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ABSTRACT

The accurate prediction of nonlinear vibration phenomena remains a key challenge in modern
turbomachinery and aerospace design, as lightweight and highly integrated structures are in-
creasingly affected by geometric nonlinearities, modal interactions, and amplitude-dependent
dynamics that cannot be captured by classical linear vibration models. Robust frequency-
domain formulations combined with scalable numerical solvers are therefore required to ad-
dress industrial-scale finite element analyses.

This work presents a parallel Harmonic Balance framework for the analysis of geomet-
rically nonlinear elastic systems. Large deformations are modelled using a finite element
formulation based on the Green-Lagrange strain tensor. The application of the Harmonic
Balance Method leads to a nonlinear algebraic system solved using a Newton-Raphson al-
gorithm embedded within a continuation strategy, allowing nonlinear frequency responses
(NLFRs) and nonlinear normal modes (NNMs) to be investigated in a unified manner. For
the computation of nonlinear normal modes, an additional phase condition and a relaxation
parameter are introduced to ensure uniqueness and convergence.

In parallel, a rotating-frame formulation is developed and integrated into the framework
to account for rotational effects, enabling the computation of Campbell diagrams as well as
their consistent extension to the evaluation of NNMs and NLFRs.

The framework is implemented in the in-house pYHarM solver and subsequently deployed
on Quanscient’s cloud-native multiphysics platform Arrsorve, which relies on domain de-
composition and distributed-memory linear solvers (MUMPS, PETSc) for large-scale par-
allel finite element simulations. Comprehensive numerical studies are carried out on aca-
demic benchmark structures as well as on an industrial fan-blade configuration. Nonlinear
frequency responses, nonlinear normal modes, and Campbell diagrams are analysed, and an
excellent agreement between the different descriptions is observed, confirming the physical
consistency of the proposed methodology. Scalability analyses demonstrate efficient strong
scaling behaviour up to 64 MPI processes, with computational performance primarily gov-
erned by matrix assembly and factorisation. The Alternating Frequency-Time formulation is
compared with a direct frequency-domain evaluation of the nonlinear terms, and the impact
of quadruple-precision arithmetic is investigated, highlighting a trade-off between numerical
robustness and computational cost.

Overall, the proposed framework enables predictive and scalable nonlinear vibration anal-
ysis in the frequency domain, while also providing a consistent nonlinear rotating-frame for-
mulation for the investigation of rotating aerospace structures.

Keywords: Harmonic Balance Method, Nonlinear Frequency Response, Nonlinear Normal
Modes, Geometric Nonlinearities, Continuation, Rotating Frame, Campbell Diagram, High-
Performance Computing, QUANSCIENT ALLSOLVE.
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NOMENCLATURE

a,B Rayleigh damping coefficients for mass and stiffness matrices, respectively
Q Skew-symmetric angular velocity tensor associated with the rotating reference frame
o Cauchy stress tensor (Pa)

a(z?), b(z"), c(z") Prescribed vector fields on the boundary d€y, associated respectively
with Dirichlet, Neumann, and Robin conditions.

c; Connection vector defined as ¢; = (@; — @;j—1, @; — wi-1), combining displacement
and frequency increments between two successive solution points

D Damping matrix (kg/s)

FE,e Strain tensor nonlinear and linear(-)

fao  Rotation-induced centrifugal load vector

fext(w, t) External excitation force vector (N)

fni(u, ) Nonlinear internal force vector (N)

K Stiffness matrix (N/m)

Ko Rotation-induced centrifugal softening stiffness matrix
M  Mass matrix (kg)

T Spatial position vector of a material point expressed in the rotating frame
S Piola-Kirchhoff stress tensor (Pa)

u, U Displacement vector field (m)

uk, a)k, yk Values of displacement, frequency, and relaxation parameter at a Newton itera-

tion
uf, w?, uP Predictor values of displacement, frequency, and relaxation parameter
0

", x Spatial coordinates in the reference and current configurations, respectively (m)

Y Vector gathering all components to be solved in the problem

Xi



xii NOMENCLATURE

U Acceleration vector field (m/s?)
OF/  Variation of the Green-Lagrange strain tensor with respect to a test function
U Velocity vector field (m/s)

I'p,I'n, T, Tr Portions of the boundary dQy where Dirichlet, Neumann, Cauchy, and Robin
conditions are applied, respectively

Vi Angle between the connection vector ¢; and the tangent vector 7;
Yopt Prescribed optimal angle used as a reference in the adaptive step size strategy
R Set of real numbers

fo, f External force field in the undeformed and deformed coordinate systems, respectively

f Combination of fext and fy in the time domain

G General set of nonlinear algebraic equations representing the residual used in the HBM
system

Z Matrix of size (2Ng +1)n X (2Ng +1)n describing the linear dynamics in the harmonic

balance formulation

By, B Reference and current configurations of the body in the undeformed and deformed
states, respectively

U Relaxation parameter

Vector differential operator
VaG Jacobian matrix of G with respect to the frequency-domain solution vector
w Base frequency of vibration
Y Sensitivity parameter controlling the influence of the angle y; on the scaling factor
Po, p Material density in the undeformed and deformed coordinate systems, respectively
T Prediction vector in the continuation procedure

Pi Null-space eigenvector of the Jacobian, associated with the phase invariance of the
periodic solution

€n.  Fictive energy

fo, f¢, f* Constant, cosine, and sine components of f

U Vector of harmonic (Fourier) coefficients for displacement in the frequency domain
g, 4, u° Constant, cosine, and sine components of &

f Combination of fext and fnl in the frequency domain



<t

Block-diagonal differentiation operator in the frequency domain, with each block Vi
corresponding to the derivative operator for the k-th harmonic

@ Angular speed of the rotating structure

&i Scaling factor applied at step i to update the continuation step size

C Fourth-order stiffness tensor written as a matrix (Pa)

g Additional constraint function in the correction stage of the continuation procedure

ny Number of harmonics

Niax Maximum allowed number of Newton iterations

N Number of Newton iterations performed at step i

S Size of the prediction step in the continuation procedure

Tw, Ta Operator of translation in the temporal and frequency domains

(Y Finite element test functions
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LisTt oF ACRONYMS

AFT Alternating Frequency-Time.
AWS Amazon Web Services.

DDM Domain Decomposition Method.

DOF Degree-of-Freedom.
E Edge-wise Bending Mode.

F Flap-wise Bending Mode.
FEM Finite Element Method.
FFT Fast Fourier Transform.

HBM Harmonic Balance Method.
HEX Hexahedral element.

IFFT Inverse Fast Fourier Transform.

MEMS Micro-Electro-Mechanical Systems.

MPI Message Passing Interface.

NLFR Nonlinear Frequency Response.
NNM Nonlinear Normal Mode.

T Torsion Mode.
TET Tetrahedral element.
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INTRODUCTION

1.1 Context and Motivation

Vibration is a fundamental and omnipresent phenomenon in mechanical systems. It arises
across all scales, from the subtle oscillations in Micro-Electro-Mechanical Systems (MEMS)
[1] devices to the large-scale deformations of aerospace structures such as rotating blades
and fan assemblies [2]. Whenever a structure is exposed to periodic excitation whether from
rotational imbalance, aerodynamic loading, or ambient disturbances, vibrations inevitably
occur. If uncontrolled, they can lead to accelerated wear, reduced precision, or even catas-
trophic failure. Even small amplitude vibrations, when sustained over long durations, can
induce fatigue damage. Consequently, the ability to model, predict, and mitigate vibration
is essential in mechanical design. Understanding how and why a structure vibrates is not
merely diagnostic; it enables performance optimisation, improves reliability, and extends op-
erational lifespan. Vibration analysis thus lies at the heart of resilient and efficient mechanical
engineering.

As modern systems grow increasingly lightweight, complex, and multifunctional, the as-
sumptions underpinning linear vibration theory begin to break down. In aerospace and other
high-performance applications, advanced materials, intricate assemblies, and tight integra-
tion introduce nonlinear dynamic effects that cannot be ignored [3]. Phenomena such as
contact friction [4], geometric nonlinearity [5, 6] become intrinsic to the system’s behaviour.
Classical modal analysis, which assumes linearity, often fails to capture these effects. Non-
linear vibrations introduce features like amplitude dependent frequencies [7], internal res-
onances [8], and multi-mode energy exchanges between modes features that demand more
sophisticated analytical tools [9]. Addressing this complexity is not optional; it is necessary
for achieving accurate, safe, and robust designs.

Among the approaches [10] for solving nonlinear bondary value problem, the Harmonic
Balance Method (HBM) provides a powerful frequency-domain framework [11] for the anal-
ysis of nonlinear vibration phenomena. By approximating the periodic response with a trun-
cated Fourier series, the governing equations are recast into a set of nonlinear algebraic equa-
tions [12]. Continuation techniques, such as the pseudo-arclength predictor—corrector ap-
proach, are then employed to track the evolution of both Nonlinear Frequency Responses
(NLFRs) and Nonlinear Normal Modes (NNMs) along their respective curves [11, 13]. This
combination offers a consistent and systematic methodology for exploring the dynamic be-
haviour of nonlinear systems. This approach offers significant advantages for large-scale
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problems, often outperforming brute-force time integration in efficiency. HBM has been
successfully applied to nonlinear vibration analysis of mechanical structures, from academic
benchmarks [14] to realistic components [15].

However, most applications of the HBM remain constrained by the number of harmonics
included in the formulation. Increasing the harmonic content improves accuracy by capturing
higher frequency components and sharper nonlinear effects, but also leads to a substantial
rise in the number of unknowns and a denser, more computationally expensive system. This
trade-off becomes particularly restrictive in large-scale simulations. In practical industrial
settings such as aerospace and turbomachinery, full finite element models routinely involve
several million Degree-of-Freedoms (DOFs) [16, 17]. This level of complexity is illustrated in
Figure 1.1.1, which shows a large whole-engine model comprising approximately 34 millions
DOFs, representative of contemporary high-fidelity simulations used in realistic engineering
applications.

Figure 1.1.1: Large whole engine model with 34 million DOFs [17].

While linear modal analysis is routinely applied to such systems, whereas their nonlin-
ear counterparts remain computationally demanding. Distributed nonlinearities introduce
significant stiffness and strong harmonic coupling, requiring fine spectral resolution and it-
erative solvers that scale poorly with increasing harmonic order. As a result, classical im-
plementations of the HBM often become impractical beyond a limited number of harmonics,
thereby restricting their applicability to industrial-scale models. Recent advances in high-
performance computing and parallel numerical libraries have nevertheless opened new per-
spectives for overcoming these limitations [13]. The present work follows this direction by
extending nonlinear frequency-domain analysis to large-scale systems through the integra-
tion of modern continuation algorithms with scalable, distributed computation.

Within this framework, attention is paid to structural rotation, which is highly relevant
in practical applications such as turbomachinery [18, 19]. Rotation induces centrifugal ef-
fects that modify the effective stiffness and vibration characteristics of the structure, affecting
resonance conditions and the evolution of natural frequencies with rotational speed, as com-
monly illustrated by Campbell diagrams. Accounting for these effects is therefore essential
for obtaining physically meaningful vibration predictions.
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1.2 Objectives

While continuation methods have long been established in the analysis of nonlinear dynam-
ical systems, their application to large-scale industrial models has been limited by signifi-
cant computational demands. Recent advances in parallel computing and high-performance
solver infrastructures now offer the opportunity to revisit these techniques in the context of
high-fidelity simulations.

The objective of this thesis is to establish a general continuation framework interfaced with
QuaNscIENT ALLSOLVE, a high-performance finite element solver supporting parallel comput-
ing and direct interaction through Python scripting. The framework is formulated for prob-
lems governed by the equations of motion of nonlinear structural dynamics and is intended
for the computation of both NLFRs and NNMs using the HBM. For the computation of NNMs,
specific phase conditions and relaxation strategies are introduced to ensure robustness and
uniqueness of the solutions. Several predictor—corrector schemes are investigated, including
tangent- and secant-based predictors combined with pseudo-arclength or classical arclength
correctors.

In addition to purely translational dynamics, an additional objective of this work is to ex-
tend the modelling framework to rotating structural systems. This extension focuses on the
inclusion of rotational effects such as centrifugal stiffening, gyroscopic contributions, and the
resulting stiffness softening behaviour, which are essential for realistic turbomachinery ap-
plications. The consideration of these effects enables the analysis of vibration characteristics
as a function of the rotational speed and the construction of Campbell diagrams to identify
critical speeds, frequency splitting, and modal interactions in rotating components. These
rotational effects are also incorporated into the computation of the NNMs and the evaluation
of nonlinear forced responses through the NLFRs.

A further objective is to assess the scalability of QuaNscienT ALLsoLVE with increasing
numbers of Message Passing Interface (MPI) processes, thereby quantifying the parallel ef-
ficiency of the proposed approach on large-scale finite element models. The overall research
scope is summarised in Figure 1.2.1.
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Figure 1.2.1: Conceptual diagram of the research objectives.

1.3 Outline

This thesis is divided into 6 chapters, each addressing a specific objective.

Chapter 2 reviews the state of the art in nonlinear vibration analysis. The main types of
nonlinearities are discussed, nonlinear analysis concepts such as NLFRs and NNMs are in-
troduced, and the HBM, numerical continuation techniques, as well as existing linear and
nonlinear solver technologies are reviewed. This chapter provides the background and mo-
tivation for the methodological developments presented in this work.

Chapter 3 presents the methodology of this thesis. It begins with the physical modeling
of the structure, followed by its finite element formulation, including the treatment of rota-
tional effects, and its reformulation within the harmonic balance framework. Key numerical
tools are then introduced, including linear modal analysis, the Alternating Frequency-Time
(AFT) method, and continuation strategies, which enable systematic tracking of NLFRs and
NNMs along their characteristic curves. The chapter concludes by introducing the computa-
tional platforms used: the dedicated Harmonic Balance code pYHarwMm, and the cloud-native
multiphysics simulation platform QUANSCIENT ALLSOLVE.

Chapter 4 reports the validation of the methodology through the computation of NNMs
with pYHarM. Academic benchmark cases are investigated to verify the correctness of the
implementation and to illustrate the main capabilities of the developed framework.

Chapter 5 applies the continuation framework to the high-performance platform Quan-
sCIENT ALLsOLVE. Benchmark structures such as the clamped-clamped beam and the can-
tilever beam are examined alongside an industrial case study. The chapter evaluates scalabil-
ity and compares different numerical strategies, thereby demonstrating the applicability of
the methodology to large-scale problems.

Chapter 6 concludes the thesis by summarising the main findings, highlighting the limi-
tations of the present work, and outlining possible directions for future research.



STATE OF THE ART

This chapter reviews the theoretical background, computational methods and existing ap-
plications relevant to the analysis of nonlinear mechanical vibrations. The discussion begins
with an overview of the different types of nonlinearities in order to clarify their physical origin
and implications for structural dynamics, as introduced in Section 2.1. Attention then turns
to nonlinear analysis techniques in Section 2.2, where two complementary perspectives are
introduced: the forced response of the system through NLFRs methods, and the investigation
of intrinsic resonant mechanisms via NNMs.

The HBM is presented in Section 2.3 as a frequency-domain strategy for computing peri-
odic solutions in nonlinear systems. A review of numerical continuation techniques is pro-
vided in Section 2.4, highlighting their role in systematically tracking solution branches under
parameter variations.

The final part of this chapter, Section 2.5, addresses the linear and nonlinear solvers that
underpin these computational frameworks, with emphasis on parallelisation strategies and
Domain Decomposition Method (DDM). These existing approaches are examined to identify
their limitations and to motivate the developments proposed in this thesis.

2.1 Type of Nonlinearity

Nonlinearities in mechanical systems can be either localised or distributed, depending on
their physical origin and spatial extent. This distinction is particularly evident in aero-engines,
where numerous nonlinear mechanisms coexist within a single assembly [17]. The schematic
in Figure 2.1.1 illustrates typical sources of nonlinearity in such engines, including contact,
friction, geometric effects, and material behaviour. Each of these mechanisms may influence
the dynamic response differently, depending on whether they are confined to specific inter-
faces or distributed throughout the structure.
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Figure 2.1.1: Typical sources of nonlinearity in an aero-engine [17].

Localised nonlinearities generally arise from frictional contact or mechanical joints [4],
such as shroud interfaces, under-platform dampers, or blade roots. These phenomena are
confined to a limited region of the structure and are often modelled using reduced-order
approaches that preserve linear dynamics for the bulk structure while introducing nonlinear
functions only at the interface nodes [20].

Distributed nonlinearities, on the other hand, emerge from material and geometric effects
[21,22]. Material nonlinearities appear in composites or metals exhibiting plasticity, damage,
or anisotropy, while geometric nonlinearities result from large displacements, rotations, or
deformations that alter the structural stiffness during motion. These mechanisms are not
confined to a single interface but spread across the entire component or assembly, making
them more challenging to reduce efficiently.

These nonlinear effects are taken into account through the analysis of NLFRs or NNMs,
which form the basis of modern nonlinear analysis frameworks.

2.2 Nonlinear Analysis

The dynamic behaviour of nonlinear structures can no longer be fully described using the
properties of linear normal modes, as the principle of superposition is no longer valid [23].
In such systems, stiffness and damping vary with the amplitude of motion, leading to energy-
dependent dynamics that require dedicated analysis tools. Two complementary approaches
are typically employed to characterise these behaviours: NLFRs, discussed in Section 2.2.1,
and NNMs, presented in Section 2.2.2.
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2.2.1 Nonlinear Frequency Response

NLFRs describe the steady-state behaviour of a structure subjected to a harmonic force of
fixed amplitude while the excitation frequency is swept. The resulting curve represents the
equilibrium amplitude of the periodic response for each excitation frequency. Unlike linear
systems, where the frequency response is single-valued and symmetric, nonlinear systems
may exhibit multiple coexisting steady-state solutions, amplitude-dependent resonance fre-
quencies [7], sudden jumps [24], internal resonances [8], and multi-mode energy exchanges
[9]. These phenomena are illustrated in Figure 2.2.1, which presents a representative example
of a Duffing-type nonlinear oscillator.

Amplitude[-]

04 S & T— T— T— T— T—Z=—Z— T T—
0 > 1 6 8 10 12
Frequency [-]

Figure 2.2.1: NLFR of a Duffing oscillator. The solid line represents the stable steady-state solutions,
while the dashed line indicates the unstable branch. The green arrows (") denote the forward fre-
quency sweep, and the red arrows (M) correspond to the backward sweep [25].

Typical phenomena observed in NLFR include a bending of the resonance peak caused by
stiffness nonlinearity, leading to either a hardening (right-leaning) or softening (left-leaning)
behaviour. As the excitation frequency is gradually increased or decreased like a sweep fre-
quency, the system may undergo abrupt transitions between stable and unstable branches,
producing hysteresis and jump phenomena [3]. At higher forcing levels, additional features
such as superharmonic and subharmonic resonances, internal modal interactions, or even
quasiperiodic responses may appear [25]. These effects reveal the richness of nonlinear dy-
namics and the underlying energy transfer mechanisms between modes.

The main objective of nonlinear frequency response analysis is to capture how resonance
characteristics evolve with excitation level, to predict large-amplitude vibrations, and to iden-
tify nonlinear features that cannot be detected using linear methods. In experimental testing,
these curves are essential for defining safe operating ranges, validating nonlinear computa-
tional models, and improving reduced-order representations.
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2.2.2 Nonlinear Normal Mode

Over the years, several definitions of NNMs have emerged, each providing a distinct but
complementary perspective on how the concept of modes can be generalised to nonlinear sys-
tems. The first formal definition was proposed by Rosenberg [26-28], who described NNMs
as periodic oscillations in which all coordinates of a system move synchronously. This intu-
itive definition provided a natural generalisation of linear modes to nonlinear settings and
remains widely used for conservative systems. This notion was later broadened to include
asynchronous periodic motions, thereby enabling the description of internal resonances and
modal interactions [29].

A second and more general framework was later established by Shaw and Pierre [30],
who defined NNMs as invariant manifolds embedded in the system’s phase space. In this
geometric interpretation, the motion of the nonlinear system is confined to a low-dimensional
invariant surface that represents the nonlinear continuation of a linear mode. An example
for a two DOFs system is illustrated in Figure 2.2.2, showing both in-phase and out-of-phase
conditions [23].

Figure 2.2.2: Two-dimensional invariant manifold of a two-DOFs system, with the corresponding lin-
ear normal modes in grey. Left: in-phase condition; right: out-of-phase condition [23].

This formulation provides a rigorous characterisation of the dynamics induced by geo-
metric nonlinearities and forms a solid basis for invariant-manifold-based model reduction,
where the governing equations are projected onto a low-dimensional nonlinear subspace
to derive accurate reduced-order models [5, 6]. In this context, the open-source software
MORFEInvariantManifold. j1 implements the high-order direct parametrisation of invari-
ant manifolds for geometrically nonlinear finite element structures, as detailed in [31, 32].

In this work, the extended definition of Rosenberg, which admits asynchronous periodic
motions, is adopted. By relaxing the requirement of synchronous extrema among the sys-
tem coordinates, this formulation provides a consistent and flexible description of periodic
oscillations in nonlinear systems. Such a definition is essential for capturing the intrinsic dy-
namics induced by nonlinear effects, for which the notion of linear normal modes becomes
inadequate.

Within this framework, NNMs emerge as the natural generalisation of linear modes to
the nonlinear regime and form the basis for analysing how modal properties evolve with
vibration amplitude. At low energy levels, the system response remains close to the linear



2.3. Harmonic Balance Method 9

behaviour, and resonance occurs when the excitation frequency coincides with the natural
frequency of an NNM. As the energy stored in the system increases, nonlinear effects pro-
gressively modify both the oscillation frequency and the associated deformation pattern. This
amplitude-dependent evolution is classically described through the backbone curve, which
may exhibit hardening or softening behaviour depending on the nature of the nonlinear-
ity [23].

The backbone curve, illustrated in Figure 2.2.3, represents this intrinsic link between fre-
quency and amplitude in the absence of external forcing and damping [23]. It defines the
fundamental dynamic signature of a nonlinear system, describing how its natural frequency
evolves as the oscillation amplitude grows. In lightly damped structures, the backbone gen-
erally aligns with the resonance peaks of the NLFRs. Although dissipation and excitation
can slightly shift these peaks, the backbone remains a reliable indicator of the underlying
nonlinear dynamics.
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Figure 2.2.3: Backbone curves of a two DOFs initially at the same frequency, shown together with
NLER at different amplitudes, adapted from [23].

A complete state of the art of the NNMs is made on the PHD of Clement Grenat [1] which
the information have this come from.

2.3 Harmonic Balance Method

Nonlinear mechanical systems exhibit a broad range of complex dynamical behaviours, as
discussed in the previous sections. Accurately computing periodic solutions is essential for
understanding these phenomena, since such responses often form the backbone of the sys-
tem’s attractors. The HBM has become a widely adopted approach for this purpose. It relies
on the assumption that the solution of the nonlinear equations of motion is periodic and can
be approximated by a truncated Fourier series [12]. By projecting the governing equations
onto a Fourier basis through a Galerkin procedure, the original system of differential equa-
tions is transformed into a set of nonlinear algebraic equations expressed directly in terms of
the harmonic coefficients [11]. For this reason, the method is also commonly referred to as
the Fourier-Galerkin approach.

A major advantage of HBM lies in its efficiency when applied to systems with smooth
nonlinearities, where only a limited number of harmonics is typically required to achieve
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high accuracy [11]. In contrast to time-domain techniques such as shooting or collocation,
HBM offers a more computationally attractive alternative for large-scale problems, particu-
larly when direct time integration becomes prohibitively expensive [33].

The effectiveness of HBM has also been demonstrated in large scale applications beyond
structural dynamics. In electronics, it is a foundational tool for radio-frequency circuit steady-
state analysis [34], where parallel harmonic balance algorithms enable the efficient simulation
of complex microwave and analogue systems [35]. In turbomachinery computational fluid
dynamics, harmonic balance formulations often referred to as nonlinear frequency-domain
or time-spectral methods have become state-of-the-art for capturing periodic flow unsteadi-
ness [36] at a fraction of the cost of full transient simulations [37]. These cross-disciplinary
successes highlight the maturity and versatility of HBM and emphasise its strong potential
for nonlinear vibration analysis, especially when enhanced through parallel computing.

A comprehensive state-of-the-art review of the HBM, including its variants, numerical
challenges and modern extensions, is provided by Dai et al. [33], who offer an in-depth com-
parison of the different formulations and their respective domains of applicability.

2.4 Numerical Continuation

The continuation method is a cornerstone of nonlinear analysis, providing a systematic frame-
work for tracing the solutions of parameter-dependent equations. Its origins can be traced
back to the pioneering works of Poincaré [38], Klein [39], and Bernstein [40], who intro-
duced early concepts related to the continuous variation of solutions with respect to system
parameters in nonlinear problems.

The development of continuation techniques has evolved significantly over time, leading
from simple natural continuation schemes to more advanced and robust strategies. Among
these, predictor—corrector algorithms [41] have played a key role by enabling the systematic
tracking of solution branches. These approaches combine a prediction step, often based on
a local tangent approximation, with a correction step typically performed through Newton-
Raphson iterations. The introduction of pseudo-arclength parametrisation further enhanced
their capabilities by allowing the continuation to pass through singular points such as folds
or turning points, thus ensuring reliable path-following even near bifurcations [42, 43]. A
comparison between the various continuation strategies highlights the advantages of these
more sophisticated methods in terms of robustness and convergence efficiency [44].

In parallel with predictor—corrector schemes, alternative continuation formulations were
introduced to improve convergence and efficiency. Among these, the Asymptotic Numerical
Method (ANM) proposed by Damil and Potier-Ferry [45] is based on an asymptotic perturba-
tion framework, in which the solution is expressed as a high-order power series with respect
to an artificial path parameter, thereby avoiding any predictor—corrector strategy or iterative
correction procedure.

2.4.1 Numerous Software Packages

Several software tools exist for continuation and bifurcation analysis of nonlinear systems.
The Table 2.4.1 summarises the main ones, their programming languages, and their main
features.
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Software Language Main Features

Auro [46] Fortran Early and well-known continuation code for ODEs; supports OpenMP
and MPI parallelisation.

Matcont [47] Matlab Widely used for bifurcation analysis of ODEs.

Mantas [48]  Matlab Interactive continuation of nonlinear algebraic systems using har-
monic balance.

Coco [49] Matlab Modular framework for continuation and bifurcation.

NLvis [50] Matlab Focused on nonlinear vibration analysis of mechanical structures.

Ni2p [51] Matlab Detects, visualises, and estimates structural nonlinearities.

Loca [52] C++ Part of Trilinos; scalable continuation and bifurcation library using
OpenMP/MPL

Table 2.4.1: Overview of widely used numerical continuation and bifurcation analysis software [13].

Efficient continuation relies on robust numerical solvers. Newton-based schemes often
solve large linear systems, making solver choice and parallelisation crucial for performance
and scalability.

2.5 Linear and Nonlinear Solvers

The information presented in this section and the following related ones is largely based on
the doctoral thesis of Blaho$ [13].

Solving systems of equations is often the most time-consuming part of the entire com-
putational process. As a result, significant research has been devoted to the development of
both nonlinear and linear solvers. These two classes of solvers are typically employed in a hi-
erarchical fashion. An outer nonlinear solver iteratively calls an inner linear solver to resolve
linearised systems until a sufficiently accurate approximation of the solution is reached. This
is the case, for example, with Newton-Raphson methods.

Linear solvers are generally classified into two categories: direct and iterative methods.
The principal distinction lies in their approach. Direct solvers compute the exact solution (up
to machine precision) in a finite number of operations, typically through matrix factorisation.
In contrast, iterative solvers begin with an initial guess and refine it through successive iter-
ations until convergence criteria are satisfied. While iterative methods can be prematurely
stopped to yield an acceptable approximate solution, this is not possible with direct methods.
However, iterative solvers often exhibit greater sensitivity to ill-conditioned matrices [53]. In
this thesis, only direct solvers are employed.

In large-scale problems, however, solver performance increasingly depends on the ability
to exploit parallel computing resources. The following subsections address this aspect, be-
ginning with parallel linear solvers in Section 2.5.1, then reviewing domain decomposition
techniques in Section 2.5.2, and finally discussing previous attempts to parallelise the HBM
in Section 2.5.3.

2.5.1 Parallel Linear Solvers

Parallelism is an essential component of modern linear solvers. The field of parallel com-
puting emerged with the development of multiprocessor architectures and has gained im-
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portance as modern supercomputers now feature millions of processing cores [54]. To ef-
ficiently exploit such hardware (including clusters and cloud-based high-performance plat-
forms), parallel algorithms divide the problem into independent tasks, each handled by sep-
arate threads or processes. Various solvers are listed in Table 2.5.1.

Software Type Parallelism Model

Muwmps [55]  Direct (LU, Cholesky, LDLT) MPI (distributed memory)
SuperLU [56] Direct (LU) MPI + OpenMP (hybrid)
Parbiso [54]  Direct (LU, LDLT, QR) OpenMP / MPI

Petsc [57] Iterative and direct MPI / OpenMP (hybrid)

Table 2.5.1: Overview of widely used parallel sparse linear solvers for large-scale scientific computa-
tions [13].

In the context of this work, the software QuanscieENT ALLSOLVE relies on Muwmps as a di-
rect solver and on PEetsc for iterative strategies. While these solvers provide robust tools for
handling large linear systems, their efficiency strongly depends on how the underlying prob-
lem is structured and distributed across the computational resources. This naturally leads
to the consideration of domain decomposition techniques, which play a key role in enabling
scalable and efficient parallel computations.

2.5.2 Domain Decomposition Methods

DDM form a distinct family of numerical strategies designed to solve large-scale systems by
dividing the computational domain into smaller, more manageable subregions. Each subdo-
main is treated independently, allowing the use of local solvers, while an iterative procedure
ensures consistency and convergence across the global interface. This hierarchical structure
makes such approaches particularly suitable for parallel architectures, where multiple pro-
cessors can operate simultaneously on different portions of the problem. Comprehensive dis-
cussions on both the mathematical framework and the algorithmic implementation of these
methods are provided in [58]. A representative illustration of the mesh partitioning concept
is presented in Figure 2.5.1.

-2 -1 0 1 2
x/R

Figure 2.5.1: Example of partitioning of the discretized domain with sixteen sub-domains [59].
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2.5.3 Parallelisation of the Harmonic Balance Method

Parallel implementations of the HBM have emerged across several scientific fields to address
the increased computational cost associated with high-dimensional nonlinear systems. In
aerodynamics, Jackson et al. [60] demonstrated that the enlarged memory footprint of multi-
harmonic formulations motivates hybrid distributed shared memory strategies for harmonic
balance Navier-Stokes solvers. In circuit analysis Dong and Li [61] explored coarse-grained
parallelisation of nonlinear device evaluation and preconditioning operations, while Wang
et al. [62] showed that GPU acceleration can significantly reduce the cost of assembling the
nonlinear Jacobian matrix.

Recent developments have increasingly focused on parallel HBM formulations tailored to
large-scale mechanical systems, where nonlinearities and mesh sizes can be substantial. Bla-
hos [63] proposed a scalable frequency-domain framework based on a predictor—corrector
continuation method coupled with Newton—-Raphson iterations. His study compared three
parallel strategies for solving the linearised system at each Newton step, including a MUMPS
direct solver, a PETSc GMRES iterative solver, and an in-house FETI implementation, high-
lighting the effectiveness of domain decomposition for large finite-element models.

Building on this foundation, Saponaro et al. [ 64 ] extended the FETI-based approach to the
nonlinear forced response of bladed disks with friction contacts. Their work demonstrated
that parallel HBM can accurately capture both geometric and contact-induced nonlinearities
in realistic turbomachinery assemblies, confirming the suitability of FETI as a scalable solver
strategy for industry-scale structural dynamics.

The present master’s thesis follows directly in this line of research, extending the frame-
work introduced by Blahos [13] and further investigating the parallel solution of large-scale
mechanical harmonic balance problems using domain decomposition approaches.

2.6 Conclusion

The reviewed literature covers the key concepts and methodologies involved in the analysis of
nonlinear mechanical vibrations. The different types of nonlinearities were examined to clar-
ify their physical origins, followed by a discussion of nonlinear analysis frameworks address-
ing both forced responses through NLFRs and intrinsic dynamics via NNMs. Frequency-
domain techniques based on the HBM and numerical continuation were also reviewed, to-
gether with the linear and nonlinear solvers that support these approaches, including paral-
lelisation strategies and DDM.

However, the parallelisation of the HBM for nonlinear mechanical systems remains com-
paratively limited in the existing body of work. While several contributions underline its
potential, they often target restricted problem classes or exhibit limited scalability. This gap
in the literature provides a clear motivation for the present thesis, which aims to further de-
velop, implement, and evaluate parallel HBM strategies capable of addressing large-scale
nonlinear vibration problems more effectively.
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3

METHODOLOGY

This chapter presents the methodology developed for the nonlinear vibration analysis of the
studied structures. The framework follows a rigorous and systematic progression, from the
physical modelling of the problem to the implementation of numerical strategies for comput-
ing NLFRs and NNMs.

The formulation begins with the physical description in Section 3.1, where deformation
measures, constitutive laws, and boundary conditions are introduced. This continuous de-
scription is then translated into a Finite Element Method (FEM) discretisation in Section 3.1.3,
yielding the algebraic equations of motion together with the adopted damping models. The
formulation is subsequently extended to account for steady rotation effects in Section 3.1.4.
To investigate periodic behaviours, the resulting equations are reformulated in the frequency
domain using the HBM, presented in Section 3.2, enabling the computation of steady-state
periodic solutions in both forced and conservative cases.

The solution of the resulting nonlinear algebraic system is discussed in Section 3.3, where
a Newton-Raphson scheme combined with bordered formulations is employed. Particular
attention is given to the efficient evaluation of nonlinear terms, which can be achieved through
the AFT method detailed in Section 3.2.1.

Building on this foundation, continuation techniques are introduced in Section 3.4 to trace
solution branches efficiently and robustly. The framework is then extended to the computa-
tion of NNMs in Section 3.5, where additional ingredients such as a phase condition and a
relaxation parameter are incorporated to ensure uniqueness and numerical stability.

Finally, the computational tools employed in this work are described. pYHarM (Section 3.7)
was used as an academic validation environment for the developed methodology, whereas
QuanscienT ALLsoLve (Section 3.6) was leveraged for large-scale simulations on cloud-based
high-performance computing infrastructures.

3.1 Problem modelling

Since the present approach relies on a FEM formulation, the underlying modelling framework
follows a well-established and classical methodology in structural dynamics. Nevertheless, in
order to ensure completeness and consistency with the subsequent developments, the physi-
cal formulation introduced in this section is largely based on the PhD thesis of Jiti Blahos [13],
from which the main kinematic and constitutive assumptions are recalled.

15
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The analysis of structural vibrations is based on a continuum mechanics description, in
which the geometry, material behaviour, external loads, and constraints are consistently rep-
resented through a displacement field defined over the reference configuration. From this
tield, strain measures and constitutive relations are introduced to characterise the mechani-
cal response of the structure.

A linear elastic formulation is recovered under the assumption of small strains and rota-
tions. When moderate or large deformations are involved, geometrical nonlinearities must
be taken into account in order to capture the structural response accurately. Both linear and
geometrically nonlinear kinematic descriptions are therefore considered in the present work,
as detailed in Section 3.1.1.

The continuous problem is completed by the specification of boundary conditions, dis-
cussed in Section 3.1.2, and subsequently discretised using the finite element method, as de-
scribed in Section 3.1.3. The formulation is finally extended to structures undergoing steady
rotation by introducing a rotating reference frame to account for centrifugal effects, as pre-
sented in Section 3.1.4 is developed specifically within the present study and does not origi-
nate from the work of Blahos.

3.1.1 Deformation

Consider an elastic body By C R3 in its reference configuration, described by a coordinate
system x” € R?. When the body undergoes deformation, each point within its volume expe-
riences a displacement relative to this reference configuration. As a result, the body occupies
a new domain B, characterised by a new coordinate system x : R? — R3. The displacement
field u, which quantifies the deviation from the reference state, is given by:

u(x?, 1) =x(x% ) -x%, uw:R*xR— R (3.1.1)

The strain tensor can be expressed using the nabla operator as:

1
E = 5 (Vu + (Vo) + (Vu)TVu) . (3.1.2)
This expression can be simplified under the geometric linearity assumption, which consists
of two conditions [65]:

e The extensional strains remain infinitesimal. Here, tr(-) denotes the trace operator, i.e.
the sum of the diagonal components of a tensor:

tr(Vu) =V -u < 1. (3.1.3)

e Therotations have small amplitudes. The operator skew(-) extracts the skew-symmetric
part of a tensor, which represents the local rigid-body rotation:

|lskew(Vu)|| < 1. (3.1.4)

Under these assumptions, the strain tensor simplifies to the linearised form:

€~ % (Vu + (Vu)T) . (3.1.5)
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In classical linear elasticity, the Cauchy stress tensor o is related to the infinitesimal strain
tensor € through the constitutive law:

o=Ce, (3.1.6)

where C'is the elasticity tensor, represented in matrix form with constant coefficients through-
out the analysis. When a body undergoes large deformations, the assumption of small dis-
placement gradients is no longer valid, and the complete expression of the Green-Lagrange
strain tensor must be employed. In this framework, the stress measure commonly adopted is
the second Piola-Kirchhoff stress tensor S, which is entirely defined in the reference (unde-
formed) configuration and is work-conjugate to the Green-Lagrange strain tensor E. For a
Saint Venant-Kirchhoff material, small strains (though not necessarily small deformations)
are assumed, leading to the constitutive relation:

S=CE, (3.1.7)
The balance of linear momentum in the reference configuration is then expressed as:
V-S§+pofo=poti, (3.1.8)

where fo(xo, t) represents the external body force per unit reference volume, py is the con-
stant material density, and u is the displacement field.

3.1.2 Boundary Conditions

To define a well-posed boundary value problem, appropriate boundary conditions must be
prescribed on the boundary 08By. The most common types are the Dirichlet, Neumann,
Cauchy, and Robin conditions [13], which are applied on distinct portions of the boundary
denoted by I'p, I'y, I'c, and I'y, respectively. The functions a(z"), b(x"), and c(x") repre-
sent prescribed vector fields defined on dBy, depending on the boundary coordinate x°. In
practical FEM workflows, these boundary subsets are typically identified through physical
regions defined by the user during the mesh generation process, which group specific faces
or edges of the geometry under a common label for the assignment of boundary conditions.

The Dirichlet boundary condition prescribes the displacement directly:

u=a(x’) onTp C dBy. (3.1.9)

The Neumann boundary condition specifies the normal derivative of the field. In elastic-
ity, this is commonly written as a prescribed traction vector:

In =bx") onTy c 9By, (3.1.10)

where L is the stress tensor and n the outward normal to the boundary. Since the traction
depends on gradients of u, this condition is still a derivative (Neumann-type) constraint, as
made explicit in Equation 3.1.2 and Equation 3.1.7.

The Cauchy condition imposes both the displacement and its normal derivative on the
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same portion of the boundary:

u = a(z),
P onT'c C dB. (3.1.11)
g (Vu)n = b(z")
an
Such conditions arise naturally in hyperbolic problems.
The Robin boundary condition is a weighted combination of Dirichlet and Neumann con-
straints':

du
au+p e c(x") onTg C 9By. (3.1.12)
n
In this work, only homogeneous Dirichlet boundary conditions are enforced, i.e.

u=0 onlp, (3.1.13)

which corresponds to perfectly clamped regions of the structure.

3.1.3 Finite Elements

This section recalls the fundamentals of the FEM, with a particular focus on the weak for-
mulation of the governing equations, which must be provided to QuanscienT for the finite
element discretisation. A distinction is introduced between continuous and discrete quan-
tities: the continuous displacement field is denoted by U, whereas u refers to the vector of
nodal degrees of freedom. The reference configuration By is partitioned into non-overlapping
elements e, such that

By = U e. (3.1.14)

e

Each element is characterised by its topological entities nodes, edges, faces, and interiors.
For each entity and each spatial direction x, v, z, a test function v is defined. These functions
form a hierarchical basis, where each basis function is associated with a geometric entity and
polynomial order. The restriction of a basis function to an element yields its shape function,
which has compact support.

Let v; denote the test functions indexed by i € {1,..., Ngof}. The continuous displace-
ment field is approximated as

Nyof

U(x, t) = Z wi(t) vi(x). (3.1.15)
i=1

Starting from the strong form of the nonlinear elasticity Equation 3.1.8, the weak form is

! Cauchy boundary conditions resemble initial conditions for second-order ODEs, as they impose both position
and slope at a single boundary. Dirichlet and Neumann conditions, by contrast, parallel specifying conditions
at opposite ends of an interval.
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obtained by multiplying by a test function and integrating over By:

,00/ U'UdBO +/ S : (SEdB() = po/ f()’vdB(), (3.1.16)
By By By

where 6 E' denotes the variation of the Green-Lagrange strain tensor with respect to the test
function v.
Each component of Equation 3.1.16 is interpreted as follows:

e Inertia term:
M i = pO/ UvdB,. (3.1.17)
By
e External force:

Jext =P0/ fovdB,. (3.1.18)
By

e Stiffness and nonlinear internal force term: Following the derivation detailed by Bla-
hos$ [13], the expansion of the strain energy with respect to u yields the classical linear
stiffness contribution together with a nonlinear internal force term,

Ku+ fy(u) = fii’;t = / S : 0E dB,. (3.1.19)
Bo
The nonlinear contribution f,; arises from the geometric terms in the Green-Lagrange
strain tensor, whose expansion generates quadratic and cubic components [6, 66, 67].
For symmetric configurations such as clamped—clamped beams, the quadratic contri-
bution vanishes identically, so that the geometric nonlinearity is dominated by cubic
terms. These effects are automatically accounted for by the predefinedelasticity
routine in QuaNscieNT ALLSOLVE, which constructs the nonlinear internal force vector
int
nl -~

The complete discretised weak form thus yields the nonlinear structural dynamics system:
Mi+Du+ Ku+ fy(u) = fext(t). (3.1.20)

Damping is introduced via Rayleigh damping,
D=aM+8K, (3.1.21)

where a and 8 are the Rayleigh damping coefficients. Although this formulation is widely
used due to its simplicity and because it preserves modal orthogonality in the linear case, it
lacks a direct physical basis and can produce non-physical damping forces when applied to
nonlinear systems. In particular, relying on the initial stiffness K may lead to overdamping
in post-yield or softening regimes, thereby distorting the system’s energy dissipation and
dynamic response [68, 69]. To alleviate these drawbacks, alternatives such as the Maxwell
damping model have been proposed, in which the stiffness-proportional dashpot is replaced
by one or more Maxwell elements, extending the frequency range of nearly constant damping
and reducing spurious effects [70].
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The final form of the equation of motion, including the damping term, is given by:
Mii+ Du+ Ku + fy(u) = fext(w, t). (3.1.22)

These equations will be studied in the context of vibrations, which typically lead to periodic
solutions. In applications where part of the structure rotates, the formulation must be ex-
tended to a rotating reference frame to incorporate rotation-induced effects.

3.1.4 Rotating Frame

When the structure experiences steady rotation, additional terms arise in the equation of
motion, most notably the centrifugal effect and the Coriolis contribution. The latter can often
be neglected, particularly when the rotation axis is orthogonal to the dominant vibration
directions, as shown in [67]. A complete derivation of the rotating-frame formulation and
its associated matrices is provided in the PhD thesis of Salles [18]. Under this assumption,
the equation of motion becomes:

Mp + Dp + (K + Ko)p + fu(p) = fext(t) + fa(@) . (3.1.23)

Where p is refere to the equations of motion write for the unknown displacement p(t, @) Two
additional terms are introduced by the presence of rotation:

e Centrifugal softening stiffness matrix:

Ko= | pv'Q%*vdB. (3.1.24)
Bo

e Centrifugal load:

fa= [ pv'Qrd8B,. (3.1.25)
By

In these expressions, £ denotes the skew-symmetric second-order rotation tensor, and r rep-
resents the position vector of an arbitrary point of the structure expressed in the rotating
frame.

The rotation speed is assumed to be constant. Under this assumption, the centrifugal load-
ing produces a static deformation of the structure, leading to a new equilibrium configura-
tion. The dynamic behaviour is therefore characterised by vibrations about this centrifugally
prestressed state. The total displacement field is decomposed as

p(t, @) = up(@) + ult), (3.1.26)

where uo(®) denotes the static equilibrium displacement induced by steady rotation, and
u(t) represents the time-dependent vibration about this equilibrium configuration. The de-
formed configuration associated with a constant rotation speed is obtained by solving the
nonlinear static equilibrium problem

(K + Kq)ug + fu(ug) = fo(®) + fext- (3.1.27)
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By introducing the decomposition Equation 3.1.26 into the full equations of motion Equa-
tion 3.1.23, and by making use of the static equilibrium condition Equation 3.1.27, the gov-
erning equations for the nonlinear vibrations about the centrifugally deformed configuration
are obtained as
Mii+ Di+ Kou + (£ (o + w) — £ (ug)) = fext(t). (3.1.28)

This formulation provides an exact description of the nonlinear dynamic response of the
structure in the vicinity of the centrifugally prestressed equilibrium configuration.

The implementation is verified in Section 5.4, where the test case is validated against an an-
alytical representation of the static behaviour and further compared with a nonlinear Camp-
bell diagram and NNMs constructed using the same properties as those reported in [67].

3.1.4.1 Campbell diagram

Campbell diagrams are widely used in rotordynamics and turbomachinery [7, 18, 67] to anal-
yse the evolution of natural frequencies with rotation speed and to identify potential reso-
nances with rotation-induced excitation frequencies

For each rotation speed, the nonlinear static equilibrium problem Equation 3.1.27 is first
solved to determine the prestressed configuration uo(®). Small-amplitude vibrations are
then considered as perturbations about this equilibrium state. The nonlinear internal force
vector is linearised with respect to the displacement around wu, leading to the first-order
expansion

Pt (ug +u) = 1 (ug) + Ki(up)u, (3.1.29)

where the tangent stiffness matrix evaluated at the static equilibrium configuration is defined
as

int
Ki(ug) = 8:; . (3.1.30)

p=uo

Introducing the linearised internal force into the governing equation Equation 3.1.28 yields
the linearised equation describing small vibrations about the centrifugally prestressed state,

Mii+ Du + (Kq + Ki(uwg))u = fex(t). (3.1.31)

In the absence of external excitation, the natural frequencies of the prestressed structure
are obtained by solving the associated eigenvalue problem

(Kq + Ki(ug) — w*M)¢ = 0. (3.1.32)

Repeating this procedure for increasing rotation speeds allows the evolution of the nat-
ural frequencies with respect to € to be tracked, yielding the Campbell diagram. From this
representation, critical speeds, frequency veering phenomena, and mode interactions can be
identified [19]. Since the eigenvalue problems associated with different rotation speeds are
mutually independent, the solution at a given rotational speed does not influence the frequen-
cies obtained at other speeds. As a result, these computations can be efficiently parallelised
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using independent threads. In this context, the allsolve function provided by Quanscient
can be employed directly to compute the full set of solutions in parallel.

3.2 Harmonic Balance Method

Vibrations can be classified into two types [13]:

e Free vibration — Normal modes: This type of motion occurs in the absence of exter-
nal forces. When damping is neglected, the response remains purely periodic, with
amplitudes governed solely by the system’s physical properties. In the present work,
damping is neglected, and the motion therefore remains strictly periodic.

e Forced vibration — Frequency response: This type of motion arises when the system
is subjected to an external periodic excitation. In steady-state conditions, the response
becomes periodic, while any transient components vanish.

The problems considered in this work are governed by the equation of motion previously
established in Equation 3.1.22. The same equation may also be formulated in a rotating ref-
erence frame; however, this extension is not developed here®. A natural way to describe pe-
riodic responses consists in expressing the solution using sine and cosine functions, leading
to the concept of harmonic motion. This forms the basis of the HBM, which assumes the sys-
tem response to be periodic and representable by a finite number of harmonics. The external
excitation force foxt(t) is assumed to be sinusoidal.

In nonlinear systems [11], an excitation at angular frequency w may generate response
components not only at this frequency, but also at its integer multiples or fractions, due to the
presence of nonlinear internal forces. Consequently, the response must be expanded over sev-
eral harmonics. The following derivation follows the organisation and formalism proposed
by Detroux et al. [11], within the standard HBM framework.

The displacement vector u(t) is approximated by a truncated Fourier series,

u(t) = — + Z (uk Ccos ( a)t) + 4y, sin (?)) , (3.2.1)

where g denotes the constant (zero-frequency) component of the response, while 4@, and
@, are the cosine and sine coefficient vectors associated with the k-th harmonic, respectively.
These coefficients are time-independent and constitute the unknowns of the harmonic balance
problem. The parameter 11y defines the number of retained harmonics, while v accounts for
the possible presence of sub-harmonic [24] responses with respect to the excitation frequency
w.

This formulation corresponds to a finite Fourier series approximation of the periodic solu-
tion. Since the number of harmonics is finite, the representation is approximate, and increas-
ing ny generally improves the accuracy of the solution [13]. The nonlinear internal force
fui(u), the external excitation force fext(w, t) are combined into a single force vector,

,f(u/ w, t) = fext(w/ t) - fnl(u)/ (322)

’Ina rotating-frame formulation, the centrifugal stiffness contribution may be grouped with the structural
stiffness matrix, (K + K(), while the centrifugal load is treated as an external force term fq.
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which is approximated using the same harmonic basis as the displacement field,

ft) = % + kZ:; (f,f Ccos (@) + f,i sin (@)) : (3.2.3)

The Fourier coefficients flg and fli depend implicitly on the displacement coefficients @ and
@, , which therefore constitute the unknowns of the problem. These coefficients are gathered
into vectors of size (2ny + 1)n X 1, where n denotes the number of degrees of freedom of the
system,

T
a=|@) (@) (@) @) (@) (324)
F T z\T  (ge\T 2 Tz \T|T
F=lE" B @ @) EDT] (3:25)
The displacement and force expressions are then reformulated in a more compact form [11]:

u(t) = Q) eL)a, f(t)=Qt)L)f, (3.2.6)

where ® denotes the Kronecker tensor product, I, is the identity matrix of size 1, and Q(t)
is a vector containing the sine and cosine series:

Q(t) = [% sin (%t) cos (%t) ... sin (nHth) cos (nHth)] . (3.2.7)

Velocities and accelerations can also be expressed using the Fourier series [71], leading to

a(t) = (Q(t) ® L)@ = (V) ® L)@, (328)
i(t) = (Q) ®L)a = (Q()V?) ® L) @. (3.2.9)
where the differentiation operator in the frequency domain is given by :
[0 ] [0
V= Vi ) VW =V? = V2 (3.2.10)
vnH_ ! 6%}1_
Each block Vy and its square V~7i are given by
~ 0 —kao . - (k_w)2 0
Vi = [k v l , V2 = v 5. (3.2.11)
K S BCRCY

Substituting Equations 3.2.6, 3.2.8, and 3.2.9 into the equations of motion Equation 3.1.22
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yields
(QHVHeM)a+ (Qt)V)®D) 4+ (Q(t) ®K)) @ = (Q(t) ® 1,) f- (3.2.12)

To eliminate the time dependency and obtain an expression relating the different Fourier
coefficients, a Galerkin procedure is applied by projecting the equation onto the orthogonal
trigonometric basis Q(t). This requires the projection of the equation onto the same harmonic
functions used to approximate the solution:

T T
((%/O QT(t)Q(t)dtW)@M)m((%/o QT(t)Q(t)dtv)@)D)u

2 Tor . (2 T -
+((T/o Q (t)Q(t)dt)®K)u— ((T/o Q (t)Q(t)dt)@I[n)f, (3.2.13)

where T is the period of the external force. Considering that

2 T
2 [ Qe =1, (3214)
0
the equations of motion expressed in the frequency domain are obtained as
(V2eM) @+ (VD) i+ (o1 ®K) i = (Iony+1 ®1Ln) £, (3.2.15)
or, in a more compact form,
G, w) = ZL(w)a — f(@) = 0. (3.2.16)
Where Z is the (2ny + 1)n X (2nyg + 1)n matrix describing the linear dynamics:
Z=V2@M+V®D +Iy,,+1 ®K,
(K
K-(2’M  -2D
2
vD K-(§)M

<2

(3.2.17)

K- (n52)°M  —ny2D
npeD K- (ng2)*M]

The nonlinear force vector f (@) can be separated into two contributions like the Equation 3.2.2:
the external excitation fey; and the nonlinear restoring force fn (@, @). The full residual equa-
tion becomes

G, 0) = L(w)i + fal@t, @) = foxe = 0. (3.2.18)

In cases where an explicit expression relates the nonlinear force to the Fourier coefficients
of the displacement, a direct formulation can be employed like the one with the geometri-
cal nonlinearity. However, for certain types of non-linearities, such a relationship cannot be
established. In these cases, the AFT method is required, as introduced in Section 3.2.1.
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3.2.1 Alternating Frequency-Time Method

For the solution of nonlinear systems, the evaluation of the nonlinear force and its associ-
ated Jacobian is generally required, for instance when Newton-type solvers are employed, as
introduced in the next section. When closed-form expressions for these quantities are not
available AFT [72] method offers an efficient alternative. The principle of AFT is based on
a double transformation between frequency and time domains. The harmonic displacement
vector u is first mapped into the time domain using an Inverse Fast Fourier Transform (IFFT),
allowing the nonlinear force to be evaluated pointwise in time. This time-domain response is
then transformed back to the frequency domain via a Fast Fourier Transform (FFT) to obtain

IFFT FFT

@ — u(t) — fulu) — Fu(a). (3.2.19)

The Jacobian V3G can be estimated by finite differences, though this approach is computa-
tionally intensive. A key numerical parameter introduced in this context is the number of
time samples N, which defines the resolution of the discretised period T through A; = %
To avoid aliasing effects, the Shannon sampling theorem requires N > 2ngy + 1, where ny
denotes the number of harmonics.

In Quanscient ALLsoLvg, the Fourier-based Jacobian is evaluated analytically whenever
possible. When the AFT method is enabled, as in the present work, the number of time sam-
ples is systematically set to N = 2(2ny + 1) to ensure sufficient resolution and to avoid
aliasing effects. A comparison between the analytical and AFT formulations is presented in
Section 5.5.2.1.

3.3 Nonlinear Solver

The nonlinear residual equation introduced in Equation 3.2.16 cannot be solved analytically
and must therefore be addressed using an iterative numerical procedure. Among the most
established techniques, the Newton—Raphson method [73] remains the standard approach
due to its rapid and quadratic convergence in the vicinity of the solution. When the initial
estimate lies sufficiently close to the true equilibrium point, the method exhibits quadratic
convergence [73]. It has been successfully employed in the context of nonlinear vibration
analyses, as demonstrated in several studies [11, 13].

In practice, Newton’s method may be applied either to the unknown vector u alone or
to an augmented formulation that includes one or more continuation parameters, denoted
collectively by y. The inclusion of these parameters generally renders the system underde-
termined, which necessitates the introduction of an additional constraint equation to ensure
solvability. The resulting extended system is subsequently resolved through a bordering al-
gorithm, as detailed in Section 3.3.1.

The iterative process begins with an initial estimate y¥. At each iteration, a correction
increment Ay is obtained by solving the linearised system:

VG(y") Ay = -G(y"), (3.3.1)

3 A discrete Fourier transform (DFT) and its inverse (IDFT) may also be used to perform this operation.
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where VG denotes the Jacobian matrix of the residual vector G. The solution is then updated
according to:

Y = yF + Ayk (3.3.2)

The initial estimate y° is typically provided by the predictor stage of the continuation al-
gorithm, which ensures proximity to the expected branch of solutions, as discussed in Sec-
tion 3.4. When no predictor is available, the process can start from a null vector, although
convergence in that case is not guaranteed.

The convergence of Newton'’s iterations is governed by a set of stopping criteria. Com-

k
monly, these include the absolute residual norm ||G(y*)||, the relative residual HggO;H’ or the

stagnation of successive corrections quantified by ||Ay*||. Each of these quantities must fall
below a prescribed tolerance €, while the total number of iterations is limited by a maximum
value to prevent divergence. When properly tuned, these conditions ensure convergence to-
wards the physically consistent solution branch.

The choice of tolerance € is critical to achieving reliable convergence. An excessively large
value may cause premature termination on an incorrect branch or in non-physical regions of
the solution space, while an overly restrictive tolerance can prevent convergence altogether
due to round-off accumulation, particularly in near-resonant configurations where the system
is ill-conditioned. To address this limitation, QuanscieNT ALLsOLVE provides a quadruple preci-
sion option based on the IEEE 754 f1oat128 standard, which significantly reduces floating-
point sensitivity. The benefit of this enhanced precision is illustrated in Section 5.5.2.2, where
results obtained in double and quadruple precision are compared. The variation of the tol-
erance parameter € along a continuation path is shown in Figure 3.3.1, providing a direct
visualisation of the convergence behaviour.

~
uA

Solution point
G (i, w)=0 P

61, w)ll <€

»
»

w
Figure 3.3.1: Evolution of the convergence tolerance € along a continuation branch, adapted from [74].

An implementation of Newton’s method with Quanscient for fixed-frequency continua-
tion is provided in Algorithm 1.
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Algorithm 1 Newton’s method at fixed w.

Input: w, tol, maXjer
SETFUNDAMENTALFREQUENCY (@)
@k = 0, iter = 0, relative_error = 1
while iter < maxjir do
VaGF, b* = GenerateJac&s(elasticity)
GF = b* - Vi Gral
if |G¥|| < tol then
break
end if
@ 1 = Sowve(Va GF, bF)
SeTDaTA (7<)
,&k — ,&k+1
iter «— iter + 1
end while
Return: @%, V5 Gk

3.3.1 Bordering Algorithm

To solve large-scale systems containing a main matrix, here the Jacobian, bordering algo-
rithms are employed [75]. In this thesis, they are used multiple times, particularly when
the Newton—-Raphson method is applied to multiple continuation parameters like the Equa-
tion 3.5.17, but also in other situations. Such systems can be expressed as

o ¢ - [e] 559

where J € R, A e R B € R™™, and C € R™™. Typically, n > m.

The bordering algorithm applies a Gauss-Legendre elimination around the rows and
columns corresponding to the additional unknowns and constraints [13]. The procedure
involves the following steps:

JX, =F,
JX; = A,
(C-B'X,)Y =G -B'X;, (3.3.4)
X=X, -X,Y.

The principal advantage of this approach is that it allows solving linear systems involving
only J, the Jacobian matrix associated with the regular solution point, which is assumed to be
nonsingular [76]. As a result, the computationally expensive factorisation of J must be per-
formed only once, which significantly improves efficiency compared to directly factorising
the larger extended system. In practice, this reduction in computational cost proved sub-
stantial: when the simulation was performed without reusing the factorisation, the overall
runtime increased by approximately 30 %.
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3.4 Continuation

Continuation constitutes the central methodology of this thesis. It refers to the process of
tracing the solutions of a nonlinear system as one of its parameters is varied, thereby gen-
erating a solution branch. In this work, attention is restricted to a single branch, and the
governing equations are analysed in terms of the residual defined in Equation 3.2.16. Several
continuation strategies are examined. First, the notion of a regular solution is introduced in
Section 3.4.1. Then, the predictor—corrector approach is outlined (Section 3.4.2), beginning
with the simplest case of natural parameter continuation presented in Section 3.4.3, followed
by more advanced predictor—corrector schemes in Section 3.4.4. Step-size adaptation tech-
niques are subsequently discussed in Section 3.4.5, before these components are combined
into a global continuation loop in Section 3.4.6.

3.4.1 Regular Solution
A solution @;, w; of G(@, w) = 0 is considered regular [77] if
Rank(VaG | Vo G) = 1, (34.1)

where the Jacobian V4G | V,, G has dimensions 1 X (11 + 1). Satisfying this condition ensures
that the solution is locally unique and that a unique one-dimensional continuum of solutions
(@(s), w(s)), known as a solution family or solution branch, passes through (@;, ;).

Once the existence of a unique local solution is ensured through the regularity condition,
various algorithms can be applied to track this solution as parameters vary. Among these,
predictor—corrector schemes form the backbone of most continuation methods.

3.4.2 Predictor—Corrector Schemes

Predictor—corrector schemes trace a curve of solutions by alternating between two steps. The
predictor estimates the next point on the branch from previously computed points, while the
corrector refines this estimate by solving the nonlinear system. The predictor step involves
both the choice of algorithm and the step length used to advance along the branch, both
of which influence the efficiency and robustness of the continuation process. The strategies
adopted in this work for controlling the step length are presented in Section 3.4.5. The choice
of predictor and corrector algorithms can be adapted depending on the characteristics of the
branch being followed.

3.4.3 Natural Parameter Continuation

The natural continuation method, illustrated in Figure 3.4.1, employs a trivial predictor where
the predicted location is given by the previous solution, @; = ’&f 41~ The corrector stage applies
Newton’s method while keeping the frequency fixed, as implemented in Algorithm 1. This
process can be summarised as

l Gy) =0, (3.4.2)

wit1 — (w; +5)
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where s is the continuation step size.

w
Figure 3.4.1: Natural parameter continuation, inspired by [78].

3.4.4 Advanced Predictors and Correctors

While natural parameter continuation offers a simple framework for branch following, it re-
mains limited in its ability to handle folds or strong curvature in the solution path. To improve
robustness and extend the range of convergence, more advanced predictors and correctors
have been developed. In this work, the tangent and secant predictors are combined with
pseudo-arclength and arclength correctors, providing the ability to track solution branches
through turning points while maintaining robustness and accuracy. The following subsec-
tions detail these approaches and outline the specific variants implemented in the present
framework.

3.4.4.1 Tangent Predictor

Among the available options, the tangent predictor is one of the most common approaches
for robust continuation. It determines the prediction direction by computing the tangent to
the solution branch in the combined (@, @) space.

Differentiating Equation 3.2.16 gives

where tangent vector is denoted by 7 = ;Cﬁ . For the initialisation of the tangent direction,
@

it is assumed that the starting point is far from a bifurcation. As a result, a unit direction
is imposed on the frequency component, i.e. 7,,0 = 1 for forward continuation and 7,0 =
—1 for backward continuation. Under this assumption, the tangent vector is computed by
solving;:

ViG Ti0=—TwoVuG. (3.4.4)

In subsequent steps, the orientation of the solution branch is preserved by enforcing the con-
dition TZ.T_ITi = 1, which leads to the bordered system formulation which can be solve like
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seen in Section 3.3.1.

VaG V.G G
l %L ) l lTu,zl _ lO] . (3.4.5)
Tii-1 Twi-1] |Tw,i 1

The V,, G is approximated using finite differences. The full-rank condition from Section 3.4.1
guarantees the existence of a unique straight-line tangent to the solution branch. However,
the length and orientation of the vector T remain undetermined. A normalisation condition
must be applied to ensure uniqueness. This leads to the expression for the tangent predictor:

(Ta, Tw)

(’&il' a)fﬂ) = (@, wi) + Siw~

(3.4.6)
Thanks to the tangent formulation, the continuation can progress across the entire solution
space at each step, rather than being restricted to variations in @ as in natural parameter
continuation. A detailed comparison between these continuation strategies is provided by
Pan et al. [44]. The tangent predictor is illustrated in Figure 3.4.2.

(TwTw)
(TwTw)ll

w
Figure 3.4.2: Prediction along the tangent. The dotted line corresponds to a hypothetical correction
path, as if no correction were chosen.

3.4.4.2 Secant Predictor

While the tangent predictor exploits the local derivative of the solution branch, an alternative
approach consists of using interpolation from previously computed points. This leads to the
family of secant predictors, which approximate the branch by fitting a polynomial in (@, )
through a set of known solutions [79]. A polynomial of degree p in w, interpolating p + 1
known points, can be constructed to serve as a predictor. When p = 0, the extrapolation is
trivial and simply reproduces the last computed point, i.e. ﬂf +1 = @i, whichis not of practical
interest. Therefore, the tangent predictor is employed initially until p + 1 solution points have
been computed, allowing the construction of a higher-order secant predictor.The first-order

case (p = 1), also known as the classical secant predictor, is illustrated in Figure 3.4.3 and
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defined by:

(@i — @j-1, Wi — Wi-1)

(,&P , a)p ) = (,&’ Cl)) + §;— — . (347)
i+17 Vst VU (@ - dtier, @i — @iz1)||

(g1, Wig1)

(-1, Wi-1)

________________________ & D )
. (U1 Wit1)

Figure 3.4.3: Secant predictor, inspired of [79], The dotted line corresponds to a hypothetical correction
path.

Higher-order formulations (p > 2), some of which incorporate information from previ-
ous tangent vectors, are presented in [80]. These offer increased accuracy while remaining
computationally tractable. In this thesis, the extrapolation strategy adopted throughout the
continuation process corresponds to a second-order secant predictor (p = 2), which balances
robustness and numerical efficiency. The predicted point must then be corrected to satisfy
the governing equations. This is achieved by employing suitable correctors, which are intro-
duced in the following section.

3.4.4.3 Pseudo-Arclength Method

The pseudo-arclength method was introduced by Keller [42]. The goal is to enforce orthogo-
nality between the search space of the Newton iteration (i1*, w") and the predictor vector, an
additional constraint equation is introduced:

g(@*, 0" =1l (@ - @) + t(@ ~a)) =0, g:R™ SR (348)

i

Its gradient is given by

Vg = l:ﬂ , (3.4.9)

by applying the Newton method for ¢ and G, the following system is obtained:

VaG(ak, wb) VwG('&k,wk)] lAﬂkl __ |G(ﬂk'wk)] (3.4.10)

Vag! Vg Aw* g(@*, ")
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This method is illustrated in Figure 3.4.4 and is also summarised in Algorithm 2, which re-
flects its implementation within the Quanscient framework.

(Wiy1, Wi41)

p
P41 Wit1)

w
Figure 3.4.4: Illustration of the pseudo-arclength continuation method. The solution branch is shown
as a solid line (-), with the predictor step indicated by an arrow (—). The corrector iterates '&f appear
as dotted circles (co), while the constraint of the corrector is represented by a dashed line (-.).

Algorithm 2 Pseudo-arclength method — Newton corrector with bordering

Input: @”, ¥, T4, T
ak — af, oF — P
iter < 0
while iter < maxjir do
VaGF, b «— GenerateJacANDRHS(@F, @)
GF — bF -V ;GFat
if |G¥|| < tol then
break
end if
V., G* « FinrreDirrerence(G, @, w*, h = 0.005)
gF — rl(@* — @) + 1 (0f - wP)
Vag <« Ta, Vo < To
(A’&k, Aa)k) — BORDERINGALGORITHM(V@Gk, Vo Gk, Vag, Vs, G*, gk)
a1 — @k + Adk,  oFt — of + Ak
,ak — ,a’k+1/ wk - wk+1
SerData (X, 0*) > Update fields
iter «— iter + 1
end while

Return: @t~

, a)k,iter




3.4. Continuation 33

3.4.4.4 Arclength Method

An alternative to the pseudo-arclength formulation is the arclength method [43], which re-
places the orthogonality constraint with a spherical constraint on the step size in the aug-
mented space (@, @). This constraint is expressed as

g(@, ) = [l - @l +(* - wi)? - 5% (3411)

The solution procedure remains identical to that of the pseudo-arclength method (Equa-
tion 3.4.10), with only ¢ and Vg modified accordingly. This constraint is illustrated in Fig-
ure 3.4.5.

(W41, Wi41) _
o

N
© (U4, Wiyq)

—

w
Figure 3.4.5: Illustration of the arclength continuation method. The solution branch is shown as a solid
line (—), while the direction of the predictor step is indicated by an arrow (—). The corrector iterates
ﬂf are represented by dotted circles (o0), and the constraint imposed by the corrector is depicted by a
dashed line (- -).

With the direction of progression established by the chosen predictor and corrector, the
final element of the continuation procedure is the control of the step length s, detailed in the
following section.

3.4.5 Step Size Control

Adaptive step-size control is a key component of continuation methods, as it ensures both
numerical robustness and computational efficiency. Using a constant step size may lead to
failure in tracking turning points or bifurcations in regions of high curvature, while resulting
in unnecessary conservatism in nearly linear segments [79]. To overcome these limitations, a
variety of adaptive strategies have been proposed [81-83], all relying on a systematic adjust-
ment of the step length based on information collected during the continuation process. This
phenomenon can be observed in Figure 3.4.6, where the effectiveness of adaptive step-size
control is illustrated.
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Too large step length,
skipped curved part of
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(a) Constant step size. (b) Adaptive step size.
Figure 3.4.6: Comparison between constant and adaptive step-size continuation. The black curve
represents the full solution branch, whereas the and ruby curves correspond to the solution
paths traced during the iterative process inspired by [84].

Two strategies are examined in this work: the iteration-based approach, presented in Sec-
tion 3.4.5.1, and the angle-based refinement, described in Section 3.4.5.2.

In general, the continuation step size s is updated at each step according to a scaling factor
&i, while remaining bounded within prescribed limits:

Si+1 = min (Syax, Max (Smin, &i - Si)), (3.4.12)

where s and Spax denote the minimum and maximum admissible step sizes. If the up-
dated value &; - s; falls below Sy, the continuation process is considered to have failed, as
the solution path becomes too difficult to follow. Conversely, if the adaptation suggests a step
size larger than Sy ax, the value is simply capped at this upper limit, preventing uncontrolled
growth until a reduction is required. In this way, the step size evolves dynamically while
remaining within acceptable bounds.

3.4.5.1 Iteration-Based Strategy

The first strategy implemented in this work is a basic iteration-based scheme, in which the
scaling factor ¢; is selected according to the convergence behaviour of the Newton corrector:

‘. Eup > 1 if Nj < Npax  (convergence achieved),
1

Edown <1 if Nj = Npax (convergence failed).

In this framework, the step size is increased when the solver converges before reaching the
maximum number of iterations Nax, and decreased when convergence fails. This simple
feedback mechanism provides a coarse but effective form of control.

3.4.5.2 Angle-Based Strategy

The second, more refined approach relies on an angle-based continuation criterion, as dis-
cussed by Fayezioghani et al. [84], and is favoured for its clear geometric interpretation and
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low computational overhead. The step size is adjusted according to the angular deviation be-
tween the predicted and corrected solution directions. This principle is closely related to the
tangent-based continuation strategies commonly employed in nonlinear dynamic analyses,
where the local tangent to the solution branch is already used to guide the predictor step, as
illustrated in the aeroengine continuation framework of Salles et al. [85]. In this context, the
angular measure provides a natural indicator of local curvature and convergence behaviour
without requiring additional system evaluations.

This deviation is quantified using the angle y; between the connection vector (¢; = @; —
@i—1, w; — wi—1) and the tangent vector 7;) at the current solution point. This concept is
illustrated in Figure 3.4.7.

~

u“

>
»

w
Figure 3.4.7: Adaptive step size strategy based on the angle y; between the connection vector ¢; and

the tangent vector ;.

The cosine of the angle y; is computed as:

COS Y = ————. (3.4.13)
Y el
Based on this measure, the scaling factor &;(y;) is defined as:
P
cosy;i +1
()= 22472 ) 3.4.14
51(%) (cos Yopt + 1) ( )

where Yot is a prescribed optimal angle and ¢ determines the sensitivity of the adjustment.
This factor directly modifies the update of s;.1, making the continuation step adaptive. In
particular, the step size decreases when |y;| > [yopt| and increases when |y;| < [Voptl-

For small values of Ypt, the variation of &i between reduction and amplification can be-
come excessively large. To overcome this limitation, two distinct exponents are introduced:
Vin, applied when [yi| < [Voptl, and 1out, applied when [y;i| > [yopt|. The influence of these
parameters is illustrated in Figure 3.4.8. This distinction enhances the flexibility of the con-
trol strategy and prevents extreme variations in ;. In addition, a lower admissible bound is
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imposed on ¢; to avoid unrealistically small step sizes. When Newton’s method fails to con-
verge, the step size is directly reduced by a prescribed factor & gown. Altogether, this procedure
yields a robust and efficient continuation strategy, as summarised in Algorithm 3.

2.2 —— y=5.0x110? — y=3.0x10
» — w=7.0x10§ o8 — y=5.0x10!
. 2 w=1.0x%10 s p=1.0x10?
s — y=12x{0° ::06 w=2.0x 102
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% g 1.6{~ Yopt Yopt % g
o (n olw 04
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) 1.4 1)
S~— " S~——
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—Yopt Yopt
1.0 0.0
—0.06 —0.04 —-0.02 0.00 0.02 0.04 0.06 -0.4 -0.2 0.0 0.2 0.4
y [rad] y [rad]
(a) Effect of yi, on &;. (b) Effect of Yoyt on &;.

Figure 3.4.8: Illustration of the adaptive step-size control for different values of Y;, and Yoy, with
Yopt = 0.05 rad.

Algorithm 3 Adaptive Time-Step Angle-Based Strategy.

1: Input: Yin, Yout, Emin, Edown, Yopt, iter_newton, MAX_ITER
2: Input: Previous solution: u;, %1, ;, Wi-1,Ti,Si

3: Input: iter_newton

4: if iter_newton == MAX_ITER then

5: Si+1 < édown 5i
6: else
7: ci — (@i — @1, wi — wi-1)

lleill Il
9: if b/ll < |7/opt| then

10: U — Yin

8 i< arccos| —m——r

11: else

12: Y — Yoyt

13: end if v
cos(y;) +1

14: graw — (L)
cos(Vopt) + 1

15: éi — maX(gmin/ éraw)

16: Sit1 < & Si

17: end if

3.4.6 Continuation Loop

Once the predictor, corrector, and step size control strategies have been defined, they are
integrated into the continuation loop, which governs the overall progression along the solu-
tion branch. The algorithm operates between a starting frequency w;, a minimum frequency
Wmin, and a maximum frequency wmax. Algorithm 4 illustrates the main loop implemented
in Python using custom classes. The logic is structured around three objects: Predictor,
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Corrector, and StepSize, each encapsulating specific behaviours related to the continu-
ation procedure. The user defines the strategy by instantiating the appropriate versions of
these classes before launching the loop. The full implementation of the code can be found at
https://github.com/VictorRenkin/continuation_sparselizard.git.

Algorithm 4 Continuation loop.

1: Input: Mesh, elasticity problem
2: Input: ws, Wmin, Wmax
3: Input: Predictor(length_s, tan_w, order)
4: Input: Corrector(MAX_ITER, TOL)
5: Input: StepSize(Smin, Smax, Sstarty MAX_ITER)
6: W — Ws
7: (@i, VaGi, Gi) < NEwTOoNSOLVE(w;) > See 1.
8: (Tg, Tw) < PREDICTOR.INITIALISE_TAN(T;, Wi, Vi Gi, Gi)
9: PreviousPoiNT.ADD ((1;, wi, VaGi, Gi, Tg, Tw))
10: while @; € (Wmin, Wmax) do
11: (T@, Tw) ¢ PREDICTOR.PREDICTION_DIRECTION(PREVIOUSPOINT)
12: s «— StEPSI1ZE.ADAPTIF_STEP(PREVIOUSPOINT, PREDICTOR)
13: if s < syin then
14: break
15: end if
16: (@, wP) < PrebicTor.PREDICT(PREVIOUSPOINT, S, T4, Te)
17: SerDarta(a?, w?)
18: if WP ¢ (Wmin, Wmax) then
19: break
20: end if
21: (@F, wk, VaG*, G¥, iter) < Corrector.coRRECT_STEP(PREDICTOR, PREVIOUSPOINT)
22: if iter = Max_iter then
23: SerData(t;, w;)
24: if s < syin then
25: break
26: end if
27: else
28: U; — ’L~l,k
29: Wi < a)k
30: VaGi — VaGk
31: G; — Gk
32: PreviousPoinT.ADD( (@i, wi, Vo Gi, Gi, Ta, Tw))
33: end if

34: end while

3.5 Non-linear Normal Mode

With the continuation framework now fully established, attention is turned to a specific ap-
plication: the computation of NNMs for conservative systems. The methodology presented
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in this section follows in its entirety the approach developed by Clément Grenat [1], which
serves as the foundation for the present implementation.

In this framework, both the external forcing vector fex and the damping matrix I are set
to zero, leading to the autonomous system

G(@t, w) = L(w)a + fu(@, w) = 0. (3.5.1)

To obtain non-trivial periodic solutions distinct from the trivial equilibrium two additional
constraints are introduced. First, a phase condition is imposed to ensure the uniqueness of
the periodic orbit, as detailed in Section 3.5.1. Second, a fictive energy input is applied to relax
the system and initiate the motion away from equilibrium, as described in Section 3.5.2. With
these two ingredients, the continuation procedure presented in Section 3.5.3 can be extended
to compute NNMs in a robust and consistent manner.

3.5.1 Phase Condition

NNMs are solutions of an autonomous nonlinear system that is invariant under time transla-
tion. If u(t) is a solution, then u(f + At) is also a solution for any shift At. In the time domain,
this property means that periodic solutions are not unique, as every point on the periodic or-
bit represents the same motion. This behaviour is shown in Figure 3.5.1, where the full closed
trajectory corresponds to one periodic solution. To select a single representative of this orbit,
a phase condition must be introduced.

Tp

3 2 0 1' 2 3
Tp
Figure 3.5.1: Family of periodic motions in the phase space. Dashed lines (—) denote the path-
following curve, and solid lines (—) represent the periodic solutions obtained in the continuation
of periodic motions for a Duffing oscillator [29].

Within the harmonic balance framework, the same temporal invariance manifests differ-
ently, as the time dependence is embedded in the Fourier representation [1]. The transfor-
mation associated with a phase shift At is expressed as

Ts:R" xR — R",
(i, At) — (Rot(At) ® I,)) i, (35.2)



3.5. Non-linear Normal Mode 39

where the rotation operator is defined as

Rot(At) = diag (1, Rot1(At), ..., Roty,(At)), (3.5.3)

cos(jwAt) —sin(jwAt)

ROti(At): sin(jwAt)  cos(jwAt) |

(3.5.4)

The residual defined in Equation 3.5.1 is invariant under the transformation T%. As a
consequence, the Jacobian V3G becomes singular, reflecting the fact that the phase of the
periodic orbit is undetermined. To eliminate this degeneracy and recover a unique periodic
solution, a phase condition p(@) must be added to the system. Two alternatives are consid-
ered in this work: the simple phase condition and the robust phase condition®.

3.5.1.1 Simple Phase Condition

A straightforward option consists in imposing that one selected Fourier coefficient vanishes:
p(a) =i, =0, (3.5.5)

where m denotes the index of the chosen harmonic component. Although easy to implement,
this constraint does not minimise the change in the solution between successive continuation
steps. Asaresult, the selected coefficient may drift along the solution branch, leading to phase
inconsistencies that complicate the interpretation of the results and may degrade numerical
stability, particularly near modal interactions [1].

3.5.1.2 Robust Phase Condition

To overcome these limitations, a more reliable alternative was introduced by Seydel [79]. In
the time domain, the phase of the new solution is constrained relative to the previous one by

T
p(it, u) = / al  adt, (3.5.6)
0

which enforces orthogonality between consecutive velocity fields. Transposed into the fre-
quency domain, this becomes

p(@) =a;_ (Vel,) i, (3.5.7)

ensuring minimal phase deviation between continuation steps. In addition, the gradient Vgp
coincides with the singular eigenvector ¢ associated with temporal invariance in the fre-
quency domain. Thus, the condition effectively removes the component of & along 1, restor-
ing uniqueness of the periodic solution for any values of @ and w [1].

3.5.2 Equation of Motion with Fictive Energy

While the phase condition ensures the uniqueness of the solution, it can still be challenging
to obtain convergence in some computations. To improve robustness, Munoz-Almaraz [86,

4 The names “simple” and “robust” phase conditions are used for clarity, as no universally accepted terminology
exists in the literature.
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87] proposed an augmented formulation in which a non-conservative fictive energy term e,
depending on a relaxation parameter i, is introduced. This term is added to the equations of
motion to facilitate the computation of valid solutions:

M1+ pege() + Ku + fu(u) =0. (3.5.8)

When p # 0, the system becomes non-conservative. For a solution to be periodic, the energy
input and output must balance . The relaxation parameter y must therefore converge to zero
at a periodic solution [86]. In this case, the conservative nature of Equation 3.5.1 remains un-
changed, but the system becomes well-posed. After applying the HBM, the resulting residual
is:

G, w, p) = Lw)it + fru(d, ) + pés(it) = 0. (3.5.9)

The fictive energy €. must be equal to the eigenvector ¢ to preserve the eigenvalues and
eigenvectors of the system [1]°.

éic = (VL) a. (3.5.10)

3.5.3 Continuation Scheme

Now that an equation ensuring the uniqueness of the solution has been established and the
relaxation parameter defined, the continuation strategy presented in Section 3.4 can be ex-
tended to the case of NNMs. The overall approach remains based on the same principles as
for the NLFR formulation, but is adapted to include the additional parameter and the extra
equation introduced by the fictive energy term. Different predictor and corrector strategies
are employed within this adapted framework.

3.5.3.1 Initialisation

The continuation process begins by selecting a specific linear mode of interest. The associated
eigenvector, obtained from linear modal analysis, is evaluated at its resonance frequency. This
eigenvector is then used to define the initial condition for the continuation, which is projected
onto either the cosine or sine component of the first harmonic. Throughout this thesis, the
cosine component is systematically selected. In order to prevent the continuation solver from
converging towards the trivial solution, an amplitude condition is imposed for the first point.
This condition enforces a prescribed continuation step size and ensures that the solution does
not collapse towards zero. It is expressed in terms of the Euclidean norm of the harmonic
displacement vector as

[ak]| - llall + s > 0. (35.11)

5If the objective is only continuation, the exact form of the fictive energy does not matter, as long as it introduces
a non-conservative effect. However, during bifurcation analysis, the Jacobian of the augmented system must
match @1 [1].
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3.5.3.2 Predictor

The predictor step relies on the computation of a tangent direction that accounts for all active
continuation parameters, including the frequency @ and any additional parameters . This
approach is referred to as the generalised tangent predictor and is distinct from the simpler
form introduced in Section 3.4.4.1, which considers only w. The tangent vector is computed
by solving the following linear system:

VaG VoG VG| |Ta, 0
Vﬂp 0 O Ta),i 0 (3.5.12)
Ta,i-1 Tw,i-1 Tui-1] | Tu,i 1
Based on this direction, the predictor is constructed using a step of size s as:
~p p p - (Tﬁ,i/ Tw,ir Ty,i)
(@, |, @, iy ) = (T, wi, i) +5 (3.5.13)

|| 7

Alternatively, a secant predictor may be used. This method does not require explicit com-
putation of a tangent and is defined as:

(@i — j-1, Wi — Wi-1, Wi — Hi-1)

PP .
(@i — o1, wi—wic1, pi— piz1)||

@, o ul, ) = (@, wi, ) +si

(3.5.14)

3.5.3.3 Corrector

The correction step refines the predicted solution by solving an augmented system that in-
corporates the residual G, the phase condition p, and a continuation constraint §. In the
pseudo-arclength formulation, this constraint enforces orthogonality with the previous tan-
gent:

g(a*, ", 1) = (@ — ) + 7 (0 — ) + i - ) =0, (35.15)

Alternatively, a spherical constraint may be adopted:
g(@", @, i) = 1" = @l + (0 = wi)® + (u = pi)?* = 5. (35.16)

Both variants result in the same Newton-type linear system:

VaG V,G V,G][Ad G
Vap 0 0 Aw|=—-1p|. (3.5.17)
Vag Vo8 Vug| Al g

With the continuation strategies for both the NLFRs and NNMs formulations now fully es-
tablished, the next step is to examine the software environment used to compute the systems
under study, including cases with a large number of degrees of freedom.



42 3. Methodology

3.6 QUANSCIENT ALLSOLVE Software

QuaNscIENT ALLSOLVE is a cloud-native multiphysics simulation platform designed to pro-
vide engineers and researchers with fast, scalable, and flexible simulation capabilities directly
through a web browser [88] with serveur work with the Amazon Web Services (AWS). Es-
tablished in 2021 and headquartered in Tampere, Finland, Quanscient has developed this
platform to address the limitations of traditional simulation tools by leveraging advanced
cloud computing and quantum algorithms.

e Cloud Scaling: The platform offers virtually unlimited computational power and RAM
on any device, significantly reducing simulation runtimes from days to mere hours or
minutes. This scalability supports unlimited parallel simulations, enabling extensive
parametric sweeps and optimisation tasks [88].

e Python Scripting Interface: The platform provides automation and flexibility for set-
ting up and running simulations programmatically [88 ], which will be employed through-
out this thesis.

e Numerical Methods: The simulation core relies on the FEM, combined with a DDM to
enable parallel computation in a cloud environment [88].

¢ Quantum Algorithms: A quantum-native approachisbeing developed using the Quan-
tum Lattice Boltzmann Method for fluid dynamics. A one-dimensional test case has
already been successfully run on real quantum hardware, with further developments
planned in higher dimensions [88].

This overview highlights the main features of Quanscient ArLsorve. The analysis is then
divided into two parts. First, the underlying source code is examined in Section 3.6.1, with
particular attention to the external packages on which the platform relies. Second, the practi-
cal usage of the software is illustrated in Section 3.6.2, where the steps required to set up and
solve a problem are presented, from the solver initialisation to the generation of the system
matrices.

3.6.1 Source Code

The core of QUANSCIENT ALLSOLVE is SPARSELIZARD [89], developed by Alexandre Halbach, co-
founder of Quanscient. SparseLiZARD is an open-source C++ FEM library relies on several
external packages, as listed in Table 3.6.1.

External Library Description

OpPeNBLAS [90]  Provides optimised and multithreaded operations for dense matrices and vec-

tors.
PETSc [57] A parallel iterative solver for large sparse systems.
MUMPS [55] A parallel direct solver for large sparse systems.
SLEPc [91] Used in conjunction with PETSc to solve large-scale sparse eigenvalue problems.
Gwmsh [92] Generate meshes used as input for the FEM simulations.

Table 3.6.1: External libraries used by sPARSELIZARD.
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3.6.2 Usage

This section provides a concise overview of how QUaNscIENT ALLSOLVE is employed in practice
to set up and solve a physical problem.

3.6.2.1 Initialisation

The first step is to select the type of solver to be used, either a direct solver or an iterative
solver. In this thesis, the direct solver was consistently employed, relying on NUMPs. The
solver precision must also be specified, choosing between double precision and quadruple
precision.

Subsequently, the number of nodes must be defined, which determines the partitioning
of the discretised domain. Finally, the node type is selected, specifying the memory available
per node. Each core provides 16 GB of memory, with configurations available up to 64 cores.

3.6.2.2 Define the Mesh

Before solving a problem, the computational mesh must first be defined and prepared. While
QuansciENT ALLSOLVE supports internal mesh generation, it is often preferable to import an
external mesh, for example one created using Gmsh.

In such cases, a mesh object is first initialised, and the relevant physical regions are reg-
istered. A dedicated region is then reserved to represent the external boundary referred to
as the skin of the domain. This skin must be selected in advance so that QuaNscIENT can au-
tomatically detect and associate the corresponding boundary elements during mesh import.
The mesh is then partitioned to support parallel computation. Finally, the mesh file is loaded
and all entities including the skin are mapped accordingly, ensuring consistent boundary
identification and preparation for distributed simulation.

| mesh.mesh = gs.mesh()
> mesh.mesh.setphysicalregions (*reg.get_region_data())
» mesh.skin = reg.get_next_free()

; mesh.mesh.selectskin(mesh.skin)
s mesh.mesh.partition()
¢ mesh.mesh.load("gmsh:simulation.msh", mesh.skin, 1, 1)

3.6.2.3 Define the Field

In this context, a field represents the physical unknown to be computed over the domain
in this case, the displacement field. A multi-harmonic formulation is adopted, where each
harmonic corresponds to a pair of Fourier coefficients. For example, the following command:

7 qs.field("hixyz", [1, 2, 31)

defines a field of the form:
u(t) = @o + @ sin(wt) + @ cos(wt).

Once the field has been defined, the interpolation order of the FEM approximation is specified
using the setorder method. For instance, setting a second-order interpolation in the volume
region is done as follows:

s fld.u.setorder (PHYSREG_VOLUME, 2)
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This improves the solution accuracy, particularly in regions with strong gradients or geomet-
ric complexity.

Finally, Dirichlet boundary conditions are imposed on selected physical regions using the
setconstraint method. For example:

fld.u.setconstraint (PHYSREG_CONSTRAINT)

This command enforces prescribed displacements or symmetry on the region defined by
PHYSREG_CONSTRAINT.

3.6.2.4 Define the problem

The fundamental step is to define the problem to be solved. It must be written in weak form.
In this case, the motion problem is considered, and its weak formulation is given in Equa-
tion 3.1.16.

The problem is built by assembling each term over a specific physical region and using
the field previously defined. The formulation object is used to collect these terms:

elasticity = gs.formulation()

> Mddotu = -rho * gs.dtdt(gs.dof(fld.u)) * gs.tf(fld.u)
; elasticity += gs.integral (PHYSREG_VOLUME, Mddotu)

5 Cdotu = -alpha * rho * gs.dt(gs.dof(fld.u)) * gs.tf(fld.u)
» elasticity += gs.integral (PHYSREG_VOLUME, Cdotu)

Ku=qgs.predefinedelasticity(gs.dof(f1d.u), gs.tf(fld.u), fld.u, par.HQ, 0)

) elasticity += qs.integral (PHYSREG_VOLUME, Ku)

Force_apply = gs.arrayl1x3(0,0,-200) * gs.tf(fld.u.harmonic(3))

» elasticity += qgs.integral (PHYSREG_LOAD_POINT, Force_apply)

3.6.2.5 Generating the Solver Quantities

After defining the problem, the fundamental frequency must be set:

3 gs.setfundamentalfrequency (freq)

It is also possible to manually assign a solution estimate to the field, for instance during
continuation:

field_u.setdata(PHYSREG_ U, u_pred)

Once both the frequency and the field are set, the system is assembled with:

elasticity.generate ()

This generates the discretised system in the form:
Hzx =g,

where H is the assembled operator, « the vector of unknowns, and g the forcing vector.
The Jacobian matrix and the updated right-hand side can then be extracted using:

5 Jac = elasticity.A(False, True)

ny
26

b = elasticity.b(False, True, True)
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In this context, the Jacobian is denoted J, and b is defined as:
b=q+(J—-H)x.
The residual of the nonlinear system becomes:
G=q-Hx=b-Jzx. (3.6.1)

This residual G is used within Newton’s method to iteratively correct the solution until
convergence.

Given that large-scale simulations in QuaNscieENT ALLSOLVE can be challenging to debug,
pYHARM is used as a complementary tool for rapid prototyping and straightforward trou-
bleshooting.

3.7 pYHarmMm — Harmonic Balance Method Based Solver

pYHarM is a Python-based solver for nonlinear vibration analysis, built around the HBM [93].
Developed and maintained by Safran Tech, it features a modular and transparent architecture
that facilitates the construction, modification, and validation of mechanical models. Designed
for academic and moderately sized systems, it enables efficient model development and error
identification. In the long term, the solver is expected to be extended to larger industrial ap-
plications through model-reduction strategies, in particular by integrating techniques devel-
oped within the Morphe framework, thereby bridging the gap between exploratory academic
tools and scalable engineering solutions.

The following discussion first outlines the general architecture and functionality of py-
Harwm in Section 3.7.1, before turning to the developments carried out in this work in Sec-
tion 3.7.2, which extend its scope to conservative systems and the computation of NNMs.

3.7.1 Architecture and Functionality

The core idea behind pYHARrM is to treat mechanical systems as assemblies of elementary
components. Each component such as a mass, spring, or nonlinear connector contributes
independently to the residual vector and its Jacobian. These are assembled into a global
algebraic system, formulated in the frequency domain via truncated Fourier series.

Models are defined using Python dictionaries that specify:

e the linear dynamics through mass, damping, and stiffness matrices M, D, and K;
e the nonlinear restoring forces (e.g., cubic stiffness, hardening springs);

e the number of harmonics to be retained in the frequency-domain formulation.

e corrector, predictor, type analysis

From this input, ryHarM automatically constructs the residual vector G(@, w) and its Ja-
cobian. These quantities serve as the foundation for applying continuation methods in the
frequency domain. The solver natively supports the computation of NLFRs curve and in-
cludes various predictor—corrector schemes, such as tangent and secant predictors combined
with arclength or pseudo-arclength correctors.
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3.7.2 Contributions of This Work

The objective of this work was to extend the functionality of pyHarM to enable the analysis of
NNDMs for conservative systems. This required the implementation of several key features:

e A dedicated PhaseCondition class, allowing for the enforcement of phase constraints
in the absence of external forcing;

e A continuation framework tailored to the computation of backbone curves, enabling
systematic tracing of NNMs across amplitude;

e The integration of multiple predictor—corrector strategies adapted to unforced con-
servative dynamics, including tangent and secant predictors, as well as classical and
pseudo-arclength correctors.

These developments were fully integrated into the modular structure of ryHARrM, preserv-
ing compatibility with existing components and workflows.

3.8 Conclusion

The methodology presented in this chapter establishes a comprehensive framework for the
nonlinear vibration analysis of the considered structures. The physical modelling was formu-
lated directly within the FEM framework, with the appropriate boundary conditions applied
and the material behaviour described by a Saint Venant-Kirchhoff constitutive law under
Neumann conditions, while dissipative effects were represented through Rayleigh damping.
The formulation was developed in a rotating reference frame, allowing centrifugal effects to
be consistently taken into account and enabling the investigation of rotation-dependent dy-
namic phenomena, including the construction of Campbell diagrams. The resulting nonlinear
FEM model was subsequently recast within the HBM framework, providing access to steady-
state periodic solutions. This led to a unified residual formulation, applicable both to forced
responses, such as NLFRs, and to conservative dynamics through the computation of NNMs.

After establishing this formulation, attention can be turned to the analysis of the nonlinear
system. The resolution of the nonlinear residual equation is carried out using a Newton—
Raphson iterative scheme, with the resulting linear systems efficiently handled through a
bordering algorithm. The evaluation of the nonlinear force vector and its Jacobian can be
performed either analytically or by means of the AFT method, depending on the complexity
of the nonlinear terms.

Subsequently, various predictor—corrector schemes were examined, including the tangent,
secant, pseudo-arclength, and arclength methods, together with several adaptive step-size
strategies. Algorithm 4 was proposed as the main continuation loop, in which all predictors,
correctors, and step-size controllers were implemented as modular classes. This structure al-
lows the straightforward inclusion of any existing or newly developed strategy that the user
wishes to employ.

The methodology was then extended to the computation of NNMs conservatif. In this
case, a phase condition was introduced to ensure the uniqueness of the solution, while a
relaxation parameter associated with a fictive energy term was added to reduce the stiffness
of the system and improve numerical convergence.

Finally, the computational tools supporting this work were presented. QUANSCIENT ALL-
soLvE was first employed for large-scale simulations, taking advantage of its high-performance
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parallel capabilities. Subsequently, rYHarM was used to implement the NNMs computations
and to facilitate the identification and understanding of the modelling or numerical issues
encountered. This sequential use of the two tools provided both the computational power
required for complex analyses and the flexibility needed for targeted developments and de-

bugging.
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4

ResuLts — PYHARM

The pYHARrM software was used to test the methodology proposed by Clément Grenat [1] on
simple benchmark systems. First, a single DOF oscillator is examined in Section 4.1, followed
by a two DOFs oscillator in Section 4.2. These cases provide a consistent framework to validate

and illustrate the effectiveness of the proposed approach.

4.1 Single Degree of Freedom System
The system analysed for the 1-glsdof case is defined by the following equation:
i+u+u+u?+ud="Foy (4.1.1)

The backbone curve and the NLFRs are shown in Figure 4.1.1. The NNM accurately follows
the response curve. A slight shift can be observed, which is attributed to the presence of

damping for the analyse of NLFRs.

Amplitude [m]

0.05 0.10 0.15 0.20 0.25 0.30 0.35
Frequency [Hz]

Figure 4.1.1: Comparison between the NLFRs and the NNM for the 1-DOF system exhibiting cubic
and quadratic nonlinearities, as defined in Equation 4.1.1.
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4.2 Two Degrees of Freedom System

The system under consideration is identical to the one studied in the work of Kerschen [23].
Its equations of motion are given by:

iy + (0.02i11 — 0.0112) + (2uy — t2) + 05U = Fex (4.2.1)
fxlg + (0.021/'12 — 0.011;11) + (uz — ul) =0 (4.2.2)

Figure 4.2.1a illustrates the frequency response of the coordinate 11, while Figure 4.2.1b
shows the corresponding response for 15. The numerical results closely match those reported

by Kerschen.
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Figure 4.2.1: NLFRs and backbone of the system Equation 4.2.1. Left plots show 17 and right plots us.
Forcing amplitudes are indicated as m0.01, m 0.05, m 0.1, m 0.2, while the backbone (NNMs) is shown
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4.3 Conclusion

The computation of the NNMs was successfully achieved, confirming that the methodology
proposed by Clément Grenat [1] can be effectively applied. The results emphasise the im-
portance of a well-defined system configuration, particularly regarding the initial condition
of the tangent vector 7, to avoid an undesired downward trend leading to the trivial zero
solution. It was also observed that the relaxation parameter should initially be set to tg = 0
to ensure stable convergence. With this validation on a simple case, the approach can now be
considered for application to systems with higher degrees of freedom, for which QuaNscienT
ArLsorve will be employed, as presented in the next chapter.
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5 |
REsuLTS — QUANSCIENT ALLSOLVE

The numerical experiments conducted with pYHarwm in Chapter 4 provided a first validation
of the methodology on small problems. Building on these results, the focus of this chap-
ter is shifted towards large-scale computations carried out with Quanscient ALLsorve, which
represents the central objective of this thesis. The aim is to demonstrate the applicability,
efficiency, and scalability of the proposed framework when applied to realistic FEM models
of increasing complexity. This chapter first presents the hardware configuration used for the
computations in Section 5.1. Two benchmark cases, namely a clamped-clamped beam and a
cantilever beam, are then introduced in Section 5.2. These academic examples are used to il-
lustrate the proposed methodology and to provide a reference for comparison. The influence
of step-size control and predictor-corrector strategies is subsequently analysed in Section 5.3,
with particular attention paid to their effects on robustness and convergence. The rotating
frame formulation is validated in Section 5.4. Scalability aspects are then investigated in Sec-
tion 5.5, with a focus on strong scaling performance for both small and large-scale test cases.
Finally, the methodology is applied to an industrial case study in Section 5.6, demonstrating
its relevance and potential for real-world nonlinear vibration analysis.

5.1 Hardware Overview

The numerical results presented in this work were obtained using high-performance com-
puting resources, as the benefits of distributed-memory parallelism especially when using
MPI-based solvers can only be fully realised when deploying a sufficiently large number of
processors. This exceeds the capabilities of standard desktop environments and typically ne-
cessitates cloud clusters or supercomputing infrastructure. All simulations were performed
on Quanscient’s cloud platform, which internally relies on AWS. In particular, r6i.large
instances were used. Each instance provides:

e 2 virtual CPU (vCPUs), corresponding to one physical core with simultaneous multi-
threading,

e 16 GB of RAM,

e Intel Xeon “Ice Lake” scalable processors (up to 3.5 GHz turbo),

e high-speed virtual interconnect with up to 12.5 Gbps bandwidth.

53
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The number of r6i.large instances can be scaled without restriction, allowing the system
to adapt dynamically to the computational load. While cloud-based solutions may not match
the peak performance of on-premises supercomputers, they offer considerable flexibility and
scalability, making them particularly suitable for the development and testing of distributed
numerical algorithms. The effectiveness of this platform under increasing computational
loads will be assessed through a dedicated scalability study presented in Section 5.5.

5.2 Testing Case

Beams are commonly used as academic benchmarks in vibration analysis because of their
simple geometry and the availability of numerous analytical solutions in the literature, which
makes them particularly suitable for the validation of new numerical methods [13]. In the
present work, two standard configurations are considered: the clamped-clamped beam in-
troduced in Section 5.2.1 and the cantilever beam discussed in Section 5.2.2. For each test
case, the analysis is focused on the dynamics in the vicinity of the first flap-wise bending
mode, which constitutes the targeted resonance of interest. All results are presented at 0 RPM.
Consequently, the eigenfrequencies of the modes located close to this first flexural mode are
examined in order to assess the potential occurrence of modal interactions. In addition, the
backbone curve is analysed to further validate the results and to ensure the consistency of the
identified nonlinear dynamics. Since the structure is externally excited for the computation
of the NLFRs, the associated mode shapes are also analysed in order to identify which modes
are effectively activated. The modes are denoted using the following convention: Flap-wise
Bending Mode (F), Edge-wise Bending Mode (E), and Torsion Mode (T).

The discretisation employed in the present work relies on a finite element formulation
based on hierarchical shape functions, as described in Section 3.1.3. The FEM used in the
numerical model are Hexahedral element (HEX) and Tetrahedral element (TET), whose ap-
proximation spaces are characterised by the polynomial order P.

5.2.1 Clamped-Clamped Beam

The implementation is validated using a clamped-clamped beam, as illustrated in Figure 5.2.1,
where the depicted force ff is only considered in the NLFRs section. The beam dimensions
are 0.03X0.03X1m, and it is discretised using a 2X2X 16 mesh of HEX-P2 elements, resulting
in a total of 825 nodes. The corresponding physical properties are provided in Table 5.2.1 the
apply force is represented in the previous section.
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Figure 5.2.1: Geometry of the clamped-clamped beam. A nodal excitation is applied at the centre of
the beam on the first cosine harmonic coefficient f.
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Parameter Unit Value
Density [kgm™] 7,800
Young’s modulus [Nm~2] 2.1 x 101
Poisson’s ratio [-] 0.3
Damping matrix -] D=3xM

Table 5.2.1: Physical parameters for the clamped—clamped beam test case.

5.2.1.1 Mode Shapes and Eigenfrequencies

The first three modee igenfrequencies are listed in Table 5.2.2, and the corresponding mode
shapes are shown in Figure 5.2.2. A 5:1 ratio exists between 1F and 3F, but the frequency
separation is such that no coupling is expected in the operating range considered in this thesis.

Mode 1F 2F 3F
Frequency [Hz] 160.75 440.53 857.22
Ratio f,/ fir [-] 1.00 2.74 5.33

Table 5.2.2: Flap-wise bending eigenfrequencies of the clamped-clamped beam and their ratios rela-
tive to 1F

1F 2F

A

bo

Figure 5.2.2: Mode shapes of the first three flap-wise bending of the clamped-clamped beam.

5.2.1.2 Nonlinear Frequency Response

The NLFR was computed for a cosine excitation at the first harmonic, ff ,applied at the beam
centre, as shown in Figure 5.2.1. This excitation point coincides with a vibration node of the 2F
mode, resulting in no contribution from this mode. The response is therefore governed solely
by the 1F mode, as the 3F mode is too far in frequency to be activated under the considered
conditions.

The simulation parameters, including numerical settings, harmonic content, and excita-
tion properties, are listed in Table 5.2.3. The computed NLFRs are presented in Figure 5.2.3,
with an additional zoom near the bifurcation point to highlight the predictor behaviour. In
this region, the choice of step-size control proves critical, and a finer adjustment could im-
prove the convergence efficiency. A distinct hardening behaviour is observed, caused by
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mid-plane stretching of the beam induced by the constraints of the boundary conditions. The

total computation time was 41 minutes and 7 s.

Parameter Value
Newton tolerance 1076
Maximum Newton steps 10
Initial continuation step 0.5
Minimum continuation step 1076
Maximum continuation step 1

Step increase factor 1.1

Step decrease factor 0.4
Excitation amplitude 200 N
System harmonics Hyi03
Number of unknowns 12,375
Predictor type Tangent
Corrector type Pseudo-arclength

Table 5.2.3: Simulation parameters for the NLFR computation of the clamped-clamped beam, includ-
ing numerical settings, harmonic content, and excitation properties.
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Figure 5.2.3: NLFRs of the clamped-clamped beam, with a zoom on the resonance region.

5.2.1.3 Nonlinear Frequency Response vs Backbone Curve

The first NNM of the system was computed in the conservative setting, using the numeri-
cal parameters listed in Table 5.2.4. The resulting backbone curve is compared to the peak
amplitudes of the NLFR in Figure 5.2.4. Their close agreement confirms the quality of the

results.
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Parameter Value
Newton tolerance 1074
Maximum Newton steps 20
Initial continuation step 5% 1073
Minimum continuation step 1076
Maximum continuation step 1.1

Step increase factor 1.2

Step decrease factor 0.4
System harmonics Hy193
Number of unknowns 12,375

Table 5.2.4: Numerical parameters used for the NNM computation of the clamped—clamped beam.
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Figure 5.2.4: Comparison between the backbone curve and the NLFRs for the clamped-clamped beam.

5.2.2 Cantilever beam

A second benchmark considers a cantilever beam, which exhibits larger vibration amplitudes
and a smoother variation in its frequency response compared to the clamped-clamped config-
uration. Accurately capturing its nonlinear behaviour requires a higher number of harmonics,
making it an appropriate case to evaluate the influence of harmonic truncation on the solution
accuracy. This configuration also serves as a direct comparison with the results reported by
Blahos [13], obtained using the same beam properties.

The mesh used for the simulation is shown in Figure 5.2.5 and corresponds to dimensions
of 0.005 X 0.1 X1 m. A discretisation of 1 X 8 X 40 HEX-P2 elements was applied, resulting in
a total of 6, 885 nodes. The beam parameters are listed in Table 5.2.5, and the applied force,
used for the NLFR analysis, is detailed later in this section.
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/£

Figure 5.2.5: Diagram of the cantilever beam. A single nodal force on the first harmonic component
fi is applied at the free end of the beam, centred along its width.

Parameter Unit Value
Density [kgm™] 4,400
Young’s modulus [Nm™2] 1.04 x 101
Poisson’s ratio [-] 0.3
Damping matrix (-] D =0.2467x M

Table 5.2.5: Cantilever beam test case parameters.

5.2.2.1 Mode Shapes and Eigenfrequencies

The eigenfrequencies and the corresponding flexural mode shapes are reported in Table 5.2.6
and Figure 5.2.6. The frequency ratio of approximately 6:1 between the 2F and the 1F indicates
the potential occurrence of modal coupling.

Mode 1F 2F 3F
Frequency [Hz] 3.96 24.80 69.55
Ratio f,/ fir [-] 1.00 6.27 17.56

Table 5.2.6: Eigenfrequencies of the cantilever beam and ratios relative to the first flap-wise bending
mode.
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Figure 5.2.6: Bending mode shapes of the cantilever beam.

5.2.2.2 Nonlinear Frequency Response

A comparison with the results of Blahos [13] is presented in Figure 5.2.7, using the simulation
parameters reported in Table 5.2.7. A single nodal excitation force was applied to the cosine
component of the first harmonic ff , positioned at the free end of the beam and centred along
the cross-section width (see Figure 5.2.5). Blaho$ investigated the influence of the number
of harmonics retained in the analysis and the resulting modal couplings for the cantilever
configuration. This aspect was not pursued in the present thesis. Nevertheless, it can be noted
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that the 2F mode is likely to couple with the 1F mode, underlining the importance of including
at least the second harmonic for an accurate representation of this behaviour. Compared
to the clamped—clamped configuration, the nonlinear hardening effect is less pronounced,
as the weaker axial stretching induced by the cantilever boundary conditions reduces the
geometric stiffening contribution. This attenuation of the stiffening mechanism provides a
direct explanation for the milder nonlinear response obtained in the cantilever case.

The total simulation time was 1 day 22 h 21 min, with the mesh partitioned into four parts.
In both cases, the harmonic balance method was applied with the same number of harmon-
ics, ensuring a consistent basis for comparison. The overall amplitude of the response is in
agreement with the results reported by Blahos, although a slight frequency shift is observed.
This discrepancy can be attributed to implementation details: in Blaho$’s study, the excita-
tion force was distributed over four nodes at the beam tip, whereas in the present work it is
applied to a single node.

Parameter Value
Newton tolerance 5x 1074
Maximum Newton steps 15
Initial continuation step 8 X 1072
Minimum continuation step 1076
Maximum continuation step 1

Step increase factor 1.1

Step decrease factor 0.4
System harmonics Hy12345
Number of unknowns 227,205
Excitation force amplitude 2N
Predictor type Tangent
Corrector type Pseudo-arclength

Table 5.2.7: Simulation parameters used for the NLFR computation of the cantilever beam.
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Figure 5.2.7: NLFRs of the cantilever beam. The results are compared with those reported in the

doctoral thesis of Blahos [13].
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5.2.2.3 Nonlinear Frequency Response vs Backbone Curve

The NNM is represented by the backbone curve shown in Figure 5.2.8, using the continua-
tion parameters listed in Table 5.2.8. The total computation time was 7 hours and 20 min. The
backbone curve and the peak amplitudes of the NLFRs align closely, confirming the consis-
tency between the forced and unforced nonlinear responses.

Parameter Value
Newton tolerance 1074
Maximum Newton steps 20
Initial continuation step 1074
Minimum continuation step 1076
Maximum continuation step 1.1
Step increase factor 1.2
Step decrease factor 0.4
System harmonics Hy10345

Table 5.2.8: Numerical parameters used for the NNM computation of the cantilever.
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Figure 5.2.8: Comparison between the backbone curve and the resonance peak amplitudes of the
NLEFRs for the cantilever.

After assessing both the cantilever and clamped-clamped configurations through NNM
and NLFR analyses, it was observed that the chosen step-size lacked robustness along the
frequency response curves. This issue motivates a dedicated investigation of continuation
strategies, presented in Section 5.3.

5.3 Comparison of Continuation Strategies

This section presents a comparative analysis of the continuation strategies employed in this
work. Two distinct aspects are considered: the influence of the step-size control mechanism,
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discussed in Section 5.3.1, and the choice of predictor-corrector formulation, examined in
Section 5.3.2. Both aspects play an essential role in determining the robustness, efficiency,
and computational cost of the continuation process.

5.3.1 Comparison of Step-Size Methods

The step-size strategy is a key component of continuation, as introduced in Section 3.4.5.
To evaluate its impact, a comparison is carried out between the iteration-based and angle-
based refinement strategies. The test case corresponds to the clamped—clamped beam of Fig-
ure 5.2.1, discretised with a 4 X 4 X 10 HEX-P1 mesh. Retaining the harmonic Hj2 results
in 275 nodes and 25, 515 unknowns, enabling an accurate assessment of the continuation
procedure.

Both strategies employ identical predictor and corrector schemes, so that differences arise
solely from step-size control. The corresponding parameter sets are given in Table 5.3.1. The
iteration-based strategy is intentionally not optimised, to highlight its typical limitations,
whereas the angle-based formulation is sensitive to its tuning parameters, as discussed in
Section 3.4.5.2.

Parameter Iteration-Based Strategy = Angle-Based Strategy
Minimum step (Smin) 1076 1076
Maximum step (Smax) 1 )

Initial step (Sstart) 1 1
Maximum Newton iterations (Npax) 10 8

Step increase factor (Eup) 1.1 -

Step decrease factor (Eqown) 0.1 0.05

Optimal angle (Yopt) - 0.05
Small-angle exponent (i) - 103
Large-angle exponent (¢ ut) - 10?

Table 5.3.1: Parameter sets for the step-size strategies.

The results are shown in Figure 5.3.1, and the numerical compariso n appears in Ta-
ble 5.3.2. The iteration-based method does not consider the curvature of the solution path
and therefore limits the growth of the step size, slowing down convergence. The angle-based
strategy, on the other hand, adapts the step size based on the local geometry of the curve:
it increases the step when the path is nearly linear and reduces it when the curvature rises.
This behaviour allows larger steps in smooth regions while maintaining accuracy near turning
points, resulting in improved overall performance.

Strategy Points Newton Iterations Computation Time
Iteration-based 232 1,200 3 h 11 min
Angle-based 134 755 2h 16 min

Table 5.3.2: Comparison of continuation strategies applied to a clamped—clamped beam.
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Figure 5.3.1: Evolution of the continuation step size for iteration-based and angle-based methods.

5.3.2 Comparison of Predictor—-Corrector Methods

The second part of the analysis concerns the influence of predictor—corrector schemes. Several
combinations introduced in Section 3.4.4 were tested on the same clamped—clamped beam
under NLFR conditions, and the results are summarised in Table 5.3.3.

The secant predictor combined with a pseudo-arclength corrector yields the best compro-
mise between computational cost and robustness. This approach requires the fewest continu-
ation points and Newton iterations, leading to the shortest total runtime. The secant predictor
is efficient when the path is sufficiently smooth, reducing the burden on the corrector phase.

The tangent predictor, although generally more robust near turning points, is less efficient
in this configuration, since V,,G was approximated by finite differences, which may degrade
prediction quality near resonances. The spherical arclength method introduces additional
overhead due to its tighter constraint formulation, reducing efficiency:.

These observations agree with previous studies, such as Kadapa [94] on extrapolated
predictors and Dickson et al. [95] on conditioning issues near turning points.

Predictor Corrector Points Newton Iter. Time
Tangent  Pseudo-Arclength 208 684 1h 15min
Tangent  Arclength 237 780 1h 27min
Secant Pseudo-Arclength 172 567 59 min

Table 5.3.3: Comparison of different predictor-corrector method combinations applied to a clamped-—
clamped beam.
5.4 Validation of the Rotating-Frame Formulation

To verify the correctness of the rotating-frame formulation introduced previously, four com-
plementary validation steps are carried out. First, the axial deformation induced by rotation
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is analysed by comparing the numerical results with the corresponding analytical solution,
as detailed in Section 5.4.1. Second, the accuracy of the computed Campbell diagram is as-
sessed to ensure that the formulation correctly captures the rotation-induced frequency shifts,
including the contribution of geometric nonlinear effects, as discussed in Section 5.4.2.

Next, the ability of the proposed formulation to accurately reproduce nonlinear modal
characteristics is examined through a verification of the computed NNMs, as presented in
Section 5.4.3. Finally, the results obtained from the NNMs analysis are extended to the study
of the forced dynamics by means of a NLFRs analysis, which is described in Section 5.4.4.

5.4.1 Verification Through Axial Deformation

A first validation is carried out by comparing the numerical axial deformation with the ana-
lytical solution available for a rotating cantilever in static conditions. The benchmark configu-
ration follows the setup of Martin et al. [67]. The cantilever has dimensions 1 X 0.1 X 0.005 m
and rotates about the global z-axis with an offset R = 0.1 m. The finite-element model used
in this work employs a 2 X 30 X 8 HEX-P2 mesh. The geometry is shown in Figure 5.4.1, and
the material properties are listed in Table 5.4.1.
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Figure 5.4.1: Rotating cantilever beam used for validating the rotating-frame formulation [67].

Parameter Unit Value
Density [kgm™] 4,400
Young’s modulus [Nm™2] 1.04 x 101!
Poisson’s ratio -] 0.3

Table 5.4.1: Material properties of the rotating cantilever.

The analytical solution for the axial displacement U is derived by considering only the
linear term, as assumed in the analytical formulation [96]. The governing differential equa-
tion is

lU, p , U,
o2 + E(D x =0, Ux(0) =0, o (L) = 0. (5.4.1)
Integration gives
_pot( o, 2
Ux(x) = 5F (xL ik (5.4.2)

The comparison in Figure 5.4.2 demonstrates the excellent agreement between the analytical
and numerical predictions at @ = 500 RPM, confirming the correct implementation of the
centrifugal stiffening effects in the rotating-frame formulation.
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Figure 5.4.2: Comparison between the analytical [96] and numerical axial displacements.

5.4.2 Verification Through Campbell Diagram

A second validation concerns the ability of the rotating-frame formulation to reproduce the
evolution of natural frequencies with rotation speed, classically represented in a Campbell
diagram. The benchmark follows the rotating cantilever considered in [67], and the numeri-
cal frequencies obtained in this work are compared with the reference values reported in the
literature. The corresponding results are summarised in Table 5.4.2.

The Campbell diagram computed numerically is presented in Figure 5.4.3. As expected,
the flap-wise bending frequencies increase with the rotational speed due to centrifugal stiff-
ening, whereas the edge-wise mode exhibits a more moderate evolution because of its higher
bending rigidity. The torsional frequency remains nearly constant over the full rotation range.

The computation times for this example were as follows: the static analysis required 7s,
the eigenfrequency computation required 32s, and the model contained 15 discretisation
points and 15,555 DOFs, yielding a total runtime of 39 s.
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Figure 5.4.3: Campbell diagram of the rotating cantilever. Colour code: [—] 1F, [—] 2F, [—] 3F,
[—]1E [ ]1T.
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Table 5.4.2 shows an excellent agreement between the present results and the reference
data. The relative error is nearly zero for all the considered operating conditions. This con-
tirms the accuracy of the rotating-frame formulation in capturing the centrifugal stiffening
effect and the associated frequency shift.!

RPM [-] 0 500 1,000 2,000 3,000
fir [Hz] [67] 3.961 10.322 19.114 36.950 54.826
fir [Hz] 3.961 10.321 19.114 36.950 54.826
€1 [%] 0.00 0.01 0.00 0.00 0.00

for [Hz] [67] 24.837  33.575 51.371 92.425  135.021
for [Hz] 24.837  33.575 51.371 92.425  135.021
e [%] 0.00 0.00 0.00 0.00 0.00

Table 5.4.2: Comparison between Campbell diagram frequencies reported in [67] and those computed
in this work.

5.4.3 Nonlinear Normal Mode Verification

The cantilever beam is replaced by an alternative configuration with a length L = 1 m, a thick-
ness h = 0.02 m, a width b = 0.03 m, and a root fillet radius R = 0.1 m, while preserving
the material properties previously defined in Table 5.4.1. The structure is discretised using a
30 X 2 X 2 HEX-P2 finite element mesh. The nonlinear backbone curves are computed using
a harmonic balance formulation with 5 harmonics, leading to a total of 50,325 unknowns. A
comparison is performed with the nonlinear normal mode results reported by Martin et al.
[67], as illustrated in Figure 5.4.4. A slight lack of smoothness can be observed in the com-
puted backbone curves, suggesting that the time step employed in the present simulations
may be marginally too large. Nevertheless, a good overall agreement is obtained between
the two sets of results across the full range of rotational speeds. The discrepancy observed
at 0 RPM is consistent with that found at higher rotational speeds, indicating that the differ-
ence does not originate from the formulation itself but rather from differences in the adopted
finite element discretisation, which exhibits a lower effective stiffness. In addition, the back-
bone curves clearly exhibit a transition from a hardening to a softening nonlinear behaviour
as the rotational speed increases. A summary of the backbone computation times for the
different rotational speeds is provided in Table 5.4.3.

! The numerical results are reported with a precision limited to three digits after the decimal point.
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Figure 5.4.4: Backbone curve associated with mode 1F for different rotational speeds. Continuous
lines [—] correspond to results obtained using Quanscient, while dash-dotted lines [ —-] represent the
results reported by Martin et al. [67]: [—] 0 RPM, [—] 500 RPM, [—] 1,000 RPM, [—] 1, 500
RPM, and [—] 2,000 RPM.

RPM Iter New. Nbr Points Time

0 51 13 00:31:04
500 50 13 00:33:17
1,000 37 12 00:26:16
1,500 44 12 00:22:31
2,000 48 13 00:31:15

Table 5.4.3: Summary of backbone computations for different rotational speeds performed using 5 har-
monics and a total of 50,325 unknowns. All computation times are reported in the compact hh:mm:ss
format.

5.4.4 Nonlinear Frequency Response Analysis

Based on the consistency observed in the nonlinear normal modes, the analysis is extended
to NLFR functions. Due to the centrifugal stiffening induced by rotation, the dynamic char-
acteristics of the system evolve with the rotational speed. In order to preserve a comparable
level of vibration amplitude in the nonlinear frequency response analyses, the forcing ampli-
tude is increased as the rotational speed increases. In parallel, the damping properties are
adjusted to ensure a consistent level of energy dissipation. Specifically, the damping ratio is
increased such that it remains equal to 0.05% for all considered rotational speeds. ~The sys-
tem is excited by a harmonic force defined as the cosine of the first harmonic, applied at the
free end of the cantilever at a single point located at the tip, and acting along the x-direction.
TheNLFR simulations are performed using the same number of harmonics as those retained
for the nonlinear normal mode computations, in order to ensure full consistency between the
two analyses.
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The NLFRs and their associated backbone curves obtained for different rotational speeds
are presented in Figure 5.4.5. A consistent qualitative agreement is observed between the
NLFRs and the corresponding NNMs, indicating that the dominant nonlinear dynamics are
consistently captured by the model across both types of analysis. A summary of the NLFR
simulation computation times is provided in Table 5.4.4.
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Figure 5.4.5: NLFRs for the mode 1F and associated backbone curves for different rotational speeds:
[—] O0RPM, [—] 500 RPM, [—] 1,000 RPM, [—] 1,500 RPM, and [—] 2,000 RPM.

RPM Force [N] Iter New. Nbr Points Time

0 2 167 41 1:23:12
500 2.21 222 37 1:15:19
1,000 2.79 345 39 1:15:52
1,500 3.73 323 38 1:09:44
2,000 4.94 304 44 1:04:26

Table 5.4.4: Summary of NLFRs computations for different rotational speeds performed using 5 har-
monics and a total of 50,325 DOFs. All computation times are reported in the compact hh:mm:ss
format.

5.5 Scalability

Scalability is a key performance indicator for any parallel solver, measuring its capacity to
efficiently exploit increased computational resources. In this work, parallelisation is handled
through the MPI, where each MPI process runs independently and communicates with oth-
ers to share the computational load. The number of MPI processes thus reflects the level of
available parallel computing power.

Two main notions of scalability are commonly defined [13]. Strong scalability evaluates
how the total runtime decreases as the number of MPI processes increases for a fixed overall
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problem size. Weak scalability, on the other hand, examines whether the runtime remains
constant when both the number of processes and the problem size increase proportionally,
maintaining a constant workload per MPI process. In the present work, only strong scalability
is investigated, as the weak scalability analysis cannot be carried out directly due to the lack of
control over the number of elements assigned to each mesh partition in QUANSCIENT ALLSOLVE.

In this study, a single computational thread is assigned to each MPI process, such that the
number of MPI processes corresponds directly to the number of mesh partitions. Although
the raw runtime data provided by Quanscient includes various stages such as initialisation,
output writing, or mesh generation, these steps do not scale meaningfully with the number
of processes. As such, they do not provide useful insights into the parallel performance. The
analysis therefore focuses on the most representative tasks: the Jacobian setup and the solve
phases using a direct solver MUMPS.

The Jacobian setup refers to the repeated construction of the system matrix and the right-
hand side vector at each nonlinear iteration. The solve phase corresponds to the execution
of the linear solver, which includes the matrix factorisation of the system. Both phases are
central to the numerical performance of the code.

The following subsections are organised as follows. First, the common numerical settings
and model specifications used in all scalability tests are presented in Section 5.5.1. Then, the
performance is assessed on a reduced configuration in Section 5.5.2, where additional aspects
such as quadruple precision and the comparison between AFT and analytical solutions are
also addressed. Finally, a larger testcase is considered in Section 5.5.3, providing insights into
the solver’s behaviour under increased computational demands.

5.5.1 Reference configuration for scalability tests

All scalability analyses presented in this work are based on the clamped—clamped beam de-
scribed in Figure 5.2.1. While the physical model remains identical across all tests, the mesh
density, harmonic content, and specific computational strategies are varied depending on
the scalability scenario under consideration. The corresponding parameters for each case are
detailed in the relevant sections and summarised in the associated tables.

For all scalability tests, the solver converged in four Newton iterations at an excitation
frequency of 155 Hz, with a residual tolerance of 5 X 1079, These convergence settings are
consistent throughout the study to ensure that performance differences arise solely from the
parallelisation and computational configurations, rather than from changes in numerical tol-
erance or stopping criteria.

5.5.2 Strong Scalability Small Testcase

Two configurations were considered to obtain a similar number of unknowns while address-
ing different aspects of the problem: one examining the impact of the number of nodes, and
the other assessing the impact of the number of harmonics on the system. These configura-
tions are summarised in Table 5.5.1.

For each test case, Figure 5.5.1 reports both the total runtime and its distribution among
the main computational tasks, together with the corresponding parallel efficiency. The results
associated with test 1 are shown on the left, while those corresponding to test 2 are presented
on the right.
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Parameter Test 1 Test 2

Mesh 2 X 2 X 512 HEX-P1 2 X 2 X 188 HEX-P1
Total nodes 4,617 1,701

Harmonics Ho123 Ho123456789
Number of unknowns 538,125 537,225

Table 5.5.1: Simulation configurations for the scalability test using the clamped-clamped beam.

The runtime breakdown highlights the relative contributions of the linear system solution,
the Jacobian and right-hand side assembly, and the remaining algorithmic operations. This
analysis is performed analytically, without relying on the AFT, a comparison with results
obtained using the AFT will be presented in the following sections.

The results show that Test 2 requires nearly three times more computation time than Test 1
for almost all MPI configurations. This is mainly due to the fact that Test 2 involves three times
more harmonics for practically the same number of unknown, which leads to a denser system
matrix with reduced sparsity, thereby increasing the computational burden.

The overall scalability is ultimately limited by the interconnectivity of the system, which
constrains parallel performance as the number of MPI processes increases. This effect be-
comes more pronounced when the harmonic content is high, as the MPI processes require
more frequent and larger data exchanges, leading to a faster degradation of the Jacobian as-
sembly performance.
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Figure 5.5.1: Scalability analysis for Test 1 (left) and Test 2 (right), with the Jacobian evaluated ana-

lytically.

Ju—
N A



70 5. Results — QUANSCIENT ALLSOLVE

5.5.2.1 Alternating Frequency-Time and Analytical Formulations

The same setup described in Table 5.5.2 is used here, but employing the AFT method. The
number of time samples is systematically set to N = 2(2ny + 1), and the scalability of this
approach is compared against the analytical formulation.

As shown in Figure 5.5.2, the analytical formulation performs better for Test 1 (left) when
only a small number of harmonics is considered. In contrast, for Test 2 (right), the opposite
trend is observed as the number of harmonics increases. To gain further insight into this
behaviour, a more detailed analysis of the solver and of the problem generation process is
subsequently carried out.

It can be observed that the solve phase always requires less time when using the AFT
formulation. This is because the coefficient matrix produced by AFT is structurally sparser
than the one obtained with the fully analytical formulation. In the analytical case, all har-
monic couplings are retained without approximation, which results in a denser matrix due
to strong inter-harmonic interactions. In contrast, the AFT approach includes all harmonic
coefficients but applies a threshold, setting to zero those whose magnitude is below a given
limit. This increases sparsity and reduces the computational cost. When this threshold is re-
moved, the AFT matrix becomes as dense as the analytical one, and the solver time becomes
comparable between the two approaches.

When constructing the Jacobian of the residual, a crossover with respect to the harmonic
order ny can be observed. For small values of ny, the AFT procedure is slower due to the
fixed overhead associated with FFT and sampling operations. As np increases, however, the
analytical Jacobian becomes progressively more expensive. This is a direct consequence of the
geometrically exact kinematics, where the Green-Lagrange strain introduces nonlinear terms
up to the cubic order in the displacement field. These contributions generate cross-harmonic
couplings that scale as O(nl?;[), thereby leading to a rapid growth of the computational cost.
In contrast, the AFT approach avoids assembling these dense couplings and retrieves the
Jacobian information through FFT/IFFT operations at approximately O(npy log ny), so that
beyond moderate values of 1y its setup becomes significantly faster.

In parallel, AFT scales better for the Jacobian setup. Most operations are local (FFT and
pointwise evaluations), so only small border-data exchanges (halo exchanges) are needed.
The analytical setup creates many cross-harmonic links, which makes these exchanges larger
and adds more global synchronisations. As the number of MPI processes increases, AFT
therefore benefits more from parallelism and maintains higher strong-scaling efficiency.

Nevertheless, at high MPI counts, both approaches eventually reach a saturation point,
where communication and synchronisation overhead dominate. As a result, their overall
runtimes become nearly identical regardless of the technique use.

This testcase can be directly compared to the one presented by Blaho$ in his doctoral thesis
[13], where Test 1 is almost identical, except that his case involves 323,001 unknowns while
ours contains fewer, with the same number of harmonics. In Blaho§’ results, the computation
time was 35 min for 1 MPI process and 42 s for 64 MPI processes. These computations were
executed on a supercomputing machine such as Salomon, which offers higher performance
than AWS instances. It can therefore be observed that Quanscient ALLsoLve outperforms
the results reported in the thesis, despite involving more unknowns and running on non-
supercomputing hardware. Nevertheless, when considering the parallel efficiency, Blahos’
results remain consistently above 80% up to the highest MPI count tested.
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Figure 5.5.2: Scalability analysis for Test 1 (left) and Test 2 (right). The dashed line (-.) represents the
analytical formulation, while the solid line (-) corresponds to the AFT approach.

5.5.2.2 Scalability of the Solver in Quadruple Precision

The quadruple-precision solver, based on the IEEE 754 float128 standard, was evaluated
for AFT analysis in Test 2 (see Table 5.5.2). The objectives are twofold: first, to quantify
the additional computational cost introduced by quadruple precision compared to double
precision; and second, to assess whether the solver maintains satisfactory scalability as the
number of MPI processes increases. High-precision computations are particularly relevant
when the system operates close to resonance, where the algebraic system becomes severely
ill-conditioned and the solution is highly sensitive to rounding errors, or when solving large-
scale multiphysics problems where accumulated floating-point errors may significantly de-
grade the accuracy.

As shown in Figure 5.5.3, the quadruple-precision analysis is approximately 7.4X slower
than double precision for 1 MPI process. This slowdown decreases progressively with the
number of MPI processes, reaching about 3.06X at 64 MPI. There is no universal slowdown
factor: in this case, the ratio varies between 3X and 8%, but it consistently remains significantly
higher than in double precision.

When examining the runtime distribution, it is observed that the Jacobian setup phase
becomes the dominant contributor in quadruple precision, whereas in double precision the
solve phase was dominant. The focus here is on strong scaling efficiency, also reported in
Figure 5.5.3. The Jacobian setup scales efficiently up to 4 MPI processes, after which its effi-
ciency drops sharply. In contrast, the solve phase maintains the highest efficiency across all
MPI counts, even though it no longer dominates the total runtime.
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The performance gap between quadruple and double precision is primarily explained
by hardware limitations. On modern x86_64 cpu, f1loat128 operations are not supported
natively; instead, they are implemented in software (e.g. via 1ibquadmath). This implemen-
tation relies on decomposing each quadruple-precision operation into a sequence of multi-
ple £loat64 operations, which are natively supported and hardware-accelerated. Such soft-
ware emulation introduces a substantial constant cost per operation and doubles the memory
footprint, thereby increasing memory bandwidth pressure. These architectural constraints
directly explain both the observed slowdown and the shift in runtime profile compared to
double precision. Nevertheless, the detailed efficiency behaviour cannot be fully interpreted,
since the lack of access to the underlying source code prevents a precise understanding of
whether it originates from algorithmic choices, emulation strategies, or low-level implemen-
tation details.
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Figure 5.5.3: Scalability results for Test 2 with the AFT analysis. The figure reports the total code run-
time and the parallel efficiency for double-precision (-.) and quadruple-precision (—) computations.
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5.5.3 Strong Scalability Large Testcase

The following analysis repeats the same strong scalability test as presented for the smaller
case, but now with a finer mesh to create a substantially larger problem size. This approach
allows the investigation of whether the scaling behaviour observed previously remains valid
when the number of degrees of freedom is significantly increased. The simulation parame-
ters for this larger testcase are summarised in Table 5.5.2. This test is based on the analytic
simulation.

Parameter Value

Mesh 4 x 4 x 300 HEXA-P1
Total nodes 7,525

Harmonics Ho123

Number of unknowns 1,022,301

Table 5.5.2: Simulation configurations for the larger scalability test using the clamped—clamped beam.

As illustrated in Figure 5.5.4a, the optimal performance is reached with 32 MPI ranks.
Beyond this point, increasing to 64 ranks results in a longer wall time rather than an im-
provement. A comparison with a smaller case (see Figure 5.5.3) reveals that such behaviour
only appears for the larger system, whereas the scaling remains effective up to 64 ranks for
the smaller one. To better understand this discrepancy, the efficiency is presented in Fig-
ure 5.5.4b. The Jacobian assembly exhibits nearly the same performance, but the solver scales
significantly worse as the number of unknowns grows. This loss of efficiency can therefore be
attributed to the MUMPS solver. Similar results are reported in the literature [97]. These find-
ings indicate that the solver constitutes the main bottleneck. A deeper investigation, includ-
ing tests with different mesh sizes, partitioning strategies, and possibly alternative solvers,
would be required to fully characterise this behaviour. Such an extended analysis, however,
falls beyond the scope of this thesis.
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(a) Code runtime for the large scalability test.
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(b) Parallel efficiency for the large test case (—) and the small test case 1 (—).
Figure 5.5.4: Scalability analysis for the large test case, with the Jacobian evaluated analytically.

5.6 Industrial Case

After validating the methodology and assessing the scalability of QuaNsciENT ALLSOLVE, an
industrial test case of high engineering relevance is considered on a fan blade geometry taken
from [6]. The blade pre-twist induces significant quadratic nonlinearities, while its shell-
like behaviour further increases the problem complexity. The mesh, shown in Figure 5.6.1,
consists of 2, 041 TET-P2 elements and 3, 895 nodes, with the blade clamped at its root. The
bounding box dimensions are AX = 0.41m, AY = 1.14m, and AZ = 0.35m. The blade span
is approximately 1.02 m, with a chord length of 0.48 m and a maximum mid-chord thickness
of 0.01 m. A single nodal force is applied for the NLFR computation, as illustrated in the
diagram and discussed later. The corresponding material properties are listed in Table 5.6.1.

Figure 5.6.1: Fan blade test case showing the FEM mesh and boundary conditions. The blade is
clamped at the root (orange), and a nodal force f] is applied near the tip.
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Parameter Unit Value
Density [kg m~3] 4,400
Young’s modulus [Nm~2] 1.04 x 101!
Poisson’s ratio -] 0.3
Damping matrix -] D=03xM

Table 5.6.1: Physical parameters for the fan blade.

5.6.1 Mode Shapes and Eigenfrequencies

The eigenfrequencies and corresponding modes are for the presented in Table 5.6.2 and Fig-
ure 5.6.2. The frequency ratio of the first mode is close to 3:1 with respect to the second and
third modes, suggesting potential.

Mode 1F 2F 1T 1E
Frequency [Hz] 15 41.68 49.89 174.74
Ratio f,/ fir [-] 1 278 333 11.65

Table 5.6.2: Eigenfrequencies of the fan blade and their ratios with respect to the first Flap-wise bend-
ing mode frequency:.

Y

Z X

Figure 5.6.2: The third mode shape of the fan blade.

5.6.2 Nonlinear Frequency Response with Backbones

The NLER targets the first eigenfrequency. A single nodal excitation force is applied to the
cosine component of the first harmonic ff , aligned with the x-direction, and positioned just
below the tip, as shown in Figure 5.6.1. This loading primarily excites the first two bending
modes, while the third torsional mode remains unexcited at the considered amplitude. The
continuation parameters are listed in Table 5.6.3.
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Parameter Value
Newton tolerance 5x 1074
Maximum Newton steps 15
Initial continuation step 0.05
Minimum continuation step 1076
Maximum continuation step 1

Step increase factor 1.1

Step decrease factor 0.4
System harmonics Hy193
Number of unknowns 11,685
Excitation amplitude 20N
Predictor type Tangent
Corrector type Pseudo-arclength

Table 5.6.3: Continuation parameters used for the NLFR computation of the fan blade.

The results presented in Figure 5.6.3 show a clear softening behaviour, consistent with
trends reported in the literature for pre-twisted blade-like structures [6, 13]. The NLFRs and
the backbone curve align closely, confirming the accuracy of the computation. This softening
originates from the geometric coupling induced by the blade’s pre-twist and shell-type geom-
etry. When the blade vibrates in its fundamental flexural mode, the tip deflection generates
coupled torsional and membrane deformations. These effects reduce the effective bending
stiffness, making the structure more compliant as the vibration amplitude increases. Con-
sequently, the nonlinear resonance frequency shifts towards lower values with increasing
amplitude.
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Figure 5.6.3: Backbone curve and the NLFRs of a fan blade.

5.6.3 Campbell Diagram

After the analysis performed at rest, the effect of rotation is now investigated. The blade is
assumed to rotate about the z-axis, with its centre of rotation located at (0, —0.37) m. The
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corresponding Campbell diagram is presented in Figure 5.6.4. In agreement with the can-
tilever results shown in Figure 5.4.3, the 1F increases with rotational speed as a consequence
of the centrifugal stiffening effect. Unlike the simple beam case, for which the torsional mode
remains nearly unaffected by rotation, the 1T of the blade exhibits a clear dependence on the
rotational speed. Finally,2F shows a behaviour similar to that of the 1T, due to the coupling
between flap-wise bending and torsion.

The numerical model contains 17 points and a total of 11,685 degrees of freedom. The
static computation required 1 min 32 s, while the eigenfrequency analysis required 31 s.
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Figure 5.6.4: Campbell diagram of the fan blade. The colour code is as follows: [—] 1F, [—] 2F,
[ 1T [—]1E [ ]3F
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5.7 Conclusion

The results obtained with QuanscienT ALLsoLvE confirm the successful integration of the har-
monic balance continuation framework into a high-performance parallel computing environ-
ment. The first part of the study demonstrated that the methodology is able to reproduce,
with a high degree of accuracy, the NLFRs and backbone curves of classical benchmark prob-
lems. These results were consistent with the reference solutions reported in the work of Bla-
hos, thereby providing a solid validation of the implementation and ensuring the credibility
of the adopted formulation.

Beyond this verification step, an extensive investigation of numerical strategies was car-
ried out. Different step-size control approaches were compared, and it was shown that the
adaptive angle-based method provides the most reliable compromise between robustness and
efficiency, although tuning of its parameters may be required and can be time-consuming.
Similarly, the analysis of predictor—corrector schemes revealed that the secant predictor com-
bined with a pseudo-arclength corrector consistently delivered the most accurate and stable
results. By contrast, the tangent predictor, based on finite differences, introduced errors that
limited its effectiveness in strongly nonlinear regimes. These observations establish a clear
guideline for the selection of continuation strategies in future large-scale applications.

In addition, the rotating-frame formulation was rigorously verified through both analyti-
cal and numerical benchmarks. The analytical validation of the axial deformation confirmed
the correct implementation of centrifugal stiffening effects, while the comparison with the
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cantilever benchmark reported by Touzé et al. for the nonlinear Campbell diagram and the
computed NNMs demonstrated excellent agreement. These results were subsequently ex-
tended to the forced response through the computation of NLFRs, further confirming the
robustness and consistency of the proposed formulation.

The scalability of QuansciENT ALLsOLVE was assessed through dedicated parallel comput-
ing tests. Strong scalability was demonstrated on both small and large test cases, with par-
allel efficiency maintained across increasing numbers of processes. A comparison between
the AFT method and analytical formulations revealed that the AFT approach becomes prefer-
able when a large number of harmonics is considered. The use of quadruple precision, com-
pared to standard double precision, resulted in an eightfold increase in computational cost
but confirmed the robustness of the framework under high-accuracy requirements. How-
ever, additional large-scale tests indicated that efficiency decreases due to the inability of the
MUMPS solver to scale effectively for very large cases. This limitation indicates that further
investigations should focus on alternative linear algebra solvers or improved preconditioning
strategies to fully exploit the scalability potential of the platform.

Finally, the industrial case study provided a decisive demonstration of the practical rel-
evance of the developed framework. The blade analysis confirmed that the methodology is
capable of accurately capturing the NLFRs and the associated backbone curve in a realistic
engineering configuration. This result shows that the approach is not limited to academic
benchmarks but can be reliably applied to industrial-scale problems, thereby reinforcing its
potential for practical deployment. In addition, the Campbell diagram was investigated, re-
vealing interactions between modes through frequency crossings and veering phenomena,
which highlight the influence of rotational speed on the dynamic behaviour and the onset of
modal coupling.

All the results obtained from the NLFRs and NNMs computations are summarised in
Table 5.7.1.

Structure Unk. Method Node part. Nbr Point Iter New Time
NLFR 1 137 1,232 0:41:07
Clamped—clamped beam 12,375
NNM 1 56 218 0:27:32
Cantilever beam 997 205 NLFR 4 149 1,467 46:21:25
NNM 1 24 309 7:19:33
Cantilever beam in rotation 50,325 NLER ! ~ 272 ~ 40 ~ 1:13:42
NNM 1 ~ 46 ~ 13 ~ 00:28:53
Fan blade 81,795 NLFR 1 29 260 2:20:06
NNM 1 9 41 0:24:45

Table 5.7.1: Summary of NLFR and NNM computations for the considered structures. For the rotating
configurations, the reported values correspond to averages over the considered rotational speeds. All
times are reported in the compact hh:mm:ss format.
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6

GENERAL CONCLUSION AND PERSPECTIVES

The present thesis was motivated by the ambition to bridge the gap between advanced non-
linear frequency-domain methods and their effective use in large-scale engineering applica-
tions. The central objective was to implement and validate a harmonic balance continuation
framework within a high-performance computing environment, thereby enabling accurate
and efficient nonlinear vibration analysis beyond academic benchmarks and into industrially
relevant cases. This concluding chapter first synthesises the main achievements in Section 6.1,
then critically examines the study’s limitations in Section 6.2, and finally delineates perspec-
tives and future work in Section 6.3.

6.1 Summary of Achievements

The work began with a comprehensive literature review on nonlinear frequency-domain anal-
ysis, continuation techniques, and solver technologies, which established the theoretical back-
ground and clarified the open challenges to be addressed (Chapter 2). Guided by these in-
sights, a coherent methodology was constructed, ranging from the finite element formulation
to the harmonic balance residual, together with a modular continuation framework encom-
passing predictor—corrector schemes and adaptive step-size control (Chapter 3). This formu-
lation was further extended to account for computations in a rotating reference frame.

The approach was first exercised within pYHarm, a harmonic balance solver, which was
extended in this thesis to compute conservative nonlinear normal modes through a dedi-
cated phase condition and an augmented continuation scheme. This stage proved decisive
for validating the formulation, identifying numerical pitfalls, and debugging developments
in a controlled environment (Chapter 4).

Building on this foundation, the framework was then deployed in a high-performance
setting via QUANSCIENT ALLSOLVE, enabling large-scale studies and systematic assessments on
realistic finite element models (Chapter 5). Validation against reference solutions reported by
Blahos confirmed the accuracy of the implementation for both NLFRs and backbone curves.
In addition, the rotating-frame formulation was validated through comparisons with refer-
ence results reported by Touzé et al., thereby confirming its consistency for the computation
of Campbell diagrams, NNMs and NLFR.

Subsequent investigations compared numerical strategies, showing that an angle-based
step-size adaptation offers a robust efficiency—stability compromise, albeit with parameters

80
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requiring careful tuning, while a secant predictor combined with a pseudo-arclength correc-
tor delivered the most reliable convergence across strongly nonlinear regimes.

Scalability was evaluated through dedicated parallel tests. Strong scaling was maintained
as the number of processes increased. The AFT formulation proved more effective when the
number of harmonics grew. The use of quadruple precision, although incurring an approxi-
mately eightfold computational cost, confirmed robustness under stringent accuracy require-
ments. At larger scales, the observed loss of efficiency was traced to the linear-algebra back-
end (MUMPS), suggesting that alternative solvers and improved preconditioning strategies
could further enhance the platform’s scalability.

Finally, an industrial blade case demonstrated the practical relevance of the proposed
framework, with the nonlinear frequency response and the associated backbone curve being
accurately captured. These results evidence applicability beyond academic benchmarks and
highlight strong potential for engineering practice.

6.2 Limitations

Despite the overall robustness, several limitation should be acknowledged.

Finite differences are used only for the derivative of the residual with respect to the exci-
tation frequency, i.e. V,,G. This quantity is required both to build the tangent direction in
the predictor and inside the augmented Newton-Raphson corrector. Finite differences add
truncation and round-off errors. The effect is stronger near resonances or in stiff regimes.
As a result, Newton corrections may need more iterations and the tangent direction can be
inaccurate.

The angle-based step size needs careful tuning. If the settings are too conservative, the
step keeps shrinking, reaches the minimum allowed size Sy, and the computation stops
without converging. If the settings are too aggressive, the step becomes too large, the pre-
dictor overshoots, and narrow resonances or bifurcations may be missed. Proper calibration
keeps steps stable and reduces the number of corrections.

The rotating-frame formulation developed in this work is based on the assumption that
gyroscopic effects can be neglected when the rotation axis is orthogonal to the dominant
vibration directions. Under this assumption, only centrifugal effects associated with steady
rotation are considered, while Coriolis and gyroscopic coupling terms are not included in the
formulation.

The rotating-frame formulation developed in this work neglects Coriolis effects. This as-
sumption is suitable for the configurations considered here, where the rotation axis is orthog-
onal to the dominant vibration directions, resulting in limited velocity-dependent rotational
coupling. Accounting for Coriolis effects is therefore identified as an important direction for
future developments.

The linear solver MUMPS shows an MPI scaling limit on the largest problems. Beyond
a certain number of ranks, adding more MPI does not help and can even slow the run. This
behaviour was observed around 1,000, 000 unknowns. For such cases, alternative iterative
solver should be evaluated, which was outside the scope of this thesis.

By default, computations are performed in double precision. However, near resonance
frequencies the algebraic system becomes severely ill-conditioned and highly sensitive to
rounding errors, and in large-scale multiphysics problems accumulated floating-point errors
may further degrade the accuracy. In such situations, double precision may fail to ensure con-
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vergence, and quadruple precision is required, but this comes at the cost of a substantially
higher computational time.

6.3 Future Work

Future work can be structured around two main directions.

On the modelling side, additional physical phenomena could be incorporated, including
advanced material models and explicit contact with friction, which are particularly relevant
for vibrating multi-part and moving assemblies. The framework could also be extended to
coupled multiphysics problems, such as fluid-structure interaction, thermo-mechanical ef-
fects, or electro-mechanical behaviour in MEMS devices. In addition, future investigations
should address modal interactions involving multiple modes.

On the numerical side, the continuation framework could be enhanced by incorporat-
ing bifurcation detection and tracking capabilities, enabling the automatic identification of
folds, branch switching, and jump phenomena. Mixed-precision strategies also represent a
promising direction, with computations performed in double precision by default and locally
promoted to higher precision near strong resonances or ill-conditioned regions. Another per-
spective consists in exploring adaptive harmonic enrichment strategies, in which higher har-
monics are activated only in specific regions of the response where they are required, thereby
reducing the overall computational cost. Moreover, large-scale iterative linear solvers should
be investigated to overcome the MPI scalability limitations observed with MUMPS. In this
context, the iterative solvers available in QuanscieNT ALLsorve should be assessed on very
large-scale problems, with particular attention paid to parallel scalability, memory consump-
tion, and solution accuracy.
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