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Abstract

T
his document presents a master’s thesis conducted to obtain the Master of Sci-

ences (MSc) degree in Aerospace Engineering. The work is based on a case study

proposed by Safran Tech, a research group within Safran s.a. The initial focus of this

study is the forced response analysis of a rotordynamic system, which exhibits nonlinear

vibratory behavior due to the presence of a gap between one of the bearings and its

support. These gaps are intentionally designed and are typically filled with oil, forming

an oil-film bearing. This configuration introduces damping between the bearing and its

housing. In the event of abnormal rotor unbalance, the outer ring of the bearing may

contact the inner wall of the housing. Therefore, it is crucial to evaluate the system’s

behavior in this regime to ensure that the dynamic response remains within acceptable

limits.

The rotor system is analyzed using pyHarm, an open-source harmonic balance solver

developed by Safran Tech. The issue raised by the case study is that this solver is unable to

compute the frequency response of the rotor system in certain configurations. Following

an investigation of the initial problem, it was found that pyHarm cannot address some

potential bifurcation points that may arise in the frequency response, aside from simple

fold bifurcations.

Consequently, the primary objective of this thesis is to enhance the bifurcation

handling capabilities of pyHarm. To achieve this, the bifurcation detection mechanism

within pyHarm has been refactored. Additionally, two numerical techniques have been

implemented to facilitate transitions between different branches of the system’s frequency

response solutions. The first technique involves introducing small perturbations into

the system dynamics, while the second technique addresses the algebraic bifurcation

equation.

Use of ai — Regarding the use of artificial intelligence, the author has utilized generative

ai sparingly as a tool for writing this report, only to find synonyms or reformulate some

of his own paragraphs. No ai was employed in the development of the computer code.

Keywords — rotordynamics, nonlinear vibration, harmonic balance, numerical continu-

ation, bifurcation, branching, stability, pyHarm
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1
Introduction

T
he work presented in this thesis is based on a case study proposed by Safran Tech,

a research group within Safran s.a.. The objective of this proposal is to implement

new features into an open-source harmonic balance solver for analyzing the forced

response of rotordynamic systems with gap clearance between a bearing and its support.

The specific new features will be determined later, following a thorough identification of

the needs arising from the rotordynamic system model provided by Safran Tech.

This chapter outlines the context of the thesis. The first part presents the harmonic

balance solver in use, referred to as pyHarm, within the broader context of nonlinear

structural dynamics. Subsequently, the second part describes the rotordynamic system

model that has been provided. It is important to note that many mathematical and

physical concepts are introduced in a preliminary manner here; these technical notions

will be explained in greater detail in the following chapter.

1.1 Nonlinear Structural Dynamics

The aerospace industry has historically been a leader in the field of structural dynamics

[1]. Before the development of the first aircraft in the 1920s, typical industrial machines

and vehicles were generally quite heavy. The first vibration modes occurred at such

low frequencies that structural resonance was rarely a concern for these mechanical

machines. However, as aircraft structures require lightweight and stiff designs, structural

resonance has become an unavoidable issue that must be addressed through appropriate

dynamic analyses.

In recent decades, there have been significant advancements in computing capa-

bilities. As a result, considerable efforts have been directed toward the development

of numerical methods for addressing linear mechanical vibration problems. Today,

determining the linear vibration modes of a structure primarily involves numerically

solving an eigenvalue problem. A rather comprehensive treatment of linear mechanical

vibrations can be found in, e.g., Geradin and Rixen [1].

In parallel, the development of computational methods in nonlinear dynamics has

also garnered significant interest in many fields, among others the aerospace sector. To

optimize the design of aircraft engines, it is essential for design teams to have increasingly

accurate digital representations to enhance the physical understanding of phenomena

and the sizing of components.

In this context, time-domain methods, such as direct time integration and shooting

techniques, are often employed. These two methods will be discussed in greater detail in

the next chapter. For now, it is important to note that while time-domain methods are

1



2 Introduction Chapter 1

effective for systems of reasonable size, they are not well-suited for large-scale systems.

1.1.1 Harmonic Balance Method: State of the Art

To solve nonlinear large-scale dynamic systems, the harmonic balance (hb) method

has gained popularity in recent decades. In simple terms, the harmonic balance can be

viewed as a reduction method that transforms a set of differential equations into a set of

algebraic equations, which are notably easier to solve numerically.

The hb method assumes that the solution of the system is periodic and approximates

it using a truncated Fourier series, also known as an ansatz. This approach involves

considering a limited number of harmonics to represent the solution. By substituting

this approximation into the differential equations, a set of nonlinear algebraic equations

is generated for each of the selected harmonics, with the unknowns being the sought

Fourier coefficients of the ansatz. Methods such as Newton-Raphson procedures can

then be employed to solve these algebraic equations. The hb method will be presented

more formally in the next chapter.

Harmonic balance is thus a frequency method, with its earliest applications traceable

to the 1920s in Appleton and Van Der Pol [24]. In this paper, what can be classified as

a single-harmonic balance method was employed to study a simple Duffing oscillator.

The extension of the method to multiple harmonics appeared in the literature several

decades later, with one of the first instances documented by Urabe [25].

In Chapter 2, the harmonic balance method will be described in the context of

nonlinear structural dynamics. The harmonic balance is extensively utilized in this field,

and a substantial body of literature has been produced on the subject in recent decades.

Even within the more specialized area of rotordynamics, which is the focus of this thesis,

a wealth of resources is available. Studies have been conducted on topics such as fretting

problems [12, 14, 16] and rotor-stator contact problems [18, 14, 13], with the latter being

particularly relevant to this thesis. Contact problems are not exclusive to rotordynamics

though. For instance, in Zúñiga et al. [21], the harmonic balance method is used to study

the vibrations of steam generator inner tubes subjected to clearance impacts.

However, since harmonic balance is fundamentally a technique that simplifies a

system of differential equations as long as the response is periodic, this method finds

applications across various engineering and scientific fields. Indeed, a multitude of

phenomena occurring in nature can be described, at least approximately, through sets

of differential equations. This constitutes numerous potential application areas for the

harmonic balance method.

More concretely, harmonic balance has found successful applications in electrical

engineering, with its relevance compared to time integration methods discussed in

Kundert and Sangiovanni-Vincentelli [26]. The method has also been applied in compu-

tational fluid dynamics; for example, Hall, Thomas, and Clark [27] formulates a model

of unsteady nonlinear flows in turbomachinery using harmonic balance. The primary

limitation of the harmonic balance method is that the phenomenon under study must

be periodic.

Finally, readers seeking a broad overview of recent developments and applications

of the harmonic balance method can refer to Yan et al. [20].
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1.1.2 pyHarm: A Harmonic Balance Method Solver

In this context, a working group at Safran Tech began developing their own harmonic

balance solver, which they named pyHarm [28]. An open-source version of this project

is available on GitLab. The project is still in the development phase, with hopes of being

utilized for practical applications in the near future.

This solver is written in Python and follows a modular approach, where each major

solver component is defined by distinct abstract classes. This design allows the code-

base to be easily extended with contributions from external developers. The technical

implementation details of pyHarm are not discussed in the main chapters of this the-

sis to maintain conciseness. Readers may refer to the appendices for more technical

information on pyHarm. In particular, Appendix A explains how the code is organized

in pyHarm and how to adequately contribute new features to the existing codebase.

Additionally, Appendix B provides resources for effectively using pyHarm in practice.

As with any solver based on the hb method, the pyHarm software is fully capable

of solving linear systems. However, the hb method is particularly advantageous for

studying nonlinear systems. As an introductory example to demonstrate the capabilities

of pyHarm, it is insightful to focus on the Duffing oscillator and derive some solutions

from it. This oscillator is a simple single degree-of-freedom (dof) nonlinear system,

mathematically expressed as:

𝑚 ̈𝑞 + 𝑐 ̇𝑞 + 𝑘𝑞 + 𝛾𝑞3 = 𝑓(𝑡) . (1.1)

In the context of structural mechanics, 𝑞 represents the displacement of the dof, while

𝑚, 𝑐, and 𝑘 are the mass, damping, and stiffness parameters of the system, respectively.

The cubic stiffness parameter 𝛾 introduces nonlinearity to the system. Additionally, the

system can be excited by an external force 𝑓.

The Duffing oscillator frequently appears as an academic example in many textbooks

addressing nonlinear dynamics [17, 9, 10]. It serves as a simple yet illustrative example

that can exhibit rich and complex dynamical behaviors. The Duffing oscillator has also

been the subject of numerous case studies and is often used as a well-known nonlinear

system for testing new computational techniques [11, 8, 14]. This will also be the case in

this thesis.

Three different frequency responses of the Duffing oscillator are presented in Fig-

ure 1.1. These responses are derived from solutions computed by pyHarm, using different

values for the Duffing system parameters. An in-depth explanation of the creation of

this figure is provided in Appendix B.

The response of the linear system exhibits a simple, straight resonance peak. Due to

the relatively strong damping, this peak occurs slightly before the resonance peak of the

free system, which is expected to occur at√𝑘/𝑚 = 1 rad/s.

In contrast, the two nonlinear frequency response curves (nfrc) demonstrate that

the system response is no longer a one-to-one relationship with the excitation frequency.

This is the first indication of nonlinear behavior: for a given excitation frequency, the

system response can exhibit multiple possible states. The state to which the system will

eventually stabilize depends on the initial conditions.

As the number of harmonics used in the ansatz increases, a second manifestation of

nonlinear behavior becomes evident: higher-order harmonics contribute to the system

https://gitlab.com/drti/pyharm
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𝑛𝘩 = 1

𝑛𝘩 = 12 Figure 1.1 Linear and nonlinear

frequency responses computed

with pyHarm, for the Duffing os-

cillator of Equation (1.1). Param-

eters have been set to𝑚 = 1 kg,

𝑐 = 0.3Ns/m, and 𝑘 = 1N/m. A

cubic coefficient of 𝛾 = 1N/m3

has been chosen for the two non-

linear curves, each computed

with 1 and 12 harmonics (𝑛h). For

the linear response, 𝛾 is simply

set to 0N/m3.

response. This behavior is observable in the figure, as indicated by the small frequency

peaks occurring at frequencies below 0.5 rad/s.

Overall, the seemingly innocuous introduction of a cubic term gives rise to a range

of behaviors not encountered in linear dynamics. These rich behaviors make nonlinear

systems much more challenging—and interesting—to study.

It is important to note that Figure 1.1 has only been described qualitatively here. How-

ever, deriving the harmonic balance equations analytically for a simple Duffing oscillator

with only one harmonic is an excellent way to quickly grasp the working principles of

the method. Such a development can be found in, for example, the introductory example

of Krack and Gross [9].

1.2 Rotordynamic Systems

As mentioned in the foreword of this chapter, the potential improvements for pyHarm

proposed in Chapter 4 will stem from a preliminary study on a specific rotordynamics

model. More precisely, engineers at Safran Tech have identified that pyHarm encounters

difficulties in computing the frequency response of rotordynamic systems under certain

conditions. The issue arises when a gap between one of the shaft bearings and its housing

is introduced in the rotor model. In such cases, a sufficiently large unbalance forcing

near resonance frequencies may lead to contact between the bearing’s outer ring and the

inner wall of the housing.

As will be explained in Chapter 3, the manifestation of this bilateral contact results

in nonlinear stiff equations that can be challenging to solve numerically if not addressed

carefully. However, it is crucial to evaluate the system’s behavior in this regime to ensure

that the dynamic response remains within acceptable limits.

These gaps between bearings and their housings are intentionally designed and

are typically filled with oil, forming a squeeze film damper. Additionally, the outer

ring of the bearing can be directly attached to a squirrel cage, which consists of an

elastic cage support that provides additional radial stiffness between the bearing and the



Chapter 1 Introduction 5

housing. Squeeze film dampers and elastic cage supports thus offer two critical levers

for controlling the vibration levels of the rotordynamic system. A clearer understanding

of these concepts can be gained by referring to Figure 1.2.

oil film

outer ring

roller

lubrication

elastic

support

Figure 1.2 Schematic illustrations of squeeze film dampers and elastic squirrel cage support.

The figure on the left is adapted from Chen et al. [22] and shows a ball bearing with a squeeze

film damper and squirrel-cage support. The figure on the right is adapted from Rolls Royce [23]

and depicts the application of lubricant on a bearing’s outer ring to form a squeeze film.

As illustrated on the right in Figure 1.2, squeeze films are typically very thin; the left

illustration exaggerates the gap size for clarity. Lubricant is retained in the clearance gap

either by a close axial clearance in the bearing housing or by a piston ring seal at each

end of the film [23].

1.2.1 Safran Toy Rotor Model

The difficulties encountered by pyHarm were observed in a closed-source rotordynamic

system. To facilitate the subsequent analysis in this thesis, Safran Tech provided a

simplified numerical model of this system. This toy model is sufficiently simple to allow

computations to be performed easily on a standard personal computer. A schematic

representation of this model is shown in Figure 1.3.

As illustrated in the figure, the downstream bearing, located at node 3-5, is supported

by an elastic cage. A squeeze film, situated between nodes 5 and 6, provides damping

between the bearing and its housing. As indicated in the figure, the bearing-support

interface can be regarded as a mechanical subsystem of the entire rotor structure. This

configuration allows for the provision of additional stiffness and damping to the rotor-

dynamic system at the interface, which, as explained in the previous section, aids in

controlling rotor vibrations.

However, the bearing-support interface must also account for the clearance gap. This

gap is essential for the proper operation of the thin squeeze film. Under normal operating

conditions, the squeeze film should effectively dampen any radial movement of the shaft,

preventing the bearing from collidingwith the innerwalls of the housing. In this scenario,

the clearance gap does not induce substantial nonlinear behaviors. The analysis becomes

more complex when the squeeze film fails to prevent these bearing-housing collisions.

A detailed examination of this case will be the focus of Chapter 3.
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𝑓𝗎𝗇𝖻(𝛺, 𝑡)

3 42

bearing-housing

interface

5

6

1

gap

Figure 1.3 Schematic representation of the rotor model provided by Safran Tech. Only the

portion of the system above the axis of revolution is depicted. The nodes labeled from 1 to 6 are

used to describe the geometric configuration of the system. The rotor’s shaft is supported by two

bearings, which secure the shaft at nodes 1 and 3. A blade is attached to one end of the shaft

at node 4. A potential rotor unbalance is represented by an equivalent excitation force acting

radially on the shaft at node 2.



2
Technical Background

P
rior to diving into the proper analysis of the rotordynamic system under interest,

this chapter introduces some of the technical concepts that will appear reccurently

throughout the following discussions of this thesis. Only the common theoretical basis

is presented in here. Further technical explainations will be introduced gradually when

needed.

The chapter begins by outlining the working principles of the harmonic balance

method. It is first presented within the broader context of weighted residual techniques.

Subsequently, the classical formulation of the hb equations is derived. Following this,

the formalization of the hb equations for the analysis of a generic mechanical system

is discussed, leading to an investigation of the nonlinear forces. To facilitate this, a

companion method to harmonic balance, namely the alternating frequency-time (aft)

domain procedure, will be introduced.

The chapter then explains how the hb equations can be solved numerically for a

specific frequency. Afterward, the approach to solving the hb equations across a range

of frequencies will be addressed, with a focus on numerical continuation. Emphasis will

be placed on the predictor-corrector method.

Finally, the chapter presents elementary definitions related to system stability and

bifurcation points. Effective methods for detecting fold bifurcations and branching

points will be provided.

As stated in Section 1.1.1, the harmonic balance method is widely used across various

fields, and a range of techniques has developed around hb and continuation meth-

ods. This chapter primarily focuses on a selected portion of these numerical methods,

specifically those that are effectively utilized in pyHarm.

2.1 Harmonic Balance Method

The harmonic balance method have been succinctly summarized in the overview pro-

vided in Section 1.1.1: it consists of a reduction method that transforms a set of nonlinear

differential equations into a set of nonlinear algebraic equations, referred to as the hb

equations.

This section presents the main mathematical derivations of the harmonic balance

method. It begins by explaining the general principles of a weighted residual method,

which serves as a foundation for introducing harmonic balance, a specific case of a

weighted residual method. The classical hb equations are then derived. Following this,

the application of the hb method to mechanical systems is demonstrated. Additionally,

a companion method, the alternating frequency-time procedure, is introduced. This

7
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procedure can be used to systematically evaluates the nonlinear forces. Finally, the

section discusses alternative techniques for solving nonlinear systems and compares

them to the harmonic balance method.

Most mathematical derivations presented in this section are based on the theoretical

developments found in Detroux et al. [6] and Krack and Gross [9]. Readers seeking a

more comprehensive introduction to the harmonic balance method may refer to the

latter reference.

While these two references [6, 9] are not the only sources providing a mathematical

derivation of the hb method, it is important to note that there are some divergences in

notation and definitions among the various documents addressing harmonic balance. In

this section, the conventions and notations used are selected to align closely with those

employed internally by pyHarm.

2.1.1 Weighted Residual Methods

Weighted residual methods constitute a family of reduction techniques, of which the

harmonic balance method is a part. These methods are utilized to simplify the analysis

and derive approximate solutions for periodic boundary value problems. Such a problem

can be expressed mathematically in a generic form as follows:

𝒓 ( ̇𝒒, 𝒒, 𝑡) = 𝟎 , (2.1)

𝒒(𝑡) = 𝒒(𝑡 + 𝑇) . (2.2)

Equation (2.1) represents a system of differential equations that models the dynamics

of the problem under investigation. Here, 𝒒 ∈ ℝ𝑛𝑞 denotes the vector of dependent

variables, and 𝑡 ∈ ℝ is the sole independent variable of the problem. The vector ̇𝒚 ∈ ℝ𝑛𝑞

indicates the derivative of 𝒒 with respect to the independent variable. Finally, 𝒓 is a

function that maps ℝ2𝑛𝑞+1 to ℝ𝑛𝑞.

Equation (2.2) imposes a periodic boundary condition on the system of differential

equations, indicating that the solution 𝒒must repeat its values at regular intervals of 𝑇.

In this context, 𝒒 is referred to as periodic.

To approximate the solution of Equation (2.1), a weighted residual method first

proposes to express the solution 𝒒 as a linear combination:

𝒒(𝑡) ≈ 𝒒h(𝑡, {𝜷𝑘}) =

𝐵

∑
𝑘=1

𝜷𝑘 𝑏𝑘(𝑡) . (2.3)

This approximation is referred to as an ansatz. From a linear algebra perspective, this

approach involves projecting the solution 𝒒 onto a selected set of basis functions 𝑏𝑘(𝑡).

This represents a simplification of the original problem, as the goal now is to determine

the values of the coefficients 𝜷𝑘 ∈ ℝ𝑛𝑞 that will make the approximation 𝒒h as close

as possible to the true solution 𝒒. To estimate these coefficients 𝜷𝑘, it is useful to first

examine the implications of introducing the ansatz into the system’s dynamics.

Equation (2.1) indicates that the system is balanced when the mapping 𝒓 yields 𝟎.

In this case, 𝒒 represents the solution of the system. However, when the approximate

form of the solution 𝒒h is introduced into these equations, Equation (2.1) is generally no



Chapter 2 Technical Background 9

longer satisfied. Specifically, the mapping 𝒓 does not yield 𝟎:

𝒓h(𝑡, {𝜷𝑘}) = 𝑟( ̇𝒒h(𝑡, {𝜷𝑘}), 𝒒ℎ(𝑡, {𝜷𝑘}), 𝑡) ≠ 𝟎 . (2.4)

In this context, 𝒓h is referred to as the residual of Equation (2.1).

Based on these observations, the weighted residual method proposes a strategy for

determining the coefficients 𝜷𝑘. The central idea of this method is to require that the

residual 𝒓h be orthogonal to a selected set of weight functions 𝜌𝑗(𝑡):

1

𝑇
∫

𝑇

0

𝜌𝑗(𝑡) 𝒓h(𝑡, {𝜷𝑘}) 𝑑𝑡 = 𝟎 𝑗 = 1, … , 𝐵 . (2.5)

In other words, this requirement ensures that Equation (2.1) is satisfied in a weighted

average sense.

Note that 𝒓h(𝑡, {𝜷𝑘}) is a function solely of the independent variable 𝑡 and the sought

coefficients 𝜷𝑘. Since the weight functions 𝜌(𝑡) are known, it follows that Equation (2.5)

constitutes a system of 𝑛𝑞 × 𝐵 algebraic equations, where the unknowns are the co-

efficients 𝜷𝑘. The dependence on the independent variable indeed vanishes during

integration. Consequently, this system of algebraic equations can be solved, allowing

for the determination of the ansatz 𝒒h, which serves as an approximation of the true

solution 𝒒.

It is important to note that requiring the residual to be orthogonal to certain weight

functions is not equivalent to requiring the residual to be exactly zero. Thus, satisfying

the algebraic system in Equation (2.5) is a less stringent requirement than satisfying the

dynamics of the original problem.

The difference in requirements imposed by the strong form and the weak form is

better illustrated in Figure 2.1. To satisfy Equation (2.1), each component of 𝒓( ̇𝒒, 𝒒, 𝑡)

must be zero for all values of 𝑡. In contrast, for the weak form, Equation (2.5) is satisfied

as long as the residuals are orthogonal to the weight functions.

weak form

𝑡 𝑡

𝜌𝘫 𝑟𝗁𝑟
𝑟 = 0 𝟣

𝘛 ∫
𝘛

𝟢
𝜌𝘫 𝑟𝗁 𝑑𝑡 = 0

𝑇0𝑇0

Figure 2.1 Illustration of the conditions that should be satisfied for the original problem of

Equation (2.1), and for the weak form provided by the weighted residual method. Drawing

reproduced and adapted from Krack and Gross [9].

Under the assumption of periodicity (Equation (2.2)), the weighted residual method

reduces a system of differential equations to a system of algebraic equations, accepting a

trade-off by relaxing the solution requirements. The original problem and its simplified

version are referred to as the strong form and the weak form, respectively.

It should be emphasized that an ansatz 𝒒h that perfectly satisfies Equation (2.5),
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i.e., the weak form, is not an exact solution of the original problem. This distinction

should always be kept in mind when employing the weighted residual method—and

consequently, the harmonic balance method: the coefficients 𝜷𝑘 computed by a weighted

residual solver solely represent a solution to the weak form of the problem.

2.1.2 Classical HB

As previously mentioned, the harmonic balance method is a specific case of a weighted

residual method. More specifically, complex exponentials are selected as both the basis

functions 𝑏𝑘(𝑡) for the ansatz and the weight functions 𝜌𝑗(𝑡) for the weak form require-

ments.

The harmonic balance method employs a truncated Fourier series to represent the

ansatz 𝒒h. Denoting𝛺 as the circular frequency corresponding to 2𝜋/𝑇, the ansatz can

be expressed as follows:

𝒒h(𝑡) =

𝑛ℎ

∑
𝑘=−𝑛ℎ

̂𝒒𝑘 e
𝑖𝑘𝛺𝑡

= 𝜷1 +

𝑛ℎ

∑
𝑘=1

𝜷2𝑘 cos(𝑘𝛺𝑡) + 𝜷2𝑘+1 sin(𝑘𝛺𝑡)

= ̂𝒄
𝑞
0 +

𝑛ℎ

∑
𝑘=1

̂𝒄
𝑞
𝑘 cos(𝑘𝛺𝑡) + ̂𝒔

𝑞
𝑘 sin(𝑘𝛺𝑡) .

(2.6)

If it is assumed that the the ansatz and the Fourier coefficients ̂𝒒𝑘 are real valued,

then the truncated Fourier series of the ansatz can be expressed equivalently in terms of

complex exponentials or as a combination of sine and cosine functions. The expansion

in terms of sine and cosine functions will be retained in the following sections, as it

aligns more closely with the internal treatment of computed quantities in pyHarm.

For clarity in the subsequent discussion, the notations ̂𝒄
𝑞
𝑘 and ̂𝒔

𝑞
𝑘 introduced in the last

expression will be preferred over the general 𝜷𝑘 notation. This choice more accurately

reflects that we are now dealing with sine and cosine Fourier coefficients.

Regarding the weighting functions, the use of complex exponentials (or sine and

cosine functions) allows the residual orthogonality conditions in Equation (2.5) to be

expressed as follows:

̂𝒓𝑘 ≔
1

𝑇
∫

𝑇

0

𝒓h(𝑡, { ̂𝒒𝑘}) e
−𝑖𝑘𝛺𝑡 𝑑𝑡 = 𝟎 𝑘 = −𝑛ℎ, … , 𝑛ℎ or,

̂𝒄𝑟0 ≔
1

𝑇
∫

𝑇

0

𝒓h(𝑡, { ̂𝒄
𝑞
𝑘, ̂𝒔

𝑞
𝑘}) 𝑑𝑡 = 𝟎

̂𝒄𝑟𝑘 ≔
1

𝑇
∫

𝑇

0

𝒓h(𝑡, { ̂𝒄
𝑞
𝑘, ̂𝒔

𝑞
𝑘}) cos(𝑘𝛺𝑡) 𝑑𝑡 = 𝟎 𝑘 = 1, … , 𝑛ℎ

̂𝒔𝑟𝑘 ≔
1

𝑇
∫

𝑇

0

𝒓h(𝑡, { ̂𝒄
𝑞
𝑘, ̂𝒔

𝑞
𝑘}) sin(𝑘𝛺𝑡) 𝑑𝑡 = 𝟎 𝑘 = 1, … , 𝑛ℎ

(2.7)

The left-hand sides of these equations represent the scalar products between the

residual 𝒓h and the Fourier basis functions. By definition, these quantities correspond to
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the Fourier coefficients of the residuals, denoted as ̂𝒓𝑘 or as ̂𝒄𝑟𝑘 and ̂𝒔𝑟𝑘 in the sine-cosine

representation. Thus, the weak form requirements expressed in Equation (2.5) reduce, in

the context of the harmonic balancemethod, to the condition that the Fourier coefficients

of the residual must be zero. In this case, Equation (2.7) provides a system of 𝑛𝑞(2𝑛ℎ+1)

algebraic equations for the (2𝑛ℎ + 1) unknowns ̂𝒄𝑟𝑘 and ̂𝒔𝑟𝑘.

In Summary — The harmonic balance method is a weighted residual method that trans-

forms a periodic boundary value problem into a system of algebraic equations, which

express the requirement that the Fourier coefficients of the residual should be zero. This

overarching view of the harmonic balance working principle is illustrated in Figure 2.2.

1.

2.

3.

Assume periodic motion

𝒒(𝑡) = 𝒒(𝑡 + 𝑇)

Use ansatz (complex exponentials)

𝒒(𝑡) ≈ 𝒒𝗁(𝑡) =
𝘯𝘩

∑
𝘬=−𝘯𝘩

𝒒̂𝘬 𝑒
𝘪𝘬

𝟤𝜋
𝘛 𝘵

Express that the residual

𝒓𝗁 ≔ 𝒓 (𝒒̇𝗁, 𝒒𝗁, 𝑡)

should be orthogonal

to the complex exponentials

HB method

Nonlinear

differential

system

𝒓(𝒒̇, 𝒒, 𝑡) = 𝟎

Nonlinear

algebraic

system

𝒓̂𝘬 = 𝟎, ∀𝑘

Figure 2.2 Broad view of the harmonic balance working principle.

To simplify the developments that follow, the subsequent short notations will be

employed to express the Fourier series in Equation (2.6) and the Fourier coefficients in

Equation (2.7):

𝒒 ≈ 𝒒h( ̂𝒒H, 𝑡) = 𝒉(𝛺𝑡) ̂𝒒H , (2.8)

̂𝒒H = ⟨𝒉∗(𝛺𝑡) | 𝒒⟩ . (2.9)

In Equation (2.8), ̂𝒒H is a column vector of size 𝑛𝑞(2𝑛ℎ + 1) × 1 that contains all the

Fourier coefficients of the ansatz. The index H is used to indicate that the underlying

quantity aggregates all the harmonics into one vector. When using the sine-cosine

representation, the vector ̂𝒒H can be explicitly written as follows:

̂𝒒H = [( ̂𝒄
𝑞
0)

𝑇, ( ̂𝒄
𝑞
1)

𝑇, ( ̂𝒔
𝑞
1)

𝑇, … , ( ̂𝒄
𝑞
𝑛ℎ)

𝑇, ( ̂𝒔
𝑞
𝑛ℎ)

𝑇] . (2.10)

Concerning the matrix 𝒉, it collects all the Fourier basis functions, specifically the

sine and cosine functions, such that its multiplication with ̂𝒒H yields the truncated

Fourier series defining the ansatz. This matrix can be further decomposed as follows:

𝒉 = ̌𝒉 ⊗ 𝕀𝑛𝑞 , (2.11)

where 𝕀𝑛𝑞 is the identity matrix of size 𝑛𝑞 × 𝑛𝑞,⊗ denotes the Kronecker product, and ̌𝒉
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is a 1 × (2𝑛ℎ + 1) row vector containing the sine and cosine basis functions:

̌𝒉 = [1, cos(𝛺𝑡), sin(𝛺𝑡), … , cos(𝑛ℎ𝛺𝑡), sin(𝑛ℎ𝛺𝑡)] . (2.12)

Thus, the matrix 𝒉 is of size 𝑛𝑞 × 𝑛𝑞(2𝑛ℎ + 1).

In Equation (2.9), the notation ⟨𝑎 | 𝑏⟩ denotes the scalar product of the two vectors 𝑎

and 𝑏, while the quantity𝒉∗ represents theHermitian transpose of 𝒉. Thus, Equation (2.9)

expresses the scalar product between the solution 𝒒 and the Fourier basis functions. In

other words, this product defines the Fourier coefficients ̂𝒒H of the solution.

With these newly introduced short notations, it is possible to succinctly express the

orthogonality conditions from Equation (2.7). These conditions can be written as:

̂𝒓H( ̂𝒒H) = 𝟎 . (2.13)

To further develop this equation, it is important to note that the differentiation of

the ansatz with respect to the independent variable 𝑞 can be easily obtained. Since 𝒒h is

a truncated Fourier series, which is a linear combination of sine and cosine functions, it

follows that:
̇𝒒 ≈ ̇𝒉(𝛺𝑡) ̂𝒒H = 𝛺∇𝒉(𝛺𝑡) ̂𝒒H

= [𝛺 ∇̌ ̌𝒉(𝛺𝑡) ⊗ 𝕀𝑛𝑞] ̂𝒒H .
(2.14)

The operators ∇ and ∇̌ used in this equation are functions solely of 𝑛ℎ, and they can be

constructed as follows:

∇ = ∇̌ ⊗ 𝕀𝑛𝑞 , where

∇̌ =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0

⋱

∇̌𝑘

⋱

∇̌𝑛ℎ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

and ∇̌𝑘 = [
0 −𝑘

𝑘 0
] .

(2.15)

It thus appears that the use of Fourier series in the harmonic balance method results in

a straightforward expression for the differential operator. This operator can indeed be

implemented using a sparse matrix of integers.

Finally, Equation (2.13) can be developed as follows:

̂𝒓H( ̂𝒒H) = ⟨𝒉∗ | 𝒓( ̇𝒒h, 𝒒h, 𝑡)⟩

= ⟨𝒉∗ | 𝒓(𝒉𝛺∇ ̂𝒒H, 𝒉 ̂𝒒H, 𝑡)⟩

=
1

𝑇
∫

𝑇

0

𝒉∗ 𝒓(𝒉𝛺∇ ̂𝒒H, 𝒉 ̂𝒒H, 𝑡) 𝑑𝑡

= 𝟎 .

(2.16)

The requirement to satisfy these conditions on the residual, as expressed in this equation,

is referred to as classical harmonic balance. Similar to Equation (2.13), this still represents

aweak form of the original problem, whichmanifests as a nonlinear system of 𝑛𝑞(2𝑛ℎ+1)
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algebraic equations that must be solved for the unknown Fourier coefficients of the

ansatz ̂𝒒H.

As mentioned in Section 2.1.1, it is important to remember that a harmonic balance

software computes these Fourier coefficients solely to ensure that the weak form is

satisfied. The computed ansatz remains an approximation of the solution to the original

problem. To enhance the accuracy of the computed solution, one can try to increase the

number of terms in the truncated Fourier series of the ansatz. The rate of convergence of

the computed ansatz towards the solution 𝒒 as the number of harmonics 𝑛ℎ increases is

discussed in, for example, [9]. Briefly stated, this convergence rate depends on the degree

of smoothness of the solution. These convergence aspects will be further explored in

Chapter 3.

Other Weighted Residual Methods

As explained in Section 2.1.1, weighted residual methods utilize a predefined set of basis

functions 𝑏𝑘(𝑡) to represent the ansatz 𝒒h, along with a selected set of weight functions

𝜌𝑗(𝑡) for formulating the weak form requirements.

As noted in the previous section, the harmonic balance method employs complex

exponentials, or sine and cosine functions, for both the basis and weight functions. For

the sake of classification, one can to mention that when a weighted residual method

uses the same functions for both the basis and the weight functions, it is referred to as

a Galerkin method. Thus, the harmonic balance method is an instance of a Galerkin

method.

These two choices of basis and weight functions constitute free parameters that allow

for the creation of various weighted residual-based methods, leading to a theoretically

infinite number of combinations. The choice of functionsmade for the harmonic balance

method is not the only interesting option; other combinations of basis and weight

functions have been explored.

For example, the trigonometric collocation method also uses complex exponentials

for the basis functions but employs Dirac delta distributions as weight functions. Refer-

ring to the weak form of a weighted residual method expressed in Equation (2.5), it can

be deduced that this approach imposes that the residual 𝒓h must be zero only at specific

points 𝑡𝑗, known as collocation points. Any weighted residual method that formulates

its weak form conditions using collocation points is termed a collocation method. The

operational principle of a collocation method is illustrated in Figure 2.3.

𝑡

𝑟𝗁 𝑟𝗁(𝑡𝘫) = 0

𝑇0 𝑡𝟣 𝑡𝟤

𝑡𝟥

Figure 2.3 Illustration of the working prin-

ciple of a collocation method. Drawing repro-

duced and adapted from Krack and Gross [9].

Another popular type of weighted residual method is orthogonal collocation, which

uses Lagrange polynomials as basis functions. This method is employed in several

software applications, one example being MatCont [29]. Orthogonal collocation is

particularly well-suited for stiff problems; however, it does not scale well for large

systems [6].
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2.1.3 Application to Mechanical Systems

The general formulation of the harmonic balance method has been derived in Equa-

tion (2.16) in the preceding section. As mentioned in Chapter 1, the harmonic balance

method has found applications across various fields, provided that the problem can

be expressed as a periodic boundary problem. This thesis, however, focuses on struc-

tural dynamics, particularly in the context of the initial rotordynamic system under

study. Moreover, the software utilized for the analysis, pyHarm, is oriented towards

structural dynamics. Consequently, this section presents the mathematical derivation of

the classical harmonic balance formulation specifically for mechanical systems.

The periodicity constraints outlined in Equation (2.2) remain unchanged. In this

context, the independent variable 𝑡 represents time. The generic form of the differential

equation stated in Equation (2.1) will take the specific form:

𝑴 ̈𝒒 + 𝑪 ̇𝒒 + 𝑲𝒒 + 𝒇nl( ̈𝒒, ̇𝒒, 𝒒) = 𝒇ext(𝑡) . (2.17)

This mathematical representation of a mechanical system models the dynamic equilib-

rium of forces acting within the system. In this representation, 𝒒 denotes the generalized

coordinates of the system, while𝑴, 𝑪, and 𝑲 represent the structural mass, damping,

and stiffness matrices, respectively. The first three terms of this equation constitute the

linear part of the model. For an explanation of the derivation of these matrices, the

reader may refer to Geradin and Rixen [1].

The nonlinearities of the system are expressed by the generic term 𝒇nl, which may

represent any nonlinear function of time, the generalized coordinates, and their deriva-

tives. Finally, the system may be subjected to an external force, denoted as 𝒇ext(𝑡). This

excitation force is independent of the generalized coordinates, and there are no a priori

restrictions on its expression. The only requirement is that the periodicity condition on

the solution must ultimately be satisfied, as stated in Equation (2.2).

Noting 𝑓lin as the linear part of the model, Equation (2.17) can be written in a form

closer to Equation (2.1):

𝒓( ̈𝒒, ̇𝒒, 𝒒, 𝑡) = 𝑓lin( ̈𝒒, ̇𝒒, 𝒒) + 𝑓nl( ̇𝒒, 𝒒, 𝑡) − 𝑓ext(𝑡) . (2.18)

Injecting an ansatz 𝒒h( ̂𝒒H, 𝑡) into this equation leads to rewriting the weak form of

the hb method as follows:

̂𝒇lin,H( ̂𝒒H, 𝛺) + ̂𝒇nl,H( ̂𝒒H, 𝛺) − ̂𝒇ext,H = 𝟎 , or

⟨𝒉∗ | 𝒓( ̈𝒒h, ̇𝒒h, 𝒒h, 𝑡)⟩ = 𝟎 .
(2.19)

Recalling the differentiation rules established in Equation (2.14), the last equation can

be further developped into:

⟨𝒉∗ | 𝒓(𝛺2∇2𝒉 ̂𝒒H, 𝛺∇𝒉 ̂𝒒H, ̂𝒒H, 𝑡)⟩ = 𝟎 . (2.20)

The equations can be further developed by detailing the expressions of the three

terms that constitute the linear part of the model. It can be demonstrated, without proof,
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that:
⟨𝒉∗ |𝑴 ̈𝒒h⟩ = (∇̌2 ⊗𝛺2𝑴) ̂𝒒H

⟨𝒉∗ | 𝑪 ̇𝒒h⟩ = (∇̌ ⊗ 𝛺𝑪) ̂𝒒H

⟨𝒉∗ | 𝑲𝒒h⟩ = (𝕀2𝑛ℎ+1 ⊗𝑲) ̂𝒒H

(2.21)

Consequently, the weak form of Equation (2.19) can be expressed as:

(∇̌2 ⊗𝛺2𝑴 + ∇̌ ⊗𝛺𝑪 + 𝕀2𝑛ℎ+1 ⊗𝑲) ̂𝒒h + ̂𝒇nl( ̂𝒒h, 𝛺) − ̂𝒇ext(𝛺) = 𝟎 , (2.22)

or, in a more concise form:

̂𝒓( ̂𝒒, 𝛺) = 𝑺(𝛺) ̂𝒒 + ̂𝒇nl( ̂𝒒, 𝛺) − ̂𝒇ext(𝛺) = 𝟎 . (2.23)

This last equation will be referred to as the hb equations in the following. For clarity,

the H indices have been omitted in this last equation. In subsequent discussions, only

aggregated quantities will be considered, and the H will not always be explicitly stated.

This final equation represents the reformulation of the classical hb weak formwithin

the context of a mechanical system described by Equation (2.17). It defines the system of

nonlinear equations that a structural hb solver will ultimately address. These equations

thus have to be solved iteratively with, e.g., a Newton-Raphson procedure. The resolution

of this set of nonlinear algebraic equations will be the focus of Section 2.2.

2.1.4 Alternating Frequency-Time Scheme

In the weak form of the structural problem established in Equation (2.22), it is evident

that the nonlinear force term depends on the sought Fourier coefficients. Consequently,

when iteratively solving the weak form equations, this nonlinear term must be evaluated

at each iteration using the current values of ̂𝒒H.

In certain straightforward cases, it is possible to derive an analytical expression for
̂𝒇nl. For instance, polynomial forces can be expanded into a Fourier series [9].

However, for a generic nonlinear force, obtaining an analytical form of ̂𝒇nl is not

feasible. In such cases, the most commonly employed technique for evaluating the

nonlinear force is the alternating frequency-time (aft) domain method. This technique

was first introduced by Cameron and Griffin [30] and involves evaluating the nonlinear

forces based on the ansatz in the time domain.

The expression for the nonlinear force 𝒇nl in the time domain, as described in Equa-

tion (2.17), is known. To evaluate ̂𝒇nl, one can first convert the coefficients ̂𝒒H into the

time domain using an inverse fast Fourier transform (fft). The nonlinear forces can then

be computed in the time domain. Subsequently, this nonlinear force can be transformed

back into the frequency domain using an fft. This process is illustrated in Figure 2.4.

It is important to note that the fft operation can be applied quite efficiently. To

understand this, one must recognize that time-domain signals cannot be perfectly repre-

sented numerically. The harmonic balance software that processes these time signals

utilizes a finite number 𝑛𝑡 of time values over the period 𝑇 to sample the signals. The

sampled approximation of a time signal 𝒇(𝑡) is denoted as ̃𝒇(𝑡).

It can be shown [9, 6] that the fft and its inverse can be expressed as linear operators,

allowing for the transition between time-domain and frequency-domain representations
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Figure 2.4 Illustration of the working principle of the alternating frequency-time procedure.

This figure was generated using the fft operators provided by pyHarm (function DynamicOpera-

tor.compute_DFT(), discussed in Appendix B). The nonlinear force depicted here is expressed as

𝒇nl(𝑡) = 𝒒3(𝑡), which is similar to the behavior of a Duffing oscillator.

of a signal as follows:
̃𝒇T = 𝑬TH

̂𝒇H

̂𝒇H = 𝑬∗
HT

̃𝒇T .
(2.24)

Similar to the index H, the index T indicates that the values of ̃𝒇 for each time sample

are stacked into a single column vector of size 𝑛𝑞𝑛𝑡 × 1. The operators 𝑬TH and 𝑬
∗
HT are

matrices of sizes 𝑛𝑞𝑛𝑡 × (2𝑛ℎ + 1) and (2𝑛ℎ + 1) × 𝑛𝑞𝑛𝑡, respectively, and they actually

consist of sine and cosine function values evaluated at the time samples. Consequently,

these matrices are fully defined by the dimensions 𝑛𝑞, 𝑛ℎ and 𝑛𝑡, making their numerical

implementation relatively straightforward.

These operators can then be utilized to rewrite the aft procedure as follows:

̂𝒇nl,H( ̂𝒒H, 𝛺) ≈ ̂𝒇aft
nl,H( ̂𝒒H, 𝛺) = 𝑬∗

HT
̃𝒇nl,T(𝑬TH∇𝛺 ̂𝒒H, 𝑬TH ̂𝒒H) . (2.25)

In summary, the aft procedure for evaluating the nonlinear forces can be accom-
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plished through simple matrix multiplications. In fact, it has been shown that the aft

method can be even more efficient than using an analytical expression for ̂𝒇nl [31].

2.2 Solving The HB Equations

The harmonic balance method results in a weak form of the original problem, which

manifests as a system of algebraic equations to be solved, referred to as the hb equations.

Of course, the hb method can be effectively applied to linear systems. In such cases, the

hb equations take the form of a linear algebraic system, reverting to the conventional

linear frequency domain analysis commonly used in mechanics and electrical circuit

analysis for computing the steady-state response of these systems.

However, the hb method reveals its utility during the analysis of nonlinear sys-

tems. In this scenario, the hb equations are nonlinear and must be solved iteratively.

Procedures such as Newton-Raphson or hybrid Powell can be employed.

This section will first explain how to compute a solution of the hb equations using

the Newton-Raphson procedure for a specific excitation frequency. Subsequently, it will

demonstrate how to solve the hb equations across a range of excitation frequencies,

thereby computing the frequency response of the system.

2.2.1 Computing One Solution Point

When solving the hb equations at a specific frequency𝛺, the Fourier coefficients of the

residual, ̂𝒓, are solely functions of the sought solution, ̂𝒒. Thus, ̂𝒓 represents a mapping

from ℝ𝑛𝑞(2𝑛ℎ+1) to ℝ𝑛ℎ(2𝑛ℎ+1).

The Newton-Raphson procedure is an iterative method suitable for solving this type

of system. The approach begins with an initial guess ̂𝒒(0) for the solution. The solution

̂𝒒(𝑖+1) at the next iteration is predicted from the current solution ̂𝒒(𝑖) using the following

equation:

̂𝒒(𝑖+1) = ̂𝒒(𝑖) − 𝜕 ̂𝒒 ̂𝒓( ̂𝒒(𝑖))−1 ̂𝒓( ̂𝒒(𝑖)) , (2.26)

where 𝜕 ̂𝒒 ̂𝒓 denotes the Jacobian matrix of ̂𝒓. To make the next prediction, this method

thus merely consists in linearizing the problem around the previously predicted solution

through a Tayor expansion of the residual.

The choice of the initial guess ̂𝒒(0) is crucial. For the Newton-Raphson method

to converge properly towards a solution, the initial guess should be selected carefully,

ensuring it already is sufficiently close to the sought solution. When this condition is

met, the method is known for its rapid convergence, and it has been widely applied in

various numerical software that addresses systems of nonlinear equations.

It is also important to note that estimating the Jacobian 𝜕 ̂𝒒 ̂𝒓 at each iteration is

not computationally trivial. In an hb solver like pyHarm, a significant portion of the

computation time is dedicated to these Jacobian evaluations. As discussed in more detail

in Section A.1, a substantial part of the pyHarm code is focused on constructing the

Jacobian of the entire mechanical system under study and evaluating it as efficiently as

possible.

The most straightforward method for evaluating the Jacobian is through finite dif-

ferences. In this case, an approximation of the Jacobian is obtained at a point ̂𝒒 by

evaluating the residual ̂𝒓 in the neighborhood of that point.
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Finite differences have the advantage of being easy to implement; however, since

evaluating the Jacobian is a critical step in the hb solver, one might consider a second

option known as automatic differentiation. This more sophisticated technique aims to

evaluate the derivative of a function accurately and efficiently by applying the chain rule

of calculus on the function to differentiate, down to a very granular level. In particular,

pyHarm utilizes the Python Jax library, which provides automatic differentiation utilities.

When feasible, automatic differentiation is employed to compute the Jacobians.

2.2.2 Numerical Continuation

In many research fields involving the study of dynamical systems, it is critical to assess

the frequency response of the system. This is particularly relevant to the initial problem

of this thesis: it is essential to ensure that the vibrations of a rotordynamic system remain

within tolerable limits across a certain range of excitation frequencies.

This leads to the desire to solve the hb equations expressed in Equation (2.22) for an

entire range of excitation frequencies. More concretely, the problem under consideration

can be formalized as follows [9]:

solve ̂𝒓(𝑋) = 0 ,

with respect to 𝑋 = [ ̂𝒒𝑇, 𝛺]𝑇 ,

where ̂𝒓, ̂𝒒 ∈ ℝ𝑛𝑞(2𝑛ℎ+1)×1 ,

in the interval 𝛺s ≤ 𝛺 ≤ 𝛺e .

(2.27)

A straightforward initial approach would involve defining a sample of ordered fre-

quencies within the range𝛺s to𝛺e and solving the hb equations for each solution point.

The solution computed at a specific frequency can then serve as the initial guess for the

next frequency in the sample. This procedure is referred to as sequential continuation.

In linear mechanics, the frequency response of the system is characterized by a one-

to-one function that maps the excitation frequency to the amplitude level experienced

by a selected dof of the system. However, as qualitatively discussed in Section 1.1.2, the

frequency response of a nonlinear system can exhibit much more complex behaviors.

It was shown in Figure 1.1 that the hb equations can possess multiple solutions for a

single frequency. Consequently, the system’s response is no longer a one-to-one function

with respect to frequency. The solution to the problem presented in Equation (2.27) thus

graphically takes the form of a curve in the frequency-amplitude space, referred to as a

nonlinear frequency response curve (nfrc).

One consequence of this complexity is that, to solve the problem in Equation (2.27),

one cannot simply define a sample of frequencies between𝛺s and𝛺e and solve the hb

equations independently for each frequency. Referring again to the Duffing example

in Figure 1.1, it was shown that the state to which the system eventually stabilizes may

depend on the initial conditions. Therefore, solving the hb equations only once for each

sampled frequency will yield only one solution, which will depend on the initial guess

provided to the iterative solver.

Thus, more robust techniques than sequential continuation are required, allowing

for the tracking of a branch of solutions. This area of study is known as numerical

continuation.
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Homotopy

Many of the techniques presented in Chapter 4 rely on the numerical continuation

algorithms discussed in Allgower and Georg [4]. In this book, numerical continuation is

introduced in a context that is not directly related to tracking a nfrc. Specifically, the

problem addressed in this book involves solving a generic nonlinear system:

𝑭(𝒙) = 𝟎 , (2.28)

where the sought solution is denoted 𝒙̄ and 𝑭 is a mapping fromℝ𝑛 toℝ𝑛. As mentioned

in the previous section, such a system can be solved using a Newton-Raphson procedure.

However, it was also noted that this iterative method may struggle to converge if a

suitable initial guess cannot be found. To address this issue, a proposed solution is to

use a homotopy:

𝑯(𝒙, 𝜆) ≔ (1 − 𝜆) 𝑭(𝒙0) + 𝜆𝑮(𝒙) , (2.29)

In this expression, 𝑮 is a selected function for which it is known that 𝒙0 constitutes

a zero point. The function 𝑯(𝒙, 𝜆) defines an affine combination of 𝑭 and 𝑮, with 𝜆

referred to as the homotopy parameter. The idea is to start at the point (𝒙, 𝜆) = (𝒙0, 1)

and iteratively compute the solution of 𝑯. This process is repeated for values of the

homotopy parameter that gradually decrease to zero, ultimately leading to a solution of

Equation (2.28).

In other words, this technique involves tracing an implicitly defined curve 𝒄(𝑠) ∈

𝑯−1(𝟎), starting from the point (𝒙0, 1) and moving towards a solution point (𝒙̄, 0). This

process is illustrated in Figure 2.5.

(𝒙̄, 0)

𝜆 = 0 𝜆 = 1

(𝒙𝟢, 1)

Figure 2.5 Illustration of the solution-

finding process via a continuous ho-

motopy deformation. Reproduced and

adapted from Allgower and Georg [4].

Taking a step back, it becomes clear that the homotopy deformation technique

presented in this book is analogous to the problem of interest here. More specifically,

the desire to follow the curve 𝒄(𝑠) ∈ 𝑯−1(𝟎) is similar to the goal of tracking the nfrc

of the system, which is implicitly defined by ̂𝒓−1(𝟎). In fact, the function 𝑯(𝒙, 𝜆) is

analogous to ̂𝒓( ̂𝒒, 𝛺), where 𝛺 can be viewed as the homotopy parameter that varies

over a specified range.

Thus, all the numerical continuation techniques presented in Allgower and Georg [4]

are almost directly applicable to solving the actual problem outlined in Equation (2.27).
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Predictor-Corrector Method

Basic sequential continuation has been shown to be insufficient for effectively tracking a

nfrc. One alternative continuation technique is the predictor-corrector method, which

is the approach implemented in pyHarm. Its working principle is illustrated in Figure 2.6.

Previous solution

Prediction

Correction

Frequency

Am
pl

itu
de

Figure 2.6 Illustration of the working prin-

ciple of a predictor-corrector continuation

on a fictitious nonlinear frequency response

curve.

As shown, each successive solution point of the nfrc is determined in two steps.

First, a prediction of the next solution ismade based on the previously computed solution.

Then, a series of corrections are iteratively computed using a procedure such as Newton-

Raphson to ensure that the predicted point converges to an actual solution on the curve.

The prediction step typically involves an Euler prediction:

𝑋
(𝑖+1)
pred = 𝑋(𝑖) + ℎ 𝒕(𝜕𝑋 ̂𝒓(𝑋(𝑖))) , (2.30)

where ℎ > 0 is a chosen step size, and 𝒕(𝜕𝑋 ̂𝒓(𝑋(𝑖))) is a 𝑛𝑞(2𝑛ℎ+1)+ 1× 1 column vector

representing the tangent of the nfrc at 𝑋(𝑖). This tangent will be defined more precisely

in the following discussion.

It is important to note that ̂𝒓(𝑋) is a mapping from ℝ𝑛𝑞(2𝑛ℎ+1)+1 to ℝ𝑛𝑞(2𝑛ℎ+1). Con-

sequently, the equation ̂𝒓(𝑋) = 𝟎 represents an underdetermined system of nonlinear

equations. As a result, the Jacobian 𝜕𝑋 ̂𝒓 is a 𝑛𝑞(2𝑛ℎ +1)× 𝑛𝑞(2𝑛ℎ +1)+ 1matrix, whose

kernel typically contains two unit norm vectors, corresponding to the two possible direc-

tions for traversing the curve. Therefore, there are two distinct values that can define the

tangent 𝒕.

However, it is essential for the continuation procedure to have a means of following

a consistent direction along the curve to ensure that successive predictions are made in

the same direction. To achieve this, one can introduce the augmented Jacobian:

(
𝜕𝑋 ̂𝒓(𝒄(𝑠))

̇𝒄(𝑠)∗
) (2.31)

where 𝒄(𝑠) is a parametrization of the nfrc such that 𝒄(𝑠) ∈ ̂𝒓(𝒄(𝑠)) = 𝟎.

It can be shown [4] that this augmented Jacobian is non-singular along the nfrc,

except in special cases. Consequently, its determinant maintains the same sign along the

chosen parametrization of the curve. This property allows the determinant to be used to

determine the orientation of traversal. This leads to the definition of the tangent vector
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induced by the Jacobian 𝒕(𝜕𝑋 ̂𝒓), or simply the tangent 𝒕, as follows:

𝜕𝑋 ̂𝒓(𝒕) = 𝟎, ||𝒕|| = 1, det (
𝜕𝑋 ̂𝒓

𝒕∗
) > 0 . (2.32)

In other words, the nfrc has an orientation, which we arbitrarily define as positive

when the determinant of the augmented Jacobian is positive.

It is important to note that finding the tangent of the nfrc involves computing the

Jacobian of ̂𝒓. This emphasizes once more the care that must be taken in calculating

these Jacobians.

The Euler prediction made in Equation (2.30) uses the tangent of the nfrc as the

direction for finding the next predicted solution. However, this is not the only option.

For instance, the secant prediction extrapolates the two most recent solutions to make

the next prediction. This method is easier to compute and does not require the evaluation

of the Jacobian. Nevertheless, the Jacobians still need to be evaluated for the correction

steps. Moreover, the secant prediction generally performs less effectively than the tangent

prediction. Both tangent and secant predictors are available in pyHarm.

The underdetermined nature of the system also affects the corrector steps. One

way to address this is to add an additional equation, known as a closure equation. The

system to solve is now of size 𝑛𝑞(2𝑛ℎ + 1) + 1, where the unknowns include the Fourier

coefficients ̂𝒒 as well as the frequency𝛺.

One possible closure equation is the arc length. This imposes a condition to search

for a solution that is at the same distance from the last solution as the prediction made.

Other possibilities exist as well; for example, pseudo arc length is simpler to implement

but less robust. Both the arc length and pseudo arc length methods are implemented in

pyHarm.

2.3 Stability and Bifurcation Points

As previouslymentioned, the frequency response of a nonlinear system can exhibit much

more complex behavior than that of a linear system. It has been demonstrated with

a simple Duffing oscillator that the nonlinear frequency response curve (nfrc) is not

necessarily a one-to-one function. In fact, this is not the only behavior that distinguishes

a nfrc from a linear frequency response. Figure 2.7 qualitatively illustrates some of the

notable behaviors that a nfrc can exhibit.

As stated earlier, the frequency response can exhibit turning points along the curve,

also known as fold bifurcations. Additionally, it is possible for alternative branches of

solutions to emerge at certain frequencies. The points where these auxiliary branches

emerge are referred to as branching points. Solutions to the hb equations may also be

found in regions completely detached from the main solution curve, forming what are

known as isolas.

Fold bifurcations and branching points will be discussed extensively in the following

chapters, and a more formal definition is provided hereafter. Regarding potential isolas,

they will not be addressed in the subsequent discussions of this thesis. It is worth

mentioning that their identification remains challenging. Recently, the use of a machine

learning-based technique for isola detection has shown promising results [32].
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Figure 2.7 Qualitative illustration of some of the noteworthy behaviors that can be exhibited by

a nonlinear frequency response curve.

The definitions of fold bifurcation and turning points used in the following sections

are based on those established in Detroux et al. [6].

More specifically, a fold bifurcation is said to occur when the Jacobian 𝜕 ̂𝒒 ̂𝒓 changes

sign. A fold bifurcation can thus be detected when:

det(𝜕 ̂𝒒 ̂𝒓) = 0 . (2.33)

Additionally, a branching point is said to occur when the augmented Jacobian

changes sign, which can be detected using:

det (
𝜕𝑋 ̂𝒓

𝒕∗
) = 0 . (2.34)

Other types of bifurcations, such as second-order Hopf (or Neimark-Sacker) bifurca-

tions, will not be covered here.

It is important to note that the bifurcation definitions and classifications provided

in Detroux et al. [6] result from a stability analysis of the Floquet exponents of the

system. These exponents can be obtained via Hill’s method [11, 6, 13, 21], which was first

introduced in Von Groll and Ewins [18]. Specifically, a bifurcation occurs whenever the

system changes its stability regime [9, 6].

However, stability analysis will not be addressed in this thesis. Readers seeking

an in-depth analysis of system stability and bifurcations can refer to Seydel [17] and

Kuznetsov [10].



3
Initial Problem Analysis

N
ow that the theory of harmonic balance and continuation methods has been

reviewed, it is possible to describe and discuss the problem that serves as the founda-

tion for this thesis: the analysis of the forced response of a rotordynamic model provided

by Safran Tech.

This section begins by specifying the mathematical formulation of the rotordynamic

system and explains how it can be solved through an hb numerical continuation.

The following section will present the response of the rotor system computed by py-

Harm. It will be demonstrated that the numerical continuation fails when an asymmetric

bearing clearance is applied to the model.

Finally, a short-term solution is proposed in the third section. This solution allows

for the successful completion of the continuation for the problematic case. However, it

is important to note that this solution addresses only this specific issue. It will then be

concluded that a more robust, long-term solution needs to be implemented in pyHarm.

3.1 Mathematical Formulation

As previously explained in Chapter 1, Safran Tech encountered issues when simulating

rotordynamic systems with their experimental hb solver, pyHarm. More specifically,

this solver is unable to perform numerical continuation of such systems properly under

certain circumstances.

To investigate this issue, Safran Tech provided a simplified rotor model, which has

been described in Section 1.2.1. As illustrated in the graph, the rotor toy model consists of

a discretized structure with six nodes. Each of these six nodes has six degrees of freedom,

allowing for translation and rotation in three-dimensional (3d) space. Consequently, the

toy model can be represented as a 36 degrees-of-freedom system, modeled as follows [3]:

𝑴 ̈𝒒 + 𝛺𝑮 ̇𝒒 + 𝑪 ̇𝒒 + 𝑲𝒒 + 𝑓nl(𝒒, 𝑡) = 𝛺2 𝝓unb(𝑡) . (3.1)

In this equation,𝛺 denotes the rotation speed of the shaft. The terms𝑴, 𝑮, 𝑪, and

𝑲 represent the global mass, gyroscopic, damping, and stiffness matrices of the system,

respectively. The first four terms of this equation constitute the linear part of the model.

The nonlinear force 𝑓nl corresponds to the presence of the clearance gap between the

bearing and its housing, and its expression will be detailed below. Finally, the term

𝛺2 𝝓unb represents the action of the unbalance force on the system. It can be shown [3]

that the force induced by an unbalance results in a periodic excitation, with an amplitude

proportional to the square of the rotation speed of the shaft.

23
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One can directly observe that this system of equations can be trivially rearranged

into the following residue form:

𝒓( ̇𝒒, 𝒒, 𝑡) = 𝟎 . (3.2)

Assuming that the motion of the rotordynamic system is symmetric, the characteristics

of this problem are compatible with the generic form of the boundary value problem

outlined in Equations (2.1) and (2.2). This compatibility indicates that the harmonic

balance method can indeed be applied to study this rotordynamic system.

In practice, Safran Tech provided the global structural matrices for two cases. The

distinguishing factor between these two cases lies in the nonlinear bearing-housing

interface located between nodes 5 and 6 of the system. In the first case, the stiffness of

this bearing-housing interface is radially symmetric. In the second case, the support is

less rigid in the radial direction compared to the direction that is perpendicular to it.

Regarding the nonlinear forces induced by the clearance gap, they can be modeled

as follows:

∀𝑡 ∈ [0, 𝑇], {
𝑓nl(𝒒, 𝑡) = 𝟎, if ‖𝛥𝒙(𝑡)‖ − 𝑔 < 0

𝑓nl(𝒒, 𝑡) = 𝛾 ⋅ ‖𝛥𝒙(𝑡)‖ − 𝑔, if ‖𝛥𝒙(𝑡)‖ − 𝑔 >= 0
. (3.3)

In this equation, 𝑔 represents the gap size between the bearing’s outer ring and the

inner wall of the support. In the present rotor toy model, this gap is set to 0.15mm. The

quantity 𝛥𝒙 denotes the difference between the radial displacement of the bearing and

that of its housing.

This nonlinear force can be interpreted as follows: when the bearing and its housing

are not in contact, 𝛥𝒙 is less than the gap size, and the nonlinear force is set to zero,

resulting in linear behavior of the system. However, when contact occurs between the

bearing and its support, a large rigidity, denoted as 𝛾 in Equation (3.3), is applied between

the bearing and the housing, effectively (approximately) preventing the bearing from

penetrating into its housing.

In practice, pyHarm offers an object that can implement the nonlinear behavior

described in Equation (3.3) (PenaltyBilateralGap). Section B.3 demonstrates its usage in

the construction of the rotor toy model within pyHarm.

3.2 Frequency Response Analysis

The simulation of the symmetric rotor model using pyHarm is illustrated in Figure 3.1.

It is evident that when |𝛥𝒙|/𝑔 is below 1, the system exhibits linear behavior. However, a

significant change in the system’s behavior occurs when contact between the bearing

and its support is established.

The computed nfrc indicates that a two fold bifurcations has been detected by

pyHarm. The solver’s output at these two locations is displayed in Figure 3.2. The

continuation method successfully computed the system’s response over a frequency

range from 1Hz to 300Hz.

In addition to the nfrc, the results obtained from pyHarm also allow for the visu-

alization of the rotor’s orbital motion. This representation of the system’s response is
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Figure 3.1 Computation of the nfrc of the symmetric rotor model with pyHarm.

solution converged at om=277.134927583256

solution converged at om=277.1357168027481

Warning: a limit point (fold bifurcation) was detected --> path direction is reversed

solution converged at om=277.12824671483367

solution converged at om=277.11237748573825

...

solution converged at om=143.18967881881346

solution converged at om=143.09141053186187

Warning: a limit point (fold bifurcation) was detected --> path direction is reversed

solution converged at om=143.19138800607448

solution converged at om=143.2913446879394

Figure 3.2 Console log indicating the reversal of path direction at the two bifurcation points for

the symmetric model.

shown in Figure 3.3. Detailed instructions on generating these orbit plots are provided

in Section B.1.2.

The observed motion of the shaft du to the unbalance force, at the location of the

bearing-housing interface, consists in regular circular rotation.

Figure 3.4 presents the simulation of the asymmetric rotor model. It is observed that

the continuation procedure fails at a certain point.

Upon examining the close view of the nfrc in Figure 3.4, it becomes evident that a

third bifurcation point has been detected, at which the continuation fails.

Similar to the symmetric model, it is possible to visualize the orbital motion of the

rotor at the location of the nonlinear bearing-housing support for the asymmetric case.

The results are displayed in Figure 3.5.

In contrast to the symmetric model, the motion of the shaft at the configuration of

the detected bifurcation is no longer characterized by regular circular motion. Instead,

the motion is more complex and exhibits partial rubbing between the bearing and the

housing.

The observations from Figures 3.4 and 3.5 suggest that the asymmetric rotordynamic
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Figure 3.3 Plots of the rotor orbital motion, at the location of the two detected bifurcation

points.
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Figure 3.4 Computation of the nfrc of the asymmetric rotor model with pyHarm. The right

graph is simply a closer view of the left one.

system experiences a branching of the main solution curve at this location. It appears

that pyHarm encounters significant difficulties in managing this bifurcation point.

The challenges faced by the numerical continuation are illustrated in Figure 3.6.

The prediction steps computed by the continuation are also displayed. It is evident

that these predictions exhibit erratic behavior. Furthermore, in this failing region, the

nonlinear solver of pyHarm experiences significant convergence difficulties, as shown

in Figure 3.7.

All preceding observations suggest that the bifurcation handling capabilities of py-

Harm could be improved.



Chapter 3 Initial Problem Analysis 27

Freq. : 281.713 Hz — Mean ampl. : 1.424 Freq. : 148.940 Hz — Mean ampl. : 1.000

gap

rotor motion

displacement > gap

Freq. : 157.430 Hz — Mean ampl. : 0.977

Figure 3.5 Plots of the rotor’s orbital motion at the locations of the three detected bifurcation

points.
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Figure 3.6 Computation of

the nfrc of the asymmetric

rotor model using pyHarm. This

figure provides a close view of the

failing region of the numerical

continuation.
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solution not accepted at om=157.42996121500374

solution converged at om=157.42984851732524

solution converged at om=157.42991446206523

solution not accepted at om=157.43002545408353

solution converged at om=157.4298118771601

solution converged at om=157.42986382636514

Warning: a limit point (fold bifurcation) was detected --> path direction is reversed

solution converged at om=157.42981168164926

solution converged at om=157.429771980797

solution converged at om=157.4297322576347

Figure 3.7 Console log indicating the reversal of path direction at the failure point of the

asymmetric model.
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3.3 A First Short-Term Solution

During the investigation and testing conducted on the asymmetric rotormodel, it became

apparent that the continuation eventually succeeded by merely changing the input

parameters of the problem. Specifically, by increasing the number of time samples 𝑛𝑡

taken for the aft procedure, the continuation was able to pass the problematic failure

point. This successful continuation is illustrated in Figure 3.8.
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Figure 3.8 Successful continuation of the asymmetric rotor model. To pass the failing point,

the initial number of 1024 time samples taken in the aft procedure was increased to 2048.

Asymmetric model.

To obtain this solution, 𝑛𝑡 was set to 2048, while its default value was 1024. However,

there is no indication that 𝑛𝑡 was insufficient. Since only one harmonic is used in the

solved hb equations, a time sample count of 1024 should be more than adequate.

A possible hypothesis is that, due to the solver’s significant difficulties in maintaining

proper continuation at the failure point, even a slight change in the computed solution

can drastically alter the outcome of the numerical continuation. Thus, as previously

stated, it appears that pyHarm is unable to properly handle the problematic bifurcation

point.

The solution proposed here is not truly a solution. Merely changing input parameters

and hoping that the continuation in pyHarm will not become stuck or flipped is not a

sustainable long-term strategy.

In light of the analysis presented in this chapter, it has been decided that the work

conducted in this thesis will primarily focus on improving the bifurcation handling

capabilities of pyHarm.



This page intentionally left blank.



4
Bifurcation Handling

I
mproving the bifurcation handling capabilities of pyHarm is the primary focus

of this thesis. Efforts have been made to ensure that both fold bifurcations and

branching points are properly detected, and that auxiliary solution branches can be

effectively tracked.

This chapter begins by outlining the preliminary modifications made to pyHarm

before implementing the bifurcation detection and branch-following techniques. Notably,

a new Newton-Raphson nonlinear solver has been integrated, and the computation of

the nfrc tangents has been revised.

The second section describes the modifications that are brought to the bifurcation

detection mechanism, detailing how it enables seamless jumps over bifurcation points.

The updated mechanism is subsequently tested on two Duffing oscillators.

In the third section, the process of branch switching is explained through the intro-

duction of a small perturbation in the hb equations. The method is progressively refined

throughout the section to enhance its usability.

Finally, the last section presents a more robust approach to branch switching. This

method allows for precise identification of bifurcations and determination of the di-

rections of the resulting secondary branches by addressing the algebraic bifurcation

equation.

The methods discussed in this chapter are primarily derived from Allgower and

Georg [4] and, to a lesser extent, from Seydel [17].

It is important to note that the explanations provided in this chapter focus on the

theoretical underpinnings of the methods at a mathematical level. Practically, a set

of new bifurcation handling objects has been developed in Python and integrated into

pyHarm. The concrete implementation of these objects is detailed in Section A.2.

Reference Models — Each branch detection and switching technique presented in this

chapter will be tested against two reference models from the literature. These models

consist of two instances of a Duffing oscillator (Equation (1.1)), that are taken from

Lazarus and Thomas [11] and Petrov [14]. They will be loosely reffered to as the Lazarus

example and the Petrov example in the following. The nfrcs computed in these two

papers are illustrated in Figures 4.1 and 4.2.

In the Lazarus example, the Duffing parameters are set to𝑚 = 1 kg, 𝑐 = 0.05Ns/m,

𝑘 = 1N/m, 𝛾 = 1N/m3, and 𝑓 = 1N. The hb continuation is conducted with 𝑛ℎ = 12.

All methods described in this chapter will be systematically tested against this model.

In the Petrov example, the Duffing parameters are set to 𝑚 = 1 kg, 𝑐 = 1Ns/m,

𝑘 = 1000N/m, 𝛾 = 10 000N/m3, and 𝑓 = 2000N. The hb continuation is conducted

with 𝑛ℎ = 19. When feasible, this model will serve as a validation example.

31
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Figure 4.1 Reference Duffing oscillator from Lazarus and Thomas [11]. The notation 𝐻𝑥𝑏𝑦
denotes the 𝑦-th solution branch from the 𝑥-th harmonic component of the solution.
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Figure 4.2 Reference Duffing oscillator from Petrov [14]. The green and blue branches represent

all the secondary branches that have been detected.
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4.1 Preliminary Modifications of pyHarm

The numerical continuation algorithms described in Allgower andGeorg [4] are based on

a series of underlying steps that require specific computations of certain quantities. For

instance, the prediction step necessitates the computation of the nfrc tangent through

a particular QR decomposition, while the corrections of the iterative solver are executed

without a closure equation.

However, it has been observed that pyHarm computes some of these quantities in a

significantly different manner. Therefore, preliminary modifications are necessary for

pyHarm to ensure that these intermediate quantities are computed in accordance with

the algorithms presented by Allgower and Georg.

4.1.1 Correction Step

The pyHarm codebase already includes a set of iterative solvers that can be selected

for performing the correction steps. Among these is a solver based on the Newton-

Raphson procedure (see Section 2.2.1). In the current version of pyHarm, this solver

computes corrections based on the closed form of the problem, as detailed in Section 2.2.2.

The software then allows users to choose a closure equation, such as the arc-length

parametrization.

While this solver is fully functional, the techniques to be developed require modi-

fications to the iterative solver. These modifications cannot be implemented with the

current solver’s design. Specifically, the use of the closure equation is too tightly coupled

with the solver, making it challenging to introduce changes.

Consequently, a new Newton-Raphson solver has been developed to handle the

correction steps. This new implementation no longer utilizes a closure equation. Instead,

it addresses the underdetermined nonlinear system by computing corrections based on

the pseudo-inverse of the Jacobian 𝜕𝑋 ̂𝒓.

For a generic matrix 𝑨 of size (𝑁 × 𝑁 + 1), the Moore-Penrose inverse, or pseudo-

inverse, is defined as follows:

𝑨+ = 𝑨∗(𝑨𝑨∗)−1 . (4.1)

It is important to note that for the pseudo-inverse to be defined, 𝑨must be of full rank.

With this approach, a new correction step can be designed as follows:

𝑋(𝑖+1) = 𝑋(𝑖) − 𝜕𝑋 ̂𝒓(𝑋(𝑖))+ ̂𝒓(𝑋(𝑖)) . (4.2)

This procedure closely resembles the Newton-Raphson iterations presented in Equa-

tion (2.26), except that the Jacobian inverse is replaced by its pseudo-inverse. It can

be demonstrated [4] that this new iterative procedure effectively solves the following

minimization problem:

min
𝑋

{||𝑋pred − 𝑋|| | ̂𝒓(𝑋) = 𝟎} (4.3)

where 𝑋pred is the predicted solution obtained using, for example, the Euler prediction of

Equation (2.30). Thus, the iterations based on the pseudo-inverse of the Jacobian find

the solution of the nfrc that is closest to the prediction 𝑋pred. This is illustrated in Figure

4.3.

Finally, it is important to note that the initial Newton-Raphson solver was operational.
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Figure 4.3 Illustration of the working princi-

ples of a pseudo-inverse-based correction step.

Anticipating future developments, the use of pseudo-inverse-based corrections will

facilitate the introduction of perturbations in the solved equations.

4.1.2 Prediction Step

The tangent prediction in pyHarm has been rewritten. The software already includes

a functional tangent predictor; however, aligning it more closely with the guidelines

provided by Allgower and Georg will facilitate the implementation of subsequent algo-

rithms.

The tangent is computed using a QR decomposition of the Jacobian 𝜕𝑋 ̂𝒓:

𝜕𝑋 ̂𝒓 = 𝑸(
𝑹

𝟎∗
) , (4.4)

where 𝑸 is an orthogonal matrix of size 𝑛𝑞(2𝑛ℎ + 1) + 1, 𝑹 is an upper triangular matrix

of size 𝑛𝑞(2𝑛ℎ + 1), and 𝟎 is a zero column vector. It can then be shown [4] that:

det (
𝜕𝑋 ̂𝒓

𝒛∗
) = det𝑸 det𝑹 , (4.5)

where 𝒛 denotes the last column of 𝑸. Referring to the definition of the tangent provided

in Equation (2.32), it can be observed that the vector 𝒛 corresponds to the desired tangent,

up to a sign. In other words, 𝒕(𝜕𝑋 ̂𝒓) = ±𝒛. According to the tangent definition, the

components of Equation (4.5) must be positive, indicating that the sign to be applied

to the computed 𝒛 is determined by sign(det𝑸 det𝑹). Note that, since 𝑹 is an upper

triangular matrix, its determinant can be easily computed as the product of its diagonal

elements.

The newly implemented predictor operates in two steps. First, the tangent is deter-

mined at the last computed solution of the nfrc. Second, the next predicted solution is

computed using an Euler prediction, effectively implementing Equation (2.30).

4.2 Jumping Over a Bifurcation

The most straightforward approach to handling bifurcations is to avoid addressing them

directly. Therefore, this section outlines how bifurcations can be effectively detected and

how to bypass them.

Currently, pyHarm provides a mechanism for detecting and passing over branching

points and other types of bifurcation points, aside from simple folds. However, this

mechanism has two significant limitations. First, it does not label the detected bifurca-

tions according to the classification outlined in Section 2.3; the code only indicates the
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presence of folds. Second, the method used to update the tangent direction of the nfrc

is incompatible with the branch-switching algorithms developed in subsequent sections.

Consequently, this section begins to describe the rewritten bifurcation detection and

jump mechanism in pyHarm. After that, this new implementation will be tested on the

two reference Duffing oscillators shown in Figures 4.1 and 4.2.

4.2.1 New Detection and Jump Mechanism

To clarify the changes made to the pyHarm code, refer to Figure 4.4, which compares

the working principles of the bifurcation detection and jump mechanism in both the

original and modified code.

branching
point

fold
bifurcation

NFRC
orientation

computed
tangent

prediction
direction

BEFORE AFTER

Figure 4.4 Working principles of the bifurcation detection and jump mechanism in the original

(before) and modified (after) code of pyHarm.

The original code computes the tangents of the nfrc such that they always point

towards increasing frequencies, effectively directing them ”to the right” on a frequency

response graph. Specifically, the tangent is initially computed in a manner consistent

with the explanation in Section 4.1.2. At this stage, the computed tangent aligns with the

orientation of the nfrc. However, the code then immediately multiplies these tangents

by the sign of their𝛺-component, which results in a consistent direction for the tangents.

Consequently, passing through a branching point or any higher-order bifurcation does

not alter the tangent direction.

To bypass a fold bifurcation, the code must be able to reverse the search direction for

the next prediction. To achieve this, pyHarm distinguishes between the tangent of the

curve and the direction of prediction. Internally, the Euler prediction in Equation (4.6)

is performed as follows:

𝑋
(𝑖+1)
pred = 𝑋(𝑖) + ℎ𝜎 ̃𝒕(𝜕𝑋 ̂𝒓(𝑋(𝑖))) . (4.6)

The tangent is denoted by ̃𝒕 to indicate that it does not correspond to the tangent 𝒕

defined in Equation (2.32). The variable 𝜎 takes values of ±1. The original pyHarm code

flips the value of 𝜎 when a fold bifurcation is detected, using the criterion provided in

Equation (2.33). Thus, what is referred to as the prediction direction corresponds to 𝜎 ̃𝒕.

Thismechanism has the advantage of robustness; regardless of the type of bifurcation

detected—branching points or others—the continuationmaintains a consistent direction
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without the need for precise identification of these bifurcations. The code only needs to

correctly detect simple folds to function properly and navigate around them.

In contrast, the modified version of the code computes the tangents of the nfrc

curve in accordance with the definition in Equation (2.32). This means that the tangents

correspond to the defined orientation of the nfrc. According to Equation (2.34), the

tangent changes sign when encountering a branching point, following the criterion

outlined in Equation (2.34). To maintain a consistent prediction direction, the variable 𝜎

is now flipped when a branching point is detected. The predicted direction is then given

by 𝜎 𝒕.

In addition to branching points, the modified code also flips 𝜎 when the tangent

experiences abrupt direction changes, without necessarily detecting a branch point. It is

indeed possible for the numerical continuation to encounter a bifurcation that is neither

a fold nor a branching point, which alters the direction of the nfrc. To address this, a

simple criterion has been added to the detection mechanism: 𝜎 will flip if the computed

tangent is significantly misaligned with the direction line drawn from the two most

recent solutions. This is illustrated in Figure 4.5, where the ”blind cone” defines the

region within which a predicted tangent will be considered reversed due to a potential

bifurcation. In practice, the user can now specify an angle value for the cone’s aperture.

blind cone
accepted
prediction

possible
bifurcation

solution curve

Figure 4.5 Illustration of the working principle of the blind cone, designed to improve the

robustness of the continuation process.

It is important to note that the nfrc presented in the graphs and schematics of this

thesis are depicted in two dimensions. The solutions of the hb equations are indeed

reduced to a single scalar, which is plotted against the excitation frequency. In the

context of structural dynamics, this scalar typically represents the amplitude of motion

at a selected dof. Therefore, the angle computed by the blind cone criterion is in fact

determined from the scalar product between two vectors in the ℝ𝑛𝑞(2𝑛ℎ+1)+1 space.

4.2.2 Validation Against Reference Articles

To validate the new implementation of the bifurcation detection and jump mechanism,

the modified code is tested against the two reference Duffing oscillators shown in Fig-

ures 4.1 and 4.2.

Results are displayed in Figures 4.6 and 4.7. Overall, it can be assessed that both the

fold bifurcations and the branching points have been correctly detected.
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Figure 4.6 Application of the new bifurcation detection and jump mechanism to the Lazarus

example. The second graph provides a closer view of the first one.
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Figure 4.7 Application of the new bifurcation detection and jump mechanism to the Petrov

example.
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In the Lazarus example, two branching points have been identified. By comparing

with the reference graphs, it appears that these points are correctly located and corre-

spond to the positions where the alternative branches of the zeroth, first, and second

harmonics emerge.

A significant number of bifurcations are detected within the restricted frequency

range of 0Hz to 8Hz for the Petrov example. The folds for each loop are accurately de-

tected, and the branching points align well with the emergence locations of the auxiliary

branches.

Finally, it is noteworthy that no tangent flips were triggered by the blind cone condi-

tion in these two examples.

4.3 Switching Branches via Perturbation

This section presents a first method for switching from the main solution branch to

an auxiliary one following the detection of a branching point. This method involves

introducing a small perturbation into the harmonic balance equations, resulting in what

are referred to as the perturbed equations.

The section begins by explaining the overall principle behind the method of small

perturbation. It is then explained how perturbations can be applied globally to the hb

equations. Subsequently, a more refined technique is introduced, where perturbations

are applied locally at the detected branch point. Finally, it is demonstrated how this latter

technique can be made interactive, allowing the user to introduce a desired perturbation

during the ongoing numerical continuation.

4.3.1 General Method Overview

The method of small perturbation is one of the simplest to implement numerically. Its

operation is based on the Sard theorem [4]. One consequence of this theorem is that

when a small perturbation 𝝐 ∈ ℝ𝑛𝑞(2𝑛ℎ+1)+1 is randomly chosen, then the curve implicitly

defined by ̂𝒓(𝝐)−1 will not have any bifurcation points.

This implies that a numerical continuation similar to that described in Equation (2.27)

can be employed, with the hb equations replaced by the perturbed equations:

̂𝒓(𝑋) = 𝝐 . (4.7)

This approach enables tracking a curve in the ℝ𝑛𝑞(2𝑛ℎ+1)+1 space that is close to the

solution curve of the hb equations but does not exhibit bifurcations. This is illustrated

in Figure 4.8.

If the perturbation is chosen to be sufficiently small, solving Equation (4.7) can

yield a reasonable approximation of the solution to the hb equations. As illustrated

in Figure 4.8, the perturbed solution curve will not pass through the bifurcation but

will instead circumvent it by following a secondary branch. Following this perturbed

solution curve thus provides a method for switching from the main solution branch.

The challenge of this method lies in selecting the appropriate perturbation value.

Indeed, “sufficiently small” is somewhat ambiguous. A perturbation that is too small

will cause the continuation to remain on the main branch, resulting in the secondary

branch of interest becoming indistinguishable from the main branch. Generally, as the
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𝒓̂−𝟣(𝟎)

𝒓̂−𝟣(𝟎)

𝒓̂−𝟣(𝝐)

𝒓̂−𝟣(𝝐)

Figure 4.8 Illustration of a nfrc in the vicinity of a branching point. The adjacent grey curve,

obtained by introducing a perturbation 𝝐 into the hb equations, does not pass through the

bifurcation. Drawing reproduced and adapted from Allgower and Georg [4].

perturbation level decreases, the step size ℎ must also be reduced to accurately track

the perturbed curve. Conversely, if the perturbation is too large, the perturbed curve

will deviate too far from the desired solution, rendering the solution of the perturbed

equations ineffective.

Thus, there is a trade-off in choosing the value for 𝝐. It is difficult to provide general

recommendations for default values, as this depends on the specific problem being solved.

As a preliminary estimate, Allgower and Georg [4] suggests starting with 𝝐 = 10−4.

4.3.2 Introducing a Global Perturbation

The most straightforward way to implement the small perturbation method is to directly

modify the nonlinear solver used for numerical continuation.

In this context, the refactoring of the Newton-Raphson solver discussed in Sec-

tion 4.1.1 proves useful. With the newly written solver, it becomes straightforward to

introduce a small perturbation into the hb equations to be solved. The pseudo-inverse-

based correction step described in Equation (4.2) can be modified to:

𝑋(𝑖+1) = 𝑋(𝑖) − 𝜕𝑋 ̂𝒓(𝑋(𝑖))+( ̂𝒓(𝑋(𝑖)) − 𝝐) . (4.8)

This iterative procedure now corresponds to solving the followingminimization problem:

min
𝑋

{||𝑋pred − 𝑋|| | ̂𝒓(𝑋) = 𝝐} . (4.9)

By making this change directly at the solver level, the computation of the perturbed

equations will be performed throughout the entire continuation procedure.

From the user’s perspective, it is now possible to set a custom perturbation value

for the solver before pyHarm begins the numerical continuation. According to the

aforementioned recommendation by Allgower and Georg, this perturbation is set by

default to 𝝐 = 10−4.

Validation Against Reference Article

The previously described technique has been applied to the Duffing oscillator from

Lazarus and Thomas. Results are shown in Figure 4.9. The curve presented here corre-
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sponds to the solution of the perturbed equation, solved with 𝝐 = 10−4. This curve can

be compared with the nfrc obtained in Figure 4.6.
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Figure 4.9 Perturbed solution curve in the frequency range from 0.1 rad/s to 0.8 rad/s for the

Lazarus example. A global perturbation of 𝝐 = 10−4 is applied.

In the range 0.1 rad/s to 0.6 rad/s, the perturbed solution curve approximates the

nfrc reasonably well, suggesting that the chosen perturbation value is sufficiently small.

In the branching region, the perturbed solution curve successfully branches off

from the main nfrc. Notably, multiple auxiliary branches have been identified. Upon

closer examination of the graph, it is evident that the perturbed solution curve forms

a continuous trajectory. As it approaches the first branching point, the continuation

diverges to the upper secondary branch. However, when nearing the reattachment point

(the second branching point) of this secondary branch, the perturbed solution curve does

not reattach to the main branch; instead, it continues to explore additional secondary

branches. After traversing several of these newly discovered secondary branches, the

continuation eventually succeeds in reattaching to the main branch.

A closer view of the perturbed solution curve is provided in Figure 4.10. This graph

focuses on a small region centered around the first branching point.
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Figure 4.10 Close view of the

perturbed solution curve around

the first branching point of

Lazarus example. A global pertur-

bation of 𝝐 = 10−4 is applied.

This figure should be comparedwith the general schematic in Figure 4.8. As observed,
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the perturbed curve avoids passing through the branching point and is deviated upward

toward a secondary branch. It is worth noting that setting a negative value for 𝝐 would

have caused the perturbed solution curve to deviate downward.

Figures 4.9 and 4.10 present the perturbed solution curve of theDuffing oscillator from

Lazarus and Thomas, taking into account all twelve first harmonics for the computation

of the dof amplitude. However, the nfrc presented in the reference paper, shown in

Figure 4.1, has been filtered to include only the first harmonic components. To provide a

direct comparison with these results, the computed perturbed solution curve can also be

filtered. Results are shown in Figure 4.11. Details on how to achieve this filtering are

explained in Section B.1.2.
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Figure 4.11 Perturbed solution curve of the Duffing oscillator from Lazarus and Thomas. A

global perturbation of 𝝐 = 10−4 is applied. The harmonics have been filtered in the same manner

as for the reference article results, presented in Figure 4.1. Legend: — 𝐻0,— 𝐻1,— 𝐻2,— 𝐻3.

It can be observed that the secondary branches discovered are significantly different

from those in the reference paper.

Regarding the first harmonic component, the branch labeled as𝐻1𝑏2,3 appears to have

been properly identified. However, the perturbed solution curve reveals the existence of

two additional secondary branches that are not present in the reference article results.

For the zeroth and second harmonic components, the symmetry-breaking branches

noted in the reference article are not retrieved by the perturbed solution curve. Instead,

branches with much larger amplitudes are observed.
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In Summary — The results obtained from this initial implementation of the small per-

turbation technique highlight a significant drawback of the method. There is a clear

lack of control regarding the selection of solution branches to traverse. Changing the

perturbation value 𝝐 can completely alter the type and/or order of the secondary branches

explored by the numerical continuation. While this method can be useful for exploring

the auxiliary branches of a system by adjusting the perturbation parameter 𝝐, it does not

effectively isolate a desired solution branch.

4.3.3 Introducing a Local Perturbation

The previous section highlighted that introducing a global perturbation to the hb equa-

tions constitutes a branching-off method that lacks control in selecting a specific branch

to follow. Furthermore, it is important to note that the perturbed solution curve does not

correspond to the actual nfrc of the system. Therefore, it is desirable to retrieve the so-

lution of the unperturbed hb equations when a perturbation is unnecessary, specifically

outside the vicinity of a branching point.

To address this issue, a second, more refined perturbationmethod is proposed. In this

approach, the perturbed equations are solved only in the vicinity of the branching point,

while the remainder of the continuation is conducted using the unperturbed equations.

Although this change may appear trivial, its implementation is not straightforward.

With the global perturbation method, it was sufficient to input a perturbation value into

the pyHarm entry data. This action set the solver to the desired perturbation value before

the numerical continuation begins. Then the entire continuation is performed with that

perturbation.

In contrast, the current method requires the perturbation parameter 𝝐 to be adjusted

during the continuation process. Due to the internal structure of pyHarm, this neces-

sitated a comprehensive revision of the general continuation procedure. This revision

led to the development of a separate abstract class to implement all the bifurcation

techniques discussed in this chapter. Once again, for practical details, please refer to

Section A.2.

Themodifications made to pyHarm now allow for the adjustment of the perturbation

parameter during the continuation process. This capability enables the implementation

of a local perturbation method, the principle of which is illustrated in Figure 4.12.

perturbed curve

solution curve

detectedtrack

continuation direction

Figure 4.12 Illustration of the local perturbation method.

As depicted, the continuation is conducted using the unperturbed hb equations until
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a branching point is detected. Upon detection, the prediction direction is not reversed, as

would typically occur, as shown in Figure 4.4. Instead, the next prediction is sought in the

backward direction of the continuation. At this point, a perturbation is introduced into

the system to solve. The nonlinear solver then executes the correction steps as outlined

in Equation (4.8). Consequently, the next solution of the continuation is identified prior

to the bifurcation point, along the perturbed solution curve. The subsequent solutions of

the continuation are computed from the perturbed equations. After a specified number

of continuation steps, the solver reverts to the unperturbed equations, and the newly

computed solutions are reattached to the sought secondary branch of the nfrc.

It is important to note that this local perturbation method is also activated when a

tangent flip is detected, specifically when the blind cone criterion illustrated in Figure 4.5

is not satisfied.

From a user perspective, the pyHarm software now allows for the setting of the

perturbation parameter value, as before, along with the specification of the number

of continuation steps 𝑛s to be performed on the perturbed solution curve. The default

values are set to 𝝐 = 10−4 and 𝑛s = 5.

Validation Against Reference Article

The algorithm described has been applied to the Lazarus example, with results presented

in Figure 4.13.
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Figure 4.13 Application of the local perturbation method on the Lazarus example. The local

perturbation parameter has been set to −10−5.

As discussed in Figure 4.9, setting a global perturbation to 10−4 yielded satisfactory

results outside the branching regions, with the perturbed solution closely resembling

the unperturbed one. Therefore, while retrieving the unperturbed solution outside the

branching region is beneficial, the local perturbation method does not significantly

enhance the computed results in practice.

It is evident that a unique solution branch has been extracted in this instance. How-

ever, this should not be interpreted as a definitive improvement afforded by the new

local perturbation method. In fact, setting a perturbation value of 𝝐 = −10−5 fortuitously

aligns with the extraction of one of the secondary branches.
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Figure 4.14 provides a detailed view of the same continuation solution shown in

Figure 4.13.
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Figure 4.14 Close view of the lo-

cal perturbation method applied

to the Lazarus example. The local

perturbation parameter has been

set to −10−5.

This figure illustrates the computations performed by the local perturbation algo-

rithm near the first branching point. It is beneficial to compare this figure with the

theoretical schematic in Figure 4.12. It can be observed that when the branching point is

detected, the continuation indeed computes a solution in the backward direction, which

is slightly offset from the main branch of the nfrc and lies on the perturbed solution

curve. The subsequent solutions are then computed along this perturbed curve.

Additionally, it is noteworthy that some fold bifurcations are detected. However,

these are artifacts generated by the local perturbation algorithm and do not represent

physical fold bifurcations.

In Summary — The local perturbation method does not significantly enhance the com-

puted solution on the main nfrc branch, nor does it improve the controllability of the

selected secondary branch. However, this method will demonstrate its utility when

employed interactively, as described in the following section.

Interactive Branch Selection

The primary limitation of the perturbation-based methods developed thus far is that

once the continuation procedure is initiated, there is no mechanism to control which

branch the perturbed solution curve will follow. The user can only set two parameters, 𝝐

and 𝑛steps, prior to launching the continuation procedure.

To effectively select and isolate a specific solution branch, it would be advantageous

to modify the perturbation parameter interactively during the ongoing continuation. In

this context, the local perturbation method has been made interactive.

Now, when a branching point (or a tangent flip) is detected during the continuation,

the code halts the solving process, opens a window displaying the current state of the

continuation, and offers the user the option to either follow the main nfrc branch or

to introduce a custom perturbation value. This interactive functionality of pyHarm is

illustrated in Section 4.3.3.

It is important to note that the two graphs are directly extracted from the pyHarm

continuation execution. Consequently, no quantities or units are associated with the
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solution converged at om=0.6918204312361893

solution converged at om=0.6960238287388201

Warning: a branching point bifurcation was detected

Follow [m]ain branch or explore [a]lternative branch ? a

Input perturbation (float): -1E-5

solution converged at om=0.6918237066699394

Warning: a fold bifurcation was detected

solution converged at om=0.6959164860329472

Warning: a fold bifurcation was detected

solution converged at om=0.6954504857438039

solution converged at om=0.6953149808505742

...

Figure 4.15 Example of an interactive use of pyHarm, on the Lazarus example. The graphs

shown here are the one that appears during the solving, at two different branching detected. The

console on the bottom illustrate the choice that is given to the user.

axes of these graphs, as they depend on the specific nature of the simulated problem,

which is not known by pyHarm.

When the main branch option is selected, the code reverts to a classical bifurcation

jump, as described in Section 4.2. Alternatively, if a value for the perturbation parameter

is inputted, the local continuation algorithm is resumed.

By adjusting the perturbation parameter interactively, it is now possible to extract

a single solution branch. For instance, in the interactive continuation shown in Sec-

tion 4.3.3, the user inputted a perturbation value of 10−5 twice, which successfully ex-

tracted the upper solution branch previously identified in Figure 4.13.

Through trial and error with the values of 𝝐 interactively passed to the program, it is

feasible to extract other solution branches. However, this approach is not particularly

user-friendly. It can become tedious to determine the correct combination of perturbation

parameters to introduce during the numerical continuation in order to extract the desired

solution branch. Acknowledging this limitation, the next section will present a new

method, not based on perturbations, that will enable a more reliable branch selection.
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4.4 Switching Branches via the Bifurcation Equation

The lack of controllability associated with the perturbation methods discussed in the

preceding section has prompted the development of a second, more reliable branch

switching technique. This section outlines this new approach. In this method, the

branching point is localized more accurately, enabling the computation of the various

directions taken by the emanating branches. One of these directions can then be selected

to determine the next predicted solution, effectively resuming the continuation along

the chosen branch.

The section begins by detailing the global working principles and the mathematical

foundations of this branch switching technique. Once again, for implementation details,

the reader is encouraged to refer to Section A.2.

4.4.1 General Method Overview

The technique developed in this section will be referred to as the branch tangents method.

The working principle of this technique can be decomposed into three main steps: de-

tection of a branching point, precise localization of the bifurcation point, and estimation

of the tangents of the emanating solution branches. These three steps are illustrated in

Figure 4.16.

solution curve 3. track

1. detect

continuation direction

2. localize

Figure 4.16 Illustration of the working principle of the branch tangents method.

1. Detect — In the first step of the branch tangents method, bifurcation detection is

performed in the same manner as described in Section 4.2.1. However, in this case, the

sign of the next prediction direction is not flipped (𝜎 remains unchanged).

2. Localize — The second step of the algorithm provides a more precise location of the

bifurcation point through a secant search. The definition of a branching point provided

in Equation (2.34) is particularly useful here. The underlying detection criterion can be

succinctly rewritten as:

𝜙b(𝑋) = (
𝜕𝑋 ̂𝒓(𝑋)

𝑡 ∗ (𝜕𝑋 ̂𝒓(𝑋))
) . (4.10)

A small secant search procedure can then be established based on this criterion, expressed

as:

ℎ = −
𝜙b(𝑋

(𝑖))

𝜙b(𝑋(𝑖−1)) − 𝜙b(𝑋(𝑖))
ℎ . (4.11)
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More specifically, this secant search iteratively updates the value of the step size ℎ. The

secant search begins from the solution point where the bifurcation has been detected, and

the preceding solution. The value of the step size is updated according to Equation (4.11).

A new solution is then predicted using this updated step size, followed by classical

correction steps to make this prediction converge. This procedure is iteratively applied to

the two most recently computed solution points until the step size falls below a specified

tolerance.

3. Track — After the bifurcation has been accurately localized, the subsequent computa-

tion of the tangents of the emanating branches is performed in multiple steps.

First, an approximation of the kernels of the Jacobians 𝜕𝑋 ̂𝒓 and (𝜕𝑋 ̂𝒓)∗ must be

obtained at the location of the localized bifurcation, denoted as ̃𝑋. These kernels are

represented as follows:

ker 𝜕𝑋 ̂𝒓 = span{𝝉1, 𝝉2} and ker(𝜕𝑋 ̂𝒓)∗ = span{𝒆} . (4.12)

To achieve this, the pre-existing null_space() function from the SciPy Python library is

utilized.

From this point, it can be demonstrated that the tangents of the emanating branches

can be determined from the solutions of the algebraic bifurcation equation, expressed as:

𝛼1,1𝜉
2
1 + 2𝛼1,2𝜉1𝜉2 + 𝛼2,2𝜉

2
2 = 0 (4.13)

where
𝛼𝑖,𝑗 = 𝜕𝑖𝜕𝑗 𝑔(0, 0)

𝑔(𝜉1, 𝜉2) = 𝒆∗ 𝜕𝑋 ̂𝒓( ̃𝑋 + 𝜉1𝝉1 + 𝜉2𝝉2) .
(4.14)

Practically, the 𝛼 coefficients of the algebraic bifurcation equation are computed using a

basic finite difference scheme (second order, central). A comprehensive derivation of

Equation (4.13) can be found in Allgower and Georg [4] and Seydel [17].

Finally, the tangents 𝒕 can be computed as 𝒕 = 𝜉1𝝉1 + 𝜉2𝝉2.

Interactive Branch Selection

The branch tangents method has been implemented to function in both static and

interactive modes. In static mode, the entire continuation is performed without any user

intervention. During this mode, the tangents are computed at each detected branching

point and stored for potential use in post-processing. The continuation is then executed

by following the simple jump procedure described in Section 4.2.1.

In interactive mode, the continuation execution is halted at each detected branching

point. The current state of the continuation is displayed on a graph, and the user is

invited to select one of the possible tangents that appear on the graph. The continuation

then resumes in the selected direction.

Figure 4.17 illustrates the application of the branch tangents method on the Lazarus

example in interactive mode.

As previously explained in Section 4.3.3, the graph displayed in Figure 4.17 is directly

generated from pyHarm during interactive use. Consequently, no quantities or units are

assigned to the axes.
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Figure 4.17 Example of interactive usage of pyHarm on the Lazarus example. The graph shown

here appears during the solving process when the first branching point has been detected.



5
Conclusions

A
t this stage of the thesis, conclusions can be drawn regarding the work that has

been accomplished. In this context, the first section of this chapter compiles the

achievements and key findings established in Chapter 3 and Chapter 4. Following this,

the second section critically discusses the work conducted in this thesis, providing an

introspection on the results obtained.

5.1 Summary of the Main Achievements

Chapter 3 — The rotor toymodel provided by SafranTech has been successfully simulated

using pyHarm. The initial problem was reproduced, specifically the failure of numerical

continuation in the case of asymmetric bearing support. A preliminary solution was

proposed, which involved simply increasing the number of sample points used in the

aft procedure.

Chapter 4 — A new nonlinear Newton-Raphson solver has been implemented. This

solver performs correction steps based on the pseudo-inverse of the Jacobian matrix

of the hb equations. Additionally, a new tangent predictor has been created, with the

prediction of the tangent executed through a QR decomposition of the Jacobian matrix.

These newly implemented components facilitated the refactoring of the bifurcation

detection and branching mechanism. The new mechanism was tested against two

different examples from the literature and demonstrated proper functionality.

A global perturbation method was developed, leveraging the newly created nonlinear

solver. This method allows for switching off from the main solution branch and has

been shown to enable the discovery of secondary branches of solutions in one example.

The global perturbation method was subsequently refined into a local perturbation

method. This approach allows for the application of a perturbation to the hb equa-

tions locally, in the vicinity of a detected branching point. To achieve this, the main

continuation procedure of pyHarm was modified.

An interactive mode was added to this technique, enabling users to select the per-

turbation parameter to be applied to the solved system on the fly. As a result, it is

now possible to clearly extract a specific secondary branch of solution from the main

continuation.

To further enhance the flexibility of pyHarm in branch selection, an additional

method was developed that does not rely on introducing small perturbations into the

solved system. Instead, the tangents of the secondary branches emanating from a branch-

ing point are now computed through the algebraic bifurcation equation.

49
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Finally, this method has been made interactive, allowing users to easily select the

branch of solution to be followed by the ongoing numerical continuation.

5.2 Introspection on the Obtained Results

Chapter 3 — The analysis of the initial rotor system could have been further explored.

Given that only the global structural matrices of the problem were provided, it was

challenging to conduct a more detailed analysis of the system. However, it would have

been interesting to attempt to recreate the rotor model from scratch and to vary the

structural parameters to observe the physical implications.

Chapter 4 — The branch-switching algorithms presented in Chapter 4 should have been

tested against a broader range of examples. So far, the algorithms have only demonstrated

functionality on the Duffing oscillator from Lazarus and Thomas [11]. It was initially

planned to test these new methods on the Duffing oscillator from Petrov [14] as well.

Unfortunately, the results obtained were too unstable. More specifically, the computed

continuation in pyHarm faced significant challenges in following the main solution

branch. Consequently, the results could not be included in this document.

Similarly, the branch-switching methods could have been applied to the initial ro-

tor toy model from Safran Tech. However, the results in this case were also far from

satisfactory.

Overall, the continuation algorithms presented in Chapter 4 have proven effective

only on a single Duffing oscillator. This serves as a reasonable starting point for fur-

ther enhancements in bifurcation handling for pyHarm, but their robustness requires

substantial improvement.

On another note, it would have been valuable to study the stability of the system

using Floquet theory. This topic was only briefly touched upon in section Section 2.3.

However, as noted in that section, bifurcation and stability of dynamical systems are

closely related. Implementing a stability study through the computation of the Hill’s

matrix of the system would have been a significant addition to this thesis.
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pyHarm Code Organization

C
oncrete implementation details related to the pyHarm software have been

intentionally kept concise in the main chapters of this thesis to prevent overwhelm-

ing the primary discussion with excessive technical information. This appendix provides

additional insights into the pyHarm Python code.

The first section outlines the overarching philosophy and design principles guiding

the code organization in pyHarm. The second section describes how the contributions

of this thesis were integrated into the pyHarm project, with a focus on maintaining

consistency and modularity with the existing codebase.

A.1 pyHarm Desing Principles

It has been briefly mentioned in Section 2.2.1 that estimating the Jacobians 𝜕 ̂𝒒 ̂𝒓 constitues

the solving part that demands the most computational efforts.

The pyHarm’s authors are aware of this cuplprit, and consequently, a substantial

part of the codebase is devoted to building the Jacobian of the entire mechanical system

under study, and to evaluating them as efficiently as possible.

The philosophy behind the code is to treat the mechanical system as an assembly

of elementary elements/connectors such that their contribution to the residual and

jacobian can be evaluated independantly. The code is extensively using the factory

design pattern in the subpackages to introduce abstract and flexibility when developing

new components. The principle of work of a factory pattern is illustrated in Figure A.1.
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Abstract class

ABCExample

+ method_1()

+ method_2()

+ ���

Concrete class

Example_1

keyword = "Ex_1"

+ other_method_1()

+ other_method_2()

+ ���

+ __init__()

Example_1()

Concrete class

Example_2

keyword = "Ex_2"

+ other_method_1()

+ other_method_2()

+ ���

+ __init__()

Example_2()

Factory

FactoryExample

+ generateExample(keyword)

Example()

dict �= {
    Example_1.keyword �� Example_1.__init__(),
    Example_2.keyword �� Example_2.__init__(),
}

Interface

Figure A.1 Use of the factory pattern in pyHarm.
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A.2 New Bifurcation Handler Classes

The abstract base class used to define all the bifurcator object is exposed in FigureA.2. The

integration of each bifurcator object into the main continuation procedure of pyHarm

(FRF_nonlinear.solve() function) is described in Figure A.3.

Abstract class

ABCBifurcator

+ detect()

+ localize()

+ track()

Interface

in_operation = FalseAttribute
Figure A.2 Bifurcator abstract base class, estab-

lishing the common structure that all concrete

Bifurcator objects must follow.

FRF_NonLinear.solve()

bifurcation detected

resume normal solve

detect()

localize()
in_operation = True
track()

in_operation = False

Figure A.3 Integration of the bifurcations handlers into the main analysis.
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B
Practical Use of pyHarm

F
rom a user perspective, the most effective way to engage with pyHarm is through

the completion of the dedicated tutorials. These tutorials are accessible in the

same repository as the pyHarm source code. They comprise seven lessons presented as

interactive Jupyter notebooks, providing an overview of the capabilities of pyHarm as a

nonlinear analysis tool. A strong prior knowledge of nonlinear dynamics is not required;

all essential concepts related to the theory behind pyHarm are briefly explained within

the notebooks.

This appendix serves as a supplementary resource to these tutorials. Initially, the

analysis of a simple Duffing oscillator using pyHarm is presented as an introductory

example. All steps leading to the computation of the frequency response of this system

are detailed comprehensively.

Subsequently, several utilities that assist in the post-processing of pyHarm results

are introduced. The introductory example, along with these post-processing utilities,

also aims to clarify how the various figures in this thesis, derived from pyHarm, have

been obtained.

Finally, the last section of this appendix provides the explicit implementation of the

Safran rotordynamics model in pyHarm, as presented in Section 1.2.1 and analyzed in

Chapter 3.

B.1 A Simple Duffing Oscillator

The basic workflow in pyHarm consist in

1. encoding the system under study in a format that is understandable by pyHarm,

2. specifying the type of analyses that should be conducted,

3. runnig all the analyses of the specified problem, and finally

4. post-processing the computed solutions.

In the remainder of this section, the practical use of pyHarm is demonstrated through

the example of a simple single-dof Duffing oscillator. This corresponds to the nonlinear

system presented in Section 1.1.2, which is mathematically expressed by Equation (1.1).

B.1.1 Problem Encoding

1 """Context: pyharm linear vs duffing"""

2
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3 import numpy as np

4

5 from pyHarm.Maestro import Maestro

6 from pyHarm.DynamicOperator import compute_DFT

7

8

9 # Define the Duffing oscillator

10 # m*q_ddot + c*q_dot + k*q + gamma*q^3 = f(t)

11 linsys = dict()

12 linsys["M"] = np.array([1])

13 # linsys["C"] = np.array([0.05]) # Lazarus

14 linsys["C"] = np.array([0.3]) # Tuto 1

15 linsys["K"] = np.array([1])

16 linsys["G"] = 0 * linsys["M"]

17 gamma = 1

18 f = 1

19

20 # Build the global dictionary containing all

21 # the data of the problem.

22 DATA = {

23 "analysis": {

24 "duffing_frf": {

25 "study": "frf",

26 "puls_inf": 0.01,

27 "puls_sup": 3.0,

28 "ds0": 5e-3,

29 "ds_min": 1e-8,

30 "ds_max": 2e-2,

31

32 "sign_ds": 1,

33 "verbose": True,

34 "stepsizer": "acceptance",

35 "predictor": "tangent",

36 "corrector": "arc_length",

37 "stopper": "bounds",

38 },

39 },

40 "system": {

41 "type": "Base",

42 "nti": 2048,

43 "adim": {

44 "status": False,

45 "lc": 1.0,

46 "wc": 1.0,

47 },

48 },

49 "substructures": {

50 "duffing": {

51 "matrix": linsys,

52 "ndofs": 1,

53 },

54 },

55 "connectors": {

56 "loading": {

57 "type": "CosinusForcing",

58 "connect": {"duffing": [0]},

59 "dirs": [0],

60 "amp": f,

61 },

62 "cubic_spring": {

63 "type": "CubicSpring",

64 "connect": {"duffing": [0]},

65 "dirs": [0],

66 "k": gamma,

67 },

68 },
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69 }

B.1.2 Solving and Post-Processing

1 def main():

2

3 # Linear case, and duffing with 1 and 12 harmonics.

4 nh_list = [1, 1, 12]

5 gamma_list = [1E-8, 1, 1]

6 label_list = ["linear", r"$n_h=1$", r"$n_h=12$"]

7

8 freqs_list = []

9 ampls_list = []

10 for nh, gamma in zip(nh_list, gamma_list):

11 freqs, ampls = solve_one(nh, gamma)

12 freqs_list.append(freqs)

13 ampls_list.append(ampls)

14

15 sol = (freqs_list, ampls_list, label_list)

16

17 plot(*sol)

18

19 return sol

20

21

22 def solve_one(nh, gamma):

23 # Update problem definition

24 DATA["system"]["nh"] = nh

25 DATA["connectors"]["cubic_spring"]["k"] = gamma

26

27 # Maestro is the main user interface to pyHarm.

28 #

29 # It receives the comprehensive problem definition

30 # as a global dictionary, then build the system and

31 # returns it as a pyHarm Maestro object.

32 M = Maestro(DATA)

33

34 # These are the two only methods defined for a Maestro object.

35 #

36 # getIndex() returns the explicit dofs of the system, for the desired

37 # substructure name, node number and direction.

38 # These explicit dofs can be consulted with `M.system.expl_dofs`.

39 #

40 # operate() run all the analysis that were specified in the

41 # input dictionary, and stores all the results in the Maestro object.

42 # operate() can be put in the shown try-except block.

43 # This allows to abort the computations with <CTRL-C> while preserving

44 # the already computed values.

45 # This can be useful when pyHarm is stuck in a PC infinite loop.

46 ix_dof = M.getIndex("duffing", 0, 0)

47 try:

48 M.operate()

49 except KeyboardInterrupt:

50 pass

51

52 # Retrieve solutions.

53 # `SolList` is the list of all `Solver.SystemSolution` comuputed during

54 # the continuation of a prescribed frf analysis (here, "duffing_frf" analysis).

55 # Each particular solution is flagged as accepted if the nonlinear solver

56 # used for the corrector steps has converged.

57 sol_accepted = [sol for sol in M.nls["duffing_frf"].SolList if sol.flag_accepted]

58 # Field `x` contains all the balanced Fourier coefficients of the solution.

59 # The frequency at wich the solution is computed is appended afterwards.

60 freqs = np.array([sol.x[-1] for sol in sol_accepted]) # Extract the Fourier coefficients
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61 n_sol = freqs.shape[0]

62

63 # Discrete Fourier Transform Operator

64 # They are available for each system elements,

65 # but are actually computed by pyHarm.DynamicOperator.compute_DFT().

66 # DFTO = M.nls["duffing_frf"].system.LE_nonlinear_nodlft[0].D

67 DFTO = compute_DFT(M.system.nti, M.system.nh)

68 # organize the Fourier coefficients (cos/sin) of the solution,

69 # each column representing a solution at a particular excitation frequency.

70 cs_accepted = np.concatenate([sol.x.reshape(-1, 1) for sol in sol_accepted], axis=1)

71 ampls = np.empty(n_sol)

72 for ix_sol in range(n_sol):

73 # Filter the cs of the desired dof,

74 # and get the time domain representation, i.e., the displacement q.

75 displ = cs_accepted[ix_dof, ix_sol] @ DFTO["ft"]

76 # Find the maximum of the displacement amplitude

77 # for each excitation frequencies, a.k.a. the FRF.

78 # RMS value or other norm styles could have been used.

79 ampls.append(np.max(displ))

80

81 return freqs, ampls

82

83

84 def plot(freqs_list, ampls_list, label_list) -> None:

85 import matplotlib.pyplot as plt

86 from ..mplrc import load_rcparams, REPORT_TW

87

88 load_rcparams()

89 fig, ax = plt.subplots(figsize=(0.6*REPORT_TW, 0.6*REPORT_TW))

90

91 for freqs, ampls, label in zip(freqs_list, ampls_list, label_list):

92 ax.plot(freqs, ampls, label=label)

93

94 ax.set_xlabel("Frequency (rad/s)")

95 ax.set_ylabel("Amplitude (m)")

96 ax.legend()

97 fig.show()

B.2 Post-Processing Utilities

Post-processing of computed results remains an area for improvement in pyHarm. The

software currently does not provide a straightforward method for plotting a nfrc. This

section thus provides a set of utilities that can be used to analyze the solutions saved in a

Maestro object.

Concretely, the code utilized to study the Safran Tech rotor model in Chapter 3 is

provided in the following script.

1 """solveSafranModel -- Solve the Safran toy model."""

2

3 from typing import NamedTuple

4

5 import matplotlib.pyplot as plt

6 import numpy as np

7

8 from pyHarm.Bifurcators.ABCBifurcator import BifurcationType

9 from pyHarm.DynamicOperator import compute_DFT

10 from pyHarm.Maestro import Maestro

11 from pyHarm.Solver import SystemSolution, get_last_solution

12

13 from .mplrc import load_rcparams, REPORT_TW

14 from .SafranModel import CHUNCK_LIST, MODEL, SYSTEM

15
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16

17 class Continuation(NamedTuple):

18 M: Maestro # Maestro object created for the first continuation chunck.

19 sol_list: list[SystemSolution] # Gathered SolList of all the continuation chuncks.

20 chunk_list: list[dict] # "analysis" keys of all the continuation chuncks.

21

22

23 def _get_dof_idx(M: Maestro):

24 """Get SystemSolution indexes of the required dofs.

25

26 That is, the DOFs located at the gap bearing.

27 DOFs 4 and 5 in pyHarm are DOFs 5 and 6 in the Safran model schematic.

28 Nonlinear bearing is located between these two DOFs.

29 """

30 idx_51 = M.getIndex("linear_rotor", 4, 0) # shaft node, X-dir

31 idx_52 = M.getIndex("linear_rotor", 4, 1) # shaft node, Y-dir

32 idx_61 = M.getIndex("linear_rotor", 5, 0) # bearing node, X-dir

33 idx_62 = M.getIndex("linear_rotor", 5, 1) # bearing node, Y-dir

34

35 return idx_51, idx_52, idx_61, idx_62

36

37

38 def _filter_harm(idx: np.ndarray[int], ih: list[int]) -> np.ndarray[int]:

39 """Filter a SystemSolution index vector, to select only the desired harmonics."""

40 expl_ih = np.array([[2 * i - 1, 2 * i] for i in ih], dtype=int).ravel()

41 # expl_ih = expl_ih[expl_ih >= 0] # remove the -1 generated for potential 0-harm

42

43 filtered = np.zeros(idx.shape, dtype=int)

44 filtered[expl_ih] = idx[expl_ih]

45

46 return filtered

47

48

49 def _filter_harm_tuple(indexes: tuple, ih: list[int]) -> tuple:

50 return tuple((_filter_harm(idx, ih) for idx in indexes))

51

52

53 def compute_amplitude(cont: Continuation, ih=None, pred=False) -> np.ndarray[float]:

54 """Compute gap amplitude at the bearing, for specified harmonics."""

55 # Discrete fourier transform operator

56 DFTO = compute_DFT(cont.M.system.nti, cont.M.system.nh)

57 # Get indexes of relevant dofs and associated harmonics.

58 indexes = _get_dof_idx(cont.M)

59

60 if ih is None:

61 filt_51, filt_52, filt_61, filt_62 = indexes

62 else:

63 filt_51, filt_52, filt_61, filt_62 = _filter_harm_tuple(indexes, ih)

64

65 def select_pred(sol: SystemSolution):

66 return sol.x_pred if pred else sol.x

67

68 return np.array(

69 [

70 np.linalg.norm(

71 (

72 np.sqrt(

73 ((select_pred(sol)[filt_51] - select_pred(sol)[filt_61]) @ DFTO["ft"]) **

2↪

74 + ((select_pred(sol)[filt_52] - select_pred(sol)[filt_62]) @ DFTO["ft"])

** 2↪

75 )

76 )

77 @ DFTO["tf"]

78 )

79 for sol in cont.sol_list
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80 ]

81 )

82

83

84 def extract_accepted(cont: Continuation):

85 cont_accepted = Continuation(

86 M=cont.M,

87 sol_list=[sol for sol in cont.sol_list if sol.flag_accepted],

88 chunk_list=cont.chunk_list,

89 )

90 cont_rejected = Continuation(

91 M=cont.M,

92 sol_list=[sol for sol in cont.sol_list if not sol.flag_accepted],

93 chunk_list=cont.chunk_list,

94 )

95

96 return cont_accepted, cont_rejected

97

98

99 def extract_bifurcation(cont: Continuation):

100 cont_bifurcation = Continuation(

101 M=cont.M,

102 sol_list=[sol for sol in cont.sol_list if sol.bifurcation_type is not None],

103 chunk_list=cont.chunk_list,

104 )

105 cont_fold = Continuation(

106 M=cont.M,

107 sol_list=[

108 sol for sol in cont_bifurcation.sol_list if sol.bifurcation_type is

BifurcationType.FOLD↪

109 ],

110 chunk_list=cont.chunk_list,

111 )

112 cont_branching = Continuation(

113 M=cont.M,

114 sol_list=[

115 sol for sol in cont_bifurcation.sol_list if sol.bifurcation_type is

BifurcationType.BRANCHING↪

116 ],

117 chunk_list=cont.chunk_list,

118 )

119 cont_unknown = Continuation(

120 M=cont.M,

121 sol_list=[

122 sol for sol in cont_bifurcation.sol_list if sol.bifurcation_type is

BifurcationType.UNKNOWN↪

123 ],

124 chunk_list=cont.chunk_list,

125 )

126

127 return cont_bifurcation, cont_fold, cont_branching, cont_unknown

128

129

130 def continuation_plotter():

131 fig, ax = plt.subplots(figsize=(REPORT_TW, 0.5*REPORT_TW))

132 fold_style = {"color": "C1", "s": 50, "zorder": 2.5, "marker": "x"}

133 branching_style = {"color": "C6", "s": 50, "zorder": 2.5, "marker": "x"}

134 unknown_style = {"color": "C3", "s": 50, "zorder": 2.5, "marker": "x"}

135 ax.scatter([], [], **fold_style, label="fold bifurcation")

136 ax.scatter([], [], **branching_style, label="branching point")

137 ax.scatter([], [], **unknown_style, label="tangent flip")

138

139 def plot(cont: Continuation, ih=None, pred=False):

140 cont_accepted, cont_rejected = extract_accepted(cont)

141 cont_bifurcation, cont_fold, cont_branching, cont_unknown =

extract_bifurcation(cont_accepted)↪
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142

143 if len(cont_accepted) != 0:

144 om_accepted = np.array([sol.x[-1] for sol in cont_accepted.sol_list])

145 ampl_accepted = compute_amplitude(cont_accepted, ih)

146 if pred:

147 pred_style = {"color": "C7", "marker": "."}

148 om_pred_accepted = np.array([sol.x_pred[-1] for sol in

cont_accepted.sol_list[:-1]])↪

149 ampl_pred_accepted = compute_amplitude(cont_accepted, ih, pred=True)[:-1]

150 ax.scatter(om_pred_accepted, ampl_pred_accepted, **pred_style, label="prediction")

151 for i in range(len(om_accepted) - 1):

152 ax.plot(

153 [om_pred_accepted[i], om_accepted[i]],

154 [ampl_pred_accepted[i], ampl_accepted[i]],

155 color="C7",

156 linewidth=0.8,

157 )

158 if ih is None:

159 label = f"nh = {cont.M.system.nh}"

160 else:

161 label = f"ih = {ih}"

162 ax.plot(om_accepted, ampl_accepted, label=label, marker=".")

163 # ax.plot(om_accepted, ampl_accepted)

164

165 if len(cont_fold) != 0:

166 om_fold = [sol.x[-1] for sol in cont_fold.sol_list]

167 ampl_fold = compute_amplitude(cont_fold, ih)

168 ax.scatter(om_fold, ampl_fold, **fold_style)

169

170 if len(cont_branching) != 0:

171 om_branching = [sol.x[-1] for sol in cont_branching.sol_list]

172 ampl_branching = compute_amplitude(cont_branching, ih)

173 ax.scatter(om_branching, ampl_branching, **branching_style)

174

175 ax.set_xlabel("Frequency (rad/s)")

176 ax.set_ylabel(r"$\|\Delta x\|/g$")

177 ax.legend()

178 fig.show()

179

180 return plot

181

182

183 def plot_orbit(cont: Continuation, **kwargs) -> None:

184 """Orbital motion at the nonlinear bearing, at the desired curve point.

185

186 Keyword args:

187 id (int) or om, ampl (float, float):

188 Either the index (id) of the solution in the provided list,

189 or a point (om, ampl) at which the nearest solution on the curve will be used.

190 scale (float):

191 Optional scaling factor used to exacerbate the radius values.

192 """

193 # Discrete fourier transform operator

194 DFTO = compute_DFT(cont.M.system.nti, cont.M.system.nh)

195 # Get indexes of relevant dofs and associated harmonics.

196 idx_51, idx_52, idx_61, idx_62 = _get_dof_idx(cont.M)

197

198 # Check inputs

199 if len(cont.sol_list) == 0:

200 print("Empty list of solution: unable to plot orbit")

201 return

202 if not kwargs:

203 print("specify either an index `id` or an approximate curve point `om, ampl`")

204 return

205

206 # Get id, om, ampl



62 Practical Use of pyHarm Appendix B

207 om_list = [sol.x[-1] for sol in cont.sol_list]

208 ampl_list = compute_amplitude(cont)

209 if "id" in kwargs:

210 id = kwargs["id"]

211 else:

212 om_target = kwargs["om"]

213 ampl_target = kwargs["ampl"]

214 curve_sdist = np.array( # square distance from the curve

215 [

216 (om_i - om_target) ** 2 + (ampl_i - ampl_target) ** 2

217 for (om_i, ampl_i) in zip(om_list, ampl_list)

218 ]

219 )

220 id = np.argmin(curve_sdist)

221 om = om_list[id]

222 ampl = ampl_list[id]

223

224 # Polar repr of the orbit at the defined id.

225 dx = (cont.sol_list[id].x[idx_51] - cont.sol_list[id].x[idx_61]) @ DFTO["ft"]

226 dy = (cont.sol_list[id].x[idx_52] - cont.sol_list[id].x[idx_62]) @ DFTO["ft"]

227 r = np.sqrt(dx**2 + dy**2)

228 theta = np.arctan2(dy, dx)

229 if "scale" not in kwargs:

230 scale = 1

231 scale = kwargs["scale"]

232 mean = np.mean(r)

233 r_scaled = mean + (r - mean) * scale

234

235 fig_orbit, ax_orbit = plt.subplots(subplot_kw={"projection": "polar"})

236 ax_orbit.plot(

237 np.linspace(0, 2 * np.pi, len(r)), 1 * np.ones_like(r),

238 color="C7", linewidth=1, linestyle="--", label="Gap",

239 )

240 ax_orbit.plot(

241 np.linspace(0, 2 * np.pi, len(r)), mean * np.ones_like(r),

242 color="C2", linewidth=2, label="Mean",

243 )

244 ax_orbit.plot(

245 theta, r_scaled,

246 color="C0", linewidth=2, label="Rotor motion",

247 )

248 ax_orbit.scatter(

249 theta[r > 1], r_scaled[r > 1],

250 s=15, marker="o", zorder=2.5, color="C6", label="displacement > gap",

251 )

252 ax_orbit.set_title(f"Freq : {om:.4f} Hz --- Mean ampl. : {ampl:.4f}")

253 ax_orbit.set_xticklabels([])

254 ax_orbit.set_yticklabels([])

255 ax_orbit.spines["polar"].set_visible(False)

256 ax_orbit.legend(fontsize=9, loc=10)

257 fig_orbit.show()

258

259

260 def solve(nh_list: list[tuple[int, int]], chunck_list: list[dict]) -> list[Continuation]:

261 cont_list = []

262 for i, nh in enumerate(nh_list):

263 x0 = None

264 M_chunck_list = []

265 hb_params = {"system": SYSTEM | {"nh": nh}}

266 for chunck in chunck_list:

267 M = Maestro(MODEL | hb_params | chunck)

268 try:

269 M.operate(x0)

270 except KeyboardInterrupt:

271 pass

272 last_sol = get_last_solution(M.nls["cont"].SolList)
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273 x0 = last_sol.x[:-1]

274 M_chunck_list.append(M)

275 cont_list.append(

276 Continuation(

277 M=Maestro(MODEL | hb_params | chunck_list[0]),

278 sol_list=[sol for M in M_chunck_list for sol in M.nls["cont"].SolList],

279 chunk_list=chunck_list,

280 )

281 )

282 return cont_list

283

284

285 def main():

286 load_rcparams()

287

288 nh_list = [1]

289 chunck_list = CHUNCK_LIST

290

291 cont_list = solve(nh_list, chunck_list)

292

293 plot_cont = continuation_plotter()

294 for cont in cont_list:

295 plot_cont(cont, pred=True)

296

297 return locals()

B.3 Initial Safran Rotordynamics Model

The following Python script specifies the construction of the rotordynamic toy model of

Safran Tech, so that it can be treated with pyHarm. Note that the structural matrices are

given in a .mat file, that is name Jeffcott_asym.mat in this file.

1 """buildSafranModel -- Build the Safran toy model."""

2

3 import pathlib

4

5 import numpy as np

6

7 MODEL_PATH = pathlib.Path(__file__).parent / "res"

8

9 MODEL = {

10 "analysis": {},

11 "system": {},

12 "substructures": {

13 "linear_rotor": { # Unforced, linear rotor toy model from Safran

14 "filename": str(MODEL_PATH / "Jeffcott_asym.mat"),

15 "ndofs": 4,

16 },

17 },

18 "connectors": {

19 # Unbalance force can be modelled as m*d*Om^2*cos(Om*t).

20 # To model a rotating unbalance, specify sinusoid unbalance

21 # loading in the two transverse directions with a dephase of

22 # pi/2 between them.

23 "unbalance_dir0": {

24 "connect": {"linear_rotor": [1]},

25 "dirs": [0],

26 "type": "GOForcing",

27 "amp": 50e-3,

28 "ho": 1, # cos(Om*t) term

29 "dto": 2, # Om^2 term

30 "phi": 0, # Phase lag

31 },
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32 "unbalance_dir1": {

33 "connect": {"linear_rotor": [1]},

34 "dirs": [1],

35 "type": "GOForcing",

36 "amp": 50e-3,

37 "ho": 1, # cos(Om*t) term

38 "dto": 2, # Om^2 term

39 "phi": np.pi / 2, # Phase lag

40 },

41 "bearing_gap": {

42 "connect": {"linear_rotor": [4], "INTERNAL": [5]},

43 "dirs": [0, 1],

44 "type": "PenaltyBilateralGap",

45 "g": 0.15e-3,

46 "k": 1e8,

47 },

48 },

49 }

50

51 # The "nh" field need to be completed

52 # on the corresponding solving file.

53 SYSTEM = {

54 "type": "Base",

55 "nti": 1024, # NOTE: originally 1024, bt 2048 makes it pass the bif

56 "adim": {

57 "status": True,

58 "lc": 0.15e-3, # Adimensionalized by the gap clearance

59 "wc": 1.0,

60 },

61 }

62

63 CHUNCK_ALL = {

64 "analysis": {

65 "cont": {

66 "study": "frf",

67 "verbose": True,

68

69 "puls_inf": 0,

70 "puls_start": 1,

71 "puls_sup": 300,

72 "ds0": 2e-1,

73 "ds_min": 1e-12,

74 "ds_max": 1e-1,

75 "sign_ds": 1,

76

77 "reductors": [ # NOTE: originally activated

78 {

79 "type": "globalHarmonic",

80 "nh_start": np.array([1]),

81 "err_admissible": 1e10,

82 "h_always_kept": np.array([1]),

83 "verbose": False,

84 },

85 ],

86

87 "stepsizer": "acceptance", # NOTE: originally acceptance

88 "predictor": "tangent", # NOTE: originally tangent

89 "corrector": "arc_length", # originally arc_length

90 "bifurcator": "perturbation",

91 "bifurcator_options": {"blind_angle": 180},

92 "stopper": "bounds",

93 "solver": "NewtonRaphson",

94 # "solver": "scipyroot",

95 # "solver_options": {"max_iter": 4},

96 },

97 },
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98 }

99

100 # Chained continuations

101 # CHUNCK_1 -> ... -> CHUNCK_N => CONT_LIST

102

103 CHUNCK_1 = {

104 "analysis": {

105 "cont": {

106 "study": "frf",

107 "puls_inf": 1.0,

108 "puls_start": 1.0,

109 "puls_sup": 72.0,

110 "ds0": 1e-1,

111 "ds_min": 1e-12,

112 "ds_max": 1e-1,

113 "sign_ds": 1,

114 "verbose": True,

115 "stepsizer": "myacceptance",

116 "predictor": "mytangent",

117 "corrector": "arc_length",

118 "stopper": "bounds",

119 "solver": "scipyroot",

120 },

121 },

122 }

123

124 CHUNCK_2 = {

125 "analysis": {

126 "cont": {

127 "study": "frf",

128 "puls_inf": 70.0,

129 "puls_start": 72.0,

130 "puls_sup": 76.0,

131 "ds0": 5e-3,

132 "ds_min": 1e-12,

133 "ds_max": 1e-2,

134 "sign_ds": 1,

135 "verbose": True,

136 "stepsizer": "myacceptance",

137 "predictor": "mytangent",

138 # "reductors": [

139 # {

140 # "type": "globalHarmonic",

141 # "nh_start": np.array([1]),

142 # "err_admissible": 1e10,

143 # "h_always_kept": np.array([1]),

144 # "verbose": False,

145 # },

146 # {

147 # "type": "AllgowerPreconditioner",

148 # },

149 # ],

150 "corrector": "arc_length",

151 "stopper": "bounds",

152 "solver": "scipyroot",

153 },

154 },

155 }

156

157 CHUNCK_LIST = [CHUNCK_ALL]
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