apprentissage automatique, afin de prédire des

dynamiques inaccessibles sans recours à des dispositifs de contrôle actif.

Mots-clés : Analyse modale expérimentale, Apprentissage automatique, Dynamique non linéaire,

Réponse fréquentielle, Bifurcation, Résonances secondaires, Isolats
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1

CHAPTER1
Introduction

1.1 Context

Understanding and predicting the dynamic behaviour of mechanical systems is a fundamental task

in engineering. Whether for designing new systems or analysing existing ones, the objective is to

develop mathematical models capable of accurately reproducing a system’s response to various types

of excitations. These models are crucial for simulating the behaviour of conceptual systems that have

yet to be physically realised and for predicting the response of known structures under untested loading

scenarios.

For systems exhibiting linear behaviour, the superposition principle provides a powerful simplification:

the response to a combined excitation can be represented as the sum of the responses to its individual

components. This property enables the use of frequency domain techniques, such as stepped or swept

sine testing and broadband excitation, to identify the system’s frequency response function. These

methodologies form the basis of linear modal analysis, a field supported by well-established theoretical,

numerical, and experimental frameworks [23,24,57].

However, linear approximations fall short when addressing the complexities of real-world structures,

which are often inherently nonlinear. Nonlinearities may arise from large structural deformations, the

use of advanced materials such as foams, composites, or elastomers, as well as other sources, including

geometric effects, inertial couplings, contact interfaces, and non-classical damping mechanisms like

friction or hysteresis. While the theoretical and numerical study of nonlinear dynamics has a long

academic history, it is only in recent years that the industrial sector has begun to show significant

interest in this field. This growing attention is driven mainly by the increasing demand for lightweight

and high-performance structures, which operate under conditions where nonlinear effects become

prominent and can no longer be neglected. As a result, there is a clear shift toward incorporating

nonlinear analysis into the design and diagnostic processes of complex engineering systems.

In cases of weak nonlinearity, standard linear identification methods may still provide useful insights.

Yet, for many practical systems, these techniques fail to capture the full spectrum of dynamic re-

sponses, particularly when subjected to multi-harmonic or high-amplitude excitations. The absence

of a superposition principle in nonlinear systems significantly complicates the process of response

characterisation.

To manage this complexity, it is common to focus on specific classes of responses. One widely studied

class is the family of frequency response curves (FRCs), which represent the steady-state system

responses at a fixed excitation amplitude across a range of frequencies. These curves serve as the
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nonlinear counterpart to the frequency response function (FRF) in linear systems [51]. Another type

of response branch is the backbone curves, which are a collection of responses at resonance, showing

the frequency-amplitude relation of nonlinear normal modes [77].

Nonlinear FRCs exhibit rich and intricate phenomena, including bifurcations and chaotic responses.

Two notable features are of particular interest in this work:

• Multistability and bifurcations: A single excitation input can correspond to multiple possible
steady-state responses. This is associated with bifurcations, which lead to phenomena such

as jumps, where a small change in frequency or amplitude causes a sudden transition between

response branches [51].

• Unstable responses: Some system responses are inherently unstable and cannot be observed
directly in standard open-loop experiments due to their sensitivity to initial conditions and exter-

nal perturbations. However, such responses can be accessed using control-based continuation

methods, which stabilise and trace these otherwise inaccessible branches. Unstable solutions

are essential for understanding the global dynamics of nonlinear systems, as they often serve as

transitional pathways between stable branches and help reveal the structure of bifurcations in

the response landscape [27].

Figure 1.1 illustrates the frequency response of a harmonically forced Duffing oscillator, a canonical

single-degree-of-freedom system exhibiting cubic stiffness nonlinearity. The response is characterised

by the coexistence of multiple solutions for certain frequency ranges, including both stable and unstable

branches of solutions. The figure highlights the phenomena of jump discontinuities that occur during

forward (sweep-up) and backward (sweep-down) frequency excitations due to bifurcations.

Additionally, the plot reveals the presence of complex nonlinear features such as superharmonic and

subharmonic resonances. In particular, subharmonic resonances often manifest as isolated solution

branches. These features are indicative of the rich dynamical behaviour introduced by the system’s

nonlinearity. This work focuses on exploring and predicting such nonlinear behaviours, with particular

attention to the unstable regions of FRCs that are essential for a comprehensive understanding of the

system but remain inaccessible from conventional experimental observation.
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Figure 1.1: Frequency response curve of a Duffing oscillator governed by the equation ÿ + 0.01ẏ + y + y3 =

sin(ωt), computed using a harmonic balance-based numerical continuation method [18]. Solid lines denote

stable branches, while dashed lines indicate unstable solutions. The arrows illustrate the paths corresponding

to forward (—) and backward (—) frequency sweeps. Subharmonic resonances appear as detached solution

branches.

1.2 Control-based continuation methods for nonlinear vibrations

Control-Based Continuation (CBC) is an experimental methodology designed to trace the full spectrum

of nonlinear responses of a physical system, including unstable branches of responses. Initially proposed

in theory by Sieber and Krauskopf [68] and later realised experimentally by Barton and Burrow [7],

CBC embeds the system under test within a feedback loop. A proportional–integral–derivative (PID)

controller adjusts the input to enforce a desired output signal, enabling the stabilisation of periodic

responses that would otherwise be inaccessible. However, classical CBC implementations rely on

finite-difference approximations of output sensitivities (i.e., Jacobians), which are prone to noise and

can reduce the method’s robustness in practical experiments.

To alleviate the computational and noise-related difficulties of Jacobian estimation, a simplified variant

referred to as s-CBC was developed [7]. s-CBC limits the continuation to the fundamental harmonic

of the system’s response. Higher-order harmonics, which contribute to the system’s full nonlinear

behaviour, are copied directly from the output into the controller reference, ensuring non-invasiveness.

This makes the method faster and more robust to noise, but at the cost of completeness: s-CBC does

not capture secondary resonances or isolated branches, and post-processing is required to reconstruct

the full nonlinear frequency response curve.

Building upon the idea of s-CBC, Abeloos proposed a more systematic and derivative-free framework
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called Arclength Control-Based Continuation (ACBC) [1]. ACBC replaces numerical differentiation

with a secant-based predictor and employs a fixed-arclength constraint in the continuation procedure.

Additionally, adaptive filtering is used to ensure the non-invasiveness of the control action. ACBC is

capable of traversing bifurcations and identifying unstable branches in a robust and automated fashion.

However, it remains limited to continuation in the fundamental harmonic and cannot directly target

secondary resonances or disconnected solution branches (isolas).

This limitation was addressed in a subsequent extension known as extended ACBC (x-ACBC), de-

veloped by Spits [71]. x-ACBC generalises the continuation framework by allowing the use of non-

fundamental harmonic components, such as superharmonics or subharmonics, as continuation param-

eters. This enables the direct experimental detection of complex features in the response landscape,

including secondary resonances and isolas. x-ACBC thus represents a significant expansion in the

capabilities of control-based continuation, opening access to a wider class of nonlinear phenomena.

Despite these advancements, all control-based continuation methods share a common set of chal-

lenges. Primary among them is the selection of controller gains. The PID gains must be carefully

tuned to stabilise the desired orbits without making the control action invasive or destabilising the

system through unintended feedback dynamics. This tuning process is largely heuristic and sensitive

to the system’s characteristics. Improper gain selection can lead to poor convergence, incorrect sta-

bilisation, or even the failure to track unstable branches. Moreover, different harmonic components

may require different gain settings, especially in x-ACBC, where each targeted resonance might exhibit

unique stability properties. The design of adaptive, real-time gain-tuning strategies remains an open

area of research critical to the broader adoption of these methods.

An alternative approach to nonlinear experimental continuation is the Phase-Locked Loop (PLL)

method [70, 84]. Rather than adjusting the amplitude of the excitation, PLL testing fixes the phase

lag between the excitation and the system response using a feedback controller. The excitation

frequency is automatically adjusted until the desired phase lag is achieved, which allows the method

to efficiently trace backbone curves and, in some cases, lock onto superharmonic resonances. PLL

methods are especially attractive due to their speed and simplicity when exploring primary resonances.

However, PLL testing also suffers from notable limitations. Its performance is highly sensitive to

phase-detection noise and the precision of the phase-estimation algorithm, especially far from reso-

nance, where the phase slope becomes steep. Moreover, in multi-degree-of-freedom (MDOF) systems,

different modes can share the same phase lag, leading to ambiguous or folded response surfaces and

mode-jumping phenomena. The tuning of PLL controller gains (typically proportional–integral) is also

critical: overly aggressive gains can lead to instability or oscillations in the loop, while conservative

gains may result in slow convergence or failure to lock.

A final control method is the Response-Controlled Stepped-Sine Testing (RCT) developed by Karağaçlı

and Özgüven [35]. This technique identifies nonlinear modal parameters by maintaining constant

displacement amplitude during stepped-sine testing, yielding quasi-linear frequency response functions

for conventional modal analysis. However, it requires well-separated modes and no internal resonances,

limiting its use with strong modal coupling.

In summary, the CBC family of methods and PLL testing offer powerful tools for the experimental

continuation of nonlinear structures. CBC, s-CBC, ACBC, and x-ACBC represent a progression toward



1 — INTRODUCTION 5

more robust and comprehensive schemes, each addressing challenges related to noise sensitivity and

stability. Nevertheless, all remain subject to the delicate trade-off between control robustness and

non-invasiveness, primarily governed by gain tuning. PLL, while simpler and faster for backbone

tracking, is constrained by phase-related limitations and lacks the generality needed to fully explore the

nonlinear response landscape. Complementing these approaches, the RCT method offers a practical

alternative by producing quasi-linear frequency response functions through displacement-controlled

excitation, enabling the identification of nonlinear modal parameters using standard modal analysis

tools. However, RCT is limited to systems with well-separated modes and no internal resonances.

The development of robust, adaptive, and broadly applicable control strategies thus remains a vital

direction for future work in experimental nonlinear dynamics.

Emergence of AI and motivation of this research

The rapid emergence and evolution of artificial intelligence (AI) have profoundly influenced engineering

disciplines, motivating the exploration of data-driven approaches in traditionally model-based domains.

While public attention has recently focused on large language models (LLMs) like ChatGPT, AI encom-

passes a broad spectrum of techniques, with machine learning (ML) and deep learning (DL) being the

most widely adopted in industrial applications. These methods have demonstrated remarkable capa-

bilities in tasks ranging from image recognition and natural language processing to anomaly detection

and predictive maintenance.

In engineering, and particularly in the field of structural dynamics, ML and DL have started to comple-

ment and, in some cases, surpass classical modelling techniques [14]. Applications include real-time

structural health monitoring [4], fault detection in rotating machinery [33], and many other applica-

tions. The transition from analytical or physics-based models to data-driven approaches is driven by

the ability of AI systems to learn complex nonlinear mappings from data, handle noisy and incomplete

measurements, and adapt to varying operating conditions without extensive manual tuning.

This shift is increasingly evident in nonlinear vibration analysis, where ML has been successfully used

for modal identification [17, 64] and damage detection [34]. More recently, researchers have begun

applying deep learning to capture nonlinear phenomena, including bifurcations and multistability [29],

which are traditionally difficult to analyse using linear frameworks. Despite these promising results, the

application of AI to nonlinear frequency response analysis, particularly in predicting unstable branches

and isolated solutions, remains largely unexplored. While reinforcement learning (RL) has not yet

been applied in the context of CBC or PLL techniques, its potential for enhancing these methods is

promising. In particular, RL-based control strategies have been successfully employed to automatically

tune the gains of PID controllers [11], enabling adaptive and robust control in nonlinear and uncertain

environments. These capabilities are directly relevant to CBC and PLL. By exploiting RL to adapt

control gains or policies in real-time, it may be possible to improve the efficiency, robustness, and

automation of experimental continuation procedures. This emerging intersection of AI and control

theory could potentially play a key role in advancing the experimental exploration of nonlinear dynamics.

Motivated by these developments, this research explores the potential of deep learning to support and

enhance nonlinear vibration analysis, particularly in scenarios where standard methods face limitations.

This work investigates how AI can serve as a complementary tool, offering new perspectives for

identifying complex dynamic behaviours such as unstable responses.
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1.3 Objectives

Building on the motivations outlined above, this research aims to develop a data-driven methodology

for identifying the nonlinear frequency response of systems subjected to harmonic excitation. The

approach leverages ML techniques and is validated through both numerical and experimental simula-

tions.

This master’s thesis seeks to address the following key questions:

1. Can machine learning approaches bridge the gap between standard experimental model analysis

(EMA) testing and nonlinear frequency response?

2. How well does the machine learning model generalise when applied to both experimental data

and nonlinear numerical systems not represented in the training set?

Figure 1.2 provides a high-level conceptual overview of the conducted research. It illustrates the gen-

eral idea underpinning the approach: leveraging standard excitation data typically accessible through

standard experimental techniques to predict complex nonlinear behaviours using machine learning.

INPUT METHODOLOGY OUTPUT

Challenges : 

• Controller instabilities 
• Gain tuning 
• Robustness 

• Data driven
• Swept-sine 

Experimental continuation

Machine learning 

Experimental setup

FRC

Figure 1.2: Schematic overview of the proposed methodology, from standard input data to machine learn-

ing–based prediction of nonlinear frequency response features.



1 — INTRODUCTION 7

1.4 Outline

This master’s thesis is structured into eight chapters.

Chapter 2 introduces the fundamental physical principles of resonance in mechanical systems, con-

trasting linear and nonlinear dynamics through analytical and numerical exploration of representative

oscillators such as the Duffing, Helmholtz-Duffing, and piecewise-linear systems.

Chapter 3 provides a detailed overview of machine learning techniques, with a particular focus on super-

vised learning and convolutional neural networks. The chapter also discusses the U-Net architecture,

which is central to the proposed image-based prediction framework.

Chapter 4 describes the generation of synthetic datasets used for training. It explains the construction

of input-output pairs, dataset parameterisation, and the creation of binary image representations that

encapsulate essential features of the swept-sine excitation responses.

Chapter 5 applies the trained model to numerical simulations of the Duffing oscillator. The chapter

evaluates its performance in predicting both fundamental and secondary (superharmonic and subhar-

monic) response branches and presents a detailed study of model accuracy under various configurations.

Chapter 6 presents the experimental validation of the methodology using an electronic realisation of

the Duffing oscillator. Predictions are compared against ground-truth data obtained from control-

based continuation methods, demonstrating the model’s ability to infer unstable response branches

from swept-sine measurements.

Chapter 7 assesses the generalisation capabilities of the approach by applying it to different classes

of nonlinear systems beyond the Duffing oscillator, including Helmholtz-Duffing and piecewise-linear

stiffness models. The results highlight the robustness and adaptability of the proposed framework.

Chapter 8 concludes the thesis by summarising the key findings, emphasising the novelty of predicting

experimentally inaccessible branches using deep learning, and proposing several directions for future

research.
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CHAPTER2
Resonances of linear and nonlinear oscillators

The theoretical and experimental foundations of linear systems are well established. In many engineer-

ing applications, linear theory provides accurate predictions as long as deviations between theoretical

and experimental results remain small. A key characteristic of linear systems is their mono-harmonic

response to a mono-harmonic excitation. In contrast, nonlinear systems exhibit multi-harmonic re-

sponses under the same excitation conditions. Additionally, nonlinear effects lead to phenomena such

as amplitude-dependent resonances, multi-stable solutions, and jump discontinuities in frequency re-

sponse [50,51].

This chapter explores the fundamental differences between linear and nonlinear dynamics through the

well-known single-degree-of-freedom (SDOF) Duffing oscillator. First, the undamped and unforced

Duffing oscillator, whose exact solution is known, will be compared to its linear equivalent. Next,

the harmonically forced and damped Duffing oscillator will be analysed numerically to illustrate the

occurrence of multiple resonances, a primary focus of this research.

2.1 Duffing oscillator

The first explored system is the Duffing oscillator [38], a nonlinear oscillator characterised by a cubic

stiffness term. The system’s nonlinearity arises from its restoring force, where the sign of the cubic

term determines whether the oscillator exhibits hardening (positive cubic term) or softening (negative

cubic term) behaviour. The Duffing equation has been extensively studied using both numerical and

analytical methods, as it captures a wide range of nonlinear dynamical phenomena. Moreover, it

serves as a fundamental model for various complex systems, including plates, shells, rotors, and other

structural components.

The equation of motion for a harmonically forced Duffing oscillator with linear viscous damping is

given by:

mÿ(t) + cẏ(t) + k1y(t) + k3y
3(t) = F sin(ωt), (2.1)

where y(t) represents the system’s displacement, m is the mass, k1 and k3 are the linear and cubic

stiffness coefficients, respectively, and c is the linear viscous damping coefficient. The system is

subjected to an external excitation of amplitude F and frequency ω.
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When normalized with respect to mass, Equation (2.1) transforms into:

ÿ(t) + 2ζω0ẏ(t) + ω
2
0y(t) + α3y

3(t) = F̃ sin(ωt), (2.2)

where ω0 =
√
k1/m is the natural frequency, F̃ = F/m is the mass-normalized excitation amplitude,

ζ = c/(2
√
k1m) is the damping ratio, and α3 = k3/m is the mass-normalized cubic stiffness.

2.1.1 Undamped and unforced Duffing oscillator

Even in the absence of damping and external forcing, linear and nonlinear oscillators exhibit funda-

mentally different behaviours. The governing equation for both cases is expressed in Equation (2.3),

where the nonlinear cubic term, unique to the Duffing oscillator, is highlighted in blue.

 ÿ(t) + ω
2
0 y(t) + α3y

3(t) = 0,

y(0) = y0, ẏ(0) = ẏ0.
(2.3)

For the linear system (α3 = 0), the analytical solution is a harmonic response given by:

y(t) = A sin (ω0t − φ) , (2.4)

where the amplitude of the free oscillation A =

√
y20 +

(
ẏ0
ω0

)2
and the phase lag tanφ = −

ω0 y0
ẏ0

depend only on the initial displacement y0 and velocity ẏ0. In contrast, the nonlinear system does not

exhibit purely harmonic motion. Instead, the solution for only an initial displacement y0 is given in

terms of the Jacobian elliptic function cn, as shown in Equation (2.5):

y(t) = y0 cn (Ωt |m) , (2.5)

where the nonlinear oscillation frequency Ω and the elliptic parameter m are defined as:

Ω =
√
ω20 + α3y

2
0 , m =

α3y
2
0

2Ω2
. (2.6)

Unlike the linear case, the frequency Ω now depends on the initial displacement y0, violating the

principle of superposition. This fundamental distinction is illustrated in Figure 2.1, which compares

free oscillations of the linear and nonlinear systems under different initial amplitudes y0.

Furthermore, nonlinear oscillations are not purely sinusoidal. The frequency spectrum of the ac-

celeration response, illustrated in Figure 2.2, reveals the presence of higher harmonics beyond the

fundamental frequency.
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(b) Nonlinear responses.

Figure 2.1: Comparison of free oscillations for linear and nonlinear systems with initial amplitudes: y0 = 1.0

(—), y0 = 2.0 (—), y0 = 3.0 (—), and ω0 = α3 = 1.0.
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(a) Time-domain acceleration response.
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(b) FFT of the acceleration response.

Figure 2.2: Comparison of accelerations and their frequency spectra for linear (—) and nonlinear (—) systems

with initial amplitude y0 = 3.0 and parameters ω0 = α3 = 1.0.

2.1.2 Damped and forced Duffing oscillator

In practical applications, systems are subject to external forces and dissipation. To model this, a

viscous damping term and a harmonic forcing function are introduced. The governing equation for

the linear case is:

 ÿ(t) + 2ζω0ẏ(t) + ω
2
0y(t) = f sin(ωt),

y(0) = y0, ẏ(0) = ẏ0.
(2.7)
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Although the system initially depends on y0 and ẏ0, the steady-state solution dictates the long-term

response:

yp(t) =
f√

(ω20 − ω2)2 + (2ζω0ω)2
sin

(
ωt − tan−1

(
2ζω0ω

ω20 − ω2

))
. (2.8)

From Equation (2.8), two key observations can be made:

• The response amplitude peaks near resonance (ω ≈ ω0).

• The system obeys the principle of superposition, meaning the response scales linearly with the
excitation.

The frequency response function of the linear system, commonly visualised using Bode plots, is shown

in Figure 2.3.
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Figure 2.3: Amplitude and phase Bode plots of a damped linear SDOF oscillator for two damping ratios:

ζ = 0.1% (—) and ζ = 10% (—).

The Duffing equation (2.2) can be nondimensionalised to simplify the analysis and highlight the es-

sential parameters governing the system’s behaviour. This is accomplished by introducing the dimen-

sionless variables τ = ω0t, ȳ = y/σ, and frequency ω̄ = ω/ω0. Substituting these definitions into

Equation (2.2) yields:

ȳ ′′ + 2ζȳ ′ + ȳ + σ2
k3
k1
ȳ3 =

F

σk1
sin(ω̄τ). (2.9)

Finally, setting σ =
√
k1/k3 gives the nondimensionalized equation:

ȳ ′′ + 2ζȳ ′ + ȳ + ȳ3 = F̄ sin(ω̄τ), (2.10)

where F̄ = F/(σk1) is the nondimensional forcing amplitude.
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In contrast to the linear case, where the FRF admits a unique and analytically solvable solution,

the forced Duffing oscillator described by Equation (2.10) presents significant challenges due to its

nonlinear nature. Due to the inherent nonlinearity of the system, no closed-form solution exists.

More importantly, the frequency response may exhibit multiple coexisting solutions, both stable and

unstable, for the same excitation frequency. This multi-solution behaviour is a hallmark of nonlinear

dynamics and prevents the use of standard linear analysis tools. Consequently, various numerical and

analytical techniques are employed to compute the FRCs, including the perturbation method [49,50],

the shooting method [62], and the harmonic balance method [18,39].

2.1.3 Harmonic balance method

The harmonic balance (HB) method is also known as the Fourier–Galerkin method because it imple-

ments the Galerkin method with Fourier basis and test functions. The fundamental concept of this

method is that every steady-state response of a nonlinear system, subjected to an excitation frequency

ω, can be represented as a finite Fourier series of harmonics of this frequency.

The equations of motion for a nonautonomous nonlinear dynamical system with n degrees of freedom

(DOFs) are

Mÿ + C ẏ +Ky + fnl (x, ẋ) = fext (ω, t) (2.11)

where vectors y, fnl , and fext represent the displacement, nonlinear forces and external forces, re-

spectively, while M, C and K denote the mass, damping and stiffness matrices. The signals y(t) and

f (y, ẏ, ω, t) = fnl (y, ẏ)− fext (ω, t) are approximated using a truncated Fourier series up to the NH-th
harmonic:

y(t) =
cx0√
2
+

NH∑
k=1

(sxk sin (ωkt) + c
x
k cos (ωkt)) (2.12)

f(t) =
cf0√
2
+

NH∑
k=1

(
sfk sin (ωkt) + c

f
k cos (ωkt)

)
(2.13)

where ωk =
kω

ν
with ν ∈ N, ck and sk are the Fourier series vectors, and the Fourier coefficients cxk

and sxk of the displacement become the new unknowns of the problem. The fundamental harmonic

corresponds to the term in the series for which ν = k , whereas the secondary harmonics include

all components for which ν ̸= k . Ultimately, the displacement y(t), velocities ẏ(t), accelerations
ÿ(t) (all defined using Fourier series), and forces f(t) are substituted into the equations of motion

2.11. This yields a set of 2NH + 1 nonlinear algebraic equations solved iteratively, typically with a

Newton-Raphson scheme.

Notably, for a given forcing level, a nonlinear system can exhibit multiple solutions corresponding to

phenomena such as low- and high-amplitude vibrations. Consequently, depending on the initial guess

provided to the Newton-Raphson procedure, the algorithm will converge toward one of these solutions.

To compute additional solutions, methods based on homotopy [45], such as a two-harmonic homotopy

method (THHM) [61], will be employed in this research for the computation of subharmonic responses.

One of the key strengths of the HB method lies in its accuracy, even with low-order approximations.

While incorporating more harmonics enhances solution precision, it inevitably increases computational

resources. In applications involving a large number of computations, the HB method parameters are

selected to optimally balance accuracy and computational cost.
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The FRC of the harmonically forced and damped nonlinear SDOF nondimensionalised oscillator (see

Equation 2.10) is computed using HB with pseudo-arclength continuation [5, 19] and the FRCs for

two force levels are depicted in Figure 2.4. This example illustrates well the differences with linear

systems, it is no longer a function, and there is a clear nonlinear dependency between the response

and forcing level.

The presence of multi-stable solutions, typically associated with fold (saddle-node) bifurcations, arises

when the derivative of the amplitude with respect to the excitation frequency vanishes. This phe-

nomenon can induce a jump effect [50], where the system abruptly transitions from one stable solution

branch to another as a control parameter, such as the excitation frequency is varied. The intermediate

branch connecting these bifurcation points is dynamically unstable. Consequently, this unstable branch

cannot be captured using classical linear or frequency sweep methods. Instead, specialised approaches

such as control-based continuation or phase-locked loop techniques are required to systematically

track these solutions, as discussed in the introductory section.
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Figure 2.4: Nonlinear frequency response curves of the Duffing oscillator for two forcing levels: F̄ = 0.2 (—)

and F̄ = 0.3 (—) with a damping ratio ζ = 0.5%. Stable and unstable branches are represented by solid and

dotted lines, respectively.

In nonlinear systems, each harmonic l of the response’s Fourier series can trigger a resonance if

ωk = k ω/ν corresponds to the frequency of the system’s primary resonance. According to Stoker [73],

resonances can be classified into four distinct categories:

• 1:1 primary/fundamental resonance (k = ν = 1)

• k :1 superharmonic or ultraharmonic resonances

• 1:ν subharmonic resonances
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• k :ν ultra-subharmonic resonances

This work focuses on predicting the unstable branches of the fundamental, superharmonic, and com-

plete subharmonic resonances while excluding the prediction of ultra-subharmonic resonances.

In the example shown in Figure 2.4, a small peak is observed around ω0/3 for both forcing levels. This

peak corresponds to the 3:1 superharmonic resonance. Figure 2.5a shows the harmonic ratios for the

first and third harmonics around the 3:1 superharmonic resonance. As expected, the harmonic ratio of

the third harmonic increases around 3ω ≈ ω0, highlighting the superharmonic resonance mechanism.

However, when the forcing amplitude is increased to F̄ = 0.3, an additional isolated response branch

appears beyond 3ω0, detached from the main resonance. This corresponds to the 1:3 subharmonic

resonance. The inherent complexity of nonlinear systems is evinced by the observation that even a

modest increase in forcing amplitude can induce a qualitatively distinct system response. The first

harmonic component dominates in this frequency range, with the third harmonic being almost absent

compared to the first harmonic, as evidenced by the significant difference in magnitude between these

harmonics in the subharmonic resonance region as shown in Figure 2.5b.
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(a) 3:1 superharmonic
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(b) 1:3 subharmonic

Figure 2.5: Harmonic ratios (F̄ = 0.3 and ζ = 0.5%) around the resonances ((—): l = 1; (—): l = 3).

As the forcing amplitude increases further to F̄ = 1.0, a rich spectrum of additional secondary

resonances emerges, as illustrated in Figure 2.6. These resonances appear both above and below the

fundamental resonance frequency. The new resonances include both odd and even superharmonics

where ν = 1 and l vary (2:1, 3:1, 4:1, 5:1, 7:1, etc.). Additionally, another isolated branch appears in

the frequency response, corresponding to the 2:1 subharmonic resonance.
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Figure 2.6: FRC of the Duffing oscillator with F̄ = 1.0 and the damping ratio ζ = 0.5%. Stable and unstable

branches are represented by solid and dotted lines, respectively.

2.2 Swept-sine excitation

Several well-established methods exist for experimentally obtaining the stable branches of an FRC.

The swept-sine (or sine-sweep) testing is one of the most widely used methods, valued for both its

simplicity and effectiveness. The swept-sine test can begin at a low frequency and then sweep to a

high frequency (swept up) or vice versa (swept down).

The swept-sine excitation corresponds to a sinusoidal excitation applied to the system while the

excitation frequency is gradually varied. The force equation of a linear swept-sine is:

fext(ω, t) = A sin

(
π

[
(f2 − f1)

(
t

T

)
+ f1

])
, (2.14)

where A is the excitation amplitude, f1 and f2 are, respectively, the starting and ending frequencies,

and T is the test duration. This signal is fully deterministic and very easy to interpret visually.

Furthermore, it strongly activates the nonlinearities, making it an excellent choice for nonlinearity

characterisation [21]. When greater resolution at lower frequencies is desired, a logarithmic sine

sweep can be implemented.

A significant advantage of swept-sine testing is its practical implementation, it is uncomplicated to

perform, fast to execute, and requires only the adjustment of a single parameter: the sweep rate.

This simplicity makes it accessible for numerous applications in experimental mechanics.

With swept-sine testing, the jump phenomenon occurs between coexisting stable solutions, exposing

a fundamental limitation of open-loop experimental modal analysis (EMA), which is not designed
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to characterise nonlinear dynamics where identical excitation conditions can yield multiple responses.

What is typically observed under such excitation is a sudden transition, or jump, from one stable branch

to another, occurring near a fold (saddle-node) bifurcation. This jump highlights the presence of the

bifurcation, which forms the boundary between stable and unstable solution branches. By performing

both forward and backward frequency sweeps, one can capture hysteresis effects and approximate the

location of these folds, as illustrated in Figure 2.7.
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Figure 7.2: (a) FRC around the fundamental resonance of the electronic Duffing oscillator for
distinct forcing levels: p = 0.125 V ( ), p = 0.5 V ( ), p = 2 V ( ). Results are obtained
using the ACBC method. (b) Comparison of results obtained with the ACBC method (red) at
p = 2 V, and with swept-up (black) and swept-down (grey) sine tests.

method matches swept sine results in stable solutions and identifies unstable solutions, which
swept sine tests cannot.

p [V] ∆Ẋ∗
1 [V/s] ∆ω [rad/s] kd [s] µ [-] ki [rad/(V s)]

0.125 0.1 2π · 0.5 5 10 ts 1

p [V] ∆Ẋ∗
1 [V/s] ∆ω [rad/s] kd [s] µ [-] ki [rad/(V s)]

0.5 0.05 2π · 2 20 10 ts 0.5

p [V] ∆Ẋ∗
1 [V/s] ∆ω [rad/s] kd [s] µ [-] ki [rad/(V s)]

2 0.2 2π · 1 20 20 ts 5 (start)

Table 7.2: ACBC simulation parameters for the fundamental resonance of the electronic Duffing
oscillator.

The integral gain ki was kept constant for identifying the fundamental resonance of FRC related
to p = 0.125 and 0.5 V. For p = 2 V, it was necessary to reduce the integral gain as resonance
approached. These observations align with those from the identification of the numerical Duffing
oscillator in the 1 N reference case, as discussed in Chapter 5. Additionally, a larger differential
gain kd was required to enable the turn and stabilize the unstable solutions near resonance at
higher forcing levels. The presented cases exhibit significant frequency shifts, which would be
impossible to achieve in mechanical systems without causing damage.
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p = 2 V, and with swept-up (black) and swept-down (grey) sine tests.
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(b)

Figure 2.7: (a) FRCs around the fundamental resonance of the electronic Duffing oscillator for distinct forcing

levels. (b) Comparison of the FRC (red) at F̄ = 2V with swept-up (black) and swept-down (grey) sine tests. [72]

However, in practical tests, the observed jump may deviate from the actual fold (saddle-node) bi-

furcation point occurring earlier due to external noise or later as a result of finite sweep rates and

associated dynamic bifurcation effects [36].

2.3 Helmholtz-Duffing and piecewise linear stiffness oscillators

This section introduces two other important nonlinear oscillator types: the Helmholtz-Duffing os-

cillator, characterised by its cubic and quadratic stiffness terms, and the piecewise linear stiffness

oscillator.

2.3.1 Helmholtz-Duffing oscillator

The Helmholtz-Duffing oscillator extends the standard Duffing model by incorporating an additional

quadratic nonlinearity. Its mass-normalised equation of motion is expressed as:

ÿ(t) + 2ζω0ẏ(t) + ω
2
0y(t) + α2y

2(t) + α3y
3(t) = γ sin(ωt), (2.15)

where all parameters retain their previous definitions, except for α2 = k2/m, which denotes the

mass-normalized quadratic stiffness coefficient.

Applying the same non-dimensionalisation procedure used for the Duffing oscillator yields:

ȳ ′′ + 2ζȳ ′ + ȳ + βȳ2 + ȳ3 = F̄ sin(ω̄τ) (2.16)
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where β =
α2
√
α3
ω0

is the non-dimensional quadratic stiffness parameter. The same parameters thus

characterise the system as the Duffing oscillator with the addition of βȳ2.

Figure 2.8 illustrates the FRC and phase resonance nonlinear mode (PRNM) curves for this oscillator

with parameters ζ = 0.5%, β = 1.2, and F̄ = 0.2.

The Helmholtz-Duffing oscillator is often referred to as a softening-hardening oscillator due to its dual

nonlinear behaviour. At low forcing amplitudes, the quadratic nonlinearity (β ȳ2 term) produces a soft-

ening effect, causing the resonance peak to bend toward lower frequencies. At higher amplitudes, the

cubic nonlinearity (ȳ3 term) dominates, resulting in a hardening effect that shifts the resonance peak

toward higher frequencies. This transition between softening and hardening behaviours is particularly

evident in the PRNM curves of the different resonances shown in Figure 2.8.

5.4: Illustration on different types of nonlinear oscillators

(a) (b)

Figure 5.23: NFRCs (black) and PRNM curve (solid blue: stable; dotted blue: unstable) of
the 5:3 subharmonic resonance for γ =2 N/kg, 3 N/kg and 4 N/kg: (a) amplitude and (b) phase
lag of the 5th harmonic component.

5:1

4:1

3:1

2:1
3:2

1:1

1:2

1:3

Figure 5.24: NFRC (black: stable; grey: unstable) and the PRNM curves (solid blue: stable;
dotted blue: unstable) of the Helmholtz-Duffing oscillator for γ =0.2 N/kg.
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Figure 2.8: Nonlinear frequency response curves (black: stable; grey: unstable) and phase resonance nonlinear

mode (PRNM) curves (solid blue: stable; dotted blue: unstable) of the Helmholtz-Duffing oscillator. [78]

Piecewise linear stiffness oscillator

Piecewise linear stiffness (PWL) oscillators represent an important class of nonlinear systems with

wide-ranging applications in structural dynamics, vibration isolation, and impact mechanics [51, 67].

This section examines the SDOF oscillator with viscous damping and a piecewise linear stiffness

nonlinearity, described by:

mÿ(t) + cẏ(t) + k1y(t) + fnl(y(t)) = F sin(ωt), (2.17)

Where fnl(y(t)) represents the nonlinear restoring force characterised by a piecewise linear function:

fnl(y) =


kpwl(y + ylim), y ≤ −ylim,
0, −ylim < y < ylim,
kpwl(y − ylim), y ≥ ylim.

(2.18)

The parameter ylim represents the displacement threshold beyond which the additional stiffness kpwl
becomes active. This configuration is frequently encountered in mechanical systems with clearances,
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impact limiters, or elastic constraints [31,53].

The nondimensionalization of the system is performed by introducing the normalised displacement

ȳ = y/ylim and the dimensionless time variable τ = ω0t. Substituting these expressions into the

equation of motion and dividing through by k1ylim yields the non-dimensional form of the governing

equation:

ȳ ′′ + 2ζȳ ′ + ȳ + f̄nl(ȳ) = F̄ sin(ω̄τ), (2.19)

where primes denote differentiation with respect to τ , and the nondimensional restoring force is

expressed as:

f̄nl(ȳ) =


κ(ȳ + 1), ȳ ≤ −1,
0, −1 < ȳ < 1,
κ(ȳ − 1), ȳ ≥ 1.

(2.20)

In practical applications, this piecewise-linear model is often regularised by introducing a smooth

polynomial transition (typically quadratic or cubic) in the vicinity of ȳ = ±1 to ensure continuity and
differentiability of the restoring force. The dimensionless parameters governing the system response

are defined as:

κ =
kpwl
k1
, F̄ =

F

k1ylim
. (2.21)

Here, κ is the stiffness ratio between the additional piecewise linear stiffness kpwl and the linear stiffness

k . This formulation yields a system characterised by three independent parameters: ζ, F̄ , and κ.

Figure 2.9 presents the FRCs of the piecewise linear oscillator at F̄ = 1 and ζ = 5% for κ = 5 and

κ = 10. Compared to the Duffing and Helmholtz-Duffing cases [38], the non-smooth nonlinearity

produces markedly more intricate resonance features [10].
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Figure 2.9: Frequency response curves of the piece-

wise linear oscillator for F̄ = 1 and ζ = 5%. (—):

κ = 5; (—): κ = 10. Solid and dashed lines are, re-

spectively, stable and unstable branches of solution.
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2.4 Conclusion and discussion on resonances

Chapter conclusion

This chapter highlights the fundamental differences between resonances in linear and nonlinear

systems, examining them through the Duffing oscillator using both analytical and numerical

approaches.

Starting with the undamped and unforced linear and nonlinear oscillators, the analytical solutions

revealed several key distinctions between the two systems. Nonlinear systems exhibit non-

pure harmonic motion, the presence of multiple harmonics, and a violation of the principle of

superposition that governs linear systems.

The resonance characteristics of nonlinear systems demonstrated significantly greater complex-

ity, as illustrated in Figures 2.4 and 2.6. The primary resonance shifts to considerably higher

frequencies due to a hardening effect. Additionally, the presence of multi-stable solutions can

lead to jump phenomena, potentially causing dramatic amplitude changes over small frequency

variations, which may result in system damage [48,81].

Furthermore, multiple peaks observed before and after the fundamental resonance stem from

the multi-harmonic nature of the system response, creating secondary resonances. The l : 1

superharmonics with odd l were computed using classical harmonic balance continuation, while

the l : 1 superharmonics with even l bifurcate from the main branch, necessitating more

sophisticated bifurcation analysis techniques [18, 20]. The remaining resonances appear as

isolated branches of solutions, which can be revealed through basins of attraction calculations

or, as employed in this research, through the two-harmonic homotopy method [61].

In addition to the analysis of the Duffing oscillator, swept-sine excitation was employed to

illustrate the system’s resonant behaviour experimentally. This technique not only confirmed

the numerical predictions but also highlighted hysteresis effects and the jump phenomenon

arising from fold bifurcations.

The study was further extended to include the Helmholtz-Duffing oscillator, which incorpo-

rates both quadratic and cubic nonlinearities. This dual nonlinearity produces a characteristic

transition from softening to hardening behaviour as the excitation amplitude increases, thereby

shifting the resonance peak and introducing additional complexity into the system’s response.

Moreover, a piecewise linear stiffness oscillator was investigated to capture the effects of non-

smooth nonlinearities.

Overall, this chapter offers valuable insights into the complex dynamics of nonlinear resonant

systems, presenting a comprehensive approach that combines analytical and numerical method-

ologies.
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CHAPTER3
Machine learning for nonlinear frequency

response prediction

Machine learning (ML), a subfield of artificial intelligence (AI), develops systems that learn to make

decisions by fitting mathematical models to observed data. A deep neural network represents a specific

class of machine learning models, where the process of fitting these models to data is referred to as

deep learning (DL).

This chapter provides an introduction to deep learning with a specific emphasis on its application

to the present research. The conceptual framework primarily draws upon the principles discussed in

Understanding Deep Learning by Simon J.D. Prince [58].

Machine learning methodologies are conventionally categorised into three distinct paradigms: super-

vised learning, unsupervised learning, and reinforcement learning.

Supervised learning aims to establish a mapping function from input data to output predictions.

These input/output pairs can manifest in various forms and dimensions, for which specialised DL

architectures have been developed. While the fundamental objective remains consistent, mapping

inputs to outputs, the nature of the output varies by problem type. In regression problems, the model

generates continuous numerical values, whereas, in classification problems, a binary classifier assigns

inputs to one of two categories or to one of N categories (where N > 2) in multiclass classification

scenarios.

Unsupervised learning adopts a fundamentally different approach. Rather than learning input-output

mappings, it seeks to discern inherent structures within unlabeled data. Models are trained solely on

input data without corresponding output labels. Principal unsupervised learning techniques include

clustering, dimensionality reduction, and association rule mining [12]. Contemporary state-of-the-art

unsupervised models encompass generative architectures [76], which can synthesise highly plausible

yet novel samples that are distinct from the training data.

Reinforcement learning operates on a different paradigm centred around an agent executing actions at

sequential time steps. Each action potentially yields a reward, with the agent’s objective being to learn

strategies that maximise cumulative rewards. This framework introduces the exploration-exploitation

dilemma [75], where the agent must balance discovering new potentially rewarding actions against

exploiting known rewarding actions.

This research introduces a supervised learning framework to predict the unstable branches of FRCs,

a novel application of deep learning in this context. While this method offers a new perspective, it
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is essential to note that various other approaches exist for analysing nonlinear dynamics [28, 80, 82],

although none have specifically addressed the prediction of FRC as undertaken here.

3.1 Supervised learning

Supervised learning aims to construct a model f[·] parameterized by φ, which maps an input x to an
output y, such that:

y = f[x,φ] (3.1)

The process of computing the prediction y from an input x using the trained model is called inference.

While inference is computationally straightforward, the challenge lies in finding the optimal model

parameters.

The learning or training phase of a model involves determining the optimal parameters that map each

training input to its associated output with maximum accuracy. This optimization process utilizes

a training dataset comprising I input-output pairs {xi , yi}Ii=1. The discrepancy between the model’s
predictions and the true outputs is quantified by a loss function L[φ], which measures how accurately

the model predicts the training outputs from their corresponding inputs for a given parameter set φ.

The training phase can thus be formulated as an optimisation problem seeking parameters φ̂ that

minimise the loss function:

φ̂ = argmin
φ

L
[
{xi , yi}Ii=1 ,φ

]
. (3.2)

After minimising the loss function, the model parameters are computed such that the training outputs

yi can be accurately predicted from the training inputs xi . However, the ultimate objective of supervised

learning extends beyond memorising the training data. The true measure of a model’s efficacy lies in its

ability to generalise to previously unseen examples. Therefore, after training, the model’s performance

must be rigorously evaluated on a separate test dataset comprising samples not used during training.

This evaluation quantifies the model’s generalisation capability, a fundamental criterion for its practical

utility in real-world applications.

3.2 Loss function

A loss function or cost function L [φ] returns a single value describing the mismatch between the model

predictions f [xi,φ] and the corresponding ground-truth outputs yi . The choice of the loss function

is highly problem-dependent and plays a critical role in the performance and training dynamics of

machine learning models. An inappropriate loss function can lead to suboptimal convergence, poor

generalisation, or even complete training failure. As highlighted by Dräger and Dunkelau [22], the loss

function acts as a central hyperparameter whose selection significantly influences the quality of the

learned model.

A model actually computes the conditional probability distribution Pr (y|x) over possible outputs y
given input x. The loss encourages each training output yi to have a high probability under the

distribution Pr (y|x) computed from the corresponding input xi . The maximum likelihood criterion
aims to find the set of parameters φ that maximises the joint probability of observing all I training
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examples. This can be expressed as:

φ̂ = argmax
φ

[
I∏
i=1

P r(yi |f[xi ,φ])
]
. (3.3)

As the product of conditional probability distribution, which can be small, can lead to difficulties in

representing it with finite precision arithmetic, the logarithm of the likelihood is used. Furthermore,

model fitting problems are, by convention, formulated as a minimisation of a loss, which gives the

negative log-likelihood criterion

φ̂ = argmin
φ

[
−
I∑
i=1

log [P r(yi |f[xi ,φ]) ]
]
= argmin

φ
[L[φ]] , (3.4)

forming the final loss function L [φ ]. Furthermore, when performing inference, a point estimate is

returned instead of the distribution, i.e. the maximum of the distribution :

ŷ = argmax
y

[
P r(y|f[x, φ̂])

]
. (3.5)

3.2.1 Binary classification

Binary classification aims to assign input data x to one of two discrete classes y ∈ {0, 1}. For this
task, the Bernoulli distribution provides an appropriate probabilistic framework, as it is defined precisely

on the binary domain y ∈ {0, 1}. The Bernoulli distribution is characterized by a single parameter
λ ∈ [0, 1] representing the probability that y takes the value 1:

P r(y |λ) =

1− λ, if y = 0λ, if y = 1
= (1− λ)1−y λy . (3.6)

To generate valid probability values, the neural network’s output must be transformed from the real

domain R to the interval [0, 1], aligning with the definition of λ. The logistic sigmoid function (see
Figure 3.1) serves as an ideal transformation for this purpose:

sig[z ] =
1

1 + exp[−z ]
(3.7)
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z] Figure 3.1: The logistic sigmoid

function, used to map real-valued

inputs to the interval [0, 1].

The sigmoid function’s output can be directly interpreted as the probability parameter λ of the Bernoulli

distribution, enabling the model to express its confidence in the classification decision. When perform-

ing inference, a point estimate may be desired, such that it is set that y = 1 if λ > threshold τ , and
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y = 0; otherwise, the threshold is often set to 0.5. The likelihood for an individual sample can be

expressed as:

P r(y |x,φ) = (1− sig[f[x,φ]])1−y · sig[f[x,φ]]y (3.8)

The loss function is then defined as the negative log-likelihood across the entire training set:

L[φ] = −
I∑
i=1

{
(1− yi) log [1− sig[f[xi ,φ]]] + yi log [sig [f [xi ,φ]]]

}
, (3.9)

known as the binary cross-entropy (BCE) loss. The BCE loss is the standard approach for binary clas-

sification tasks; however, it becomes suboptimal in scenarios with significant class imbalance. When

one class substantially outnumbers the other, standard maximum likelihood estimation becomes inef-

ficient. Under such conditions, the model tends to develop overconfidence in predicting the dominant

class while underperforming the minority class.

To address this limitation, Lin et al. introduced the focal loss (FL) [46], specifically designed to handle

class imbalance in classification problems:

FL[φ] = −
I∑
i=1

{
αt(1− pt)γ log(pt)

}
, (3.10)

where pt is defined as:

pt =

sig[f[xi ,φ]], if yi = 1

1− sig[f[xi ,φ]], if yi = 0
(3.11)

The focal loss introduces two crucial parameters: α and γ, which must be carefully tuned as hyper-

parameters:

• αt is a class-balancing weight that compensates for the frequency disparity between classes.
Typically, α is set inversely proportional to class frequency, with αt = α for yi = 1 and αt = 1−α
for yi = 0.

• γ ≥ 0 is the focusing parameter that modulates the rate at which easy examples are down-
weighted. Higher values of γ increase the emphasis on hard, misclassified examples. When

γ = 0, the focal loss reduces to the weighted cross-entropy.

These parameters must be determined through cross-validation or hyperparameter optimisation. Typi-

cal values range from 0.25 to 0.75 for α and 1 to 5 for γ, but optimal settings depend on the dataset’s

class distribution and complexity.

3.3 Fitting models and gradient descent

The network parameters φ minimising the loss are obtained through a gradient descent iterative

procedure:

Step 1: Compute loss gradient: ∂L∂φ =
[
∂L
∂φ0

· · · ∂L
∂φN

]T
Step 2: Update parameters: φ← φ− α · ∂L∂φ
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Loss functions for nonlinear models are typically non-convex, containing multiple local minima and a

global minimum. Random initialisation of φ provides no guarantee that gradient descent will con-

verge to the global minimum. Additionally, saddle points in the loss may prematurely terminate the

optimisation process.

Neural networks with millions of parameters render standard gradient descent suboptimal for finding

the global minimum in high-dimensional spaces. Stochastic gradient descent (SGD) addresses this

limitation by introducing noise at each iteration. Rather than computing gradients across the entire

dataset simultaneously, SGD randomly samples subsets (minibatches) without replacement.

The general update rule can be expressed as:

φt+1 ← φt − α · ∇φLt (3.12)

where for standard gradient descent ∇φLt =
∂L

∂φ
computed over all samples, and for SGD ∇φLt =∑

i∈Bt
∂li [φt ]

∂φ
computed over minibatch Bt .

This stochasticity enables temporary uphill movements, facilitating escape from local minima by al-

lowing transitions between different loss function valleys. An epoch constitutes one complete pass

through the training dataset.

SGD is frequently implemented with learning rate scheduling, which dynamically adjusts the learning

rate α throughout training. Initially, larger values facilitate broad exploration of the parameter space,

while subsequent reductions enable fine-tuning through smaller parameter adjustments.

A significant enhancement to SGD incorporates a momentum term in the update rule. Parameters

φ are updated using a weighted combination of the current batch gradient and the previous update

direction. Adaptive Moment Estimation (Adam) extends this concept by applying momentum to

the estimate of the gradient and the squared gradient. This optimisation algorithm introduces two

additional hyperparameters, β1 and β2, which control the exponential decay rates for the moment

estimates. Adam demonstrates reduced sensitivity to learning rate initialisation [37].

The update of parameters φ necessitates the computation of loss derivatives. Contemporary state-

of-the-art models contain up to ∼ 1012 parameters, underscoring the critical requirement for efficient
derivative calculation. The backpropagation algorithm provides an optimal computational framework

for determining these derivatives through the systematic application of the chain rule [65], enabling

feasible training of deep neural architectures despite their massive parametric complexity.

3.4 Convolutional networks

When processing images, fully connected networks generate an excessive number of parameters due to

their dense connectivity. Furthermore, they fail to exploit the statistical correlations between adjacent

pixels and lack mechanisms to maintain consistent feature detection across spatial locations.

Convolutional layers address these limitations by processing local receptive fields with shared filter
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parameters across the entire spatial domain. This architecture significantly reduces parameter count

while preserving sensitivity to local spatial structures. Crucially, convolutional layers exhibit transla-

tional equivariance, a property ensuring that spatial shifts in the input produce corresponding shifts in

the output features while preserving their values. This means features (e.g., edges, textures, or ob-

jects) are detected consistently regardless of their position in the image, eliminating the need to learn

separate representations for the same feature at different locations. A network primarily composed of

such layers is termed a convolutional neural network (CNN) [43].

A 1D convolution operation maps an input vector x to an output vector z by computing weighted

sums of local input regions. Each element zi of the output results from applying identical weights,

collectively known as the convolution kernel or filter, to a corresponding neighbourhood in the input.

The kernel size defines the spatial extent of this neighbourhood. For a kernel of size three, the

operation is expressed as:

zi = ω1xi−1 + ω2xi + ω3xi+1, (3.13)

where ω = [ω1, ω2, ω3]
T represents the kernel weights, the trainable parameters.

Several parameters modify convolutional operations:

Padding refers to the addition of values (typically zeros) around the input boundaries to control the

output dimensions. Zero padding preserves the spatial dimensions of the input by adding zeros around

its borders, ensuring border elements receive equal treatment in the convolution.

Stride is the number of pixels the kernel moves at each step. A stride of 1 preserves spatial resolution,

while a stride of 2 halves the output’s spatial dimensions.

Kernel size defines the receptive field of the convolution. Larger kernels integrate information from

wider regions but require more parameters. Odd-sized kernels (such as 3, 5, 7, etc.) are typically used

to maintain symmetry around the central position.

Dilation introduces gaps between kernel elements, effectively expanding the receptive field without

increasing the parameter count. A dilation rate of d inserts (d − 1) zeros between consecutive kernel
elements, allowing the network to capture broader spatial dependencies with the same number of

parameters.

Figure 3.2 illustrates a convolutional network for 2D inputs, such as image data. In such case, the

convolution kernel is now a 2D object, and the hidden units hi j in the case of a 3x3 kernel Ω ∈ R3x3

are computed as:

hi j = a

[
β +

3∑
m=1

3∑
n=1

ωmnxi+m−2,j+n−2

]
. (3.14)

The kernel is translated both horizontally and vertically across the 2D input to create an output at

each position. The most common activation function in modern neural networks is the rectified linear

unit or ReLU 3.3:
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(a) (b)

Figure 3.2: 2D convolutional layer, each output hi j is a weighted sum of the 3x3 nearest inputs, with a bias

and passes through an activation function. (a) The output h23 is a weighted sum of the nine positions from

x12 to x34. (b) With zero-padding, positions beyond the image’s edge are considered to be zero. [58]

ReLU [z ] =

{
0, if z < 0

z, if z ≥ 0
(3.15)
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Figure 3.3: The ReLU activation function

returns 0 for negative inputs while preserving

positive inputs unchanged. This piecewise

linearity enables efficient gradient computa-

tion while introducing the nonlinearity neces-

sary for modelling complex functions.

3.4.1 Convolutional layers

A single convolution operation may lose information as it essentially averages neighbouring input

values and eliminates negative responses through the ReLU activation as represented in Figure 3.4.

To preserve and extract diverse features from the input, convolutional layers typically compute multiple

parallel convolutions, each with different learned parameters. Each convolution creates a set of new

hidden units known as a feature map or channel.

166 10 Convolutional networks

Figure 10.4 Fully connected vs. convolutional layers. a) A fully connected layer
has a weight connecting each input x to each hidden unit h (colored arrows)
and a bias for each hidden unit (not shown). b) Hence, the associated weight
matrix Ω contains 36 weights relating the six inputs to the six hidden units. c) A
convolutional layer with kernel size three computes each hidden unit as the same
weighted sum of the three neighboring inputs (arrows) plus a bias (not shown).
d) The weight matrix is a special case of the fully connected matrix where many
weights are zero and others are repeated (same colors indicate same value, white
indicates zero weight). e) A convolutional layer with kernel size three and stride
two computes a weighted sum at every other position. f) This is also a special
case of a fully connected network with a different sparse weight structure.

Figure 10.5 Channels. Typically, multiple convolutions are applied to the input x
and stored in channels. a) A convolution is applied to create hidden units h1

to h6, which form the first channel. b) A second convolution operation is applied
to create hidden units h7 to h12, which form the second channel. The channels
are stored in a 2D array H1 that contains all the hidden units in the first hidden
layer. c) If we add a further convolutional layer, there are now two channels at
each input position. Here, the 1D convolution defines a weighted sum over both
input channels at the three closest positions to create each new output channel.

This work is subject to a Creative Commons CC-BY-NC-ND license. (C) MIT Press.
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(b)

Figure 3.4: Illustration of two

separate convolution operations

applied to a one-dimensional in-

put signal x using a kernel of size

3. (a) The first convolution gen-

erates hidden units h1 through h6,

which constitute the first chan-

nel. (b) The second convolution

produces hidden units h7 through

h12, forming a second, distinct

channel. Adapted from [58].

These hidden units represent learned intermediate representations of the data. For example, when

processing 2D data (such as images or spatial patterns), early convolutional layers may develop hidden

units that respond to basic visual elements, like edges, corners, or textures, at different orientations.
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Subsequent layers combine these elementary features to detect progressively more complex and ab-

stract patterns.

The number of feature maps (i.e., the number of parallel convolutions) in each layer is a critical

architectural hyperparameter that determines the model’s capacity to represent complex patterns.

For 2D data applications, a typical convolutional layer typically contains anywhere from 8 to 512

feature maps, or even more, with deeper layers generally having more channels to capture increasingly

sophisticated representations.

3.4.2 Downsampling and upsampling

In convolutional neural networks, downsampling operations are essential for increasing the receptive

field and reducing spatial dimensions, thereby enabling the network to capture larger-scale features.

However, when the desired output is also an image (as in segmentation or generative tasks), a corre-

sponding upsampling operation becomes necessary to restore the original spatial dimensions.

Several downsampling methods exist for 2D representations. In this work, 2D max pooling is employed

due to its ability to introduce translation invariance. In max pooling, each output pixel represents the

maximum value from the corresponding 2× 2 input block, as illustrated in Figure 3.5. This operation
not only reduces spatial dimensions but also helps in extracting dominant features while discarding

less relevant information.

Figure 3.5: Illustration of 2D max pooling

operation. Each output value is computed

as the maximum of the corresponding 2× 2
input block, resulting in a downsampled rep-

resentation with half the spatial dimensions.

Transposed convolution is employed for upsampling, which effectively reverses the downsampling pro-

cess by doubling spatial dimensions. With a kernel size of 2 and a stride of 2, it effectively doubles

the spatial resolution while maintaining learnable parameters that adapt during training to reconstruct

relevant features.

3.4.3 Batch normalization

Batch normalisation (BatchNorm) shifts and rescales according to the mean and variance estimated

on the batch. [32]. Typically inserted between the convolution operation and the activation function

(e.g., ReLU), BatchNorm introduces just two learnable parameters per feature channel: a scaling

factor γ and a shift parameter β.

This technique yields multiple benefits: it smooths the loss landscape, permits larger learning rates,

accelerates training convergence, acts as a regularizer by introducing beneficial noise, and stabilises

forward propagation by mitigating internal covariate shift [32]. These advantages have made Batch-

Norm a standard component in modern deep neural architectures, significantly improving both training

efficiency and generalisation performance.
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3.5 U-Net architecture and the semantic segmentation task

The U-Net architecture was originally introduced by Ronneberger et al. [63] for biomedical image

segmentation. It is based on a fully convolutional network and follows a symmetric encoder-decoder

structure. The architecture is designed to perform precise pixel-wise classification while preserving

both global context and fine-grained spatial information.

In its original form (see Figure 3.6), U-Net consists of two main paths:

• Contracting path (encoder): This part of the network extracts increasingly abstract features
using repeated applications of convolutional layers (with ReLU activation), followed by 2 × 2
max-pooling operations that reduce the spatial resolution. At each downsampling stage, the

number of feature channels doubles.

• Expanding path (decoder): This path gradually reconstructs the spatial resolution using up-
convolutions (or transposed convolutions), reducing the number of feature channels and con-

catenating corresponding high-resolution feature maps from the encoder via skip connections.

These skip connections, sometimes referred to as “copy and crop” in the original paper, enable

the decoder to recover spatial details lost during downsampling.

The network ends with a 1 × 1 convolution that reduces the number of output channels to match
the number of classes in the segmentation task, typically followed by a sigmoid activation function for

binary segmentation or a softmax activation for multi-class segmentation.

Semantic Segmentation. Semantic segmentation involves assigning a class label to every pixel in an

image, effectively transforming the task into a dense classification problem. The goal is to predict a

map of class probabilities, one per pixel.

Formally, given an input image of dimensions Res × Res × Cin, where Cin is typically 1 for grayscale
images or 3 for RGB, the U-Net outputs a tensor of size Res′ × Res′ × N, where N is the number of
target classes and Res′ is the spatial resolution of the output. In many implementations, Res′ = Res,

but this is not strictly required and depends on the padding strategy and architecture details. Each pixel

in the output corresponds to a probability distribution over all possible classes. The final segmentation

mask is obtained by selecting the class with the highest predicted probability for each pixel.

3.5.1 Skip connections in U-Net

A key feature of the U-Net architecture is its use of skip connections, which link corresponding

layers in the encoder and decoder. These connections address the loss of spatial detail caused by

downsampling operations in the encoder (e.g., max-pooling), which, while capturing high-level features,

reduce localisation accuracy.

To mitigate this, U-Net concatenates encoder feature maps with the decoder’s upsampled outputs

along the channel dimension:

y = Concat(xencoder, xdecoder) (3.16)

This fusion merges deep semantic information with fine details from early layers, enhancing segmen-

tation map accuracy while preserving spatial context.
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Fig. 1. U-net architecture (example for 32x32 pixels in the lowest resolution). Each blue
box corresponds to a multi-channel feature map. The number of channels is denoted
on top of the box. The x-y-size is provided at the lower left edge of the box. White
boxes represent copied feature maps. The arrows denote the different operations.

as input. First, this network can localize. Secondly, the training data in terms
of patches is much larger than the number of training images. The resulting
network won the EM segmentation challenge at ISBI 2012 by a large margin.

Obviously, the strategy in Ciresan et al. [1] has two drawbacks. First, it
is quite slow because the network must be run separately for each patch, and
there is a lot of redundancy due to overlapping patches. Secondly, there is a
trade-off between localization accuracy and the use of context. Larger patches
require more max-pooling layers that reduce the localization accuracy, while
small patches allow the network to see only little context. More recent approaches
[11,4] proposed a classifier output that takes into account the features from
multiple layers. Good localization and the use of context are possible at the
same time.

In this paper, we build upon a more elegant architecture, the so-called “fully
convolutional network” [9]. We modify and extend this architecture such that it
works with very few training images and yields more precise segmentations; see
Figure 1. The main idea in [9] is to supplement a usual contracting network by
successive layers, where pooling operators are replaced by upsampling operators.
Hence, these layers increase the resolution of the output. In order to localize, high
resolution features from the contracting path are combined with the upsampled

Figure 3.6: U-Net architecture example, shown for a case where the lowest resolution feature map is of size

32×32 pixels. Each blue box represents a multi-channel feature map, with the number of channels indicated
at the top of each box. The spatial resolution (height × width) is displayed at the lower-left corner of each
box. White boxes indicate feature maps that are copied and concatenated during the expansive path. Adapted

from [63].

The architecture illustrated above comprises several critical model hyperparameters that collectively

shape the network’s performance characteristics:

• Depth: The number of downsampling/upsampling operations defining the contracting and ex-
pansive paths.

• Number of convolutions: The number of convolutional operations performed at each resolution
level.

• Initial number of filters: The number of channels in the first layer, typically doubled after each
downsampling operation.

• Image resolution, Batch size, and learning rate.

These hyperparameters are not static values but tunable parameters whose selection can markedly

influence the accuracy and robustness of the network’s predictions. Determining their optimal values

typically requires systematic hyperparameter optimisation.
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The performance of deep learning models depends significantly on these carefully tuned hyperparam-

eters, which must be adapted to the specific characteristics of the dataset, making optimisation a

fundamental step in model development [8, 44,69].

Several hyperparameter optimisation strategies have been explored in the literature, each offering

unique trade-offs. Grid search represents the most straightforward approach, involving an exhaustive

evaluation of all possible combinations within a manually specified subset of the hyperparameter space.

Random search offers an alternative by sampling hyperparameter configurations stochastically from

predefined distributions. Research by Bergstra and Bengio [8] has demonstrated that random search

frequently outperforms grid search in efficiency, particularly when only a subset of hyperparameters

significantly affects model performance. Nevertheless, random search exhibits a fundamental limita-

tion: it retains no memory of previous evaluations and may, therefore, redundantly explore unpromising

regions of the hyperparameter space.

While identifying optimal hyperparameters remains important, the optimisation process demands sub-

stantial computational resources and time, as each hyperparameter combination necessitates training

and evaluating a complete model. Furthermore, this process demonstrates hardware dependence, as

increased model capacity typically corresponds to greater computational requirements.

Given these constraints, the present research does not aim to find the absolute optimal hyperparame-

ters for the problem but instead seeks a balanced set of hyperparameters that provide good efficiency

while maintaining a moderate model capacity. Rather than aiming for exhaustive optimisation, this

approach prioritises efficiency, acknowledging the computational limitations commonly encountered in

deep learning workflows.

The hyperparameter optimisation for this research is structured in two stages and is depicted in Figure

3.7. In the first stage, the focal loss parameters α and γ are optimised via a grid search, while the

architectural hyperparameters remain fixed. Direct comparison of raw focal loss values (see Eqn.

3.2.1) across different (α, γ) combinations does not reflect segmentation performance. Instead, three

independent metrics are employed:

Precision =
TP

TP + FP
, Recall =

TP

TP + FN
, F1 = 2 ·

Precision× Recall
Precision + Recall

. (3.17)

Here, TP (true positives) denotes the correctly predicted unstable branch pixels, FP (false positives)

are pixels incorrectly predicted as unstable, and FN (false negatives) are truly unstable pixels that the

model failed to predict.

The classification threshold τ is treated as a tunable parameter: for each (α, γ) pair, τ ∈ [0, 1] is
swept to maximize the chosen metric. Optimal focal-loss hyperparameters (α∗, γ∗) and threshold τ∗

correspond to the highest F1 score.

In the second stage, with α∗, γ∗, and τ∗ fixed, architectural hyperparameters are explored via random

search. This two-stage approach significantly reduces the total number of model evaluations while

acknowledging that potential interactions between loss and architecture may remain unexplored.

Note that the focal loss parameters can exhibit sensitivity to dataset characteristics; details of dataset

generation and preprocessing are provided in the following chapter.
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Figure 3.7: Two-stage hyperparameter optimisation procedure.

3.5.2 Implementation details

The implementation utilised Python and the PyTorch deep learning framework. The modular model

architecture allowed for easy modifications and hyperparameter tuning. The training was performed

on the Alan GPU cluster at the University of Liège, leveraging multiple GPUs and CPUs for efficient

computation.

3.6 Chapter conclusion and discussion

Chapter conclusion

This chapter introduced the fundamental concepts of machine learning with an emphasis on

those directly relevant to this research.

The principles of supervised learning were presented, highlighting the central idea of constructing

a model that maps inputs to outputs via trainable parameters [58]. This led to the formulation

of the learning process as an optimisation problem governed by a loss function that quantifies

the mismatch between predictions and the ground truth. The case of binary classification was

examined in detail, including the definition of the associated loss functions, binary cross-entropy

and focal loss [46].

Next, convolutional layers were discussed as the foundational building blocks of the architecture

used in this research [43]. Their key components and properties, such as weight sharing,

receptive fields, and translation equivariance, were described in detail.

Finally, the U-Net architecture [63] and its implementation for semantic segmentation tasks

were presented, emphasising the importance of the encoder-decoder structure and the role of

skip connections in preserving spatial information. Additionally, the two-stage hyperparameter

optimisation strategy employed in this research was detailed.

Throughout this chapter, the connection between machine learning models and the input-

output pairs forming the dataset was established. The next chapter will focus on generating

the datasets required for training the model.
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CHAPTER4
Generation of the datasets

The previous chapter introduced supervised learning and how a trained model learns to map the input

x to the output y by minimising a loss function, resulting in the optimised parameters φ of the system.

The training part of the model utilises a training dataset comprised of I input-output pairs {xi , yI}Ii=1.
This chapter introduces the concepts behind generating these input-output pairs and emphasises the

importance of constructing a comprehensive and reliable dataset.

4.1 Size of the dataset

In many machine learning applications, research often focuses on finding the best models that perform

optimally on already existing datasets. Consequently, several massive datasets comprising an enormous

number of labelled examples have been developed, including the MNIST dataset for handwritten digit

recognition, ImageNet for object classification in images, and numerous datasets in the biomedical

domain. The size of the dataset plays a crucial role in the performance of predictive models; multiple

studies have demonstrated that for many deep learning tasks, performance continues to improve loga-

rithmically as dataset size increases [74,79,86]. This relationship underscores a fundamental principle

in machine learning: without high-quality data in sufficient quantities, even the most sophisticated

models cannot perform well.

For this specific research on FRCs, no existing datasets are available. Therefore, creating a reliable

and comprehensive dataset represents an essential component of this research endeavour.

4.2 Formulation of the input-output pairs

The first step in dataset generation is defining appropriate input-output pairs. The ML model aims

to predict unstable branches of a system, given its stable branches. The system inputs are the stable

branches obtainable through swept-up and swept-down sine testing, as explained in Section 2.2.

The system outputs vary based on prediction targets. While ideally, a single model would predict all

unstable branches (fundamental resonance, superharmonics, and subharmonics), practical constraints

necessitate separate models for each type of resonance. This approach offers several advantages:

• It addresses resolution constraints, as superharmonics appear at much smaller amplitudes than
fundamental resonances and subharmonics, which would otherwise require impractically high-

resolution images for CNN processing.
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• It enables targeted testing protocols. For example, superharmonic prediction requires swept-sine
testing only at low frequencies, allowing faster testing over smaller frequency ranges with higher

forcing without risking structural damage.

• It simplifies the learning problem by requiring each model to learn patterns for only one type of
resonance.

This approach does introduce complexity in model development, as each model may require different

optimal hyperparameters, potentially necessitating separate hyperparameter searches.

4.3 Dataset generation schemes

Having established the framework for input-output pairs, a significant number of input-output pairs

need to be generated. As explained above, the performance continues to improve logarithmically as

the dataset size increases. Furthermore, sampling the parameter space of the nonlinear oscillators is

crucial; the dataset must contain input-output pairs representing a wide range of responses to ensure

that the models are adaptable to many types of structures. The diagram 4.1 illustrates how the

different datasets are generated, and each step of the schema is explained below

Parameter grid HB continuation
Extract parameters Convergence ?

Update continuation

parameters
No

Yes

Next iteration

Next iteration

No

Additional
constraints met ?

Yes
save

input/output
pair

Figure 4.1: Dataset generation schema.

4.3.1 Parameter grid

As explained in Section 2.1, the equation of motion of the Duffing oscillator can be nondimensionalised,

making this system dependent on two parameters, the damping ratio ζ, and the dimensionless force F̄ .

The strategy behind generating the dataset is to simulate a large number of systems by varying these

two parameters, and for each combination of these parameters, compute the FRC. The Helmholtz-

Duffing and piecewise linear stiffness oscillators each introduce an additional parameter (β and κ,

respectively).

An optimal parameter space must be:

1. Sufficiently large to capture diverse system responses

2. Adequately dense for proper sampling

3. Computationally feasible

4. Physically realistic (moderate forcing amplitudes and damping rations)
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The selection of realistic parameter ranges is crucial; extremely low damping ratios (< 0.5%) or

excessive forcing amplitudes do not accurately represent physical systems, as actual structures would

fail under such conditions.

4.3.2 HB continuation mechanisms

The HB continuation method implemented in this study employs robust numerical strategies to ensure

accurate computation of FRCs. The HB pseudo-arclength continuation algorithm, originally proposed

by Keller (1977) [5], enables the continuation of solution families beyond fold points.

This approach follows a predictor-corrector framework that systematically advances along the solution

path. The pseudo-arclength scheme is coupled with a Newton-based solver to resolve the set of

2NH + 1 nonlinear algebraic equations arising from the HB formulation, with an additional arclength

constraint that ensures convergence near critical points.

Adaptive step size A critical component for maintaining both computational efficiency and robust-

ness in pseudo-arclength continuation is the adaptive control of the step size ∆hi , particularly in regions

of high curvature or near bifurcation points, where Newton-type corrector steps may fail to converge.

As illustrated in Figure 4.2, constant step sizes either waste computational resources in linear regions

or fail near folds, where the solution path sharply turns, and standard corrector methods may diverge.
T. Kubatschek and A. Förster

Fig. 1. Path with (a) secant predictor and Crisfield corrector, (b) secant predictor 

and Riks corrector (see [20]).

uses the Jacobian of the 𝑖th step. As an alternative, it would also be pos- 

sible to use a secant predictor [14], based on the last two steps, or a 

higher order polynomial predictor [22], which is based on several steps. 

With a suitable initial value, a corrector function and a predictor, 

the path continuation could be started. However, an important ques- 

tion is still how to control the step size Δ𝑠. While the corrector and 

predictor can be chosen arbitrarily, the step size should correspond to 

the predictor-corrector combination for optimal prediction. A compara- 

tively easy approach would be using a suitably small but constant step 

size in every step. However, this comes with some drawbacks, which 

will be discussed in the next section. 

For further information on path continuation in general the inter- 

ested reader is referred to Seydel [14]. 

Another variant for continuation is the analytical-numerical ap- 

proach of the Asymptotic Numerical Method (ANM). This is a Taylor 

series-based continuation algorithm where the further course of the path 

is approximated from a starting point using a Taylor series expansion 

and is well applied to many problems [23–26]. There, the step size ad- 

justment relies on an automated calculation of the range of validity of 

the Taylor series [27]. Within this paper, however, we will focus on step 

size adjustment methods for predictor-corrector continuation as it is not 

always possible to analytically determine the step size using a series 

expansion here.

2.2. Step size control

2.2.1. Overview 

As mentioned in the previous section step size control, among other 

components, plays a major role in continuation procedures. It is used 

to limit the distance between the current and the next solution point. 

Therefore it influences the continuation process in several ways:

• The predictor method uses Δ𝑠 to calculate an initial guess of the next 

solution point based on the current one. In this way the initial guess 

is, depending on the used predictor method, about Δ𝑠 apart from the 

last solution point.

• Together with the corrector function Δ𝑠 is used to add another 

equation to the residual function. Thereby it forces the next solution 

point to be in a distance of about Δ𝑠 from the previous one.

Note that in both cases the term about is used. This is due to the fact 

that both the predictor and corrector can be chosen such that the dis- 

tance between previous and next solution points may differ from Δ𝑠. The 

term distance refers to the euclidean norm of the vector connecting the

solution points and is calculated by 

‖‖ 

𝐱 𝑖 

− 𝐱 𝑖−1 

‖‖ 

.

In Fig. 1 this difference can be seen. The use of different correc- 

tors leads to some differences: Firstly, as already stated in the previous 

section, there are two solution points in (a), while there is only one in 

(b). In the former case, one of the points has to be rejected. The valid

Fig. 2. Section of the example curve: coarse constant step size (a), finer constant 

step size (b), variable step size (c).

solution points are denoted as 𝑥 𝑖+1 

. Secondly, the distance between the 

found solution point and the previous one is approximately Δ𝑠 in case 

of the Chrisfield-corrector while one can easily see, it is greater than Δ𝑠 

for the Riks-corrector. Due to this, in the first case 𝑠 is referred to as arc 

length and in the second case pseudo arc length. 

To illustrate the need for step size adaptation, a simple curve is con- 

sidered. A section of it is shown in Fig. 2 as a black line. The curve 

in both (a) and (b) is approximated using a constant step size. In con- 

trast, in (a) a bigger and in (b) a smaller step size were chosen, leading 

to 8 and 16 solution points respectively in the shown section of the 

curve. The solution points are depicted as crosses. In both cases lin- 

ear interpolations are shown as dotted lines. It can be observed that 

the curve is approximated fairly good with fewer points in linear re- 

gions where the curve behaves almost like a line. However, in regions 

with high curvature, the approximation gets worse. Using more solu- 

tion points improves the approximation in these regions, but in linear 

regions an unnecessary amount of points is added [14]. Moreover, the 

curve has a so called turning point, also named fold bifurcation, which 

is depicted as a red square. It is obvious that if this point is of spe- 

cial interest, (b) would lead to better results, while the approximation 

in (a) would make detection of the point difficult. Fig. 2(c) shows an 

approach, where the step size is allowed to vary such that it becomes 

smaller if the path changes significantly and larger if there is hardly any 

change. 

Even if a good approximation of the curve is not the purpose of the 

continuation, like in homotopy methods, where only the last point is 

of interest [14], the curve still needs to be approximated in a way that 

guarantees a certain rate of convergence. Additionally, when the detec- 

tion of bifurcation points is of interest, the step size must be chosen 

small enough to detect those points [28]. The path’s curvature affects 

the convergence rate of the solver [29]. 

Out of this, two conflicting targets arise: On the one hand, we wish 

to approximate the path with a minimum amount of solution points. 

In this way there is no unnecessary calculation or memory usage. The 

calculation of too many points comes together with high computational 

cost and calculation time. On the other hand, the path has to be approx- 

imated in a way that guarantees fast convergence as well as a specified 

accuracy. 

We would like to point out here that, in addition to the step size 

control, many other components of path continuation have an influ- 

ence on performance. These include the predictor, the corrector, the 

parametrization, scaling and the solver. When designing one of the com- 

ponents, the mutual influence of the components must be taken into
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3 

Figure 4.2: (a) Coarse constant

step size, (b) finer constant step

size, (c) variable step size. [41]

To address the difficulties associated with constant time steps, the step size is typically multiplied by

a scaling factor ζi at each iteration:

∆hi+1 = ζi∆hi , (4.1)

where ∆hi+1 and ∆hi denote the step sizes at iterations i +1 and i , respectively. In practice, the step

size is constrained by upper and lower bounds hmax and hmin. Additionally, maximum and minimum

adaptation factors ζmax and ζmin are employed.

A widely used method for step size control adapts the step size based on the number of iteration steps

Ni required during the Newton-Raphson method. Most approaches aim to achieve an optimal number

of iteration steps Nopt for each solution point. Choosing a small Nopt demands fast convergence of
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the solver and results in smaller step sizes ∆si , while a larger value allows for more iterations and

enables larger step sizes. The ratio Nopt/Ni is commonly used to evaluate the scaling factor ζi :

ζi(Ni) =

(
Nopt
Ni

)β
(4.2)

Seydel [66] uses β = 1, although other choices are possible, such as β = 1/2 as proposed by

Ramm [59]. Alternative strategies involve adjusting step sizes based on the path’s curvature.

Adaptive step size control is particularly crucial in this application, as it enables larger steps in well-

behaved regions while automatically reducing step sizes when approaching challenging areas, such

as fold bifurcations. This dynamic adjustment significantly accelerates the overall FRC computation

without compromising the accuracy or stability of convergence.

In this work, the corrector step is implemented using a damped Newton method rather than a classical

full-step Newton iteration. Damping improves convergence robustness in the presence of strong

nonlinearities and ill-conditioned Jacobians, especially near folds and sharp transitions in the frequency

response curve, where standard Newton methods often fail to converge [13].

Suppose convergence fails (typically due to exceeding the maximum number of Newton iterations or

a stagnating residual). In that case, the step size is reduced by a fixed contraction factor ζfail < 1,

and the corrector step is retried from the previous solution point. This reduction and retry mechanism

is iteratively applied until convergence is achieved or the step size falls below a predefined minimum

hmin, at which point continuation is terminated.

The majority of the HB continuation implementation, including the computation of isolated responses,

was adapted from [25]. The pseudo-arclength harmonic balance continuation approach with adaptive

step size proved sufficient in terms of robustness and computational efficiency for the systems consid-

ered. Nonetheless, some advanced functionalities, such as branch switching, were not integrated due

to the complexity of implementing them in a numerically stable and generalisable way.

Several specialised toolboxes are well-known for their robustness and widespread adoption in numerical

continuation problems. These include established packages such as MATCONT [20] and COCO [2], which

offer a wide range of built-in capabilities, including advanced bifurcation tracking and branch switching.

Additionally, domain-specific frameworks such as NI2D [52] and NLVib [40] are tailored to nonlinear

vibration problems, providing highly optimised routines for frequency response curve analysis.

4.3.3 Input/output representation for CNN

Following the continuation procedure, pairs of points (ω,A) are obtained, representing the FRC of a

given oscillator. From these data, input-output pairs are constructed for training. The input consists

of the stable branches of the FRC, while the output corresponds to the unstable branches specific to

the model or the complete resonance in the case of the subharmonics.

Furthermore, the (ω,A) arrays must be converted into a grid-based representation compatible with

convolutional neural networks. In particular, for U-Net architectures, the input dimensions must be

multiples of 32 to accommodate the successive downsampling and upsampling operations.

The problem is formulated as binary classification at the pixel level:
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1. Each pixel is assigned either 1 (curve/foreground) or 0 (background)

2. When visualised, these correspond to white and black pixels, respectively

3. The data is structured as H×W×1 tensors with binary values

Standard CNN implementations typically require an initial preprocessing step to convert images into

tensors. However, direct tensor generation from FRC data offers significant advantages: reduced

storage requirements compared to image formats, improved computational efficiency by eliminating

the image-to-tensor conversion step, and an optimised processing pipeline for generating large-scale

datasets.

For this direct tensor generation, Bresenham’s line algorithm is implemented to create the grid rep-

resentation. Bresenham’s algorithm efficiently renders continuous FRC data onto discrete pixel grids

using only integer operations. For a line segment between points (x0, y0) and (x1, y1) as illustrated

in Figure 4.3, the algorithm determines the primary direction of movement (x or y axis), increments

along the primary axis at each step, maintains an error accumulator to determine when to increment

the secondary axis, and selects pixels that most closely approximate the analytical line. This approach

minimises computational cost while preserving the visual accuracy of the curves, effectively converting

continuous FRC data into the binary grid representation required for CNN processing.

Figure 4.3: Diagram representing the Bre-

senham’s line algorithm applied to a line seg-

ment between points (x0, y0) and (x1, y1).

The grey pixels correspond to the fore-

ground/curve pixels, and the white pixels cor-

respond to the background pixels.

Alternative methods, such as Xiaolin Wu’s line algorithm, implement anti-aliasing and could potentially

produce smoother curve representations by assigning intermediate intensity values to partially covered

pixels. However, such approaches would transform the task from binary classification to regression

as the pixel values would lie in the continuous range [0, 1] rather than being strictly binary. The

binary representation adopted in this research strikes a balance between methodological simplicity and

sufficient accuracy for the prediction task.

4.3.4 Additional conditions and image construction considerations

A set of additional criteria is imposed during the dataset generation to ensure physical relevance

and nonlinear dynamical richness. First and foremost, the objective of this work is to study systems

exhibiting pronounced nonlinear behaviour. Therefore, only samples whose FRCs contain at least one

unstable branch are retained. The continuation process tracks the entire frequency response, and

any samples lacking unstable branches are discarded. This filtering guarantees that the database is

exclusively composed of systems demonstrating nonlinear behaviour.

In addition, an upper limit is imposed on the maximum frequency shift of the resonance. Specifically,
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the fundamental resonance frequency is constrained to remain within 500% of the undamped linear

natural frequency. This choice is both physically and experimentally motivated. In practice, such large

frequency shifts are rarely observed in experimental setups, especially when high forcing amplitudes

and low damping are required to induce them. Including cases beyond this range could introduce

unrealistic or unphysical data into the model, potentially compromising its applicability to real-world

systems. Another motivation for limiting the maximum resonance shift lies in the design choice of

using a fixed frequency window across all samples. If samples exhibiting large resonance shifts were

retained, the frequency window would need to be expanded accordingly to ensure that the entire

resonance is captured. Although such samples would be well-captured, as their resonance spans a

substantial portion of the image, samples with more moderate shifts would appear compressed into a

narrow horizontal region, reducing their representational resolution.

By restricting the maximum frequency shift, the selected frequency window achieves a better com-

promise: it is wide enough to fully represent the resonance for all included samples while maintaining

high resolution for those with smaller shifts. This strategy ensures a uniform and informative image

representation across the dataset, thereby enhancing CNN’s capacity to generalise across different

dynamical regimes.

4.4 Image representation strategy

Choice of frequency and amplitude windows. Each FRC is transformed into a 2D binary image

where the horizontal axis represents the dimensionless frequency (normalised by the linear natural

frequency), and the vertical axis corresponds to the amplitude. To enable CNN to learn spatial patterns

across different samples effectively, it is crucial to adopt a consistent and physically meaningful image

representation.

The horizontal frequency window is fixed across the entire dataset, ranging from 0 to 6, i.e., up to

600% of the linear resonance frequency. By ensuring that the fundamental resonance always appears

within the same region of the image, the network can learn the typical shapes and structures of

unstable branches more effectively.

A key aspect of this decision is the need to encompass the entire fundamental resonance within

this frequency span. The location of the resonance peak varies significantly depending on system

parameters such as damping and forcing amplitude. In particular, systems with low damping and

strong excitation exhibit large resonance shifts.

On the other hand, extending the frequency window too far would reduce the spatial resolution of

critical features in the image, as the image size is finite. For instance, unstable branches, often small

and localised, would be under-sampled and poorly represented if the window were unnecessarily wide.

The fixed limit of 6ω0 provides a balanced trade-off: it ensures that the fundamental and possible

superharmonic features are fully captured without overly sacrificing resolution.

Moreover, post-resonance behaviour is typically less informative. After the resonance peak, the ampli-

tude tends to decay towards zero across all samples, offering little discriminative information. There-

fore, allocating excessive resolution to this region is inefficient.
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Amplitude axis standardization Unlike the frequency axis, the vertical (amplitude) axis is defined

individually for each sample. The maximum amplitude is computed for each response, and the vertical

axis is scaled accordingly. This adaptive normalisation ensures that the entire curve is visible in the

image, regardless of the magnitude of the response. A global amplitude window would introduce

excessive white space due to the high variability in peak amplitudes across samples. Figure 4.4

illustrates the resulting image representations for the prediction of the fundamental resonance of a

Duffing oscillator.
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Figure 4.4: Example of the input/output image encoding used for the prediction of the fundamental resonance

unstable branch. (a) displays the complete FRC, with the linear reference in gray. (b) and (c) show the

corresponding 320×320 binary input and output images: (b) is constructed from the stable parts of the curve,
and (c) represents the unstable branch of the fundamental resonance.

Experimental alignment: The proposed image encoding strategy is particularly suitable for inte-

gration with experimental data, as the parameters required to reproduce the normalisation procedure

can be readily extracted from standard measurement techniques. In particular, a low-amplitude sine-

sweep excitation enables the approximation of the natural frequency, which serves as the normalisation

reference for the frequency axis. This allows experimental responses to be embedded in the same di-

mensionless frequency range as the simulated samples.

Regarding the amplitude normalisation, the vertical scaling is determined for each sample by identifying

the maximum and minimum amplitudes within the selected frequency window. These extrema are

directly observable in typical sine-sweep tests. Specifically, the peak amplitude corresponds to the

point where the system exhibits a jump-down, while the smallest amplitude within the window (often

located at the frequency boundary) sets the lower bound. As both points are accessible during the

frequency sweep, the full amplitude window required for normalisation can be experimentally obtained.

This alignment ensures that experimental data can be post-processed to produce input representations

identical to those used for training on numerical data.

Applicability and Extensions. It is important to emphasise that the strategy described above is

specific to the encoding of the fundamental resonance. A similar methodology is employed for encoding

subharmonic isolas, with modifications to the frequency window to account for the distinct range over
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which these features occur (see Section 5.2.2). Figure 4.5 illustrates the conversion process from raw

FRC data (Figure 4.5a) to binary image representations used as CNN input (Figure 4.5b) and output

targets (Figure 4.5c).
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Figure 4.5: Illustration of the image generation process from a FRC. (a) shows the complete FRC, with the

grey line indicating the equivalent linear response; (b) and (c) respectively display the 320×320 binary input
and output images, where (b) is constructed from the stable branches and (c) represents the subharmonic

resonances.

A notable advantage of the proposed representation is its flexibility: the frequency and amplitude

windows, as well as image resolution, can be easily adjusted to suit other types of nonlinear responses

or experimental setups. While this method was adopted in the present work for its simplicity and

efficiency, alternative encoding strategies may offer advantages for specific tasks and remain an open

avenue for future research.

In contrast to the encoding strategy adopted for fundamental and subharmonic resonances, superhar-

monic responses are treated differently. Each superharmonic is framed and encoded independently.

This approach is motivated by both practical and methodological considerations. First, it enables scal-

ability: in this work, only the 3:1 and 2:1 superharmonics are considered. By isolating each harmonic

in its own frame, the dataset can be constructed specifically around these cases, excluding others that

fall outside the scope of the prediction task.

Encoding each superharmonic independently also facilitates higher resolution in both frequency and

amplitude. Since the frequency range of interest around a given superharmonic is narrow, defining a

local window ensures a fine frequency resolution. This results in better discretisation of the resonance

features within the image representation.

However, a major limitation of this strategy arises in the definition of the amplitude axis. For the

fundamental and subharmonic cases, the amplitude axis is defined individually for each sample based

on the maximum measured amplitude. This is not directly applicable to superharmonics, as the point

of maximum amplitude may lie on an unstable branch and, therefore, remain inaccessible in swept-sine

experiments, unlike the fundamental resonance, where the peak response is generally stable.

To address this, the encoding strategy for superharmonics is based solely on measurable quantities
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from the swept-sine data. As illustrated in Figure 4.6, the encoding window is defined by the horizontal

distance d between the folds and a vertical distance L determined by the highest and lowest amplitude

values within the frequency range.

This encoding strategy was selected primarily for its simplicity and reliance on experimentally accessible

measures, in particular, the fold points that bound the stable portion of the superharmonic response.

Since these folds are directly observable in swept-sine data, they provide a robust and reproducible basis

for defining the encoding window. While alternative schemes could potentially offer greater generality

or flexibility, the chosen approach provides a pragmatic compromise between simplicity, experimental

applicability, and consistency in dataset construction.

Figure 4.6: Illustration of the encoding

strategy for superharmonic responses. The

blue rectangle denotes the region of inter-

est used to generate the image. The orange

arrows illustrate the measurements used to

construct the encoding frame around the

superharmonic response.

Image resolution selection. The choice of image resolution is a key implementation consideration,

especially in the context of convolutional architectures such as U-Net. The final resolution must

satisfy architectural constraints namely that both width and height be multiples of 32 to accommodate

successive pooling and upsampling operations. Beyond these constraints, the resolution significantly

influences both the representational accuracy and the computational load.

In practice, the image resolution is primarily constrained by hardware limitations. Lower-resolution

images are faster to generate and process and require less memory. However, they often lack the

spatial fidelity necessary to capture finer features, particularly the superharmonic which tend to occupy

narrow regions. If the resolution is too low, such features may be underrepresented or entirely lost,

thereby limiting the model’s predictive capabilities.

Conversely, increasing the resolution improves the clarity and fidelity of the binary curves, enabling a

more accurate representation of complex behaviours. This is especially important for distinguishing

between closely spaced branches. The trade-off is increased computational cost, both in terms of

memory usage and training time, which may become prohibitive depending on available resources.

To balance these considerations, the resolution for this research was fixed at 320 × 320 pixels. This
configuration offers sufficient spatial resolution to accurately depict all relevant dynamic features while

remaining compatible with standard GPU hardware and allowing reasonable training times. It thus

represents a pragmatic compromise between computational efficiency and physical accuracy.
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This standardised window and resolution strategy ensures that the dataset is not only suitable for deep

learning applications but also preserves the essential dynamical features necessary for the accurate

prediction of unstable branches.

4.5 Chapter conclusion and discussion

Chapter conclusion

This chapter presented a comprehensive framework for generating datasets tailored to the

supervised training of machine learning models aimed at predicting unstable branches in FRCs

of nonlinear dynamical systems.

The construction of input-output pairs was based on separating stable and unstable segments

from FRCs computed via HB continuation. Distinct models were adopted for each resonance

type (fundamental, subharmonic, and superharmonic) to accommodate resolution limitations

and reduce the complexity of the learning task.

A systematic parameter grid strategy was implemented to sample a wide range of physical

behaviours. The HB continuation algorithm was enhanced with adaptive step-size control

and robust corrector mechanisms to ensure numerical stability and computational efficiency,

particularly near bifurcation points.

To enable direct processing by convolutional neural networks, FRC data were encoded as binary

tensors using Bresenham’s line algorithm. Each sample was mapped to a fixed 320×320 image
format, with a standardised frequency axis and adaptive amplitude scaling to preserve structural

features across varying dynamical regimes.

This pipeline delivers a scalable, automated, and physically grounded methodology for dataset

generation. It balances accuracy and efficiency while ensuring compatibility with both numerical

and experimental data, thereby providing a solid foundation for the subsequent machine learning

tasks addressed in this thesis.
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CHAPTER5
Prediction of the resonances of a Duffing

oscillator

In this chapter, the machine learning model introduced in Section 3 and the dataset generation strategy

described in Section 4 are applied to the Duffing oscillator.

The chapter is structured into three main sections, each devoted to the prediction of a specific

type of resonance observed in the Duffing oscillator: the fundamental resonance and the secondary

resonances, namely subharmonics and superharmonics.

The general workflow involves generating a comprehensive dataset of FRCs, followed by the devel-

opment and training of dedicated machine learning models tailored to each resonance type. The

hyperparameter optimisation strategy, previously outlined in Section 3, is employed to ensure optimal

model performance. The hyperparameters identified through this process are subsequently adopted

throughout the remainder of the study.

This chapter begins with an in-depth analysis of the fundamental resonance, detailing the generation

of the dataset, the partitioning strategy, and the model optimisation stages. The performance of the

model is then assessed both qualitatively and quantitatively, emphasising its ability to generalise to

previously unseen configurations of the Duffing oscillator.

5.1 Prediction of the fundamental resonance

The initial model examined is designed to forecast the unstable branch of the fundamental resonance

within a Duffing oscillator. As explained in the preceding chapter, the machine learning model leverages

input-output pairs, wherein the inputs consist of the stable branches of the FRCs, and the outputs

are their respective unstable branches. Herein, the output specifically refers to the unstable branch

associated with the fundamental resonance.

5.1.1 Dataset generation for the fundamental resonance

To generate a dataset with diverse samples, the algorithm described in Section 4 is implemented.

The initial step involves defining the parameter grid, which involves selecting appropriate ranges for

the damping ratio ζ and nondimensional force F̄ , as well as determining the number of discrete

values within these ranges. The parameter ranges must reflect realistic conditions while encompassing

a variety of responses to ensure model versatility across different Duffing oscillator configurations.

Additionally, the sampling density within these ranges is crucial, as a sufficient number of samples

must be included to represent the solution space adequately.
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Another important parameter in the HB method is the harmonic truncation order NH. While increasing

NH generally improves the accuracy of the periodic solution by capturing more harmonic content, it

significantly increases the computational cost. This trade-off is illustrated in Figure 5.1, which shows

the average computation time required to evaluate an FRC for varying values of NH. The reported

average computation time corresponds to the average time to compute an FRC dataset over a 10×10
parameter grid (see Table 5.1).

Although increasing NH improves the fidelity of the solution, the marginal gain diminishes beyond a

certain order due to the rapid decay of higher harmonic components. Although higher harmonics can

influence lower-order components through nonlinear coupling, their overall contribution diminishes as

the harmonic order increases. Furthermore, the computational complexity of the HB method combined

with Newton–Raphson iteration scales as O(N3H).

Therefore, a balance must be struck between computational efficiency and accuracy, particularly in this

work where the FRCs are rendered on a finite-resolution grid. As a result, only the dominant harmonic

components and the first few superharmonics (e.g., 2:1, 3:1) are clearly visible, while higher-order

contributions become visually indistinguishable and thus contribute little to the interpretability of the

response curves. Based on convergence analysis (see Figure 5.1), a truncation order of NH = 7 was

selected as an appropriate compromise for constructing the fundamental resonance dataset.
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Figure 5.1: Average computational time per

sample for evaluating a single FRC as a func-

tion of harmonic truncation order NH over a

10× 10 parameter grid (see Table 5.1).

The parameter space used to generate the fundamental resonance dataset, based on Equation 2.10,

is summarised in Table 5.1.

Parameter Range of values Number of points

Damping ratio ζ [%] [0.5, 25] 150

Dimensionless force F̄ [−] [0.1, 3] 150

Table 5.1: Parameter values used for generating the Duffing oscillator dataset for fundamental resonance

prediction.

The resulting dataset is illustrated in Figure 5.2, where two prominent empty regions are visible. As

explained in the previous chapter, additional constraints were imposed during the generation process:

each FRC must include an unstable branch and exhibit a resonance shift of less than 500%. The

empty region at high forcing and low damping corresponds to cases where the resonance shift exceeds

this threshold, while the region at low forcing and high damping contains responses without unstable
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branches in the fundamental resonance and was therefore excluded.

Out of the 1502 = 22,500 attempted FRC continuations, only 13 failed to converge (0.06%), high-

lighting the robustness of the continuation algorithm. These rare failures are typically associated

with numerical difficulties near folds. In such regions, the continuation algorithm, in cases of fail-

ure, reversed direction prematurely, thereby failing to compute the complete FRC. After applying the

aforementioned constraints, the final dataset consists of slightly more than 18,000 valid samples.
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Figure 5.2: Representation of the parameter space of the dataset for the fundamental resonance of the Duffing

oscillator. The blue dots represent the samples.

5.1.2 Dataset partitioning strategy

As discussed in Section 3, model training is a critical phase where the parameters of the model are

learned. However, the hyperparameters of the system also significantly influence the model’s gener-

alisation capability [26]. Increasing a model’s capacity does not necessarily improve its generalisation

capability, even if it enables better prediction of training samples. This occurs because the training

algorithm seeks to find model parameters φ that minimise the loss function on the training data, but

this optimisation does not guarantee performance on unseen data [9].

From a mechanical engineering perspective, a strong generalisation capability is essential, as it enables

the model to accurately predict the responses of mechanical systems with properties different from

those used during training. In the case of the Duffing oscillator, this means predicting behaviour across

various damping ratios ζ and forcing amplitudes F̄ .

To evaluate generalisation capability, the dataset is typically divided into distinct subsets [30]. The

training set, which comprises the majority of the data, is used for model parameter optimisation. The

validation set, independent from the training set, serves to measure model performance and guide

hyperparameter selection. While the training loss typically decreases monotonically with epochs, the

validation loss often exhibits a minimum, beyond which overfitting occurs. The test set provides a

final, unbiased evaluation of model performance after hyperparameter optimisation is complete.
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The conventional dataset partition allocates approximately 80%, 10%, and 10% to training, validation,

and test sets, respectively [42]. However, this research employs a different strategy, illustrated in

Figure 5.3. The test set occupies the central region of the parameter space, while the training and

validation sets are drawn from the remaining regions, with validation samples randomly selected from

this space.

This partitioning strategy enables the assessment of different model capabilities. The validation set

evaluates interpolation performance, as its samples are proximate to training samples in parame-

ter space. Conversely, the test set, occupying a distinct region where training samples are absent,

measures the model’s extrapolation or generalisation performance and its ability to predict system

behaviour for parameter combinations different from those encountered during training.
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Figure 5.3: Illustration

of the dataset partition-

ing strategy, showing the

central test region (green

dots), and surrounding

training/validation regions

in parameter space (blue

dots).

5.1.3 Focal loss hyperparameter optimisation

The hyperparameter optimisation strategy described in Section 3.5 is applied based on the dataset

partitioning scheme illustrated in Figure 5.3. The optimisation follows a two-stage approach: the first

stage focuses on tuning the focal loss parameters α and γ while keeping the network architecture

fixed, whereas the second stage, detailed later, involves optimising the architectural hyperparameters.

The goal of the first stage is to assess the impact of various (α, γ) combinations on the model

performance, using the F1 score computed on both the validation and test sets as the evaluation

metric. For each configuration, the classification threshold τ is optimised to maximise the F1 score.

The F1 score evolution over training epochs for selected configurations is shown in Figure A.1, and

a summary comparison of the results is provided in Table A.1. For reference, performances obtained

with the standard binary cross-entropy loss are also reported.

Validation set F1 score [%] Test set F1 score [%]

Focal Loss (α = 0.8, γ = 3.0) 83.48 83.61

BCE Loss 81.05 82.67

Table 5.2: Comparison of validation and test F1 scores using focal loss (α = 0.8, γ = 3.0) and standard binary

cross-entropy (BCE) loss.
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The optimal configuration was found for α = 0.8 and γ = 3.0. Nonetheless, the improvement achieved

by using focal loss over the BCE loss is relatively modest, yielding approximately a 2% increase in the

F1 score, as shown in Table 5.2. This suggests that, while focal loss helps mitigate class imbalance

and emphasises harder-to-classify samples [46], the existing network architecture and training strategy

already address these challenges to a significant extent.

5.1.4 Architectural hyperparameter optimisation

In contrast, the second stage of hyperparameter optimisation focusing on architectural parameters

results in substantial improvements in performance. Specifically, when comparing the best architec-

ture found through random search to the original U-Net configuration proposed in [63], an increase

of approximately 10% in the F1 score is observed, as shown in Table 5.3. This highlights the criti-

cal importance of performing a dedicated hyperparameter optimisation rather than directly adopting

standard architectures. The different model hyperparameters for the various runs performed during

the random search are listed in Table A.2, and the evolution of the validation and test F1 scores over

training epochs is depicted in Figure A.2.

Validation set F1 score Test set F1 score

Optimized architecture 0.848 0.842

U-Net original configuration [63] 0.7402 0.7557

Table 5.3: Comparison of validation and test mean F1 scores between the optimized network architecture and

the original U-Net architecture [63].

Two key observations can be drawn from the architectural hyperparameter study:

1. Number of convolutions per layer: The most influential parameter is the number of convolu-

tional layers per block. Even though the best-performing configuration features a network depth

of five, reducing the depth to four while maintaining the same convolutional pattern leads to

only a slight degradation in performance. This suggests that simply increasing network depth

does not necessarily yield significant performance gains once a sufficient capacity is achieved.

2. Initial number of filters: The initial number of convolutional filters has only a minor effect on

the final performance compared to the number of convolutions per layer.

Effect of kernel size. The kernel size was kept constant during the hyperparameter optimisation for

computational efficiency reasons. To assess its impact, the best configuration obtained with a kernel

size of three was compared to a model using a kernel size of five. As illustrated in Figure A.3, while

a marginal improvement of less than 0.04% in the F1 score was observed when using a kernel size

of five, it came at the cost of approximately 1.5 times greater computational time. Consequently, a

kernel size of three was selected for the final model configuration.

Final hyperparameter configuration. The final set of hyperparameters used for subsequent experi-

ments is summarised in Table 5.4.

Depth Convolutions per layer Initial filters Kernel size Learning rate α γ Batch size

Optimized hyperparameters 5 [3,4,5,5,5] 32 3 1.15× 10−4 0.8 2.0 32

Table 5.4: Final set of hyperparameters selected after the two-stage optimisation process.
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5.1.5 Performance on the test set

The final hyperparameter configuration, obtained through the optimisation process, was used to assess

the model’s generalisation capabilities. This evaluation focuses specifically on the test set, which

consists of previously unseen samples drawn from a separate region of the parameter space. As such,

it serves as a rigorous benchmark for evaluating the model’s ability to extrapolate beyond the training

distribution.

Figure 5.4 illustrates the distribution of the F1 score over the test set. The results show a relatively

uniform F1 score across different samples, indicating that the model does not exhibit any significant

degradation in prediction accuracy within specific regions of the test domain. This homogeneity in

performance suggests that the model has successfully learned generalisable features, enabling robust

reconstruction of unstable branches across varying dynamical regimes. The average F1 score over the

test set is 84.2 %.

The consistent performance on the test set implies that the training dataset provided sufficient cover-

age of the system’s nonlinear behaviour, allowing the network to generalise to unseen configurations.

Although the test samples correspond to systems with distinct dynamics, the model exhibits strong

predictive capability.
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Figure 5.4: Dis-

tribution of the F1

score over the test

set. Minimum and

maximum values are

highlighted.

Further insight into the model’s behaviour is provided in Figure 5.5, which shows two representative

examples from the test set: the samples with the highest and lowest F1 scores. In both Figures, the

input data is shown in black. Correctly predicted pixels (true positives) are marked in green, missed

pixels (false negatives) in blue, and incorrectly added pixels (false positives) in orange.

Even in the worst-performing case, the misclassified pixels are spatially adjacent to the ground truth

regions. This proximity suggests that the model, despite local inaccuracies, retains a strong grasp of

the qualitative structure of the unstable branch. The predictions remain relevant and interpretable,

affirming the model’s robustness in identifying bifurcated regions, even under challenging scenarios.
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(a) Best prediction: ζ = 14.5%, F̄ = 0.88 (b) Worst prediction: ζ = 15%, F̄ = 1.26

Figure 5.5: Best (a) and worst (b) predictions on the test set in terms of F1 score. Black: input data. Green:

true positives. Blue: false negatives. Orange: false positives.

To reconstruct a continuous representation of the predicted unstable branch from the discretised

CNN output, an interpolation procedure was devised based on the output probability grid. Figures 5.6

and 5.7 illustrate this process for the worst- and best-case predictions, respectively.

Due to the use of the Bresenham line algorithm for discretising continuous frequency response curves

into pixel grids, multiple pixels can be activated1 along the amplitude axis for a single frequency bin.

This issue is particularly pronounced near fold bifurcations, where the local slope of the frequency

response is high. Given an image resolution of 320 × 320 over a fixed bandwidth, the frequency
resolution is the bandwidth over the image resolution. In regions of steep slope, this resolution results

in a spread of the curve across multiple amplitude bins for a single discrete frequency value.

To mitigate this, a weighted interpolation approach is employed: for each frequency bin, the corre-

sponding amplitude bins with nonzero activation are averaged using their predicted probabilities as

weights. This process yields one interpolated amplitude value per frequency, effectively converting the

sparse pixel data into a smooth curve. However, when multiple amplitude bins are activated for a

single frequency, the model often assigns the highest probability to the central pixel, regardless of the

true curve position.

Despite these limitations, the quantitative evaluation shows that the maximum relative amplitude error

between the interpolated and true unstable branches is only 4.5% in the worst case. Even under these

worst-case conditions (Figure 5.6), the interpolated unstable branch remains qualitatively close to the

ground truth obtained via HB continuation. In the best-case scenario (Figure 5.7), the predicted curve

closely matches the ground truth, with a maximum relative amplitude error of only 2.48%.

1Having a probability greater than the probability decision threshold.
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Figure 5.6: In-

terpolation of the

predicted unstable

branch (orange) in

the worst-case sce-

nario, based on the

output probability

grid. Ground truth

from HB continua-

tion is shown in blue.
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Figure 5.7: In-

terpolation of the

predicted unstable

branch (orange)

in the best-case

scenario. The HB

continuation ground

truth is shown in

blue.

Two possible improvements can be proposed to refine the prediction and interpolation processes:

• Higher resolution: Increasing the grid resolution would reduce discretisation artefacts and
minimise vertical spreading in regions of steep slopes. This would lead to more accurate pixel-

level representations of the frequency response curve, thus improving the final interpolation.

• Improved data encoding: Rather than using Bresenham lines, which assign uniform weight
to all pixels, one could adopt anti-aliased line drawing (e.g., Xiaolin Wu’s algorithm), which

computes pixel intensities proportional to the distance from the ideal line and yields smoother,

sub-pixel–accurate representations without large aliasing artefacts.

While increasing the resolution is straightforward to implement, the adoption of anti-aliased encoding
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would require a more fundamental change to the pipeline. In particular, the current binary classifica-

tion framework and loss function would no longer be applicable and would need to be redefined to

accommodate continuous-valued targets. Nevertheless, this remains a promising direction for future

investigation, as it could potentially improve predictive performance.

5.2 Prediction of secondary resonances

This section investigates the prediction of both superharmonic (3:1 and 2:1) and subharmonic (1:3

and 1:2) resonances in the Duffing oscillator.

5.2.1 Prediction of superharmonics

The prediction of the superharmonics of the Duffing oscillator follows the same general approach

as presented in the previous chapter on fundamental resonance prediction. The image encoding

strategy for the superharmonics was discussed in Section 4.4 and essentially involves encoding each

superharmonics individually with an experimentally reproducible window. The parameter grid used for

dataset generation is identical to that of the fundamental case. However, it is important to note

that not all parameter configurations exhibit superharmonic responses, and their presence depends

sensitively on the system’s nonlinear characteristics.

The complete tracking of the 2:1 superharmonic branch in the Duffing oscillator typically requires

the use of advanced techniques such as branch switching since standard continuation methods follow

the primary (main) solution branch and fail to switch on another branch at a bifurcation point [66].

Without such techniques, the 2:1 superharmonic response may remain entirely undetected in numerical

continuation. However, implementing a robust and general-purpose branch switching algorithm is non-

trivial, particularly in the context of dataset generation, where consistency and automation across a

wide range of parameter configurations are essential.

To circumvent this limitation, a small quadratic stiffness term was introduced into the system, ef-

fectively removing the isolated unstable segment typically found below the 2:1 superharmonic. As a

result, the continuation algorithm can naturally follow the 2:1 branch without requiring branch switch-

ing techniques. The added quadratic nonlinearity is kept sufficiently small so as not to qualitatively

affect the overall system dynamics. This modification was selected for its simplicity and practical

robustness, particularly in the context of automated dataset generation. Figure 5.8 illustrates the

dataset constructed for the superharmonic prediction task.

The two samples from the dataset that have the highest and lowest F1 scores are shown in Figure 5.9.

This figure presents the true positive, false negative, and false positive pixel counts for each sample.

In both cases, the scenarios involve 3:1 superharmonic resonances. The sample with the highest F1

score achieved an impressive 100%, while the sample with the lowest score recorded 47.6%.

As previously observed for the prediction of the fundamental resonance, similar conclusions can be

drawn regarding the superharmonic predictions. Even in the most unfavourable cases, i.e., those

associated with the lowest F1 scores, the misclassified pixels tend to be adjacent to the correctly

predicted regions. Once the output is re-interpolated, this spatial proximity results in minimal deviation

from the ground truth. This suggests that the model, when applied across the test set, maintains a

consistent level of predictive accuracy after interpolation.
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Figure 5.8: Visualisation of the

Duffing subharmonic dataset.

Blue points indicate parameter

configurations yielding only a

3:1 subharmonic sample. Or-

ange points indicate configu-

rations yielding both 3:1 and

2:1 subharmonic samples. The

black dashed rectangle marks

the test set region.

Moreover, these observations highlight an important limitation of standard binary classification metrics,

such as the F1 score, in the context of this problem. While binary classification metrics such as the

F1 score provide a pixel-wise assessment of accuracy, they do not account for the smoothness or

spatial continuity of the predicted regions. As a result, these metrics may not reflect how closely the

interpolated prediction aligns with the true frequency response curve. A more meaningful assessment

of the model’s practical performance may thus be obtained by directly interpolating the predictions

and comparing them to the ground truth obtained via HB continuation, using a global metric such

as the relative error. This would provide a more representative measure of the model’s capability to

reconstruct the frequency response curve with fidelity.

(a) ζ = 10.4 %; F̄ = 2.18 (b) ζ = 9.8 %; F̄ = 1.5

Figure 5.9: Best (a) and worst

(b) predictions on the test set

in terms of F1 score. Black:

input data. Green: true pos-

itives. Blue: false negatives.

Orange: false positives.

5.2.2 Prediction of subharmonic isolas

In Section 2.1.3, the FRCs of the Duffing oscillator highlighted the occurrence of subharmonic reso-

nances which appear as isolated solution branches, commonly referred to as isolas, detached from the

main resonance path. As shown in Figure 2.4, increasing the forcing amplitude can lead to the sudden

emergence of such isolas. Predicting their onset is particularly challenging due to the sensitivity of

their appearance to system parameters and initial conditions. This behaviour is closely linked to the

structure of the system’s basins of attraction, which dictate convergence toward different coexisting

periodic solutions. A proper understanding of the emergence of these isolas is therefore essential for

fully characterising the nonlinear dynamics.

The dataset partition follows the same strategy used for predicting the fundamental resonance: 80%
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of the data is used for training, 10% for validation, and 10% for testing. However, the problem

formulation differs slightly. Here, the objective is to assess whether a model can accurately predict

the existence of subharmonic isolas in previously unseen systems. To enforce this, the test set is

constructed by selecting a continuous range of damping ratios across the entire span of forcing am-

plitudes. Consequently, the test data represents entirely new systems not present in the training set.

This partitioning is visualised in Figure 5.10.

To ensure a sufficient number of samples containing isolas, the frequency shift threshold was increased

to 1000%. This choice is motivated by the fact that subharmonic branches generally appear at higher

frequency shifts. The frequency range is thus extended from 0 up to 10 times the linear resonance

frequency.

As illustrated in Figure 5.10, the dataset includes three types of samples: those without subharmonic

isolas, those with a 1:3 subharmonic, and those featuring both 1:3 and 1:2 subharmonic resonances.

The goal is to evaluate the model’s ability not only to detect the presence of isolas but also to

accurately distinguish between these scenarios. The model must also be capable of reliably predicting

the absence of secondary resonances.
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Figure 5.10: Representation

of the dataset for Duffing sub-

harmonics. Blue dots indicate

no subharmonics, orange corre-

sponds to the presence of the

1:3 subharmonic, and green to

both 1:2 and 1:3 subharmonics.

The model architecture and training strategy are identical to those used for the fundamental resonance

prediction. However, The metrics used for evaluating the fundamental resonance prediction are no

longer appropriate in this context. To better assess the model’s performance, the false discovery rate

(FDR) and the false negative rate (FNR) are used instead and are defined as follows:

FDR =
FP

FP + TP
, FNR =

FN

FN + TP
. (5.1)

The FDR measures how often the model incorrectly predicts an isola when none exists, while the

FNR quantifies the frequency with which the model fails to detect isolas that are actually present.

These two metrics thus provide complementary insights into the model’s performance in predicting

secondary resonances. Figure 5.11 depicts the FDR and the FNR on the test set with the model

hyperparameters 5.4.

High FDR or FNR values near the transition boundaries, such as between cases with no isolas and
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those featuring a 1:3 isola, or between regions with only a 1:3 isola and those with both 1:2 and 1:3

subharmonic isolas would indicate that the model either fails to detect isolas when they are present or

incorrectly predicts them when they are absent. However, the results show that this is not the case:

both FDR and FNR remain well below unity across the test set. These consistently low values confirm

the model’s ability to accurately capture the onset of isolas and to reliably differentiate between the

various subharmonic resonance regimes. This demonstrates that the model is effective at predicting

the parameter regions where subharmonic isolas emerge.

This predictive capability will be further assessed in the next chapter using experimental data. Nev-

ertheless, based on the numerical results obtained so far limited to the SDOF Duffing oscillator, the

model appears to generalise well and successfully identify the presence of subharmonic isolas across

different system configurations.
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Figure 5.11: FNR in (a) and FDR in (b) are shown for the test set. Background colours reveal the spatial

distribution of FNR and FDR values across the parameter space (ζ,F̄ ). Color bars indicate scales for each

metric. Blue dots represent samples without isolas, orange dots indicate those with a 1:3 subharmonic, and

green dots show samples with both 1:2 and 1:3 subharmonics.

The best and worst predictions in terms of F1 score are presented in Figure 5.12, with corresponding

F1 values of 0.98 and 0.77, respectively. These figures compare the ground truth obtained from

HB continuation with the interpolated probability maps, following the same methodology used for

the fundamental resonance case. Notably, in both scenarios, the subharmonic isola is very narrow,

activating at most two pixels along the amplitude axis. As a result, when the probability interpolation

is computed by averaging over frequency bins, the predicted isola tends to be centred between the

stable and unstable branches.

It is important to emphasise that the predicted isola represents the complete solution, both stable and

unstable branches. To further illustrate the structure of the predicted response, Figure 5.13 shows

the contour lines delineating the predicted upper and lower boundaries of the isola.

In both best- and worst-case scenarios, the frequency range over which the isola is predicted aligns

accurately with the ground truth. Moreover, the consistency in the predicted contours of the upper

and lower branches reflects the method’s robustness. Nonetheless, as observed previously for the

fundamental resonance prediction, improvements can be envisioned through enhanced image resolution

and refined encoding schemes. Despite this, the current predictions provide a reliable and informative

depiction of the nonlinear subharmonic response.
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(a) Best prediction (ζ = 0.05%; F̄ = 2.54)
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(b) Worst prediction (ζ = 0.048%; F̄ = 2.43)

Figure 5.12: Interpolation of the best (a) and worst (b) case scenarios in terms of F1 score on the test set.

Ground truth from HB continuation is shown in blue.
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(a) Best prediction (ζ = 0.05%; F̄ = 2.54)
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(b) Worst prediction (ζ = 0.048%; F̄ = 2.43)

Figure 5.13: Contours of the predicted isola branches in the best (a) and worst (b) test cases based on F1

score. The upper branch is indicated by a continuous orange line, the lower branch by a dashed orange line, and

the HB continuation is shown in blue.
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5.3 Chapter conclusion and discussion

Chapter conclusion

This chapter began with the prediction of the fundamental resonance of the Duffing oscillator,

including a description of the dataset generation process and the partitioning strategy used

to create the training, validation, and test sets. The hyperparameter optimisation procedure

described in Section 3 was then applied, leading to the identification of optimal hyperparameters,

including those associated with the focal loss.

Subsequently, the model’s performance on the test set was assessed using these hyperparam-

eters, with both the best- and worst-case scenarios based on the F1 score. An interpolation

strategy was also introduced to reconstruct continuous representations of the predicted un-

stable branches from the discretised output, and possible improvements to this approach were

discussed.

A similar methodology was applied to the prediction of the first superharmonic resonances of

the Duffing oscillator (2:1 and 3:1). Even in the worst-case scenario, interpolation of the

probability grid enabled accurate predictions when compared to the ground truth obtained via

HB continuation.

Finally, the prediction of subharmonic resonances (1:2 and 1:3), which appear as isolated solu-

tion branches (isolas), was investigated. The partitioning strategy differed in this case to ensure

the test set included entirely unseen systems, thereby evaluating the model’s ability to gener-

alise to new configurations. The results were conclusive: the model successfully predicted the

onset of subharmonic isolas and distinguished between different resonance regimes. Both the

best- and worst-case scenarios were illustrated, and the boundaries of the predicted response

were compared to the ground truth obtained via HB continuation.

This chapter confirmed that the proposed machine learning framework is capable of predicting

unstable branches in nonlinear systems based solely on stable input data. In this context, the

numerical approach is validated. However, the scope of this chapter is restricted to a single

system and to purely numerical simulations. The primary objective here was to establish,

through numerical experiments, the feasibility of this approach. In the next chapter, the models

developed will be applied to an experimental electronic Duffing oscillator to assess whether this

methodology can also be extended to real-world setups.
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CHAPTER6
Experimental validation

While previous assessments of the model’s capabilities relied solely on numerical tests, this section

focuses on experimental validation to determine the viability of practical implementation. The exper-

imental characterisation of nonlinear systems remains a challenging and complex task in engineering

research.

Various methodologies have been developed to identify nonlinear characteristics from experimental

data, including shaker tables [15], hammer impacts [47,55,85], and electrodynamic vibration exciters

[1,6]. Electrodynamic shakers are particularly valuable as they apply controlled forces to the oscillator

of interest through user-defined voltage signals. These devices are preferred for their ability to produce

consistent, repeatable experiments with diverse signal inputs, including sine waves, random excitations,

and transients.

Despite their widespread application, shakers present a notable limitation: shaker-structure interaction

can distort the applied force, introducing non-fundamental harmonic content in force measurements

[16, 56]. This phenomenon must be taken into account when analysing experimental results. It is

precisely for this reason that an electronic Duffing oscillator was chosen for the experimental validation.

This approach eliminates complications arising from shaker-structure interactions, allowing for a focus

exclusively on validating the methodology without introducing mechanical coupling artefacts.

This section details the experimental application of the different models previously trained on the Duff-

ing oscillator to validate whether the methodology described earlier can be successfully implemented

under real-world conditions. The experimental setup employs an electronic Duffing oscillator, which

is an analogue electronic circuit designed to replicate the behaviour of a Duffing oscillator.

6.1 Electronic Duffing

The Electronic Duffing Oscillator [60], illustrated in Figure 6.1, represents a precise electronic analogue

of the mechanical Duffing system. This sophisticated circuit has been specifically engineered to exhibit

minimal dissipation while maintaining exceptionally strong nonlinear characteristics.

Thanks to the analogue circuitry design, which provides test points and offers a clear analogy between

electronic and mechanical systems, precise system identification is achievable. As demonstrated in [60],

parameter identification shows only approximately 5% deviation between theoretical and experimental

values.

However, the electronic implementation exhibits three primary imperfections affecting sine sweep

experiments. Voltage offsets at the input and output of the integrated circuits compromise oscillator
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symmetry. Operational amplifiers with finite open-loop gain produce imperfect integration, introducing

phase and amplitude errors. Furthermore, the analog multipliers introduce calculation errors, resulting

in an imperfect cubic nonlinearity. These imperfections collectively manifest as minor discrepancies

between theoretical predictions and experimental measurements during sine sweep tests.

amplifier) [4]. It is also assumed that the buffers are perfect. Their output voltage is thus, from
left to right, piVi (0 ≤ pi ≤ 1) for i = 1, 2, 3, where p1, p2 and p3 are the division ratios of the
potentiometers.

Since the inverting input of the leftmost operational amplifier is (virtually) grounded, the currents
going into R1 to R4 all go into C1, summing up to I1. This realizes a summing integrator governed
by

V̇1 = −
1

C1
I1 = −

1

C1

(
p1V1

R1
+

p2V2

R2
+

p3V3

R3
+

Vin

R4

)
. (1)

The inverting input of the middle operational amplifier is also (virtually) grounded, and since the
current going into R5 also goes into C2, this circuit implements an integrator governed by

V̇out = −
V1

C2R5
. (2)

Finally, since the inverting input of the rightmost amplifier is (virtually) grounded and the current
going through R6 also goes into R7, the circuit implements an inverting amplifier, i.e.,

V2 = −
R7Vout

R6
(3)

The output of the first multiplier is gmV
2
2 , and that of the third is

V3 = g2mV
3
2 , (4)

where gm is the gain of the electronic multiplier. Assembling Equations (1)-(4), one obtains a
second-order differential equation for Vout:

C1C2R4R5V̈out + p1
C2R4R5

R1
V̇out + p2

R4R7

R2R6
Vout + p3

g2mR4R
3
7

R3R3
6

V 3
out = Vin, (5)

which is a Duffing equation.

Forcing signal

Velocity signal

Damping knob

Damping switch

Test points

Displacement signal

Power supply

Frequency knob

Nonlinearity switch

Nonlinearity knob

Frequency switchSingle/double-well switch

Figure 2: Picture of the electronic Duffing oscillator.

Figure 2 shows a photograph of the realization of the circuit in Figure 1 using Texas Instrument
OPA210 operational amplifiers [5] and MPY634 multipliers [6].

2

Figure 6.1: Setup of the elec-

tronic Duffing [60]. The input

voltage is the force, and the out-

put voltages correspond to the

displacement and velocity of the

oscillator.

6.2 Experimental measurement

The models trained to predict both the fundamental and secondary resonances have been applied to

the electronic Duffing oscillator. Experimental data were collected via swept-up and swept-down sine

tests over the same frequency ranges used during model training. Table 6.1 summarises the oscillator

parameters.

Parameter m k1 k3 c F F̄ ζ

Unit [s2] [–] [V−2] [s] [V] [-] [-]

Value 1.00× 10−4 1.68 0.983 4.9534× 10−4 2.00 0.91 1.91 %

Table 6.1: Parameters of the electronic Duffing oscillator.

To generate the model input, the envelope of the oscillator’s response from swept-sine experiments is

extracted. This envelope corresponds to the stable branches of the FRC. However, in the vicinity of

bifurcations, the system experiences significant transient dynamics. These transients distort the true

steady-state behaviour and, if retained, degrade the quality of the extracted envelope.

In particular, near superharmonic resonances, transient effects can manifest as pronounced overshoots

in the measured response. These deviations from the steady-state amplitude can obscure the identi-

fication of the stable solution branches. To mitigate this issue, the data are carefully truncated near

bifurcation points in order to isolate the true steady-state portion of the response envelope. Prior to

truncation, an approximate estimation of the bifurcation frequencies is required to identify and exclude

the transient regions with sufficient precision.

Two complementary strategies can be employed to enhance the accuracy of bifurcation localisation:

reducing the sweep rate in swept-sine tests or utilising a stepped-sine approach. Decreasing the sweep

rate reduces overshoots, yielding a closer approximation to the actual fold location. On the other hand,
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the stepped-sine method involves applying discrete frequency steps and allowing the system to reach

steady-state at each step. This technique minimises transient effects and can achieve high-fidelity

fold detection, particularly when applied over narrow frequency intervals with fine resolution.

However, while stepped-sine testing provides superior accuracy in localising bifurcations, it becomes

increasingly impractical when extended over wide frequency ranges due to the substantial time required

for system stabilisation at each frequency increment. In contrast, the swept-sine approach offers a

more efficient means of characterising the full frequency range, particularly when the sweep rate is

appropriately adapted to the resonance type and dynamic sensitivity.

For the fundamental and subharmonic isolas, the excitation frequency was swept over the ranges

[0, 6ω0] and [0, 10ω0] respectively, using a sweep rate of 1Hz/s to balance resolution and experiment

duration. In contrast, for the more sensitive superharmonic responses (e.g., 3:1 and 2:1), a significantly

slower sweep rate of 0.025Hz/s was employed. Additionally, in the vicinity of bifurcations, further

low-sweep-rate tests were conducted to enhance the fidelity of fold localisation.

Figure 6.2 shows the swept-up (blue) and swept-down (orange) responses around the fundamental

resonance at F̃ = 2V. The black envelope corresponds to the portion of the response retained after

trimming at the fold bifurcations. Similarly, Figure 6.3 presents the response envelopes near the 3:1

and 2:1 superharmonic resonances, depicted in Figures 6.3a and 6.3b, respectively. As before, the

blue and orange curves show the raw swept-up and down responses, while the black curves indicate

the trimmed envelopes used as input to the model.
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Figure 6.2: Swept-up (blue)

and down (orange) sine tests re-

sponses of the electronic Duffing

oscillator at F̃ = 2V. The enve-

lope (black) is trimmed at fold

bifurcations.

The experimental setup exhibits a response offset of approximately -0.115V. These unavoidable offsets

break the system’s inherent symmetry. As a result, resonances like the 2:1 superharmonic can emerge

directly without symmetry-breaking bifurcations. The asymmetry, characterised by the symmetry

factor j̄ , also modifies the bifurcation structure. As shown in [3], depending on the level of asymmetry,

the 2:1 subharmonic branch can appear attached to the main resonance, as observed in the present

case.
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Figure 6.3: Swept-up (blue) and down (orange) sine tests responses around the (a) 3:1 and (b) 2:1 superhar-

monic resonances at F̃ = 2V. Black curves are the trimmed envelopes.

Furthermore, the superharmonic resonances appear at frequencies larger than respectively one-third

and one-half of the natural frequency, highlighting the presence of extremely high nonlinearities in the

system combined with high forcing.

To validate the predicted resonances, the ACBC [1] method is employed. This derivative-free, control-

based technique facilitates the identification of both stable and unstable branches of FRCs, eliminating

the need for numerical differentiation and thereby enhancing robustness to measurement noise. It

achieves this by stabilising periodic orbits through feedback control while maintaining non-invasiveness

via adaptive filtering, which ensures monoharmonic excitation.

Nevertheless, the standard ACBC framework may be insufficient for accurately capturing subharmonic

and superharmonic resonances. To address this limitation, an extended formulation, referred to as

extended-ACBC (x-ACBC) [71], is employed. This enhanced approach introduces a secondary contin-

uation parameter, typically linked to a non-fundamental harmonic component of the response, allowing

the procedure to target and even continue isolated solution branches.

Finally, the binary input images employed for model inference are shown in Figure 6.5. These input

images were generated using only the envelopes from swept-sine responses and subsequently applying

Bresenham’s line algorithm. The encoding procedure strictly adheres to the same frequency and

amplitude windows defined in Chapter 4, thereby ensuring consistency with the dataset generation

methodology. Each image serves as input to a specific model dedicated to predicting a particular

type of resonance. To ensure alignment with the training data, which were generated without any

offset and therefore exhibit a decay to zero at high frequencies, the experimental data were corrected

by subtracting the response offset. This effectively shifts the data and restores consistency with the

model’s input domain.
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(a) Fundamental resonance (b) Subharmonic

(c) 3:1 Superharmonic (d) 2:1 Superharmonic

Figure 6.5: Binary im-

ages were generated using

the Bresenham line algo-

rithm applied to the enve-

lope data from swept-sine

experiments. These serve

as inputs to predict: (a)

fundamental, (b) subhar-

monic, and (c)–(d) super-

harmonic resonances.

6.3 Prediction of the fundamental resonance

The prediction of the fundamental resonance of the electronic Duffing oscillator for the parameters

listed in Table 6.1 is carried out using the model trained on the fundamental dataset described in

Section 5.1.2. The corresponding binary input image is shown in Figure 6.4a. In this experimental

evaluation, the model used for inference was trained on the complete dataset, i.e. without a test/train

partitioning, allowing the network to exploit all available data to enhance predictive performance.

As a reminder, the model outputs a probability map where each pixel indicates the likelihood of

belonging to the unstable branch of the FRC. While a fixed decision threshold (τ = 0.6) can binarise

this map, a more robust alternative previously applied in Chapter 5.1.5 is to apply interpolation, which

resolves ambiguities such as multiple predicted pixels within the same frequency bin.

Figure 6.6 shows the interpolated prediction (blue) alongside the experimental measurement obtained

via x-ACBC (orange). The predicted curve aligns closely with the measurement across the entire

frequency range. The largest relative amplitude error, still as low as 1.53%, occurs near the lower fold

at ω ≈ 205 rad/s.

Additionally, the jump down and the calculated fold point with x-ACBC are closely related. This is

important because the model was trained using numerical samples obtained through HB continuation,

which means the unstable branch was separated at the actual bifurcation points. Although the jump

down is near, it may not be precisely at the exact bifurcation point. However, with a sufficiently low

sweep rate, the jump down remains close to the bifurcation. This high level of accuracy aligns well

with the model’s performance during numerical validation.

While this result is promising, it also suggests room for further refinement. As discussed in Chap-
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Figure 6.6: Prediction (—) and

measurement via x-ACBC (—

) of the FRC of the electronic

Duffing oscillator for F = 2 V.

The black dashed lines represent

the envelopes extracted from

the swept-sine tests.

ter 5.1.5, two key improvements were identified to enhance predictive performance: increasing the

resolution of the input images and refining the encoding methodology.

6.3.1 Prediction of the superharmonics

Finally, the model trained on the superharmonic responses at ratios 3:1 and 2:1 is employed for

inference using the input images shown in Figures 6.4c and 6.4d. The predicted responses, along with

experimental measurements obtained via x-ACBC, are presented in Figures 6.7a and 6.7b.
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Figure 6.7: Predicted (—) and measured (—) superharmonic responses of the electronic Duffing oscillator for

F = 2 V. The black dashed lines indicate the upper and lower envelopes of the response obtained from the

swept-sine excitation tests, while the missed portion of the predicted 2:1 branch is shown in green.

The prediction of the 3:1 superharmonic shows excellent agreement with measurements obtained via

x-ACBC, exhibiting a maximum relative amplitude error of less than 1%. Interestingly, the prediction
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appears even more accurate near the right fold bifurcation. This is due to the limited resolution

of the x-ACBC measurements in that region, which did not fully capture the branch up to the fold

point, effectively truncating it slightly beyond the bifurcation. In contrast, the prediction of the

2:1 superharmonic displays noticeable discrepancies with the measured response. In particular, the

model fails to capture an entire branch of the response, which is highlighted by the dashed green line

(representing the portion not predicted).

This limitation, however, can be explained by the nature of the 2:1 response. It emerges from a

symmetry-breaking bifurcation induced by the presence of a static offset in the excitation. The static

offset force Foffset can be estimated from experimental data by measuring the static displacement dx in

the absence of dynamic excitation. Assuming a restoring force with both linear and cubic components,

the static equilibrium condition gives:

Foffset = k1dx + k3d
3
x (6.1)

This provides a direct link between the observed static deformation and the equivalent static force

acting on the system. Applying the change of variable x(t) = y(t) + dx to the original equation of

motion:

mẍ + cẋ + k1x + k3x
3 = F sin(ωt) (6.2)

and simplifying leads to:

mÿ + cẏ +
(
k1 + 3k3d

2
x

)
y + 3k3dxy

2 + k3y
3 = F sin(ωt) (6.3)

This transformation reveals the influence of the static offset: the effective linear stiffness becomes

keff = k1+3k3d
2
x , slightly shifting the natural frequency, while the appearance of a quadratic nonlinear

term 3k3dxy
2 introduces asymmetry into the system.

These modifications have a significant impact on the system’s nonlinear dynamic behaviour. The

discrepancy observed between the predicted and experimentally measured 2:1 superharmonic FRC can

largely be attributed to the presence of this static offset. Figures 6.8a and 6.8b illustrate the FRC

obtained via HB continuation for the superharmonics 3:1 and 2:1, both with (orange) and without

(blue) the estimated offset.

In the absence of an offset, the 2:1 superharmonic does not contain a fold bifurcation. This further

explains why the model failed to predict this feature: such configurations are simply not represented

in the training database. Moreover, the shape of the 3:1 superharmonic also changes noticeably in

the presence of the offset. Interestingly, the model successfully captured the correct shape of the 3:1

response despite not having been explicitly trained on data exhibiting this behaviour. This highlights

the model’s strong generalisation capability.

Other sources of uncertainty, such as nonlinear damping and deviations from a purely cubic restoring

force due to tolerances in the electrical components, may also contribute to the mismatch. Nonethe-
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less, the primary source of the observed differences remains the presence of the offset.
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Figure 6.8: FRCs around the 3:1 (a) and 2:1 (b) superharmonics of the equivalent electronic Duffing oscillator

parameters (ζ = 1.91% ; F̄ = 0.91) computed using HB continuation. The results are shown both with (—)

and without (—) the estimated static offset in the restoring force. Solid lines indicate stable branches, while

dashed lines represent unstable branches.

6.3.2 Prediction of the subharmonics

Finally, the prediction of the subharmonic resonances follows the same methodology as the one em-

ployed for the fundamental and superharmonic resonances. Inference is performed using the input

image shown in Figure 6.4b. The predicted subharmonic responses are presented in Figure 6.9a, along-

side the experimental measurements obtained via the x-ACBC method. For reference, the swept-sine

measurements around the fundamental resonance are also displayed in dashed black lines. Figure 6.9b

provides a detailed view focused on the 1:3 subharmonic resonance.
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Figure 6.9: Predicted (—) and measured (—) subharmonic responses of the electronic Duffing oscillator for

F̃ = 2 V. The black dashed lines correspond to the upper and lower envelopes extracted from the swept-sine

excitation tests.
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The predicted 3:1 subharmonic resonance closely matches the experimental measurements. The

slight discrepancies observed can be attributed to the presence of a static offset and other system

uncertainties, which cause deviations from the ideal Duffing behaviour on which the model was trained.

Nevertheless, the predictions remain strong and consistent with the trends discussed for the fun-

damental resonance. They also align well with the observations made in the numerical validation

section.

6.4 Complete predicted FRC

To conclude, Figure 6.10 presents the FRC of the electronic Duffing oscillator for F̃ = 2 V. This global

FRC is assembled using only the swept-sine envelopes (black) and the predictions of the different

models corresponding to the fundamental, subharmonic, and superharmonic components (blue).

The resulting figure provides a comprehensive visualisation of the system’s nonlinear response land-

scape, combining experimentally accessible data with the model’s predictions of the inaccessible unsta-

ble branches with standard EMA techniques. This illustrates the potential of the proposed methodology

to enhance experimental system identification by enabling the reconstruction of complete FRCs.
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Figure 6.10: Reconstructed FRC of the electronic Duffing oscillator at F̃ = 2 V. The blue curve represents

the model predictions for fundamental, subharmonic, and superharmonic components, and the black curves

correspond to the envelopes extracted from swept-sine measurements.
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6.5 Chapter conclusion and discussion

Chapter conclusion

This chapter has demonstrated the practical applicability of the proposed ML methodology for

predicting FRC using an experimental electronic Duffing oscillator as a testbed. The exper-

iments were designed to validate the model’s capability to generalise from purely numerical

training data to real-world measurements.

The electronic Duffing oscillator offers a clean and controllable environment, thereby avoiding

the common complications associated with mechanical experiments, such as shaker-structure

interaction. Nonetheless, some imperfections inherent to the analogue implementation, such as

offset voltages, non-ideal components, and analogue computation errors, introduce deviations

from the ideal Duffing behaviour used during training.

Despite these challenges, the model showed remarkable robustness and generalisation ability.

The prediction of the fundamental resonance was highly accurate, with only minor discrepancies

near the fold points. Predictions of the 3:1 superharmonic and 1:3 subharmonic resonances

also aligned well with experimental results.

A notable limitation arose in predicting the 2:1 superharmonic response. The model failed to

capture a portion of this branch, which was shown, through numerical continuation with and

without offset, to emerge only when symmetry is broken, in this case by a static offset. Since

such offset-induced responses were not included in the training dataset, this behaviour is outside

the learned domain of the model. Nevertheless, this finding suggests a potential extension of

the dataset to include asymmetric cases.

In summary, the experimental validation confirms that the trained models are capable of ef-

fectively predicting both fundamental and secondary resonances, even in the presence of mea-

surement imperfections. The results are consistent with the conclusions drawn from numerical

validation and underscore the model’s ability to generalise beyond idealised training conditions.

The next chapter will extend the training data to a broader class of nonlinearities, aiming to

further enhance the robustness and predictive power of the framework.
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CHAPTER7
Generalisation across multiple oscillators

The preceding chapters have focused exclusively on the Duffing oscillator, utilising both numerical

simulations and experimental measurements to demonstrate the ability of deep learning models to

predict its fundamental and secondary resonances accurately.

Although the Duffing oscillator offers a rich and well-studied example of nonlinear dynamics, it rep-

resents only a specific subclass within the broader category of nonlinear oscillators. To evaluate the

generalisation capabilities of the models, this chapter extends the analysis to two additional systems:

the Helmholtz-Duffing (H-D) oscillator and the piecewise linear (PWL) stiffness oscillator. As in-

troduced in Chapter 2, these systems were selected for their distinct nonlinear characteristics and

frequency response profiles. The H-D oscillator combines quadratic and cubic stiffness terms, result-

ing in a softening-to-hardening transition in its response, whereas the PWL oscillator is characterised

by a non-smooth restoring force and, consequently, non-smooth dynamics.

The inclusion of these two systems enables the examination of the effect of training on a more diverse

set of nonlinear systems. This chapter initially focuses on predicting the fundamental resonance, which

serves as a consistent benchmark for assessing whether the incorporation of heterogeneous training

data improves, degrades, or leaves the model’s predictive accuracy unchanged. To this end, a new

model is trained on a composite dataset that includes frequency response data from the Duffing,

Helmholtz-Duffing, and piecewise linear oscillators. Its performance is then evaluated on the same

numerical Duffing test set introduced in Chapter 5, enabling a direct comparison with a model trained

solely on Duffing-type dynamics.

Subsequently, the model is tested on experimental data from the electronic Duffing oscillator described

in Chapter 6 to investigate whether training on multiple nonlinear systems enhances robustness to

real-world measurement imperfections. Finally, the model is evaluated on various nonlinear oscillators

not present in the training set. This final assessment offers insight into the model’s extrapolation

capabilities and its ability to capture generalisable features of nonlinear dynamic systems.

7.1 Extension of the dataset

The dataset, originally composed exclusively of FRCs from the Duffing oscillator, has been expanded

to include two additional nonlinear systems. As detailed in Section 2.3, the parameter spaces of

these systems include the damping ratio ζ and the dimensionless forcing amplitude F̄ parameters that

are likewise defined for the Duffing oscillator. In addition, the H-D oscillator introduces the non-

dimensional quadratic stiffness parameter β, while the PWL stiffness oscillator includes the stiffness

ratio κ. Consequently, the parameter space becomes three-dimensional for both systems.
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To ensure methodological consistency across all oscillator types, the window encoding strategy pre-

viously applied to the Duffing oscillator was retained. Similarly, the maximum allowable resonance

frequency shift was fixed at 500%. The ranges for the damping ratio ζ and the dimensionless forcing

amplitude F̄ were kept identical to those used in the Duffing dataset, thereby preserving uniform

training conditions. The harmonic truncation order was also fixed at NH = 7 for all oscillator types.

A particular challenge arises in the case of non-polynomial nonlinear restoring forces, such as those

encountered in PWL systems. These forces are not infinitely differentiable and typically generate an

infinite series of non-zero harmonics, which can lead to aliasing effects when discretised [39]. To

mitigate such numerical artefacts, it is essential to choose a sufficiently large number of time samples

N. An inadequate sampling rate can result in spurious oscillations. While increasing N improves

spectral accuracy, it is at the expense of higher computational cost, which scales approximately as

N log(N).

Table 7.1 summarises the parameter ranges employed in generating the datasets for the H-D and

PWL oscillators. The design goal was to sample a broad and diverse set of system responses, thereby

ensuring that a wide spectrum of FRC profiles is represented in the dataset.

Parameter Range of values Number of points

Damping ratio ζ [%] (0.5, 25) 30

Dimensionless force F̄ (0.1, 3) 30

Helmholtz-Duffing

Quadratic stiffness parameter β (0.5, 1.5) 30

Piecewise linear stiffness

Stiffness ratio κ (2, 10) 30

Table 7.1: Parameter values used for generating the Helmholtz-Duffing and PWL datasets.

To preserve balance across oscillator types, the dataset was constructed such that each system con-

tributes one-third of the total samples. This results in a combined dataset of over 54,000 samples

used for training.

7.2 Performance on the Duffing test set

To assess the influence of training data diversity on the model’s predictive performance, a comparative

evaluation is carried out using the same validation and test sets previously employed in Chapter 5.

While the test and validation sets remain unchanged, the key modification in this analysis lies in the

training data composition: the model is now trained on an extended dataset that includes not only

Duffing oscillator samples but also samples from H-D and PWL stiffness systems.

This experimental setup enables a direct comparison between two models: one trained solely on Duffing

oscillator data and another trained on an augmented dataset that includes multiple types of nonlinear

oscillators. The objective is to determine whether incorporating a diverse set of nonlinear oscillators

during training enhances, degrades, or preserves the model’s ability to generalise to a specific oscillator

type, in this case, the Duffing system.
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Figure 7.1 presents the F1 score distribution obtained when evaluating the Duffing test set using

the model trained on the augmented dataset. For reference, the performance of the model trained

exclusively on Duffing samples is reported in Figure 5.4. The comparison highlights both differences

in distribution and in the extrema of the F1 score across the test set.

Specifically, the minimum F1 score achieved by the model trained on the extended dataset is 62%,

compared to 70% for the Duffing-only model. While this indicates a decrease in worst-case perfor-

mance, the maximum F1 score remains comparable (95% versus 94%), and the corresponding samples

for both extrema differ between models. Despite these local variations, the average F1 score across

the test set remains effectively unchanged: 84.5% for the augmented model versus 84.2% for the

Duffing-only model. This result suggests that the inclusion of additional nonlinearities during training

does not compromise the model’s ability to generalise to Duffing-type responses. Rather, it indicates

that generalisation performance can be preserved, even in the presence of increased heterogeneity in

the training data.
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Figure 7.1: Distribution of the F1 score over the Duffing test set for the model trained on the augmented

dataset. Minimum and maximum scores are annotated.

To further illustrate the model’s behaviour, Figure 7.2 shows the prediction that resulted in the lowest

F1 score on the test set. In this example, the misclassified pixels, both false positives and false

negatives, are found to be spatially clustered. Consequently, even in this worst-case scenario, the local

nature of the errors ensures that their overall impact is negligible once interpolation is applied.
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Figure 7.2: Worst prediction on the Duffing test set

in terms of F1 score, for the model trained on the

augmented dataset. Black: input data; green: true

positives; blue: false negatives; orange: false positives.

7.3 Prediction on the electronic Duffing

In Chapter 6, the fundamental resonance and secondary resonances of the electronic Duffing oscillator

were predicted using a model trained exclusively on Duffing oscillator data. Its performance was eval-

uated against experimental measurements obtained via the x-ACBC method. In the present analysis,

the same prediction task, targeting the fundamental resonance, is revisited using a model trained on

the complete augmented dataset. The aim is to examine whether training on a structurally diverse

set of nonlinear oscillators affects the model’s ability to predict the fundamental resonance of a real

experimental setup. While the previous section addressed this question in a purely numerical context,

the current investigation focuses on the experimental case.

To ensure a direct and controlled comparison, inference is conducted using the same input image as in

Chapter 6 (Figure 6.4a), and the hyperparameters (see Table 5.4) remain unchanged. The resulting

prediction of the unstable branch, along with the experimental measurement obtained via x-ACBC and

the previously predicted unstable branch using the Duffing-only model, is shown in Figure 7.3.

As illustrated, the predicted curve deviates slightly from the one obtained using the Duffing-only

model. The maximum relative amplitude error with respect to the x-ACBC measurement increased

only marginally, from 1.53% to 1.64%. This maximum error is located near the low-amplitude fold at

approximately ω ≃ 206.5 rad/s. While the predicted unstable branch at lower frequencies lies slightly
below the measured one, it rapidly aligns with the experimental measurement and matches it perfectly

up to the resonance peak.

This systematic bias in the lower-frequency region could be attributed to the use of the Bresenham

line algorithm. This algorithm, while efficient for line rasterisation, may introduce minor inaccuracies

in regions with sharp curvature or low-amplitude features. A similar effect was observed during the

numerical validation of the fundamental resonance in Chapter 5, indicating that this issue is recurrent

across different use cases.
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Figure 7.3: Prediction (—),

measurement via x-ACBC (—),

and prediction with Duffing-only

model (—) of the FRC of the

electronic Duffing oscillator for

F = 2 V. The black dashed

lines represent the envelopes ex-

tracted from swept-sine tests.

The consistency of the results obtained across both numerical and experimental evaluations demon-

strates that training on a heterogeneous set of nonlinear oscillators does not diminish the model’s ability

to predict the behaviour of a specific system, such as the Duffing oscillator. Despite the inclusion of

inherently distinct dynamics in the training data, predictive accuracy remains nearly unchanged.

7.4 Generalisation to unseen nonlinear oscillators

Up to this point, the analysis has focused exclusively on the Duffing oscillator, both through numerical

simulations (Chapter 5) and experimental validation (Chapter 6). Even in the case of the electronic

Duffing oscillator, discrepancies were observed between the measured data and the idealised Duffing

model, attributed primarily to offset effects and component imperfections. Nevertheless, the dominant

characteristics remained aligned with Duffing-type behaviour.

To evaluate the model’s capacity to generalise beyond its training distribution, the following analysis

considers nonlinear oscillators not included in the training set. The model trained on the augmented

dataset is assessed based on its performance in predicting the fundamental resonance of a parametric

family of systems governed by:

ȳ ′′ + 2ζȳ ′ + ȳ + sign(y) |ȳ |α = F̄ sin(ω̄τ), (7.1)

where α ∈ {2, 2.5, 3.5}, with the damping ratio set to ζ = 5% and the nondimensional forcing
amplitude F̄ varied across cases.
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Case α = 2: Helmholtz oscillator

This configuration corresponds to a Helmholtz-type oscillator, characterised by a quadratic stiffness

nonlinearity. Figure 7.4 illustrates the predicted fundamental resonance curves at various forcing

amplitudes, overlaid with HB continuations depicted as black dashed lines. Table 7.2 presents the

corresponding maximum relative amplitude errors.

Forcing amplitude F̄ [-] 1 2 3

Max. relative error [%] 4.93 7.31 8.53

Frequency at max. error ω̄ [-] 1.70 1.91 2.06

Table 7.2: Maximum relative amplitude error for α = 2 (Helmholtz oscillator)
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Figure 7.4: Predicted fundamental resonance curves (solid lines) for F̄ = 1 (—), F̄ = 2 (—), and F̄ = 3

(—), compared to the corresponding HB continuations (black dashed lines). Results are shown for a nonlinear

system with α = 2.

The predictions exhibit good agreement with the reference curves, with the highest discrepancies

observed near the lower-amplitude fold. Once again, this region is particularly challenging due to the

combination of high curvature and steep gradient of the response, as previously discussed in Chapters 5

and 6.

Case α = 2.5

This case corresponds to an oscillator governed by a non-integer exponent, representing intermediate

behaviour between quadratic and cubic nonlinearities. As illustrated in Figure 7.5 and Table 7.3, the

model maintains high predictive accuracy across all tested forcing amplitudes. Relative errors remain

below 3% across all examined forcing amplitudes. The lower error values compared to the α = 2

case may be attributed to the presence of Helmholtz-Duffing-type dynamics in the training set, which

closely approximates the characteristics of systems with α = 2.5.
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Forcing amplitude F̄ [-] 1 2 3

Max. relative error [%] 1.91 2.65 2.64

Frequency at max. error ω̄ [-] 1.69 1.95 2.14

Table 7.3: Maximum relative amplitude error for α = 2.5
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Figure 7.5: Predicted fundamental resonance curves (solid lines) for F̄ = 1 (—), F̄ = 2 (—), and F̄ = 3

(—), compared to the corresponding HB continuations (black dashed lines). Results are shown for a nonlinear

system with α = 2.5.

These results once again confirm the model’s capacity to generalise toward nonlinearities not explicitly

encountered during training but lying within the dynamic envelope of the training data.

Case α = 3.5

Figure 7.6 and Table 7.4 present the model’s predictive performance for the final test case, charac-

terised by α = 3.5. Despite the increased nonlinearity, the predictions remain highly accurate across

all forcing levels.

Forcing amplitude F̄ [-] 0.5 1 2

Max. relative error [%] 3.73 3.13 1.93

Frequency at max. error ω̄ [-] 1.46 1.71 2.00

Table 7.4: Maximum relative amplitude error for α= 3.5

Taken together, the three test cases (α = 1, 2.5, and 3.5) demonstrate the model’s consistent

accuracy across increasing levels of nonlinearity.

This highlights the promise of building sufficiently rich datasets incorporating diverse oscillator types,

which, coupled with the model’s extrapolation capabilities, could lead to generalisable frameworks

for nonlinear resonance prediction. While this chapter focused on SDOF systems and fundamental

resonances, future developments should extend the approach to secondary resonances and MDOF sys-
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Figure 7.6: Predicted fundamental resonance curves (solid lines) for F̄ = 0.5 (—), F̄ = 1 (—), and F̄ = 2

(—), compared to the corresponding HB continuations (black dashed lines). Results are shown for a nonlinear

system with α = 3.5.

tems. Such advancements would enable robust, data-driven tools applicable in experimental scenarios

where experimental continuation methods may fail due to sensitivity or robustness limitations. Since

the only required inputs are the stable branches, readily obtainable through standard experimental

modal analysis, this approach remains practically viable for experimental implementation.
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7.5 Chapter conclusion and discussion

Chapter conclusion

This chapter assessed the generalisation capabilities of the deep learning model when trained

on a heterogeneous dataset comprising frequency response data from three structurally distinct

nonlinear oscillators: Duffing, Helmholtz-Duffing, and piecewise linear stiffness systems. The

evaluation was conducted through a series of tests that involved both numerical and experi-

mental data.

The first part focused on the Duffing oscillator, using the same test set introduced in Chapter 5.

It was shown that expanding the training dataset to include multiple nonlinear systems did not

deteriorate performance on the Duffing oscillator. The average F1 score remained unchanged

from that of a model trained solely on Duffing data, indicating that increased training diversity

does not compromise predictive accuracy.

The second part examined the robustness of the augmented model on experimental data from

the electronic Duffing oscillator, as presented in Chapter 6. Predictions remained consistent

with experimental measurements, with only marginal variations in relative error. This result

confirms that incorporating different nonlinearities during training does not compromise the

model’s performance on real-world data.

Finally, the generalisation ability of the model was tested on nonlinear systems not present in the

training set, characterised by nonlinear restoring forces of the form ȳα with α ∈ {2, 2.5, 3.5}.
Even in the presence of previously unseen dynamics, the model demonstrated strong predictive

accuracy, with relative amplitude errors remaining below 9% in the worst-case scenario. These

results suggest that the model is capable of extrapolating its learned representations to unseen

types of nonlinear behaviour, provided that they remain within the dynamic envelope implicitly

defined by the training data.

Overall, the findings of this chapter support the conclusion that training on a structurally diverse

set of nonlinear oscillators enables the model to generalise effectively across a broad spectrum

of nonlinear dynamic systems.
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CHAPTER8
Conclusion and perspectives

Conclusion

The primary purpose of this work was to explore how machine learning can be leveraged to support the

experimental analysis of nonlinear systems, particularly in the context of identifying nonlinear frequency

response curves. Nonlinear systems are characterised by complex phenomena, including multistability,

bifurcations, jump discontinuities, and the emergence of secondary resonances, both attached and

detached. These phenomena render standard experimental modal analysis methods, such as swept-

sine and stepped-sine excitation, insufficient for comprehensive system characterisation. Specifically,

unstable solution branches remain inaccessible with these methods.

This master’s thesis investigated whether machine learning can overcome this limitation by learning a

mapping from standard experimental data to the complete nonlinear response, including unstable and

even isolated responses. To the best of the author’s knowledge, this is the first research to propose

and implement such an approach.

Two central research questions were addressed:

1. Can machine learning approaches bridge the gap between standard experimental model analysis

(EMA) testing and nonlinear frequency response?

2. How well does the machine learning model generalise when applied to both experimental data

and nonlinear numerical systems not represented in the training set?

To address these questions, the thesis was structured to provide both theoretical background and

practical implementation, progressing from foundational principles to numerical and experimental val-

idations.

Chapters 2 and 3 established the theoretical and methodological groundwork. Chapter 2 quantitatively

illustrated the discrepancy between linear and nonlinear resonance behaviour using the Duffing oscilla-

tor, further enriched with studies on Helmholtz-Duffing and piecewise linear oscillators. It emphasised

how nonlinear dynamics give rise to multiple resonances, bifurcations, and complex stability landscapes.

Chapter 3 introduced supervised deep learning, with a focus on convolutional neural networks, training

principles, loss functions tailored to imbalanced binary classification, and hyperparameter optimisation

strategies.

Chapter 4 outlined the methodology for constructing the training dataset, which is a critical com-

ponent of the machine learning framework developed in this work. Frequency response curves were
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computed using harmonic balance continuation and subsequently encoded into binary images using

a specific grid-based discretisation approach based on Bresenham’s algorithm. This image represen-

tation allows convolutional neural networks to efficiently process the data and learn the underlying

patterns associated with nonlinear dynamic behaviour.

Chapter 5 addressed the first research question by applying the proposed framework to numerical

Duffing oscillator simulations. The model trained on fundamental resonance data successfully pre-

dicted unstable branches with high accuracy, even under challenging test conditions. An image-based

interpolation strategy was introduced to reconstruct continuous curves from grid-based predictions,

revealing the trade-offs introduced by discretisation. For secondary resonances, the model also demon-

strated the ability to detect subharmonic responses, particularly isolated ones, validating its capacity

to generalise across multiple nonlinear phenomena.

Chapter 6 introduced the second research question in the context of experimental validation by tran-

sitioning from simulation to real-world data, employing an electronic Duffing oscillator to test the

model’s performance in experimental conditions. Input data was obtained from swept-sine excitation,

while x-ACBC was used to obtain ground-truth FRC. The model predicted the unstable segment of the

fundamental resonance with a maximum relative error of only 1.53%. Superharmonic predictions (3:1)

showed strong agreement with x-ACBC, in some cases exceeding its resolution. However, the model

underperformed in predicting the 2:1 resonance, likely due to structural offsets in the experimental

system absent from the training data. Still, the model successfully identified the 1:3 subharmonic

response, highlighting its robustness.

Chapter 7 further explored the second research question by evaluating the model’s ability to generalise

beyond the systems used in training. A convolutional neural network was trained on a composite

dataset including Duffing, Helmholtz-Duffing, and piecewise linear stiffness oscillators. Its predictive

performance was first assessed on the standard Duffing test set, providing a direct comparison with

a baseline model trained solely on Duffing data. The model was then applied to the experimental

Duffing oscillator, validating its robustness under real-world measurement conditions. Finally, the

evaluation was extended to several additional nonlinear oscillators not present in the training set. In all

cases, the model demonstrated strong predictive capabilities, accurately predicting the fundamental

resonance of the frequency response curves. These results underscore the model’s capacity to learn

various representations of nonlinear dynamics and highlight the importance of diverse training data for

generalisation.

Limitations

Despite the promising results obtained both numerically and experimentally, several limitations remain:

Firstly, the current method encounters minor discretisation errors caused by the binary image repre-

sentation of frequency response curves. These errors occur near bifurcation, where rapid changes in

amplitude over narrow frequency intervals require high resolution for accurate capture. One straight-

forward mitigation strategy involves increasing the resolution of the input and output images. A higher

resolution directly enhances the frequency and amplitude resolution of the representation. However,

this improvement comes at the cost of increased computational and memory demands. Additionally,

the resolution cannot be endlessly increased because of hardware limitations. Consequently, while
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higher resolution can reduce discretisation effects, such limitations cannot be entirely eliminated.

The second limitation arises from the image encoding strategy. The current approach employs Bresen-

ham’s line algorithm to convert continuous frequency response curves into binary images. Although

this method is computationally efficient and simple to implement, it exhibits reduced accuracy in

regions of high curvature or steep slope, particularly near bifurcations. This can lead to unrealistic

pixel activations, where an extended vertical segment is assigned to a single frequency bin, resulting

in staircasing effects that poorly reflect the actual curve geometry. A potential improvement lies in

the use of anti-aliased line rendering techniques, such as Xiaolin Wu’s algorithm, which assigns pixel

intensities proportionally to their distance from the ideal continuous line. However, this change trans-

forms the task from strict binary segmentation into a regression problem. In practice, this requires

replacing the loss with a mean-squared error. This approach produces smoother representations and

better preserves the structure of the frequency response. Alternatively, more advanced binary encoding

schemes tailored to the specific characteristics of the frequency response curves may be developed to

enhance precision without significantly increasing computational complexity.

Lastly, although the model demonstrated strong performance in predicting the resonances observed

in the experimental setup, such as the fundamental, the 1:3 subharmonic, and the 3:1 superharmonic,

it failed to accurately predict the 2:1 superharmonic resonance branch. As discussed in Chapter 6,

this branch becomes stable and observable due to a symmetry-breaking bifurcation induced by a small

DC offset in the experimental electronic Duffing oscillator. The presence of this offset transforms an

otherwise unstable mathematical solution into a physically realisable resonance, significantly altering

the structure of the frequency response curve and leading to dynamic behaviour not captured in the

training dataset. As a result, the model was unable to generalise to this particular configuration.

This highlights the importance of constructing a diverse and representative dataset that accounts for

a broad range of nonlinear responses and system perturbations, thereby enhancing generalisation to

real-world conditions.

Perspectives

This master’s thesis opens several promising directions for future research in the domain of nonlinear

vibrations and data-driven modelling.

First, the present work has primarily focused on SDOF Duffing oscillators. Although Chapter 7

introduced a combined dataset including Helmholtz-Duffing and piecewise-linear stiffness oscillators,

many other types of nonlinearities remain unexplored. These include higher-order polynomial stiffness,

Coulomb friction, and different non-smooth restoring forces. Extending the current framework to

encompass such nonlinearities would be a crucial step toward developing a model capable of generalising

to a broader class of nonlinear dynamical systems.

Second, extending the proposed method to MDOF systems constitutes an essential research direction.

MDOF systems exhibit modal interactions that couple the response of individual modes, thereby

introducing additional complexity into the overall dynamic behaviour. Addressing these interactions

would contribute to the development of a more generalised model, capable of capturing the dynamics

of a wider class of mechanical structures beyond SDOF systems. In parallel, such advancements

would also facilitate the application of the proposed methodology to more complex and experimentally



8 — CONCLUSION AND PERSPECTIVES 80

challenging setups.

Third, the dataset generation framework itself could be improved and made more robust. Possi-

ble improvements include implementing branch-switching mechanisms to more faithfully capture the

complete frequency response curve, including disconnected solution branches. Alternatively, existing

continuation toolboxes that incorporate such advanced methods could be leveraged.

Finally, this work demonstrates the effectiveness of using a classical U-Net architecture to predict un-

stable branches of FRCs, but it also highlights several avenues for further research and improvement.

While the current implementation is based on the classical U-Net architecture, variants such as the

Attention U-Net [54], Residual U-Net [83], or different encoder-decoder configurations could lead to

improved performance by better capturing spatial hierarchies or enhancing gradient flow. Addition-

ally, while the proposed method addresses the problem from a logical and well-founded perspective,

exploring alternative paradigms may reveal different or even superior approaches. Therefore, there is

still room for improvement, both within the current methodological framework and beyond, through

the investigation of fundamentally different deep learning strategies.

In summary, future work should not only extend the methodology to richer nonlinearities and higher-

dimensional systems but also explore enhanced network architectures and alternative deep learning

paradigms to further improve accuracy and generalisation.
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APPENDIXA
Hyperparameter optimisation

A.1 First-stage hyperparameter optimisation

Figure A.1 presents the evolution of the F1 score on both the validation and test sets throughout the

training epochs. The different curves correspond to various combinations of focal loss hyperparame-

ters, namely α and γ.

The corresponding F1 scores at the final epoch, along with the optimal threshold τ values, are reported

in Table A.1. These results include a comparison with a standard binary cross-entropy baseline.

α = 0.6 α = 0.7 α = 0.8 α = 0.9

BC
E

γ
=
1.
0

γ
=
2.
0

γ
=
3.
0

γ
=
1.
0

γ
=
2.
0

γ
=
3.
0

γ
=
1.
0

γ
=
2.
0

γ
=
3.
0

γ
=
1.
0

γ
=
2.
0

γ
=
3.
0

Validation set 0.811 0.828 0.824 0.824 0.827 0.826 0.834 0.825 0.835 0.835 0.820 0.819 0.820

Test set 0.827 0.830 0.829 0.827 0.828 0.830 0.835 0.825 0.836 0.835 0.821 0.823 0.821

Optimal τ 0.400 0.500 0.500 0.500 0.550 0.550 0.550 0.600 0.600 0.550 0.750 0.650 0.600

Table A.1: F1 Scores and optimal threshold τ for different α and γ values, including BCE baseline, on the last

epoch.

A.2 Second-stage hyperparameter optimisation

A subsequent hyperparameter optimisation was conducted to further enhance the model architecture.

This second-stage search varied the network depth, the number of convolutional layers per depth level,

the number of filters, the learning rate, and the batch size.

Table A.2 summarizes the validation and test set F1 scores for each architecture explored, including

a comparison with the original U-Net configuration proposed by Ronneberger [63].

A.3 Kernel size comparison

Finally, the influence of the convolutional kernel size on model performance was assessed. Figure A.3

compares the F1 score evolution for models trained with kernels of size 3 and 5, using the best

hyperparameters obtained from the two-stage optimisation process.
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Figure A.1: Evolution of the F1 score over training epochs on the validation (a) and test (b) sets for different

focal loss hyperparameters α and γ. The model architecture consists of four encoding and decoding layers,

three convolutional operations per layer, an initial number of 16 filters, a learning rate of 10−4, and a batch size

of 128.
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Figure A.2: Evolution of the F1 score over training epochs on the validation (a) and test (b) sets for various

model architectures obtained through a random search procedure.
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Run Depth # Convolutions Filters Learning rate Batch size Val F1 score Test F1 score

Ronneberger [63] 4 [2,2,2,2] 64 1e−4 32 0.7402 0.7557

15 4 [2,4,5,5] 32 8.31e−4 32 0.8411 0.8353

14 5 [3,4,5,5,5] 16 1.60e−5 32 0.8366 0.8344

13 3 [2,4,5] 8 5.94e−4 32 0.7754 0.7817

12 3 [2,5,5] 16 1.80e−5 32 0.7187 0.7332

11 3 [4,5,5] 64 1.00e−5 32 0.7684 0.7780

10 4 [2,5,5,5] 16 1.55e−4 32 0.8467 0.8410

9 5 [3,4,5,5,5] 8 7.65e−4 32 0.8460 0.8400

8 5 [3,4,5,5,5] 32 1.15e−4 32 0.8479 0.8411

7 3 [4,5,5] 64 7.10e−4 32 0.7892 0.8018

6 4 [3,4,5,5] 64 2.24e−4 32 0.8461 0.8407

5 5 [3,5,5,5] 8 3.83e−4 32 0.8463 0.8403

4 3 [2,5,5] 16 1.45e−4 32 0.7842 0.7885

3 4 [3,4,5,5] 8 4.78e−4 32 0.8420 0.8378

2 3 [2,5,5] 8 8.00e−5 32 0.7552 0.7634

1 5 [3,4,5,5,5] 32 3.50e−5 32 0.8469 0.8414

Table A.2: Validation and test of the F1 scores for different model configurations.
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on the validation set
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models trained with a

kernel size of 3 (blue)

and 5 (orange).
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