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Abstract

A numerical framework for aeroelastic stability assessment of finite wings was developed by cou-
pling a three-dimensional beam finite element structural model with an unsteady lifting-surface
aerodynamic formulation provided by the sDPMf1ut software. Cross-sectional analyses supply
spanwise distributions of area, bending and torsional rigidities, mass, and inertial properties,
which are mapped to a beam mesh to assemble the undamped eigenvalue problem. A reduced
modal basis is retained according to aeroelastic convergence criteria. Aerodynamic generalised
forces are computed on a reduced-frequency grid and projected onto the structural modes to
form the coupled frequency-domain problem.

For each airspeed, complex eigenvalues of the coupled system deliver modal frequencies
and damping ratios. Flutter is identified from the zero crossing of modal damping, and the
associated reduced frequency is recorded. Numerical credibility is established through two
complementary procedures. First, a discretisation study demonstrates that the aeroelastic
indicators are insensitive to further refinement beyond selected structural and aerodynamic
resolutions. Second, a parameter-wise uncertainty analysis perturbs plausible aerodynamic
and structural inputs around a nominal reconstruction and aggregates the resulting families
of curves into envelopes. The dimensionless metric x = f/f. succinctly characterises the
relative placement of the first bending and torsional branches and explains trends in coalescence.

Validation on a ULiége wing configuration reconstructed from a high-fidelity dataset shows that
the predicted modal patterns and the aeroelastic frequency— and damping— airspeed trends
reproduce the expected behaviour, with flutter metrics consistent with reported experimental
dispersion when equivalent modelling choices are adopted. The study indicates that structural
properties govern frequency placement, whereas aerodynamic inputs primarily shape damping
levels. The framework is fully reproducible, transparent in its data exchanges with the SDPMf1ut
software, and readily extensible to additional configurations within the same modelling assump-
tions.

Keywords: aeroelasticity, flutter, finite wing, Timoshenko beam, 3D beam finite elements, cross-
section properties, source—doublet panel method, sDPMf1ut software, modal analysis, flexion,
torsion, coupling, sensitivity and convergence, damping.
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Chapter 1

Introduction

1.1 Context and motivation

Aeroelasticity is the multidisciplinary field that investigates the dynamic coupling among inertial,
structural, and aerodynamic forces acting on a flexible body within a fluid flow. A classic repre-
sentation for describing these couplings in aeroelasticity is Collar’s triangle, introduced by Arthur
Roderick Collar, as shown in Figure 1.1 . Classical bending—torsion flutter mechanisms and
reduced-frequency effects are comprehensively documented in standard references [1], [2], [5].

Inertial Forces

\

Structural Dynamics Dynamic Flight Dynamics
Aeroelasticity \

Structural Forces Static Aeroelasticity Aerodynamic Forces

Figure 1.1: Collar’s triangle illustrating the interaction of inertial, structural (elastic), and aerody-
namic effects.

Aeroelastic phenomena have long been pivotal in aircraft design because they can lead to
structural failure and impose significant limitations on the operational flight envelope [1]. In the
scope of this thesis, attention is restricted to the analysis of flutter instabilities.



Flutter remains a critical instability in lifting surfaces and continues to constrain the preliminary
design space of finite wings. The industrial development cycle increasingly demands early
aeroelastic risk screening without recourse to costly instrumented wind-tunnel campaigns or
simplified low-fidelity models. Under certain operational conditions, flutter can incite a dynamic
instability where motion-induced aerodynamic forces transfer energy into the structure’s natural
modes of vibration. Therefore, the accurate prediction and comprehension of this behaviour
are crucial for ensuring the stability and optimal performance of flexible systems across a wide
range of engineering applications.

In experimental campaigns, flutter investigations typically require a dedicated wind-tunnel ar-
rangement. The wing is instrumented with accelerometers or strain sensors, a calibrated
excitation is applied, and modal parameters are identified at discrete airspeeds. Test matrices
must cover angles of attack and speeds of interest while respecting structural limits and tunnel
safety procedures. The process is resource-intensive, it demands careful rig design and calibra-
tion, and near-flutter operation entails strict risk mitigation. As a complement to such campaigns,
a well-posed numerical approach can not only provide early guidance on discretisation choices,
parameter sensitivities, and likely flutter trends before testing, but, additionally, it can support
post-test interpretation through systematic comparisons [10], [9].

This thesis, therefore, focuses on wing configurations operating in subsonic compressible
regimes, which are commonly encountered in applications such as solar-powered UAVs and
slender wings. These structures are subject to considerable static and dynamic deformations,
which brings into question the fidelity of traditional aeroelastic models in predicting the onset of
flutter and their subsequent post-critical behaviour.

In the scope of this thesis, an advanced, fully numerical computational framework has
been established to compute and deliver: (i) structural modal characteristics, (ii) a full set
of cross-sectional properties with the necessary reference-point information, and (iii) struc-
tural-aerodynamic coupling data in the format required by the sbpMf1ut software. These
outputs constitute the prerequisite inputs for linear flutter assessment of wing configurations.
The lifting-surface formulation employed is consistent with classical unsteady-aerodynamics
treatments for finite wings [2], [5].



1.2 Objectives of the thesis

The primary objective is to enable reliable prediction of flutter in modern flexible wings by estab-
lishing a robust numerical computational framework that supports early-stage design decisions
and complements wind-tunnel campaigns through traceable and reproducible analyses with the
SDPMflut software.

Accordingly, an advanced computational framework is established for linear flutter assessment
of finite wings. The adopted modelling assumptions lie within the linear aeroelasticity framework
for slender lifting surfaces [1], [2], [5]. Emphasis is placed on consistency of reference frames
and units across modules, explicit metadata for intermediate and final results, and transparent
input—output contracts.

The structural component relies on three-dimensional Timoshenko beam finite elements to
compute wind-off natural frequencies and mode shapes for a spanwise line model placed on
the elastic axis. Mode shapes are reconstructed at finite chordwise sampling points at each
spanwise station to form a chordwise—spanwise grid suitable for aerodynamic coupling. Mass-
normalised modes are retained, and the locations of the centre of gravity and the shear centre
are tracked along the span to preserve physical consistency.

The cross-sectional component provides the spanwise distributions required by the beam for-
mulation. Airfoil geometries are preprocessed to enforce trailing-edge closure and to represent
skins and spars with piecewise-uniform materials. Mesh-based evaluation delivers A, EI,, F1,,
GJ, J, centroid and shear-centre positions, as well as mass and rotary inertias per unit span.
These fields are mapped to the structural mesh with continuity checks to avoid spurious stiffness
or mass jumps.

The aerodynamic component employs a source—doublet panel method through the sSppPMflut
software to perform subsonic compressible unsteady analyses in the frequency domain. Gen-
eralised aerodynamic forces are computed on an appropriate reduced-frequency grid and
projected onto the retained structural modes to form the coupled problem. Clear interfaces are
maintained so that discretisation choices and solver options are documented and reproducible
3], [4].

Verification targets reproducibility and credible numerical behaviour. Discretisation and modal-
truncation studies are conducted on a separate reference test case to determine mesh and
basis sizes that render aeroelastic indicators insensitive to further refinement. Validation is
then performed by comparison against experimental modal information reported for a ULiege
laboratory wing, using only experimental points from the validated reference for comparison. No
low-order Rayleigh—Ritz modelling and no experimental procedures are reproduced in the scope
of this thesis [7].



Beyond these objectives, the computational framework is intended to provide early guidance on
discretisation choices, parameter sensitivities, and likely flutter trends prior to testing, and to
support post-test interpretation through structured comparisons with experimental outputs. Mod-
elling assumptions can be calibrated transparently, robustness to structural-property uncertainty
and damping can be assessed via envelopes, and regimes requiring refined measurements
can be identified. The modular design and documented data exchange enable traceable, re-
producible configurations and straightforward replication of case studies, facilitating informed
design decisions and reducing iteration cost in subsequent experimental campaigns.



1.3 Thesis outline

The thesis is structured in four chapters. Chapter 1 introduces the context and motivation for
numerical aeroelastic assessment of wings, states the objectives pursued in the scope of this
thesis, and presents the overall organisation of the document.

Chapter 2 (Methodology) documents the numerical computational framework. The cross-
section module is described with its geometry ingestion, meshing strategy, and spanwise
property outputs. The structural modal module based on three-dimensional beam finite elements
is presented with assembly steps, boundary conditions, eigen-solution, mass normalisation, and
the construction of mode-shape fields on a chordwise—spanwise grid for aerodynamic coupling.
The aerodynamic interface toward the SDPMflut software is specified, including coordinate
conventions, data exchange, and solver configuration adopted for the analyses. Input and output
tables are provided for each module. A separate reference test case is defined for discretisation
and sensitivity studies, and recommended default settings are established from convergence
evidence.

Chapter 3 (Results) reports numerical-experimental comparisons for a validated ULiege labora-
tory wing. Numerical models are rebuilt from geometry and material information, and results are
compared against experimental points only. The influence of structural-parameter uncertainties
is quantified, the effect of stiffness placement through the ratio f;,/f. is analysed, and the
impact of modal damping on flutter indicators is assessed. Figures and tables present frequency
and damping trends with airspeed, the interaction of bending and torsional branches, and the
robustness of predictions with respect to the modelling choices defined in Chapter 2.

Chapter 4 (Conclusion and Perspectives) summarises the main findings and the conditions
under which they hold, identifies limitations related to modelling assumptions and numerical
resolution, and outlines perspectives for extension, including possible improvements to cross-
section modelling, mode-mapping strategies, and aerodynamic options within the SDPMf1ut
software. The bibliography and appendices provide source references, export specifications,
and auxiliary material required for reproducibility.



Chapter 2

Methodology

This chapter details the computational framework established for the numerical aeroelastic
assessment of finite wings. The framework integrates a three-dimensional beam finite element
structural model with an unsteady lifting-surface aerodynamic formulation through the sDPMf1ut
software, and it delivers frequency— and damping— airspeed trends together with flutter metrics.
The scope is purely numerical: all models, inputs, and outputs are defined, versioned, and
processed within a reproducible computational environment.

The modelling strategy is driven by four principles. First, traceability: each intermediate quantity,
from cross-sectional properties to modal bases and aerodynamic generalised forces, is saved
with sufficient metadata to allow independent verification. Second, consistency: the same
coordinate conventions, units, and sign definitions are enforced across the structural and aero-
dynamic modules. Third, efficiency: the structural representation is kept to a beam idealisation
that captures the bending—torsion interplay governing classical flutter. Fourth, robustness:
discretisation and solver tolerances are selected through systematic sensitivity studies, and
envelope analyses are used to reflect plausible variability of inputs.

The structural module models the wing as a line-like Timoshenko beam with six degrees of
freedom per node. Spanwise distributions of area, bending and torsional rigidities, mass, and
radii of gyration are provided as inputs. The undamped eigenvalue problem is assembled and
solved to obtain natural frequencies and mode shapes. Modal truncation is applied according to
convergence of the aeroelastic response, and mass-normalised modes are retained to ensure
a well-conditioned coupling with the aerodynamic forces. The mapping between geometric
reference frames and analysis frames is made explicit, with the chordwise position of the centre
of gravity and the shear centre tracked along the span.

The cross-sectional module delivers the spanwise property fields required by the beam model.
The airfoil geometry is preprocessed to enforce trailing-edge closure, spars and skins are rep-
resented as piecewise uniform materials, and the resulting sections are meshed to compute
geometric and warping quantities. The outputs comprise A, EI,., EI,, GJ, J, the locations of



the centroid and shear centre, and the mass and rotary inertias per unit span. These fields are
interpolated on the structural mesh with continuity checks to avoid spurious stiffness jumps.

The aerodynamic module is based on the sppMf1lut software, which provides a frequency-
domain unsteady lifting-surface formulation. The lifting surface is discretised chordwise and
spanwise, panel distributions are selected through a sensitivity study, and the reduced-frequency
grid is chosen to cover the range relevant to the retained structural modes. Generalised aero-
dynamic forces are computed and projected onto the structural modal basis. Compressibility
and Mach-number effects are treated as inputs of the aerodynamic solver and are varied when
constructing uncertainty envelopes.

The aeroelastic coupling is formulated as a complex eigenvalue problem in the frequency domain.
For each airspeed, the coupled matrices are assembled in modal coordinates, and the resulting
complex eigenpairs deliver modal frequencies and damping ratios. Flutter is identified as the
airspeed at which a damping curve crosses zero from negative to positive values, and the
associated reduced frequency is reported. The full curves of frequency and damping versus
airspeed are generated to visualise coalescence and separation of the bending and torsional
branches.

To ensure credibility of the results, two complementary procedures are employed. A discretisa-
tion study quantifies the impact of structural mesh density and aerodynamic panelling on the
aeroelastic predictions. In parallel, a parameter-wise uncertainty analysis perturbs selected
aerodynamic and structural inputs around the nominal reconstruction and constructs envelopes
of the frequency— and damping— airspeed curves. A compact frequency-placement metric,
X = fn/fa, is monitored to characterise how structural properties shift the relative position of the
first bending and torsional branches.

The remainder of the chapter is organised as follows. The structural finite element module
is presented in Section 2.1. The cross-sectional property module is described in Section 2.2.
The aerodynamic formulation and its use through the sDpPMf1ut software are summarised in
Section 2.3. The flutter solution procedure is detailed in Section 2.4. An overview is provided in
Section 2.5. Finally, Section 2.6 reports the discretisation and sensitivity analyses that underpin
the numerical settings used in the results.



2.1 3D Beam Finite Element Structural Modelling

The structural dynamics of the wing are modelled using a three-dimensional finite element
representation based on Timoshenko beam theory. This approach is chosen over the simpler
Euler-Bernoulli theory as it accounts for transverse shear deformation, a phenomenon of sig-
nificance in the analysis of modern aircraft wings, which are often constructed from advanced
composite materials (multi-material) and may not always be considered slender. In the scope of
this thesis, the wing’s elastic axis is discretized into a series of interconnected beam elements,
each representing a segment of the wing’s span. This finite element model allows for the
accurate computation of the wing’s modal characteristics, including natural frequencies and
mode shapes [5], [6], [10].

The formulation is designed to be particularly robust, accounting for configurations where the
cross-section’s centroid G, shear center C, and the elastic axis point E are not coincident. This
capability is crucial for accurately capturing the bend-twist coupling inherent in complex airfoil
geometries, an aspect that will be further detailed in Section 2.2.

2.1.1 Spatial Discretization

The structural analysis begins with the spatial discretization of the wing. The continuous elastic
axis is represented by a finite number of nodes connected by beam elements, as illustrated in
Figure 2.1. The continuous elastic axis of the wing is represented by a finite number of nodes
connected by beam elements, as illustrated in Figure 2.1. The fidelity of this discretized model is
dependent on the number of elements chosen. Non-structural components, such as engines
or tip masses, can be included in the model as lumped masses added to the nodal degrees of
freedom at their specific spanwise locations.

Figure 2.1: Discretization of the wing’s elastic axis into nodes and 3D beam elements, showing
the local coordinate system for an element.



2.1.2 3D Timoshenko Beam Element Formulation

Each element in the discretized model is a two-node Timoshenko beam element. The formula-
tion requires the definition of both global and local reference frames to describe the element’s
kinematics and derive its properties.

The finite element formulation is comprehensive, accounting for axial deformation, biaxial
bending (flapwise and lagwise) with transverse shear deformation in both planes, and torsion,
including the effects of Saint-Venant warping. Furthermore, rotary inertia is retained, and a
consistent mass matrix is assembled to accurately represent the element’s inertial properties.
For subsequent aeroelastic analysis, the computed mode shapes are mass-normalized to ensure
a unit generalized mass.

A key feature of this advanced formulation is its ability to process section properties defined
about multiple reference points, specifically the centroid, the shear center, and the elastic axis.
This multi-reference approach ensures a high-fidelity capture of bending and torsion phenomena,
particularly for complex airfoil configurations where these three points are not coincident.

Reference Systems

A global coordinate system, denoted as GCS (X, Y, 2), is used to define the overall geometry
and orientation of the wing. In addition, each beam element has its own local coordinate system,
ECS (x,y,z), with the x-axis aligned with the element’s elastic axis, as shown in Figure 2.2. The
transformation between the local and global systems is accomplished using a standard rotation
matrix.

Figure 2.2: Three-dimensional beam element, illustrating the global and local coordinate systems
and the nodal degrees of freedom, which include three translations (u, v, w) and three rotations

(hz, Yy, P2).



Section Reference Points
Three main section reference points are defined, at every spanwise station, as:

» Centroid GG used for translational and rotary inertia,
+ Shear center C which defines the axis of pure Saint-Venant torsion,

+ Elastic axis point E used to place the line model.

The cross-section module, as it will be shown in Section 2.2, provides the coordinates of G,
C and E in {y, z}, in local axes, and the offsets EG and EC. Additionally, cross-sectional
properties are computed about multiple reference points, then transformed to the element frame
so that bending inertias and stiffnesses about the elastic axis, the centroid, and the shear center
are all available. Accurate knowledge of C' is essential to capture bend—torsion coupling. In
many Euler—Bernoulli-based workflows, common pre-processors do not provide C robustly,
which forces indirect estimation and can degrade torsional fidelity.

Kinematics and Degrees of Freedom

Each node of the beam element possesses six degrees of freedom (DOFs): three translations
along the local axes (u, v, w) and three rotations about these axes (v, ¥y, v.). Therefore,
each element has a total of 12 DOFs. The displacement field within the element is interpolated
from the nodal displacements using shape functions. Where, axial displacement and twist
are interpolated linearly, and transverse displacements and rotations are interpolated with a
field-consistent scheme that satisfies the shear-strain compatibility conditions, which prevents
shear locking for thin sections and remains robust for thick sections.

Element matrices are integrated with Gauss—Legendre quadrature of sufficient order for stiffness
and mass terms involving shear.

A key aspect of Timoshenko beam theory is that the rotations of the cross-section are treated as
independent variables, which allows for the representation of shear deformation. The element
degrees of freedom expressed in local axes:

@ =lur viwi e g1 a1 Uz V2 wa Yhaz Yy2 Uuo] (2.1)

Indeed, Timoshenko kinematics allow the bending rotations to differ from the slopes of the
transverse displacements, which introduces shear strains in the flapwise and lagwise directions
through shear correction factors «, and «., in local axes. This contrasts with Euler—Bernoulli
elements where shear deformation is neglected and bending fields use cubic Hermite interpo-
lation, a choice that is adequate only in slender limits and can under-predict coupling with torsion.
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Elementary Mass and Stiffness Matrices

The kinetic and strain energies of the beam element are formulated based on the Timoshenko
kinematic assumptions. Applying Hamilton’s principle leads to the derivation of the element’s
consistent mass matrix, M,, and stiffness matrix, K , in the local coordinate system. These
12 x 12 matrices encapsulate the inertial and elastic properties of the element, respectively. The
formulation of these matrices, as implemented in the computational framework, is provided in
Appendix A.1.

A key feature of Timoshenko beam theory is the decoupling of transverse displacements from
the cross-sectional rotations. This allows for the definition of generalized strains that include
transverse shear deformation. The axial strain (¢,), bending curvatures (x,, ~.), torsional twist
rate (0/,), and transverse shear strains (7., 7z.) along the element’s local z-axis are defined as:

p = %@f , (2.2)
Ky = %9;, Ky = —% , (2.3)
0 = % , (2.4)
Yoy = Bt~ 0y e = SE 16y 25)

The non-zero shear strain terms are what distinguish this formulation from the Euler-Bernoulli
theory and enable a more accurate representation of the wing’s flexibility.

2.1.3 Constitutive Relations and Sectional Properties

The relationship between the generalized stresses (internal forces and moments) and the
generalized strains is defined by the constitutive matrix, D. The vector of generalized stresses
is given by o " = [N, M, M, T,V,, V], where N is the axial force, M, and M. are the bending
moments, 71" is the torque, and V,, and V, are the shear forces. The constitutive relationship is:

oc=De, (2.6)

where e is the vector of generalized strains. The 6 x 6 constitutive matrix for an anisotropic
material section is generally fully populated, but for materials with principal axes aligned with the
local element axes, it simplifies to:

[EA
El, EI,.
El,. EI,
GJ
kyGAsgy

k. GAs; |
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A significant feature of the implemented formulation is the retention of contributions from all
significant deformation modes. These include axial stiffness (F A), biaxial bending stiffnesses
(El,, EI,), and the Saint-Venant torsional stiffness (GJ). Importantly, the formulation retains
the cross-bending stiffness term (E1,.) which accounts for bending coupling when the principal
axes of the cross-section are not aligned with the local element axes {y, z}. In addition to the
transverse shear stiffness terms (x,G Ay, k.G A.).

Correspondingly, the consistent elemental mass matrix, M., is formulated to account for both
translational inertia, derived from the mass per unit length, and rotary inertia about the principal
bending axes. To accommodate the continuous variation of properties along the wing’s span,
the sectional distributions are interpolated along the length of each element. The numerical
integration required to derive these matrices is performed using Gauss-Legendre quadrature,
with an order selected to be sufficient for an high-quality evaluation of all terms, including those
arising from shear contributions.

2.1.4 Global System Assembly and Equations of Motion

The global mass and stiffness matrices for the entire wing structure, M and K, are constructed
by assembling the contributions from all individual elements. This process requires transforming
each element’s local matrices to the global coordinate system before summation.

The boundary conditions imposed on the finite element model are defined to replicate the
physical constraints of the experimental test rigs used for the validation wings. This corresponds
to a cantilevered configuration, featuring a fully clamped condition at the wing root and an
unconstrained, free condition at the tip, unless an alternative setup is explicitly stated.

Once the global matrices are assembled, the undamped free vibration of the wing is governed
by the generalized eigenvalue problem:

(K—w’M)¢=0, (2.8)

where w represents the natural frequencies and ¢ is the matrix containing the corresponding
mode shapes (eigenvectors).

Equation 2.8 is solved with symmetric routines. Each eigenvector ¢, is mass-normalised such
that ¢ M ¢, = 1. Orthogonality checks ¢ M ¢; = 0for: # j are verified as a numerical quality
control.
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The solution of Equation 2.8 provides the fundamental dynamic characteristics of the wing,
which are the essential inputs for the subsequent aeroelastic analysis.

2.1.5 Mode Shape Reconstruction for Aerodynamic Coupling

A critical final step in the structural analysis is the reconstruction of the one-dimensional beam
mode shapes onto a two-dimensional chordwise—spanwise grid suitable for aerodynamic analy-
sis. This process is necessary to interface the structural model with the panel-based grid of the
SDPMf lut software.

The reconstruction is performed for each mode shape individually. At every spanwise station
corresponding to a finite element node, the translational and rotational degrees of freedom
calculated for the elastic axis are used to define the motion of the entire cross-section at
that station. This is achieved by applying rigid-section kinematics, where the airfoil section is
assumed to translate and rotate as a rigid body. This kinematic expansion ensures that the
relative contributions of bending and torsion are correctly projected from the elastic axis to all
points on the airfoil chord.

Mathematical Formulation

The translational displacement vector u,, = [u,, v,, w,]T at any point p on the cross-section is
determined from the translations at the elastic axis, uc, = [tca, Vea, Wea)® , and the rotations of
the section, ¢ = [¢., ¢y, ¢.]7. The position of point p relative to the elastic axis is given by the
vector r = [ry, ry, r:]7. The translational components of the mode shape field are thus given by
the followings :

Dy (p) = up = Ueq — T2y + 1y P2 , (2.9)
(I)y(p) = Up = Veq + T2z — Te®z (2.10)
P (p) = wp = Wea — TyPz + T2y - (2.11)

The rotational components of the mode shape field are derived from the spatial derivatives of
the translational displacement field:

ow 0Ov

= — — — 2.12
ou Ow

o= o (2.13)
ov  Ou

=— - —. 2.14

Cs. = 5 3y (2.14)
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Simplification for Plate Mode Shapes

In the scope of this thesis, the structural models are based on plate-like wings, where the
geometry is assumed to lie on the z = 0 plane. This simplification implies that any derivatives
with respect to z are zero. Consequently, the equations for the rotational components of the

mode shapes reduce to:

ow
(p(z)T—aiy,

ow
Pou =90

ov  Ou

(2.15)

(2.16)

(2.17)

The resulting six mode shape fields (., ®,, ®., ®4,, Py, , Py.), defined over the complete two-
dimensional grid, characterized by its structured arrangement of chordwise and spanwise nodes,
are then exported into the specific . mat file structure required by the sppMf1ut software. As it
can be shown in Figure 2.3, for illustrative purposes only, an example of the deformed structural
2D grid for the first calculated mode shape, which represents the fundamental bending mode of

the wing.

Mode shape 1

Beam nodes
Extract point
EP connection

Figure 2.3: An illustration of the discretized 2D structural grid, characterized by its structured
arrangement of chordwise and spanwise nodes, showing the deformation corresponding to the
first mode shape. Shown in element’s local coordinate system.
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2.2 Cross-Sectional Property Modelling & Computation

The accuracy of the 3D beam finite element model, as detailed in Section 2.1, is fundamentally
dependent on the precise calculation of the wing’s cross-sectional properties at discrete points
along its span. The wingsecly computational framework is equipped with a dedicated module
to perform this critical task. This module serves as the foundational analysis stage of the
entire computational framework, responsible for transforming a detailed geometric and material
description of an airfoil’s internal layout into a set of homogenized engineering properties. It is
designed to analyze complex, multi-material airfoil cross-section configuration and its internal
layout and compute a comprehensive set of geometric, inertial, torsional, and shear charac-
teristics required for the advanced Timoshenko beam formulation. The successful execution
of this module ensures that the subsequent 3D structural analysis is based on a high-fidelity
representation of the wing’s internal structure, thereby enabling an accurate prediction of its
aeroelastic behaviour downstream, by SDPMf1ut software.

2.2.1 Principal & Concepts

The outputs from this module comprehensively define the geometry, stiffness, mass, torsion,
and shear characteristics at discrete spanwise stations along the wing. A critical aspect of this
analysis is the precise determination of three key reference points within the cross-section:

* The centroid (G), which represents the geometric center of the section. It serves as the
reference point for computing the mass per unit length and the rotary inertias used in the
element mass matrix.

» The shear center (C), which is the point in the cross-section through which transverse
shear loads can be applied without inducing any torsional deformation. lIts location is a
function of the section’s geometry and material distribution.

» The elastic axis point (£), which forms the locus of the shear centres along the wing’s
span. This axis is used to define the nodes of the 1D beam elements (the line model
representing the wing) in the global structural model.

The accurate computation of the locations of these three points, and more importantly, the offsets
between them (e.g., EG and EZ*), is a prerequisite for a high-fidelity structural model. These
offsets are directly responsible for capturing the critical bend-twist coupling phenomena inherent
in asymmetric and complex airfoil configurations, which is a primary focus of the advanced
Timoshenko beam formulation used in the scope of this thesis.

Consequently, once the locations of these three key reference points, the centroid, the shear
center, and the elastic axis point, are determined, the computational framework proceeds to
calculate the full spectrum of geometrical and warping properties required for the advanced

15



Timoshenko beam formulation, including the cross-sectional area, the mass per unit length
derived from material densities, the second moments of inertia about various axes (including
those about the centroid, the principal axes, and the modulus-weighted axes for composite
sections), from which the bending rigidities are established, the Saint-Venant torsion constant
and the warping function which together define the torsional rigidity, and finally, the effective
shear areas and corresponding shear correction factors that characterize the section’s response
to transverse shear loads, and much more relevant properties.

The module can process a variety of wing, with internal layouts, configurations, from simple
solid sections to more complex hollow, thin-walled profiles with multiple spars made of different
materials, as will be illustrated, later on, in this thesis.

2.2.2 Geometry Modelling

The cross-section is represented by a set of interconnected parts with an explicit topology. This
representation includes the outer airfoil skin with its spatially varying thickness, as well as the
internal components such as spars, ribs, or webs, which are modelled as piecewise linear or
curved entities. Additionally, the framework accommodates discrete reinforcements and fillers
when they are present. The methodology is highly versatile, supporting any geometry type from
common profiles like I-beams, rectangular, or circular beams, to any custom geometry, as long
as the coordinates of its defining points are provided.

As illustrated in Figure 2.4, the two-dimensional representation of the cross-section provides a
clear visualization of the interconnected components. The illustration delineates the outer airfoil
skin and the internal structural elements, a rear and a forward spar, which are modelled as a
set of interconnected linear and curved entities. Key features such as the definition of points
and facets, as well as the identification of holes, are explicitly shown, confirming the topological
precision of the model. This is only an illustrative example, where an airfoil type NACA 0015 was
employed, and modelled as a thin-walled hollow airfoil, companied with two spars at different
chordwise locations.
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Figure 2.4: An illustration example of a two-dimensional geometric representation of a NACA
0015 airfoil cross-section. The illustration shows a thin-walled, hollow airfoil with a forward and a
rear spar, delineating the outer skin and internal components. The mesh’s topological precision
is demonstrated through the explicit visualization of its defining points, facets, and holes.

2.2.3 Finite Element Meshing

To perform a numerical analysis of the cross-section, the constructed geometry must be dis-
cretized into a finite element mesh. The module employs a meshing algorithm to generate a
high-quality mesh of triangular elements over the entire 2D domain, as shown in Figure 2.5. The
mesh density is a controllable parameter, allowing for a trade-off between computational cost
and the accuracy of the resulting properties.

The methodology is predicated on the generation of a two-dimensional manifold mesh for each
station. This mesh is precisely defined to delineate both closed and open subdomains, and its
topology is capable of accurately representing polygonal and curved boundaries. Consequently,
this enables its application for cross-sectional integrals, as well as for Saint-Venant torsion and
shear analyses.

As illustrated in Figure 2.5, the two-dimensional cross-section is discretized into a high-quality
finite element mesh composed of triangular elements. The meshing algorithm employs an auto-
mated refinement strategy to increase element density at junctions and sharp edges. For this
specific illustrative example, a uniform mesh size of 10~5 m was initially employed. However, the
meshing algorithm automatically refines the connections between the spars and the thin-walled
NACA 0015 airfoil. This targeted refinement ensures the accurate representation of complex
geometric features and the precise capture of local stress concentrations, which will be useful
for the internal computations to ensure a high-quality results of the cross sectional properties.
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This visual representation not only confirms the successful discretization of the complex geome-
try but also illustrates the strategic distribution of elements and materials, with distinct regions
allocated for different materials, such as aluminum and steel.
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Figure 2.5: An illustration example of a finite element mesh of a NACA 0015 airfoil cross-section.
The mesh is composed of high-quality triangular elements with a non-uniform distribution, as the
meshing algorithm automatically refines the element size near critical junctions and sharp edges.
It also illustrates the material allocation, with distinct regions assigned to aluminum and steel.

As illustrated in Figure 2.6, the computed cross-sectional properties reveal several key charac-
teristics of the wing’s internal structure. In this specific illustrative example, the elastic centroid
and the elastic axis are observed to coincide. Furthermore, the figure delineates the shear
center, which is distinct from the elastic centroid due to the non-trivial internal configuration of the
wing. The complexity of the geometry and the heterogeneous material distribution necessitate
a numerical approach for the determination of these properties, which cannot be obtained
through manual calculation. The principal axes are also presented, providing a comprehensive
representation of the section’s inertial properties.
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Figure 2.6: An illustration example of the computed cross-sectional properties for the NACA
0015 airfoil. The illustration depicts the location of the elastic centroid and elastic axis, which
coincide for this symmetric section. It also shows the location of the shear center, which is
distinct from the centroid due to the internal configuration of the wing. The principal axes are
also presented.
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The computational efficiency of the developed framework is a notable feature, as evidenced by
the rapid execution time. The entire process, encompassing the translation of setup configura-
tions, the generation of the final wing and airfoil geometries, the comprehensive computation of
all geometrical and warping properties, and the subsequent visualization and local storage of
the data, was successfully completed in a mere 1.564 seconds, for this illustrative example. This
expedited performance demonstrates the framework’s practical utility for conducting rapid and
robust aeroelastic analyses.

2.2.4 Property Set Computation At Each Spanwise Station

With the meshed and materially-defined cross-section, a finite element analysis is conducted
to determine its structural properties. This numerical analysis of the cross-section yields a
comprehensive set of properties at each spanwise station, that are essential for populating
the constitutive matrix (D) of the Timoshenko beam elements. This includes the fundamental
geometric and inertial properties, such as the cross-sectional area (A) and the coordinates
of the centroid (G). Furthermore, the second moments of inertia about the local axes (I, I..)
and the product of inertia (/,.) are computed with respect to the centroid. From these values,
the principal second moments of inertia (1, I3) and their corresponding principal rotation angle
are determined. The framework also calculates the transformed second moments of inertia
about the elastic axis (F) and the shear center (C) by employing exact transfer relations. In
addition, the mass per unit length (m) and the rotary inertias about the centroid (I3, I, I{)
are established, taking into account the material densities.

Beyond the inertial characteristics, the analysis provides crucial torsion and shear properties
(called sometimes warping properties). Specifically, the Saint-Venant torsion constant (J) is
computed from the determined warping solution. The shear center (C) is then located based on
the Saint-Venant shear flow resultants. Moreover, the effective shear areas (A, and A,.), which
are consistent with Timoshenko kinematics, are also derived. From these same shear-flow fields,
the corresponding shear-correction factors (x, and ) are obtained.

Finally, the framework provides essential reference-point data, which includes the coordinates
of the elastic axis (F), the centroid (G), and the shear center (C) within the local coordinate
system. This data also encompasses the offsets and transfer matrices required to accurately
map stiffnesses and inertias between these key points.

The robust calculation of the shear center and the retention of the cross-bending stiffness
term (E1,.) are particularly important features. These properties allow the 3D beam model to
accurately capture the bend-twist coupling effects that are critical for the flutter analysis of swept
and composite wings. The direct computation of these advanced properties is a significant
advantage over simpler methods that may neglect such couplings.
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The two primary modules of the computational framework, the cross-section properties module
and the 3D structural analysis module, are complementary and work in a dependent relationship.
The 3D structural analysis module, which builds the wing configurations using 3D beam theory,
calls upon the cross-section properties module to obtain the necessary geometric and warping
properties. Upon successful computation, the cross-section properties module delivers the
required results back, allowing the 3D structural analysis module to proceed with solving the
eigenvalue problem and determining the modal characteristics, including natural frequencies
and mode shapes.

2.2.5 Numerical Procedures

The numerical procedures employed in the analysis are designed to accurately determine the
sectional properties of the wing. The initial step involves the computation of section integrals,
which are performed on polygonal and curved subdomains to obtain fundamental properties
such as the cross-sectional area (A) and the coordinates of the centroid (v, z¢), as well as
the second moments of inertia about an arbitrary origin. The transfer of these properties to
the centroid (G), and subsequently to the elastic axis (F) and the shear center (C), is executed
through exact transfer relations. For composite or layered regions, these integrals are performed
by integrating the moduli and density through the thickness.

The Saint-Venant torsion problem is subsequently solved on the section mesh under a unit
twist rate to determine the warping function and its associated shear flow. The torsion constant
(J) is derived from the energy expression. The shear center is located by iteratively adjusting the
torque pole until the moment of the shear flow about the pole is null, thus ensuring its precise
determination.

Finally, the shear areas and correction factors are calculated by solving two independent
shear problems with unit transverse shear resultants in the y and =z directions, we are always in
the element’s local coordinate system. The energy-equivalent effective shear areas (A, and
A,.) are extracted, and the corresponding shear-correction factors (x, and «) are derived from
the same shear-flow fields for use with the Timoshenko beam element. The mass and rotary
inertias are also computed at each station. The mass per unit length (m) is derived from the
subdomain densities and areas, while the rotary inertia tensor components about the centroid
(@) are obtained from density-weighted second moments. Any discrete items, if present, are
included as point-mass and point-inertia contributions.
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2.2.6 Default Settings Used in the scope of this Thesis

Unless explicitly stated otherwise, the following default settings and procedures are adopted
throughout this thesis. The meshing algorithm employs a curvature-based refinement strategy,
with an enforced increase in mesh density near the leading and trailing edges as well as at all
structural junctions. To ensure consistency across all analyses, a common finite element mesh
is utilized for the Saint-Venant torsion and the two independent shear problems. Furthermore,
the effective shear areas, A,, and A, are determined using an energy-equivalent extraction
method. The location of the shear center is directly computed from the shear-flow resultants.
All computed properties are transferred to the elastic axis (£) for seamless integration into the
structural element formulation. Finally, the coordinates of the elastic axis (F), the centroid (G),
and the shear center (C) are stored along with their respective offsets to facilitate subsequent
aerodynamic mapping.
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2.3 Aerodynamic & Aeroelastic Analysis (SDPMflut)

The aerodynamic and aeroelastic analysis in the present computational framework is performed
by the sDPMf1ut software, developed by Prof. Dimitriadis [4], [3]. This software implements the
compressible unsteady Source and Doublet Panel Method (SDPM) to model subsonic unsteady
aerodynamics and to carry out aeroelastic stability studies. Its role in the computational frame-
work is to provide the unsteady aerodynamic loads and the flutter solution once the structural
modal data and the wing configuration have been defined.

In other words, sDPMf1ut does not handle modelling and computation of any structural models,
but instead requires the structural modal characteristics as input in the form of modal matrices,
finite element grid and mode shapes. This limitation is one of the main motivations for the
development of the present computational framework, which automates the generation of the
advanced structural modelling and cross-sectional properties computations and supplies them
in the required format, .mat file format, as it was discussed earlier in the previous sections,
Section 2.1 and Section 2.2.

2.3.1 Underlying Formulation

The sppPMf1ut software relies on the unsteady compressible potential-flow formulation of the
source and doublet panel method. The governing equation is the linearised small-disturbance
potential equation, which is solved under the assumptions of inviscid, irrotational, isentropic
flow and small perturbations. A Prandtl-Glauert transformation, {{,n,(} = {z/5,y, z} with
8% =1- M2 ,is applied to account for compressibility effects.

Within these assumptions, the method provides efficient and accurate aerodynamic predictions
for wings at subsonic Mach numbers, as long as the flow remains attached and free of shock
waves. Additionally, the structural deformations are assumed small, so that the undeformed
geometry is used as reference. These approximations render the method unsuitable for transonic
cases, where shock-induced separation and the flutter dip cannot be captured.

The solution procedure consists of evaluating the unsteady surface potential, from which the
perturbation velocities and the pressure distribution are obtained. The aerodynamic loads are
then computed by integration over the wing surface. In the aeroelastic context, these loads are
expressed in modal coordinates to form the generalized aerodynamic stiffness, damping and
mass matrices, which are subsequently coupled to the structural modal equations.
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2.3.2 Numerical Implementation and Discretisation

The aerodynamic discretisation employs a panel grid, characterized by m chordwise panels
per side, n spanwise panels, and m,, wake panels. Panel numbering and optional non-uniform
distributions are precisely defined. Specifically, there are m panels on both the lower and upper
surfaces along the chord, with vertex numbering initiated at the lower trailing edge. An optional
refinement strategy can be applied to increase panel density near the leading edge. Spanwise,
the grid comprises n/2 panels per half-wing, with vertex numbering proceeding from the left tip
to the right tip.

As it is illustrated in Figure 2.7, two chordwise panelling schemes of wings are presented,
showing the panel numbering and distributions for both uniform and non-uniform cases. The
grid consists of m panels on the lower surface and another m panels on the upper surface, for a
total of 2m panels. The numbering of panel vertices starts with 1 at the lower trailing edge and
proceeds upstream to the leading edge, which is vertex m + 1, before continuing downstream
on the upper surface to vertex 2m + 1 at the upper trailing edge.

-2-m =6 -=-m =26
- = m =100 --m =100
m+2 2 amy1 fﬁ 2 9 41
m+1m€> m+1m
m 2 1 o 2 1
4 3 m 4 3

Figure 2.7: An illustration example of the chordwise panel numbering and distributions for both
uniform (the right sub-figure ) and non-uniform (the left sub-figure) cases.

As it is illustrated in Figure 2.8, the spanwise panelling scheme of wings is presented, show-
ing the panel numbering and distributions for both uniform and non-uniform cases. The grid
consists of n/2 panels on the left side and another n/2 panels on the right side, for a total of n
panels and n + 1 panel vertices. The panel vertex numbering begins with 1 at the left wingtip
and proceeds to the right, with the centerline at vertex n/2+1 and the right wingtip at vertex n+1 .
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Figure 2.8: An illustration example of the spanwise panel numbering and distributions for both
uniform (the right sub-figure ) and non-uniform (the left sub-figure) cases.

It is important to note that the sDPMf1ut software adopts a coordinate system with the z-axis
pointing downstream, the y-axis towards the right wingtip, and the z-axis upwards. Recalling
that the global coordinate axes used for the computation framework developed in this thesis, are
exactly the same, by convention, as the coordinate system of the sSbpMf1ut software. The wake
panels are consistently attached to the lower-surface trailing-edge segments and are convected
downstream in the z-direction. This can be shown in Figure 2.9 .

Wing panels /?;c//i/
[ IWake panels .
0.2 )
. 0.1 |
0 ==
\\ S

0.8 =

0.6 1

Figure 2.9: Coordinate system used by sppMf1ut and by the computational framework devel-
oped in this thesis. The coordinate system, with the z-axis pointing downstream, the y-axis
toward the right wingtip, and the z-axis upward, is adopted from the user guide for the SDPMf1ut
software [4].
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For robust interoperability and diagnostic purposes, the interface relies on the body-level ar-
rays generated by the SDPMf1ut software. These arrays include the panel-vertex coordinates
(Xpos Ypo, Zp, ), the panel-centroid coordinates (X, Yz, Z¢, ), and their flattened all vectors. The
wake-vertex arrays (X, Yuwy, Zu,) and the unit panel normals (n,, ny,, n.,) are also utilized.
These variables, which are constructed from the trapezoidal-section definitions, are subsequently
used to perform consistency checks on coordinate systems and to verify interpolation bounds
prior to the mode shape mapping procedure.

2.3.3 Structural Input and Mode Shape Mapping

The sppMflut software requires the structural modal data to be provided through a dedicated
.mat file, which must contain the modal mass (A) and stiffness (E) matrices, as well as
the modal fields ®,, ®,, ®., 4, ®g, .. This modal basis is mass-normalised, resulting in the
modal mass matrix A being a unit matrix (A = I) in modal coordinates, and the modal stiffness
matrix E contains on its diagonal the values of the square of natural frequencies, such that
E = diag(w?) . Additionally, a user-supplied array of structural damping ratios, ¢y, is provided for
each retained mode. The number of modes retained, K, is selected at run time.

The mode shapes obtained from the finite element spanwise line model, that were extended
to a chordwise-spanwise 2D structural grid, are interpolated to the SDPM aerodynamic mean
surface. This interpolation is specifically performed on the right half-wing camber surface via
two-dimensional scattered-data cubic interpolation based on the (z,y) coordinates. The result-
ing modal fields are then mirrored across the y = 0 plane to the left half-wing, and identical
deformations are applied to both the upper and lower surfaces. This procedure guarantees
geometric compatibility, ensures symmetric mapping for cantilevered wings, and maintains an
unambiguous orientation for the modal rotations.

2.3.4 Limitations & Integration Into The Computational Framework

While sppMf1ut provides a robust and validated aerodynamic and aeroelastic solver, as previ-
ously stated, its scope is limited to the aerodynamic and aeroelastic computations. It does not
include any pre-processing capabilities for structural modelling, cross-sectional property
calculation, or finite element structural discretisation. The structural modal data must there-
fore be generated or delivered externally and imported as Matlab . mat files.

Furthermore, the aerodynamic formulation is restricted, by the assumptions, to subsonic at-
tached flows, ignoring viscous and transonic effects, which can become significant at higher
Mach numbers, but these latter limitations are out of the scope of this thesis.
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To address the limitations about pre-processing capabilities, the present thesis develops com-
plementary modules for structural and cross-sectional analysis. These modules automate the
generation of the modal input data and enable a seamless coupling with SDPMf1ut. In this way,
the complete computational framework provides an end-to-end solution for aeroelastic analysis,
from geometry and structural modelling, cross-sectional geometrical and warping properties
computations to flutter prediction.

2.3.5 Application within the Present Thesis

In the scope of this thesis, SDPMf1ut is used exclusively as the aerodynamic and flutter solver.
The required input files containing the structural modal matrices and interpolated mode shapes
are generated using the structural and cross-sectional modules described previously. The
wing geometry and aerodynamic discretisation are defined through dedicated pre-processing
scripts, ensuring consistency between the structural and aerodynamic models. The software is
then employed to compute steady and unsteady pressure distributions, to evaluate generalized
aerodynamic matrices, and to determine the flutter boundaries of the studied configurations.

2.4 Flutter Solution Procedure (via SDPMflut)

2.4.1 Aeroelastic Concepts

The present thesis is primarily focused on dynamic aeroelastic instabilities, particularly the
phenomenon of flutter. Flutter is characterized as a self-excited, unstable structural oscillation
that occurs at a specific frequency when energy is extracted from the airstream by the structure’s
motion. Beyond a critical airspeed, these oscillations can grow in amplitude, potentially leading
to catastrophic structural failure. It is widely regarded as the most significant and challenging of
all aeroelastic phenomena to predict.

As illustrated in Figure 2.10, a typical flutter case on an fundamental aeroelastic system with
two modes of vibration. At wind-off conditions and below the flutter speed, the modes have well
separated frequencies and positive damping ratios. As a result, the response of the system to
non-zero initial conditions is a decaying oscillation (blue case: Stable). As the airspeed increases,
the frequency gap between the modes decreases, the damping ratio of mode 1 increases and
the damping ratio of mode 2 increases at first then decreases. When the airspeed coincides
exactly with the system’s linear flutter speed, the modal damping of mode 2 is exactly equal
to zero (orange case: Neutrally Stable) and a constant amplitude oscillation can be observed.
For any airspeed higher than that, the system features a negative damping ratio in mode 2
and a response amplitude that exponentially diverges as time passes is observed (red case:
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Figure 2.10: A typical flutter case for a two-mode aeroelastic system. The system’s response to
an initial disturbance is shown for three distinct cases: a stable, decaying oscillation below the
flutter speed (blue case), a neutrally stable, constant-amplitude oscillation at the linear flutter
speed (orange case), and an unstable, exponentially diverging oscillation above the flutter speed
(red case).

In addition to identifying the onset of flutter, it is crucial to characterize the nature of the instability.
As illustrated in Figure 2.11, flutter can manifest in different forms depending on the system’s
dynamic behaviour as it approaches and crosses the critical airspeed. In the case of soft flutter,
the damping ratio decreases progressively with increasing airspeed until it crosses zero, resulting
in a gradual onset of instability. In contrast, hard flutter is characterized by a sudden and abrupt
decrease in damping, causing the system to transition abruptly from a stable to an unstable state.

Another notable scenario is the hump mode, where the modal damping initially decreases,
crosses into an unstable regime (negative damping), and then increases again at even higher
speeds, potentially restoring stability. In this case, flutter is confined to a limited range of
velocities, which can make its detection and analysis more complex. These different behaviours
are illustrated in Figure 2.11.
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Figure 2.11: Different types of flutter instabilities. The figure illustrates three distinct scenarios:
soft flutter, characterized by a gradual decrease in damping, hard flutter, showing an abrupt
and sudden drop in damping, and a hump mode, where the system enters and then exits an
unstable regime as airspeed increases.

2.4.2 Aeroelastic Equation of Motion

The primary objective of a flutter analysis is to determine the critical flight speed at which a
structure’s aeroelastic damping vanishes, leading to an oscillatory instability. This phenomenon
is governed by the coupled aeroelastic equation of motion in the modal domain, which can be
expressed in its general form as:

AQ+Cq+Eq:Faero(q,Qa-")v

where, A, C, and E represent the structural modal mass, damping, and stiffness matrices, re-
spectively, while q is the vector of generalised coordinates. The right-hand side, F ..., represents
the generalised unsteady aerodynamic forces, which are a function of the modal displacements,
velocities, and accelerations. These forces are typically computed for a range of reduced fre-
quencies, k, and Mach numbers, M.

The solution to this problem is an eigenvalue search for a complex frequency, A = o + iw,
where a positive real part (o > 0) signifies instability, and a zero real part (¢ = 0) identifies
the flutter boundary. The sbpPMflut software, as described in Section 2.3, provides a robust
implementation of this analysis, which is central to this thesis.

28



2.4.3 Flutter via sbpMflut Software

This section specifies how flutter indicators are obtained using the SDPMf 1ut software once the
structural modes and the aerodynamic mapping have been prepared. The procedure defines the
reduced-frequency sampling, the assembly of generalised aerodynamic matrices, the determi-
nant iteration over airspeed, and the detection and refinement of flutter conditions. Configuration
choices and quality checks are stated to ensure traceable, reproducible analyses.

Generalised Aerodynamic Forces and Flutter Solution

For each reduced frequency k, the SDPMf 1ut software assembles the generalised aerodynamic
matrices, Qo(k), Q1(k), and Qz(k). The coupled aeroelastic eigenproblem is subsequently
solved using a determinant-iteration method at discrete airspeeds, Q.. This procedure seeks
the reduced complex eigenvalue,

p=g-+ik,

that makes the determinant of the quadratic pencil vanish. With, g represents the reduced
damping, and k is the reduced frequency.

The matrices Q,(k) are precomputed at selected k values and interpolated during the iteration
to reduce computational cost while preserving accuracy. The system’s stability is continuously
monitored through the modal damping ratio,

Ci(Qoo) = —R(Ai) /| il -
A sign change in (; indicates instability and triggers a refined determinant iteration to precisely

locate the flutter airspeed, @, and the corresponding flutter reduced frequency, kr, which
define the critical flutter condition.

29



2.5 Overview of the Computational Framework

The computational framework developed in the scope of this thesis has been designed to
establish a complete and automated numerical chain for the aeroelastic analysis of wings. It
integrates structural modelling, cross-sectional property computation, Aerodynamic &
Aeroelastic Analysis (using sDbPMf1ut), and flutter prediction into a unified process. Each
of the individual modules presented in Sections 2.1-2.4 is connected in a sequential manner,
ensuring that the outputs of one stage constitute the inputs of the subsequent stage. The frame-
work is structured to provide a rigorous and consistent transition from the detailed description of
a wing configuration to the determination of its aeroelastic stability boundaries.

The process initiates, internally, with the cross-sectional property module, which transforms
the geometrical and material description of the wing’s airfoil into homogenized engineering
properties. These properties include the stiffness, inertia, shear and torsional constants, and
the precise locations of the centroid, shear center, and elastic axis. The computed sectional
data, evaluated at discrete spanwise stations, forms the foundation for the next stage.

The structural finite element module then discretizes the wing’s elastic axis into a series
of Timoshenko beam elements, each assigned the cross-sectional properties provided by
the previous stage. This step produces the modal characteristics of the structure, namely
natural frequencies and mode shapes, which are mass-normalized to be compatible with the
Aerodynamic & Aeroelastic Analysis (using SDPMf1lut). Non-structural masses or external
components can also be incorporated at this stage, further refining the dynamic model of the
wing.

Once the structural model is established, the Aerodynamic & Aeroelastic Analysis based on
the spPMf1ut software is employed. This component models the unsteady aerodynamic loads
using a source and doublet panel method and expresses them in modal coordinates consistent
with the structural formulation. The aerodynamic discretization of the lifting surface is defined in
terms of chordwise and spanwise panel distributions, enabling the accurate capture of unsteady
aerodynamic effects in the subsonic regime.

Finally, the flutter solution module integrates the structural modal data with the generalized
aerodynamic forces provided by sppMf1ut. Through this coupling, the aeroelastic eigenvalue
problem is solved, and the flutter boundary is determined. The procedure identifies not only
the critical speed at which instability occurs but also the type and nature of the instability, which
can be determined by inspection, whether of soft, hard, or hump mode character.

In summary, the computational framework enables a systematic and high-fidelity aeroelastic
analysis by combining advanced structural modelling, precise cross-sectional characterization,
and efficient aerodynamic and aeroelastic analysis (using SDPMf1ut software). The schematic
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workflow presented in Figure 2.12 illustrates the sequence of modules and the data transfer
between them, highlighting the integration of the complete process from the wing definition to

the final flutter prediction.

Wing Configuration Airfoil Configuration

Stage 1 — Cross-Sectional Properties

A 4

Stage 2 — Structural FEA
(3D-Beam Modal Analysis)

~ R
—

A 4

Stage 3 — Aerodynamic & Aeroelastic
Analysis (SDPMflut software)

7o)
N

Stage 4 — Flutter Solution Procedure

7o )
N

Figure 2.12: Overview of the developed computational framework for aeroelastic analysis. The
process integrates wing and airfoil configuration inputs with four sequential modules: cross-
sectional property computation, structural finite element modelling, aerodynamic coupling via

SDPMflut, and flutter solution.

31



In order to provide a clear overview of the developed computational framework, the main inputs,
core computations, and outputs of each constituent block are systematically summarized. The
Wing Configuration and Airfoil Configuration are first introduced as the fundamental definitions of
the problem, after which the four sequential stages of the framework are presented. For clarity
and conciseness, each block is reported in the form of a representative table, which highlights
its role within the overall process and its connection to the subsequent stages. These tables are
reported in Table 2.1, Table 2.2, Table 2.3, Table 2.4, Table 2.5 and Table 2.6 .

Table 2.1: Wing Configuration definition. This block establishes the global structural and
aerodynamic discretization of the wing and provides all platform and boundary information
required to initialize the subsequent modules.

Inputs » Span b, root chord ¢,, tip chord ¢;, taper ratio A
» Reference lines z1(y) and zrg(y)
» Boundary conditions
* Discretizations nspanwise; Mgpanwise:
* Number of retained modes nmodes
* Lumped masses (yi, 7z, 7y, 72, m, I) if any
* Air density p
* Speed grid {U;}

Utility « Structural nodes and connectivity of the elastic axis
» Aerodynamic panelling parameters
+ Global reference frames for the aeroelastic model

aero

chordwise

Table 2.2: Airfoil Configuration definition. This block specifies the sectional layout and material
composition, which are fundamental for generating accurate sectional properties.

Inputs  Material properties (£, v, ps, 0,) With identification attributes
* Airfoil .dat (or .txt) path
» Construction type: solid filled, thin-walled hollow, or thin-
walled with spars
* Spar definitions (x/c, tspar, material)

Utility » Cleaned two-dimensional cross-sectional geometries per
span station
» Meshed layouts of skins, spars, and caps with material tags
» Prepared dataset for advanced sectional property computa-
tion
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Table 2.3: Stage 1 — Cross-Sectional Properties Module. The module produces an advanced and
comprehensive set of sectional characteristics, extending beyond basic geometry, indispensable
for high-fidelity structural and aeroelastic modelling.

Inputs

Two-dimensional airfoil meshes and material tags (from Airfoil
Config.)
Spanwise stations (from Wing Config.)

Core computations

E A (axial rigidity)

El,., El,, EI,, (bending rigidities about multiple refer-
ences)

G J (torsional rigidity), J (Saint-Venant torsion constant)
Eer, Gest, vegt (effective composite moduli)

Asz, Asy (Shear areas), r,, ky (shear correction factors)
Ipw, Iy, Iy (inertias), A (area)

Determination of centroid (z¢,yq), shear center (zg,ys),
elastic axis, and frames

Outputs

Spanwise distributions of the complete property set
Reference points and offsets for integration into the beam
model

Table 2.4: Stage 2 — Structural Finite Element Analysis. This stage provides a refined static
and dynamic representation of the wing based on an advanced Timoshenko beam formulation,
capable of solving static loads, damped and undamped modal problems.

Inputs

Sectional properties from Stage 1
Elastic axis mesh (from Wing Config.)
Boundary conditions

Lumped masses

Number of retained modes nmodes

Core computations

Assembly of 3D Timoshenko beam stiffness, mass, and
damping matrices

Static solver: Ku = F for displacements under applied loads
Undamped eigenvalue problem: (K — w?M) ¢ = 0
Damped eigenvalue problem: (K + jwC — w?M) ¢ = 0
Inclusion of shear deformation, rotary inertia, Saint-Venant
warping, and offsets to centroid, shear center, and elastic
axis

Mass normalization and modal truncation

Outputs

Modal characteristics {w;, ¢, (y)} for undamped and damped
cases

Mass-normalized mode shapes with mapping to aerody-
namic grid

Structural export files for aeroelastic coupling
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Table 2.5: Stage 3 — Aerodynamic & Aeroelastic Analysis using sbPMf1ut. This stage delivers
unsteady aerodynamic operators in modal coordinates, forming the link between structural
dynamics and aeroelastic stability.

Inputs

Modal basis and mapping (from Stage 2)
Aerodynamic panel discretization (from Wing Config.)
Air density p

Speed grid {U;}

Core computations

Source and doublet panel method for subsonic unsteady flow
Evaluation of pressure distributions and aerodynamic loads
Projection of loads into the modal subspace

Outputs

Generalized aerodynamic operators Q(k) vs. reduced fre-
quency or airspeed

Equivalent state-space representation compatible with modal
equations

Table 2.6: Stage 4 — Flutter Solution Procedure. This final stage solves the coupled aeroelastic
eigenproblem to identify the onset of instability and to characterize the flutter.

Inputs

Modal stiffness and mass matrices (from Stage 2)
Generalized aerodynamic forces (from Stage 3)
Air density p

Speed or Mach sweep {U;}

Core computations

Solution of the aeroelastic eigenvalue problem
Tracking of eigenvalues with speed
Identification of damping evolution and instabilities

Outputs

Critical flutter speed Uy and the corresponding flutter re-
duced frequency, kp

Natural frequency versus airspeed curves for retained modes
Damping versus airspeed curves for retained modes
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2.6 Parameter & Sensitivity Study on a Reference Test Case

2.6.1 Reference Test Case

All sensitivity studies reported in this chapter are performed on a single reference wing section,
built from the publicly available NACA 0015 dataset and modelled as a solid filled cross-section
in Aluminum. Unless explicitly stated otherwise in each subsection, the same material definition,
geometry, and boundary conditions are used.

Definition and baseline settings

« Airfoil and construction : NACA 0015, solid filled cross-section,

» Preprocessing : trailing-edge closure applied to raw . dat coordinates, then resampled to
n = 200 uniformly distributed points along the contour,

« Material : Aluminum with £ = 70GPa, v = 0.33, p = 2700kgm 3 ,

» Geometry : chord ¢ = 0.20 m, span segment b = 1.0 m for the structural beam,

» Coordinate frame : = along chord, y along span, z out-of-plane; the elastic axis is placed
along the y-axis,

» Boundary conditions : root clamp at y = 0, free tipaty = b,

+ Discretizations for this chapter : structural mesh as specified in each sweep, aerodynamic
panelling defined in the corresponding subsection, modal truncation per test,

* Lumped masses : none unless stated otherwise.

Geometry Representation

—— Points & Facets
0.02 1 e Control Points
i)
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Figure 2.13: Geometric representation of the reference airfoil section used throughout the
sensitivity study. Control points and facets are shown for the NACA 0015 geometry after
preprocessing and trailing-edge closure. The airfoil contour is resampled to n = 200 uniformly
distributed points.
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Mesh Representation With Materials
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Figure 2.14: Material tagging for the meshed cross-section of the reference case. The example

shows a homogeneous aluminum layout consistent with the material definition adopted in this
chapter.

Mesh Representation With Reference Points (Centroid, Shear Center)
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Figure 2.15: Finite-element mesh of the reference section with key reference points and axes.
The elastic centroid and the shear center are indicated together with the local section axes used
to assemble the beam model.

2.6.2 Airfoil Preprocessing Robustness

Before addressing the influence of discretization parameters on the aeroelastic solution, the
robustness of the airfoil preprocessing stage is first examined. Figures 2.16 and 2.17 illustrate
two essential corrections applied to the input airfoil coordinates, namely trailing-edge closure
and uniform resampling. For this illustration, the NACA 0015 . dat file has been used.

As shown in Figure 2.16, the raw coordinates obtained from the . dat file present a trailing-edge
gap of approximately 0.63 mm. Such an open contour is unsuitable for the computation of
sectional properties, since it leads to spurious values of torsional and shear constants. The
implemented routine ensures watertight closure of the contour while preserving the global
geometry.
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In Figure 2.17, the point spacing distribution along the raw contour is compared to that of the
uniformly resampled geometry. The raw coordinates exhibit strong variability in spacing, with
a coefficient of variation of nearly 53%. After resampling to n = 200 points, the coefficient
of variation is reduced to 5%, yielding a contour with homogeneous resolution. This uniform
discretization is crucial for the stability of the finite element meshing and for the accurate
evaluation of high-order sectional properties such as warping functions and shear correction
factors.

Raw coordinates Trailing-edge closure (open vs closed) — zoom at TE

raw points 0.00257 ——- open gap = 0.63 mm
0.0751 closed
0.0020+ open start
0.050 B openend
0.00151 x closed start/end
0.025 1
— . — 0.0010
E 0.000{- | E -
N * L
0.0005{ TTm=—ao____
~0.025 | TR
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—0.0501
_____ ¥ |
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Figure 2.16: Raw coordinates of the NACA 0015 airfoil and trailing-edge closure. Left: raw
coordinates showing the open trailing edge. Right: zoom at the trailing edge highlighting the gap
of 0.63 mm between the open contour and the closed watertight contour.
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Figure 2.17: Smoothed and resampled representation of the NACA 0015 airfoil. Left: contour
resampled to n = 200 uniformly distributed points. Right: histogram of point spacing As compar-
ing raw coordinates (CV = 52.9%) with the resampled contour (CV = 4.9%), demonstrating the
improved uniformity.
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2.6.3 Structural Discretization Sensitivity

The accuracy of the finite element beam model is directly influenced by the number of spanwise
stations used to discretize the elastic axis. If the number of elements is too small, the computed
modal frequencies and mode shapes may be significantly distorted. On the other hand, an
excessively fine discretization increases computational cost without providing additional accuracy
for the first few structural modes, which are the most relevant for aeroelastic analysis.

In this subsection, the sensitivity of the computed modal characteristics to the number of span-
wise stations is investigated. A convergence study is performed by systematically increasing
nspanwise, and the resulting natural frequencies and mode shapes are compared. The objective
is to determine the discretization level at which the structural modal solution becomes mesh-
independent.

Structural discretization sensitivity — undamped modal frequencies
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Figure 2.18: Structural discretization sensitivity for the undamped modal analysis. The first six
natural frequencies are reported as functions of the number of spanwise elements ngpanwise- The
trends show monotonic stabilization of the estimates, indicating that the lowest modes become
mesh independent beyond moderate discretization levels.

The trends in Figure 2.18 show rapid convergence of the undamped natural frequencies with
respect to the number of spanwise elements. The first three modes reach visually stable plateaus
for nspanwise > 12, while the fourth mode becomes effectively unchanged for ngpanwise > 16. Higher
modes require a finer mesh, with modes five and six stabilizing only when ngpanwise > 24 to 32.
Adopting a practical convergence criterion based on the relative change between successive
refinements, the solution may be considered mesh independent for the first six modes when
nspanwise = 32. This value can be retained as a trade-off value of the study to balance accuracy
and computational cost.
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Structural discretization cost — assembly + undamped eigen solve
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Figure 2.19: Computation time as a function of the number of spanwise elements ngpanwise- The
measured cost includes the global matrix assembly and the undamped eigenvalue solution
for the first six modes. The trends indicate that the computational framework sustains higher
discretizations without a prohibitive increase in cost, which enables the use of refined meshes
when required by accuracy considerations.

However, Figure 2.19 shows that the cost associated with the structural eigen-analysis grows
moderately with the number of spanwise elements. Together with the frequency convergence in
Figure 2.18, this confirms that discretizations beyond ngpanwise = 32 can be adopted without a
prohibitive penalty. In the remainder of the study, a baseline mesh is selected for accuracy, while
higher values are used when required for validation or for the analysis of higher modes.

The combination of Figures 2.18 and 2.19 demonstrates that the structural solver achieves rapid
modal convergence while maintaining low computational cost, which allows the use of refined
discretizations without compromising efficiency. Furthermore, the computational framework
is specifically engineered for the highly efficient manipulation of large-scale matrices. The
internal computational processes are performed primarily through array and matrix operations,
minimizing the use of element-by-element loops. Consequently, this design ensures a high level
of computational resource utilization, thereby enhancing effectiveness and time efficiency. These
significant advantages will be substantiated throughout the thesis, particularly in the subsequent
analyses of a real wing geometries, ULiege.

2.6.4 Modal Truncation Sensitivity in the Structural Solver

In the structural eigen-analysis, the system is projected onto a truncated modal basis of size
Nmodes- 1€ value of nmeges directly influences the fidelity of the modal representation used for
subsequent coupling and post-processing. If nmoges is too small, relevant dynamic features may
be excluded, leading to biased frequency estimates and distorted mode shapes. Conversely,
selecting unnecessarily large nmeges iNncreases computational cost without meaningful gains for
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the first modes of interest. In this subsection, the sensitivity of the natural frequencies 10 nmoges
is assessed by monitoring the evolution of the first bending and torsional frequencies as nmoges
is increased until convergence is observed within a prescribed tolerance.

Modal truncation sensitivity in structural solver
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Figure 2.20: Sensitivity of the undamped natural frequencies to the number of retained modes
Nmodes IN the structural solver. The first four frequencies remain constant once nmeges €XCeEds
the index of the considered mode, showing that modal truncation does not affect the eigen-
solution for the lower bending and torsional modes.

The results of the truncation study are presented in Figure 2.20. It can be observed that the
first four natural frequencies remain unchanged once the number of retained modes exceeds
the corresponding modal index. In other words, convergence is achieved as soon as the modal
basis is rich enough to include the targeted modes. No drift or spurious coupling is observed
when increasing nmeges UpP 1o 20.

This confirms that the modal truncation has no impact on the fundamental bending and torsional
modes that govern the aeroelastic response. Consequently, the selection of nmeges Can be
guided by practical considerations: it suffices to retain only the first few modes of physical
interest, without risk of distortion in their frequency values. Larger truncations, while computa-
tionally affordable in the present solver, do not provide additional accuracy for these lower modes.

2.6.5 Aerodynamic Discretization Sensitivity

The reference NACA 0015 wing does not exhibit a flutter boundary in the studied range. To inves-
tigate the sensitivity of the aeroelastic solution to aerodynamic panelling, the well-documented
AGARD 445.6 wing is adopted as a benchmark. This wing exhibits strong bending—torsion
coupling and provides a well-established flutter boundary.
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Figures 2.21 and 2.22 quantify the influence of aerodynamic panelling on the AGARD 445.6
flutter boundary. For chordwise refinement at fixed nns = 16, the flutter speed grows from
Ur = 112.07 m/s at m = 8 to Ur = 113.47 m/s at m = 20, after which the curve plateaus (no
change at m = 24). For spanwise refinement at fixed m = 20, Ur increases from 112.16 m/s
at npgt = 810 113.72 m/s at nnys = 24, with a clear flattening beyond ny4¢ = 20. These trends
indicate that mesh-independent estimates are obtained for m > 20 and nnhgs > 20; the total
variation from very coarse to converged meshes is about 1-1.5%. Accordingly, the baseline
aerodynamic discretization adopted in the remainder of this thesis is m = 20 and nny; = 24,
which balances accuracy and cost while lying on the convergence plateau.

Aerodynamic discretization sensitivity — Ur vs m (AGARD, npas= 16)
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Figure 2.21: AGARD 445.6 flutter speed as a function of chordwise panels m, with spanwise
resolution fixed at npy¢ = 16. Convergence is reached beyond m ~ 20.

Aerodynamic discretization sensitivity — Ug vs npar (AGARD, m = 20)
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Figure 2.22: AGARD 445.6 flutter speed as a function of spanwise panels per half wing npg, with
chordwise resolution fixed at m = 20. The flutter speed becomes effectively mesh-independent
beyond npg¢ ~ 20.
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The sensitivity studies confirm that the computational framework produces mesh-independent
predictions once moderate discretizations are adopted. The baseline values retained from this
analysis are: ngpanwise = 32 for the structural beam, nmeges = 6 for the structural solver, and
(m,nna) = (20,24) for the aerodynamic discretization. These settings are used consistently in
the following chapter to analyze the aeroelastic response of an experimental wing, namely the
ULiéege configurations.
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Chapter 3

Resulis

3.1 ULiége Wing: Experimental and Numerical Comparison

In the scope of this section, the experimental and numerical investigations focus on the wing
configuration developed and tested at the University of Liege (ULiege), which is documented in
the master’s thesis of Pirnay (2025) [7]. This configuration was specifically designed to expand
the experimental dataset and to provide a basis for validating numerical models.

The design maintains the core characteristics of the IAT wing [7], including the NACAO0015 airfoil
sections and an aspect ratio of 15, but with a reduced half-span of 1.2 m to accommodate the
smaller wind tunnel at Liége, for aeroelastic testing in the available facility. A solid aluminum
rectangular beam was chosen as the internal structural component.

A summary of the key geometric and structural properties of the ULieége wing is presented in
Table 3.1 below. These values serve as the foundation for the numerical model developed in the
present thesis. The configuration is used here as the single reference case for all subsequent
reconstructions, cross-sectional analyses, modal computations, and comparisons.

A schematic of the ULiége wing section assembly, highlighting the internal rectangular beam, is
provided in Figure 3.1.

==

Figure 3.1: Schematic of the wing section assembly at ULiége. The blue region highlights the
internal 6 x 15 mm rectangular beam, made of aluminium. (Source: [7], Figure 3.3).
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Table 3.1: ULiege wing: consolidated geometric, structural, and cross-sectional data used in the

numerical model. Source: [7].

Quantity Symbol Value Unit
Geometry

Airfoil — NACA 0015 —
Chord length c 0.16 m
Full span b 2.40 m
Semi-span (cantilever) s 1.20 m
Aspect ratio AR =b/c 15 —
Planform — Rectangular —
Sweep / Dihedral — 0°/0° —
Number of spars — 3 —
Spar chordwise locations xi/c {0.20, 0.30, 0.57} —
Main beam material — Aluminium

Main beam dimensions — 0.006 x 0.015 m
Skin / shell thickness Lskin 0.003 m
Reference material (aluminium)

Density P 2700 kgm—3
Young’s modulus E 70 GPa
Poisson’s ratio v 0.33 —
Sectional mass and inertia (per unit span)

Mass per unit length m 1.106 kgm~!
Polar moment about elastic axis (per unit length) I, 2.587 x 1073 kgm?m~!
Distance LE to elastic axis Xea c/4 m
Distance LE to centre of gravity Xeg 0.41¢ m
Equivalent sectional stiffness

Flapwise bending stiffness EI, 18.9 N m?
Chordwise bending stiffness EI, 118.12 N m?
Torsional stiffness GJ 21.27 N m?

Values for m, I, El., EI,, and GJ correspond to the experimental configuration reported by Pirnay [7]. The spar
positions {0.20,0.30,0.57} ¢ are set during the cross-section reconstruction in the computational framework and may
be refined in the sensitivity study.
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3.1.1 Cross-Sectional Model Reconstruction

The geometric and structural properties outlined in Table 3.1 serve as the foundational input for
the cross-sectional model developed within the present computational framework. The recon-
struction process is performed in a progressive and physically meaningful sequence, starting
with the fundamental airfoil profile and incrementally adding the internal structural components.
This approach ensures that the resulting model accurately represents the geometry of the
physical wing tested at ULiége.

Initial Airfoil Reconstruction and Hollowing

The reconstruction begins by loading the coordinate data for the NACA 0015 airfoil from a
standard .dat file. This raw geometry is scaled to the specified chord length of ¢ = 0.16 m
to establish the outer contour, as shown in Figure 3.2a. Subsequently, the exterior profile is
offset by a specified skin thickness of 3 mm to create a hollow, thin-walled contour shell. This
operation accurately captures the primary load-bearing surface of the wing and provides the
base geometry for all subsequent internal additions, as illustrated in Figure 3.2b. This step is
a direct implementation of the defined inputs and sets the stage for the detailed internal structure.

Filled Airfoil Geometry - naca0015 - Airfoil discretisation (outer contour)

0.014
0.001 —— Points & Facets
’ e Control Points
—0.011
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16
(a) Initial NACA 0015 airfoil outer contour.
Thin-walled Airfoil Geometry - naca0015 - thickness 0.0030 [m]
0.011

Points & Facets
0.00 D x  Holes
¢ Control Points

—0.014

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16

(b) Hollow NACA 0015 airfoil section with 3mm skin.

Figure 3.2: Reconstruction of the ULieége wing cross-section: Initial steps, Reconstruction and
Hollowing.
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Incorporation of Spars and Main Beam

The next phase involves integrating the internal stiffening components, specifically the three
spars and the main aluminum beam. Three spars are defined as rectangular sections at the
chordwise locations provided in Table 3.1. Their geometry is automatically generated, within
the computational framework, and positioned within the hollow airfoil profile, as shown in Figure
3.3a. The central aluminum beam, which serves as the primary structural element, on which the
elastic axis lies, is then added in the chordwise region between the first and second spars. This
beam is assigned the material properties of aluminum, as specified in the reference thesis [7].
The combination of these components results in a complete, composite cross-section that can
be further analyzed. The final reconstructed cross-section with all components is depicted in
Figure 3.3b.

Thin-walled Airfoil Geometry With Spars at ['0.0320', '0.0480", '0.0907'] [m]

0.014
—— Points & Facets
0.004 % Holes
e  Control Points
—0.011
(@) Thin-walled airfoil with three internal spars.
Final Geometry - naca0015 - Thin-walled Airfoil with 3 Spars and Main Beam
0.014
—— Points & Facets
0.004 % Holes
e  Control Points
—0.014

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16

(b) Final geometry with the main aluminum beam.

Figure 3.3: Reconstruction of the ULiege wing cross-section: Addition of internal structures.

Advanced Cross-Sectional Analysis

Following the geometric reconstruction, a detailed cross-sectional analysis is performed to
determine the key geometric and warping properties. The computational framework employs an
advanced meshing algorithm to discretize the complex geometry, as have been stated previously,
and as shown in Figure 3.4a, ensuring high accuracy in the calculation of properties such as
the centroid and shear center. The material properties (Young’s modulus, Poisson’s ratio, and
density) are assigned to each geometric region, and a finite element-based solver is utilized to
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compute the mass, stiffness, and warping characteristics.

A notable distinction arises when comparing the results of this advanced analysis with the
simplified assumptions made in the reference thesis [7]. For instance, the reference thesis
states the mass center of gravity (CG) to be at X, = 0.41 ¢, a value likely derived from simplified
theoretical models, refer to [8] . In contrast, in the present computational framework yields a
more precise value of X, = 0.44 c. This discrepancy is not an error but a direct consequence of
using a more sophisticated and physically realistic modeling approach.

As discussed in Appendix C of the reference thesis [7], simplified theoretical expressions were
used for stiffness assessment, while the present methodology employs a detailed meshing
of the entire cross-section to perform an integrated finite element analysis. This advanced
approach provides a more accurate representation of the inertial and elastic properties. Figure
3.4b presents the final meshed cross-section with the computed reference points (centroid and
shear center).

Mesh Representation With Materials
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0.01 1
£ 0.001 B ULiege-Airfoil
N'l“ : Il ULiege-Main-Beam
—0.011
—0.02
0.000  0.025  0.050  0.075 0100  0.125  0.150  0.175
X-axis
(a) Final meshed cross-section with material assignments.
Mesh Representation With Reference Points (Centroid, Shear Center)
0.031
O Elastic centroid
0.021 + Shear centre
. ---- 11-axis
B 0.014 - 22-axis
© 0.004 —— -
N
—001 7 1
—0.021
—0.03+ . . . . . . . .
—0.025 0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175
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(b) Final meshed cross-section showing the computed centroid and shear center.

Figure 3.4: Cross-sectional analysis results.
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3.1.2 Cross-Sectional Analysis: Numerical Outputs and Comparison

This subsection reports the near-exact cross-sectional outputs delivered by the computational
framework for the ULiege wing. The geometry corresponds to the hollow NACA 0015 airfoil,
as previously discussed, with trailing-edge closure, three spars at z/c = {0.20, 0.30, 0.57},
and an aluminium main beam between spars 1 and 2, discretised with a mesh size selected
from a convergence study. The quantities in Table 3.2 include mass and geometric metrics,
centroid and shear centre, second moments and torsion constant, and the equivalent stiffnesses
EI,, El,, and GJ. For context, the reduced parameters reported by Pirnay [7] are shown
alongside the present values. The two sets reflect different modelling assumptions, therefore
the comparison is descriptive rather than an error metric, and the present figures are taken
as high-fidelity inputs for the subsequent modal and aeroelastic analyses.

Table 3.2: ULieége wing cross-sectional properties: near-exact values from the computational
framework and the reduced parameters reported by Pirnay [7]. The two sets serve different
modelling purposes and are not intended as an error metric.

Quantity Symbol Present (near-exact) Unit Pirnay [7]
Geometry and mass (per unit span)

Elastic axis (from LE) Xea/C 0.25 — 0.25
Centre of gravity (from LE) Xeg/c 0.4419 — 0.41
Shear centre (from LE) Xse/c 0.3290 — —
Mass per unit length m 1.105 kgm~! 1.106
Net section area A 1.149 x 1073 m? —
Skin perimeter P 0.3295 m —
Sectional inertia and torsion

Second moment (flapwise axis) I, 5.896 x 1078 m? —
Second moment (chordwise axis) I 2.048 x 106 m? —
Torsion constant J 2.049 x 1077 m? —
Equivalent sectional stiffness

Flapwise bending stiffness El, 18.986 N m? 18.9
Chordwise bending stiffness EI 659.573 Nm? 118.12
Torsional stiffness GJ 24.435 Nm? 21.27
Shear characteristics (solver outputs)

Shear area (flapwise) Az 7.812 x 1074 m? —
Shear area (chordwise) As - 1.550 x 10~ m?2 —

Notes: present values are mesh-resolved and geometry-conforming (hollow skin with trailing-edge closure, three
spars, explicit aluminium main beam). Pirnay’s figures [7], are the reduced parameters used in the experimental
modelling and are shown for context only.

As it can be seen from Table 3.2), a side-by-side with the reduced parameters reported by Pir-
nay [7] is informative yet not an error metric. The reference parametrisation employs simplified
geometric and torsional representations intended for reduced-order modelling and test planning.
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The present computational framework resolves the full two-dimensional section, including finite
skin thickness, trailing-edge closure, and internal members, which shifts the centre of gravity
from 0.41 c to 0.4419 ¢ and increases the chordwise stiffness. The marked difference in E1,
reflects these modelling choices and the explicit distribution of material about the chordwise
axis. The comparison documents assumptions while the present figures are taken as near-exact
within the numerical tolerance.

The locations of the centroid and shear centre are critical for the aeroelastic coupling. With
Xeg/c =0.4419 and X,./c = 0.3290, the centre of gravity lies aft of the shear centre.

Under positive lift, this arrangement introduces a nose-down torsional moment that magnifies
bending — torsion coupling as the dynamic pressure increases. The offset also influences the
relative contribution of chordwise bending and torsion in the low-frequency modes, which will be
visible in the mode-shape visualisations later on, in the modal analysis.

Bending-Torsion Flutter

Bending-torsion flutter, the most standard form of dynamic aeroelastic instability in aircraft wings,
arises from a resonant coupling between the wing’s bending and torsional modes. This instability
is particularly sensitive to the proximity of these modes’ natural frequencies, as close frequencies
facilitate a more efficient energy exchange between the structural deformations. Classical bend-
ing—torsion flutter mechanisms and reduced-frequency effects are comprehensively documented
in standard references [1], [2], [5].

The fundamental mechanism for this interaction is based on the relative chordwise locations of
three critical axes: the elastic axis, the inertial axis, and the aerodynamic axis. The elastic
axis is the line along the span about which the wing twists without bending. The inertial axis
passes through the center of gravity (CG) of each wing section, representing the location of
the inertial forces. Finally, the aerodynamic axis (or aerodynamic center) is the point where the
aerodynamic lift is considered to act, typically near the quarter-chord.

The intentional misalignment of the elastic axis and the inertial axis is a key design feature
that promotes this coupled dynamic behaviour. As the wing bends, the inertial forces act about
the offset inertial axis, inducing a pitching moment that excites the torsional mode. This, in
turn, alters the wing’s angle of attack and changes the aerodynamic forces, creating a positive
feedback loop that can lead to divergent oscillations. Various configurations of these axes can
be defined, each leading to a different stability profile, as conceptually illustrated here below in
Figure 3.5.
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X, >0

(a) Case (a): Inertial axis forward of the elastic (b) Case (b): Inertial axis aft of the elastic axis,
axis, a unconditionally stable configuration. an unconditionally unstable configuration.

X, >0 e<0

-
° °®
e>0 X, >0

(c) Case (c): All three axes aligned, a condi- (d) Case (d): A complex alignment leading to
tionally stable configuration. specific flutter conditions.

Figure 3.5: Configurations leading to coupled-mode flutter, illustrating the relative positions of
the elastic axis (e), inertial axis (o), and aerodynamic axis(e).

In-plane & Out-of-plane Modes

The structural eigenproblem analysis retrieves both out-of-plane and in-plane families. The
planar modes are captured, by the computational framework, because the three-dimensional
beam model resolves all translational components and reconstructs rotations from displacement
gradients. For aeroelastic studies, modes with negligible out-of-plane displacement and torsion
do not contribute meaningfully to the lifting-surface unsteady aerodynamics. A filtering step
is therefore applied that excludes modes with vanishing vertical displacement or negligible
torsional content. Negligible means, in this context, that any displacement below a certain zero-
tolerance limit, such as 10~® for most engineering applications, specially here in aeroelasticity, is
considered as zero displacement [1].

An illustration of a planar mode, captured at low frequency, can be seen in Figure 3.7.

Therefore, based on the fact that all the natural frequencies have been correctly captured by
the modal eigenproblem solver, as it will be seen in section 3.1.5, the results confirms that the
computed chordwise bending stiffness, E1,, is correct and accurate.

The following section initiates the modal analysis by defining the structural grid and presenting
the initial undeformed shape, which forms the basis for the undamped and Rayleigh-damped
eigenvalue solvers.
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3.1.3 Modal Analysis: Structural Model and Eigenvalue Problem

The structural discretisation employed for the half-wing is a spanwise—chordwise lattice of
Nspan X Nechord = 100 x 20 nodes. The node positions follow the geometric planform and
the internal layout established in the cross-sectional reconstruction, ensuring consistency of
mass and stiffness distributions along the span. This grid provides the kinematic basis for the
eigenvalue problems solved in the next steps, first in the undamped case and subsequently with
proportional (Rayleigh) damping.

Initial Undeformed Shape

- Main Beam Element
Extract node
—— Chordwise Distribution

Figure 3.6: Initial undeformed shape and structural lattice with ngpan X nchora = 100 X 20 nodes.

3.1.4 Modal formulation: undamped and Rayleigh-damped problems
The structural dynamics of the discretised wing are obtained from the second-order system
Mg+Cq+Kq=0, (3.1)

with mass matrix M, proportional damping C = a M + g K, and stiffness matrix K .

Undamped eigenproblem: Setting C = 0 yields the generalised eigenproblem :
K¢, =w’Mo,, O, Mo, =1, (3.2)

providing natural frequencies w, and mass-normalised mode shapes ¢,. .

Rayleigh-damped eigenproblem: With C = o« M + S K, the quadratic eigenvalue problem :

(K+iwC —w’M)gp =0, (3.3)
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is solved (equivalently via first-order state-space form). Given two target modal damping ratios
(1, (2 at wy, ws, the Rayleigh coefficients follow from :

a 2(Gow2 — wi) 2wiws (w2 — Gw1)

In practice, (w;,ws) are selected as the first bending and first torsion frequencies, and (¢, (2)
are set either from measurements or from nominal structural damping levels (0.3—-1%) when
measurements are unavailable.

3.1.5 Natural frequencies: numerical vs experimental (first four non-planar
modes)

Modes with negligible out-of-plane displacement or torsion were classified as planar and ex-
cluded from the aeroelastic set. In the present computation, the second mode (~ 9.01 Hz) is
planar and was filtered out before comparison. Table 3.3 compares the first four non-planar
natural frequencies with Pirnay’s experimental values [7].

Table 3.3: First four non-planar natural frequencies of the ULiége wing: numerical vs experi-
mental values from Pirnay [7]. Relative difference is (foum — fexp)/fexp x 100%. Grid 100 x 20.

Mode Description foxp [HZ]  foum [HZ] A%

1 Bending-dominant (flapwise) 1.803 1.6099 —10.709
2 Bending/Torsion mixed (Second Bending) 10.069  10.0651 —0.0386
3 Bending/Torsion mixed (First Torsion) 22879 22.8760 —0.0133
4 Bending-dominant, higher frequency 27.895 28.0811 +40.6671

Main Beam Element
o Extract node
—— Chordwise Distribution

Figure 3.7: Planar mode at 9.01 Hz (filtered out). Grid 100 x 20.
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Figure 3.8: Mode 1 (non-planar), foum ~ 1.61 Hz. Grid 100 x 20

Main Beam Element

Extract node
Chordwise Distribution

Figure 3.9: Mode 2 in the non-planar set, foum ~ 10.06 Hz. Grid 100 x 20.
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Figure 3.10: Mode 3 in the non-planar set, foum ~ 22.88 Hz. Grid 100 x 20.

- Main Beam Element
. Extract node
Chordwise Distribution

Figure 3.11: Mode 4 in the non-planar set, foum = 28.07 Hz. Grid 100 x 20.
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3.1.6 Damping model: Rayleigh coefficients and damped modal set

Proportional damping is introduced as C = o« M + 5 K. Two target modal damping ratios are
prescribed to determine « and 3 via (3.4). The first bending frequency is taken as f; = 1.6099 Hz
and the first torsion (mixed) as f, = 22.8760 Hz. With nominal targets ¢(; = 0.5% at f; and
o = 0.3% at f,, the Rayleigh coefficients evaluate to :

a=9736x10"2s7!, f=3703x1077s.

These values imply the frequency-dependent law ((w) = % (a/w + Bw). The resulting predicted
damping ratios for the first four non-planar modes are listed in Table 3.4. If measured structural
damping is available, ({1, {,) can be replaced directly and the coefficients updated.

Table 3.4: Predicted modal damping ratios with Rayleigh damping o = 9.736 x 1072 s71,
B =3.703 x 10~° s. Targets were (; = 0.5% at f; = 1.6099 Hz and ¢, = 0.3% at f, = 22.8760 Hz.

Mode (non-planar set) frum [HZ] ¢ ¢ [%]
1 (Bending-dominant) 1.6099 0.00500 0.50
2 (Second Bending / mixed) 10.0651 0.00194 0.194
3 (First Torsion / mixed) 22.8760 0.00300 0.30
4 (mixed, higher frequency) 28.0811 0.00354 0.354

The Rayleigh pair (a, 3) anchors the damping at the second bending and first torsion while
producing smooth interpolation across the remaining spectrum. The damped modal set will be
used in the aeroelastic comparison below.

3.1.7 Aeroelastic Comparison: Frequencies and Damping vs Airspeed

The structural modal basis defined in Sections 3.1.5-3.1.6 is coupled to the unsteady aerody-
namic model using the sDPMf1ut software. Predictions are reported as functions of the tunnel
airspeed U, and compared with the experimental points documented by Pirnay [7]. The plots
show the evolution of the first second bending and the first torsion (mixed) branches. Planar
modes are excluded from the comparison as discussed previously. This constitutes an important
critical step, in the scope of this thesis, since it represents the validation of the computational
framework.
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Frequency vs Airspeed: Numerical vs Experimental
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Figure 3.12: Comparison of numerical predictions with experimental results for the ULiege wing:
evolution of natural frequencies (top) and damping ratios (bottom) with airspeed. Numerical
predictions are shown as continuous curves, experimental points from Pirnay [7] as markers.
Planar modes were excluded as discussed in Section 3.1.5. The red curve ( ) represents
the second bending mode (B2), the blue curve ( ) represents the first torsion (T1).

The upper plot in Figure 3.12 shows the evolution of the second bending (B2) and first torsion
(T1) natural frequencies with airspeed. The numerical model correctly captures the experi-
mentally observed trends for both modes. The bending mode’s frequency remains relatively
constant, while the torsional mode’s frequency, initially higher, decreases as airspeed increases.
This phenomenon, known as aerodynamic softening, is a direct consequence of the unsteady
aerodynamic forces acting on the structure. The model successfully predicts this progressive
convergence of the two modes, which is a precursor to flutter instability. The close alignment
between the numerical curves and the experimental points, up to approximately U = 35m/s
demonstrates the model’s robustness and its capacity to predict the coupled frequency behaviour
with high fidelity.

The lower plot in Figure 3.12 shows the corresponding evolution of the damping ratios. The
numerical model captures the overall trends of the experimental data with good agreement,
especially for the torsional mode (T1). A key observation is the initial increase in damping for
both modes at low airspeeds, followed by a decline as the modes begin to interact. The damping
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ratio of the torsional mode decreases as it approaches the bending mode’s frequency. The
model predicts a sharp decrease in the damping of this mode as the airspeed approaches the
flutter speed, with the damping becoming negative beyond U =~ 45.8 m/s. This behaviour, where
one mode’s damping decreases while another’s increases, is characteristic of flutter instability
and aligns with the theoretical principles of aeroelastic coupling. While there is a slight gap
between the numerical curves and the experimental points, this discrepancy is acceptable and
is expected due to a number of factors, including:

» Structural and Material Uncertainties:
Minor variations in material properties, manufacturing tolerances, and the clamping condi-
tions of the physical wing can lead to deviations from the idealized numerical model.

+ Experimental Measurement Limitations:
The accuracy of sensor data, signal processing techniques, and ambient noise during
wind tunnel tests can introduce small uncertainties into the experimental results.

» Aerodynamic Assumptions:
The numerical model, based on the unsteady Theodorsen theory, within SDPMf1ut, makes
certain assumptions, naming (inviscid, irrotational and isentropic flow assumptions. Small
perturbations, potential flow where the flow remains attached to the surface and separated
smoothly at the trailing edge) that may not perfectly capture the complex real-world flow
physics.

The numerical model’s predicted flutter speed of U.,.; ~ 45.8 m/s is in excellent agreement with
the experimentally observed flutter onset, which occurred in the range of 45 to 47.5m/s. The
model slightly under-predicts this value, but the overall behaviour is well-captured. The consis-
tency between the numerical and experimental results confirms the validity of the modeling
methodology and its suitability for predicting the aeroelastic behaviour of the ULiége wing. In
the following sections, a detailed sensitivity analysis will be performed to quantify the impact of
these identified uncertainties on the aeroelastic predictions.
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3.2 Uncertainty Analysis

This section quantifies how plausible variations in aerodynamic and structural inputs affect
the predicted frequencies and damping versus airspeed. Envelopes will be constructed by
varying one parameter at a time around the nominal model and plotting the resulting upper/lower
contours of the frequency- and damping- airspeed curves. The nominal model is the high-fidelity
reconstruction reported in Section 3.1.2 and used in the modal/aeroelastic validation.

3.2.1 Methodology and parameter bounds

The envelope curves are generated as follows: (i) select a parameter and a symmetric bound
around the nominal, (ii) re-solve the cross-section (when structural) and the aeroelastic problem,
(iii) retain, at each airspeed U, the pointwise minimum and maximum across the varied cases.

Three categories are considered:

» Aerodynamic: free-stream density p, Mach M, and panelling (chordwise/spanwise) that
affects the unsteady load resolution.

« Structural: mass per unit span m, bending/torsional stiffnesses E1I,, GJ, and the chord-
wise placement of the centre of gravity X, /c .

- Damping: Rayleigh targets ((1, () for first bending and first torsion, propagated via
C=aM+ K.

Table 3.5 summarises the nominal values and the bounds used to build the envelopes. The
levels reflect typical fabrication scatter and identification variability, they can be tightened/relaxed
if laboratory characterisations are available.

Table 3.5: Nominal values and uncertainty bounds used for envelope construction.

Parameter Symbol Nominal Bound Rationale

Air density p 1.225 kgem™3 5%  Tunnel conditions

Mach number M 0.10 +0.02 Speed set-point
Chordwise panels (aero) m 10 {8,12} Load resolution
Spanwise panels/half (aero) Nphalf 10 {8,12}  Wake/induction resolution
Mass per unit span m 1.106 kgm™'  +5% Inserts/bonding scatter
Flapwise stiffness EI, 18.986 Nm? +10% Shell thickness, spars
Torsional stiffness GJ 24.435 Nm?  4+10%  Skin closure/beam fit

CG location (from LE) Xeg/c 0.4419 +0.01 Root hardware placement
Rayleigh target (bend) (1 0.5% +0.2%  Structural damping ID
Rayleigh target (torsion) Ca 0.3% +0.2%  Structural damping ID
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Aerodynamic sensitivity: Mach and discretisation

Figure 3.13 shows the impact of varying the free-stream Mach number by +0.02 about the
nominal M = 0.10. The frequency curves are only weakly affected, while the damping curves
shift visibly in the mid—high speed range, consistent with changes in the unsteady load phase
(Prandtl-Glauert scaling and reduced frequency effects). The onset of instability is essentially
governed by the damping trend. The envelope width remains moderate and compatible with
tunnel set-point uncertainty.
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Figure 3.13: Effect of Mach uncertainty (M = 0.10+0.02): frequency (top) and damping (bottom)
versus airspeed. The nominal curve lies between the upper/lower contours, markers (x , o)
indicate experimental points [7].
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Figure 3.14 illustrates the discretisation sensitivity by coarsening/refining the aerodynamic
lattice (chordwise/half-span counts). The frequency and damping curves are stable under these
changes, the band is thin across all U, indicating that the nominal discretisation already lies in
the converged regime. This justifies using the nominal panelling for all subsequent comparisons.

Damping ratio [-]
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Figure 3.14: Aerodynamic discretisation effect (panel counts varied around the nominal). The
envelope remains narrow, showing minimal sensitivity to the chosen grid resolution.

Aerodynamic inputs primarily influence the damping parameter, frequencies are comparatively
rigid. The discretisation study confirms the numerical robustness of the nominal aero mesh.
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Structural sensitivity: mass and stiffness placement

Figure 3.15 reports the effect of £5% variation in the mass per unit span. As expected from
w ~ /K/M, the first bending-dominant frequency shifts most, and the associated damping
curve moves accordingly near the onset region. The torsion branch is less sensitive to m, except
through coupling.
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Figure 3.15: Effect of mass uncertainty (m = nominal +5%). Bending frequency and its damping
are most affected, torsion is comparatively insensitive apart from coupling.

Figures 3.16 and 3.17 isolate bending and torsional stiffness. Increasing E'I,. (£10%) raises
bending-dominant frequencies and tightens the damping trend in the pre-flutter regime. Increas-
ing GJ (+£10%) lifts the torsion branch and reduces bending-torsion proximity, which generally
delays destabilisation (narrower negative-damping excursion or a right-shift of the onset). These
trends are coherent with the frequency placement ratio f;/ f. discussed in Section 3.2.2.

Structural parameters control the frequency placement and coupling. E1, tunes the bending
line, GJ governs the torsion branch and the separation f;,/f., which is directly tied to flutter
susceptibility.
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Flutter Frequency vs Airspeed - Uncertainty Envelopes || EIx £ 10%
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Figure 3.16: Effect of flapwise bending stiffness (£, = nominal + 10%).
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bending-dominant frequency and its damping evolution.
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Figure 3.17: Effect of torsional stiffness (GJ = nominal + 10%). Primary impact on torsion
branch and bending-torsion proximity, increased G.J typically stabilises the system.
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Damping targets: (; and ¢,

Finally, Figure 3.18 shows the isolated effect of varying the Rayleigh targets (¢, ) within +0.2%
around the nominal (first bending and first torsion). As expected for proportional damping, the
frequency curves are practically unchanged, while the damping ratio shifts nearly rigidly. This
provides a straightforward parameter to align the low-speed decay rates with measurements
without compromising the frequency placement.

Across the investigated one-at-a-time uncertainty envelopes, the following key findings were
made :

* Aerodynamic Inputs:
Variations in aerodynamic parameters, most notably Mach number (A1), primarily influence
the damping trends by altering the unsteady aerodynamic forces. This shifts the damping
curves without significantly affecting the frequency placement, as the structural stiffness
and mass remain unchanged.

* Structural Inputs:
Structural inputs such as mass per unit span (m), flapwise stiffness (E'1..), and torsional
stiffness (GJ) are the main drivers of the frequency placement (x) and, by extension,
the degree of bending-torsion coupling. Changes in these properties directly modify the
natural frequencies, leading to a wider frequency envelope.

« Damping Inputs:
The Rayleigh damping targets, ({1, ¢.), have a distinct effect of primarily shifting the
damping ratio. As expected from the proportional damping model, these parameters have
a negligible influence on the frequency curves.

The nominal model’s predictions consistently lie near the center of all uncertainty bands, and
the available experimental points are well-contained within these envelopes. This consistency
validates the modeling hierarchy, demonstrating that the high-fidelity cross-section reconstruc-
tion and subsequent modal analysis provide a robust and reliable foundation for aeroelastic
predictions.

63



Flutter Frequency vs Airspeed - Uncertainty Envelopes || zetal + 0.002

221
201
N Mode 1 uncertainty envelope
Z. 181 — Mode 1: 2nd Bending
5 164 Mode 2 uncertainty envelope
u:.: = Mode 2: 1st Torsion
214/ ® ULGExp. Mode 1 (B2)
2 x  ULG Exp. Mode 2 (T1)
124 )t °
10 o o o 2 2 - \
8‘ T T T T T T T T
5 10 15 20 25 30 35 40 45 50
Flutter Damping vs Airspeed - Uncertainty Envelopes || zetal + 0.002
Mode 1 uncertainty envelope
0.20 1 —— Mode 1: 2nd Bending
Mode 2 uncertainty envelope
— 0.159 == Mode 2: 1st Torsion
‘;‘ ® ULG Exp. Mode 1 (B2)
'% 0.104 X ULG Exp. Mode 2 (T1)
“ --- Flutter boundary
(o)}
£ 0.05
o
1S
B 000 o= == m e N
—0.05
—0.10+ v T 4 T y u v T
5 10 15 20 25 30 35 40 45 50
Airspeed [m/s]
Flutter Frequency vs Airspeed - Uncertainty Envelopes || zetaA = 0.002
22
20
N Mode 1 uncertainty envelope
18] Mode 1: 2nd Bending
3 164 Mode 2 uncertainty envelope
&lc) = Mode 2: 1st Torsion
214] @ ULGExp. Mode 1 (B2)
2 X ULG Exp. Mode 2 (T1)
124 )y °
8‘ T T T T T T T T
5 10 15 20 25 30 35 40 45 50
Flutter Damping vs Airspeed - Uncertainty Envelopes || zetaA = 0.002
Mode 1 uncertainty envelope
0.20{ == Mode 1: 2nd Bending
Mode 2 uncertainty envelope
— 0.154 = Mode 2: 1st Torsion
‘;‘ ® ULG Exp. Mode 1 (B2)
'ag 0.101 X ULG Exp. Mode 2 (T1)
= --- Flutter boundary
g
5 0.051
&
O 0,00 fmmmm oo o NG
—0.05

-0.10+ ; . ;
5 10 15 20 25 30 35 40 45 50
Airspeed [m/s]

Figure 3.18: Effect of Rayleigh targets (¢, (. ) varied by +0.2%. Frequencies remain effectively
unchanged, damping curves shift vertically, as expected.
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3.2.2 Frequency-Placement metric f,/f.

A convenient scalar summary of the structural—-aeroelastic coupling is the frequency placement,
defined as :
X = I
.

where f;, is the first bending—dominant frequency and f, is the first torsional frequency at
U = 0, wind-off configuration. For the nominal reconstruction, the numerical model pre-
dicts f;, = 1.610Hz and f, = 10.065Hz 3.1.3, yielding a nominal frequency placement of
Xnom = 0.16. Within the one—at—a—time bounds investigated in Section 3.2.1, x varies over the
range [0.065, 0.078].

As it can be interpreted, a larger value of x indicates a closer proximity of the bending and
torsion modes, which leads to stronger bending—torsion coupling and, consequently, a reduced
flutter margin. Conversely, smaller values of x correspond to a greater separation of the modal
branches, which is generally a stabilizing factor for the aeroelastic system.

Table 3.6: Directional influence of key parameters on the frequency placement x = f,/f, and
on flutter susceptibility within the tested bounds. Arrows indicate the qualitative trend.

Parameter increase Effect on Implication for flutter

Mass per unit span m T (via fr 1) Earlier onset / lower margin
Flapwise stiffness E1, $(via fr 1) Stabilising

Torsional stiffness GJ J(via fo 1) Stabilising

Aft shift of X,/c 1 (stronger coupling) Earlier onset / lower margin
Mach number M negligible on x (frequencies rigid) Alters damping, placement unchanged
Density p negligible on x (structural) Scales loads, placement unchanged
Rayleigh targets (¢1,¢,) negligible on x Shifts damping ratio

The uncertainty envelopes indicate that aerodynamic inputs primarily translate the damping
curves with minimal impact on frequency placement, while structural inputs (m, E1I,., GJ and
the X.,/c - X,./c offset) govern f, f., and hence x. As x encapsulates the relative placement
of the bending and torsional branches in a single observable quantity, targeting x (together with
the individual frequency curves) provides a concise and robust criterion for model calibration
and validation prior to flutter prediction.
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Chapter 4

Conclusion and Perspectives

4.1 Conclusion

A reproducible computational framework was established for linear aeroelastic stability assess-
ment of finite wings by coupling a three-dimensional beam finite element structural model with
an unsteady lifting-surface aerodynamic solver through the sDpPMf1ut software. The framework
assembles spanwise cross-sectional properties derived from a detailed two-dimensional analy-
sis, constructs a reduced structural modal basis, evaluates aerodynamic generalised forces on a
suitable reduced-frequency grid, and solves the coupled complex eigenvalue problem to obtain
frequency— and damping— airspeed curves together with flutter metrics.

Within the scope of this thesis, the framework was verified and exercised on a ULiege wing
configuration reconstructed from a high-fidelity dataset. The undamped modal characteristics
reproduced the expected ordering and spatial patterns of the first bending and torsional modes.
The aeroelastic trends displayed the characteristic approach and interaction of the bending and
torsional branches, and the identified flutter parameters were consistent with the experimental
dispersion when equivalent modelling choices and discretisation were adopted. These out-
comes indicate that the beam idealisation, when informed by faithful cross-sectional properties,
is sufficient to capture the governing mechanisms of classical bending—torsion flutter for the
considered configuration.

Numerical reliability was addressed through two complementary routes. A discretisation study
demonstrated insensitivity of the aeroelastic indicators to further refinement beyond selected
structural and aerodynamic resolutions, which were then retained for production calculations.
In addition, a parameter-wise uncertainty analysis quantified the effect of plausible variations
in aerodynamic inputs (density, Mach number, panelling) and structural inputs (mass, bending
and torsional rigidities, chordwise centre-of-gravity location). The envelopes confirmed that
frequency placement is primarily controlled by structural properties, whereas aerodynamic inputs
chiefly modulate damping levels. The dimensionless metric x = f5/f. proved useful to track
how changes in stiffness and mass shift the relative position of the first bending and torsional
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branches and, consequently, the propensity for coalescence.

The computational aspects of the framework were engineered for traceability and ease of reuse.
Cross-sectional reconstructions, spanwise property fields, modal data, aerodynamic force matri-
ces, and post-processed aeroelastic indicators are stored with explicit metadata and units. The
exchange format towards the sDpPMf1ut software is automated to limit manual intervention and
to avoid configuration drift. The resulting structure provides a transparent path from geometry
and material definitions to flutter identification and uncertainty envelopes.

Certain limitations must be acknowledged. The analysis is linear and time-harmonic, and struc-
tural behaviour is represented by a beam model without shell- or plate-level detail, which may
under-resolve highly local bending—torsion coupling near geometric discontinuities. Structural
damping was represented through Rayleigh targets rather than identified from measured decay,
and aerodynamic modelling followed a lifting-surface approach that is not intended for transonic
regimes or separated flows. These assumptions were appropriate for the configuration and
conditions considered, but they delimit the domain of applicability.

Overall, the objectives defined in the scope of this thesis were achieved: a verified structural
beam module informed by cross-sectional analysis, a consistent interface to the sppPMf1ut
software for unsteady aerodynamics, a demonstrably converged flutter solution procedure, and
a set of uncertainty envelopes that explain the relative influence of aerodynamic and structural
inputs on stability indicators.

4.2 Perspectives

The following extensions are considered the most impactful :

Model fidelity

Adoption of measured mass distributions and inertial properties would reduce epistemic un-
certainty in frequency placement. For configurations with pronounced local coupling, a hybrid
strategy combining a beam backbone with local shell sub-models could be introduced to capture
torsional warping near cut-outs and joints.

Aerodynamic enhancements

Alternative unsteady aerodynamic formulations and compressibility corrections could be as-
sessed to extend the validity range. Automated selection of the reduced-frequency sampling
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and of chordwise/spanwise panelling based on a posteriori indicators would deliver mesh-
independent predictions at lower cost.
Identification and uncertainty

Replacing envelope analyses by probabilistic propagation with statistically characterised inputs
would provide risk-aware confidence intervals on flutter metrics. Gradient-free global sensitivity
measures could be used to prioritise the most influential parameters for calibration.

Automation and quality control

Rule-based checks on units, coordinate conventions, and property continuity can be integrated
into the preprocessing. Adaptive modal truncation strategies that monitor contribution to the
aeroelastic response would ensure efficiency without compromising accuracy.

Scope extension

Application to additional wing configurations and to manoeuvre or gust-response problems would
broaden relevance. Coupling with control-law synthesis for flutter suppression is a natural next
step once the prediction loop is robust and automated.
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Appendix A

A.1 Element mass and stiffness matrices in local coordinates

Notation and degrees of freedom

The local element axis is = (from node 1 to node 2), with y and z forming a right-handed triad.
The element length is L. Material and sectional properties are: Young’s modulus FE, shear
modulus G, area A, torsional constant .J, second moments of area I,, and I, mass density p,
and shear-correction factors «, and . The per-node local degrees of freedom are ordered as :

{Q6}T = [U1, U1, Wi, 0:1317 ley 021 | uz, V2, w2, 93:27 0y27 922]'

For compactness, the final 12 x 12 matrices are assembled by placing axial, torsional, and
bending sub-matrices at the corresponding DOF positions.

A.1.1  Euler-Bernoulli beam element (EB)

The Euler—Bernoulli formulation neglects shear deformation. The local stiffness matrix is
composed of axial, torsional, and two uncoupled bending sub-blocks.

Axial stiffness (place on DOFs v, us).

EB _
Kax =
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Bending about = (plane z—y): acts on [vy, 0.1, va, 0.2].

12 6L —12 6L

EI, | 6L 4L® —6L 2L?
L3 |-12 —6L 12 —6L
6L 2L?> —6L 4L?

Bending about y (plane z—z): acts on [w1, 6,1, w2, ,2].

12 6L —12 6L
s EI, | 6L 4L —6L 2L°

why T I3 |19 —6L 12 —6L
6L 2L%2 —6L 42

Assembly. The 12 x 12 stiffness matrix KEB is obtained by superposing the four sub-blocks at
the corresponding DOFs:

KE® = place(KE? on {u1,us}) + place(Kiy; on {01, 0a2}) + place(K55, on {v1,6.1,v2,0.2}) + place (K5

Consistent mass (translational) for EB. For EB the kinetic energy depends on the transla-

tional velocity field only. The standard consistent mass blocks are:
- Axial DOFs (u1, us):
AL |2 1
v
6 |1 2

- Bending about z on [vy, 0.1, v2,0.2]:

156  22L 54  —13L
g pAL | 220 4L*  13L —3L?

W T 420 | 54 13L 156 —22L
—13L —-3L? —22I 412

- Bending about y on [w1, 0,1, w2, 0,2

156  22L 54  —13L
es _ pAL | 22L AL* 13L 3L
Wy 420 | 54 13L 156 —22L

—13L —3L2? —22L 4I2

- Pure torsion (6,1, 6,2) is not activated in EB by translational inertia. If desired, a polar rotary
inertia about 2 can be added as a separate block (see Timoshenko below).

The 12 x 12 mass matrix ME® is assembled by placing these blocks at the corresponding DOFs.
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A.1.2 Timoshenko beam element (TBT)

The Timoshenko formulation accounts for shear deformation and rotary inertia. Define the
dimensionless shear parameters :

4 — 12EL _ 12E],
Y k,GAL? * T k.GAL?
Axial and torsional stiffness.
EFA|1 -1 GJ|1 -1
KTBT _ &4 ket _ & _
ax L [_1 1 ] ’ tor L _1 1
Bending about > (plane z—y): acts on vy, 0,1, v2,0.2].
T 12 6L 12 6L 7
1+ o, 1+ ¢, l+¢, 14+¢,
6L (4+¢,)L*> 6L  (2—¢,)L?
TBT_EIZ 1+¢y 1+¢y 1+¢y 1+¢y
vz T 73 12 6L 12 6L
1+ o, l+¢, 140, 1+ o,
6L  (2—¢y)L* 6L  (4+¢,)L?
L 1+ ¢, 1+ ¢y 1+ ¢, L4+¢y
Bending about y (plane z—z): acts on [w, 0,1, w2, 0,2 .
roo12 6L 12 6L T
1+ ¢, 1+ ¢, 1+ 9. 1+ ¢,
6L (4+¢)L* 6L  (2—¢.)L?
TBT_% 1+¢z 1+¢z 1+¢z 1+¢z
why T3 |12 6L 12 6L
1+ ¢ 1+ ¢ 1+ ¢, 1+ ¢
6L (2—¢)L* 6L  (4+¢.)L>
L 1+ ¢ 1+ ¢, 1+ ¢, 1+,
Assembly.
K/BT = place(K2T on {u1,us}) + place(K{B" on {6,1,0.2}) + place(Ki§' on {v1,6.1,vs,0.2}) + place(K

Consistent mass for TBT (with rotary inertia).

The kinetic energy includes translational

and cross-sectional rotary contributions. The translational sub-blocks are identical to EB (given
above). Rotary inertia is added as 2 x 2 consistent blocks on the rotational DOFs:

el |

2 1

)

AT _ PLL

I, L
T MIBT _ 2Lz
v 6

6. 6
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The full 12 x 12 mass matrix M]BT is therefore :

MPT = MEP + place(M;PT on {0.1,6.2}) + place(Me' on {6,1,6,2}) + place(M{2' on {6.1,6.}).

Remarks

» The expressions above are in the local element frame. Global matrices follow by the standard
12 x 12 orthogonal transformation T as K’ = TTK'T and MY = TTM{Y'T.

+ The parameters ¢, and ¢, embed shear flexibility via x, and «.. In the limit ¢,, ¢, — 0, the
Timoshenko bending blocks recover the Euler—Bernoulli form.

« If required, Cowper-type refinements of rotary inertia and shear corrections can be introduced
by adjusting «,, . and the rotary blocks, without altering the assembly pattern.

72



Bibliography

(1]

2]

[3]

[4]

(5]

[6]

[7]

(8]

(9]

[10]

T. Andrianne, Aeroelasticity and experimental aerodynamics — course aero0032-1, Lec-
ture notes and course materials; academic year 2024-2025, Liege, Belgium, 2025.

R. L. Bisplinghoff, H. Ashley, and R. L. Halfman, Aeroelasticity. New York: Dover Publica-
tions, 1983.

G. Dimitriadis, Unsteady Aerodynamics: Potential and Vortex Methods (Aerospace Series).
Hoboken: Wiley, 2024.

G. Dimitriadis. “SDPMflut Software.” Unsteady Source and Doublet Panel Method flutter
solver. Founder: Prof. Grigorios Dimitriadis, AeroConsult. (), [Online]. Available: https:
//aeroconsult.gr/sdpmflut-software/ (visited on 08/15/2025).

Y.-C. Fung, An Introduction to the Theory of Aeroelasticity. Mineola, NY: Dover Publica-
tions, 2002, Reprint of the 1955 edition.

J. Lonsain, “Aeroelastic analysis of a 3d wing structure with a flexible trailing edge,” M.S.
thesis, Delft University of Technology, Delft, The Netherlands, Mar. 2017.

M. Pirnay, “Aeroelastic analysis of a slender wing: Wind tunnel tests and modelling,”
Academic year 2024-2025, Master’s thesis, University of Liege, Liége, Belgium, 2025.

B. Prieur, “Contréle piézoélectrique des charges et instabilités aéroélastiques sur aile
flexible,” Ecole polytechnique, Rapport de stage de recherche, 2023, Encadré au CNAM
(LMSSC) par Xavier Amandolese et Boris Lossouarn.

L. Salles, Theory of vibration — course meca0029-1, Lecture notes and course materials;
academic year 2024—-2025, Liege, Belgium, 2025.

L. Salles, Vibration testing and experimental modal analysis — course meca0062-1,
Lecture notes and course materials; academic year 2024-2025, Lieége, Belgium, 2025.

73


https://aeroconsult.gr/sdpmflut-software/
https://aeroconsult.gr/sdpmflut-software/

