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Introduction

Over the past decades, as certain computational problems remain out of reach for even the
most powerful classical computers, quantum computing has emerged as a promising alternative
that exploits quantum mechanical effects to process information. Indeed, it offers the prospect
of accelerating a wide range of computational tasks and improving their efficiency [1]. Among
the various platforms proposed for the physical realization of quantum bits, superconducting
qubits have emerged as one of the leading candidates, owing to their relatively accessible fabri-
cation techniques and the significant progress achieved in recent years [2]. The measurement of
superconducting qubits is commonly performed within the framework of circuit quantum elec-
trodynamics (cQED), where ongoing experimental and theoretical efforts aim to enhance both
the fidelity and the speed of qubit readout [3]. This thesis focuses on dispersive readout, in
which the qubit is coupled to a resonator or cavity, whose dissipation into a transmission line
allows, within a given parameter regime, for the probing of the qubit state without destroying it,
thereby realizing a so-called quantum non-demolition (QND) measurement. More specifically,
mathematical tools for analyzing such systems are presented.

The dispersive readout of superconducting qubits is generally modeled by applying a unitary
Schrieffer-Wolff transformation to the qubit-cavity Hamiltonian. This transformation corre-
sponds to a form of perturbation theory that yields an effective Hamiltonian describing the
system dynamics. Dissipation is then accounted for by deriving a master equation for the qubit
[4, 5], that is, an equation of motion for the qubit that incorporates the effects of its environ-
ment, obtained from a second-order perturbative treatment. This approach becomes heavy and
technically challenging when attempting to go beyond second-order perturbative corrections as
shown for example by Roberta Palacino in the context of dissipative phase transitions [6]. Yet
further order perturbation terms are crucial in an attempt to accurately describe the so-called
non-Markovian effects, i.e., environment back-action on the system dynamics induced by the
finite memory of the environment, which are significant in superconducting circuits. The core
motivation of this thesis is to develop a more fundamental and systematic framework to include
dissipation more accurately when modeling these systems.

This work adapts and applies a generalization of the Schrieffer-Wolff transformation to dis-
sipative systems, originally developed by E.M. Kessler [7]. Unlike the standard method, this
generalized transformation is applied directly onto the Liouvillian superoperator L entering the
master equation governing the dynamics of the density operator, which describes the state of the
system. This allows for a systematic, order-by-order expansion of the Liouvillian itself, incorpo-
rating the dissipative evolution directly into the perturbative treatment and making higher-order
corrections considerably more straightforward to implement than in standard perturbation the-
ory.

This thesis is organized as follows. Chapter 1 first introduces the theoretical framework of
open quantum systems, covering the density operator formalism, master equations, and the
spectral theory of Liouvillians. Chapter 2 then presents the superconducting qubit readout ar-
chitecture and the commonly used model, pointing out its limitations and motivating the need
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Introduction

for more accurate approaches. Thereafter, Chapter 3 presents the generalized Schrieffer-Wolff
formalism for dissipative systems, establishing the perturbative expansion of the effective Liou-
villian. Equipped with this formalism, Chapter 4 constitutes the original contribution of this
thesis by applying it to a qubit coupled to a damped resonator and comparing the higher-order
corrections with exact numerical results. Additionally, the validity conditions of the expansion
beyond those originally introduced are discussed. Finally, as a perspective for future work,
Chapter 5 extends the model to include a coherent drive on the resonator.

Throughout this thesis, three types of highlighted boxes are used to structure the presenta-
tion. Theoretical Concept boxes, framed in orange, serve as reminders of theoretical notions
required in the text and with which the reader may not be fully familiar. Key Result boxes,
framed in pink, highlight the central results derived in this thesis and Chapter Summary boxes
provide a concise recapitulation of the main points covered at the end of each chapter.

Theoretical Concept

Key Result

Chapter Summary
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Chapter 1

Open Quantum Systems

Open quantum systems correspond to quantum systems that are not perfectly isolated from
their surroundings. Indeed, in contrast with closed systems, open systems exchange energy and
information with an external environment, thus leading to a need for a formulation beyond the
standard Schrödinger equation.

The aim of this chapter is to introduce the mathematical tools used throughout this thesis
to describe such systems. For this purpose, we first present the density operator, a generaliza-
tion of the notion of a quantum state, in Section 1.1. Then, we establish the Redfield master
equation in Section 1.2, which describes the reduced dynamics of a quantum system weakly
coupled to an external environment. Next, Section 1.3 presents the Lindblad master equation,
which provides a general framework for characterizing Markovian dynamics in open quantum
systems. In the last three sections, we introduce the vectorization formalism in Section 1.4,
discuss some spectral properties of the Liouvillians in Section 1.5 and close this chapter by dis-
cussing the adjoint master equation in Section 1.6. Together, these tools form the theoretical
basis for the treatment of dissipative quantum systems in the rest of this work.

1.1 Density Operator
In the following, we present the density operator along with its main properties. Although it is
defined in a general framework, this operator is particularly useful for describing open quantum
systems.

Consider a system whose state is not known with certainty, but is known to have a proba-
bility pi of being in the state |ψi⟩, where the probabilities satisfy 0 ≤ pi ≤ 1 and ∑i pi = 1. In
contrast to a pure state, where the system is described by a single well-defined ket vector |ψ⟩,
the ensemble {pi, |ψi⟩} describes a mixed state, which reflects the statistical uncertainty in the
system’s state. In this context, the density operator, acting on the Hilbert space of the system,
is defined as

ρ̂ = pi

∑
i

|ψi⟩⟨ψi| , (1.1)

where |ψi⟩ might depend on time, implying that ρ̂ would be time-dependent as well [8]. Let us
note that the density matrix for a pure state |ψ⟩ is thus defined as

ρ̂ = |ψ⟩⟨ψ| , (1.2)

since, in this case, the system has a probability p = 1 to be in the state |ψ⟩.
The density operator admits a matrix representation and is thus commonly referred to as the
density matrix. In the remainder of this thesis, the two terms will be used without distinction.

3



Chapter 1. Open Quantum Systems

Moreover, choosing an arbitrary orthonormal basis {|ϕn⟩} of the Hilbert space H of the system,
the density operator admits the decomposition

ρ̂ =
∑
ij

ρij |ϕi⟩⟨ϕj | with ρij = ⟨ϕi| ρ̂ |ϕj⟩ , (1.3)

where ρij are the matrix coefficients of the density matrix in this basis. The diagonal elements
ρii are called populations, while off-diagonal elements are called coherences. Due to the proper-
ties of ρ̂, its elements satisfy ρii ≥ 0 and ρij ∈ C : ρij = ρ∗

ji.

Several key properties of ρ̂, relevant to this work, can be established directly from its definition
(1.1) [9], namely:

• ρ̂ is hermitian: ρ̂† = ρ̂.

• ρ̂ is of trace 1: Trρ̂ = 1.

• ρ̂ is a positive operator: ⟨ϕ| ρ̂ |ϕ⟩ ≥ 0 ∀ |ϕ⟩ ∈ H, where H is the system Hilbert space.

• The expectation value of an arbitrary observable Ô in the state ρ̂ is

⟨Ô⟩ρ̂ = Tr
[
ρ̂Ô
]
. (1.4)

Moreover, the time evolution of a closed quantum system is dictated by the Liouville-von Neu-
mann equation (LvN)

˙̂ρ(t) = − i

ℏ

[
Ĥ, ρ̂(t)

]
, (1.5)

where ℏ is the reduced Planck constant and Ĥ is the Hamiltonian of the system. This equation
is perfectly equivalent to Schrödinger’s equation and corresponds to a unitary evolution1.

Reduced density operator
Let us consider a bipartite system whose Hilbert space is H = HA ⊗ HB. The density operator
describing the system is ρ̂AB. If the set {|an⟩} (n = 1, ...,dim(HA)) is a basis of HA and {|bm⟩}
(m = 1, ..., dim(HB)) is a basis o HB, then {|an⟩ ⊗ |bm⟩ ≡ |an, bm⟩} forms a basis of the total
Hilbert space H. In this context, the reduced density operator of subsystem A is defined as the
operator

ρ̂A : HA → HA, (1.6)

defined through
⟨ai| ρ̂A |aj⟩ =

∑
k

⟨ai, bk| ρ̂AB |aj , bk⟩ . (1.7)

In practice, this is written as
ρ̂A ≡ TrB [ρ̂AB] , (1.8)

where TrB[·] is known as the partial trace over system B2. A similar definition can of course
be introduced for the partial trace over subsystem A giving the reduced density operator of
subsystem B

ρ̂B : HB → HB, (1.9)

1That is the state ρ̂0 of the system at time t0 is related to the state ρ̂(t) of the system at time t by a unitary
operator U(t, t0) = exp

(
− i

ℏH(t − t0)
)

which depends only on the times t0 and t, i.e., ρ̂(t) = U(t, t0)ρ0U†(t, t0)[8].
2The trace over the total bipartite system is defined as Tr[ρ̂AB ] =

∑
n,m

⟨an, bm| ρ̂AB |an, bm⟩ . This illustrates
the terminology partial trace.
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1.2. Redfield Master Equation

defined through
⟨bi| ρ̂B |bj⟩ =

∑
k

⟨ak, bi| ρ̂AB |ak, bj⟩ , (1.10)

and written as
ρ̂B ≡ TrA [ρ̂AB] . (1.11)

1.2 Redfield Master Equation
In this section, we derive an equation of motion governing the reduced dynamics of a quantum
system weakly coupled to an external environment, known as the Redfield master equation.
To this end, let us consider a quantum mechanical system S coupled to a bath B, also called
environment or reservoir. The Hamiltonian of the total system “system + bath” is assumed to
be of the form

H = HS +HB + V, (1.12)

where HS and HB designate the free Hamiltonian of the system and the bath respectively, while
V corresponds to the interaction Hamiltonian between the two.

BathSystem

Figure 1.1: Illustration of the generic open quantum system formalism. A system with Hilbert
space HS and described by a Hamiltonian HS is coupled to a bath with Hilbert space HB and
described by a Hamiltonian HB , through an interaction Hamiltonian V defined in the total
Hilbert space H = HS ⊗ HB . The state of the total system “system + bath” is given by ρtot.
In addition the states of the system and the bath are represented by the corresponding density
matrices ρS and ρB corresponding to ρS = TrB [ρtot] and ρB = TrA[ρtot], respectively.

In the previous section, we stated that the Liouville von-Neumann (LvN) equation (1.5) gave
an equation of motion for the density matrix in the context of closed quantum systems. In this
section we want to derive what is called a master equation, i.e., an equation of motion that
describes the dynamics of the reduced density matrix of an open quantum system. However,
working in the interaction picture is more straightforward and we begin thus by writing LvN
(1.5) in the interaction picture (with the convention ℏ = 1):

ρ̇tot,I(t) = −i [VI(t), ρtot,I(t)] , (1.13)

where the hat notation for operators has been omitted. This convention will be adopted through-
out the remainder of this work, except when explicitly needed for clarity.

Theoretical Concept 1.1. Rotating frame, Interaction and Heisenberg pictures

In the Schrödinger picture, the time evolution of the density matrix ρtot(t) is governed
by the total Hamiltonian H = HS + HB + V . However, there exist multiple equivalent
descriptions of the dynamics obtained by transferring the time dependence from the den-
sity matrix to the operators.
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Chapter 1. Open Quantum Systems

To this end, rotating frames are defined by arbitrary unitary operators R(t) = e−iH̃t/ℏ,
which transform the state vector |ψ⟩, operators O and Hamiltonian H of the system
according to the following relations [10]

|ψRF (t)⟩ = R†(t) |ψ(t)⟩ ⇒ ρRF (t) = |ψRF (t)⟩⟨ψRF (t)| = R†(t)ρ(t)R(t), (1.14)
ORF (t) = R†(t)O(t)R(t), (1.15)
HRF (t) = iℏṘ†(t)R(t) +R†(t)H(t)R(t). (1.16)

For instance, in the case of the interaction picture, the rotating frame is defined with
respect to H̃ = HS +HB and the time evolution of the density matrix will be generated
by V through3

ρ̇tot,I(t) = − i

ℏ
[HI(t), ρtot,I(t)] = − i

ℏ
[VI(t), ρtot,I(t)] , (1.17)

while the operators dynamics will be dictated by H̃ = HS +HB through Eq. (1.15).

Additionally, the Heisenberg picture corresponds to a representation in which the
density matrix is no longer time-dependent, while the entire time evolution is carried by
the operators.

Finally, expectation values of operators are invariant under a change of frame/picture. In-
deed, recalling the expression of the expectation value of an operator given in Section 1.1,
using RR† = 1 and the cyclic property of the trace, we get4

Tr
[
ρ̂RF ÔRF

]
= Tr

[
R†ρ̂RR†ÔR

]
= Tr

[
R†ρ̂1ÔR

]
= Tr

[
ρ̂ÔRR†

]
= Tr

[
ρ̂Ô
]
.

Integrating Eq. (1.13) leads to

ρtot,I(t) = ρtot,I(0) − i

∫ t

0

[
VI(τ), ρtot,I(τ)

]
dτ. (1.18)

Written in this form, the LvN provides a natural starting point for deriving approximate solutions
within a perturbative framework [11]. Indeed, substituting Eq. (1.18) into Eq. (1.13), tracing
over the bath and dropping the indices I regarding the interaction picture yields

ρ̇S(t) = −
∫ t

0
TrB

[
V (t), [V (τ), ρtot(τ)]

]
dτ, (1.19)

assuming that TrB

[
V (t), ρtot(0)

]
= 0 without loss of generality [11]. ρS and ρtot = ρS ⊗ ρB

correspond to the reduced density matrix of the system and the total density matrix of the
bipartite system “system + bath” respectively, in the interaction picture.

3In the specific case of interaction picture, Eq. (1.16) yields HI(t) = −H̃eiH̃te−iH̃t + eiH̃t(H̃ + V )e−iH̃t. By
linearity, and recalling that e±iH̃t commutes with H̃, we get HI(t) = VI(t).

4The cyclic property of the trace states that the operators inside a trace can be cyclically permuted without
changing the value of the trace. For instance, we have

Tr
[
ÂB̂Ĉ

]
= Tr

[
B̂ĈÂ

]
= Tr

[
ĈÂB̂

]
,

with three arbitrary operators Â, B̂, Ĉ. This property extends naturally to products involving more than three
operators.
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1.2. Redfield Master Equation

Born approximation
Eq. (1.19) is still an exact equation. Indeed, no approximation has been made. However, it is
common to consider a weak coupling between the environment and the system implying that
the state of the environment is weakly affected by the state of the system and their interaction.
Hence, in this approximation, the state ρB(t) of the bath at time t is not significantly influenced
by the state of the total system ρtot(t). This translates mathematically to

ρtot(t) ≈ ρS(t) ⊗ ρB, (1.20)

where ρB is assumed to be time-independent, since the impact of the system on the bath can
be neglected [11]. This is commonly referred to as the Born approximation.
Substituting Eq. (1.20) into the exact equation (1.19) governing the dynamics leads to

ρ̇S(t) = −
∫ t

0
TrB

[
V (t), [V (τ), ρS(τ) ⊗ ρB]

]
dτ. (1.21)

Markov approximation
Another assumption is generally made regarding the system in order to further simplify Eq. (1.21).
Indeed, the so-called Markov approximation assumes that the state of the system ρS does not
depend on the state of the system at previous times. It is mathematically represented by [11]

ρS(τ) ≈ ρS(t). (1.22)

This can be seen as the system having no memory since its state at a given time t does not
depend on previous states at times ti < t. Inserting this second approximation into Eq. (1.21)
gives the so-called Redfield equation

ρ̇S(t) = −
∫ t

0
TrB

[
V (t), [V (τ), ρS(t) ⊗ ρB]

]
dτ. (1.23)

Markovian master equation
Although in Eq. (1.23), the Markov approximation accounts for the state of the system to be
“memory-less”, the time derivative of the density operator still depends on the chosen initial
state ρS(t = 0) [11]. In order to remove this dependence, we perform the change of variables
τ → t−τ in the integral of Eq. (1.23), together with the extension of the upper integration limit
to infinity [12]. Ultimately, we arrive at the following equation describing the reduced dynamics
of the system [11]

ρ̇S,I(t) = −
∫ ∞

0
TrB

[
VI(t), [VI(t− τ), ρS,I(t) ⊗ ρB,I ]

]
dτ, (1.24)

where the subscript I labeling the interaction picture has been reintroduced for clarity. The
latter equation is called a Markovian master equation because all memory effects were erased
from the dynamics. Nonetheless, with a slight abuse of terminology, we will refer to Eq. (1.24)
as Redfield as well. Moreover, the approximations used in order to derive it are collectively
referred to as the Born-Markov approximation.

It can be shown that the Born-Markov approximation only requirement is the following clear
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Chapter 1. Open Quantum Systems

separation of time scales: the system state must evolve significantly only over a relaxation time
τR much longer than the correlation time τB of the bath over which the bath “forgets” informa-
tion received from the system, i.e., τB ≪ τR [13]. Furthermore, τB corresponds to the typical
decay time of the so-called bath correlation functions, related to the isolated dynamics of the
damped bath, which will be introduced later in Theoretical Concept 4.1.

1.3 Lindblad Master Equation

In 1976, Gorini, Kossakowski, Sudarshan and Lindblad (GKSL) demonstrated in [14, 15] that
the general form of the generator of a Markovian quantum evolution, defined through ρ̇S = LρS ,
takes the (GKSL) form:

ρ̇S = −i [HS +HLS , ρS ] +
∑

k

γk

(
LkρSL

†
k − 1

2
{
L†

kLk, ρS

})
≡ L[ρS ], (1.25)

where the explicit time dependence of the density matrix has been omitted for readability, Lk are
known as jump operators, HLS is the Lamb-Shift Hamiltonian, i.e., a Hamiltonian contribution
to the dynamics of the system coming from its interaction with the environment, and the notation
{A,B} = AB + BA represents the anticommutator between two arbitrary operators A and
B [16]. This equation can be obtained from Eq. (1.24) by performing a further approximation
called the secular approximation and by returning to the Schrödinger picture. The secular
approximation consists in averaging to zero terms which oscillates much faster than the typical
timescale of the system τS and is valid if τS ≪ τR, i.e., the typical intrinsic timescale of the
system is small compared to the relaxation time τR of the system due to its interaction with the
environment [11]. Moreover, L is a superoperator5 or map called the Liouvillian or Lindbladian.
Sometimes Eq. (1.25), is written as

ρ̇S = −i [HS +HLS , ρS ] + D(Lk)[ρS ], (1.26)

highlighting the separation between the unitary evolution given by the commutator with the
Hamiltonians, and the dissipative part reexpressed as the action of a superoperator D, called
the dissipator, which depends on the jump operators Lk and acts on the density matrix of the
system ρS .

1.4 Vectorization Formalism
In the previous section, it has been shown that the dynamics of an open quantum system
is governed by a Liouvillian superoperator. However, while the density operator is naturally
represented by a matrix, the explicit representation of a superoperator is less intuitive. The
present section addresses this issue by vectorizing the density operator. Indeed, mapping the
density matrix to a column vector enables the Liouvillian to be represented as a matrix. To
this end, let us consider a quantum system associated with a finite-dimensional Hilbert space
H, with dim H = N . The set B(H) of linear operators acting on H

Â : H → H, |ψ⟩ → Â |ψ⟩ ∀ |ψ⟩ ∈ H, (1.27)

forms a Hilbert space when equipped with the so-called Hilbert-Schmidt inner product [17](
Â, B̂

)
= Tr

[
Â†B̂

]
∈ C. (1.28)

5The term superoperator reflects the fact that L acts linearly on operators, just as an ordinary operator acts
linearly on vectors. The dissipator introduced later is likewise a superoperator.
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1.4. Vectorization Formalism

Its elements can therefore be represented as column vectors, just as |ψ⟩ is represented by a
column vector in an orthonormal basis {|ϕn⟩ : n = 1, . . . , N} of H [18].
Hence, if the matrix representation of Â is given by

A =

a11 . . . a1N
...

...
aN1 . . . aNN

 with Aij = ⟨ϕi| Â |ϕj⟩ ,

then its vectorized form is6

|A⟩⟩ =



a11
...

a1N
...

aNN


. (1.29)

With this notation, Eq. (1.28) is reexpressed as

⟨⟨A|B⟩⟩ =
(
a∗

11 . . . a∗
1N . . . a∗

NN

)


b11
...
b1N

...
bNN


= Tr

[
Â†B̂

]
. (1.30)

Formally, we have that
Â =

∑
ij

Aij |ϕi⟩⟨ϕj | (1.31)

is mapped to
|A⟩⟩ =

∑
ij

Aij |ϕi⟩ ⊗ |ϕj⟩ , (1.32)

where |A⟩⟩ is thus a ket vector of the Hilbert space H ⊗ H of dimension N2 [17].
Furthermore, since a density matrix ρ̂ = ∑

ij ρij |ϕi⟩⟨ϕj | is an element of B(H), the formalism
just introduced can be extended to it. Hence, the density operator ρ̂ acting on H is mapped to
a ket vector of the Hilbert space H ⊗ H.
Under this vectorization, a superoperator acting on B(H), i.e.,

S : B(H) → B(H), Â → S[Â], (1.33)

such as the Liouvillian, is represented by an N2 ×N2 matrix acting on vectorized operators of
B(H). In fact, we have

∣∣S[Â] ⟩⟩ = S|A⟩⟩, (1.34)

where S is an N2 ×N2 matrix acting on the vectorized operator |A⟩⟩.
As a conclusion, an operator of B(H) can be mapped to a vector of H ⊗ H. Correspondingly, a
superoperator acting on B(H), such as the Liouvillian can be mapped to an N2 ×N2 matrix7.

6It should be noted that there exist two conventions, namely row-major ordering, used in this thesis, and
column-major ordering, where vectorization consists in stacking the columns of the matrix representation to form
a vector rather than stacking the rows.

7Going a step further, one often introduces the more abstract Choi-Jamiołkowski isomorphism. First intro-
duced in [19, 20], it maps superoperators acting on B(H) to operators acting on H ⊗ H, thus defined on L(H ⊗ H)
and admitting a matrix representation. In particular, completely positive and trace preserving maps such as the

9



Chapter 1. Open Quantum Systems

In practice, the vectorization framework yields

|AρB⟩⟩ = (A⊗BT )|ρ⟩⟩, (1.35)

with A and B, arbitrary matrices, ⊗ the Kronecker product8 and T denotes the transpose. From
this, it is possible to write the vectorized form of the Liouvillian appearing in Eq. (1.25) as

L = −i
(
H ⊗ 1− 1⊗HT

)
+
∑

k

γk

(
Lk ⊗ L∗

k − 1
2L

†
kLk ⊗ 1− 1

21⊗ LT
kL

∗
k

)
. (1.36)

Furthermore, the vectorized Lindblad master equation (1.25) is expressed as

|ρ̇⟩⟩ = L|ρ⟩⟩, (1.37)

where |ρ⟩⟩ denotes the vectorized density matrix and L is the matrix representation (1.36) of
the Liouvillian. Note that the same notation are used for the Liouvillian superoperator and
its matrix representation acting on the vectorized density matrix. The notation should not be
ambiguous due to the vectorized density matrix double ket notation.

Finally, the expression (1.37) for a time-independent Liouvillian leads to the straightforward
solution

|ρ(t)⟩⟩ = eLt|ρ(0)⟩⟩, (1.38)

where |ρ(0)⟩⟩ is the initial state of the (vectorized) density matrix at time t = 0.

1.5 Spectral Theory of Liouvillians
The vectorized formalism allowing for a matrix representation of the Liouvillian L sets a straight-
forward framework for the analysis of the spectrum of the Liouvillian needed to determine the
dynamics of the system. First, note that the Liouvillian, in contrast with the Hamiltonian, is
non-Hermitian (and in general non-normal9). In this master thesis, we will only consider cases
where the Liouvillian is diagonalizable meaning that it admits right and left eigenvectors, |ri⟩⟩

Liouvillian are mapped to density operators.
8The Kronecker product is used as a concrete way to compute the tensor product between 2 operators using

their matrix representation. Let A and B be two arbitrary matrices of sizes m × n and p × q, respectively. Their
Kronecker product is defined as [21]

A ⊗ B =



A11B11 . . . A11B1q . . . A1nB11 . . . A1nB1q...
. . .

...
...

. . .
...

A11Bp1 . . . A11Bpq . . . A1nBp1 . . . A1nBpq

...
...

...
...

Am1B11 . . . Am1B1q . . . AmnB11 . . . AmnB1q...
. . .

...
...

. . .
...

Am1Bp1 . . . Am1Bpq . . . AmnBp1 . . . AmnBpq


,

where Aij and Bij denotes the matrix coefficients of A and B, respectively. In a condensed form, we have

A ⊗ B =

A11B . . . A1nB
...

...
Am1B . . . AmnB

 .

9Let A be an arbitrary operator, A is normal if AA† = A†A, i.e., a normal operator is one that commutes
with its Hermitian conjugate. If A=A†, A is called Hermitian [22].
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1.5. Spectral Theory of Liouvillians

and |li⟩⟩, defined by
L|ri⟩⟩ = λi|ri⟩⟩
⟨⟨li|L = λi⟨⟨li|,

(1.39)

where λi denotes the associated complex eigenvalue. These right and left eigenvectors form a
biorthonormal basis, i.e. ⟨⟨li|ri⟩⟩ = δij , and satisfy the completeness relation ∑i |ri⟩⟩⟨⟨li| = 1 [7].

Theoretical Concept 1.2. Left and right eigenvectors [23]

Let A be a square matrix in Cn×n, a non-zero vector ri ∈ Cn is a right eigenvector
associated with an eigenvalue λi of A if

Ari = λiri. (1.40)

On the other hand, a non-zero vector li ∈ Cn is a left eigenvector associated with an
eigenvalue λi of A if

l†iA = λil
†
i . (1.41)

Note that the symbol † denotes the conjugate transpose meaning that while ri and li are
column vectors, l†i is a row vector.
In Dirac notation, (1.40) takes the form

A |ri⟩ = λi |ri⟩ ,

while (1.41) is written as

⟨li|A = λi ⟨li| .

The following properties can be shown.
A left eigenvector |li⟩ relative to the eigenvalue λi of A is a right eigenvector of its hermi-
tian conjugate A† relative to the complex conjugate eigenvalue λ∗

i , i.e., A† |li⟩ = λ∗
i |li⟩.

Moreover, |l∗i ⟩ is a right eigenvector of the transpose AT relative to λi, i.e., AT |l∗i ⟩ = λi |l∗i ⟩.

Having introduced the eigenvectors and eigenvalues of L, the solution of the Lindblad ME (1.38)
can be expressed as

|ρ⟩⟩ =
∑

i

eλit ⟨⟨li|ρ(0)⟩⟩ |ri⟩⟩. (1.42)

Moreover, it can be proved that Re(λi) ≤ 0 ∀i and that time-independent Liouvillians always
admit a zero eigenvalue [24]. The eigenstate associated with this zero eigenvalue thus corresponds
to

L|ρss⟩⟩ = 0 (1.43)

and is called a steady state of the system which is time-independent given that 0 = L|ρss⟩⟩ = |ρ̇ss⟩⟩10.

Over time, the state of the system relaxes to the steady state up to possible persistent os-
cillatory contributions associated with purely imaginary Liouvillian eigenvalues. Indeed, since
Re(λi) ≤ 0, when t → ∞, the majority of the terms in Eq. (1.42) tends to zero and the only
remaining terms are ones for which Re(λi) = 0. These surviving terms correspond to the zero
eigenvalue λ0 = 0 associated with the steady state of the system and the terms relative to purely

10Note that the Liouvillian might present multiple steady states if the zero eigenvalue is degenerated.
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Chapter 1. Open Quantum Systems

imaginary eigenvalues λi responsible for oscillations by the rotating phase eiλit 11.

Finally, it is useful to define the Liouvillian gap:

∆ = min
i̸=0

|Re(λi)|, (1.44)

which corresponds to the slowest relaxation rate. Indeed, since all nonzero eigenvalues have
negative real parts, the larger |Re(λi)| is, the faster the corresponding dynamics. Conversely,
as |Re(λi)| decreases, the decay rate becomes smaller. In Figure 1.2 this can be understood as
follows: the closer an eigenvalue lies to the imaginary axis, the slower the corresponding decay
dynamics becomes, except for purely oscillating modes, which must be treated separately.

Im

Steady
state

Oscillating
mode

Re

Figure 1.2: Illustration of the spectrum of a Liouvillian reproduced from [25] where the blue
eigenvalues are associated with decaying modes, the solid red eigenvalue corresponds to the
steady state(s) of the system and the red dashed circles are related to oscillating modes. The
Liouvillian gap ∆ is also represented. One may note the general property that the eigenvalues of
a Liouvillian are either real or occur in complex-conjugate pairs.

1.6 Adjoint Master Equation

This section presents the Heisenberg-picture12 analog of the Lindblad master equation (1.25),
called the Adjoint Master Equation (AME). In this picture, the density matrix describing the
state of a system does not depend on time anymore. However, the operators evolve over time
according to the AME, thus providing information on the dynamics. Indeed, consider the
evolution of the density matrix governed by the master equation:

ρ̇(t) = Lρ(t), (1.45)

in the Schrödinger picture. It can be proven that, for a time-independent Liouvillian in the
Heisenberg picture, the time evolution of an arbitrary operator O is governed by the following

11A clear way to see this is to separate Eq. (1.42) into two terms, one corresponding to the steady state ρss

associated to the eigenvalue λ0 = 0 and the second containing all the remaining terms for which λi ̸= 0 ∀i ̸= 0:

|ρ⟩⟩ = e0t ⟨⟨l0|ρ(0)⟩⟩ |r0⟩⟩ +
∑
i̸=0

eλit ⟨⟨li|ρ(0)⟩⟩ |ri⟩⟩

with |r0⟩⟩ ≡ ρss by definition. The sum over i ̸= 0 contains terms with purely imaginary eigenvalues which will
not decay over time but be responsible for phase oscillations. However, the terms for which Re(λi) ̸= 0 decay
since the Liouvillian properties imply Re(λi) ≤ 0.

12See Theoretical Concept 1.1 for a reminder about Heisenberg picture.
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master equation:
ȮH(t) = L†OH(t), (1.46)

where L† is the adjoint Liouvillian defined by the identity

Tr [ALB] = Tr
[
L†(A)B

]
, (1.47)

for arbitrary operators A and B [26].

Proof. Let us begin from the fact that the expectation values in both pictures are equal such
that

⟨O⟩ = Tr [OH(t)ρH ] = Tr [OSρS(t)] , (1.48)

where the operators in the Schrödinger picture and in the Heisenberg picture have been denoted
by OS and OH(t) respectively, highlighting the fact that OS is time-independent while OH(t)
evolves over time. Similarly, the Schrödinger picture density matrix ρS(t) depends on time while
ρH does not and ρH = ρS(0), by construction of the Heisenberg picture. As introduced at the
end of Section 1.4, if the Liouvillian is time-independent, Eq. (1.45) yields

ρS(t) = eLtρS(0) = eLtρH . (1.49)

Substituting the later in Eq. (1.48) gives [26]

⟨O⟩ = Tr [OH(t)ρH ] = Tr
[
OSe

LtρH

]
. (1.50)

Making use of the previously defined adjoint Liouvillian (1.47), Eq. (1.50) can be written as

⟨O⟩ = Tr [OH(t)ρH ] = Tr
[
eL†tOSρH

]
, (1.51)

which means that the time evolution of the Heisenberg operator OH(t) reads

OH(t) = eL†tOS = eL†tOH(0). (1.52)

Hence, in the Heisenberg picture, the operators obey the following master equation

ȮH(t) = L†OH(t). (1.53)

Recalling the general Lindblad form (1.25) introduced in Section 1.3, the definition (1.47) allows
one to obtain an explicit expression of the adjoint Liouvillian L† such that

L† [·] = i [H, ·] +
∑

k

γk

(
L†

k · Lk − 1
2
{
L†

kLk, ·
})

. (1.54)

Proof. The definition (1.47) of the adjoint Liouvillian enables to write [26]

Tr
[
L†(O)ρ

]
= Tr [OLρ] . (1.55)
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Chapter 1. Open Quantum Systems

Inserting the explicit Lindblad form of the Liouvillian given by (1.25) into Eq. (1.55) provides

Tr [OLρ] = −iTr [O [H, ρ]] +
∑

k

Tr
[
O γk

(
LkρL

†
k − 1

2
{
L†

kLk, ρ
})]

(1.56)

= iTr [ρ [H,O]] +
∑

k

Tr
[
ρ γk

(
L†

kOLk − 1
2
{
L†

kLk, O
})]

, (1.57)

where the second equality is a direct consequence of the cyclic property of the trace [26]. Finally,
since the last equation holds for an arbitrary density matrix ρ, comparison with Eq. (1.55) yields
Eq. (1.54).
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Summary of the Chapter

Summary 1. Open quantum systems

In Chapter 1, we introduced the theoretical framework used to describe the dynamics of
open quantum systems, i.e., quantum systems interacting with an external environment.
Since the state of such systems is not necessarily pure, the appropriate tool for describing
their dynamics is the density operator

ρ =
∑

i

pi|ψi⟩⟨ψi|.

For a bipartite system composed of a system S and a bath B, the reduced density matrix
ρS = TrB [ρtot] describes the state of the system after eliminating the environmental
degrees of freedom.

If we consider a system which interacts weakly with a bath, the reduced dynamics can be
described within the Markovian master equation in the interaction picture:

ρ̇S(t) = −
∫ ∞

0
TrB [V (t), [V (t− τ), ρS(t) ⊗ ρB]] dτ,

in which memory effects are neglected. With a slight abuse of terminology, it is also
referred to as Redfield equation.

After a further secular approximation, the dynamics of a Markovian open quantum system
can be written in Lindblad form as

ρ̇S = −i[HS +HLS , ρS ] +
∑

k

γk

(
LkρSL

†
k − 1

2
{
L†

kLk, ρS

})
≡ L[ρS ],

which separates the unitary evolution generated by the Hamiltonian from the dissipative
evolution generated by the dissipator.

The vectorization formalism was then introduced in order to represent the Liouvillian
superoperator as a matrix. Under this mapping, an operator ρ is written as a vector |ρ⟩⟩,
and the master equation becomes

|ρ̇⟩⟩ = L|ρ⟩⟩,

with

L = −i
(
H ⊗ 1− 1⊗HT

)
+
∑

k

γk

(
Lk ⊗ L∗

k − 1
2L

†
kLk ⊗ 1− 1

21⊗ LT
kL

∗
k

)
.

Next, we discussed the spectrum of the Liouvillian which admits left and right eigen-
vectors since it is generally non-Hermitian. Moreover, the real parts of its eigenvalues
determine the relaxation rates of the system, while purely imaginary eigenvalues
correspond to persistent oscillations. In particular, the Liouvillian always admits at least
one zero eigenvalue which is associated with the steady state(s) of the system.

Finally, the adjoint master equation was introduced as the Heisenberg-picture formulation
of the Lindblad master equation. In this picture, the density matrix is time-independent
and the operators evolve according to

ȮH(t) = i[H,OH(t)] +
∑

k

γk

(
L†

kOH(t)Lk − 1
2
{
L†

kLk, OH(t)
})

≡ L†[OH(t)].
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Chapter 2

Readout of a Superconducting Qubit

Having established the theoretical framework for describing open quantum systems in Chapter 1,
we now turn to the physical system at the heart of this thesis. A superconducting qubit is a
macroscopic circuit that functions as an anharmonic oscillator, utilizing its quantum degrees of
freedom to store information [4].
In this chapter, we start by introducing the Hamiltonian describing this type of qubit in Sec-
tion 2.1. We then discuss the fundamental concept underlying their readout in Section 2.2.
After that, we introduce the notion of dispersive regime and its consequences for the readout in
Section 2.3, through the presentation of the so-called Schrieffer-Wolff transformation. Finally,
we motivate the research carried out in this master’s thesis in Section 2.4, by highlighting the
limitations of the dispersive regime.

Theoretical Concept 2.1. Superconductivity

Superconductivity is a quantum phenomenon occurring in certain materials below a crit-
ical temperature. Electrons then form bound pairs, called Cooper pairs, which condense
into a single collective quantum state. This quantum state is described by a wave func-
tion Ψ(r) = |Ψ(r)|eiϕ(t), whose phase ϕ is the macroscopic superconducting phase. As a
result, a superconductor can carry an electrical current without resistance and behaves
as a perfect diamagnet, expelling magnetic fields through the Meissner effect [27]. In su-
perconducting circuits, the collective phase and charge of the condensate can be treated
as quantum variables, providing the basis for the quantization of circuit variables such as
flux and charge [28].

Theoretical Concept 2.2. Qubit

A qubit is a quantum two-level system and forms the basic unit of information in quantum
computing. Its name is a contraction of quantum bit and is referring to its classical analog,
the classical bit [8].

2.1 Transmon Hamiltonian

Before introducing the transmon superconducting qubit, let us begin with a linear LC circuit (see
Figure 2.1a). In this circuit, energy oscillates between electrical energy stored in the capacitor
and magnetic energy stored in the inductor. The Hamiltonian of such system takes the form

H = Q2

2C + Φ2

2L, (2.1)
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Chapter 2. Readout of a Superconducting Qubit

TransmonQHO

Figure 2.1: (a) Circuit for a parallel LC-oscillator (equivalent to a quantum harmonic oscillator,
QHO), with inductance L and capacitance C. (b) Transmon qubit circuit, where the nonlinear
inductance LJ (Josephson junction) is connected in parallel with a capacitance C. (c) Quadratic
energy landscape for the QHO where energy levels are separated by a constant spacing ℏωr.
(d) The non linear inductance reshapes the QHO quadratic energy potential (blue) into a sinusoid
(red), which leads to a non-uniform spectrum. This allows for the isolation of the two lowest
energy levels |0⟩ and |1⟩, creating a computational subspace[4].

where Q is the charge and C is the capacitance of the capacitor, while Φ and L denote the mag-
netic flux and the inductance of the inductor, respectively [4]. This Hamiltonian shares a direct
mathematical structure with the classical mechanical harmonic oscillator. Indeed, identifying C
as the mass m and the oscillator frequency as ωr =

√
1/LC, Eq. (2.1) is perfectly equivalent to

H = p2

2m + 1
2mω

2
rx

2, (2.2)

when identifying Q and Φ as the general position and momentum coordinates x and p. Hence,
the electrical energy can be mapped to the kinetic energy and the magnetic energy to the
potential energy of the mechanical oscillator.
This last Hamiltonian is of course classical. In order to get its quantum description, the physical
quantities x an p must be replaced by the observable x̂ and p̂ satisfying

[x̂, p̂] = iℏ. (2.3)

Then, the second quantization yields a more straightforward manner to write the quantum
harmonic oscillator (QHO) Hamiltonian, i.e.,

H = ℏωr

(
â†â+ 1

2

)
, (2.4)
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2.1. Transmon Hamiltonian

where the well-known annihilation and creation operators of one single excitation of the system
have been defined as [29]:

â = 1√
2

(√
mωr

ℏ
x̂+ i

√
1

mωrℏ
p̂

)
(2.5)

â† = 1√
2

(√
mωr

ℏ
x̂− i

√
1

mωrℏ
p̂

)
. (2.6)

Similarly, the charge and flux coordinates Q and Φ of the LC circuit Hamiltonian (2.1) must
become observables in order to get a quantum description of the system. We denote them Q̂
and Φ̂. The mathematical mapping between the LC circuit Hamiltonian and quantum harmonic
oscillator still holds, hence Q̂ and Φ̂ satisfy the commutation relation[

Φ̂, Q̂
]

= iℏ. (2.7)

Moreover, annihilation and creation operators â and â† can be defined similar to (2.5) and (2.6)
as

â = 1√
2

√ 1
Zℏ

Φ̂ + i

√
Z

ℏ
Q̂

 (2.8)

â† = 1√
2

√Z

ℏ
Φ̂ − i

√
Z

ℏ
Q̂

 , (2.9)

where Z =
√
L/C is the impedance of the linear LC circuit, in order to recover expression (2.4).

Those relations can, of course, be inverted to obtain

Φ̂ =
√

ℏZ
2
(
â+ â†

)
(2.10)

Q̂ = i

√
ℏ

2Z
(
â− â†

)
. (2.11)

It is common to define the reduced flux ϕ = 2πΦ/Φ0 (with Φ0 = h/(2e), the superconducting
magnetic flux quantum) and the reduced charge n = Q/(2e), as well as the associated observables
ϕ̂ = 2πΦ̂/Φ0 and n̂ = Q̂/(2e). Given these, the quantum Hamiltonian of the LC circuit reads

H = 4EC n̂
2 + 1

2ELϕ̂
2, (2.12)

where EC = e2/(2C) represents the charging energy of single electrons and EL = (Φ0/(2π))2 /L
denotes the inductive energy.
Having established the quantization framework, the hats notation on operators will be omitted
for brevity.

The last Hamiltonian is thus perfectly equivalent to the quantum harmonic oscillator (2.4).
Therefore, its eigenvalues are equidistantly spaced by ℏωr = ℏ/

√
LC (see Figure 2.1c). However,

the objective is to create a qubit, i.e., a two level quantum system. Therefore, anharmonicity
can be added to enable the driving of a selected transition without exciting other energy levels
of the system. One mean to achieve this is to replace the linear inductance of the quantum
harmonic oscillator by a Josephson junction, i.e., a nonlinear inductor (see Figure 2.1b) [4]. The
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Chapter 2. Readout of a Superconducting Qubit

thereby newly constructed circuit is widely referred to as transmon. This change in the circuit
modifies the Hamiltonian (2.12) into

H = 4ECn
2 − EJ cos(ϕ), (2.13)

with EC = e2/(2Ctot) with Ctot = C+CJ being the total capacitance containing the capacitor’s
capacitance C as well as the self-capacitance CJ of the Josephson junction, and EJ = IcΦ0/(2π)
is the Josephson energy with Ic, the critical current of the junction (see Theoretical Concept 2.3).

Theoretical Concept 2.3. Josephson effect - junction

The Josephson effect describes the tunneling of Cooper pairs between two superconductors
separated by a very thin tunnel barrier (d < 30 Å) at zero voltage [27].
The flowing current of Cooper pairs thereby generated is known as the supercurrent and
is given by

I = Ic sin(δ), (2.14)

where Ic is the critical current. This is known as the dc Josephson effect [30].
Moreover, δ represents the phase difference between the wavefunctions of the super-
conductors. Indeed, these wavefunctions are defined as Ψ1,2 = ψ1,2e

iφ1,2 , where |Ψi|2
can be identified as the density of Cooper pairs present in the respective superconductors.

If a DC voltage V is applied across the junction, the phase difference δ evolves
over time according to

δ̇ = −2eV/ℏ ≡ −2π
Φ0
V, (2.15)

implying δ(t) = δ(0) − 2eV t/ℏ. Hence, the supercurrent can be expressed as
I = Ic sin [δ(0) − (2eV t/ℏ)] and the currrent oscillates at a frequency ω = 2eV/ℏ. This
specific effect is called the AC Josephson effect [30].

Moreover, applying Faraday’s law of induction to (2.15) yields

δ̇ = 2π
Φ0

Φ̇, (2.16)

and integrating this relation, directly leads to

δ = 2π
Φ0

Φ ≡ ϕ. (2.17)

We thus see that the previously defined reduced flux ϕ corresponds to the time dependent
phase difference δ(t) between the two superconductors separated by the thin barrier.

Finally, experimental implementations of those junctions are called Josephson junctions
and create nonlinear inductors.

This new Hamiltonian no longer features a quadratic form for its “potential” energy but rather
a cosinusoïdal expression which creates anharmonicity in the Hamiltonian spectrum and creates
a separately accessible two-level quantum system (see Figure 2.1d), as detailed in the remainder
of this section.

When replacing the linear inductance by a Josephson junction, the system’s dynamics is gov-
erned by the leading term in (2.13), characterized by the ratio EJ/EC . Experimentalists find
that an effective regime for qubit configurations is EJ ≫ EC , it is thus the regime which will be
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2.2. Readout

addressed here [28]. In this case, the reduced flux ϕ = Φ/Φ0 can be considered small compared
to EJ since EJ ∝ Φ0. In this sense, the cosine function in (2.13) can be expanded into its power
series yielding the following expression for the “potential energy”

EJ cos(ϕ) = 1
2EJϕ

2 − 1
24EJϕ

4 + O(ϕ6). (2.18)

The leading term of the series expansion renders back the linear LC circuit of (2.12), i.e.,
the quantum harmonic oscillator, while the second term modifies the eigenspectrum of the
Hamiltonian and introduces anharmonicity. Injecting Eq. (2.18) into (2.13) and expressing the
Hamiltonian in terms of the previously introduced creation and annihilation operators a and a†

yields

H = ℏωq

(
a†a+ 1

2

)
− EJϕ

4
ZP F

(
a† + a

)4

24 , (2.19)

where ϕF P Z = 1
Φ0

√
ℏZ/2 is the zero-point phase fluctuation and ωq is the qubit frequency.

Restricting H to excitation-preserving terms1, it takes the form

H = ℏ(ωq − α)a†a− ℏα
2 a†a†aa, (2.20)

where α = EJϕ
4
ZP F /2 = −EC [4].

Furthermore, since the terms proportional to α takes their origin within the higher order of
the series expansion (2.18), we have |ℏα| ≪ ℏωq meaning that the transmon qubit is eventually
a weakly anharmonic oscillator. Hence, provided that |α| is sufficiently large to prevent non
computational states to be excited, this weakly anharmonic oscillator can be treated as a two-
level system and the Hamiltonian can be simplified to

H = ωq

2 σz, (2.21)

where σz is the Pauli-z operator and we adopted the convention ℏ = 1 which we will keep
throughout this thesis [4] .

Theoretical Concept 2.4. Pauli operator σz

In a two-level system with a basis {|g⟩ , |e⟩}, σz is defined as σz = |e⟩⟨e| − |g⟩⟨g| [9].
Hence, σz applied on the excited state |e⟩ gives +|e⟩, while it leads to −|g⟩ if applied on
the ground state |g⟩.
Introducing the ladder operators restricted to the two-level subspace: σ+ = |e⟩⟨g| and
σ− = |g⟩⟨e|, which play the role of a† ad a within the truncated Hilbert space, we have
σ+σ− = (σz + 1) /2.
Since, the Hamiltonian is defined up to an irrelevant constant, we have H = ωqσ+σ− is
equivalent to H = ωqσz/2.

2.2 Readout
In order to access the information encoded in the transmon, the idea is to couple the qubit to an
external electromagnetic field in the microwave regime. However, to avoid destroying the state
during the measurement process, the transmon is not measured directly. Instead, it is coupled

1“excitation-preserving terms” are terms where a and a† appear in equal quantities. Hence,
(
a + a†)4 ≃

6a†a†aa + 12a†a.
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Chapter 2. Readout of a Superconducting Qubit

to a resonator, which in turn interacts with the applied electromagnetic field, as illustrated in
Figure 2.2. This architecture enables a quantum non-demolition measurement by probing the
microwave cavity mode of the resonator, thereby allowing information about the qubit state to
be extracted while preserving it [31].

Qubit Resonator

Probe field

Figure 2.2: Fundamental architecture for the measurement of a superconducting qubit. The
transmon superconducting qubit (in red) is coupled to a resonator (in blue) which is probed by
a microwave electromagnetic field.

The system “qubit + resonator”, where the qubit and the resonator are coupled through a
capacitor, can be described by the Jaynes-Cummings (JC) Hamiltonian [4]:

HJC = 1
2ωqσz + ωra

†a+ g(σ+a+ σ−a
†), (2.22)

where ωq is the transition frequency of the qubit, ωr is the transition frequency of the resonator,
g is the coupling rate describing the interaction and a (a†) and σ+ (σ−) are the raising (lowering)
operators of the resonator and the qubit, respectively. The Jaynes-Cummings Hamiltonian is
commonly used in the field of quantum optics to model the interaction between a two-level atom
and a cavity described by a single quantized mode [32]. In this sense, the term “cavity” will be
used interchangeably with “resonator”.
Furthermore, the driving of the resonator by the electromagnetic field can be treated semi-
classically and added with the following Hamiltonian:

Hd = ϵaeiωdt + ϵ∗a†e−iωdt, (2.23)

where ϵ sets the drive strength/amplitude and ωd corresponds to the drive frequency [5].
Finally, the total Hamiltonian describing the non-demolition readout of a superconducting qubit
is given by

H = 1
2ωqσz + ωra

†a+ g(σ+a+ σ−a
†) + ϵaeiωdt + ϵ∗a†e−iωdt. (2.24)

Now that the Hamiltonian describing the readout of a superconducting qubit has been derived,
let us move on to the dissipative dynamics of the system. Indeed, the resonator must be consid-
ered “leaky” since we need to monitor the output field of the cavity to obtain indirect information
about the state of the qubit. In this sense, the Lindblad master equation describing the system
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2.3. Dispersive Limit and Schrieffer-Wolff Transformation

is
ρ̇ = −i [H, ρ] + γ

(
aρa† − 1

2{a†a, ρ}
)
, (2.25)

where ρ is the density operator corresponding to the state of the system “qubit + resonator”
and γ represents the loss rate of excitations in the resonator [33]. As introduced in Section 1.3,
the first term of (2.25) accounts for the unitary evolution of the system while the second term
is called the dissipator and describes the dissipative dynamics.

2.3 Dispersive Limit and Schrieffer-Wolff Transformation
Let us consider the system “qubit + resonator” and rewrite the JC Hamiltonian describing it :

HJC = 1
2ωqσz + ωra

†a︸ ︷︷ ︸
≡H0

+ g(σ+a+ σ−a
†)︸ ︷︷ ︸

≡V

. (2.26)

The dispersive limit stands for the case when the detuning between the qubit and the resonator
is large compared with the coupling rate, i.e., |ωq − ωr| ≫ g. In this case, the JC Hamiltonian
can be expanded in terms of g/∆ (with ∆ ≡ ωq − ωr) and a second-order Hamiltonian, known
as dispersive Hamiltonian, can be derived, within the limit of a few photons in the resonator
(n < ∆2/(4g2)) [4]. This approximation is called the “dispersive approximation” and gives

Hdisp = 1
2 (ωq + χ)σz + (ωr + χσz)

(
a†a+ 1

2

)
, (2.27)

where χ = g2/∆ is referred to as the dispersive shift.

The last Hamiltonian shows that, in the dispersive limit, the qubit and the resonator do not
exchange energy anymore. However, the frequency of the resonator is shifted by an amount
dependent of the qubit state through the appearance of the term χσza

†a. Hence, probing the
resonator enables to infer information about the qubit state as illustrated in Figure 2.3. Addi-
tionally, the frequency of the qubit is displaced by a lamb shift χ due to vacuum fluctuations in
the resonator.

Figure 2.3: Illustration of the absorption spectrum of the resonator obtained by probing it with
an external field (see Figure 2.2). The graph shows that the resonator spectrum differs depending
on the qubit state (|0⟩ ≡ground state or |1⟩ ≡excited state), as expected from Eq. (2.27)[4].

The standard derivation of this second-order dispersive Hamiltonian (2.27) uses the so-called

23



Chapter 2. Readout of a Superconducting Qubit

Schrieffer-Wolff transformation [34]. It corresponds to the application of a unitary transforma-
tion on HJC , i.e., H ′ = eSHJCe

−S allowing for a direct expansion of the Hamiltonian using the
Baker-Campbell-Hausdorff formula

H ′ = eSHe−S =
∞∑

n=0

[S,H](n)

n! , (2.28)

where
[S,H](n) ≡ [S, [S,H](n−1)],

and
[S,H](0) = H,

or in a more explicit way H(n) ≡ [
n times︷ ︸︸ ︷

S, [. . . , [S,H] . . .]] [34, 35].

In the case of the JC Hamiltonian HJC = H0 + V , the formula, to first order in V yields

H ′ = H0 + V + [S,H0] + [S, V ] + 1
2 [S, [S,H0]] + 1

2 [S, [S, V ]] + O(V 2). (2.29)

Furthermore, the operator S defining the unitary application is chosen to make the transformed
Hamiltonian H ′ diagonal to first order in V . Hence, S is chosen so that

[S,H0] = −V, (2.30)

in order to remove the off-diagonal term to the lowest order [34], which implies

S = g

∆(σ−a
† − σ+a).

As a consequence, (2.29) becomes

H ′ ≃ H0 + 1
2 [S, V ] ≡ Hdisp. (2.31)

Computing the commutator using the commutation relation [a, a†] = 1 along with the identities
σ−σ+ = 1

2(1+ σz) and σ+σ− = 1
2(1− σz) renders the dispersive Hamiltonian (2.27).

The Schrieffer-Wolff transformation that was just presented can be applied to any Hamiltonian
which can be decomposed into an unperturbed part H0 and a perturbation V . The condition
(2.30) involves that V is anti-Hermitian, i.e. V † = −V , which guaranties the unitarity of the
similarity transformation (2.28) [34].

Theoretical Concept 2.5. Similarity transformation

A similarity transformation applied to an operator A takes the form A → A′ = X−1AX for
an invertible operator X and preserves the spectrum of A. Hence a unitary transformation
is a specific case of similarity transformation where X is unitary, i.e., X† = X−1.

2.4 Accuracy of the Dispersive Approximation
In the final section of this chapter about the dispersive readout of superconducting qubits, we
examine the validity of the dispersive approximation and its limitations. Indeed, although the
dispersive approximation is widely used in the literature due to its excellent agreement with

24



2.4. Accuracy of the Dispersive Approximation

experimental results, it restricts the set of usable parameters: typically g must remain small
compared to the detuning ∆ between the qubit and the cavity.

Figures 2.4 to 2.6 in the following pages present numerical simulations for a qubit of frequency
ωq coupled (through a coupling parameter g) to a resonator of frequency ωr with damping rate
γ. The graphs show the time evolutions of ⟨σz⟩ for the qubit and of ⟨a†a⟩ corresponding to the
average number of excitations in the resonator. They illustrate the failure of the dispersive ap-
proximation in the case of a qubit initially prepared in its excited (or ground) state, i.e., ⟨σz⟩ = 1
(or ⟨σz⟩ = −1), and a resonator initially prepared in its ground state, i.e., the vacuum, ⟨a†a⟩=0.
Indeed, it completely neglects any energy exchange between the qubit and the cavity, meaning
that, if the qubit is prepared in its excited state, it remains in this state since the dispersive
approximation prevents both decay into the resonator and excitation through it, and similarly
if the qubit is prepared in its ground state. However, the resonator has its state modified as a
result of the drive excitation.

For a small coupling strength g, compared to the detuning, the resonator dynamics obtained
within the dispersive approximation is in excellent agreement with the exact result in the case
of a driven cavity, even though the qubit dynamics does not reproduce the exact evolution, as
illustrated in Figure 2.4 d) and Figure 2.5 d).
In contrast, when g becomes significant compared to the detuning, meaning that the coupling
between the qubit and the cavity can no longer be neglected, the cavity dynamics under the
dispersive approximation begins to deviate from the exact dynamics, as shown in Figure 2.4 f)
and Figure 2.6 d).

This observation is the starting point of the research conducted in this master’s thesis. In-
deed, the dispersive approximation is derived by applying the Schrieffer-Wolff transformation
to the Hamiltonian describing the qubit coupled to the cavity. However, when the coupling
between them becomes large, this model is no longer sufficient. A potential solution investi-
gated in this master’s thesis relies on applying the Schrieffer-Wolff transformation, not to the
Hamiltonian, but rather to the Liouvillian in order to obtain a better reduced description of the
qubit dynamics. The general method will be presented in Chapter 3, followed by an application
to the system of a qubit coupled to a damped resonator in Chapter 4.
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Chapter 2. Readout of a Superconducting Qubit

Without drive:

a)

c) d)

b)

With drive:

e) f)

Figure 2.4: Time-dependent dynamics of ⟨σz⟩ (first column) and ⟨a†a⟩ (second column) for the
qubit initially prepared in its ground state and the resonator in the vacuum state, for different
values of g to highlight the regime of validity of the dispersive approximation. a, b) The resonator
is damped but not driven. No dynamics takes place because the initial state of the system is
the ground state, for any g and ∆. c, d, e, f) The resonator is damped and driven with a drive
intensity ϵ and a frequency ωd for g/|∆| = 0.01 (panels c and d) and for g/|∆| = 0.2 (panels e
and f). c, d) g/|∆| is sufficiently small for the dispersive Hamiltonian to reproduce accurately
the exact dynamics of the driven cavity (see panel d) even though the qubit dynamics is not
accounted for (see panel c). e, f) g/|∆| is not small enough such that the dynamics of the driven
cavity in the dispersive approximation deviates from the exact dynamics (see panel f). Moreover,
comparing c) with e), we see a stronger deviation from the exact dynamics in e) where g/|∆| is
larger.
Numerical parameters: c, d ) g = 0.1 GHz. e, f) g = 2 GHz. c, d, e, f) ωq = 1 GHz, ωr = ωd =
11 GHz, γ = 0.6 GHz , ϵ = 0.6 GHz
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Without drive:

a)

c) d)

b)

With drive:

Figure 2.5: Time-dependent dynamics of ⟨σz⟩ (first column) and ⟨a†a⟩ (second column) for the
qubit initially prepared in its excited state and the resonator in the vacuum state. a, b) The
resonator is damped but not driven. The exact dynamics shows the qubit slow decay into the
cavity, which is not reproduced by the dispersive approximation. The exact dynamics of the
cavity represented by ⟨a†a⟩ shows exchanges between the qubit and the cavity which leads to
damped oscillations due to the cavity damping rate. The cavity decays to ⟨a†a⟩ = 0, at first sight
it may appear differently in b) but it is in fact a transient dynamics that takes place and the
analysis of a substantially longer timescale shows the decay to zero as presented in the included
graph with gray background. c, d) The resonator is damped and driven with a drive intensity
ϵ and a frequency ωd. Here, g/|∆| = 0.01 is sufficiently small, thus the dispersive Hamiltonian
reproduces accurately the exact dynamics of the driven cavity (see d)) even though the qubit
decay is not accounted for (see c)).
Numerical parameters: g = 0.1 GHz, ωq = 1 GHz, ωr = ωd = 11 GHz, γ = 0.6 GHz , ϵ =
0.6 GHz
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Without drive:

a)

c) d)

b)

With drive:

Figure 2.6: Time-dependent dynamics of ⟨σz⟩ (first column) and ⟨a†a⟩ (second column) for
the qubit initially prepared in its excited state and the resonator in the vacuum state. Here,
g/|∆| = 0.2. It corresponds to a regime where the dispersive approximation is inaccurate. a,
b) The resonator is damped but not driven. As in Figure 2.5 a), the exact dynamics shows the
qubit decay into the cavity, which is not reproduced by the dispersive approximation, moreover
the decay is significantly stronger compared to Figure 2.5 a) due to the larger ratio g/|∆|. The
exact dynamics of the cavity again shows exchanges between the qubit and the cavity which lead
to damped oscillations to zero. c, d) The resonator is damped and driven with a drive intensity
ϵ and a frequency ωd. Since g/|∆| is not small enough, the dynamics of the driven cavity in
the dispersive approximation deviates from the exact dynamics (see d)). Moreover, comparing
c) with Figure 2.5 c), we see a stronger deviation from the exact dynamics in the present case
where g/|∆| is larger.
Numerical parameters: g = 2 GHz, ωq = 1 GHz, ωr = ωd = 11 GHz, γ = 0.6 GHz , ϵ = 0.6 GHz

28



Summary of the Chapter

Summary 2. Dispersive readout of a transmon

First, Chapter 2 introduced the physical system underlying the readout of a supercon-
ducting qubit. Starting from the quantization of an LC circuit behaving as a quantum
harmonic oscillator, we established that replacing the linear inductance by a Josephson
junction introduces anharmonicity in the energy spectrum. Working in a specific regime
enables to isolate the two lowest energy levels and describe the transmon as an effective
two-level quantum system, i.e., a qubit described by the Hamiltonian

H = ωq

2 σz. (2.21)

Moreover, the readout of a qubit is performed by coupling it to a microwave resonator
which is probed by an external magnetic field, leading to the total Hamiltonian:

H = 1
2ωqσz + ωra

†a+ g(σ+a+ σ−a
†) + ϵ

(
aeiωdt + a†e−iωdt

)
. (2.24)

In the dispersive regime |∆| = |ωq − ωr| ≫ g, a Schrieffer-Wolff transformation removes
the direct qubit-resonator exchange to second order and yields the dispersive Hamiltonian
for the system “qubit+resonator”:

Hdisp = 1
2 (ωq + χ)σz + (ωr + χσz)

(
a†a+ 1

2

)
, (2.27)

which results in the resonator frequency being dependent of the state of the qubit
allowing for a nondestructive readout of the qubit.

Finally, numerical examples show that this approximation works well for small
g/|∆|, but fails when the coupling increases. This motivates the application of the
Schrieffer-Wolff method directly to the Liouvillian in the following chapters.
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Chapter 3

Generalized Schrieffer-Wolff Method

As seen in the previous chapter, the standard Schrieffer-Wolff method is a type of perturbation
theory which consists in the application onto the exact Hamiltonian of a unitary transformation
enabling the derivation of a diagonal Hamiltonian describing the system’s low-energy dynam-
ics. This section presents the generalization of this formalism to Liouvillians, as introduced by
Kessler in “Generalized Schrieffer-Wolff Formalism for Dissipative Systems” [7]. To this end, Sec-
tion 3.1 formulates the general framework underlying the subsequent derivation and Section 3.2
establishes the main result upon which the rest of this thesis relies.

3.1 General Framework
In analogy with the Hamiltonian Schrieffer-Wolff transformation, the goal is to find a similar-
ity transformation such that the Liouvillian becomes block-diagonal (instead of diagonal in the
Hamiltonian case).

We consider the case of an open quantum system described by a Lindblad ME where the Liou-
villian is time-independent, diagonalizable and can be written as the addition of an unperturbed
term L0 and a perturbation ϵV as follows

ρ̇(t) = Lρ(t) = (L0 + ϵV) ρ(t), (3.1)

where ϵ is a dimensionless perturbation parameter and ρ is the density operator of the system.
First, let us recall the vectorized formalism, introduced in Section 1.4, implying that the su-
peroperators L, L0 and V can be represented by matrices while the density matrix ρ can be
mapped to a vector. Within this framework, the left and right eigenvectors |li⟩⟩ and |ri⟩⟩ of the
non-Hermitian superoperator L0 can be computed as follows:

L0|ri⟩⟩ = λi|ri⟩⟩, (3.2)
⟨⟨li|L0 = λi⟨⟨li|. (3.3)

Let us recall that the eigenvalues λi are in general complex since L0 is non-Hermitian.
Furthermore, we define two subsets within the spectrum of L0:

P = {λα|λα = 0} ̸= {} , (3.4)

corresponding to the zero eigenvalues of L0, and

Q = {λi|λi ̸= 0} (3.5)
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denoting the non-zero eigenvalues of L0. Henceforth, the Greek and Arabic indices will corre-
spond to the sets P and Q, respectively. Subsequently, (generally non-orthogonal) projectors1

onto the corresponding subspaces are introduced as

P =
∑

α:λα∈P
|rα⟩⟩⟨⟨lα|, (3.6)

Q = 1− P =
∑

i:λi∈Q
|ri⟩⟩⟨⟨li|, (3.7)

and define the so-called slow and fast spaces, respectively [7].
These subspaces allow for the definition of a useful block configuration for an arbitrary linear
superoperator A in the L0-eigenbasis as

A =
(
AP A−

A+ AQ

)
=
(
PAP PAQ
QAP QAQ

)
, (3.8)

where we introduced AP = PAP , AQ = QAQ, A+ = QAP and A− = PAQ, along with the
overline notation, which denotes their reduced representation. Indeed, the expressions (3.6)-
(3.7) define the projectors P and Q as square matrices of dimension d2 × d2 with d being the
dimension of the density matrix. Additionally, A being (in the vectorized formalism) a matrix
of dimension d2 × d2, the product PAP is ultimately a d2 × d2 matrix. Consequently, PAP is
the full size matrix where the only non-zero element is the upper-left block, i.e.,

AP ≡ PAP =
(
AP 0
0 0

)
. (3.9)

Naturally, the notations A+, A− and AQ and their reduced representation A+, A− and AQ can
be understood accordingly.

The following notations are also introduced for the block diagonal and block off-diagonal parts
of the operator A

AD =
(
AP 0
0 AQ

)
, (3.10)

AO =
(

0 A−

A+ 0

)
, (3.11)

respectively [7].

From this representation, it is for instance immediate to see that LP
0 = PL0P = 0 by defi-

nition of P which projects onto the slow subspace relative to its zero eigenvalues. Similarly,
L+

0 = 0 and L−
0 = 0, since L0 is diagonal in its own basis. We can thus write L0 = LD

0 = LQ
0 .

On the other hand, the perturbation in general includes both diagonal and off-diagonal elements,
i.e., V = VD + VO.

After establishing the theoretical background and clarifying the notations, we can now focus
on the generalized Schrieffer-Wolff transformation.
As presented earlier, the aim is to find a similarity transformation

L → L = U−1LU, (3.12)

1A square matrix P is a projector if P 2 = P . P is orthogonal if P P T = P T P ⇒ P T = P −1.
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choosing U to make the transformed Liouvillian L block-diagonal, i.e.,

LO = 0, (3.13)

leading to the decoupling of the slow and fast spaces and L conserving the same spectrum as L.

Since V is a bounded operator2, the perturbation induces a displacement of the eigenvalues
in the complex plane of at most ϵ∥V∥. Thus, in the perturbative regime where the Liouvillian
gap ∆ is larger than 2ϵ∥V∥, the separation between the eigenvalues in P and Q is preserved.
This means that the perturbation may change the actual positions of the eigenvalues, but they
nevertheless remain within their respective subspaces (see Figure 3.1) [7].

Im

Re

Figure 3.1: Schematic representation of the spectrum of L0 wiht ∆ the associated Liouvillian
gap as introduced in Section 1.5. The subspace P of zero eigenvalues of L0 corresponds to the solid
red dot, which is associated with the steady state(s) of the system. Additionally, the subspace Q,
corresponding to the non-zero eigenvalues of L0, contains the blue dots and red dashed circles,
related to dissipative and oscillating modes, respectively, as explained in Section 1.5. When a
bounded perturbation ϵV is added to L0, the eigenvalues are displaced within the gray disks
of radius ϵ∥V∥ surrounding them. In the perturbative regime, this displacement nonetheless
preserves a spectral separation between the subspaces P and Q.

Therefore, the following effective Liouvillian

Leff = PLP (3.14)

coincides with the exact low-excitation spectrum of L and the dynamics of the system near the
steady state is accurately described by the following master equation:

µ̇ = Leffµ, (3.15)

where we introduced the reduced density matrix µ on the slow subspace [7].

3.2 Derivation of the Expansion
As in the Hamiltonian case, the main asset of the method resides in the fact that the transfor-
mation (3.12) enables a direct expansion of L via the Baker-Campbell-Hausdorff formula (2.28).
Indeed, in [7], Kessler considers the so-called “canonical” choice U = eS imposing S to be block
off-diagonal, i.e., SD = 03. Hence, the Baker-Campbell-Hausdorff formula (2.28) introduced in

2If V is not bounded, it can always be truncated through physical justifications.
3Other choices are possible with SD ̸= 0 leading to different perturbation theories but these lie outside the

scope of this thesis.
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the previous chapter yields

L = e−SLeS =
∞∑

n=0

[S,L](n)

n! . (3.16)

Furthermore, introducing the notation Â, expressing the commutator with an operator A as

ÂB = [A,B] (3.17)

when applied to an arbitrary operator B, yields

L ≡
∞∑

n=0

Ŝn

n! L = eŜL. (3.18)

Theoretical Concept 3.1. Behavior of Ŝ· = [S, ·]

Recalling that S is block off-diagonal, it can be shown that the superoperator Ŝ = [S, ·]
flips the diagonal/off-diagonal characteristic of the matrix on which it acts.
Indeed, if O is a purely block off-diagonal matrix and D is a purely diagonal matrix, ŜO
is block diagonal while ŜD is block off-diagonal, i.e.,(

ŜO
)O

= 0,(
ŜD

)D
= 0.

Hence, if an even power of Ŝ is applied on O (D), the result will stay block off-diagonal
(diagonal). However, if an odd power of Ŝ is applied, the block structure will change.

As a consequence, since the superoperator cosh(Ŝ) only contains even powers of
Ŝ, it keeps the diagonal/off-diagonal character unchanged. In opposition,
sinh(Ŝ) contains only odd powers of Ŝ, thus it flips the matrix from block diagonal
to block off-diagonal, or conversely.

At this point, in order to get the expressions of the different terms in the series expansion, we
must derive a general expression for S.
In the light of this, the condition (3.13) is rewritten as [7]

LO = 0 ⇔
(
eŜL

)O
= 0 (3.19)

and yields
ŜL0 = −ŜϵVD − ϵŜ coth(Ŝ)VO. (3.20)

Proof. In order to prove the relation (3.20), let us decompose L in its diagonal and off-diagonal
blocks

LO = 0 ⇔
(
eŜL

)O
= 0

⇔
(
eŜ
(
LD + LO

))O
= 0. (3.21)
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Then, let us decompose eŜ into its even and odd terms [7]

eŜ = cosh(Ŝ) + sinh(Ŝ). (3.22)

Due to the properties mentioned in Theoretical Concept 3.1, cosh(Ŝ) keeps the block-diagonal
structure of L while sinh(Ŝ) flips it and the condition (3.21) becomes

sinh(Ŝ)LD + cosh(Ŝ)LO = 0. (3.23)

Multiplying by the inverse of sinh(Ŝ) and then by Ŝ yields4

ŜLD + Ŝ coth(Ŝ)LO = 0.

Finally, making use of LD = L0 + ϵVD and LO = ϵVO renders Eq. (3.20).

Furthermore, solving (3.20) yields an implicit expression for the matrix S generating the Schrieffer-
Wolff transformation that renders the Liouvillian operator block diagonal:

S = ϵR0
(
ŜVD

)
+ ϵR0

(
Ŝ coth(Ŝ)VO

)
, (3.24)

where we introduced the resolvent operator

R0(·) = QL−1
0 · P − P · L−1

0 Q, (3.25)

giving particularly R0(X̂L0) = −X with X being a purely block off-diagonal operator[7].
The hyperbolic functions of the superoperator Ŝ are understood as formal Taylor series. Hence,
the manipulations involving cosh(Ŝ), sinh(Ŝ) and Ŝ coth(Ŝ) are well-defined for infinitesimal Ŝ,
which is ensured by a sufficiently small perturbation parameter ϵ [36].

Theoretical Concept 3.2. Resolvent Operator

A resolvent of an operator works as a generalized inverse for this operator. In this precise
case, solving (3.20) would require to invert L0. However, L0 is not invertible on the full
space because it contains zero eigenvalues (corresponding to the slow space P). Hence, a
restricted inverse L−1

0 ≡ (QL0Q)−1 on the fast subspace is introduced and the resolvent
operator R0 is defined in order to inverse the map X → [L0, X] where X is a block
off-diagonal operator.

Having derived the implicit expression (3.24) for S depending on Q, P , L0 and V, we return
to (3.18) and recall that L is constructed by the similarity transformation to be block-diagonal
such that

L = LD =
(
eŜL

)D
, (3.26)

which leads to

L = L0 + ϵ
(
VD + tanh(Ŝ/2)VO

)
. (3.27)

4More precisely, one rewrites sinh(Ŝ) = sinh(Ŝ)
Ŝ

Ŝ and multiplies by the inverse of sinh(Ŝ)/Ŝ since sinh(Ŝ) is
in fact not invertible but sinh(Ŝ)

Ŝ
is. Similarly, strictly speaking, Ŝ coth(Ŝ) is not obtained by inverting sinh(Ŝ)

directly. It denotes the regular Taylor series of the analytic function x coth x evaluated at Ŝ.
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Chapter 3. Generalized Schrieffer-Wolff Method

Furthermore, defining
W = ϵ

(
VD + tanh(Ŝ/2)VO

)
, (3.28)

and substituting it into Eq. (3.27) yields

L = L0 + W. (3.29)

Hence, the effective Liouvillian in the slow space is given by

Leff = PLP = PWP, (3.30)

since by construction PL0P = 0.

Proof. As in the proof for (3.20), let us separate eŜ into its odd and even powers and L into its
diagonal and off diagonal elements, in (3.26). Recalling the properties of cosh(Ŝ) and sinh(Ŝ)
yields

L = LD = cosh(Ŝ)LD + sinh(Ŝ)LO. (3.31)

Referring back to the fact that L is block diagonal, i.e., LO = 0 and rewriting the resulting
criterion (3.23) as

LO = LO + tanh(Ŝ)LD = 0

⇔ LD = − 1
tanh(Ŝ)

LO. (3.32)

First, let us substitute this relation into (3.31), then add and subtract LD in order to rearrange
the expression by applying (3.32) once more. Finally, using the hyperbolic identity sinh(x) −
(cosh(x) − 1)/ tanh(x) = tanh(x/2), one obtains

L = − cosh(Ŝ)
tanh(Ŝ)

LO + sinh(Ŝ)LO + LD − LD

= − cosh(Ŝ)
tanh(Ŝ)

LO + sinh(Ŝ)LO + LD + 1
tanh(Ŝ)

LO

= LD + tanh(Ŝ/2)LO.

In order to complete the derivation, we recall LD = L0+ϵVD and LO = ϵVO to get Eq. (3.27).

However, in general, the exact form of the matrix S that decouples the fast and slow space is
difficult to find and the interest of the SW transformation resides in the ability to expand S in
the perturbation parameter ϵ [7]:

S =
∞∑

n=0
ϵnSn. (3.33)
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In fact, expanding both sides of Eq. (3.24) yields

S = S0 + ϵS1 + ϵ2S2 + ϵ3S3 + ϵ4S4 + ϵ5S5 + O(ϵ6)

= ϵR0
((
Ŝ0 + ϵŜ1 + ϵ2Ŝ2 + ϵ3Ŝ3 + ϵ4Ŝ4 + O(ϵ5)

)
VD
)

+ ϵR0

((
1+ Ŝ2

3 − Ŝ4

45 + O(Ŝ6)
)

VO
)
, (3.34)

where we used the following expansion

Ŝ coth Ŝ = 1+ Ŝ2

3 − Ŝ4

45 + O(Ŝ6). (3.35)

Subsequently expanding Ŝ appearing in the Ŝ coth(Ŝ) series5 and identifying the coefficients of
equal powers of ϵ on both sides of Eq. (3.34), we obtain

S0 = 0 (3.36a)

S1 = R0
(
Ŝ0VD

)
+ R0VO = R0VO (3.36b)

S2 = R0
(
Ŝ1
(
VD
))

(3.36c)

S3 = R0
(
Ŝ2
(
VD
))

+ 1
3R0

(
Ŝ2

1

(
VO
))

(3.36d)

S4 = R0
(
Ŝ3
(
VD
))

+ 1
3R0

[(
Ŝ2Ŝ1 + Ŝ1Ŝ2

) (
VO
)]

(3.36e)

S5 = R0
(
Ŝ4
(
VD
))

+ 1
3R0

[(
Ŝ1Ŝ3 + Ŝ3Ŝ1 + Ŝ2

2

) (
VO
)]

− 1
45R0

(
Ŝ4

1

(
VO
))

(3.36f)

...

We thus get a series expansion where each term can be expressed as a function of the preceding
ones. However, ultimately, each terms only depends on R0 = QL−1

0 ·P −P · L−1
0 Q and elements

of V. For instance, we can write

S2 = R0
(
Ŝ1
(
VD
))

= −R0
(
V̂DS1

)
= −R0

(
V̂D

(
R0VO

))
(3.37)

S3 = R0
(
V̂D

(
R0V̂D

(
R0VO

)))
+ 1

3R0

((
R0VO

)2
VO
)
. (3.38)

We are now equipped to derive the power series for the perturbative correction W = ϵ(VD +
tanh(Ŝ/2)VO). Indeed, as previously, we write

W =
∞∑

n=0
ϵnWn. (3.39)

Moreover, we follow the same procedure as for finding Sn meaning that we expand the term in

5In the Taylor series of Ŝ coth Ŝ given by Eq. (3.35), we substitute

Ŝ2 =
(
Ŝ0 + ϵŜ1 + ϵ2Ŝ2 + ϵ3Ŝ3 + O(ϵ4)

)2

≃ Ŝ2
1ϵ2 +

(
Ŝ2Ŝ1 + Ŝ1Ŝ2

)
ϵ3 +

(
Ŝ1Ŝ3 + Ŝ3Ŝ1 + Ŝ2

)
ϵ4

keeping in this case only terms up to fourth order in ϵ. Proceeding similarly for Ŝ4 and keeping only terms in ϵ4

yields Ŝ4 = Ŝ4
1ϵ4.

The reader might notice the absence of Ŝ0. This is explained by the fact that S0 = 0 ⇒ Ŝ = 0 (see Eq. (3.36)).
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Chapter 3. Generalized Schrieffer-Wolff Method

Ŝ in (3.28) using the Taylor expansion

tanh(Ŝ/2) = Ŝ

2 − Ŝ3

24 + Ŝ5

240 + O(Ŝ7). (3.40)

This leads to

W = W0 + W1ϵ+ W2ϵ
2 + W3ϵ

3 + W4ϵ
4 + W5ϵ

5 + W6ϵ
6 + O(ϵ7)

= ϵVD + ϵ

(
Ŝ

2 − Ŝ3

24 + Ŝ5

240 + O(Ŝ7)
)
. (3.41)

Once more, expanding Ŝ in its power series6 and comparing the corresponding coefficients yields

W0 = 0 (3.42a)
W1 = VD (3.42b)

W2 = 1
2 Ŝ1

(
VO
)

= −1
2 V̂OS1 = −1

2 V̂O
(
R0VO

)
(3.42c)

W3 = 1
2 Ŝ2

(
VO
)

= −1
2 V̂OS2 = 1

2 V̂OR0V̂DR0VO (3.42d)

W4 = 1
2 Ŝ3

(
VO
)

− 1
24 Ŝ

3
1

(
VO
)

(3.42e)

W5 = 1
2 Ŝ4

(
VO
)

− 1
24
(
Ŝ2Ŝ

2
1 + Ŝ1Ŝ2Ŝ1 + Ŝ2

1 Ŝ2
) (

VO
)

(3.42f)

W6 = 1
2 Ŝ5

(
VO
)

− 1
24
(
Ŝ2

1 Ŝ3 + Ŝ3Ŝ
2
1 + Ŝ1Ŝ3Ŝ1 + Ŝ1Ŝ

2
2 + Ŝ2

2 Ŝ1 + Ŝ2Ŝ1Ŝ2
) (

VO
)

+ 1
240 Ŝ

5
1 (3.42g)

...

Again, we obtain a series expansion in which each contribution can be written in terms of the
previous ones, while eventually depending solely on R0 and V.

Finally, projecting the Taylor matrices (3.42) onto the slow space gives the expansion of the
effective Liouvillian which can thus be written as follows:

Leff = PLP = PWP =
∞∑

n=0
ϵnPWnP. (3.43)

Defining
Leff

n = PWnP, (3.44)

6Following the same procedure as in Footnote 5 : In the Taylor series of tanh(Ŝ/2) given by Eq. (3.40), we
substitute

Ŝ = Ŝ0 + ϵŜ1 + ϵ2Ŝ2 + ϵ3Ŝ3 + ϵ4Ŝ4 + ϵ5Ŝ5 + O(ϵ6)

and

Ŝ3 =
(
Ŝ0 + ϵŜ1 + ϵ2Ŝ2 + ϵ3Ŝ3 + O(ϵ4)

)3

≃ Ŝ3
1ϵ3 +

(
Ŝ2Ŝ2

1 + Ŝ1Ŝ2Ŝ1 + Ŝ2
1 Ŝ2
)

ϵ4

+
(
Ŝ2

1 Ŝ3 + Ŝ1Ŝ3Ŝ1 + Ŝ3Ŝ2
1 + Ŝ1Ŝ2

2 + Ŝ2Ŝ1Ŝ2 + Ŝ2
2 Ŝ1
)

ϵ5

keeping in this case only terms up to fifth order in ϵ. Proceeding similarly for Ŝ5 and keeping only terms in ϵ5

yields Ŝ5 = Ŝ5
1ϵ5.
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leads to
Leff =

∞∑
n=0

ϵnLeff
n , (3.45)

which in particular yields

Leff
0 = 0 (3.46a)

Leff
1 = PVDP = VP (3.46b)

Leff
2 = −V−L−1

0 V+ (3.46c)

Leff
3 = V−L−1

0 VQL−1
0 V+ − 1

2
{

VP ,V−L−2
0 V+

}
(3.46d)

...

Readers not concerned with the proofs of Eqs. (3.46c) and (3.46d) may proceed directly to page
41.

Proof. 2nd order term of the effective Liouvillian series: Leff
2

In order to establish the final explicit expression for Leff
2 Eq. (3.46c), let us write its expression

explicitly as

Leff
2 = PW2P = P

(1
2 V̂O

(
R0VO

))
P (3.47)

expanding the hidden commutator in V̂

Leff
2 = 1

2P
(
VOR0VO − R0VOVO

)
P (3.48)

We recall the resolvent operator expression (3.25) reproduced here for convenience

R0(·) = QL−1
0 · P − P · L−1

0 Q.

In consequence, we have
R0(VO) = QL−1

0 VOP − PVOL−1
0 Q, (3.49)

which we substitute into (3.48), yielding

Leff
2 = 1

2P
(
VOQL−1

0 VOP − VOPVOL−1
0 Q−QL−1

0 VOPVO + PVOL−1
0 QVO

)
P. (3.50)

The property of the projector P
P 2 = P (3.51)

as well as
PQ = P (1− P ) = P − P 2 = P − P = 0 = QP, (3.52)

imply that the second and third term of Eq. (3.50) vanish, leading to

Leff = 1
2
(
PVOQL−1

0 VOP + PVOL−1
0 QVOP

)
. (3.53)
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Additionally, we recall the definitions of Eq. (3.8):

PVOQ = PVQ = V− (3.54)
QVOP = QVP = V+ (3.55)

Also for an arbitrary operator A we have AO = A− +A+. Hence, we get

VOP = (V− + V+)P = (PVQ+QVP )P = QVP = V+ (3.56)

and similarly
PVO = PVQ = V−. (3.57)

In light of these identities, Eq. (3.53) becomes

Leff
2 = 1

2
(
V−L−1

0 V+ + V−L−1
0 V+

)
= V−L−1

0 V+ (3.58)

Proof. 3rd order term of the effective Liouvillian series : Leff
3

We have
Leff

3 = PW3P = 1
2P

[
V̂O

(
R0

(
V̂D

(
R0VO

)))]
P (3.59)

Developing the commutator hidden in V̂O, we get

Leff
3 = 1

2P
[
VO

(
R0

(
V̂D

(
R0VO

)))]
P − 1

2P
[(

R0
(
V̂D

(
R0VO

)))
VO
]
P (3.60)

≡ 1
2PVO (R0ξ)P − 1

2P (R0ξ) VOP (3.61)

= 1
2V− (R0ξ)P − 1

2P (R0ξ) V+ (3.62)

where we defined ξ = V̂D
(
R0VO

)
= VD

(
R0VO

)
−
(
R0VO

)
VD.

Let us now compute ξ by recalling the expression (3.49) of R0VO, we obtain

ξ = VDQL−1
0 VOP︸ ︷︷ ︸
ξI

−VDPVOL−1
0 Q︸ ︷︷ ︸

ξII

−QL−1
0 VOPVD︸ ︷︷ ︸

ξIII

+PVOL−1
0 QVD︸ ︷︷ ︸

ξIV

. (3.63)

Next, we evaluate R0ξ. By linearity, we have R0ξ = R0ξI +R0ξII +R0ξIII +R0ξIV . Developing
the action of R0 on ξi, we get

R0ξI = QL−1
0

(
VDQL−1

0 VOP
)
P − P

(
VDQL−1

0 VOP
)

L−1
0 Q

Since PVDQ = 0 by definition, the second term vanishes leading to

R0ξI = QL−1
0 VDQL−1

0 VOP (3.64)

where we used P 2 = P . Moreover,

R0ξII = −QL−1
0

(
VDPVOL−1

0 Q
)
P + P

(
VDPVOL−1

0 Q
)

L−1
0 Q

= VP VOL−1
0 QL−1

0 Q. (3.65)
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where QP = PQ = 0 justifies the vanishing first term. Using similar arguments, we get

R0ξIII = −QL−1
0

(
QL−1

0 VOPVD
)
P + P

(
QL−1

0 VOPVD
)

L−1
0 Q (3.66)

= −QL−1
0 QL−1

0 VOVP (3.67)

using PVDP = VP . Lastly,

R0ξIV = QL−1
0

(
PVOL−1

0 QVD
)
P − P

(
PVOL−1

0 QVD
)

L−1
0 Q

= −PVOL−1
0 QVDL−1

0 Q (3.68)

remembering QVDP = 0 by definition.
These expressions of R0ξi can be simplified. For instance, we have

VDQ = (PVP +QVQ)Q = QVQ = QVQQ since Q2 = Q and PQ = 0 (3.69)
QL−1

0 Q = L−1
0 since L−1

0 = LQ
0 = QL−1

0 Q and Q2 = Q (3.70)

as well as the identity VOP = V+ deduced in the previous proof, which enables to rewrite
Eq. (3.64) as

R0ξI = L−1
0 VQL−1

0 V+. (3.71)

Likewise, we write

R0ξII = VP V−L−2
0 , (3.72)

R0ξIII = −L−2
0 V+VP , (3.73)

R0ξIV = −V−L−1
0 VQL−1

0 . (3.74)

Substituting the resulting expression of R0ξ back into Eq. (3.61), remembering PQ = QP = 0,
we obtain

Leff
3 = 1

2V− (R0ξI + R0ξIII)P − 1
2P (R0ξII + R0ξIV ) V+, (3.75)

which, using Eqs. (3.71) to (3.74), is expressed as

Leff
3 = 1

2V−L−1
0 VQL−1

0 V+ − 1
2V−L−2

0 V+VP − 1
2VP V−L−2

0 V+ + 1
2V−L−1

0 VQL−1
0 V+. (3.76)

Finally leading to

Leff
3 = V−L−1

0 VQL−1
0 V+ − 1

2
{

VP ,V−L−2
0 V+

}
. (3.77)

The reader might ask why simplified expressions for further orders are not derived here. They
will find an answer by looking at the corresponding proof for the third order term provided
above and get a sense of the complexity of a further order derivation. It is interesting for this
thesis to see the dependence of Leff

n on L−1
0 and V. However, the compact expressions (3.46) are

not necessary for further calculations, since it is an iterative series where each term depends on
the previous ones. Hence, computing further orders is done using Eq. (3.44). Additionally, in
the context of numerical simulations, using Eq. (3.44) is considerably more straightforward than
deriving multiple pages of analytical calculations.
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Chapter 3. Generalized Schrieffer-Wolff Method

As introduced in Section 3.1, the effective Liouvillian describes the low energy dynamics of the
system in the vicinity of the steady state and its expansion into the terms given by Eq. (3.46)
yields the following reduced effective master equation

µ̇ =
(
ϵLeff

1 + ϵ2Leff
2 + ϵ3Leff

3 + ...
)
µ. (3.78)

Having established the wanted series expansion of the effective Liouvillian, the main observation
is that Leff

n ultimately depends solely on the restricted inverse L−1
0 of L0 and on the contribution

V of the Liouvillian. We can note that Leff
n shows a VnL−n+1

0 dependence for n > 0, where
we introduced the notation

(
L−1

0

)n
= L−n

0 . Moreover, V being treated as a perturbation, the
separation of the general Liouvillian L into its contributions L0 and ϵV must be done carefully
in order to keep the spectral separation between the eigenvalues related to the slow space and
the ones in the fast space, recalling Figure 3.1.

Finally, restricting the series expansion to second order, such that

µ̇ ≃
(
ϵLeff

1 + ϵ2Leff
2

)
µ, (3.79)

reproduces the result of adiabatic elimination. This method consists in deriving a reduced model
by elimination of rapidly decaying degrees of freedom, yielding an effective model for the slow
dynamics of the system [7, 37].
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Summary of the Chapter

Summary 3. Generalized Schrieffer-Wolff transformation

Chapter 3 presented the generalized Schrieffer-Wolff method applied to the Liouvillian
governing the dynamics of an open quantum system

L = L0 + ϵV,

instead of the Hamiltonian. The spectrum of L0 is separated into a slow subspace P,
associated with its zero eigenvalues corresponding to the steady states, and a fast subspace
Q, associated with the non zero eigenvalues. The method relies on the application of a
similarity transformation that block-diagonalizes the Liouvillian, hence decoupling the
two subspaces:

L → L = U−1LU

with L block-diagonal.

This transformation allows for the expansion of the new Liouvillian L through the
Baker-Campbell-Hausdorff formula leading to

L = L0 + W.

Then projecting L onto the slow subspace gives the effective Liouvillian

Leff = PLP = PWP =
∞∑

n=0
ϵnLeff

n .

where the second order reproduces the result of adiabatic elimination.
Finally, the slow dynamics near the steady state are governed by an effective reduced
master equation

µ̇ = Leffµ.

The key result is that dissipative degrees of freedom can be eliminated perturbatively
while keeping their effect on the reduced dynamics.
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Chapter 4

Application to a Qubit Coupled to a
Damped Resonator

The present chapter constitutes the main original contribution of this thesis. It presents the
implementation of the generalized Schrieffer-Wolff formalism, developed in Chapter 3, to a
system composed of a qubit coupled to a damped resonator, which constitutes the core model
of dispersive readout of superconducting qubits.
First, Section 4.1 introduces the Lindblad master equation governing the total dynamics of this
system as illustrated in Figure 4.1. Section 4.2 then derives an effective master equation for
the reduced density matrix of the qubit through adiabatic elimination of the resonator degrees
of freedom. Finally, Section 4.3 presents the application of the generalized Schrieffer-Wolff
formalism to the “qubit + resonator” system. After discussing the restriction to the single-
excitation subspace and the appropriate separation L0 + V, we show that the second-order
expansion reproduces the result of adiabatic elimination obtained in Section 4.2. Higher-order
corrections are then assessed through fidelity comparisons with the exact solution of the enlarged
master equation, before concluding with an analysis of the validity conditions of the expansion.

Figure 4.1: Illustration of a qubit coupled to a resonator, which is damped through its coupling
to a Markovian bath. In this scenario, the dynamics of the total system made of the qubit and
the resonator is well described by a Lindblad master equation.

4.1 Master Equation
As introduced in Section 2.2, the Lindblad Master Equation describing the “qubit + resonator”
system is given by

ρ̇ = −i [H, ρ] + γ

(
aρa† − 1

2
{
a†a, ρ

})
≡ L [ρ] . (4.1)
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Since the system of interest is a qubit coupled to an undriven damped resonator, the Hamiltonian
is the Jaynes-Cummings Hamiltonian introduced in Section 2.2:

H = 1
2ωqσz + ωra

†a+ g
(
σ−a

† + σ+a
)

≡ H0 + V. (4.2)

4.2 Adiabatic Elimination
In this section, an effective Redfield master equation describing the evolution of the reduced
density matrix of the qubit is derived, hence eliminating the resonator degrees of freedom. This
reduction is an instance of adiabatic elimination.
In Section 1.2, we presented the general formalism underlying the Redfield master equation,
which describes the dynamics of a quantum system coupled to a bath. This led to a general
equation for the system given by Eq. (1.24). In the context of dispersive readout, the Hamil-
tonian H = 1

2ωqσz + ωra
†a + g(σ+a + σ−a

†) can be written as H = HS + HB + V , where
HS = 1

2ωqσz describes the qubit, that is, the system of interest, HB = ωra
†a characterizes

the resonator treated as an effective bath for the qubit, and V = g(σ+a + σ−a
†) describes the

interaction between the system (qubit) and its bath (resonator). Hence, Eq. (1.24), introduced
in Section 1.3, reads

ρ̇q,I(t) = −
∫ t→∞

0
TrB

([
VI(t), [VI(t− τ), ρq,I(t) ⊗ ρB,I ]

])
dτ, (4.3)

where ρq,I(t) is the reduced density matrix of the qubit in the interaction picture. Given the
explicit form of the interaction V , this equation can be further simplified. Readers wishing to
omit the detailed derivation may proceed directly to Eq. (4.29).

Interaction picture
First, the Hamiltonian (4.2) must be transformed from the Schrödinger picture to the interaction
picture, i.e., the relevant frame to perform the perturbative treatment of the interaction needed
to derive the master equation. As recalled in Theoretical Concept 1.1, we have

HI(t) = VI(t) = eiH0tV e−iH0t = g
(
eiH0tσ−a

†e−iH0t + eiH0tσ+ae
−iH0t

)
= g

(
σ−,I(t)a†

I(t) + σ+,I(t)aI(t)
)
, (4.4)

where the last equality follows from inserting eiH0te−iH0t between the qubit and cavity operators,
thereby making the interaction picture expressions of the operators explicit. In the remainder of
this proof the subscripts I will be omitted for readability. However, the explicit time dependence
of operators will indicate that they are expressed in the interaction picture.

Expanding the commutators and using the linearity properties of the trace in Eq. (4.3) yields

ρ̇q(t) = −
∫ t→∞

0
TrB

(
V (t)V (t− τ)ρq(t) ⊗ ρB

)
dτ︸ ︷︷ ︸

I

+
∫ t→∞

0
TrB

(
V (t)ρq(t) ⊗ ρBV (t− τ)

)
dτ︸ ︷︷ ︸

II

+
∫ t→∞

0
TrB

(
V (t− τ)ρq(t) ⊗ ρBV (t)

)
dτ︸ ︷︷ ︸

III

−
∫ t→∞

0
TrB

(
ρq(t) ⊗ ρBV (t− τ)V (t)

)
dτ︸ ︷︷ ︸

IV

,

(4.5)

with
V (t) = g

(
σ−(t)a†(t) + σ+(t)a(t)

)
. (4.6)
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The time dependence of the qubit and resonator operators appearing in V may be obtained
via two distinct methods. On the one hand, σ+(t) and σ−(t) are calculated using the Baker-
Campbell-Hausdorff formula, introduced earlier in Eq. (2.28), and recalled here for convenience:

H ′ = eSHe−S =
∞∑

n=0

[S,H](n)

n! , (4.7)

with [S,H](n) ≡ [S, [S,H](n−1)], and [S,H](0) = H. On the other hand, a(t) and a†(t) are
obtained from the corresponding Heisenberg equations (4.13) describing the isolated cavity sub-
ject to damping at rate γ. Indeed, computing for instance a = eiH0tae−iH0t would lead to
a(t) = e−iωrta using BCH formula (4.7), as shown below for σ±, and would therefore omit the
dissipative dynamics.
Having clarified this point, we derive the expression for σ−(t). We have

σ−(t) = eiH0tσ−e
−iH0t =

∑
n

[iH0t, σ−](n)

n! , (4.8)

where computing the commutator by induction gives

σ−(t) =
∑

n

(−iωqt)n

n! σ− = e−iωqtσ−. (4.9)

Proof. We have
[iH0t, σ−] = iωqt

2 [σz, σ−] = −(iωqt)σ−, (4.10)

since [σz, σ−] = −2σ−. Assume that [iH0t, σ−](n) = (−iωqt)nσ− holds, and let us prove that
[iH0t, σ−](n+1) = (−iωqt)n+1σ−. We have

[iH0t, σ−](n+1) =
[
iH0t, [iH0t, σ−](n)

]
= [iH0t, (−iωqt)nσ−] = (−iωqt)n [iH0t, σ−]

= (−iωqt)n+1σ−,

where we used the definition of the nested commutators introduced in the BCH formula, ap-
plied the induction hypothesis and factored out (−iωqt)n to finally use (4.10) and obtain the
desired result. As a result, we proved that [iH0t, σ−](n) = (−iωqt)nσ−, which, when inserted
into Eq. (4.8), yields Eq. (4.9).

By simple Hermitian conjugation, we obtain

σ+(t) = eiωqtσ+. (4.11)

Bath correlation functions

As explained earlier, restraining the time evolution of the cavity operators a(t) and a†(t) to
their interaction picture expressions would omit the dissipative dynamics. Instead, their time
evolution are governed by the corresponding adjoint master equations, introduced in Section 1.6.
Hence, for the isolated damped cavity, the AME reads

Ȯ(t) = i [HB,O(t)] + γ

(
a†O(t)a− 1

2
{
a†a,O

})
≡ L† [O(t)] , (4.12)
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where HB = ωra
†a. Evaluating Eq. (4.12) for the cavity operators yields the following Heisenberg

equations:
ȧ(t) = −iωra(t) − γ

2a(t)

ȧ†(t) = iωra
†(t) − γ

2a
†(t),

(4.13a)

(4.13b)

whose solutions are
a(t) = e(−iωr− γ

2 )ta

a†(t) = e(iωr− γ
2 )ta.

(4.14)
(4.15)

Proof. To simplify the notation, the explicit time dependence will be omitted in the following.
When evaluated for a, Eq. (4.12) gives

ȧ = i
[
ωra

†a, a
]

+ γ

(
a†aa− 1

2
{
a†a, a

})
, (4.16)

which yields
ȧ = −iωra− γ

2a, (4.17)

since
[
a†a, a

]
= −a. The time evolution of a†(t) is given by the hermitian conjugate of Eq. (4.17).

Note that the steady state of the cavity, defined by ȧ(t) = ȧ†(t) = 0, i.e., the cavity state is
stationary, corresponds to a(t) = a†(t) = 0. As a consequence, the steady state of the cavity is
the vacuum state, since ⟨a†a⟩ = 0. Moreover, throughout this chapter, the resonator is assumed
to be initially prepared in this state [38],

ρB = |0⟩⟨0| , (4.18)

where |0⟩ denotes the ground state of the cavity, i.e., the Fock state with zero excitation. This is
a valid approximation if one consider the resonator in thermal equilibrium at low temperature
compared to the resonator frequency.

Let us compute the first term I of Eq. (4.5). Its integrand is

g2
(

TrB

(
a(t)a†(t− τ)ρB

)
σ+(t)σ−(t− τ)ρq(t) + TrB

(
a†(t)a(t− τ)ρB

)
σ−(t)σ+(t− τ)ρq(t)

+ TrB

(
a†(t)a†(t− τ)ρB

)
σ−(t)σ−(t− τ)ρq(t) + TrB (a(t)a(t− τ)ρB)σ+(t)σ+(t− τ)ρq(t)

)
.

Only the first term survives, because it contains the only nonzero bath correlation function.

Theoretical Concept 4.1. Bath correlation function (BCF)

Consider the general framework of open quantum system with Hamiltonian
H = HS +HB + V , as introduced in Section 1.2. Let us decompose the interaction Hamil-
tonian V as

V =
∑

α

Sα ⊗Bα, (4.19)
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where Sα acts on the system Hilbert space HS , while Bα acts on the bath Hilbert space
HB. A bath correlation function is defined as

α(t) = TrB

(
B†

α(t)Bα(t− τ)ρB

)
= ⟨B†

α(t)Bα(t− τ)⟩, (4.20)

where the second equality follows from the definition (1.4) of the expectation value of
an operator given in Section 1.1 [11]. The characteristic decay time of the BCF is the
bath correlation time τB, introduced in Section 1.2 as the time over which the bath loses
memory of information received from the system. If ρB is a stationary state, then the
following property holds:

TrB

(
Bα(t)B†

α(t− τ)ρB

)
= TrB

(
Bα(τ)B†

α(0)ρB

)
. (4.21)

Using property (4.21) of the bath correlation function and inserting the explicit time evolution
of the resonator operator a(τ) given by Eq. (4.14), gives, for example,

TrB

(
a(t)a†(t− τ)ρB

)
= TrB

(
a(τ)a†(0)ρB

)
= TrB

(
e(−iωr− γ

2 )τaa†ρB

)
. (4.22)

Using ρB = |0⟩⟨0|, the definition of the trace and aa† |0⟩ = |0⟩, one finds

TrB

(
aa†ρB

)
=
∑

n

⟨n| aa† |0⟩⟨0|n⟩ =
∑

n

⟨n|0⟩⟨0|n⟩ = 1,

since the only non zero term is obtained for n = 0, with ⟨0|0⟩ = 1. Substituting this result back
into Eq. (4.22) yields

⟨a(t)a†(t− τ)⟩ = ⟨a(τ)a†(0)⟩ = TrB

(
a(τ)a†(0)ρB

)
= e(−iωr− γ

2 )τ . (4.23)

By the same reasoning, the BCFs of the three remaining terms vanish. Hence, the integrand of
term I in Eq. (4.5) becomes

g2e(−iωr− γ
2 )τσ+(t)σ−(t− τ)ρq(t) = g2e(−iωr+iωq− γ

2 )τσ+σ−ρq(t),

where (4.9) and (4.11) have been used to make the time evolutions of the qubit operators explicit.

Effective equation
Having determined the bath correlations functions and the resulting integrand, the integral I in
Eq. (4.5) can be evaluated as

∫ t→∞

0
TrB

(
V (t)V (t− τ)ρq(t) ⊗ ρB

)
dτ = −g2

∫ t→∞

0
⟨a(t)a†(t− τ)⟩σ+(t)σ−(t− τ)ρq(t) dτ

(4.24)

= −g2
∫ t→∞

0
e(−iωr+iωq− γ

2 )τ dτ σ+σ−ρq(t) (4.25)

= g2

i(ωq − ωr) − γ
2
σ+σ−ρq(t). (4.26)
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Term II in Eq. (4.5) is obtained analogously1 while terms III and IV are the hermitian conjugate
of terms II and I, respectively. Ultimately, the Redfield equation reads

ρ̇q(t) = g2

i(ωq − ωr) − γ
2
σ+σ−ρq(t)︸ ︷︷ ︸

I

− g2

−i(ωq − ωr) − γ
2
σ−ρq(t)σ+︸ ︷︷ ︸

II

− g2

i(ωq − ωr) − γ
2
σ−ρq(t)σ+︸ ︷︷ ︸

III

+ g2

−i(ωq − ωr) − γ
2
ρq(t)σ+σ−︸ ︷︷ ︸

IV

. (4.27)

This expression can be simplified further by writing the fractions with a common denominator
and introducing the detuning ∆ = ωq − ωr, which yields

ρ̇q(t) =
g2 (−γ

2 − i∆
)(γ

2
)2 + ∆2

σ+σ−ρq(t) −
g2 (−γ

2 + i∆
)(γ

2
)2 + ∆2

σ−ρq(t)σ+

−
g2 (−γ

2 − i∆
)(γ

2
)2 + ∆2

σ−ρq(t)σ+ +
g2 (−γ

2 + i∆
)(γ

2
)2 + ∆2

ρq(t)σ+σ−. (4.28)

The remaining terms can then be grouped into an Hamiltonian and a dissipative component,
such that the effective Redfield equation for the qubit in the interaction picture finally reads

ρ̇q,I(t) = −i ωeff [σ+σ−, ρq,I(t)] + γeff

(
σ−ρq,I(t)σ+ − 1

2 {σ+σ−, ρq,I(t)}
)
, (4.29)

with ωeff and γeff given respectively by

ωeff = g2∆
(γ

2 )2 + ∆2 , (4.30)

and

γeff = g2γ

(γ
2 )2 + ∆2 , (4.31)

with the detuning ∆ = ωq − ωr.

Back to Schrödinger picture
For consistency, one may express Eq. (4.29) in the Schrödinger picture by using

ρq,I(t) = eiH0tρq,S(t)e−iH0t. (4.32)

Defining
Heff = ωeffσ+σ−, (4.33)

dropping the Schrödinger subscript S and combining the commutators into a single term by
linearity, the effective Redfield equation describing the time evolution of the reduced density
matrix of the qubit reads

1The cyclic property of the trace proves useful when evaluating the bath correlation function.
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Key Result 4.1. Redfield equation in Schrödinger picture

ρ̇q(t) = −i [H0 +Heff, ρq(t)] + γeff

(
σ−ρq(t)σ+ − 1

2 {σ+σ−, ρq(t)}
)
. (4.34)

Proof. Let us derive Eq. (4.34) from Eq. (4.29). For readability, the explicit time dependence of
the density matrices and the subscript q are omitted throughout. Using Eq. (4.32), one obtains

ρ̇I = (iH0)eiH0tρSe
−iH0t + eiH0tρ̇Se

−iH0t + eiH0tρSe
−iH0t(−iH0). (4.35)

where care must be taken since H0 and ρS do not necessarily commute. Multiplying (4.35) on
the left by e−iH0t and on the right by eiH0t yields

e−iH0tρ̇Ie
iH0t = iH0ρS + ρ̇S − ρSiH0 = ρ̇S + i [H0, ρS ] , (4.36)

which corresponds to the left-hand side of Eq. (4.29) transformed accordingly.
Acting in the same way on the right-hand side and expanding the commutator, the unitary
contribution becomes

e−iH0t (−i ωeff [σ+σ−, ρI ]) eiH0t = −i ωeff e
−iH0t (σ+σ−ρI − ρIσ+σ−) eiH0t.

Substituting Eq. (4.32) into the above expression gives

−iωeff
(
e−iH0tσ+σ−e

iH0tρS − ρSe
−iH0tσ+σ−e

iH0t
)
. (4.37)

To simplify this expression, we compute2 e−iH0tσ+σ−e
iH0t. Inserting eiH0te−iH0t between σ+

and σ− and applying the BCH formula (2.28) yields

e−iH0tσ+e
iH0t = e−iω1tσ+ (4.38)

e−iH0tσ−e
iH0t = e+iω1tσ−. (4.39)

As a consequence, e−iH0tσ+σ−e
iH0t = σ+σ− and Eq. (4.37) reduces to

−iωeff [σ+σ−, ρS ] . (4.40)

Through similar considerations, the dissipative contribution transforms as:

e−iH0tγeff

(
σ−ρIσ+ − 1

2 {σ+σ−, ρI}
)
eiH0t = γeff

(
σ−ρSσ+ − 1

2 {σ+σ−, ρS}
)
. (4.41)

Finally, combining (4.36), (4.40) and (4.41) allows one to rewrite the Redfield master equation
(4.29) in the Schrödinger picture as

ρ̇S(t) = −i [H0 +Heff, ρS(t)] + γeff

(
σ−ρS(t)σ+ − 1

2 {σ+σ−, ρS(t)}
)
, (4.42)

with
Heff ≡ ωeffσ+σ−. (4.43)

Dropping the Schrödinger subscript S and combining the commutators by linearity, we finally
obtain Eq. (4.34).

2The reader might note that σ± are already expressed in the Schrödinger picture. Hence, the similarity
transformation performed here does not correspond to a change between the interaction and Schrödinger pictures.
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Eq. (4.34) is an effective master equation for the qubit, obtained by eliminating the degrees of
freedom of the resonator, which was treated as an effective bath for the qubit3.
In particular, Eq. (4.34) takes a Lindblad form even though we did not perform the secular
approximation as explained in Section 1.3. Indeed, the Jaynes-Cummings Hamiltonian is it-
self an approximate Hamiltonian, obtained from a more general qubit-resonator interaction by
neglecting rapidly oscillating terms, following the same averaging principle that underlies the
secular approximation [32].
Physically, Eq. (4.34) describes a qubit whose transition frequency is shifted by ωeff and whose
relaxation is governed by the effective decay rate γeff. Furthermore, Heff constitutes the Lamb-
Shift Hamiltonian HLS introduced in Eq. (1.25) in Section 1.3, which represents the unitary
contribution to the dynamics of the qubit due to its interaction with the resonator.

4.3 Generalized SW Transformation
In the previous section, we derived a second-order Redfield master equation for the qubit density
matrix via an adiabatic elimination of the damped resonator. Here, by exploiting the generalized
SW method introduced in Chapter 3, we can derive reduced theories for the qubit dynamics
at different orders in a systematic way. At second order, we will recover the Redfield master
equation (4.34). At higher orders, we will obtain corrections to the qubit dynamics, highlighting
the capabilities of the method.

Single-excitation subspace
Throughout this section, we restrict our attention to processes involving the emission of at most
one excitation, so that the cavity state belongs to the subspace spanned by {|0⟩ , |1⟩}. Within
this truncated subspace, the operators a and a† can therefore be identified with σ− and σ+,
respectively. Hence, the cavity can be treated as a two-level system, i.e., a qubit. Indeed, since
the Jaynes-Cummings Hamiltonian conserves the total excitation number and the dissipator can
only remove excitations from the bath, an initial state containing at most one excitation will
never evolve into a state with more than one excitation. Throughout this chapter, we consider
the cavity to be initially prepared in the vacuum state, while any potential excitation is provided
by the qubit state.
In the single-excitation subspace, the Jaynes-Cummings Hamiltonian can thus formally be writ-
ten as

H = ωq

2 σ
(q)
z + ωr

2 σ
(r)
z + g

(
σ

(q)
+ σ

(r)
− + σ

(q)
− σ

(r)
+

)
, (4.44)

where the indices (q) and (r) refer to the qubit and the resonator, respectively. Moreover, the
master equation (4.1) governing the system becomes

ρ̇ = −i [H, ρ] + γ

(
σ

(r)
− ρσ

(r)
− − 1

2
{
σ

(r)
+ σ

(r)
− , ρ

})
≡ L [ρ] . (4.45)

In this expression, the cavity operators appearing in the dissipator are thus σ(r)
± , instead of the

original operators a and a†.

3A remark can be made regarding Eq. (4.34): H0 = ωq

2 σz + ωra†a acts on HS ⊗ HB , but [ωra†a, ρq] = 0 since
the two operators act on distinct subspaces. Hence, Eq. (4.34) ultimately contains only operators acting on the
qubit subspace associated with the Hilbert space HS .
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4.3. Generalized SW Transformation

Figure 4.2: Illustration of the system “qubit + resonator”, restricted to the single excitation
subspace, where the resonator is damped through its coupling to a Markovian bath.

L0 + V separation
Before applying the generalized Schrieffer-Wolff transformation, the master equation (4.1) de-
scribing our system must be expressed as

ρ̇ = L [ρ] ≡ (L0 + V) [ρ] . (4.46)

Choosing correctly the separation of the Liouvillian into L0 and V is essential for the successful
implementation of the method.
The aim is to obtain an effective equation for the reduced density operator of the qubit. More-
over, the Hilbert space of a qubit is two-dimensional, hence the density operator is represented by
a 2×2 matrix, and once vectorized, by a 4-dimensional column vector. As seen when introducing
the generalized Schrieffer-Wolff formalism in Chapter 3, the exact low-excitation spectrum of
the Liouvillian is reproduced by an effective Liouvillian Leff such that

µ̇ = Leffµ, (4.47)

where µ is the reduced density matrix on the slow subspace associated with the zero eigenvalues
of L0, and Leff is equal to the projection of a transformed block-diagonal Liouvillian L = U−1LU
onto the same subspace, i.e., Leff = PLP . In order to get an equation which is compatible with
the density operator represented by a 4D vector, Leff needs to be represented by a 4 × 4 matrix.
Hence, the Liouvillian L0 must admit exactly 4 zero eigenvalues.

Furthermore, the Liouvillian contribution V must be treated as a perturbation. In the case
of dispersive readout, as seen in Section 2.3, the coupling parameter g must be considered small
compared to the detuning ∆ between the qubit and the resonator. In this sense, it seems natural
to separate the total Liouvillian as follows

L0[·] = γ

(
σ

(r)
− · σ(r)

+ − 1
2
{
σ

(r)
+ σ

(r)
− , ·

})
− i

[
ωq

2 σ
(q)
z + ωr

2 σ
(r)
z , ·

]
(4.48)

V [·] = −ig
[
σ

(q)
− σ

(r)
+ + σ

(q)
+ σ

(r)
− , ·

]
. (4.49)

In this case L0 is expressed not only in terms of the qubit’s operators, but also of the resonator’s.
Hence, it acts on a density matrix of dimension 4 × 4 which, when vectorized, corresponds to
a 16D vector. Analyzing the spectrum of L0, we find that only two of its eigenvalues vanish,
meaning that the reduced density matrix on the corresponding subspace would be a 2D column
vector which cannot describe a qubit. A qualitative sketch of the spectrum of L0 is given in
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Figure 4.3 a).

a) b)Im

Re

Im

Re

Figure 4.3: a) Sketch of the spectrum of a wrong choice (4.48) for L0 where the eigenvalues
denoted λi are twofold-degenerated while the remaining eigenvalues are not. The blue eigenvalues
are associated with decaying mode, the solid red eigenvalue (twofold-degenerate) corresponds to
the steady state of the system and the red dashed circles are related to oscillating modes. b)
Sketch of the spectrum of LRF

0 in the rotating frame R(t) = e−iH̃t with H̃ = 1
2ωq

(
σ

(q)
z + σ

(r)
z

)
,

where the subspace P corresponds to the red eigenvalue and the subspace Q contains the blue
eigenvalues. In both figures, ∆L denotes the Liouvillian gap as defined by Eq. (1.44) in Section 1.5
where the subscript L is added to avoid confusion with the detuning ∆ = ωq − ωr.

A solution would be to define the slow subspace as referring to eigenvalues with a vanishing real
part instead of zero-eigenvalues. However, in this case, the generalized Schrieffer-Wolff formal-
ism developed in Chapter 3 no longer applies. Consequently, we must find another separation
than given by Eqs. (4.48) and (4.49).

One might try to put the unitary Hamiltonian contribution of the free qubit ωqσ
(q)
z /2 into

the V part. However, the method requires V to be treated as a perturbation. Consequently,
treating both g and ωq as perturbation parameters would be misleading.

Finally, the last and valid option, which will yield the results of adiabatic elimination to second
order, as mentioned in the final part of Chapter 3, is to do the derivation within a rotating frame
in which L0 admits a zero eigenvalue which is fourfold-degenerate. Additionally, V should only
depend on the coupling parameter g. This rotating frame exists and is defined by

R(t) = e−iH̃t with H̃ = 1
2ωq

(
σ(q)

z + σ(r)
z

)
. (4.50)

A schematic representation of the spectrum of LRF
0 in this rotating frame is shown in Fig-

ure 4.3 b). R(t) transforms the Hamiltonian of the system, given by Eq. (4.44), into

HRF = 1
2 (ωr − ωq)σ(r)

z + g
(
σ

(q)
+ σ

(r)
− + σ

(q)
− σ

(r)
+

)
. (4.51)

The frequency of the qubit is set to zero while the frequency of the resonator corresponds to
the the detuning ωr − ωq between the resonator and the quit. As in the previous chapter,
we define ∆ = ωq − ωr. As for the interaction Hamiltonian, it remains unchanged because
σ

(r,q)
±,RF = e±iωqtσ

(r,q)
± .

Hence, the appropriate starting point of the Schrieffer-Wolff formalism is

ρ̇RF = LRF [ρRF ] ≡
(
LRF

0 + VRF
)

[ρRF ]. (4.52)
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with

LRF
0 [·] = γ

(
σ

(r)
− · σ(r)

+ − 1
2
{
σ

(r)
+ σ

(r)
− , ·

})
− i

[
−∆

2 σ
(r)
z , ·

]
(4.53)

VRF [·] = −ig
[
σ

(q)
− σ

(r)
+ + σ

(q)
+ σ

(r)
− , ·

]
. (4.54)

In the vectorized formalism, we write

|ρ̇RF ⟩⟩ = LRF |ρRF ⟩⟩ =
(
LRF

0 + VRF
)

|ρRF ⟩⟩ (4.55)

with
LRF

0 = γ

(
σ

(r)
− ⊗ σ

(r)
− − 1

2
(
σ

(r)
+ σ

(r)
− ⊗ 12 + 12 ⊗ σ

(r)
+ σ

(r)
−

))
+ i

∆
2
(
σ(r)

z ⊗ 12 − 12 ⊗ σ(r)
z

)
VRF = −ig

((
σ

(r)
+ σ

(q)
− + σ

(r)
− σ

(q)
+

)
⊗ 14 − 14 ⊗

(
σ

(r)
+ σ

(q)
− + σ

(r)
− σ

(q)
+

))
.

(4.56)

(4.57)

The notation 1n denotes the identity operator in an n-dimensional space. Note that LRF
0 only

depends on operators of the resonator. It is thus defined in the corresponding subspace and can
be represented by a 4 × 4 matrix since in the single-excitation subspace, the qubit is treated
as a two-level system (thus represented by a 4D vector). Though, when extended to the full
Hilbert space of the coupled qubit-resonator system, the resonator operators σ(r)

± are promoted
from 2 × 2 to 4 × 4 matrices. Hence, LRF

0 becomes the full size 16 × 16 matrix and the identity
matrices 12 appearing in its definition (4.56) must be replaced by 14. On the other hand, VRF

depends on both qubit and resonator operators. Hence, its matrix representation is a full-size
matrix of dimension 16 × 16.

Second-order model
In the following, we derive a second-order effective Hamiltonian governing the evolution of the
reduced density matrix of the qubit and reproducing the result of adiabatic elimination obtained
in the previous section through the Redfield formalism.
For the sake of brevity, the superscript RF will be omitted in the following. The matrix represen-
tation of the free Liouvillian L0 given by Eq. (4.56), in the standard basis

{
|ee⟩⟩, |eg⟩⟩, |ge⟩⟩, |gg⟩⟩

}
reads

L0 =


−γ 0 0 0
0 −γ

2 + i∆ 0 0
0 0 −γ

2 − i∆ 0
γ 0 0 0

 . (4.58)

Note that the double ket vectors of the basis corresponds to the vectorized basis matrices of
the space of reduced density operators of the resonator. Hence, |gg⟩⟩ is the vectorized form of
|g⟩⟨g| (as introduced in Section 1.4 of Chapter 1 by Eqs. (1.31) and (1.32)) corresponding to
the vacuum state of the cavity. Similarly, |eg⟩⟩ is the vectorized state |e⟩⟨g|. As presented in
Chapter 3, the Schrieffer–Wolff formalism requires knowledge of the eigenvalues of L0, together
with the associated left and right eigenvectors. They are presented in Table 4.1.
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λi |ri⟩⟩ |li⟩⟩

#1 λ1 = 0 |r1⟩⟩ = |gg⟩⟩ |l1⟩⟩ = |gg⟩⟩ + |ee⟩⟩

#2 λ2 = −γ/2 − i∆ |r2⟩⟩ = |ge⟩⟩ |l2⟩⟩ = |ge⟩⟩

#3 λ3 = −γ/2 + i∆ |r3⟩⟩ = |eg⟩⟩ |l3⟩⟩ = |eg⟩⟩

#4 λ4 = −γ |r4⟩⟩ = |ee⟩⟩ − |gg⟩⟩ |l4⟩⟩ = |ee⟩⟩

Table 4.1: Eigenvalues λi, and left and right eigenvectors, |li⟩⟩ and |ri⟩⟩ of L0 in the chosen
rotating frame.

Hence, L0 and V are expressed in the eigenbasis of the reduced size L0 as

L0 =


0 0 0 0
0 −γ

2 − i∆ 0 0
0 0 −γ

2 + i∆ 0
0 0 0 −γ

 (4.59)

and

V =


0 C −C† 0
A 0 0 D
B 0 0 −D†

0 B A 0

 , (4.60)

with4

A ≡ ig
(
12 ⊗ σ

(q)
−

)
(4.61a)

B ≡ −ig
(
σ

(q)
− ⊗ 12

)
(4.61b)

C ≡ −ig
(
σ

(q)
− ⊗ 12 − 12 ⊗ σ

(q)
+

)
(4.61c)

D ≡ −ig
(
σ

(q)
+ ⊗ 12 + 12 ⊗ σ

(q)
−

)
. (4.61d)

The upper left block of Eqs. (4.59) and (4.60) thus corresponds to the subspace P of the zero
eigenvalues of L0. Furthermore, projecting in this subspace corresponds to projecting the bath
in its ground state. This can intuitively be understood by the fact that the right eigenstate
of L0 corresponding to the zero eigenvalue is |gg⟩⟩, which denotes the vacuum state of the
resonator as explained in the previous paragraph5. This first statement gives a sense on how
the adiabatic elimination takes place in the present method. Indeed, the projection onto the
slow space eliminates the fast varying degrees of freedom of the resonator by projecting it into
its ground state, i.e., the vacuum state.
The matrix representations allow one to calculate the effective Liouvillian expansion

Leff = PLP = Leff
1 + Leff

2 + ...

introduced in Eqs. (3.44) and (3.45) of Chapter 3 where the compact expressions of Leff
1 and Leff

2
are given by

Leff
1 = PVDP = VP (4.62)

Leff
2 = −V−L−1

0 V+. (4.63)

4The following property of the Kronecker product is recalled: (X ⊗ Y )† = X† ⊗ Y †.
5More rigorously, this observation follows directly by returning to the standard basis.
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First, Eq. (4.60) directly yields
Leff

1 = 0, (4.64)

since VD = 0 (recall that VD corresponds to the block diagonal matrix constituted of the
diagonal blocks of V as defined in Eq. (3.10) in Section 3.1).
Recalling the following notation introduced in Chapter 3:

A =
(
AP A−

A+ AQ

)
=
(
PAP PAQ
QAP QAQ

)
, (4.65)

the explicit matrix representation of Eq. (4.63) reads

Leff
2 = −V−L−1

0 V+ = −
(
C −C† 0

)−γ
2 − i∆ 0 0

0 −γ
2 + i∆ 0

0 0 −γ


−1AB

0

 (4.66)

= −
(
C
(
−γ

2 − i∆
)−1 −C† (−γ

2 + i∆
)−1 0

)AB
0

 (4.67)

= 1
γ
2 + i∆CA− 1

γ
2 − i∆C†B, (4.68)

where the reduced matrix representation was used to avoid displaying matrices filled with zeros,
since

Leff
2 =


Leff

2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 . (4.69)

Substituting A, B and C by their expressions, given by Eqs. (4.61a) to (4.61c), into Eq. (4.68)
and recalling that (A⊗ 1)(1 ⊗B) = A⊗B, one gets

Leff
2 = 1

γ
2 + i∆

(
−ig

(
σ

(q)
− ⊗ 12 − 12 ⊗ σ

(q)
+

)) (
ig12 ⊗ σ

(q)
−

)
− 1

γ
2 − i∆

(
ig
(
σ

(q)
+ ⊗ 12 − 12 ⊗ σ

(q)
−

)) (
−igσ(q)

− ⊗ 12
)

= g2

γ
2 + i∆

((
σ

(q)
− ⊗ 12 − 12 ⊗ σ

(q)
+

)) (
12 ⊗ σ

(q)
−

)
− g2

γ
2 − i∆

((
σ

(q)
+ ⊗ 12 − 12 ⊗ σ

(q)
−

)) (
σ

(q)
− ⊗ 12

)
= g2

γ
2 + i∆

((
σ

(q)
− ⊗ σ

(q)
− − 12 ⊗ σ

(q)
+ σ

(q)
−

))
− g2

γ
2 − i∆

((
σ

(q)
+ σ

(q)
− ⊗ 12 − σ

(q)
− ⊗ σ

(q)
−

))
.
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Writing the fractions with a common denominator yields

Leff
2 =

g2 (γ
2 − i∆

)
(γ

2 )2 + ∆2

((
σ

(q)
− ⊗ σ

(q)
− − 12 ⊗ σ

(q)
+ σ

(q)
−

))
−
g2 (γ

2 + i∆
)

(γ
2 )2 + ∆2

((
σ

(q)
+ σ

(q)
− ⊗ 12 − σ

(q)
− ⊗ σ

(q)
−

))
= g2γ/2

(γ
2 )2 + ∆2

((
σ

(q)
− ⊗ σ

(q)
− − 12 ⊗ σ

(q)
+ σ

(q)
−

)
−
(
σ

(q)
+ σ

(q)
− ⊗ 12 − σ

(q)
− ⊗ σ

(q)
−

))
− i

g2∆
(γ

2 )2 + ∆2

((
σ

(q)
− ⊗ σ

(q)
− − 12 ⊗ σ

(q)
+ σ

(q)
−

)
+
(
σ

(q)
+ σ

(q)
− ⊗ 12 − σ

(q)
− ⊗ σ

(q)
−

))
.

Moreover, as in the previous section,

ωeff = g2∆
(γ

2 )2 + ∆2 and γeff = g2γ

(γ
2 )2 + ∆2 , (4.70)

hence, the matrix representation of the second-order effective Liouvillian finally reads

Leff
2 = γeff

(
σ

(q)
− ⊗ σ

(q)
− − 1

2
(
12 ⊗ σ

(q)
+ σ

(q)
− + σ

(q)
+ σ

(q)
− ⊗ 12

))
− iωeff

(
+σ(q)

+ σ
(q)
− ⊗ 12 − 12 ⊗ σ

(q)
+ σ

(q)
−

)
. (4.71)

However it is convenient to go back to the superoperator formalism to express the final master
equation describing the evolution of the density matrix of the qubit. Hence, the master equation

describing the effective motion of the qubit in the rotating frame R(t) = e
1
2 ωq

(
σ

(q)
z +σ

(r)
z

)
reads

ρ̇q(t) = −i ωeff
[
σ

(q)
+ σ

(q)
− , ρq(t)

]
+ γeff

(
σ

(q)
− ρq(t)σ(q)

+ − 1
2
{
σ

(q)
+ σ

(q)
− , ρq(t)

})
. (4.72)

The resulting effective master equation is identical to the one obtained using the Redfield method
in Section 4.2, given by Eq. (4.34), which is expressed in the interaction picture. Although dif-
ferent rotating frames are chosen at the beginning of the two derivations, namely the interaction
picture with respect to H0 = ωq

2 σz +ωra
†a in the Redfield approach and the rotating frame with

respect to H̃ = ωq(σ(q)
z + σ

(r)
z )/2 in the SW approach, the elimination of the cavity degrees of

freedom leads to the same effective equation for the qubit. Since the resulting master equation
no longer contains cavity operators, the two reference frames are equivalent from the point of
view of the reduced qubit dynamics. As before, expressing Eq. (4.72) in the Schrödinger picture
yields the previously obtained effective master equation for the qubit:

Key Result 4.2. Second order SW effective equation ≡ Redfield equation

ρ̇1(t) = −i [H0 +Heff, ρq(t)] + γeff

(
σ−ρq(t)σ+ − 1

2 {σ+σ−, ρq(t)}
)
. (4.73)

This second-order result captures the dominant qubit decay dynamics and the associated Lamb-
Shift renormalization as explained in Section 4.2. However, it treats the resonator as a “sim-
ple” Markovian bath. Hence, effects such as the resonator back-action are not accounted for.
This limitation motivates the systematic higher-order corrections provided by the generalized
Schrieffer-Wolff transformation.
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Numerical results
Having established that the second-order Schrieffer-Wolff expansion reproduces the result of
adiabatic elimination when performed in a specific rotating frame equivalent to the interaction
picture from the point of view of the qubit, we now turn to the computation of higher-order
effective Liouvillians. To this end, substituting the definitions of L0 and V given by Eqs. (4.59)
and (4.60) in the iterative expressions (3.36) and (3.42) derived in Chapter 3 allows for the
systematic computation of Leff

n via Eq. (3.44).

As a first step, recall the compact expression for Leff
3 derived in Chapter 3 as

Leff
3 = V−L−1

0 VQL−1
0 V+ − 1

2
{

VP ,V−L−2
0 V+

}
. (4.74)

Proceeding as for the second-order by making the matrix products explicit, one finds

Leff
3 = 0. (4.75)

More generally, all odd-order terms of the Schrieffer-Wolff expansion vanish in this particular
case, meaning that only even-order contributions survive6.

To assess the accuracy of the higher-order effective Liouvillians and their associated master
equations, we compare the reduced density matrix of the qubit obtained through the Schrieffer-
Wolff method with the exact result. The latter is obtained by solving the enlarged master
equation (4.45) for the full “qubit + resonator” system and tracing out the resonator degrees of
freedom. The agreement between the two is quantified using the fidelity of the corresponding
density matrices.

Theoretical Concept 4.2. Fidelity

The fidelity is a measure of distance between quantum states [8]. Let ρ and χ be two
density operators, the fidelity between them is defined as

F (ρ, χ) = Tr
√
ρ1/2χρ1/2. (4.76)

We first consider the case of a qubit initially prepared in its excited state. Figure 4.4 displays
the infidelity 1−F between the qubit’s reduced density matrix, governed by the 2nd, 4th and 6th

order effective master equations derived from the Schrieffer-Wolff expansion, and the exact result
obtained from the enlarged master equation, as a function of time and of the coupling parameter
g, which serves as the perturbation parameter of the expansion. The results show that higher-
order corrections improve the accuracy of the effective description. Moreover, as expected from
the perturbative nature of the expansion, the infidelity increases with g, reflecting the deviation
of the effective master equation from the exact dynamics as the coupling strength grows. Finally,
for all orders, the infidelity decreases at long times, which is consistent with the fact that the
qubit ultimately relaxes toward its ground state regardless of the order of the expansion, so that
all descriptions converge to the same steady state.

6This can be understood from symmetry arguments of the Liouvillian, though a detailed discussion lies outside
the scope of the present thesis.
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Figure 4.4: Infidelity between the reduced density matrix of the qubit governed by the nth-order
effective Liouvillian derived from the Schrieffer-Wolff expansion and the exact reduced density
matrix obtained by tracing out the resonator from the solution of the enlarged master equation,
for the qubit initially prepared in its excited state and the resonator prepared in its vacuum
state.

We then consider, in Figure 4.5, the case of a qubit initially prepared in the superposition
|ψq(0)⟩ = (|e⟩ + |g⟩) /

√
2. The results are consistent with the previous case: higher-order ef-

fective master equations derived from the Schrieffer-Wolff expansion improve the fidelity of the
reduced density matrix of the qubit. Conversely, increasing the coupling parameter g degrades
the fidelity.

Figure 4.5: Infidelity between the reduced density matrix of the qubit governed by the nth-
order effective Liouvillian derived from the Schrieffer-Wolff expansion and the exact reduced
density matrix obtained by tracing out the resonator from the solution of the enlarged master
equation, for the qubit initially prepared in the superposition state |ψq(0)⟩ = (|e⟩ + |g⟩)/

√
2 and

the resonator prepared in its vacuum state.

Finally, Figure 4.6 presents the mean infidelity averaged over 100 random initial qubit states.
The results are quantitavely highly similar to those obtained for the superposition state |ψq(0)⟩ =
(|e⟩ + |g⟩)/

√
2. Higher-order corrections systematically enhance the fidelity, while increasing g

degrades it, as expected. This close agreement suggests that the superposition state is repre-
sentative of the typical qubit dynamics for arbitrary initial states. Furthermore, the second row
illustrates the behavior on a longer timescale, showing that, independently of the order of the
expansion, the qubit eventually relaxes to its ground state, validating our previous statement
regarding this matter. Consequently, all results converge to a vanishing infidelity. In addition,
observing the dynamics over a longer timescale highlights that higher-order descriptions provide
a more accurate characterization of the transient regimes, particularly for values of g/ωq < 3.
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Figure 4.6: Mean infidelity between the reduced density matrix of the qubit governed by the
nth-order effective Liouvillian derived from the Schrieffer-Wolff expansion and the exact reduced
density matrix obtained by tracing out the resonator from the solution of the enlarged master
equation, averaged over 100 random initial qubit states, with the resonator prepared in its vacuum
state. The first row corresponds to an observation over a time equivalent to Figures 4.4 and 4.5
while the second row makes explicit the relaxation of the qubit towards the steady state regardless
of the order of the expansion.

Validity of the SW expansion
We conclude this chapter by revising the validity conditions of the Schrieffer-Wolff expansion as
originally formulated by E. M. Kessler [7], and discussing how they compare to the parameter
regime considered in this thesis, which turns out to differ from the strict validity domain of the
original formulation.

In Chapter 3, the general condition ensuring the validity of the generalized Schrieffer-Wolff
formalism was introduced as

2ϵ∥V∥ < ∆L. (4.77)

Indeed, Kessler [7] introduces it as the condition under which the slow and fast subspaces of L0
maintain separate under the application of the perturbation ϵV, see Figure 3.1. For the system
of a qubit coupled to a damped resonator, analyzed in this chapter, ∥V∥ = 2|g| 7. Given the
eigenvalues of L0 listed in Table 4.1, the Liouvillian gap defined in Eq. (1.44) is

∆L = min
i̸=0

|Re(λi)| = Re(λ2) = Re(λ3) = γ

2 , (4.79)

7The norm of the bounded operator V, given by Eq. (4.57), is

∥V∥ =
√

λmax(V†V) = 2g, (4.78)

where the notation λmax(V†V) means the largest eigenvalue of V†V [23].
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and the condition (4.77) reads
2 × 2g < γ

2 ⇔ 8g < γ, (4.80)

taking g > 0, without loss of generality. However, this condition is too strong for the considered
system. Indeed, the closest distance between the zero eigenvalue, associated to the steady state,
and a non-zero eigenvalue is not given by the Liouvillian gap but by

d =
√(

γ

2

)2
+ ∆2, (4.81)

as illustrated in Figure 4.7. The relevant condition, instead of (4.80), is therefore

4g < d. (4.82)

Indeed, we see in Figure 4.7 that if ∥V∥ = 2g exceeds d/2 the eigenvalues might be displaced in
such a way that P and Q are no longer well separated.

Im

Re

Figure 4.7: Qualitative illustration of the spectrum of LRF
0 defined in Eq. (4.56) under the

perturbation VRF given in Eq. (4.57). The gray disks indicate the possible displacement of the
non-zero eigenvalues in the complex plane due to the perturbation. The red disk illustrates
the corresponding displacement of the steady state and represents the perturbed slow space P.
Finally, the light blue region represents the fast subspace Q, within which the non-zero eigenvalues
should remain to stay in the complement of P.

The parameters used in the simulations performed earlier do not necessarily fulfill condition (4.82).
Indeed, in those simulations d ≃ 10.0045 ≃ 10, so that Eq. (4.82) imposes g ≲ 2.5. Nevertheless,
Figure 4.8 shows that the displacement of the eigenvalues of L0 induced by the perturbation V
is of the order of the dispersive shift χ = g2/∆ introduced in Chapter 2, which is significantly
smaller than the bound ∥V∥ = 2g predicted by Kessler’s condition. The eigenvalues therefore
remain well within the disk of radius ∥V∥ = 2g, confirming that the spectral separation between
the slow and fast subspaces is preserved in practice. Hence, the theoretical condition introduced
in [7] should therefore be regarded as a worst-case estimate rather than an absolute condition
that must be satisfied. Indeed, in the present case, the spectral separation between the slow and
fast subspaces is well preserved even beyond this condition.
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Figure 4.8: Comparison between the spectrum of L0 and L0 +V given in Eqs. (4.56) and (4.57)
for different values of the coupling parameter g. Numerical parameters : ωq = 1 GHz, ωr = ωd =
11 GHz, γ = 0.6 GHz.
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Summary of the Chapter

Summary 4. Application: a qubit coupled to a damped resonator

Chapter 4 presented the original contribution of this master thesis by applying the gener-
alized Schrieffer-Wolff formalism to a qubit coupled to a damped resonator in the single-
excitation subspace, governed by the Lindblad master equation

ρ̇ = −i[H, ρ] + γ

(
σ

(r)
− ρσ

(r)
+ − 1

2
{
σ

(r)
+ σ

(r)
− , ρ

})
≡ L[ρ].

First, an effective Redfield master equation for the qubit was derived by adiabatic elimi-
nation of the resonator, yielding

ρ̇q(t) = −i[H0 +Heff , ρq(t)] + γeff

(
σ−ρq(t)σ+ − 1

2 {σ+σ−, ρq(t)}
)
,

where Heff = ωeffσ+σ− is the Lamb-Shift Hamiltonian, and the effective frequency shift
and decay rate are

ωeff = g2∆(γ
2
)2 + ∆2

and γeff = g2γ(γ
2
)2 + ∆2

.

The generalized Schrieffer-Wolff transformation was then applied by working in a suitable
rotating frame defined by R(t) = e−iH̃t with H̃ = 1

2ωq

(
σ

(q)
z + σ

(r)
z

)
, in which L0 admits

a fourfold degenerate zero eigenvalue in the full qubit-resonator space. The perturbation
V depends solely on the coupling parameter g, ensuring a valid L0 + V separation.

The second-order effective Liouvillian was shown to reproduce exactly the Redfield
result, confirming the consistency of the method.

Numerical simulations assessed higher-order corrections through the infidelity be-
tween the reduced qubit density matrix obtained from the nth-order effective Liouvillian
and the exact result obtained by tracing out the resonator. Higher-order terms sys-
tematically improve the fidelity, while increasing g degrades it, as expected from the
perturbative nature of the expansion.

Finally, the validity condition of the expansion was refined from the original crite-
rion 4g < γ to the tighter geometric condition

g <
d

2 with d =
√(

γ

2

)2
+ ∆2,

which accounts for the actual spectral separation between the slow and fast subspaces
in the complex plane. However, it should be regarded as a worst case scenario since
parameters beyond this condition still yields a valid expansion in the system analyzed
here.
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Chapter 5

Adding a Coherent Drive

The present chapter aims to place the work developed in Chapter 4 in a broader perspective by
extending the model to include a coherent drive, as introduced in Section 2.2 through Eq. (2.23).
This constitutes a step toward a more realistic description of the dispersive readout of supercon-
ducting qubits, where the resonator is typically driven by an external microwave field in order
to probe the qubit state. Following the same approach as in Chapter 4, we derive an effective
second-order master equation for the reduced density matrix of the qubit coupled to a damped
and coherently driven resonator, by adiabatically eliminating the resonator degrees of freedom.
This provides a starting point for understanding the more complex dynamics induced by the
drive.

5.1 Master Equation
The master equation describing the dynamics of the qubit coupled to a driven cavity, which has
been introduced in Section 2.2, is

ρ̇ = −i [H, ρ] + D(a) [ρ] , (5.1)

with
H = ωq

2 σz + ωra
†a+ g(σ+a+ σ−a

†) + ϵaeiωdt + ϵ∗a†e−iωdt, (5.2)

and
D(a) [·] = γ

(
a · a† − 1

2{a†a, ·}
)
. (5.3)

In order to make the Liouvillian time-independent, lets us work in the rotating frame defined
through R(t) = e−iωdta†a, where the Hamiltonian becomes

H = ∆q

2 σz + ∆ra
†a+ g(σ+a+ σ−a

†) + ϵa+ ϵ∗a†, (5.4)

with ∆q = ωq − ωd and ∆r = ωr − ωd.
In analogy to the procedures followed in Section 4.2, we will need the Heisenberg equations for
the operators of the isolated bath which is now driven. The adjoint master equation in this case
leads to

ȧ(t) = −i∆ra(t) − γ

2a(t) − iϵ∗

ȧ†(t) = i∆ra
†(t) − γ

2a
†(t) + iϵ.

(5.5)

(5.6)

Comparing these with the case of the undriven cavity described by Eqs. (4.13a) and (4.13b),
new terms depending on the drive intensity ϵ have appeared. As a consequence, the steady state
of the cavity is no longer the vacuum. Indeed, in the stationary state where ȧ(t) = ȧ†(t) = 0,
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we no longer have a(t) = a†(t) = 0. Instead, in the steady state, we have

ass = −iϵ∗

i∆r + γ
2
, (5.7)

which yields the following expectation value

⟨a⟩ss = −iϵ∗

i∆r + γ
2

≡ α. (5.8)

Furthermore, driving the cavity creates a coherent state1 |α⟩, where α is a complex number such
that |α|2 is the mean number of excitations in the cavity [39]. The drive rapidly becomes an
issue when deriving a Redfield master equation in the same way as done in Section 4.2, because
the bath correlation function does not decay to zero when the resonator is driven, it reaches a
non-zero stationary value, thus preventing the use of the Born-Markov approximation. One way
to address this problem consists in applying a displacement transformation to the cavity2,

a → d+ α, (5.9)

where d corresponds to the mode of an undriven damped cavity associated with a vacuum steady
state, while the expectation value α accounts for the coherent contribution created by the drive.
Note that the operator d corresponds to the former operator a in the undriven case since they
both describe a cavity decaying to the vacuum.
The displacement modifies the Hamiltonian Eq. (5.4) as follows

H ′ = ∆q

2 σz + ∆rd
†d+ ∆rα

∗α+ ∆r(αd† + α∗d)

+ g(σ+d+ σ−d
†) + g(σ+α+ σ−α

∗)
+ ϵd+ ϵ∗d† + ϵα+ ϵ∗α∗.

The terms ∆rα
∗α, ϵα and ϵ∗α∗ are irrelevant constant contributions and may therefore be

omitted from the Hamiltonian without consequence.
This displacement transformation also modifies the dissipator (5.3), leading to

D(a) [·] → D(d+ α)[·]. (5.10)

After calculations, we obtain

D(d+ α)[·] = D(d)[·] − i
γ

2
[
i
(
α∗d− αd†

)
, ·
]
. (5.11)

A new unitary contribution appears, allowing for a new expression of the master equation as

ρ̇ = −i
[
H ′′, ρ

]
+ D(d) [ρ] , (5.12)

1A coherent state is a quantum state whose properties closely approximate those of a classical electromagnetic
wave [39]. It plays a central role in quantum optics, since driving an optical cavity with a single-mode laser typically
produces a coherent excitation of the cavity field.

2Formally, this transformation corresponds to the application of a displacement operator D(α) = exp(αa† −
α∗a) such that D†(α)aD(α) = a + α (we changed the notation to d + α to avoid confusion in this work) and
D(α) |0⟩ = |α⟩ [40].
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where

H ′′ = ∆q

2 σz + ∆rd
†d+ ∆r(αd† + α∗d)

+ g(σ+d+ σ−d
†) + g(σ+α+ σ−α

∗)

+ ϵd+ ϵ∗d† + i
γ

2
(
α∗d− αd†

)
. (5.13)

Furthermore, the definition (5.8) of α leads to (∆r − iγ/2)α = ϵ∗ and the hermitian conjugate
equality. Hence, the third term and last three terms of the Hamiltonian (5.13) cancel each other.
Finally, the master equation after displacement of the cavity reads

Key Result 5.1. ME of a qubit readout system after displacement of the cavity

ρ̇ = −i [H, ρ] + D(d) [ρ] , (5.14)

with
H = ∆q

2 σz + ∆rd
†d+ g(σ+d+ σ−d

†) + g(σ+α+ σ−α
∗) (5.15)

and
D(d) [·] = γ

(
d · d† − 1

2{d†d, ·}
)
, (5.16)

where the transformed Hamiltonian H given by Eq. (5.15), can be decomposed into three con-
tributions: a system Hamiltonian HS = ∆q

2 σz + g (ασ+ + α∗σ−) which depends only on qubit
operators, a bath Hamiltonian HB = ∆rd

†d describing the free resonator, and an interaction
Hamiltonian V = g

(
σ+d+ σ−d

†
)
. The words “system” and “bath” are chosen deliberately, as

they anticipate the adiabatic elimination performed below.

5.2 Adiabatic elimination
Following the same approach as in Section 4.2, an effective master equation for the reduced
density matrix of the qubit is derived by adiabatically eliminating the resonator degrees of
freedom. To this end, the total Hamiltonian is decomposed as H = HS +HB +V , as introduced
at the end of the previous section.

Interaction picture
We have, as previously, the following Redfield equation for the reduced density matrix of the
qubit in the interaction picture:

ρ̇q(t) = −
∫ t→∞

0
TrB

([
V (t), [V (t− τ), ρq(t) ⊗ ρB]

])
dτ, (5.17)

where the I subscripts referring to the interaction picture was omitted. In this case,

V = g
(
σ+(t)d(t) + σ−(t)d†(t)

)
, (5.18)

which depends on the time evolutions of the operators σ±(t) and d(t), d†(t) of the qubit and the
displaced cavity, respectively. The operators d(t) and d†(t) obey the AME of the isolated cavity,
leading to the corresponding Heisenberg equations. However, in order to get the time evolution
of σ±(t), we need to compute (see Theoretical Concept 1.1)

σ±(t) = eiH0tσ±e
−iH0t, (5.19)
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where H0 = HS +HB = ∆q

2 σz + g(σ+α+ σ−α
∗) + ∆rd

†d.
To ease the calculations, HS is expressed, without loss of generality, as

HS = ∆q

2 σz + Ω
2 σx, (5.20)

with Ω = 2g|α|. Eq. (5.20) corresponds to the Hamiltonian of the quantum Rabi model, which
describes a two-level system coupled to a single bosonic mode [41].

Proof. In order to express HS as Eq. (5.20), the expectation value α is written in polar form,
α = |α|eiϕ. The system Hamiltonian then reads

HS = ∆q

2 σz + g|α|(eiϕσ+ + e−iϕσ−). (5.21)

Since σx = σ+ + σ−, choosing a reference frame in which the phase ϕ is absorbed into the qubit
operators yields

HS = ∆q

2 σz + g|α|σx. (5.22)

Formally, this change of reference frame is implemented by the time-independent unitary trans-
formation Uϕ = eiϕσz/2. Under this transformation, the qubit operators become

σz,ϕ = U †
ϕσzUϕ = σz (5.23)

σ−,ϕ = U †
ϕσ−Uϕ = eiϕσ− (5.24)

σ+,ϕ = U †
ϕσ+Uϕ = e−iϕσ+, (5.25)

using the BCH formula, as in the derivation of the interaction-picture time evolution of σ−(t)
on page 47. Substituting Eqs. (5.23) to (5.25) into Eq. (5.21) gives Eq. (5.22).
However, the transformation Uϕ also affects the interaction Hamiltonian V . In the transformed
frame, one obtains

V = g
(
e−iϕσ+(t)d(t) + eiϕσ−(t)d†(t)

)
. (5.26)

Therefore, to recover the standard interaction term given in (5.18), the operators d(t) and d†(t)
must be transformed as

d(t) → eiϕd(t) (5.27)
d†(t) → e−iϕd†(t). (5.28)

This is implemented by the additional time-independent unitary transformation Ūϕ = eiϕd†d.
Consequently, HS can be written as (5.22), without loss of generality, since applying the time-
independent unitary transformations Uϕ and Ūϕ merely correspond to a change of basis and
therefore do not alter the physical content of the model.

Physically, Eq. (5.20) is equivalent to describing a spin 1/2 subjected to an effective field
Beff = (Ω, 0,∆q). This becomes clear when writing

HS = 1
2Beff · σ, (5.29)
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with σ = (σx, σy, σz), the vector of Pauli matrices3. Diagonalizing the previous Hamiltonian
greatly simplify the calculation of σ−(t). In other terms, one needs to align the effective field
Beff with the z-axis. With this in mind, the angle θ between Beff and the z-axis is defined such
that

sin θ = Ω
Ωeff

(5.31)

cos θ = ∆q

Ωeff
, (5.32)

with Ωeff =
√

∆2
q + Ω2 4 leading to

HS = Ωeff
2 (sin θσx + cos θσz) ≡ Ωeff

2 τz, (5.33)

with the definition of τz ≡ sin θσx + cos θσz. Introducing τx and τy accordingly, a basis in which
HS is diagonal, is given by 

τx = cos θσx − sin θσz

τy = σy

τz = sin θσx + cos θσz,

(5.34a)
(5.34b)
(5.34c)

which is obtained by a rotation around the y-axis, i.e., τi = eiσy/2σie
−iσy/2. The newly con-

structed matrices τi are referred to as dressed Pauli matrices [42]. The term dressed should be
understood in contrast to the bare Pauli matrices, which correspond to the basis in which the
Hamiltonian ∆qσz/2 of the isolated qubit is diagonal, with eigenvalues ±∆q/2. In the dressed
basis, by contrast, the Hamiltonian HS = Ωeffτz/2 describing the qubit in the driven cavity
system is diagonal, with shifted eigenvalues ±Ωeff/2.

Inverting the system of Eqs. (5.34a) to (5.34c) yields


σx = cos θτx + sin θτz

σy = τy

σz = − sin θτx + cos θτz.

(5.35a)
(5.35b)
(5.35c)

Consequently, σ± = (σx ± iσy) /2 is expressed in the dressed basis as

σ− = sin θ
2 τz + cos θ − 1

2 τ+
cos θ + 1

2 τ−, (5.36)

with τ± = (τx ± iτy) /2 (note that τ † = τ− holds).
Hence, one obtains

σ−(t) = eiH0tσ−e
−iH0t = eiH0t

(sin θ
2 τz + cos θ − 1

2 τ+ + cos θ + 1
2 τ−

)
e−iH0t (5.37)

with
H0 = Ωeff

2 τz + ∆rd
†d. (5.38)

3The Pauli matrices admits the following matrix representation

σx =
(

0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (5.30)

4The expression of Ωeff comes from the condition cos2 θ + sin2 θ = 1
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By linearity, Eq. (5.37) gives

σ−(t) = eiH0t sin θ
2 τze

−iH0t + eiH0t cos θ − 1
2 τ+e

−iH0t + eiH0t cos θ + 1
2 τ−e

−iH0t, (5.39)

which, using the fact that τz commutes with H0 and the BCH formula, yields

σ−(t) = S0 + eiΩefftS−Ω + e−iΩefftS+Ω, (5.40)

where we introduced the time-independent operators

S0 = sin θ
2 τz

S−Ω = cos θ − 1
2 τ+

S+Ω = cos θ + 1
2 τ−.

(5.41)

(5.42)

(5.43)

The choice of notation may appear counterintuitive at first, but its motivation will become clear
in the following. Finally, since σ+(t) = σ†

−(t),

σ+(t) = S0 + e−iΩefftS†
−Ω + e+iΩefftS†

+Ω. (5.44)

Note that S0 = S†
0 since τz = τ †

z , but S±Ωeff = S†
±Ωeff

.

Bath correlation function
Expanding Eq. (5.17) yields

ρ̇q(t) = −
∫ t→∞

0
TrB

(
V (t)V (t− τ)ρq(t) ⊗ ρB

)
dτ︸ ︷︷ ︸

I

+
∫ t→∞

0
TrB

(
V (t)ρq(t) ⊗ ρBV (t− τ)

)
dτ︸ ︷︷ ︸

II

+
∫ t→∞

0
TrB

(
V (t− τ)ρq(t) ⊗ ρBV (t)

)
dτ︸ ︷︷ ︸

III

−
∫ t→∞

0
TrB

(
ρq(t) ⊗ ρBV (t− τ)V (t)

)
dτ︸ ︷︷ ︸

IV

.

(5.45)

To determine the bath correlation functions needed for the computation of these integrals, the
time evolution of the displaced bath operators d(t) and d†(t) is obtained from the AME of the
isolated damped harmonic oscillator. Both the dissipator and the bath Hamiltonian are the
same as in the undriven case (see Key Result 5.1), except they involve the displaced operators
d and d† instead of a and a†. Hence the AME yields exactly the same results:

d(t) = e−iωrt− γ
2 td

d†(t) = eiωrt− γ
2 td.

(5.46)
(5.47)

Thus, the bath correlation functions are the ones of an isolated damped harmonic oscillator and
take the same form as in Section 4.2. For instance, in analogy with Eq. (4.23), we have

⟨d(t)d†(t− τ)⟩ = ⟨d(τ)d†(0)⟩ = e(−i∆r− γ
2 )τ , (5.48)
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where the displaced resonator is assumed to be initially prepared in the state ρB = |0⟩⟨0|, where
|0⟩ denotes the vacuum state of the displaced cavity.

Secularized master equation
Having established the BCFs and time evolution of the qubit operators, term I of Eq. (5.45),∫ t→∞

0
TrB

(
V (t)V (t− τ)ρq(t) ⊗ ρB

)
dτ = −g2

∫ t→∞

0
⟨d(t)d†(t− τ)⟩σ+(t)σ−(t− τ)ρq(t) dτ,

(5.49)

requires the evaluation of the product σ+(t)σ−(t − τ) which is computed using Eqs. (5.40)
and (5.44). Applying the secular approximation, Eq. (5.49) ultimately leads to

−
∑

ν∈{0,±Ωeff}

g2

−i (∆r − ν) − γ
2
SνS

†
νρS , (5.50)

where Sν = S±Ω for ν = ±Ωeff, justifying the previous choice of sign notation for S±Ω.

Proof. The computation of Eq. (5.49) requires to know the expression of σ+(t)σ−(t−τ). Eqs. (5.40)
and (5.44) yield

σ+(t)σ−(t− τ) =
(
S0 + eiΩefftS+ + e−iΩefftS−

) (
S0 + e−iΩeff(t−τ)S†

+ + eiΩeff(t−τ)S†
−

)
(5.51)

= S2
0 + e−iΩeff(t−τ)S0S

†
+ + eiΩeff(t−τ)S0S

†
−

+ eiΩefftS+S0 + eiΩeffτS+S
†
+ + e2iΩefft−iΩeffτS+S

†
−

+ e−iΩefftS−S0 + e−2iΩefft+iΩeffτS−S
†
+ + S−S

†
−e

−e2iΩeffτ
, (5.52)

where we used the simplified notation S± ≡ S±Ω for readability. In contradiction to the undriven
case, this product still contains time-dependent terms. However, as seen in Section 1.3, the
secular approximation (valid under the condition that the relaxation time of the bath τR is
larger than the typical intrinsic timescale of the system τS) can be performed and considers
those terms to oscillate rapidly hence averaging to zero over time. Consequently, the only
surviving terms are the one highlighted in green and

σ+(t)σ−(t− τ) ≃ S2
0 + eiΩeffτS+S

†
+ + e−iΩeffτS−S

†
−, (5.53)

which injected into Eq. (5.49) and using the expression of the BCF given by Eq. (5.48) yields

I = −g2
∫ t→∞

0
e(−i∆r− γ

2 )τ
(
S2

0 + eiΩeffτS+S
†
+ + e−iΩeffτS−S

†
−

)
ρq(t) dτ (5.54)

= −g2∑
ν

1
−i (∆r − ν) − γ

2
SνS

†
νρq(t). (5.55)
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Terms II, III and IV are evaluated similarly and Eq. (5.45) becomes

ρ̇q(t) = −
∑

ν

g2

−i (∆r − ν) − γ
2
SνS

†
νρq(t)︸ ︷︷ ︸

I

+
∑

ν

g2

i (∆r − ν) − γ
2
Sνρq(t)S†

ν︸ ︷︷ ︸
II

+
∑

ν

g2

−i (∆r − ν) − γ
2
Sνρq(t)S†

ν︸ ︷︷ ︸
III

−
∑

ν

g2

i (∆r − ν) − γ
2
ρq(t)SνS

†
ν︸ ︷︷ ︸

IV

. (5.56)

The careful reader may observe a close resemblance to Eq. (4.27). Hence proceeding as in
the previous chapter, the fractions are written with a common denominator and a detuning
∆rν = ∆r − ν is defined.
Finally, the effective master equation for the reduced density matrix of the qubit in the interac-
tion picture reads

ρ̇q(t) = −i
∑

ν

ζν

[
SνS

†
ν , ρq(t)

]
+ Γν

(
SνρqS

†
ν − 1

2
{
SνS

†
ν , ρq(t)

})
(5.57)

with

ζν = g2γ(γ
2
)2 + ∆2

rν

(5.58)

and

Γν = g2∆rν(γ
2
)2 + ∆2

rν

. (5.59)

Back to the initial frame
Going back to the initial frame, rotating at the drive frequency, which was the starting point
of the chapter, only adds the system Hamiltonian HS = Ωeffτz/2 in the unitary contribution.
Finally, Eq. (5.57) becomes

ρ̇q(t) = −i
∑

ν

[Ωeff
2 τz + ζνSνS

†
ν , ρq(t)

]
+ Γν

(
SνρqS

†
ν − 1

2
{
SνS

†
ν , ρq(t)

})
, (5.60)

which admits the following explicit form

Key Result 5.2. Reduced effective master equation for the qubit coupled to a driven cavity

ρ̇q(t) = −i
[Ωeff + δLS

2 τz, ρq(t)
]

+ Γ+Ω

(1 + cos θ
2

)2
D(τ−) [ρq(t)]

+ Γ−Ω

(1 − cos θ
2

)2
D(τ+) [ρq(t)]

+ Γ0
sin2 θ

2 D(τz) [ρq(t)] (5.61)
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with
Ωeff =

√
∆2

q + (2g|α|)2

δLS = ζ+Ω

(1 + cos θ
2

)2
− ζ−Ω

(1 − cos θ
2

)2

ζ−Ω = g2γ(γ
2
)2 + (∆r − Ωeff)2

ζ+Ω = g2γ(γ
2
)2 + (∆r + Ωeff)2

Γ+Ω = g2(∆r − Ωeff)(γ
2
)2 + (∆r − Ωeff)2

Γ−Ω = g2(∆r + Ωeff)(γ
2
)2 + (∆r + Ωeff)2

Γ0 = g2∆r(γ
2
)2 + ∆2

r

.

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

Finally, the effective master equation for a qubit coupled to a coherently driven cavity, in the
dressed basis and the frame rotating at the drive frequency, contains a unitary contribution and
three distinct dissipators, each governed by its own rate and associated with a specific physical
process.

The Hamiltonian contribution δLSτz/2 corresponds to the Lamb-Shift and is given by∑
ν

ζνSνS
†
ν = ζ0S

2
0 + ζ+S+S

†
+ + ζ−S−S

†
−, (5.69)

where

ζ0S
2
0 = ζ0

sin2 θ

4 τ2
z = ζ0

sin2 θ

4 1 (5.70)

constitutes an irrelevant constant to the Hamiltonian and can thus be omitted. Moreover, the
last two terms are proportional to τ−τ+ and τ+τ−, respectively. Hence, using the identities
τ−τ+ = (1−τz)/2 and τ+τ− = (1+τz)/2 straightforwardly leads to the expression δLSτz/2 with
δLS given by Eq. (5.63).

The first dissipator, proportional to Γ+Ω, describes the relaxation of the dressed qubit, that
is, the decay from the upper to the lower dressed state, induced by its interaction with the
resonator.

The second dissipator, proportional to Γ−Ω, describes the reverse process, namely the exci-
tation of the dressed qubit from the lower to the upper dressed state, again mediated by the
resonator.

The third dissipator, proportional to Γ0 and acting through D(τz), is of a different nature
than the previous two. Indeed, this term corresponds to pure dephasing, meaning that rather
than inducing transitions between the dressed states, it solely acts on the off-diagonal elements
of the density matrix, destroying the coherences of the qubit without any associated population
transfer.
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Theoretical Concept 5.1. Pure dephasing

Pure dephasing is a phenomenon where the populations of the qubit density matrix are
left unchanged, while the coherences decay, hence pure dephasing degrades the coherences
of the qubit without inducing any transition between its energy levels [11].

When θ = 0, the dressed and bare bases coincide and the second and third dissipators vanish.
Indeed, for θ = 0, Eq. (5.31) implies Ω = 2g|α| = 0 thus corresponding to the absence of a drive.
In this limit, one recovers the dynamics of a qubit coupled to an undriven resonator, which
involves only the relaxation channel derived in Chapter 4. The vanishing of the excitation and
pure dephasing channels is therefore consistent with this expectation.

The three rates Γ+Ω, Γ−Ω, and Γ0 each take the form of a Lorentzian evaluated at a specific
frequency ν

Γν = g2∆rν(γ
2
)2 + ∆2

rν

. (5.71)

This Lorentzian structure shows that each dissipative process is most efficient when the relevant
frequency ν matches the cavity resonance ∆r.

Note that this three-dissipator structure is reminiscent of the Mollow triplet in quantum op-
tics [42], where a strongly driven two-level atom undergoes transitions at three distinct frequen-
cies: the drive frequency and two frequencies symmetrically displaced.

From the perspective of dispersive readout of superconducting qubits, this result carries practi-
cal implications. The three dissipative channels and their associated rates depend on the system
parameters, in particular the drive amplitude through Ωeff =

√
∆2

q + (2g|α|)2. This suggests
that a judicious choice of parameters could allow one to selectively suppress or enhance specific
dissipative processes. More broadly, the effective master equation derived here provides a solid
basis for future work, in particular for identifying the parameter regimes in which the driven
“qubit + resonator” system operates most favorably for high-fidelity dispersive readout.
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Summary 5. Adding a coherent drive

Chapter 5 extended the model studied in Chapter 4 by including a coherent drive on
the resonator, placing this work in the broader context of realistic dispersive readout of
superconducting qubits. This chapter is intended as a perspective, opening directions for
future developments.
Starting from the full Lindblad master equation

ρ̇ = −i[H, ρ] + D(a)[ρ], H = ∆q

2 σz + ∆ra
†a+ g(σ+a+ σ−a

†) + ϵa+ ϵ∗a†,

a displacement transformation was applied to restore a vacuum steady state for the
resonator, enabling the use of the Born-Markov approximation.

After diagonalizing the driven qubit Hamiltonian HS = ∆qσz/2 + g(ασ+ + α∗σ−)
through the introduction of dressed Pauli matrices {τi} and performing a secular
approximation, the adiabatic elimination of the resonator yielded the following effective
master equation for the qubit in the dressed basis:

ρ̇q(t) = − i

[Ωeff + δLS

2 τz, ρq(t)
]

+ Γ+Ω

(1 + cos θ
2

)2
D(τ−)[ρq(t)]

+ Γ−Ω

(1 − cos θ
2

)2
D(τ+)[ρq(t)] + Γ0

sin2 θ

2 D(τz)[ρq(t)],

with
Ωeff =

√
∆2

q + (2g|α|)2 and Γν = g2∆rν(γ
2
)2 + ∆2

rν

.

The three dissipators correspond to distinct physical processes: D(τ−) and D(τ+)
describe relaxation and excitation of the dressed qubit mediated by the resonator, while
D(τz) induces pure dephasing.

This effective master equation constitutes a starting point for the optimization of
dispersive readout protocols. In particular, it allows for the identification of parameter
regimes in which specific dissipative channels can be suppressed or enhanced.
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Conclusion

The aim of this master’s thesis was to develop a more accurate framework for describing the
reduced dynamics of a superconducting qubit during readout. More specifically, the central
objective was to apply the generalized Schrieffer-Wolff method to systematically derive effective
master equations beyond second order, providing an increasingly precise description of the re-
duced qubit dynamics.

Chapter 1 first introduced the theoretical foundations of open quantum systems, establishing
the density operator formalism together with the Redfield and Lindblad master equations. The
vectorization procedure was then introduced, before concluding with a discussion of the spectral
properties of Liouvillians and the adjoint master equation.

Then, Chapter 2 motivated the research by presenting the physical architecture underlying
dispersive readout of superconducting qubits. The transmon was introduced as an effective
two-level system, and the dispersive readout architecture was presented where the qubit state
is inferred by probing a coupled microwave resonator whose interaction with the qubit is de-
scribed by the Jaynes-Cummings Hamiltonian. The limitations of the dispersive approximation
were then highlighted, motivating the development of an approach going beyond the standard
treatment.

Subsequently, Chapter 3 presented the generalized Schrieffer-Wolff formalism for dissipative
systems, as originally introduced by Kessler [7]. The method consists in a systematic perturba-
tive expansion of the Liouvillian, obtained by applying a similarity transformation that renders
it block-diagonal, thereby decoupling the slow and fast subspaces and allowing for the definition
of an effective Liouvillian governing the slow dynamics, whose second-order expansion repro-
duces the result of adiabatic elimination.

Building on this, Chapter 4 constitutes the original contribution of this thesis. The general-
ized Schrieffer-Wolff formalism was applied to a qubit coupled to a damped resonator within
the single-excitation subspace. After identifying a rotating frame that yields a proper L0 + V
separation, the second-order effective Liouvillian was shown to exactly reproduce the adiabatic
elimination result, independently derived as a Redfield master equation at the beginning of the
chapter. Higher-order corrections were then computed numerically and assessed through fidelity
comparisons against the exact dynamics, confirming that each additional order systematically
improves the accuracy of the reduced description. Finally, the validity conditions of the expan-
sion were refined beyond those originally proposed by Kessler [7].

Lastly, Chapter 5 opened a first perspective toward a more realistic readout model by extending
the framework to include a coherent drive on the resonator. Through a displacement trans-
formation restoring a vacuum steady state, followed by a dressed-basis diagonalization and a
secular approximation, an effective master equation for the driven qubit was derived, providing
a starting point for the optimization of dispersive readout by determining favorable parameter
regimes.
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Conclusion

A logical first perspective of this work would be to compare the master equation derived in
Chapter 5 to high-order reduced qubit descriptions obtained via the generalized Schrieffer-
Wolff method, in the same spirit as the comparison made in Chapter 4. More broadly, the
systematic nature of the Schrieffer-Wolff expansion makes it well-suited for more complex ar-
chitectures, and natural directions include additional dissipative mechanisms acting directly on
the qubit or adding multiple harmonic oscillators to model Purcell filters in order to bring the
theoretical framework closer to current experimental implementations, where achieving fast,
high-fidelity quantum non-demolition readout remains one of the central challenges of supercon-
ducting quantum computing. In this context, another interesting direction would be to derive
quantum trajectory approaches based on the unraveling of high-order Schrieffer-Wolff qubit re-
duced descriptions. This would provide a bridge between effective master-equation descriptions
and single-run measurement records, and could help clarify how higher-order corrections affect
measurement back-action and information extraction.
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