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Abstract

Regional Climate Models (RCMs) are essential for producing high-resolution climate simulations
tailored to specific regions. However, their reliance on discretized physical laws and boundary con-
ditions from Global Climate Models (GCMs) limits flexibility for assimilating new observations and
makes long-term simulations computationally expensive, reducing the ability to explore multiple
possible climate states from the same GCM.

This thesis investigates the application of Score-Based Data Assimilation (SDA) ,reyling on
diffusion models, in the context of the Modéle Atmosphérique Régional (MAR) over Belgium. The
problem is framed from a stratistical perspective as an inverse problem.

The approach consists of (1) Training a diffusion model to approximate the prior distribution
of MAR outputs, (2) Exploiting zero-shot conditional generation to incorportate synthetic and
real-world observations.

A proof-of-concept is demonstrated training on two variables : the temperature and wind
speed, presenting the capabilities of the model to generate samples aligned with the observations
in various contexts including incorporating IRM weather stations and generate samples from the
GCM ERA-5 land-surface variables given at the boundaries, replicating the simulation of MAR but
for two variables.

Several limitations are acknowledged: the learned prior contains artefacts, posteriors condi-
tioned on part of the observations fail to predict other unassimilated parts, the model has not yet
been successfully scaled to all MAR variables or to a full simulation with all prognostic variables
across pressure levels, the generated ensembles are not calibrated, and computational gains over
traditional simulations are limited.



Introduction

Context

Regional Climate Models (RCMs) play an essential role in climate science by providing high-
resolution simulations (on the order of a few kilometers) of climate processes over specific domains.
To run these simulations, RCMs are typically forced at their boundaries by Global Climate Models
(GCMs), which capture large-scale atmospheric circulation but operate at much coarser resolutions
(tens to hundreds of kilometers). Through dynamic downscaling and regionally tailored land-
surface parameterizations, RCMs refine GCM outputs to finer spatial scales, enabling the study
of regional phenomena such as topography-driven precipitation, local extreme weather events, or
snowpack evolution. These fine-scale simulations are crucial for impact studies in sectors such as
agriculture, water management, and renewable energy production, where local climate conditions
directly determine outcomes.

Problem Statement

Despite their importance, RCMs present significant limitations. Simulating discretized physical laws
on fine spatial grids with small timesteps is computationally expensive, requiring substantial time
and resources to produce long climatological runs. Furthermore, RCMs are inherently constrained
and biased by their boundary conditions: incorporating new observations (e.g., from weather sta-
tions) within the domain, applying the model to new regions, or forcing it with another GCM
requires additional costly simulations. This lack of flexibility contrasts with the growing need for
adaptive, data-driven approaches that can assimilate diverse and evolving sources of information.

In addition, the high computational cost of physics-based simulations restricts the size of
ensembles that can be produced. Consequently, only a limited number of trajectories are typically
available, which fails to capture the full diversity of climate states consistent with a given set of
observations.

Recent advances in deep learning, and in particular generative diffusion models, open the door
to a new paradigm for climate simulation. Instead of explicitly solving physical equations, these
models can learn the prior distribution of climate states directly from RCM outputs. Once such
a prior is learned, it can be leveraged in zero-shot settings, enabling tasks on unseen scenarios
without the need for retraining.

Objectives

This thesis investigates the potential of generative diffusion models as a flexible and efficient
alternative to traditional physics-based RCM simulations. The specific objectives are:

1. Train a diffusion model to approximate the prior distribution of RCM outputs.

2. Investigate the ability of model to incorporate alternative forcings and real-world observations
in a zero-shot manner from the learned prior.
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3. Demonstrate, as a proof of concept, the emulation of RCM simulations from coarser GCM
boundary conditions in a simplified setting.

4. Assess the ability of diffusion models to exploit their stochastic nature in order to generate
large, diverse ensembles at a fraction of the computational cost of traditional RCMs.



Chapter 1

Diffusion Model

1.1 DDPM : Denoising Diffusion Probabilistic Models

The core idea behind Denoising Diffusion Probabilistic Models (DDPMs) is to gradually add Gaus-
sian white noise to an image over a fixed number of steps, until the image becomes indistinguishable
from pure noise (forward process). This process establishes pairs of (noisy image, original image)
that are used to train a neural network to reverse the forward process. That is, to predict and
recover the original image from its noisy counterpart (backward process). Once trained, the model
can generate new samples by starting from random Gaussian noise and iteratively applying the
learned denoising steps in reverse.

po(xalz1) po(zt—1|zt) po(zT|zT-1)

Figure 1.1: lllustration of the DDPM forward and backward processes. In the forward process,
data is progressively corrupted by adding Gaussian noise at each step. In the backward process,
the model learns to reconstruct the original data from the noisy version.

1.1.1 Forward Process

In the forward process, the latent variables scale down the previous variable and add progressively
Gaussian noise € ~ N(0, 1), with {B;}/_; € [0, 1] as hyperparameters

3
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{ z1 =1 —-[Bixo + Vb€, ift =1 (1.1)
zt:\/1—5tzt,1+\/ﬁet,Vt€{2,...,T} .

Therefore, the forward transition is defined as :

q(ztlze—1) ~ N(V1—Btzt—1,B:lt)

Since the diffusion process is defined as a first-order Markov chain, one obtains :
T
q(z1..7|x) = q(z1]x) H q(z¢|z¢-1)
t=2

By chain substitution and defining ay = H,Tzl 1 — B; , the transition from the original distribution
to the latent variable t is derived :

zT =+arxo + (1 — a)e

q(z¢|x0) ~ N (Vaexo, (1 — ag)l)

1.1.2 Backward process

The reconstruction of the original data from the Gaussian noise would be possible if g(z;—1|z:)
was known. However, this distribution is often not tractable. Therefore, the conditional backward
distributions are learned to approximate q(z;—1|z;).

Assuming the distribution at the end of the diffusion process is a standard normal distribution (pure
noise) and that the learnable reverse distribution between following latent variables is approximated
by a normal distribution :

{ po(zr) ~ N(0,1)

Po(zt-1]zt) ~ N (po(xe, 1), Zo(xe, 1))

However, the backward process conditioned on the original distribution is tractable :
q(zt|zt-1,%0)q(Zt-1|x0)

q(zt|x0)
~ N (fi(zt|x0).B:1) (Product of Gaussian random variables) (1.2)

q(zt-1]zt, x0) = (Baye's rule)

. 1 1— at > . .

= Zy— —— Derivation from (1.2
o= ( S ) -
1— (0% ’

B 1
Bo(xt, t) = Ja: (zt VT Greg(xe, t)

) (Reparametrization of the target)

Maximum Likelihood Estimation Given a training dataset {xi}ll.\lzl, the optimal parameters
could be approximated by maximizing the probability of the dataset given a parameter combination.
The problem can be equally formulated as the the search of the parameter in the parameter space

maximizing the log-likelihood of the dataset.

N
6 = argmaxgeo Z log(pe(xo")|6)
i=1
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The original distribution is marginalized over the latent space as:

T

pe(0) = [ bl z1.r)dzir = [ pa(zripa(rolz) [] po(zealze)dz.

t=2

In practice, this integral is intractable since it requires to integrate over a high-dimensional latent
steps across all diffusion steps t = 1,...,T. In fact, the number of possible trajectories grows
exponentially as the number of steps increases. In conclusion, training a diffusion model based on
the maximum likelihood estimation is infeasible.

Tractable approximation Defining a loss function as minimizing the opposite of the log proba-
bility of the dataset,

—log(pe(xp)) = — log </ po(x, z1.7) d21;T> (marginalization over latent variables)
_ Pe(x. 21.7) o
= —log [/ q(z1.71x) T dzl;T] (artifice)

PQ(szlzT):| . :
> — z17|x)log | ————= | dz;. Jensen’s inequalit
>~ [ ataurioos | 2B Nz auality)

=LviB (1.4)
Instead of minimizing the opposite of the log-likelihood, one searches to minimize a lower bound

of the opposite of the log-likelihood.
At the end, the loss is decomposed as :

- T
Lvig =Eqz )| —log ps(xolz1) + Z DkL (g(z¢-1|z¢, x0) || Po(ze-1|2¢)) + Do (a(z7(x0) || Pe(2T))
i =2
(1.5)
r T
= EQ(ZL..T) Lo+ Z Loy 4 L7 (1.6)
I =2

Noting that L+ does not rely on the parameters (both distributions of the KL-divergence are
parameter independent), the latter is ignored since it is a constant term.

Loss Function For L, the KL-divergence of two normal distributions is known and by reparametriza-
tion ([1.3]) with the noise, the equation simplifies as :

1
L:=E —_— , — D)2 1.7
= B |zl O ) = e, ) (17)

_E,.. [ (L= 00® e eo(Vao + /1= der, t>||2] (18)

201(1 — at||Ze||3)

Using a simplified loss function has shown improved results in experiments. In this approach, the
timestep t is sampled uniformly from the interval [1, T], and the loss simplifies to the mean squared
error between the predicted and true noise at that specific timestep t.

Loppm = Eif1 TIxoe: | |16t — €6(VArxo + /1 — Grér, t)||2} (1.9)
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Training and Sampling Algorithms

Algorithm 1 Training €g(x, t)

Algorithm 2 Sampling sg(x, t) [2]

1: Input: Data distribution g(xg), network €g

2: fori=1to N do

7:
8:

Xo ~ q(xo)

t~UKO,1,....T})

e~N(0,1)

Xt < w(t)xo+o(t)e {Diffusion process}

€+ |le — ep(xe, D)3
6 < GradientDescent (6, Vg£)

9: end for

N s w N

x ~ N (0, 1) {Initialize noise}
T < total steps
for t = T downto 1 do
z~N(0,1)if k> 1else 0
Xi_1 \/%7 (xt - \}%Tkke@(xt, t)) +o0:z
end for

return x {Generated sample}
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1.2 Score-based generative model

Another approach to diffusion model is based on score-matching.

Problem Let the data distribution p(x), an unknown distribution and some available samples
{x},’il, the goal of generative model is to compute the best approximation data distribution py(x)
of the original data distribution.

The approximation probability density function is defined as :

e*fe(X)
po(x) = >
: (1.10)
Ly = fXEX e~ () dx

The normalizing denominator term Zy computation requires to integrate over the entire space of
x which is intractable.

Score Function One way to get rid of this normalizing constant is to introduce the score function.
Intuitively, the score function defines the direction in which the data point has to be pushed in
order to increase the data point log probability.

Figure illustrates the contour lines of the probability density for a mixture of two Gaussian
distributions. Lighter colors indicate regions of higher density. The overlaid arrows represent the
score function, which points in the direction of the gradient of the log-density. The length of each
arrow corresponds to the magnitude of the score, with longer arrows indicating regions of steeper
gradients.

%\\\\\\ - N N A Y A v 4 ’

\\“‘»‘ﬂ‘**** -
=== ‘
\xll ARV 4AV. AVANE. K N T T Y 3
ttiﬁjlx////fék\
FONAATSA—F A X
LT T S S 2 AN P
\iii////’
\177/////”’1‘\
\1'?}}////f11‘\
. ””““’”H
) R R A
Vv'»V“‘\“““&\\
Idlb\\\\\\\\\\/

Figure 1.2: lllustration of the score function over the density of a mixture of two Gaussians [3]

so(x) := Vxlog pg(x) (1.11)

—fo(x)
= Vylog (e Zs >

= Vx (=f5(x))
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The idea is that instead of maximizing the likelihood, one searches to minimize the fisher divergence
between the score function of the learnable distribution and the original data distribution :
N 1 5
Ofisher = argmin S, |[Vxlog p(x) — se(x)]15 (1.12)
6co 2
= arg min Lsisher () (1.13)
0co
However, the score function of the original distribution is still unknown since it relies on the original

distribution itself.
After some derivations [4], the search of optimal parameter is rewritten as

D>

1 1 )
= argmin S By | tr(Vxsa(x)) + 5 llse(x)]12 (1.14)

d Osg;
i=1 8x,-
using a backward pass through the score function estimator sy(x) (typically a neural network) for
each component of the input vector x. This process is computationally expensive when the input
vector is high-dimensional (such as climatology variables).

Assuming x € R and sp(x) : R? — RY, The first term tr(Vxss(x)) = > is evaluated

Sampling The primary motivation for employing the score function lies in its role within a sam-
pling strategy known as Langevin Dynamics. This method begins by drawing an initial sample from
a prior distribution and then iteratively refines this sample toward regions of higher data likelihood.
The refinement is guided by an estimate of the score function, which approximates the gradient
of the data log-probability. To maintain stochasticity and encourage exploration, random noise is
injected at each iteration

Xit1 < X+ €Vylog p(x) +V2ez;

Here, z; ~ N(0,T) introduces Gaussian noise at each iteration, while € is a hyperparameter that
controls the step size magnitude.
In our case, Vylog p(x) is approximated by the neural network sg(x).

Challenge of score-based generative models There are two main limitations associated with
Equation . The first, previously discussed, concerns the high computational cost of one
of its terms. The second limitation arises in low-density regions of the data distribution. In
these areas, the scarcity of data points hinders the accurate approximation of the score function.
Consequently, if the initial sample in the Langevin Dynamics procedure falls within such a low-
density region, which is likely when sampling from the prior, the poorly estimated score may
misguide the sampling trajectory. This can cause the Langevin Dynamics to deviate significantly
from the true data manifold, ultimately degrading the quality of the generated samples.
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Data scores Estimated scores
i~ \ 77

Data density
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Figure 1.3: lllustration of the limitations of score estimation in low-density regions. [3|Left:
Ground-truth data density, where darker regions indicate higher density. Center: True score
function (i.e., the gradient of the log-density). Right: Estimated score function obtained from a
learned model. The estimated score is only reliable near the modes of the data distribution, where
sufficient training samples are available. In low-density regions, the approximation is poor and can
mislead sampling algorithms such as Langevin Dynamics.

1.3 Noise conditional Score Network

To address the challenges posed by low-density regions, one strategy is to perturb the original data
distribution by adding noise. This has the effect of populating low-density areas with more samples,
making it easier to estimate the score function. This approach is effective because score matching
losses are weighted by the data distribution, which down-weights errors in regions with few samples.

However, this introduces a trade-off: using a low noise level preserves the structure of the
original distribution but results in poor score estimation in sparse regions. Conversely, high noise
levels enable more accurate score estimation in these regions, but at the cost of distorting the
underlying data distribution.

To balance these extremes, a multi-scale approach is adopted, in which the data is perturbed
using several noise levels.

Discretized noise level scale The data distribution is perturbed using a set of N increasing
Gaussian noise levels {0,},’-\/:1. These noise levels are selected such that the smallest one mitigates
issues in low-density regions, while the largest remains sufficiently close to the original distribution.
For each noise level o;, the perturbed distribution is defined as:

po (%) = [ PO N(X | x,67D dx.
In practice, samples from this distribution are obtained using:
X=x+oe, €~N(01I) (1.15)

with x drawn from the original data distribution. The goal is to train a neural network sg(X, o)
to approximate the score function of each perturbed distribution:

s¢(X, 0j) = Vi log ps;(X).

The previous objective ([1.14)) is equivalent to the Denoising Score Matching (DSM) objective
[5], provided that the noise levels o; are sufficiently small.
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2
2
X —X

0o,(X | x) = N (X | x,07T), and thus Vsxlog o, (% | X) = — =

i

- X — X
se(X,07) + o2

1
Losm (8, 4o,) = 5 Ep(0Eas (31x) [

where the perturbation kernel is Gaussian:

To integrate information from all noise scales, the total loss is computed as a weighted sum:

N
£(6; {o}1,) = ,b;w(a,-) Losu(®. o) (1.16)

where 7y(o;) denotes the weight associated with each noise level [3].

1.4 Score-Based Generative Modeling via SDEs

Perturbing the original data distribution using a continuous spectrum of noise scales gives rise to
a stochastic process, i.e., a system that evolves over time with inherent randomness.

As in previous settings, samples xq are drawn from the unknown data distribution p(xg). A diffusion
process is then defined over time: for all t € [0, T], the variable x; evolves such that at the final
time T, x1 follows a tractable prior distribution (e.g., a Gaussian), from which sampling becomes
straightforward [1].

This time-dependent evolution is described by a Stochastic Differential Equation (SDE), commonly
formulated as:

dx = f(x, t)dt + g(t) dw (1.17)
where:

1. f(x, t) is the drift coefficient, representing the deterministic part of the system’s evolution
over time.

N

g(t) is the diffusion coefficient, which controls the intensity of the randomness at time t.

w

dw denotes an infinitesimal increment of a Wiener process (or Brownian motion), introducing
stochasticity into the evolution of x;.

Data Forward SDE Prior Reverse SDE Data

dz = f(z,t)dt + g(t)dw —)@— dz = [f(z,t) — ¢*(t)V, logp;(z)] dt + g(t)dw

"
—
—
—

()

Figure 1.4: Left: original data distribution . A stochastic process (forward SDE) maps this
distribution to a prior(middle), typically Gaussian noise. The reverse SDE then maps this prior
back to the data distribution (right), enabling generation of new samples. |\

10
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Reverse SDE To generate new samples, one starts by sampling from the prior distribution and
simulates the time-reversed SDE. This is possible because the reverse-time SDE admits a closed-
form expression [6]:

dx = [f(x, t) — g*(t) Vi log p¢(x)] dt + g(t) dw (1.18)

In practice, the true score function Vy log p(x) is not accessible, so a neural network is trained
to approximate it : sg(x,t) ~ Vylogp:(x), similarly to the previous score-based formulations.
Unlike the discretized setting, the noise level here varies continuously , and the model must therefore
learn to estimate the score function for all t € [0, T].

Estimation of the score function is based on a continuous generalization of (1.16)), it is a
weighted sum of Fisher loss divergence ((1.12)).

Lscore = E¢ {A(t)Ex(O)Ex(t)\x(O) [HSG(X(t)v t) - v><(t“) log pm(X(tNX(O))H%]} (1-19)

This objective is a continuous weighted combination of Fisher divergences, where t ~ U(0,T) is

sampled uniformly over time, and A(t) > 0 is a positive weighting function. In practice, A(t) is
often set inversely proportional to the expected norm of the score, i.e.,

o\ —1

A(e) o< (B[ Wy log poc (x(D)Ix(O))3)

to ensure balanced contributions from different noise levels.

To train this objective, we require access to the transition kernel po:(x(t)[x(0)). When the
forward SDE has affine drift and additive noise, this kernel is Gaussian and has closed-form expres-
sions for its mean and variance. In more general settings, this kernel can be estimated either by
solving the Kolmogorov forward equation or by simulating the forward SDE and applying alterna-
tive score matching techniques, such as sliced score matching or finite-difference score matching,
that do not require computing the exact gradient of the log transition density [1].

Once the score-based model sg(x(t), t) is trained to approximate V() log ps(x(t)), it can be
directly plugged into the reverse-time SDE to simulate data samples. These samples approximate
the original data distribution when the model is well-trained.

Connection with DDPM and NCSN Yang Song, the father of score-based generative modeling
through SDE [1] , demonstrates that its framework is a generalization of DDPM ([1.1)) [2] and
NCNS ([1.3]) [3] in the continuous case.

1. Variance Exploding (VE) SDE
From NCNS, There are N discretized noise scales {0,-},'-\’:1 1.3)) is rewritten as :

Vie{l,...N}:xj=xj_1 +1/0% —02 € (1.20)

As N converges to the infinity, previous equations becomes an SDE :

[do?(t
dx = Ud§ )dw (1.21)
2. Variance Preserving (VP) SDE

For DDPM[L.1} As N converges to the infinity. (1.1)) becomes :

dz — —%6(t)zdt + VB dw (1.22)
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Secondly, in a recent work [7], the authors emphasize that, as previously mentioned, diffusion
models currently represent the state-of-the-art in generative artificial intelligence. They outperform
alternative approaches such as Generative Adversarial Networks (GANs) and Normalizing Flows,
not only in generation quality but also in training stability, as they are generally less sensitive to
hyperparameter choices.

However, this performance comes at a cost: sampling speed. As discussed in the previous
frameworks, generating a single sample typically requires hundreds or even thousands of neural
network evaluations. For instance, in DDPM, up to 1000 steps may be required [2], which signifi-
cantly slows down the generation process. Consequently, a major line of current research focuses
on accelerating the sampling process.

In their work, Zhang et al. [7] identify a key limitation of previous approaches: approximating
the score function directly can become unstable in regions where the score exhibits high variance,
making training and inference less reliable. To address this, they reformulate the SDE loss as a
function of the predicted noise rather than the predicted score, offering a more stable and practical
training objective. €4(x(t), t) = —0o(t) sp(x(t), t)

This reformulation leads to a final loss of the form:

Lscore = Etn14(0,7) Eernr(0.7) Ex(0)~p(x(0)) |ll€6(x(1), ) — 6”%} : (1.23)

where x(t) = x(0) + o(t)e, and the neural network €g is trained to recover the noise directly.

This noise prediction loss, closely related to the DDPM objective introduced in , is adopted
as the final training objective in [7] and will also serve as the foundation for the experiments
conducted in this thesis.

1.5 Diffusion Posterior Sampling for General Noisy Inverse Problems
(DPS)

1.5.1 Context of Inverse Problems

In inverse problems, the objective is not only to sample from the prior distribution p(x), but
from the posterior p(x|y), where y is an observation. Typically, the forward mapping x — y, or
equivalently p(y|x), is known, whereas the inverse mapping is ill-posed or non-injective, hence the
term inverse problem.

1.5.2 Direct Approach

A straightforward approach consists in training a neural network sp(x(t), t | y) to approximate
the conditional score function V) log p(x(t)|y), by directly conditioning on the observation y.
However, this method requires retraining the network for each new observation y, or each distinct
observation process, which is computationally expensive and inflexible.

1.5.3 Problem Statement

To overcome this, we leverage Bayes' rule:

Vi) log p(x(£)ly) = Vy(r) log p(x(t)) + V(s log p(y[x(1)). (1.24)

The first term is approximated by a pre-trained unconditional score model sp(x(t), t) &~ V(1) log p(x(t)).
The challenge lies in approximating the second term V) log p(y[x(t)), since there is no direct
relationship between the noised variable x(t) and the observation y. This issue is illustrated in

Figure[1.5
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Figure 1.5: Black line: tractable; blue dotted line: intractable . Figure from [3]

Observation Model We assume the following observation model:
y = A(x) + ¢,

where A is a known measurement function and € ~ N(0,c?l) models Gaussian measurement
noise. This yields the tractable likelihood:

p(y|x) = N(A(x), o).

Approximation Strategy \We aim to approximate log p(y|x(t)). Applying the law of total prob-
ability:

pwvu»:/kuMpmnwwm

This integral is intractable, as it involves marginalizing over all possible clean signals x that could
have generated the noised input x(t).

Assuming a Gaussian observation model, we use Tweedie's formula to approximate the condi-
tional mean of the posterior p(x|x(t)):

X0(X(1)) = Expixix(e)) [X]
~ x(t) +0(t)* V(1) log p(x(t))
a u(t)
_X(t) + a(t)?se(x(t), t)
- p(t)
The key approximation made in DPS is to replace the intractable marginal likelihood gradient
V() log p(y[x(t)) by the following:

Vi) log p(y[x(t)) = Vy ¢y log p(y[Xo(x(t)))
~ Vo Iy — AGo(O))E

where the second line follows from the log-likelihood of a Gaussian.

Final Score Estimate Substituting this approximation back into Equation ((1.24]), we obtain the
final expression for the approximate posterior score:

V) log p(x(t)ly) ~ sp(x(t), t) — %vx(t) ly — Ao (x(O)I3 - (1.25)

This provides a closed-form approximation to the posterior score, allowing sampling from the
posterior p(x]y) without retraining the score model. Instead, inference is conditioned on new
observations y via the second term in Equation , avoiding the need to retrain a conditional
model for each inverse problem instance [, 9].
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Chapter 2

Score-based Data Assimilation

2.1 Score-based Assimilation

Data assimilation is a technique aimed at recovering the trajectory of a process’s state, which is
often intractable from noisy or partial observations. In fact, recovering the full state trajectory
solely from limited and imperfect observations is impossible. Therefore, data assimilation incorpo-
rates the transition dynamics between successive states in addition to the observations to better
estimate the state. Traditional data assimilation methods are computationally expensive.

On the other hand, although sampling time in diffusion models is not optimal compared to
other generative Al methods, their inference time is almost negligible compared to traditional data
assimilation methods for estimating and predicting the state of a system (e.g., Kalman Filter,
4D-VAR).

This motivates Francois Rozet and Gilles Louppe to introduce Score-based data assimilation [9].

2.1.1 Statement of the problem

Let u;.; be the trajectory of states of a discretized stochastic process. In data assimilation,
one researches to estimate these states. This is achieved by incorporating a noisy and imperfect
observation source y = A(uy..) + n along with the physical model : transition dynamics from
successive states p(u;y1|u;).

Assuming u;.; € RPXL and y € RM, A : RP*L — RM is the measurement function linking the
states to the observation. The imperfection of the observational instruments are modelized by the

Transistion dynamics : p(u;4|u;)

Figure 2.1: Visualization of the evolution of the discretized stochastic process together with the
observation source. The dependencies from one state to the next, as well as from all states to
the observations, are explicitly modeled, while the mapping from observations back to the full set
of states is referred to as the inverse problem.
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gaussian noise 1 [9].
The Bayesian inverse problem is formulated as :

p(yluy.)p(uy:;)

us. = Bayes’ Formula
= Mp(ul) Ll_[_lp(u- 1|lu;)  (first order Markov chain) (2.1)
p(y) e '

i=1

In some cases as in climatology, the states of the dynamical can be high-dimensional and the
trajectories arbitrary long (hourly data of dozens of years). Therefore, training a neural network
Vi, p(u1..(t)) would be challenging.

Markov Blanket In a set of random variables, the conditional distribution of a variable given
all other variables can sometimes be reduced to conditioning on only a subset of the variables.
This subset is called the Markov blanket of the variable. Formally, for a set of random variables
up.; = {u1, ..., uL}, the Markov blanket of x; is a subset up, C uy; such that

p(uj | w;) = p(u; | up,).

That is, knowing the values of the variables in the Markov blanket is sufficient to infer x;, and
adding information from the other variables does not change its conditional distribution.

For a dynamical system modeled as a first-order Markov chain, the minimal Markov blanket of
a state u; is simply its immediate predecessor and successor:

Up, = {Uj—1, Uip1}.

This reflects the dynamical structure: each state depends directly only on the previous state, and
it directly influences only the next state. Therefore, for an exact first-order Markov chain, the
conditional distribution of u; given all states can be exactly reduced to its Markov blanket:

p(ui | ur.p\i) = p(ui | ti—1, Ujy1).

When diffusion noise is added to the states, as in score-based diffusion models, this property no
longer holds exactly. Rozet and Louppe introduce the notion of a pseudo-Markov blanket up,(t)
for the perturbed states u;(t), such that

Viueylog p(uy: (1)) = V) log p(ui(t), tp,(£)).

The intuition behind the pseudo-Markov blanket is that, at early diffusion times t ~ 0, the states
are almost unperturbed and iy, (t) coincides with the true Markov blanket, while at late diffusion
times t = 1, the states are dominated by noise and conditioning on other variables adds little
information. For intermediate diffusion times, it is hypothesized that the local dynamical structure
can still be exploited by defining the pseudo-blanket as a window of 2k + 1 states around u;(t):

Up, (1) = {ui—(t), ..., -2 (t), U1 (t), ..., Uik ()},

with k < L. Using this local window, instead of modeling the score for the full trajectory, one can
train a neural network to approximate the score only for the subsequence:

So(Ui—k:itk(t), 1) = Vi, .y, log p(ui—kivk(t)).

This reduces the computational cost while leveraging the system's local Markovian structure, under
the hypothesis that distant states provide negligible additional information.
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Figure 2.2: Representation of the training procedure: a random diffusion time is sampled, along
with a random pseudo-blanket at that diffusion time (a subset of successive states noised at level
t). This pseudo-blanket is fed to the denoiser, which is tasked with predicting the corresponding
unnoised ground truth pseudo-blanket

Algorithm 3 Training eg(u;_x.;i1x(t), t) [9] Algorithm 4 Composing sp(u;j_g:j1(t), t) [9]
1: for i=1to N do 1: S1kr1 < Se(upokr1(t), )k + 1]
2: ul;LNp(ul;L) 2: fori=k+4+2tolL —k—1do
3: |~ U({k +1,..., L — k}) 3: Sj SQ(Uj_k:j+k(t), t)[k + 1]
4. t~U(0,1), e~N(0,/) 4: end for
5 Uji—kijtk(t) < p(t)Uji—girk +0(t)€ 5: Skl < Sp(ur—ok: (1), t)[k + 1]
6. £+ |leo(ujkiik(t), t) —€l3 6: return s
7: 0 < GradientDescent(0, Vy£)
8. end for

2.1.2 Likelihood
Problem of Score Instability

As t increases, the noise distorts the data distribution and the learned score exhibits errors com-
pared to the score of the true data distribution. Moreover, replacing the score in Tweedie's formula
by the learned score and amplifying it by the coefficient % results in the approximation of x(t)
by Xo(x(t)) that does not hold as t increases (wrong score and amplification).

In addition, if we consider a precise instrument, i.e : a small measurement noise covariance
Yy, the division by >, further amplifies the error in the approximated conditional likelihood score
of the observation given x(t). This creates an instability: both the growing factor Etg at large t
and the inverse covariance Zyl may lead to arbitrarily large corrections dominated by unreliable
score estimates.

This motivates a naive but practical approximation often adopted in the literature: replacing
>, by the identity matrix Z. Doing so removes the strong amplification effect due to small
measurement noise variance, and prevents the large-t regime from dominating the likelihood term.
However, this comes at the cost of ignoring the actual scale of the measurement noise, since all
observation errors are treated as if they were isotropic and of equal variance.
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Mitigation via Measurement Noise Accounting

Rozet and Louppe [9] mitigate the instability by explicitly accounting for the measurement noise in
the perturbed likelihood. Assuming a Gaussian prior, they approximate the covariance of p(x|x(t))
as

o(t)?

u(t)?

where [ is a positive semi-definite matrix capturing the prior covariance structure. Then, the
perturbed likelihood becomes

PEES

2
plyIx(©) = N (v AR(x(E)). T, + T ATAT),

with A the Jacobian of the measurement function. The corresponding likelihood score is

o(t)?
u(t)?
Because the covariance grows with o(t)?/u(t)?, its inverse damps the amplification of errors

in the score. The large factor is effectively cancelled, preventing variance explosion, similar to how
a Kalman filter down-weights measurements when uncertainty is high.

Vo 00 p(ylx() ~ (5, + T ATAT) "y — AR(x(1)))).
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Chapter 3

MAR : "Modeéle Atmosphérique
Régional"

3.1 Context

The available dataset consists of high-resolution numerical climate variables, simulated by the re-
gional climate model MAR (Modéle Atmosphérique Régional).

A Regional Climate Model (RCM) simulates climate processes over a limited region, as opposed
to Earth System Models(ESM).

This spatial restriction enables RCMs to produce higher-resolution outputs for a given computa-
tional cost, allowing for more detailed simulations of regional climate patterns. Moreover, certain
fine-scale processes may not be well captured by GCMs, but can be better resolved by RCMs.
Typically, a RCM consists of at least a mesoscale atmospheric model coupled with a land-atmosphere
interaction model. Boundary conditions forced by a coarser-resolution GCM drive the numerical
simulations. This process is known as downscaling [10].

MAR was initially developed to study the climate of Groenland [11]. Over time, the model has
been adapted to study different types of regional climate, including those of West Africa [12] and
more temperate climate in Europe [13], and has more recently been applied to Belgium [14] [15].

3.2 Description

3.2.1 Overview

MAR is based on a mesoscale atmospheric core that solves the three-dimensional hydrostatic prim-
itive equations of the atmospheric motion [16] coupled with a one-dimensional surface-atmosphere
(Energy and mass exchange at the surface) transfer scheme : SSIVAT (Sea Ice Soil Vegetation
Atmosphere Transfer) [17]. The latter allows for interaction between land and various surface
types, including snow, ice, vegetation, and soil.

MAR uses a common atmospheric core for all configurations; however, surface-atmosphere cou-
pling and transfer parameterizations are configurable so the model can be tailored to represent
region-specific processes and different regional climates.
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MAR Model
Input Simulation Atmosphere
; Mesoscale dynamics
Reanalysis o
or ‘ Radiation MAR Outputs
Global Climate Model Clouds and Precipitation (2D or3D)
(GCM, ESM, ....)) Boundary layer

‘ Temperature,
Precipitation,

Pressure,

Input Static Data Humidity,
p Land/Ocean Surface Solar radiation, etc.
Topography, ‘
Landuse, Ocean fluxes
Type of Vegetation, etc. Vegetation and Soils

Snow and Sea ice

Figure 3.1: Approach of the MAR model: The MAR model (black box) is driven by a reanalysis
or global model (upper orange box) and static data (lower orange box), producing 2D or 3D
meteorological variables (yellow box). [18]
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i u,v,h u,v,h 1,v,h
Ay
i-1 v.h u.v.h ,v.h
i-1 i i+1
P
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Figure 3.2: Arakawa A-grid : Spatial Discretization on a grid where the climate variables are
defined on the corners. Figure from [19]

3.2.2 Atmosphere core
3.2.3 MAR Physical Processes

The primitive equations in MAR form a system of eight coupled equations with eight unknowns
[16]: the horizontal wind components u and v, the vertical velocity ¢ in the terrain-following o
coordinate, the pressure difference p* between surface pressure and pressure at the top of the
model, the specific humidity g, the air density p, and the potential temperature 8. These variables
interact through partial differential equations governing horizontal and vertical momentum, the
thermodynamic state of humid air, continuity, energy, and humidity evolution. The system thus
describes the full dynamics of the atmosphere in continuous time and space.

Numerical scheme

To solve these continuous equations numerically, MAR employs a spatial discretization using the
Arakawa A-grid [19], where all variables, wind components, temperature, and humidity, are defined
at the corners of each grid cell. This collocation simplifies the representation of the fields on the
computational grid.

The numerical scheme relies on a splitting technique, decomposing the evolution over a small
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Figure 3.3: Principle of the semi-Lagrangian method: To compute the transported quantity W at
the current grid point (solid circle) at time t, trace back the trajectory to find its departure point
(open circle) at time t —At. Since the departure point typically lies between grid nodes (triangles),
cubic-spline interpolation is employed to determine W(t — At). Figure adapted from [21].

time step into three successive processes [20]. First, the transport step moves meteorological
quantities along air parcel trajectories, following a semi-Lagrangian approach: trajectories are
traced backward like in a Lagrangian method, but values are stored on the fixed Eulerian grid.
Second, an adjustment step accounts for the rapid effects of gravity and sound waves after the
transport along trajectories, modifying the fields accordingly. Third, turbulent exchange processes
act to smooth fluctuations produced by the previous steps, representing subgrid-scale mixing. By
treating these processes separately and then combining their effects additively, the method reduces
the computational complexity while maintaining physical fidelity at small interval of time [20].

Regarding advection, the semi-Lagrangian approach : The Eulerian method calculates the
quantities at fixed grid points but requires very small time steps to remain stable. The fully
Lagrangian method tracks individual air parcels but is computationally prohibitive. The semi-
Lagrangian method traces parcel trajectories to determine transport but interpolates back onto
the fixed gridy.

3.2.4 Boundary conditions

Concerning lateral boundary conditions, MAR is typically forced with the global reanalysis dataset
ERA-5, which provides atmospheric fields every six hours. The forcing variables include temper-
ature, wind speed components, pressure at each vertical level of MAR, as well as sea surface
temperature [14].

3.2.5 Relaxation procedure

The lateral relaxation procedure forces the regional climate model (RCM) toward the large-scale
state provided by a global model (GCM or reanalysis) only within a lateral buffer (or relaxation)
zone that surrounds the integration domain. Progressively stronger constraints are applied near
the domain edge, where the model values are ultimately fixed to the large-scale values, moving
inward through the buffer the constraints weaken and, in the interior, the RCM is free to evolve
according to its dynamical core and physical parameterisations . Forcing fields are provided at
regular intervals (typically every 6 h) and interpolated in time at each model step to avoid temporal
discontinuities. [22]
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Figure 3.4: Schematic of the lateral relaxation zone and domain partitioning. ( from [22].)

The relaxation tendency applied to any prognostic variable ¢ (for example T, u, v, g, ps) can
be written as
Op|  _ _®-@is
ot (%)

where ¢ s denotes the corresponding large-scale value from the GCM/reanalysis, 7(x) is the
relaxation timescale (a function of horizontal position that is small close to the lateral boundary
and increases toward the interior), and Kp(x) is the horizontal diffusivity (typically largest in the
buffer and reduced inward).

The two terms in have distinct roles. The first term is a Newtonian (or nudging) term
that relaxes the RCM state toward the large-scale forcing on a timescale 7(x). The second term
is a diffusion operator acting on the difference ¢ — @ s; it spreads and damps spatial gradients of
that difference so the transition from forced boundary to free interior is smooth and numerically
stable.

+ Kn(x) V(o — o1s) (3.1)

relax

3.2.6 Land Surface Model Integration

The land surface component is governed by the SISVAT (Soil Ice Snow Vegetation Atmosphere
transfer) scheme, simulating energy and mass exchanges between the surface and atmosphere.
This is a vertical model 1D with one vegetation layer along, one layer for the soil and 4 subsur-
face layers [23].This physically based model represents surface heterogeneity through a mosaic
approach, partitioning grid cells into multiple tiles (e.g., bare soil, vegetation, snow) to account
for subgrid variability. For each tile independently, SISVAT solves coupled energy and water bud-
gets, simulating processes such as radiative transfer (shortwave and longwave), turbulent heat
fluxes (sensible and latent), soil moisture diffusion, vegetation transpiration, snowpack evolution,
and runoff generation. Final grid-scale outputs are area-weighted averages of tile-specific fluxes.
The model interacts bidirectionally with MAR’s atmospheric core: downward radiation, precipita-
tion, and near-surface meteorological fields force the land surface processes, while SISVAT returns
upward fluxes of sensible heat, latent heat, and momentum, along with skin temperature and
albedo [23].

Soil-Vegetation System

The land surface module simulates energy and water exchanges using a resistance network that
governs flows between soil, vegetation, and the atmosphere [3.5] This framework partitions fluxes
into parallel pathways:

1. Resistances:

e r,,: Aerodynamic resistance for vegetation, impeding turbulent heat/moisture exchange
between the canopy and atmosphere.
® r.q: Aerodynamic resistance for soil, restricting turbulent fluxes from bare ground.

e .. Canopy resistance to transpiration, modulated by plant water stress.
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2. Interaction with the atmospheric core

e Meteorological: Temperature (T,), specific humidity (g,), wind speed, pressure.
e Radiative: Downward shortwave/longwave radiation.
e Hydrological: Precipitation.

3. Parameters (Characterization of the environment): 13 parameters to characterize the veg-
etation and soil profile (Displacement height, albedo, Soil parameters, ...)

4. Derived Variables (Outputs):

e Fluxes: Sensible heat (SHF), latent heat (LHF), evapotranspiration (ET).
e Surface states: Vegetation temperature (T, ), ground temperature (Ty).

e Hydrological: Runoff components, soil moisture, sublimation.

ha.(T) | T
v,

2

v

rp51

— WV

Figure 3.5: Resistance network in SISVAT's soil-vegetation system. The vegetation pathway (top)
combines r,, and r¢; the soil pathway (bottom) uses rag.

Snow Model

The snow model in SISVAT is based on the CROCUS model [25],26]. It represents a broad range of
snowpack processes, including radiative exchanges at the snow surface, turbulent fluxes and heat
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Figure 3.6: Representation of CROCUS variables, parameters. Figure from [24]

exchange with the atmosphere, internal processes such as heat conduction and water percolation
within the snowpack, as well as snow compaction.

The interaction with the atmospheric core is similar to that of the soil-vegetation system. The
snowpack is represented as a stack of snow layers. The model describes snow properties such as
dendricity (an indicator of snow freshness), sphericity (degree to which snow crystals are rounded),
grain size, density, and snow-surface age, Thickness, heat content for each snow layer.

Its outputs include simulated vertical profiles of temperature, density, and liquid water content
in the snowpack, snow depth and the compaction of individual layers, snow surface temperature,
water runoff at the base of the snowpack, as well as a detailed energy balance, which accounts for
sensible and latent heat fluxes, shortwave and longwave radiation, and the energy associated with
snowfall and rainfall.

Probabilistic Perspective From a probabilistic perspective, MAR is seen as simulator generating
climate trajectories from an unknown, complex ,high-dimensional distribution:

X1:L ™~ P(xl:L)

MAR operates as black-box mapping initial lateral boundary conditions to climate variable trajecto-
ries. The objective is not to study or reproduce the internal physical mechanisms of the black-box,
but rather to approximate its output statistically using generative Al (model approximating p(xi.;))
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Datasets

4.1 MAR Inputs

The inputs are the boundary conditions given by a General Circulation Model (GCM) along with
the soil-vegetation profile of the region (topography of the region, density of vegetation(NDVI),
Vegetation type, Surface roughness, ...). In the context of the dataset used in this work, Xavier
Fettweis performed climate simulations using the MAR model, forced at the lateral boundaries
with the global reanalysis dataset ERA-5 [27].

ERA-5 combines historical observations with climatological models using conventional data as-
similation (4D-VAR). The observations come from various sources, such as ground-level SYNOP
stations and satellites.

At its outputs, ERA-5 provides slightly fewer than 300 variables across 37 pressure levels, rang-
ing from 1000 hPa to 1 hPa, with an hourly temporal resolution starting from 1940.

For MAR, the inputs are the temperature T, the wind components (U and V), the specific
humidity g across all pressure levels, and the surface pressure SP. Some of the prognostic variables
in the system of equations of the physical core of MAR are not directly provided but derived from
other physical laws . p and 6 are derived from the inputs through the equation of state and
thermodynamic relations, while ¢ is determined via the continuity equation. In this way, MAR uses
the prescribed forcing fields to integrate the full dynamical system consistently.

4.2 MAR Outputs / MAR Dataset

The output includes 30 meteorological variables available at hourly resolution derived from the
various variables in the physical generator.Here, we have surface variables (2D) so the variables
are not defined at pressure levels. Later in this work, "MAR dataset","MAR Trajectory" or simply
"MAR" is considered as the actual outputs of the physical generator. A complete description of
these variables :

e Cloud Cover (CC [%])
Represents cloudiness: 0% indicates clear skies, 100% corresponds to fully overcast condi-
tions.

e Evaporation (EP [mm/h])
Amount of water evaporating from the surface per hour.

e Evapotranspiration (ET [mm/h])
Combined loss of water by evaporation and transpiration from vegetation.
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e Latent Heat Flux (LHF [W/m?])
Energy exchanged between the surface and atmosphere during phase changes of water (e.g.,
evaporation or condensation).

e Long Wave Downward Radiation (LWD [W/m?])
Thermal infrared radiation emitted downward from the atmosphere to the surface.

e 2m Specific Humidity (Q2m [g/kg])
Amount of water vapor in the air measured 2 meters above the surface.

e Rainfall (RF [mm/h])
Precipitation amount per hour.

e 2m Relative Humidity (RH2m [%)])
Ratio of actual to maximum possible water vapor at 2 meters above the surface.

e Rainfall (after canopy) (RO1 [mm/h])
Rain that reaches the ground after interaction with vegetation.

e Runoff from Snowmelt (RO2 [mm/h])
Water generated from melting snow.

e Rainfall interacting with Snow Layers (RO3 [mm/h])
Rain infiltrating or interacting with snowpack.

e Runoff from Surface Permeability (RO4 [mm/h])
Water running off the surface when soil permeability limits infiltration.

e Runoff due to Soil Saturation (RO5 [mm/h])
Excess water flowing after the soil becomes saturated.

e Runoff from Percolation (RO6 [mm/h])
Water percolating through the soil contributing to runoff.

e Sublimation from Snow (SN [mm/h])
Amount of snow directly converting to vapor (solid to gas).

e Total Runoff (RU [mm/h])
Sum of Snowfall and rainfall

e Snowfall (SF [mm/h])
Hourly water-equivalent of falling snow.

e Sensible Heat Flux (SHF [W/m?])
Heat exchanged between surface and atmosphere via conduction and convection.

e Sublimation from Soil (SL [mm/h])
Water vapor flux from soil moisture via direct vaporization.

e Sea Level Pressure (SLP [hPa])
Atmospheric pressure adjusted to sea level.

e Mass Balance (SMB [mm/h])
Net accumulation or loss of mass (typically snow/ice) over time.

e Sublimation from Snow (SN [mm/h])
Loss of water from the snowpack directly to the atmosphere by sublimation.
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e Surface Pressure (SP [hPa])
Atmospheric pressure measured at ground level.

e Soil Humidity Content (SQC [kg])
Average water content in the soil.

e Surface Temperature (ST [°C])
Temperature measured at the surface of the ground.

e Shortwave Radiation Downward (SWD [W/m?])
Incoming shortwave radiation at the surface.

e Direct Shortwave Radiation Downward (SWDD [W/m?])
Direct component of incoming shortwave radiation.

e 2m Air Temperature (T2m [°C])
Air temperature measured at 2 meters above ground.

e 10m Wind Speed (U10m [m/s])
Wind speed measured 10 meters above the ground.

e 2m Wind Speed (U2m [m/s])
Wind speed measured 2 meters above the ground.

Figure [4.1] shows the distribution and related statistical information for the trajectories simulated
by MAR in 2022.
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Figure 4.1: Distributions of MAR outputs

4.3 IRM Dataset

4.3.1 Dataset Overview

The IRM ("Institut Royal Météorologique de Belgique") provides synoptic-style observations from
29 automatic weather stations. Each station reports hourly values, computed as a short-term
average within the hour. The variables used in this study are listed in Table [4.1]

Variable Height | Averaging Window
TEMP 1.5 m | Mean between T-11 and T-10 (1 minute)
WIND SPEED | 10 m Mean between T-20 and T-10 (10 minutes)

Table 4.1: IRM SYNOP station variables and their measurement protocols

Observation Process

We extract corresponding MAR grid-point values at each station location, taking the nearest point
based on the Haversine distance. Let

H: R™ "% — RV
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be the operator that maps a gridded MAR field x(t) to its values at the N station coordinates:

ymar(t) = H(x(t)), yirm(t) = [y/‘(t)]/{vzr

Table summarizes the direct correspondence between IRM station variables and MAR
output fields.

IRM Variable MAR Field
Temperature (TEMP) T2m
10 m Wind Speed (WIND) | U10m

Table 4.2: Mapping of IRM SYNOP variables to MAR reanalysis fields.

Because IRM values are averaged over a short window (1min and 10 min) and MAR fields are
hourly means, a mismatch arises. Moreover, MAR does not explicitly assimilate these sparse point

observations, so a non-linear bias is expected. Figure illustrates this mismatch over the year
2020 for one weather station.

temperature Comparison for Station 6479 at (7, 41) wind_speed Comparison for Station 6438 at (4, 26)
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Figure 4.2: Year 2020 comparison of IRM synoptic station observations and corresponding MAR
grid-point values.

4.4 ERA-5-Land Reanalysis

4.4.1 Dataset Conditioning

Description

We select three variables from the ERA-5 Land hourly dataset for January 2020 (a period not seen
by the MAR denoiser during training) over a region centered on Belgium: the 2m air temperature
(T2Mggra) and the two horizontal wind components (Wyiom era, Wir10Mm,ERA). From the wind
components, we compute the wind speed norm as

Ul0megra = \/(WumM,ERA)2 + (Wyviom,ERA)?.

The resulting observation y* is defined on a grid of size [Yera, Xeral, Where each grid cell stores
two variables: {T2Mggra, U10meRra}.

Observation Process

The observation process is similar to the artificial coarsening experiment, except that the grid is no
longer divided into non-overlapping square patches, but each MAR grid point is instead linked to
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a corresponding region in the ERA-5 domain(Minimum Haversine length), because the two grids
use different coordinate systems and resolutions, their points do not align directly. ERA-5 relies
on a regular 0.25° x 0.25° latitude-longitude grid (approximately 25 km at the equator), whereas
MAR uses a 5 km x 5 km grid defined in the Belgian Lambert 72 projection. The observational
operator maps the MAR domain onto the ERA-5 grid (observational space). For each ERA-5 grid
cell, we identify the corresponding MAR pixels, and compute the averaie\value of each variable
over those pixels. This produces the aggregated fields T2Mgra and U10mega.
Figure [£.3] illustrates the downscaling process from the ERA-5 grid to the MAR grid.

MAR - 05 January 2020
04 h 08 h

2°E 3'E 4°E 5°E 6°E TE

A& v @ o
T2Zm (degC)

w

N

MAR AVG - 05 January 2020
08 h

=y

2°E 3'E 4°E 5E 6°E TE 2'E 3E 4°E 5°E 6°E T°E 2°E IE 4E 5°E 6°E TE

Figure 4.3: (a) T2M MAR trajectory shown every 4 hours, (b) Trajectory downscaled (Application
of the os-bservator)

Discrepancy between single-level ERA-5 and MAR

Comparing a MAR grid cell average (Observation Process) with the corresponding ERA-5 grid at
the same date will inevitably reveal discrepancies. First, the ERA-5 data we use here is not the
exact dataset employed to drive MAR's boundary conditions in the physical generator. Second,
the comparison is made for interior points, well inside the domain, rather than along the lateral
boundaries. Consequently, when you spatially average the high-resolution MAR output back to
the coarser ERA-5 grid, you should not expect those upscaled values to coincide with the original
GCM fields in the interior region. MAR relies solely on the GCM fields at its boundaries and then
applies its own physical parametrizations to evolve conditions inward, whereas a GCM like ERA-5
performs global data assimilation using observations from many sources.

Figure [4.4) demonstrates the temporal difference at a single grid cell between single-level ERA-
5 data and the corresponding averaged MAR patch over the same period (i.e. after applying the
observational sampling to MAR). Figure shows the temporal and spatial differences across
the entire domain at three timestamps, each separated by four hours. The results indicate the
presence of a bias that is neither constant in time nor uniform in space.
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Figure 4.4: Comparison for January 2020 at a single grid cell between the ERA-5 single-level
reanalysis and the MAR average patch for the same period
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Chapter 5

Experiments

5.1 Implementation

5.1.1 Model Architecture

Day —»

Hour——»

X Predicted
Sine/Cosine U-NET |, Predicte
v Noise
Noised

. J

Batch

Time of . .
. . —»| Sine/Cosine MLP
Diffusion

Figure 5.1: Conceptural representation of the architecture. The date is embedded before being
processed by the Denoiser along with the noised batch. The backbone U-NET predicts the added
noise on the noised batch

Figure illustrates the different components of the model. The denoiser receives as input
the noised batch, the context, and the embeddings corresponding to the diffusion time. Its output
is the predicted noise for the noised batch. The context consists of both spatial and temporal
components.

Backbone

Adaptation The U-Net undergoes several minor adaptations, as described in [2] to make it
suitable as a backbone for diffusion models. In fact, for (1.23), the purpose of the model is to
predict the noise added to the original sample at a given timestep.

The first one is to replace convolution blocks at a given level with Res-Net blocks [28]. The
main advantage is to avoid vanishing gradient, thus enabling the training of deeper architectures,
achieving better results.

Moreover, in diffusion models, the neural network needs to know the diffusion time or step (see

(1.23) , (1.14), (1.9) ). This is done by adding the sinusoidal embedding of the timestep at the
end of the ResNet block.
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Finally, adding self-attention blocks [29] helps the model to capture long-range dependencies, since
convolutions are limited to capturing neighboring dependencies (locality principle).

Implementation A Description of the model : Table [5.1] presents the U-NET architecture

Path Level Input Size # Blocks Hidden Channels Self-Attention
Encoder 0 64 x 64 x 29 2 64 No
Encoder 1 32 x 32 x 64 3 128 No
Encoder 2 16 x 16 x 128 4 256 No
Encoder 3 8 X 8 x 256 3 512 No

Bottleneck 4 4 x4 x512 2 768 Yes
Decoder 3 8 x 8 x 768 3 512 No
Decoder 2 16 x 16 x 512 4 256 No
Decoder 1 32 x 32 x 256 3 128 No
Decoder 0 64 x 64 x 128 2 64 No
Output - 64 x 64 x 64 - — 24 (final data channels) No

Table 5.1: Full U-Net architecture derived from the implementation: encoder, bottleneck, and
decoder with block counts, hidden channels, and attention. Input includes 24 data + 5 context
channels, output reconstructs only the 24 data channels.

used for the two-variable case (T2m and U10m). Experimentally, we found that adding self-
attention significantly improves the backbone’s ability to denoise images, but it comes at the cost
of higher computational resources; therefore, it is applied only at the bottleneck. The 2D spatial
region is discretized on a 64 x 64 grid, and we consider local windows of 12 consecutive hours.
The timestamp and variables are concatenated along a single channel dimension to make the
input compatible with the U-NET architecture (2D data with channels). Additionally, contextual
information can be incorporated: in this model, we add 5 layers of 64 x 64 features concatenated
along the input channels, resulting in an input tensor of size [Y, X, (W x VAR + CONTEXT)],
which is [64,64,29] in this case. The input corresponds to a batch of images noised at level t,
and the output predicts the noise at each pixel, noting there is not the context appended at the
output [Y, X, (W x VAR)].

30 variables The model is designed for 30 variables using an assimilation window of only 3
consecutive hours, since larger windows would significantly increase the number of channels and
make training more difficult (but not impossible !).

5.1.2 Conditioning
Temporal Conditioning

Meteorological variables show temporal fluctuations, on a daily and seasonal scale. To take ad-
vantage of this knowledge, a dedicated neural network learns a contextual representation of time,
passed to the main U-Net model later on. This avoids explicitly encoding any prior relationship or
knowledge, which could be a challenging task. This network receives as input the fraction of the
hour within a year (to account for diurnal patterns, such as solar radiation) and the fraction of the
day within a year to account for seasonal fluctuations.

The chosen architecture for this module is SIREN (Sinusoidal Representation Network) [30], which
is well suited for learning high-frequency patterns through the use of sinusoidal activations. Specif-
ically, the fractional day of the year and fractional hour of the day are converted into sine and cosine
components, resulting in a 4-dimensional input vector. This vector is then passed through a SIREN
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Path Level Input Size # Blocks Hidden Channels Self-Attention
Encoder 0 64 x 64 x 95 3 128 No
Encoder 1 32 x 32 x 128 3 128 No
Encoder 2 16 x 16 x 128 3 256 No
Encoder 3 8 x 8 x 256 3 384 No

Bottleneck 4 4 x 4 x 384 3 768 Yes
Decoder 3 8 x 8 x 768 3 384 No
Decoder 2 16 x 16 x 384 3 256 No
Decoder 1 32 x 32 x 256 3 128 No
Decoder 0 64 x 64 x 128 3 128 No
Output - 64 x 64 x 128 - — 90 (final data channels) No

Table 5.2: Full U-Net architecture for the VP-SDE model. Input includes 90 data channels (30
variables x 3 timesteps) plus 5 context channels, output reconstructs only the 90 data channels.
Each level has 3 residual blocks, and self-attention is applied only at the bottleneck.

network consisting of 6 fully connected layers, each with 256 hidden units and sinusoidal activa-
tions (with wg = 30 for the first layer). The network output is reshaped to [1,Y, X] to match the
spatial resolution of the main input.

Spatial Conditioning

As we work with climate variables, the local spatial relationship provided by the convolutions in
the U-NET could not be sufficient enough to provide precise positional information. Therefore, we
encode the position of the grid with sine and cosine as additional context channels in the backbone
U-NET. Spatial context is encoded via a fixed 2D sinusoidal grid over the 64 x 64 region. The
grid is constructed by taking sine and cosine functions of normalized spatial coordinates along
both axes, producing 4 channels that are constant across time but vary across space. Moreover,
the U-NET is initially designed for squared images and the region of interest is not symmetrical,
therefore a mask is used in order to make the difference between the region of interest and no
man's land. The network is therefore allowed to predict the noise outside the limits of the mask,
but these values are meaningless and are not taken into account in future computation (such as
the loss).

0 10 20 30 40 50 60

Figure 5.2: 64x64 spatial grid of the batch. The network is allowed to predict the noise on the
whole grid but region in purple is ignored in further computation. Yellow region represents the
spatial MAR values of a given variable at a given timestep
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Normalization

The variables are normalized based on z-score.

X— W
o

z= (5.1)

There is a normalization per variable and per split of dataset (training, validation, and testing
dataset)

5.1.3 Training Setup

Dataset splitting

Model Training Test Validation
T2m, U10m | 1940-2005 | 2014-2022 | 2006-2013
all variables | 2000-2016 | 2017-2020 | 2021-2022

Table 5.3: Dataset splitting for both models

Loss Function

For the training phase, the model predicts the noise added to the batch in the forward diffusion
process. The loss function is the root mean square error between the predicted noise and the true
noise (noise added in the forward process), ignoring pixels outside the defined region by multiplying
with the mask w.

L =Fyc [H w ® (sp(x, ¢) — Vxlog p(x | c)) Hg]

Noise Scheduler

Evolution of p(t) et o(t) (alpha cosinus, n=5-10"%)

0.0 0.2 0.4 0.6 0.8 10
t (Time of Diffusion)

Figure 5.3: Figure shows the evolution of variance and mean over diffusion time.
The noise scheduler is the cosine motivated because it preserves details at the beginning and at
the end of the diffusion process allowing for smoother transitions. The latter has improved quality
samples and more stability than linear scheduler [31]. In the original code, numerical instabilities

are addressed by not going exactly towards 0 at the end of the mean of the diffusion process but
rather to 7 = 0.0001. Reminding the forward process, application of noise to the batch :

x(t) = u(t)x(0) + o(t)e

34



CHAPTER 5 5.2. METRICS

o(t) = V1—a(t)?+n u(t)=a(t)

a(t) = cos?(arccos (v/n)t)

Optimizer

The model is optimized using the AdamW optimizer, with a cosine-scheduled learning rate up to
2 x 107* and a weight decay of 104

5.2 Metrics

5.2.1 Metrics
Qualitative Metrics

Radially averaged power spectrum The Radially Averaged Power Spectral Density (RAPSD)
[32] characterizes how the variance of a two-dimensional field is distributed across spatial scales,
providing insight into the distribution of energy over those scales. To obtain the RAPSD, the
full 2-D spectrum is reduced to a 1-D, direction-independent curve: we compute the 2-D Fourier
transform

F(kx ky),

form the power spectral density
5(ka ky) = |F(ka ky)|2v

convert each point to its radial wavenumber

k= /K2 + K2,

and average the power within radial bins to obtain
P(k).

For visualization, the wavenumber is converted to wavelength, and P is plotted against wavelength
on log—log axes.

Comparing overlaid RAPSD curves for real and generated data reveals whether the model has
successfully captured the energy distribution across spatial scales.

Rank Histograms Rank histograms [33] are constructed as following . For each pixel, the N
ensemble members are sorted from lowest to highest, forming an ordered array. The ground-truth
value is then positioned within this array: if it is smaller than all ensemble members, it receives
rank 0, whereas if it falls between the fifth and sixth members it is assigned rank 5. Repeating this
procedure for all pixels yields a histogram of ranks. A flat histogram indicates that the ensemble
is well calibrated, a U-shaped histogram reveals underdispersion where the ensemble spread is too
small and observations frequently fall outside the ensemble, and a hump-shaped histogram indicates
overdispersion where the spread is too large and the ensemble predictions are too extreme. Any
other systematic deviation suggests a mismatch between the ensemble and the ground truth.
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Quantitative Metrics

Root Mean Squared Error Root Mean Squared Error (RMSE) of the ensemble mean [34]
Is used to compare observations with the posterior, either directly on the MAR grid or
after projection onto the observational space ((5.3)) (e.g., a coarser grid or sparse measurement
locations). To enable comparison across variables, the RMSE can be normalized (5.2.1)).

Nt NX Ny
1 - 2
RMSE: mZZZ(X,JYt—X,JYt) (52)
XUt =1 =1 j=1
1 Nt Nr )
RMSE®®S = | 3" 3" (A(X)qye — A(X)y.t) (5.3)
NeNF = y=1
RMSE
NRMSE =
> Oz-score

Here, N; is the number of time steps, N, and N, denote the spatial dimensions of the MAR
grid, and Nr is the number of elements in the observational space.

Average Ensemble Spread Average Ensemble variability |34] measures the average variability
of the ensemble members around their mean.

1 Mo
sp = l\/r(M—l);(A(X)m —A(X)tq)? (5.4)

where M is the number of members of the ensemble. For the samples on the MAR grid, A is the
identity function, otherwise it is the observer mapping from the MAR grid to another space with
the corresponding N, elements. A(X)m denotes the average over members of the element -y at
timestep t. Finally, following the paper [34], the spread is estimated as :

-
M+1\ 1
OSPREAD = ( v )TZStQ (5.5)
t=1

Observation Consistency Metric (OCR) We introduce a metric to quickly assess whether the
produced posterior samples projected in the observation space are consistent with the ground-truth
observations.

Formally, let the states be x € X’ and the observations 'y € ) wher ) is the observation space.
The measurement function is A : X — ). We assume imperfect measurements modeled as a
centered Gaussian:

y=M(x,0,) =A(x)+€ €~N(0,0}),

where o, characterizes the standard deviation of the measurement device. The projection of the
posterior X is written :

y = A(x)

Following the bias-variance decomposition [35]:
i~ _ *\) NN\ — 2 ) :
(N)MSE(A(X), y = M(x*)) = E[(.A(x) y) } o, + B|a§ + \(anance |
measurement noise  SyStematic error - posterior fluctuations
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MSE

If NMSE ~ o2,

y
projected into the observational space, are unbiased and stable, limited primarily by the irreducible
measurement noise 0.
This motivates the definition of the Observation Consistency Ratio:

NRMSE
o,

or equivalently ~ 1, this indicates that the posterior samples, when

OCR =

Interpretation:

1. OCR = 1: the prediction error is essentially limited by measurement noise, the posteri-
ors in the observation space do not exhibit significant bias and variance compared to the
observations.

2. OCR < 1: likely due to undersampling, with few posterior samples, the empirical MSE can
occasionally fall below the measurement noise.

3. OCR > 1: the total error exceeds the measurement noise, reflecting additional variability or
bias in the posterior projections ; the posteriors do not align with the observations.

C2ST : Classifier two-samples Test The C2ST paper formalizes the method as follows [36]:

Method A practical way to assess whether two datasets, denoted Dy, and Dgen, originate from
the same underlying distribution is to frame the problem as a binary classification task. Each real
sample is assigned the label 0 and each generated sample the label 1, and the two sets are merged
into a single dataset.
/
D = {(*, 0}y U {04 LI,

where x; € Dyea and ngen € Dgen. In the present case, the sample sizes satisfy n ~ m. The

dataset D is randomly shuffled and split into two disjoint subsets: a training set Dy, and a test
set Diest. A binary classifier f : X — [0, 1] is then trained on Dyain, Where f(z) outputs the
estimated probability that z belongs to the generated class. The performance of the classifier
is evaluated on Diest Using metrics such as classification accuracy or ROC AUC. When the two
datasets are drawn from the same distribution, the accuracy of a well-calibrated classifier should
remain close to the chance level of 50% for a balanced dataset. Values significantly higher than
this threshold indicate detectable statistical differences between the two distributions.
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5.3 Unconditional generation

In the unconditional generation setting the objective is to draw samples from the model's learned
data distribution without providing any explicit conditioning information. In this section we evaluate
the fidelity of these unconditional samples by comparing them to the MAR dataset, examining both
large-scale structures and fine-grained patterns. This comparison is fundamental: if the model
fails to produce realistic unconditional samples, subsequent tasks such as guidance over real-world
observations would not be possible.

5.3.1 Visual Evaluation

5.3.2 Statistical Comparison

Spectral Decomposition

RAPSD Comparison x*,

~x (1000 samples)
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Figure 5.4: Spectral decomposition of 1000 real samples from the MAR dataset and 1000 un-
conditional samples generated by the model. Dashed lines indicate the median; shaded regions
correspond to the 5th-95th percentile range.

Method

Interpretation The spectral decomposition shows that the generated samples reproduce the
real data's frequency content over a wide range of scales: both large-scale structure and fine-scale
details are present in the synthetic fields. Small systematic differences between the median spectra
and the shown quantiles indicate residual discrepancies : these may reflect either remaining model
limitations at particular wavelengths or sampling variability from a limited ensemble.

C2ST : Classifier two-samples Test

Experiment We used n m 1000. The classifier is an EfficientNet [37] pretrained on
ImageNet [38] and fine-tuned to tell real from generated samples. The network’s first convolutional
layer was changed to accept 24 input channels (two variables x 12 timesteps) by copying the
pretrained 3-channel kernels 8 times. Training ran for 40 iterations and performance was measured
on a held-out test set. The classifier reached about 77% accuracy and a ROC AUC of 0.85.
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Table 5.4: Classification Metrics Summary on the test set

Precision Recall Fl-score Support
Generated (0) 0.73 0.82 0.77 196
Real (1) 0.80 0.72 0.76 204
Accuracy 0.77 400
Macro Avg 0.77 0.77 0.76 400
Weighted Avg 0.77 0.77 0.76 400

. ) 160 36
Confusion Matrix: [58 146]

TP =146, TN = 160, FP = 36, FN = 58
ROC AUC = 0.8515

ROC Curve - EfficientNet Discriminator

1.0 4 — ROC curve (AUC = 0.85)

0.8

True Positive Rate

0.2 4

0.0 4

T T T T T T
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False Positive Rate

Figure 5.5: ROC Curve of the binary classifier (EfficientNET) on the test set

Limitations This test only tells us whether a difference between the two datasets is detectable
by the chosen classifier, not why the difference exists. The result depends on the model and how it
was trained: a weak model may miss differences, while a model that overfits can give misleadingly
high scores. The features the classifier uses to separate the datasets might be harmless (small
values outside the region of interest, slight edge effects) or important (different temporal patterns
across the 12 timesteps).

5.3.3 Observations

Although the classifier can distinguish real from generated samples better than chance (approxi-
mately 77% accuracy, ROC AUC = 0.85), the spectral decomposition indicates that the generator
reproduces the data’s scale-dependent energy across a wide range of wavelengths. This suggests
that the model captures both large-scale structures and fine-scale variability well enough for the
unconditional samples to be credible and usable for further exploration. Nonetheless, the classifier's
performance indicates that some discrepancies persist between the generated and real datasets,
and that the model likely produces samples with artifacts.
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5.3.4 To go further

There is still room for improvement and for a deeper evaluation of the results. A natural extension
would be to compare the generator with alternative generative models, such as GANs, VAEs, or
other diffusion models on metrics such as Continuous Ranked probability Score (CRPS) [39] ... .
In addition, a thorough climatological variable analysis could be conducted.
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5.4 Artificial Coarsen Experiment

5.4.1 Motivation

As discussed previously, the physical generator MAR is driven by lateral boundary conditions pro-
vided by a Global Climate Model (GCM): multi-level climate variables (temperature, humidity,
winds). Here, to demonstrate our diffusion framework’'s downscaling capability in a simplified
proof-of-concept setting, we emulate GCM input by coarsening MAR's surface-level fields.

5.4.2 Observer

Concretely, let x(t) € R™*" denote a high-resolution MAR snapshot at time t. We partition the
fine grid into non-overlapping square patches of size p x p. The “coarse” input is

DOWNSCALE(x(1) = |J A (Ax D == 3 xuv(D),
P;€P P (u,v)EP;;

y(x(t)) = DOWNSCALE(x(t)) + €, €, ~N(0,07)

where P; ; is the (i, j)th patch. In our experiments, p = 16 (so the coarse grid is ny/16 x n,/16).
The projection of the generated samples on the observation space.

¥(X(t)) = DOWNSCALE(X(t))

5.4.3 Setup

We take 100 trajectories of 24 hours and apply the observation operator to the corresponding
reanalysis data. Gaussian noise € is then added to the normalized data, after which a single
posterior is inferred. The model was trained with a 12-hour window, and to generate the full
trajectory we follow Algorithm 2.1.1} for each 24-hour trajectory, we extract the 6th hour within
each sample (to align roughly with the center of the local receptive window) and slide the local
window 24 times across the trajectory.

The measurement noise is assumed to match the noise level used during the sampling procedure.

N C T vy ooXy
256 2 05 001 oy

Table 5.5: Parameters used in the experiment for the sampling.

5.4.4 Visual Evaluation

In the following figures , , we show the ground truth, which is a 24 hour trajectory from the
MAR dataset, along with the observation y obtained by averaging over patches to simulate the
coarse input from a GCM, and the corresponding conditional sample. Overall, the model appears
to capture and reconstruct both the structure and fine grained details accurately, although some
variability remains due to the inherent stochasticity of diffusion models
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2011-09-12 18:00 2011-09-12 22:00 2011-09-13 06:00

T2m - X(MAR)

A(X)

,ﬂ
5
Temperature[°C]

T2m-Y

T2m - X~/Samples

Figure 5.6: 24h MAR Temperature trajectory shown every 4 hours
a) MAR Sample b) a) upscale c) Conditional generation (downscaling) given b)

-09-12 18:00

U1l0m - X{(MAR)

Ulom - Y=A(X)

Wind Speed[m/s]

Ul0m - X~/Samples

Figure 5.7: 24h MAR Wind speed trajectory shown every 4 hours
a) MAR Sample b) a) upscale c) Conditional generation (downscaling) given b)
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X vs X* yvsy
Measurement Noise o, NRMSE RMSE NRMSE RMSE
™M  UlOm | T2M  Ul0m ™M U10m ™M U10m
0.001 0.0681 0.2728 | 0.5080 0.5794 | 0.00127 0.00112 | 0.00925 0.002497
0.01 0.0711 0.2807 | 0.5298 0.5962 | 0.01170 0.01194 | 0.08724 0.02537
0.1 0.0994 0.3218 | 0.7412 0.6836 | 0.1086  0.1170 | 0.8095  0.2485
1.0 0.2780 0.6608 | 2.0729 1.4036 | 1.0258  1.0601 | 7.6493  2.2519

Table 5.6: NRMSE and RMSE for X" vs X* and A(X”) vs X* at different observational noise

levels, separated by variables T2M and U10m.

5.4.5 Quantitative Evaluation

Metrics

Interpretation

Table[[5.6] confirms the expected trend that total error grows with increasing observational noise.
The (N)RMSE between a single generated sample X and the MAR ground truth X* is not zero.
This is natural: a coarse-scale input (GCM) corresponds to an ensemble of plausible fine-scale
realizations, so one generated draw should be interpreted as a single member of that conditional
ensemble rather than as an exact reconstruction of the held-out MAR field.

The relative error between the NRMSE evaluated in the observation space (comparing A(X)
to y with noise applied) and the declared observational noise is at most 27% (T2m at 0.001).
This indicates that, after projection into observation space, differences between generated and
true fields are largely compatible with measurement uncertainty: the model produces samples that
reflect the observational uncertainty. For every observational noise, OCR < 1.27 shows that the
posteriors are aligned with the observations, this comparison is made when projecting the posteri-
ors in the observation space.
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5.5 Artificial Simulation Settings

5.5.1 Motivation

We extend the coarsening experiment by generating conditional samples in which only averaged
patches along the boundaries are assimilated, while the core of the region evolves according to
the learned dynamics of the prior (MAR). This allows us to assess whether these dynamics remain
consistent with the prescribed boundaries. Note that this does not correspond to the same lateral
boundary region used in MAR, rather, it is a proof of concept in which the free-running RCM
domain corresponds to the area of Wallonia and Brussels.

5.5.2 Observer

Let's write :

DOWNSCALE(x(1)) = | [A(x v, JAK ] = — 3 xuu(t),
PijEP P (u,v)EP;;

BOUNDARY (x(t)) = | J [Ax. D], ;COREx(t))= |J [Ax )i
Pi,€0P Pi ,€P\OP

where P denotes the set of all patches and 0P the patches at the boundaries of the region. In
this context, the observation is made on the boundary so :

y(x(t)) = BOUNDARY (x(t)) + € ;e~N(0,07)
and the projection of the posteriors on the observation space :

¥(X(t)) = BOUNDARY (X(t))

5.5.3 Setup

See Artificial Coarsen Experiment setup

5.5.4 Visual Evaluation

Figures , present the reconstruction of the assimilation over a 1-day period. For each
timestamp, we display: (1) the MAR simulation, (2) the corresponding observation obtained by
applying BOUNDARY () to MAR, and (3) a conditional sample generated given this observation.
As will be emphasized later, the objective is not to achieve an exact match between the generated
and MAR fields. Visually, the conditional sample appears to exhibit physically consistent dynamics
when compared to MAR (although this requires verification). Interpreting the first and third rows
as two possible realizations from the conditional distribution, given the observations in the second
row, is therefore reasonable.

Figures[5.10} show the patches at the core, applying CORE() on the conditional sampling
and on MAR trajectory. There is a difference. Differences are more flagrant on the wind variable.
However, core patch averages are used only as a coarse sanity check. A more thorough physical
plausibility check has to be assessed. Therefore, a mismatch in CORE patch means does not imply
physical inconsistency.
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2011-11-25 15:00 2011-11-25 19:00 2011-11-25 23:00

T2m - X*=(MAR)

=A(X*)

Temperature[°C]

T2m - Y*

T2m - X[¥*: 1

Figure 5.8: a) x*24h MAR Temperature trajectory shown every 3 hours b) Observation : y(x*) c)
X~ p(xly(x*))
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Figure 5.9: a) x* :24h MAR Wind speed trajectory shown every 3 hours b) Observation : y(x*)
c) x ~ p(x|y(x"))
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Figure 5.10: Temperature : a) CORE() applied to MAR b) CORE() applied to generated sample
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Figure 5.11: Wind speed : a) CORE() applied to MAR b) CORE() applied to generated sample
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Experiment NRMSE RMSE
T2m Ul0m T2m Ul0m
MAR vs X|Y 0.0806 0.3294 | 0.6011 0.6997
CORE(MAR) vs CORE(X]Y) | 0.0622 0.2808 | 0.4636 0.5964
yVvsy 0.0113 0.0117 | 0.0841 0.0248

Table 5.7: NRMSE and RMSE for T2m and U10m across a) all samples b) patches at the boundary
c) patches at the core

5.5.5 Quantitative Evaluation

RMSE between 1) MAR and conditional generated sample 2) patches (after application of BOUNDARY ()
on MAR trajectory and conditional generated sample) at the boundaries and 3) patches (after ap-
plication of CORE() on MAR trajectory and conditional generated sample) at the core. The
results show that boundary patches in the conditional generation are consistent with the noisy ob-
servations, with NRMSE values close to the observational measurement noise level (g, = 0.01).
In particular, the OCR indicates posterior captures the observations uncertainty (OCR < 1.17)
and that the posteriors show neither a significant bias nor a significant variance relative to the
observations This suggests that the model can effectively assimilate coarse-grained boundary in-
formation, analogous to GCM-provided lateral forcings in MAR.

In the unobserved core, RMSE values are higher, which reflects a greater posterior uncertainty due
to the lack of direct observations. The latter is consistent with MAR’s domain decomposition,
where interior evolution is driven by free-running RCM dynamics. While visual inspection suggests
physically plausible trajectories, further physical diagnostics are required to confirm dynamical con-
sistency in the posterior samples.

The primary aim of this experiment is not to reproduce exactly the average patches of the unob-
served core, but to assess whether the generated fields are consistent with the assimilated boundary
conditions. Since the core region is not part of the observational input, deviations from the MAR
average patches in this area are not inherently problematic. At present, we cannot determine
whether a closer or further match in the core should be expected without further investigation of
the posterior’'s physical consistency. Such an analysis would be necessary to assess whether the
average patches in the core should match more closely or whether the observed differences are
entirely compatible with the underlying dynamics. The observed deviations may simply reflect an
alternative plausible realization of the conditional distribution given the available boundary obser-
vations, one that is as valid, from a probabilistic standpoint, as the MAR trajectory.

Furthermore, unlike traditional numerical RCMs that are predominantly deterministic, the
diffusion-based approach explicitly aims to enable sampling of multiple diverse realizations con-
ditioned on the same input. In this context, variability in the unobserved core is not necessarily a
flaw but rather an intended feature, reflecting the model's capacity to represent a range of phys-
ically plausible scenarios consistent with the boundary forcings, though confirming their physical
plausibility remains an essential step.
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5.6 Artificial Sparse Experiment

5.6.1 Motivation

In this section, we investigate the assimilation of sparse observations over the Belgian region,
aiming to replicate the data assimilation process used with weather stations. In meteorology, when
only a limited number of observations, such as those from sparse weather stations, are available,
the objective is to estimate the atmospheric state across the entire region.

5.6.2 Observer

To simulate this scenario, we use the locations of 29 weather stations as the observational points.
At these locations, we retain the corresponding MAR values while discarding all others

H:R™ " — RN

Ysparse = H(X(t)) +e€
/y\sparse = H(S(\( t))

5.6.3 Setup

See Artificial Coarsen Experiment

5.6.4 Visual Evaluation

From a qualitative perspective, figures [5.12] show that the reconstructions closely match
the observations and appear to originate from the same distribution as MAR (ground truth). Some
variability is noticeable outside the Belgian territory, which can be attributed to the lack of weather
stations and corresponding observations in those regions, leading to a less constrained posterior.
In contrast, in figures [5.15] [5.14], the observations contain higher noise levels (o = 1), resulting
in samples that deviate more noticeably from the corresponding MAR fields.

2008-09-10 22:00 2008-09-11 01:00 2008-09-11 04:00 2008-09-11 07:00
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Figure 5.12: 12h MAR Temperature trajectory shown every 3 hoiurs a) MAR Sample b) a) at
weather station positions with noise ¢ = 0.01 c¢) Conditional Generation given b)

48



CHAPTER 5 5.6. ARTIFICIAL SPARSE EXPERIMENT
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Figure 5.13: 12h MAR Wind speed trajectory shown every 3 hours a) MAR Sample b) a) at
weather station positions with noise ¢ = 0.01 ¢) Conditional Generation given b)

5.6.5 Quantitative Evaluation

X" vs X* yvsy
Measurement noise oy, NRMSE RMSE NRMSE RMSE
™M  Ul0m | T2M  Ul0m | T2M  Ul0m T2M U10m
0.001 0.1239 0.3825 | 0.9239 0.8124 | 0.0076 0.0063 | 0.05645 0.01339
0.01 0.1337 0.5456 | 0.9966 1.1589 | 0.0086 0.0068 | 0.06421 0.0145
0.1 0.1645 0.5367 | 1.2113 1.1401 | 0.1097 0.1134 | 0.8178  0.2408
1.0 0.2696 0.6375 | 2.0101 1.3541 | 0.9975 1.0757 | 7.4379  2.2850

Table 5.8: NRMSE and RMSE for X" vs X* and A(X") vs X* at different observational noise
levels, separated by variables T2M and U10m.

5.6.6 Interpretation
Only 29 out of 2846 grid points (~ 1%) are directly observed.

In the sample space (X vs. X*), the NRMSE for T2M increases from 0.124 to 0.270 as
o, rises from 0.001 to 1.0 (a factor of ~ 2.18), while for ULOm it grows from 0.383 to 0.638
(= 1.67x). These increases are monotonic but modest, indicating that higher observational noise
is only partly reflected in the full-field reconstruction errors.

In the observation space (A(X) vs. A(X*)), the OCR values often fall below 1, which suggests
that the number of observations may be insufficient since values below 1 would imply surpassing the
measurement noise. However, the OCR values generally range around 1 (0.63 < OCR < 1.08),
indicating that for these 100 observations, the posteriors align well with the observations. This
implies that the posteriors are neither significantly biased nor exhibit excessive variance at the
weather station locations relative to the corresponding observations.
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2010-11-08 13:00 2010-11-08 19:00 2010-11-09 01:00 2010-11-09 07:00

=H(X*)

Temperature[°C]

T2m - Y*

T2m - X|Y*: 1

Figure 5.14: Noisy Observations : 24h MAR Temperature trajectory shown every 6 hours a)
MAR Sample b) a) at weather station positions with noise ¢ = 1 c¢) Conditional Generation given
b)

2010-11-08 13:00 2010-11-08 19:00 2010-11-09 01:00 2010-11-09 07:00 a5

U1l0m - X* (MAR)

=H(X*)

Wind Speed[m/s]

Ulom - Y*

Ulom - X|Y*: 1

Figure 5.15: Noisy Observations : 24h MAR Wind speed trajectory shown every 6 hours a)
MAR Sample b) a) at weather station positions with noise ¢ = 1 c¢) Conditional Generation given
b)
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At o, = 1.0, the observation-space NRMSE (~ 1) exceeds the sample-space NRMSE (T2M:
0.270, U10m: 0.638). A possible, but unsupported, interpretation is that with such sparse coverage
(~ 1%) and noisy measurements, the reconstruction is guided more by the learned prior than by
the observations outside the measurement locations.
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5.7 Guidance on IRM Dataset

5.7.1 Observer

See Artificial Sparse Experiment, noting that there is only projection of samples is noted y =
H(X(t)) and that y correspond to the IRM data

N C T o' >y
206 3 0.107 0.0376 0.006

Table 5.9: Parameters used in the experiment for the sampling.

5.7.2 Qualitative Results

Samples are generated from observations recorded at weather stations. Figures and
illustrate, for a 12-hour window (with timestamps shown every 3 hours on a specific date), the fol-
lowing: the corresponding MAR output variable, the MAR values at the weather station locations,
the IRM values at the same date, the reconstruction (or conditional sampling) obtained from the
sparse IRM observations, and finally the reconstructed values at the weather station locations.

The observation model is the same as in the previous subsection, namely a Linear Gaussian
model.

Figures [5.18| and present the differences, expressed in z-score normalization units (where
1.0 corresponds to the variable's variance), between (i) the MAR values at the weather station
locations and the IRM values at the same locations, and (ii) the conditional sample values at the
weather station locations and the IRM values. As expected, the first difference confirms that MAR
and IRM are misaligned both spatially and temporally, as discussed earlier. More importantly, the
second difference is close to zero for both variables, details on these values are provided later,
indicating that the generated samples effectively incorporate the IRM observations.

5.7.3 Quantitative Results
Assimilating all IRM Weather stations

We quantify both difference using NRMSE across all values and timesteps at weather station

locations (figures [5.18][5.19]).

] A(MAR) vs IRM AX|IRM) vs IRM |y vs 'y
NRMSE RMSE NRMSE RMSE
M  UlOm | T2M  Ul0m | T2M  UlOm | T2M  UlO0m
0.3304 0.4748 | 2.463 1.0086 | 0.0075 0.0056 | 0.0562 0.0118

Table 5.10: NRMSE and RMSE for A(MAR) vs IRM and A(X|IRM) vs IRM considering a
gaussian observer with the estimated observation process noise, separated by variables T2M and
U1i0m.

For AIMAR) vs. IRM, the NRMSE values are 0.330 (T2M) and 0.475 (U10m). These rel-
atively high errors indicate a marked discrepancy between MAR and IRM at station locations,
consistent with the spatial and temporal misalignment discussed earlier. The corresponding RMSE
values (2.463 for T2M, 1.009 for U10m) underline the same mismatch in absolute units.
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2020-10-12 12:00 2020-10-12 15:00 2020-10-12 18:00 2020-10-12 21:00

T2m - MAR

T2m - Y(MAR)

@

T2m - IRM
Temperature[°C]

T2m - X[IRM

T2m - A(X|IRM)

Figure 5.16: a) T2M MAR trajectory ; b) observer applied to a ; c) IRM data at the same
timestamp (TEMP) ; d) Conditional Sampling given c; €) observer applied to d
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2020-10-12 12:00 2020-10-12 15:00 2020-10-12 18:00 2020-10-12 21:00

Ul0m - MAR
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Ulom - IRM
Wind Speed[my/s]

Ul0Om - X|IRM

-2

Ulom - A(X[IRM)

Figure 5.17: a) U10m MAR trajectory ; b) observer applied to a ; c) IRM data at the same
timestamp (WIND SPEED) ; d) Conditional Sampling given c; e) observer applied to d
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2020-10-12 12:00 2020-10-12 15:00 2020-10-12 18:00 2020-10-12 21:00

T2m - Y(MAR)-IRM

~zn Y
L )
4

S
Z-SCORE[\]

T2m - A(X|IRM)-IRM

Figure 5.18:

a) Difference between Y(MAR) and IRM for the Temperature normalized b) Differ-

ence between IRM and A(X|IRM)
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Figure 5.19:

a) Difference between Y(MAR) and IRM for the Temperature normalized b) Differ-

ence between IRM and A(X|IRM)
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In contrast, for A(X | IRM) vs. IRM, the NRMSE values decrease substantially to 0.0075
(T2M) and 0.0056 (U10m). The reduced NRMSE posterior in the reconstructions indicates align
far better with the IRM observations than the original MAR fields.

Assimilating increasing number of IRM Weather stations

Procedure The goal of this experiment is to assess whether, given a sufficient number of weather
stations, we can generate MAR trajectories that better align with real-world observations. Fol-
lowing the methodology of [40], we progressively increase the number of weather stations used
for assimilation. For each number of assimilation stations, we perform 10 evaluation runs, each
with a random split of the available stations into an observed set (assimilation/training) and a
left-out set (test points). The number of assimilation stations is fixed within each run, while the
split changes.

The observation process is applied only to the selected assimilation stations in each split. These
are used to generate conditional samples, and performance is evaluated on the left-out stations.
We use the root mean squared error (RMSE) as the evaluation metric, with conditional generation
performed on |IRM data as described below.

Two RMSE values are computed: (i) the RMSE between the generated samples and IRM
at the test points, and (ii) the RMSE between MAR and IRM at the test points. The latter is
expected to remain relatively constant regardless of the number of assimilation stations, as it
mainly reflects the inherent differences between MAR outputs and IRM values at weather stations.

If RMSEsampLe-Irm falls below RMSEpmar-irMm, it would indicate that the generated samples
are better aligned with IRM observations on the non-assimilated (test) points than the baseline
MAR outputs.

Algorithm 5 Evaluation Protocol for Conditional MAR Trajectories

1: Input:
e Total stations: NB_IRM (e.g., 29)
e Batch repetitions: NB_ BATCH
e Time window size: At

2: Initialize: Results = {}
3: for train_size =1 to NB_ IRM do
4. for n=1to NB_ BATCH do

5: date ~ U(available dates) {Random timestamp}

6: IRM < getIRM(date, date + At) {Real observations}

7: BATCH <« getBatch(date, date + At) {MAR model output}

8: train_mask, test _mask <— RandomSplitMask(train _size, NB_IRM)

9 YBATCH train < A(BATCH, train__mask) {Retained stations}

10: VBATCH test < A(BATCH, test _mask) {Left-over stations}

11: VIRM test < IRM[test mask]

12: xsamp_|e + ConditionalSampling(y = yBATCH train, A = A(:, train_mask))
13: Ysample _test < A(Xsamplev teSt_maSK)

14: RMSE _irm_sample <~ RMSE(yiRM _test, Ysample _test)

15: RMSE_mar_Sample < RMSE(YBATCHiteStv ysampleitest)

16: Store Results(train_size, n, RMSE _irm _sample, RMSE _mar_sample)
17:  end for

18: end for

The results of this experiment are shown in the figure below:
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RMSE vs Number of Observation Stations for T2m RMSE vs Number of Observation Stations for U10m

—— samples-mar Mean RMSE —— samples-mar Mean RMSE
1 irm-mar Mean RMSE irm-mar Mean RMSE

RMSE [m/s]

RMSE [°C]
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Figure 5.20: Average RMSE on the left-over weather station locations for varying numbers of
assimilated weather stations.

Even when assimilating a large number of weather stations, the RMSE for the generated sam-
ples remains almost identical to the MAR-IRM RMSE. This suggests that the assimilation did not
lead to a closer alignment between the generated samples and the IRM station observations. The
likely reason is threefold.

First, limitations in the representativeness of the learned prior prevent the posterior from pro-
ducing spatial patterns that both reproduce the assimilated station values and remain accurate at
unobserved locations.

Second, while MAR and IRM both aim to represent the same physical quantity (e.g., temper-
ature at 2 m), they measure it differently.For example, MAR provides hourly means, whereas IRM
uses a 10-minute (or even 1-minute) mean within the previous hour. Combined with differences
in spatial representativeness (a pointwise station measurement vs. a 5 km x 5 km grid cell), this
creates a non-linear mismatch in both time and space. A naive, centered Gaussian observation
model is too limited to capture such mismatches.

Third, unlike in the Oklahoma experiment [40], the dataset used to train our diffusion model
(MAR) never assimilated IRM station data. The prior therefore has no built-in knowledge of IRM-
specific measurement characteristics. As a result, even when many IRM stations are provided
during assimilation, the model cannot reproduce the dynamics of left-out stations because of the
combination of the naive observation model and the complete lack of IRM-specific information in
MAR.

5.7.4 Summary

Conditioning on IRM values produces posteriors that are more consistent with the values of the
IRM weather stations whenever they are assimilated. However, the generated conditional sample
trajectory is unable to predict IRM station values that are not assimilated. This is likely due to
the lack of representativeness of the prior and the simplicity of the observation process relative to
the complex, non-linear mismatch between the two datasets. This mismatch stems from factors
such as differing measurement procedures, the absence of IRM assimilation in MAR’s physical
generator, and spatial discrepancies.

5.7.5 To Go Further

As discussed earlier, a fundamental issue is the mismatch between the MAR and IRM datasets.
One source of this discrepancy lies in the differences in how the variables are defined and measured.
For instance, the averaging periods and measurement protocols differ between the two sources.
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A possible approach to mitigate this mismatch could be to average the hourly data over a
full day. This would help align the MAR data's averages with more temporally aggregated IRM
observations. However, this would also entail transitioning to daily data, which introduces new
challenges. Training a model with a time step of one day over multi-day windows becomes more
difficult due to the significant variability between consecutive days, despite some variables exhibiting
daily cycles (e.g., solar radiation patterns).

This remains an open direction for future research.
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5.8 Guideance on reanalysis single levels ERA-5

5.8.1 Motivation

MAR trajectories are generated by constraining the domain boundaries using input from a coarser-
resolution General Circulation Model (GCM). For instance, when MAR is applied over Belgium,
the boundary conditions are derived from ERAS reanalysis data, including several variables across
multiple pressure levels.

In these experiments, we rely on single-level ERAS data, which differs from the full set of phys-
ical variables across several pressure levels typically used to generate MAR trajectories. While this
setup does not fully replicate the physical simulation pipeline behind MAR, it offers an interesting
approximation: by taking only the GCM boundary inputs, we attempt to reconstruct fine-grained
MAR-like outputs across the entire region. This approach can be seen as a simplified, one-step
abstraction of the complete MAR simulation process. The two experiments are the following :

1. Downscaling Following experiments using artificially coarsened data, we aim to perform down-
scaling over the full region using actual GCM data.

2. Basic Simulator We condition on the ERA-5 data but only at the boundaries rather than the
full region.

Setup

Parameters used in these experiments

N C T v X
256 2 03 0.1 0.01

Table 5.11: Parameters for the sampling

5.8.2 Downscaling
Visualization

Figure[5.21] demonstrates the downscaling of ERA-5 (T2Mgra — T2M, U1OMgegs —
U10M) on the first two lines on a timescale of 24 hours, here beginning the third January 2020.
The last line shows the sample in the observational space after application of the observer (T2M —
T%A, UiomM — UlmRA) allowing for a comparison with the observation (ERA-5). The
projection of the posterior in the observational space is consistent with the observation.

Quantitative Results

NRMSE RMSE
T2m Ul0m T2m Ul0m
yvsy 0.0037 0.0042 | 0.0277 0.0090

Experiment

Table 5.12: NRMSE and RMSE for T2m and U10m

Table shows that the NRMSE between the observation and projection of the posterior
in the observational space(Coarsen/ERA-5 Grid) is small (< 0.01 in normalized units so less than
1% of the variance of the variables) , indicating that the posteriors are highly consistent with the
observations.
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2020-01-03 14:00 2020-01-03 18:00 2020-01-03 22:00

T2m - X|ERA5
Temperature[°C]

T2m - A(X|ERAS5)

Figure 5.21: lllustration of the downscaling ERA-5 on a trajectory of 24 hours (shown every 4
hours) of Temperature.

a) y : ERA-5 Observation b) X ~ p(x|y) Sample conditioned on the observation c¢) §y = A(X)
Application of the observer on the posterior.

The posterior is consistent with the observation.

2020-01-03 02:00 2020-01-03 06:00 2020-01-03 10:00 2020-01-03 14:00 2020-01-03 18:00 2020-01-03 22:00 10

==

&%

Ul0m - ERA-5

U1l0m - X|ERAS

Wind Speed[m/s]

Ul0om - A(X|ERA5)

Figure 5.22: lllustration of the downscaling ERA-5 on a trajectory of 24 hours (shown every 4
hours) of wind speed.

a) y : ERA-5 Observation b) X ~ p(x]y) Sample conditioned on the observation c) § = A(X)
Application of the observer on the posterior.

the posterior is consitent with the observation.

5.8.3 Elementary MAR Simulator

The ERA-5 values at the region boundaries are used to condition the model. The observer is
adapted to account only for pixels located along the boundaries of the MAR domain. Boundary
data from the GCM (ERA-5) for single-level variables (temperature and wind speed) at an hourly
resolution serve as input to generate conditional samples.
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Visual Evaluation

Figures and show a posterior sample conditioned on observations of the coarse lateral
boundary conditions. The posterior is projected onto both the observational space and the ERA-5
grid. Overall, the sample appears consistent, which is encouraging for future research on MAR
simulations.

Figures and illustrate an ensemble of posterior samples generated from the same initial
conditions. Subtle differences can be observed within the domain, while near the boundaries, the
samples become more homogeneous.

Quantitative metrics

Basic Simulator Table[5.13|compares the RMSE between the observations (domain boundaries)
and a posterior sample, projected (1) at the boundaries of the domain and (2) onto the ERA-5
grid. Since the coarsen boundaries of the posterior have less than or equal to 1% derivation of the
corresponding standard derivation of the variable with respect to the observation, we conclude that
the posterior aligns with the lateral boundary conditions. Meanwhile, in the core of the region, a
higher standard deviation is expected.

Diverse Ensemble Table shows the average normalized standard deviation of the ensemble,
which is smaller at the coarsened boundaries than over the entire region. This indicates that the
posteriors exhibit less variability at the boundaries (below 1%) compared to the whole region.

BOUNDARY (ERA — 5) vs BOUNDARY (X) ERA—5vs UPSCALE(X)
NRMSE RMSE NRMSE RMSE

T2M  U10m T2M U10m T2M  U10m T2M U10m

0.010 0.0093 | 0.0788[°C]  0.0198[m/s|] | 0.1362 0.5013 | 1.0161[°C] 1.0648 [m/s]

Table 5.13: NRMSE and RMSE are computed between observations and samples projected onto
the observational space, as well as between ERA-5 (used for boundary construction) and samples
projected onto the ERA-5 grid.

Experiment Standard Deviation of the ensemble
T2m U1l0m
o(BOUNDARY (X)) | 0.00632 0.00771
o(UPSCALE(X)) 0.03725 0.16324

Table 5.14: Normalized Standard deviation of 10 ensemble members given one observation,
averaged over 100 observations, for the elementary MAR simulator experiment.

First line shows the standard deviation on the observational space.

Second line shows the standard deviation when the ensemble samples are projected on the ERA
grid.
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2020-01-04 13:00 2020-01-04 17:00 2020-01-04 21:00 2020-01-05 01:00 2020-01-05 05:00 2020-01-05 09:00 9

T2m - ERA-5

7
7
4
@i}
.
Z

T2m - X|Y

Temperature[°C]

T2m - A(X|Y)

T2m - UPSCALE(X]|Y)

Figure 5.23: Temperature : Trajectory of 24 hours (shown every 4 hours) a) ERA-5 Trajectory
b) y : Observation ERA-5 at the lateral boundaries of the domain c) X ~ p(x|y) : Conditional
sample given the observation d) y = A(X) Projection of the sample on the observational space
(Downscaling on the lateral boundaries) e) Projection of the sample on the ERA-GRID (Downscale
on the whole region)
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-04 17:00 2020-01-04 21:00 2020-01-05 01:00 2020-01-05 05:00 2020-01-05 09:00

UlOom - ERA-5

ulom-Y

U10m - X|¥

Wind Speed[m/s]

Ulom - A(X]|Y)

U1l0m - UPSCALE(X]|Y)

Figure 5.24: Wind speed : Trajectory of 24 hours (shown every 4 hours) a) ERA-5 Trajectory
b) y : Observation ERA-5 at the lateral boundaries of the domain c) X ~ p(x|y) : Conditional
sample given the observation d) y = A(X) Projection of the sample on the observational space
(Downscaling on the lateral boundaries) e) Projection of the sample on the ERA-GRID (Downscale
on the whole region)
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2020-01-23 05:00 2020-01-23 09:00 2020-01-23 13:00 2020-01-23 17:00 2020-01-23 21:00 2020-01-24 01:00

[

=

37

T2m - ERA-5

T2m-Y

T2m - X|Y:1

T2m - X|Y:2

Temperature[°C]

T2m - X|Y:3

T2m - X|Y:4

-2

Figure 5.25: Visualization of the Temperature an ensemble of posteriors conditioned with the same
lateral boundaries on a timescale of 24 hours shown every 4 hours.
a) ERA-5 trajectory b) y : Observation : ERA-5 at the lateral boundaries (e-g) X ~ p(x|y)

Ensemble of conditional samples.
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2020-01-23 05:00 2020-01-23 09:00 2020-01-23 13:00 2020-01-23 17:00 2020-01-23 21:00 2020-01-24 01:00

UlOom - ERA-5

ulom-Y

Ulom - X|Y:1

Ulom - X|Y:2
Wind Speed[m/s]

Ulom - X|Y:3

Ulom - X|Y:4

Ulom - X|Y:5

Figure 5.26: Visualization of the Wind speed an ensemble of posteriors conditioned with the same
lateral boundaries on a timescale of 24 hours shown every 4 hours.
a) ERA-5 trajectory b) y : Observation : ERA-5 at the lateral boundaries (e-g) X ~ p(x|y)

Ensemble of conditional samples.
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CHAPTER 5

5.9. ENSEMBLE POSTERIOR AND MODEL CALIBRATION

Figure 5.27: Kernel Density Estimation of the MAR trajectory and the 50 posterior samples. The
are aligned, but there is a noticeable mismatch in variability.
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Figure 5.28: Rank histograms for both variables. The U-shape suggests that the ensemble is un-
derdispersive, with the generated posteriors underestimating the uncertainty relative to the ground
truth.

5.9 Ensemble Posterior and Model Calibration

5.9.1 Method

Following the approach in , we generate posterior samples conditioned on a single observation,
namely a coarsened MAR trajectory over 12 hours (13th February 2011, from 9:00 to 21:00). The
objective is to compare the posterior distribution with the prior. For each observation, 50 samples
are produced within the 12-hour assimilation window.

The observer and experimental setup are the same as those defined in the Artificial Coarsening
Experiment. Two diagnostics are considered. First, we compare the kernel density estimations
(KDE) of both the "ground truth" and the ensemble samples to identify potential biases or
large discrepancies. Second, we analyze rank histograms. While conclusions are limited due to
the single observation, these diagnostics provide a first indication of the ensemble sampling per-
formance.

5.9.2 Visualization
5.9.3

Figure [5.27] shows the kernel density estimations of the MAR trajectory and the 50 posterior sam-
ples. While the ensemble mean is well aligned with the observation, clear discrepancies remain in
the variability of the two distributions. Figure[5.28] presents the rank histograms of the ground truth
relative to the posterior ensemble. The U-shape indicates that the ensemble is underdispersive:
the observed values frequently fall outside the range spanned by the ensemble. Although extrap-
olation from a single observation is delicate, these diagnostics suggest that the sampling strategy

Interpretation
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CHAPTER 5 5.10. 30 VARIABLES

is suboptimal and/or that the prior has not sufficiently captured the dynamics of MAR.Further
investigation with additional observations would be needed to confirm this behavior.

5.10 30 variables

5.10.1 Setup

We consider a MAR trajectory spanning three consecutive hours, downscale it using the observer
defined in the artificial coarsening experiment, and generate 50 posterior samples.

N C T ¥ >y
256 2 0.3 0.01 0.001

Table 5.15: Parameters used in the experiment.

5.10.2 Qualitative Evaluation

On the experiment with all the variables , the following figure shows the decomposition of all
variables where for the generated samples, the median of the spectal decomposition is shown :
As shown on the figure [5.29] the model struggles to capture how "threshold" variables work. In
fact, referring to the figure[4.1], the spectral decomposition do not align when the variable has a
lot of constant values and sometimes some other real values (the model has to predict whether
the variable is on/off (constant) and when it is on what is the exact value of this on). These
variables are often related to runoff, rainfall, snowfall when often for example there is no rainfoll
nor snowfall and if there is one, the model should predict the spike value correctly.

5.11 Computation Time Comparison

Xavier Fettweis stated that outputting from Reanalysis ERA-5, hourly MAR all variables, from
1940 to 2022 takes approximately seven days using 100 parallelized tasks on NIC-5 (MPI). If we
approximate 1 task ~ 1 core, then he used 100 cores of CPUs EPYC 7542.

Concerning the Elementary MAR Simulator forced at the boundaries by two variables derived
from the ERA-5 land , it 56 seconds to generate and compose one posterior (not an ensemble) over
a timer period of 24 hours (composing 24 consecutive sliding windows of 12 hours, each time taking
the fifth timestamp to recompose) on GPU RTX A5000. Therefore, by naively scaling sequentially
we could expect that the simulation from lateral boundary conditions takes approximately a little
less than 20 days. Moreover, it outpus only 2 variables compared to the list of 30 variables. In
fact, diffusion models present the disadvantage of slower sample generation compared to other
generative Al models such as GANs.
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5.11.

COMPUTATION TIME COMPARISON
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Chapter 6

Conclusions and perspectives

6.1 Conclusions

In this work, we've studied the application of the Score-based data assimilation [9] in the context of
the Modéle Atmosphérique Régional (MAR) over the Belgian region. The problem was approached
from a statistical perspective, framing it as an inverse problem.

The contributions are the following :

1.

Unconditional generation

Train a diffusion model to learn the distribution of MAR outputs and assess the quality of
the samples drawn from the learned distribution.

At the end, for two variables : the temperature and the wind speed, the samples capture the
distribution of energy across scales but still present artefacts.

Zero-shot conditional generation

Assess the performance of MAR in controlled measurement-noise settings on various sce-
narios such as artificially coarsened data as well as sparse noisy observations.

The posterior samples are aligned with the observations.

Integration of real-world measurements

Study the flexibility of SDA to integrate heterogeneous data sources: IRM sparse weather
stations and ERA-5 land surface data, allowing the assessment of the performance of real-
world assimilation and a simplified simulator setting of MAR.

The posterior samples are more aligned with the observations compared to the MAR outputs
at the same period and several different samples can be drawn from the same observation.
However, if one part of the observation is assimilated, the posterior cannot predict the other
part of the non-assimilated. The reason for this remains unclear. Sometimes this is a
desired feature (e.g , the observation represents the boundary while the core may differ),
but sometimes not (e.g , conditioning on part of the IRM stations yields a posterior that
predicts values inconsistent with the non-assimilated weather stations).

Ensemble variability

Ensemble variability was analyzed using rank histograms to study the spread of ensembles
generated by the model. The test on a single observation showed that the produced ensemble
was under-dispersive, and the KDEs of both the ground truth and the generated samples did
not align perfectly.

Generalization to multiple variables
Assess how the current model behaves on all MAR outputs. The model fails to capture the
energy distribution across spatial scales for some variables.
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6. Computational considerations
Assess the computational cost of the approach to identify bottlenecks and trade-offs between
performance and efficiency. No significant improvement was observed when approximating
the time required to condition the model over an extended period. The main advantage
remains that, once trained, the model can be directly applied to any zero-shot scenario.

6.2 Limitations

6.2.1 Learned prior

While the learned prior successfully captures the distribution of energy across spatial scales for
the simplified case with two variables (T2m and U10m), it struggles significantly when extended
to 30 variables. In particular, threshold-type variables, which exhibit mostly constant values with
occasional sharp spikes, are poorly represented.

Even in the reduced two-variable setting, a trained classifier can still distinguish between generated
samples and ground truth data, indicating the presence of persistent artefacts in the generated
distribution. This shows that the learned prior does not fully reproduce the complexity of the
reference model.

6.2.2 Alternative forcings and real world-observations

e Controlled noise settings (Artificial Coarsen, Sparse, Simulator): The resulting posteri-
ors generally align with the observations. However, posterior quality in unobserved regions
(particularly in the sparse setting) and variability across samples require further quantifica-
tion.

e IRM dataset: A mismatch exists between IRM measurement definitions and MAR output
variables, complicating the definition of the observation operator. Assimilation of weather
stations reduces the NRMSE at observed points, but posteriors fail to generalize to unassimi-
lated stations. The source of this failure cannot be clearly attributed to either (1) insufficient
representativeness of the learned prior, or (2) a strong non-linear mismatch between IRM and
MAR datasets, including possible issues such as: (a) differences in variable measurements,
and (b) the absence of IRM assimilation within MAR.

e ERADS dataset: Posterior variability has not been studied with sufficiently detailed metrics,
leaving uncertainty about the robustness of results. We restricted only to land-surface vari-
ables for the proof of concept meanwhile considering prognostic variables across pressure
levels would be more meaningful to represent the simulation of MAR.

6.2.3 Ensemble evalutation and computation power

Ensemble evaluation was limited to a single downscaling experiment, which strongly restricts the
generality of conclusions. In this case, the ensemble mean was unbiased relative to the reference,
but the ensemble spread was overconfident, and kernel density estimates revealed noticeable distri-
butional discrepancies. More systematic evaluation across different forcings and multiple samples
is needed, as well as investigation of alternative sampling strategies.

Regarding computational efficiency, the comparison between physical RCM simulations and diffusion-
based generative models is not strictly one-to-one, as different hardware was used. Nevertheless,
the proposed framework does not currently exhibit a clear computational advantage due to (1) the
high training cost of diffusion models and (2) their relatively slow sampling speed.
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6.2.4 Procedure

Our primary objective has been to present a proof-of-concept rather than conducting an exhaus-
tive performance comparison with multiple baselines, though such evaluation remains important.
More specifically, we propose comparing the ensemble variability against the physical generator
MAR within the same experimental setup and measuring computational efficiency and ensem-
ble calibration and diversity using climatology-oriented metrics such as the Continuous Ranked
Probability Score (CRPS) and the Spread-Skill Ratio (SSR). In addition, comparisons with other
diffusion model baselines, alternative generative frameworks, or even traditional climate techniques
are valuable. These can be evaluated using quantitative metrics designed to capture discrepancies
between data distributions in a single value, such as the Wasserstein distance [43] or the Structural
Similarity Index Measure (SSIM) [44].

6.3 Perspectives

6.3.1 Learnable prior

Despite studying an RCM model initially developed for the Groenland, we didn’t even cover a tip
of the iceberg.
A first avenue is to improve the quality of generated samples. This could involve testing alternative
backbones such as Vision Transformers [45], which have shown promising ability to capture long-
range dependencies. The exploration of different sampling strategies is important, as the choice
of sampling directly impacts the quality and reliability of the generated samples.

Another direction is to train models using the full set of variables, while addressing the issue
of threshold-type variables. One possible strategy would be to train the network to predict a mask
on these critical variables to tell whether this is a constant value or a spike.

6.3.2 Dataset discrepancy

A second perspective concerns the discrepancy between datasets. Reducing or at least quantifying
such mismatches could substantially improve results. In statistical downscaling, quantile mapping
[46] is a widely used technique to mitigate the gap between coarse GCM outputs and fine-scale
RCM simulations. For the IRM stations, try to find a way to mitigate the way the values are
defined with respect to MAR.

6.3.3 Simulator

Finally, the most important point: study a simulator with real plausible GCM inputs to MAR,
namely: temperature, surface pressure, specific humidity, and the two wind speed components
across several pressure levels.

Naive idea
A first idea is to continue training a diffusion model solely on the RCM outputs,
x = [XpmAR] -

However, as in this work, if the RCM outputs are mostly land and soil variables, it is difficult to
define an observer
A Xyar = Xocm. Y € Xoem.

For example, how can one relate the absolute wind speed defined at 2 meters above the ground
to its decomposition into two perpendicular components at the boundaries of the domain across
several pressure levels?
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To explore
Another idea is to define the states as
X = [XmAR. XGcM]

where Xy ar corresponds to the output variables and xgcp corresponds to the coarse GCM inputs,
ERA-5 in this work. First, train a diffusion model to learn to denoise the added noise to such states
with land characteristics, such as elevation or soil properties, embedded as context channels in order
to take advantage of all MAR inputs. Afterwards, defining the observations as

y € Xgcwm,

with a GCM providing prognostic variables at the boundaries, which may differ from the one used
during training. Defining an operator

A [XMAR U XGCI\/I] — Xecm

is then straightforward, in order to generate conditional samples given the observations : GCM
inputs.
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