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Introduction

Symmetry is one of the organizing principles of modern physics. A symmetry is a transformation
that leaves the equations governing a system invariant, and the consequences of such invariance
are far-reaching: they constrain the form of interactions, fix conservation laws, and dictate which
collective behaviors a system may or may not display. In the physics of many-body systems and
condensed matter, symmetry plays a particularly powerful role: it provides a language to classify
the distinct phases that matter can adopt. Two phases that share the same symmetries are, in
a deep sense, the same kind of state whereas two phases that differ in which symmetries they
realize are generally distinct. Passing from one to the other requires a phase transition. However,
this picture has its limits: some phases share all the same symmetries and yet remain genuinely
different, as topological phases illustrate [1]. The central and most pervasive mechanism behind
this classification is spontaneous symmetry breaking.

A symmetry is said to be spontaneously broken when the Hamiltonian (or, more generally,
the equations of motion) is invariant under a transformation, yet the physical state the system
actually settles into is not. The microscopic laws retain the full symmetry whereas the real-
ized state selects one option among many equivalent ones. Three ingredients make this notion
precise [2].

• First, the thermodynamic limit: in a finite isolated quantum system, the exact eigen-
states typically respect the symmetry, because tunneling or finite-size mixing connects the
symmetry-related configurations. Genuine spontaneous symmetry breaking, with a sta-
ble broken state, is strictly a property of the limit of infinitely many degrees of freedom,
N → ∞, where the barrier between the equivalent states becomes insurmountable.

• Second, the order parameter: an observable whose expectation value vanishes in the sym-
metric phase and becomes nonzero in the broken phase, thereby labeling which of the
equivalent states has been selected. Its onset is the operational signature of the broken
symmetry.

• Third, the stability of the broken state. The symmetry-broken state must be robust:
small perturbations that respect the symmetry should not destroy the ordering, and the
symmetry-related broken states should become distinct, stable sectors in the thermody-
namic limit, separated by a macroscopic rigidity. A convenient diagnostic is provided by
the long-distance behavior of correlation functions of the order parameter, which remain
finite across the system in the ordered phase, the hallmark of long-range order.

The spontaneous breaking of an internal symmetry is for example illustrated by the Heisen-
berg ferromagnet: the Hamiltonian is invariant under global spin rotations, yet below the Curie
temperature the spins align along a spontaneously chosen direction, and the magnetization serves
as the order parameter [3]. The breaking of a spatial symmetry is illustrated by an ordinary
crystal: the microscopic Hamiltonian of particles in free space is invariant under continuous
translations, yet the crystalline ground state preserves only a discrete subgroup, leaving in-
variance only under the discrete translations of that lattice [4]. The continuous translational
symmetry of space has been spontaneously broken down to a discrete subgroup.
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The example of the crystal raises a striking question. Special relativity, through Lorentz trans-
formations, places space and time on an equal footing: spatial and temporal coordinates are
intimately linked and transform into one another. If continuous spatial translation symmetry
can be spontaneously broken to give rise to a discrete lattice in a crystal, could continuous
temporal translation symmetry be broken in the same way, producing a state in which the ob-
servables oscillate periodically over time? Such a state, a periodic arrangement in time rather
than in space, was named a time crystal by Wilczek in 2012 [5, 6].

Wilczek first asked whether this could occur classically. The obstruction is intuitive: in
an ordinary classical Hamiltonian system the lowest-energy configuration is static, since kinetic
energy is minimized at rest, so spontaneous motion cannot appear in the equilibrium state with-
out contrived, singular constructions [5]. He therefore turned to the quantum case. His model
consisted of particles confined to a ring threaded by an Aharonov–Bohm flux, with attractive
interactions. The flux induces a persistent current, while the interactions tend to bunch the
particles into a localized soliton; Wilczek argued that the combination would produce a soli-
ton rotating steadily around the ring in the quantum ground state. A ground-state observable
that varies periodically in time would constitute a spontaneous breaking of continuous time-
translation symmetry, a time crystal.

This proposal was quickly challenged. Bruno first pointed out that Wilczek’s rotating soliton
is not the true ground state of the model: a static configuration of lower energy exists [7]. He
then established a no-go theorem ruling out spontaneous ground-state (or thermal-equilibrium)
rotation for a broad class of systems [8]. The intuition is that a true equilibrium ground state
should not exhibit persistent time dependence in observable quantities. Since an energy eigen-
state evolves only by an overall phase, expectation values of time-independent observables remain
stationary; a genuinely periodic order parameter would therefore be incompatible with equilib-
rium ground-state order. Shortly afterwards, Watanabe and Oshikawa proved a far more general
statement [9]. Adopting a precise definition of a time crystal, nontrivial time dependence of the
order-parameter correlation function in the thermodynamic limit, they showed that no such
time dependence can survive in the ground state or in the canonical (thermal) ensemble of any
Hamiltonian with not-too-long-range interactions.

Crucially, these theorems forbid time-crystalline order only in equilibrium. They thereby
pointed the way to the right setting: time crystals, if they exist at all, must be sought out of
equilibrium. The natural out-of-equilibrium platform is a periodically driven (Floquet) system,
governed by a time-periodic Hamiltonian H(t) = H(t+ T ). Such a system no longer possesses
continuous time-translation symmetry; it retains only the discrete symmetry t → t + T . A
discrete time crystal (DTC) is a phase that spontaneously breaks the discrete time-translation
symmetry generated by T down to the subgroup generated by nT , with n ≥ 2: an observable
responds with a period that is an integer multiple of the drive period, i.e. at a subharmonic of
the driving frequency.

A toy model illustrated in Figure 1 makes this definition tangible. Consider a chain of
interacting spins randomly oriented characterized by a periodic T equation of motion. Within
each period, two things happen in turn: the spins first evolve under their mutual interactions,
and then, an external driving induce a global flip rotation of every spin at once (for simplicity,
we take this rotation to be instantaneous). After one full period, each spin of the chain has been
turned over. It is only after a second period, and therefore a second flip, that the spins return
to their starting configuration. The magnetization consequently oscillates with period 2T , twice
the period of the drive: this is precisely the subharmonic response that defines the phase.

What turns this from a trivial back-and-forth into a genuine phase of matter is its robust-
ness. Indeed, thanks to the interactions between the spins, the response stays locked to exactly
2T even when the rotation is imperfect: the spins still return to their initial state after two pe-
riods. More generally, we expect this rigidity for not fine-tuned parameters of the system. This
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Figure 1: Paradigmatic example of a DTC. A chain of interacting spins randomly oriented is
instantaneously flipped at each period T . The pattern thus repeats with period 2T , twice the
driving period, which is the subharmonic response that defines the phase.

rigidity, together with the fact that the oscillation persists indefinitely in the thermodynamic
limit, is what makes the discrete time crystal a true collective phase rather than a fine-tuned
coincidence.
The idea was first realized at the mean-field level by Sacha, who studied a Bose–Einstein con-
densate bouncing resonantly on an oscillating mirror [10]. In a mean-field description, in which
each particle effectively feels the average influence of all the others, the condensate self-organizes
into a motion whose period is a multiple of the drive period, spontaneously breaking the discrete
time-translation symmetry.

What makes this remarkable is that periodically driven interacting systems generically heat
up: under repeated driving they tend to absorb energy without bound and relax to a featureless
infinite-temperature state in which no order can survive. In strongly disordered spin chains,
however, this heating can be halted, and a discrete time crystal, the so-called π-spin glass,
emerges [11–15]. This first route relied on disorder [11], but DTC order was subsequently shown
to arise in clean systems as well [16–18], so disorder is not an essential ingredient. Experimental
signatures have since been observed on several platforms, including trapped ions and nitrogen-
vacancy centres in diamond [19], and later superconducting-qubit processors [20], establishing
the discrete time crystal as a robust non-equilibrium many-body phase of matter.

Discrete time crystals are appealing well beyond their conceptual novelty: their rigid, robust
subharmonic response makes them natural candidates for applications such as quantum metrol-
ogy and sensing [21] and as robust quantum memories [22, 23]. Yet the closed-system setting in
which DTCs were first defined is an idealization. Any real platform is coupled, however weakly,
to an environment, and this raises a fundamental question that is the starting point of this
thesis: does this phase of matter survive the introduction of a coupling to an environment? For
the original π-spin-glass DTC the answer is negative. A generic local coupling to a thermal bath
destroys it at long times, even when the bath itself prevents the system from heating [24].

This motivates the study of time crystals as genuinely open-system phenomena. Most work to
date treats the Markovian regime, in which the dynamics is generated by a Gorini–Kossakowski–
Sudarshan–Lindblad (GKSL) master equation, although a smaller body of work addresses non-
Markovian settings [25]. The defining properties carried over from the closed case, subharmonic
oscillation, rigidity, and persistence in the thermodynamic limit, must still hold. Strikingly,
dissipation need not be an enemy of the order: suitably engineered, it can even stabilize a
DTC [26]. As in the closed case, the phase leaves a characteristic fingerprint in the spectrum
of the evolution, which provides a clean way to identify it. Such dissipative DTCs have been
studied for example in cavity-QED models [27].

In parallel, dissipation also rehabilitated, in part, Wilczek’s original continuous idea. In an
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open system governed by time-independent dynamics, continuous time-translation symmetry can
itself be spontaneously broken, producing persistent periodic oscillations in the thermodynamic
limit, again with the requirement of rigidity. This led to the notion of a continuous (dissipative)
time crystal (CTC) and, more specifically [28]. Continuous dissipative time crystals have by now
been observed experimentally [29], for instance with atomic ensembles in optical cavities [30].

Both discrete and continuous time crystals are most easily approached at the mean-field
level, a particularly convenient framework: the collective observables that play the role of order
parameters close into a set of nonlinear differential equations, so the problem reduces to the
theory of nonlinear dynamical systems, in which a CTC appears as a stable limit cycle. For
a finite system the oscillation is not truly everlasting: the system eventually relaxes towards
a time-independent steady state. Even then, the time-crystalline behavior shows up clearly in
the spectrum of the dynamics. We note in passing that dissipative continuous time crystals
have also been constructed for purely classical systems [31]. These lie outside the scope of this
work, since we restrict our attention to the quantum, many-body setting in which the oscillation
qualifies as a genuine collective phase of matter.

Dissipative many-body systems can support not only periodic but also chaotic collective
dynamics, which gives rise to time-crystal-like phases whose temporal order is irregular. In a
continuous quasi time crystal (CQTC), continuous time-translation symmetry is broken into
sustained aperiodic, chaotic oscillations of the order parameter that do not decay in the thermo-
dynamic limit [32, 33]. Such a phase was identified in a system of two coupled, driven–dissipative
collective spins, each of which alone would form a CTC [32]. Unlike ordinary chaotic behavior
in open systems, the oscillations do not die out in the thermodynamic limit.

The time glass, introduced very recently, is the periodically driven counterpart of this chaotic
order: a non-periodic analogue of the DTC in which the order parameter oscillates aperiodi-
cally and chaotically, yet persistently in the thermodynamic limit [34]. Together, CQTCs and
time glasses extend the time-crystal paradigm to genuinely chaotic quantum dynamics in open
systems.

Finally, a more modest case, found in both closed and open quantum systems, deserves a
separate mention: the discrete quasi time crystal. Although the term carries several defini-
tions [35, 36] and is often regarded simply as a variant of the DTC, the distinction matters.
Here the discrete time-translation symmetry is broken not into a clean subharmonic period mul-
tiplication, but into aperiodic oscillations that are nonetheless regular (quasiperiodic) rather
than chaotic. It must therefore not be confused with the time-glass phase, whose temporal
irregularity is genuinely chaotic.

The closed-system theory of discrete time crystals is by now mature and extensively reviewed [35,
37–40]. The picture in open quantum systems is comparatively scattered, despite a rapidly grow-
ing and increasingly varied family of phases. The objective of this thesis is to provide a unified,
pedagogical overview of the different kinds of time crystals that arise in open quantum systems,
classified according to the symmetry that is broken and the nature of the resulting temporal
order: periodic, quasi-periodic, or chaotic.

The manuscript is structured to build this picture from the ground up. Chapter 1 lays the con-
ceptual foundation, reviewing symmetry in quantum physics and the framework of spontaneous
symmetry breaking, with the introduction of the thermodynamic limit, the order parameter and
the stability of broken states, and with the harmonic crystal as the canonical example of broken
spatial translational symmetry. Chapter 2 treats time crystals in closed quantum systems: the
origin of the idea in Wilczek’s model and its refutation by the no-go theorems, the Floquet
framework for periodically driven systems, the definition of discrete time crystals, and their
realization as a π-spin-glass phase in many-body-localized spin systems. Chapter 3 develops the
theoretical toolbox for open quantum systems that the rest of the thesis requires: the GKSL
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master equation, the Liouville-space formulation, the spectral properties of the Liouvillian, Flo-
quet theory for open systems, and the role of symmetries in open dynamics. Chapter 4 then
surveys the open-system time-crystal zoo: discrete time crystals in open systems (including the
instructive case of a single dephasing spin-s); continuous time crystals and continuous quasi time
crystals (including the driven–dissipative collective spin and two coupled driven–dissipative col-
lective spins); and time glasses (including discrete quasi time crystals and the kicked–dissipative
collective-spin model).
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Chapter 1

Spontaneous symmetry breaking in
quantum physics

This first chapter sets the conceptual stage for the whole thesis. We begin by reviewing the no-
tion of symmetry in quantum physics, from the basic group-theoretic language to the distinction
between continuous and discrete symmetries and their realization in quantum mechanics. We
then turn to spontaneous symmetry breaking, introducing its essential ingredients: the thermo-
dynamic limit, the order parameter, and the stability of symmetry-broken states. The harmonic
crystal serves as the guiding example of a broken spatial translational symmetry. The objective
is to build the framework that will later allow us to interpret a time crystal as the spontaneous
breaking of time translation symmetry.

1.1 Symmetry in quantum physics

Time crystals are remarkable quantum many-body systems that spontaneously break time-
translation symmetry. To fully comprehend this intriguing phenomenon, one must first develop
a rigorous understanding of symmetry within the framework of quantum physics. In particular,
the focus will be placed on the role of symmetry in many-body quantum systems, introducing the
essential concepts required to define and characterize time crystals hereafter. Consequently, this
discussion will not delve into the broader aspects of symmetry encountered in particle physics,
but rather remain centered on the principles most relevant to condensed matter and quantum
many-body theory.
The notion of symmetry applies to two distinct but related aspects of a quantum system. First,
symmetry can be defined by how the Hamiltonian of the system remains invariant under certain
transformations. Second, symmetry also governs the behavior of the system’s states. This is
typically described by how the Hamiltonian and the states transform under the action of a sym-
metry operation. A crucial point of discussion involves the mathematical structure underlying
these symmetry transformations, which are formally described using groups.

1.1.1 Basic notion of group theory

Group A group G is a set of elements equipped with an internal binary operation defined
everywhere

× : G×G −→ G,

fulfilling the following properties:

1. The operation × is associative

∀a, b, c ∈ G : a× (b× c) = (a× b)× c.
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2. The existence of a (unique) neutral element denoted by e

∀a ∈ G : a× e = e× a.

3. G ̸= {0} and every non-zero element have an inverse

∀a ∈ G/{0}, ∃b ∈ G : a× b = e = b× a.

Moreover, a group G is said to be abelian (or commutative) if

∀a, b ∈ G : a× b = b× a.

If not, the group is non-abelian (or non-commutative) [41].

Groups are abstract mathematical concepts that consist of elements defined only by the way
they can be multiplied together under a very general operation. Thus, it is relevant to introduce
the concept of representation.
A representation of a group G is a homomorphism that maps a group element g ∈ G into a
linear operator G acting on a vector space V such that ∀g, g′ ∈ G, one has [42]

G(g × g′) = G(g)G(g′).

It is straightforward to notice that the set of operators homomorph to the group is also a group
equipped with the operation of linear operator multiplication. Moreover, if the dimension n of
the vector space V is finite, given a basis of V , the elements of the group can be represented
by a matrix n × n. One will see in the following section that, in quantum physics, symmetry
transformations are represented by unitary or anti-unitary operators acting on the Hilbert space
of the system under study, and they will have the mathematical structure of a group. Conse-
quently, one will henceforth consider that a group element is a linear operator.

A group is either continuous or discrete. Continuous group can be parametrized by one or
more real continuous parameter whereas it is not the case for a discrete group. The number of
elements in a group is called the order of the group. The order of a group may be finite, infinite
but enumerable or infinite non-enumerable. A discrete group is finite or infinite enumerable
whereas a continuous group is infinite non-enumerable. Moreover, the vast majority, at least
those of interest in this work, of continuous groups that occur in quantum physics are called Lie
groups.

Lie group A Lie group is a continuous group with the structure of a differentiable mani-
fold [43]. The elements of the group vary smoothly when the continuous parameters are varied.g
Intuitively, it represents a set of elements that can be connected continuously to one another.
The number of parameters that describe a Lie group is called the dimension of the group.
Thus, if an operator G(α1, .., αN ) represents an element of a n dimensional Lie group, it can be
expanded such that

G(α1, .., αN ) = I + iα1G1 + iα2G2 + ...+ iαNGN +O(α2
1, ..., α

2
N ),

where G1, ..., GN are the generators of the Lie algebra. The dimension of a group is therefore
the number of generators that constitute it. Moreover, when the parameters α1, ..., αN are
infinitesimal, it is sufficient to retain only the first-order terms in the expansion above. Thus, any
Lie group element G(α1, .., αN ) characterized by finite (non-infinitesimal) parameters α1, ..., αN
can be seen as the limit of an infinite composition of infinitesimal elements of the group such
that

G(α1, .., αN ) = lim
k→∞

(
I +

N∑
i=1

αi
k
Gi

)k
= ei(α1G1+...+αNGN ). (1.1)
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Thus, every element of a Lie group can be represented as an exponential with the continu-
ous parameters and the generators as arguments. The commutator between two generators,
characterizing a Lie group, is a linear combination of other generators

[Ga, Gb] = i
∑
c

fabcGc,

where fabc are real structure constants. Of course, if a Lie group is abelian, its structure
constants are zero. The set of generators associated with a Lie group forms a vector space.
Thus, the vector space spanned by the generators with the extra operation of commutation is
called the Lie algebra1. The Lie algebra is completely described by its structure constants, as
the commutators of all generators are linear combinations of the generators, with coefficients
given by these constants, which entirely determine the algebraic relations.

Discrete group In contrast to Lie groups, a discrete group G is a group where the underlying
set is equipped with the discrete topology. This implies that every element is isolated from each
other. Intuitively, it means that there exists a neighborhood around each elements that contains
no other element of the group. Consequently, elements of a discrete group cannot be reached
from the identity via a continuous variation of parameters, and the concept of a generator in
the infinitesimal sense does not exist. Instead, a discrete group G of order n is characterized by
a set of discrete generators

G = {G1, G2, . . . , Gn},

which are themselves linear operators within the group. Every element of G can be expressed
as a finite product of these generating operators and their inverses. While the structure of a Lie
group is determined by the commutators of its Lie algebra, a discrete group is defined by its
presentation: a set of algebraic relations R of the form [45]

R(G1, . . . , Gn) = I.

These relations dictate how the generating operators commute or combine. For instance, the
relation G1G2G

−1
1 G−1

2 = I is the discrete equivalent of a vanishing commutator, indicating that
the operators G1 and G2 commute. Similarly, a relation such as G2

1 = I indicates that the
operator G1 is its own inverse, a common feature of parity or reflection operators in quantum
mechanics.

Groups appear naturally in quantum physics. Here are a few examples that can be found:

• The unitary group U(n) is a Lie group of dimension n2. It is the set of matrices in Cnn
satisfying the following relation:

MM † = I =M †M ⇔ M ∈ U(n).

For n = 1, the elements of U(1) are eiϕ with ϕ a real continuous parameter. It is an abelian
group. For instance, all physical states are invariant under the action of an element of
U(1). For n > 1, U(n) is no longer abelian.

1An algebra is simply a vector space V over a field K, with an extra operation × called algebra multiplication
which is bilinear, satisfying the following properties ∀a, b ∈ K and ∀x,y, z ∈ V [44]:

(x+ y)× z = x× z+ y × z x× (y + z) = x× y + x× z

(ax)× y = a(x× y) x× (by) = b(x× y)

.
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• The special unitary group SU(2) is a subgroup of the unitary group U(2). It is the set of
complex 2× 2 unitary matrices with determinant equal to one. The three generators Ti of
this group are

T1 =
i

2
σx T2 =

i

2
σy T3 =

i

2
σz,

where σx, σy and σz are the Pauli matrices. Thus, the dimension of the group is three and
it is clearly a non-abelian group. SU(2) describes spin rotation.

• The continuous translation group (Rn,+) equipped with the vector addition is a Lie group
that is abelian. Its dimension is n. It acts on a point x ∈ Rn as

Tn(a) : x 7→ x+ a,

where a ∈ Rn consists of continuous parameter of same values.
For instance, time translation transformation has the mathematical structure of the group
(R,+) whereas space translation transformation has the mathematical structure of the
group (R3,+).
The discrete translation group (Znl ,+), where l is the number of elements in the group, is
obtained by restricting the continuous translation group to a discrete subset. It is abelian
and has no longer the structure of a Lie group. An element of this group has the same action
of an element of the continuous translation group except that it is described by discrete
parameters. A fundamental discrete group is the parity group Z2 = {I, S}, defined by
the single relation S2 = I. This group characterizes symmetries where an operator S is
its own inverse, such as the Ising symmetry or spatial parity. While translation groups
(Rn,+) and (Zn,+) usually describe shifts in space or time, the Z2 group represents the
simplest discrete reflection, acting as a “flip” on the state space. For instance, in an Ising
system, it maps a spin state |↑⟩ to |↓⟩ and conversely.

1.1.2 Definition of symmetry

In a closed non-relativistic quantum system, the time evolution of a vector |ψ(t)⟩, which describes
the state of the system at time t, can be determined by solving the Schrödinger equation:

iℏ
d |ψ(t)⟩
dt

= H |ψ(t)⟩ , (1.2)

where H is the Hamiltonian operator characterizing the dynamical behavior of the system under
study. The latter is therefore the key element in the equation of motion (1.2), and can be used
to define what constitutes a symmetry of the system. Moreover, since a main purpose when
studying a particular system is to know the time evolution of its state, one can also define the
notion of symmetry of a state in quantum physics. Unless otherwise stated, the content of this
section is based entirely on Ref. [2].

Firstly, it is relevant to define what is called a symmetry in quantum theory: a symmetry
is a transformation that preserves transition probabilities | ⟨ψ|ϕ⟩ |2 between physical states |ψ⟩
and |ϕ⟩. Additionally, Wigner’s theorem informs us that any symmetry in a quantum system
must be represented either by a unitary or an anti-unitary operator [46]. An operator U is said
to be unitary if it satisfies U †U = UU † = I. Thus, it is straightforward to derive the relation
⟨Uψ|Uϕ⟩ = ⟨ψ|ϕ⟩, and the transition probability between two physical states |ψ⟩ and |ϕ⟩ is
therefore conserved when they are transformed by U . On the other hand, A is anti-unitary if
it satisfies the relation ⟨Aψ|Aϕ⟩ = ⟨ψ|ϕ⟩∗. As for a unitary operator, the transition probability
between two physical states is preserved by the action of A thanks to this definition. Moreover,
every anti-unitary operator can be decomposed as a product of a complex conjugation operator
K, satisfying K2 = I, and a unitary operator U .
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One can therefore examine what makes a state symmetric and the resulting consequences. The
symmetry of states can be defined as follows:

Definition. A state |ψ⟩ is said to be symmetric under a unitary or an anti-unitary
operator transformation U if it only acquires a relative phase factor, i.e., U |ψ⟩ =
eiφ |ψ⟩.

In other words, if |ψ⟩ is symmetric under U , then it is an eigenvector of U . The appear-
ance of a phase factor has no effect as long as we remember that two state vectors differing by
a phase factor describe the same physical state. To go a bit further into the previous definition,
one might notice that if every physical state of a system is symmetric under an operator U , the
operator is none other than an element of the group U(1). This result is trivial, and one will
therefore not consider this kind of symmetry transformation. Thus, the fact that a state |ψ⟩ is
symmetric under U is relevant when there exist other states that do not satisfy the definition
above. Furthermore, the definition may be generalized for system states characterized by a den-
sity operator ρ. In this case, ρ is said to be symmetric under a unitary or anti-unitary operator
U if their commutator vanishes.

One may now define what a symmetry of a system is by looking at its Hamiltonian. It is
well known that an operator A acting on the Hamiltonian H of a system such that A†HA = H
is said to leave H invariant. We can rewrite the latter relation as [A,H] = 0, which means that
A commutes with H. Thus, we define the symmetry of Hamiltonians as follows:

Definition. A unitary or anti-unitary operator U is a symmetry of the Hamiltoninan
H if their commutator vanishes, i.e, [U,H] = 0.

Following the definition above, the operators U and H commute if and only if it is possible
to find a complete basis of eigenvectors common to these two operators. Similarly, if |ψ⟩ is an
eigenstate of H associated with the eigenvalue Eψ, then U |ψ⟩ is also an eigenstate of H:

H(U |ψ⟩) = U(H |ψ⟩) = U(Eψ |ψ⟩) = Eψ(U |ψ⟩). (1.3)

Based on this relation, we can notice an interesting property. If |ψ⟩ is symmetric under U , then
U |ψ⟩ is the same physical state as |ψ⟩, following the definition of a symmetric state. If |ψ⟩ is
not symmetric under U , U |ψ⟩ must be a different eigenstate of H associated with the same
eigenvalue Eψ. Thus, applying U successively on |ψ⟩ gives all the degenerate eigenstates of H
associated with a certain eigenvalue2. A superposition of these degenerate eigenstates generated
by U can be constructed to form a symmetric state invariant under U .

The set of all unitary operators acting on a Hilbert space H forms the unitary group, de-
noted as U(H)3. This group represents the most general class of transformations that preserve
transition probabilities of the quantum system. For a finite-dimensional Hilbert space of dimen-
sion n, U(H) is equivalent to the Lie group U(n). In practice, the symmetry group G specific
to a given physical system is usually a subgroup of U(H). While U(H) contains every possible
symmetry transformation, the symmetry group G consists only of those operators that commute
with the Hamiltonian H. If G is a continuous subgroup, its elements can be expressed via the
exponential relation (1.1) using the generators of its associated Lie algebra. Conversely, if G is a

2This is the case only if H possesses no other symmetries.
3We focus here on the characterization of unitary operators only, since no anti-unitary operators appear in

this master’s thesis.

10



discrete subgroup, its elements are defined by discrete generators and algebraic relations. In the
case where H is infinite-dimensional, U(H) loses its structure as a finite-dimensional Lie group.
However, for any continuous one-parameter symmetry, an element can still be represented in
the exponential form according to Stone’s theorem [47].

1.1.3 Continuous and discrete symmetry

In classical physics, when a system possesses a continuous symmetry, Noether’s theorem asserts
the existence of a conserved quantity. For instance, invariance under continuous time transla-
tion corresponds to the conservation of the system’s energy. Noether’s theorem also applies in
quantum physics. However, one must distinguish between continuous and discrete symmetries,
as they are physically distinct, and the theorem cannot be applied directly to the latter.

If an observable represented by a hermitian operator Q commutes with the Hamiltonian H of a
system, its expectation value ⟨Q⟩ = ⟨ψ(t)|Q |ψ(t)⟩ remains constant in time. This is evidenced
by the time evolution equation of ⟨Q⟩:

d

dt
⟨Q⟩ = 1

iℏ
⟨[Q,H]⟩+

〈
∂Q

∂t

〉
, (1.4)

which shows that ⟨Q⟩ is a constant of motion when Q has no explicit time dependence and
commutes with H. In this framework, Q is referred to as the generator of the continuous
symmetry transformation. The corresponding unitary transformation is expressed as:

U(ε) = eiεQ, (1.5)

where ε is a real continuous parameter. While such operators are always well-defined in finite di-
mensions, Stone’s theorem ensures that even in infinite-dimensional Hilbert spaces, any strongly
continuous one-parameter unitary group is uniquely generated by a self-adjoint operator Q [47].
For example, a time-independent Hamiltonian H is a conserved quantity that generates contin-
uous time translation symmetries via the time evolution propagator U(t) = e−iHt/ℏ.

In contrast to the continuous case, a discrete symmetry cannot be parametrized by a real contin-
uous parameter. Consequently, Noether’s theorem, which establishes a conserved quantity for
every continuous symmetry, does not directly apply. In such cases, the symmetry is represented
by a specific unitary operator rather than an infinitesimal generator.
A primary example is found in Floquet systems, where the Hamiltonian possesses a discrete
time-translation symmetry, H(t+nT ) = H(t) for n ∈ Z, with T being the driving period. Here,
the instantaneous Hamiltonian H(t) is not a conserved quantity and does not generate the sym-
metry. Instead, the symmetry transformation is described by the Floquet operator UF , which
evolves the system over one full period. While UF is a discrete symmetry operator, it can be
mathematically associated with an effective Hamiltonian HF (called the Floquet Hamiltonian)
via the relation [48]

UF = e−iHFT/ℏ. (1.6)

In this context, HF serves as the stroboscopic version of a Hamiltonian. It describes the evolution
from one period of the driving to the next, even though it does not capture the continuous dy-
namics within the period itself. While energy is not conserved in such a driven system, a related
quantity emerges. The quasi-energies are the eigenvalues of HF , and they are conserved modulo
ℏω with ω = 2π/T is the driving frequency. This periodicity in the quasi-energy spectrum is
the discrete analogue of energy conservation.
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1.1.4 Symmetry in quantum systems

The concept of symmetry in quantum physics being introduced, several many-body quantum
systems exhibiting noteworthy properties. These include the harmonic crystal, as well as the
Ising model and the Heisenberg model. These systems possess special symmetries, categorized
as spatial symmetries (which involve transformations of physical coordinates like rotations or
translations) or internal symmetries (which involve transformations of intrinsic properties like
spin or charge in an abstract state space). These symmetries will play an important role in later
discussions on spontaneous symmetry breaking and time crystals.

The harmonic crystal
A crystalline solid is described by a Hamiltonian that is homogeneous in space, reflecting a
continuous translational space symmetry, since the Hamiltonian remains unchanged under ar-
bitrary spatial shifts. For simplicity, we will consider a one-dimensional crystal, which allows us
to capture the essential physics while keeping the mathematics straightforward. The latter can
be viewed as an harmonic crystal characterized by the following Hamiltonian:

H =
N∑
j=1

p2j
2m

+
κ

2

N−1∑
j=1

(xj − xj+1)
2, (1.7)

where N is the number of atoms in the crystal [49]. The atom j of the crystal has a mass
m, a momentum pj and a position xj . The harmonic potential between neighboring atoms is
parametrized by κ. The crucial point to notice about this Hamiltonian is that it commutes with
the total momentum operator ptot =

∑
j pj . Indeed, one has

[H, ptot] =
∑
j

∑
j′

[p2j , pj′ ]

2m
+
κ

2

∑
j

∑
j′

[(xj − xj+1)
2, pj′ ] = 0.

The first term on the right-hand side clearly vanishes. The second term also vanishes when
expanding the quadratic term and using the canonical commutation relation [xj , pj′ ] = iℏδj,j′
and the product rule for commutators4, each contribution cancels out. The total momentum
operator ptot is a conserved quantity in the system and it is the generator of spatial translation
symmetry. Thus, the Hamiltonian commutes with the unitary operator U(x) = e−iptotx/ℏ which
is the space propagator over a distance x, i.e. the one-dimensional harmonic crystal thus possesses
a continuous translational symmetry described by the group (R,+). Physically, it means that
the crystal has the same properties everywhere in space.
Furthermore, the crystal is in its ground state when it is at rest (without considering the quantum
vibrations of its atoms), i.e. when ptot = 0. According to Heisenberg’s uncertainty principle,
a state with a well-known total momentum must have a completely uncertain center-of-mass
position. In other words, the lowest energy state of the crystal is a wave function that extends
over all of space. Clearly, such a delocalized state does not correspond to the kind of ground state
we would expect for a piece of matter in the macroscopic world. One will see why crystals in our
everyday world are perfectly localized thanks to spontaneous symmetry breaking in section 1.2.4.

Heisenberg and Ising models
The Heisenberg model is a fundamental quantum mechanical model in statistical physics that
describes magnetic materials by treating the spin magnetic moment at each lattice site as a

4The product rule for commutators is

[AB,C] = A[B,C] + [A,C]B,

with A, B and C being linear operators.
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vector that can point in any direction in three-dimensional space [50]. The Hamiltonian of this
model is

HH = −J
∑
⟨i,j⟩

Si · Sj , (1.8)

where the constant J is the exchange interaction between two spins i and j and the symbol
⟨i, j⟩ denotes a sum over nearest neighbors. The sum can be taken over a lattice of one, two
or three dimensions. For spin-1/2’s, the spin operators Si are given by the Pauli matrices as
Si = ℏ/2(σxi , σ

y
i , σ

z
i ). The Hamiltonian (1.8) has SU(2) rotational symmetry, or equivalently, is

invariant under global spin rotation. Thus, one has

[Sxtot, HH ] = 0, [Sytot, HH ] = 0, [Sztot, HH ] = 0,

where Sαtot =
∑

i S
α
i with α = {x, y, z}. It is straightforward to show that the commutators

vanish given the commutation relation [Sαi , S
β
j ] = iℏεαβγSγi δi,j and the product rule for com-

mutators. Therefore, Sxtot, S
y
tot and Sztot are conserved quantities of the system and are the

generators of spin rotation symmetries of this system. It follows that the Heisenberg Hamilto-
nian also commutes with the operator S2 =

∑
i Si · Si:

[H,S2] = 0.

It should be noted that this system could be affected by an external magnetic field, which would
modify its dynamics. It is therefore necessary to add the effect of this external influence to
Heisenberg’s previous model by

H = −J
∑
⟨i,j⟩

Si · Sj − h ·
∑
i

Si, (1.9)

where h = (hx, hy, hz) represents the strength of the external magnetic field in each spatial
direction. In this situation, the SU(2) symmetry of the Heisenberg model is explicitly broken,
so that the system is no longer invariant under a global spin rotation.

A related model is the Ising model, in which the spin-1/2 can only point in two opposite direc-
tions [50]. Thus, we only consider one component of the spin, conventionally the z component.
The Hamiltonian of this model is

HI = −J
∑
⟨i,j⟩

σzi σ
z
j , (1.10)

where the constants ℏ/2 have been absorbed into the exchange interaction J . The Hamiltonian
of the Ising model is invariant under global spin inversion:

σzi −→ −σzi ,

for all spins of the lattice. This symmetry transformation is described by the unitary operator:

X = e−i
π
2
σz
tot =

∏
i

σxi ,

where σztot =
∏
i σ

z
i is the global spin operator of the system, constructed from the local spin

operators. Since X2 = I, this system has therefore a Z2-symmetry (also called Ising symmetry)
represented by the symmetry transformations {I, X}. Similarly to the Heisenberg model, this
kind of system may be submitted to an external magnetic field. The Hamiltonian then reads

H = −J
∑
⟨i,j⟩

σzi σ
z
j − h

∑
i

σαi . (1.11)
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If α = z, the external field is longitudinal and the Ising symmetry is explicitly broken whereas if
α = {x, y} the external field is transverse and the Ising symmetry is preserved. Furthermore, in
the latter case, if the spins in the lattice interact through an infinite-range coupling, the equation
(1.11) represents the Hamiltonian of the Lipkin-Meshkov-Glick (LMG) model [51].

The systems introduced previously are ordered, meaning that all parameters characterizing
them are well defined. However, one may render these systems disordered by allowing their
parameters to be random. For instance, the Hamiltonian (1.11) with randomly distributed spin
exchange interactions and local magnetic fields,

H = −
∑
⟨i,j⟩

Jij σ
z
i σ

z
j +

∑
i

hi σ
α
i , (1.12)

describes a disordered quantum spin system [52]. The interaction strength Jij between neigh-
boring spins now depends on the specific pair of spins (i, j), and each spin is subject to a
local magnetic field hi whose intensity and direction vary randomly from one site to another.
Such disordered spin systems will prove extremely useful in the study of the emergence of time
crystallinity in closed quantum systems.

1.2 Spontaneous symmetry breaking

This section introduces the concept of spontaneous symmetry breaking (SSB), which plays a cen-
tral role in understanding time crystals, as these systems spontaneously break time-translation
symmetry. SSB explains why certain systems can exist in a non-symmetric state at equilibrium.
We will focus on the most relevant aspects of SSB regarding spatial and internal symmetries in
quantum many-body systems, outlining foundational concepts such as the thermodynamic limit,
the order parameter, and the mathematical tools used to detect its occurrence. Throughout this
section, one-dimensional many-body systems, such as one-dimensional crystals, will serve as
concrete examples. While one-dimensional systems with short-range interactions cannot exhibit
SSB at any finite temperature5 (T > 0 K), and therefore do not display it in practice, they pro-
vide a mathematically accessible framework and an intuitive interpretation of the phenomenon.
Consequently, we will operate within the traditional framework of closed quantum systems at
absolute zero temperature, where SSB in one-dimensional systems remains theoretically possi-
ble. Unless otherwise stated, the content of this section is based entirely on Ref. [2].

A system described by a Hamiltonian that is invariant under a unitary transformation typi-
cally admits a symmetric equilibrium state. Indeed, in quantum mechanics, such a symmetric
system either possesses a unique symmetric groundstate or a degenerate manifold of ground-
states. In this section, we focus on systems with a unique symmetric ground state and do not
address the case of a degenerate ground-state manifold, as its analysis requires a deeper treat-
ment of SSB and is not relevant to our discussion. Nevertheless, in everyday experience, one
rarely encounters perfectly symmetric objects. The question of how systems settle into stable
states that appear to violate the underlying symmetries is explained by the phenomenon of
spontaneous symmetry breaking.

Definition. Spontaneous symmetry breaking (SSB) is the phenomenon in which a
stable state of a system is not symmetric under a symmetry of its Hamiltonian.

5In 1D and 2D systems with continuous symmetry and short-range interactions, the Mermin-Wagner theorem
dictates that thermal fluctuations prevent the establishment of long-range order at any finite temperature [53–
55]. For 1D systems with discrete symmetries and short-range interactions, spontaneous symmetry breaking
is forbidden because of the dominant entropic effect at finite temperature, whereas in 2D systems, SSB can
occur. [55, 56]
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More broadly, when the stable state of a system |ψ⟩ is not left invariant under a symmetry
transformation U that commutes with the Hamiltonian, the system is said to have sponta-
neously broken the symmetry. A complete set of distinct symmetry-broken states with the same
energy can be defined by successively applying U to |ψ⟩, since each application generates a dif-
ferent state according to the definition of a symmetric state given in section 1.1.2. For instance,
a solid is invariant under spatial translations, while being truly localized in space. Translating
the solid to another localized position yields a distinct state of the solid, yet with the same
energy. The set of all these inequivalent but degenerate states corresponds to the solid being lo-
calized at all possible positions. Moreover, the collection of degenerate stable broken-symmetry
state must be invariant under symmetry transformations that form a subgroup of the symmetry
group of the system. Returning to the example of the solid, whereas the states above concern
the solid as a whole, its internal periodic structure is left invariant by the discrete subgroup of
lattice translations of the continuous translation group. The continuous symmetry is thus not
destroyed but reduced to a discrete one, which is precisely the mechanism behind discrete time
crystals.

The goal now is to explain how the stable state of a system may spontaneously break the
symmetry of the system. The general idea behind SSB is easily formulated: as a collection
of quantum mechanical particles grows larger, the object as a whole becomes ever more un-
stable against small perturbations. In the end, for infinite large system, even an infinitesimal
perturbation is enough to cause the collective system to break the underlying symmetry of the
Hamiltonian. In fact, SSB arises from the emergence of a singularity in the thermodynamic
limit.

1.2.1 The thermodynamic limit

The thermodynamic limit is a mathematical tool used to describe macroscopic systems by con-
sidering them as infinitely large while keeping their average density constant. Formally, it
corresponds to taking the number of particles N and the volume V of the system to infinity
while maintaining a fixed particle density ρ:

N −→ ∞, V −→ ∞, ρ =
N

V
= constant. (1.13)

In this limit, intensive quantities such as density or temperature remain constant, whereas ex-
tensive quantities like entropy or particle number grow without bound.

The singular nature of the thermodynamic limit is the reason why SSB can occur. Indeed,
the physics of an infinitely large system is qualitatively distinct from that of any finite system,
no matter how large. In the thermodynamic limit, symmetry-broken states become orthogonal
to one another and degenerate eigenstates with the symmetric ground state of the Hamiltonian.
This singular behavior can be expressed through the non-commutativity of limits involving a
physical quantity O, called the order parameter, that measures the degree of symmetry break-
ing of a state. Consider a many-body system that possesses a certain symmetry and add to its
Hamiltonian an external perturbation, controlled by a parameter h, which explicitly breaks this
symmetry. Let O(|ψ⟩ , N, h) be the observable chosen to characterize the symmetry properties
of the system. It depends on the system size N , the control parameter h, and the ground state
|ψ⟩ of the perturbed system. If spontaneous symmetry breaking occurs, the limits lim

N→∞
and
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lim
h→0

do not commute:

lim
N→∞

lim
h→0

O(|ψ⟩ , N, h) = 0, (1.14)

lim
h→0

lim
N→∞

O(|ψ⟩ , N, h) ̸= 0. (1.15)

The first expression shows that for any finite system, the ground state remains symmetric when
the perturbation is exactly zero. The second shows that if the system is made macroscopic
before removing the perturbation, the system remains trapped in a symmetry-broken state, re-
vealing the singular character of the thermodynamic limit. Thus, these non-commuting limits
imply that considering larger and larger many-body systems, a weaker and weaker perturbation
must provoke the spontaneous broken symmetry. Moreover, the singular nature of the ther-
modynamic limit merely requires that the two limits do not commute, that is, that they yield
different values depending on the order in which they are taken. The specific results obtained
in Eqs. 1.15, namely zero versus a nonzero value, are only one particular instance of this.

SSB is a phenomenon that can be rigorously defined only in the thermodynamic limit. Only
in this limit do the symmetric ground state and the symmetry-breaking states become exactly
degenerate, allowing the system to occupy one of the symmetry-breaking states. Consequently,
it is only in the thermodynamic limit that a symmetry-breaking state becomes an eigenstate
of the Hamiltonian and can be regarded as the true ground state of the system. In finite
systems, the ground state is unique and symmetric, as required by the symmetry of the Hamil-
tonian. If the system is found in a non-symmetric state, there always exists a finite tunneling
probability between the different configurations, preventing any of them from being truly sta-
ble. For sufficiently large systems, however, the situation changes qualitatively. The overlap
between a symmetry-broken state and the exact symmetric ground state becomes exponen-
tially small as the number of particles increases, while the tunneling time between degenerate
macroscopic configurations grows exponentially with system size (the gap ∆ decreases exponen-
tially). As a consequence, these non-symmetric states behave as effectively stable and become
quasi-degenerate with the true ground state on all experimentally relevant timescales, thereby
representing the physical states observed in practice and being regarded as the ground state of
the system. Meanwhile, the exact symmetric ground state becomes increasingly unstable as the
system size grows. This can be understood by noting that, in a finite system, the true ground
state |0⟩ is a superposition of a non-symmetric state |σ⟩ and its symmetry-transformed partners
U |σ⟩. For sufficiently large systems, any arbitrarily small perturbation (for instance, due to
the environment) will drive the system out of this symmetric superposition and into one of the
symmetry-broken configurations that will therefore be considered stable.

Let us take the example of a one-dimensional chain of N spin-1/2 particles characterized by
the Ising Hamiltonian introduced earlier:

H = −J
N−1∑
i=1

σzi σ
z
i+1 − h

N∑
i=1

σxi , (1.16)

with 0 < h ≪ J . This system possesses a global Z2-symmetry, represented by the operator X
introduced in section 1.1.4. Hence, the eigenstates of the system must also be eigenstates of X
with eigenvalues ±1. The eigenstates consequently come in pairs of cat states |+⟩ and |−⟩. For
example, it can be the states |+⟩ ≈ 1√

2
(|↑↑ . . .⟩ + |↓↓ . . .⟩) and |−⟩ ≈ 1√

2
(|↑↑ . . .⟩ − |↓↓ . . .⟩)6.

The energy splitting between this pair is given by ∆ = E+ −E− and scales as ∆ ∼ e−N/ξ, with
ξ a characteristic length. As we move toward the thermodynamic limit, the energy splitting ∆

6These approximations are very accurate as soon as one considers 0 < h ≪ J .
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vanishes exponentially. In this limit, the states |+⟩ and |−⟩ become perfectly degenerate. It
allows for the existence of a non-symmetric ground state, as any linear combination of the de-
generate pair is now a valid stationary state of the system in the thermodynamic limit. Indeed,
the tunneling time τ between symmetry-broken states diverges as τ ∼ ∆−1. This transition
marks the point where SSB becomes physically possible, as the system can remain trapped in a
state that no longer reflects the full symmetry of the Hamiltonian.

In conclusion, SSB occurs strictly only in the thermodynamic limit, since finite systems re-
quire a small external perturbation to select a symmetry-broken state. This limit captures the
emergent macroscopic behavior of large but finite systems with remarkable accuracy. It thus
provides the appropriate framework for a rigorous description of SSB. For this reason, in what
follows we shall adopt the thermodynamic limit as our working setting. Furthermore, the method
presented above based on non-commuting limits is a very effective way to reveal the occurrence
of SSB in many-body systems. However, simpler tools can also be employed to highlight SSB
of global symmetries, such as the two-point correlation function or the cluster decomposition
property.

1.2.2 The order parameter

In statistical mechanics, an order parameter acts as a diagnostic tool to distinguish two different
phases of matter. In the context of SSB, the two different phases to distinguish are the phase
when the stable state of the system is symmetric and the phase when the stable state of the
system is non-symmetric. In quantum mechanics, one may define a local observable O(x) called
the order parameter operator, whose expectation value gives the local order parameter O(x):

O(x) = ⟨ψ|O(x)|ψ⟩ , (1.17)

This quantity must have different values depending on whether the state |ψ⟩ is symmetric or
not. Indeed, a definition of the order parameter can be

O(x) = 0 if |ψ⟩ is symmetric,

O(x) ̸= 0 if |ψ⟩ is non-symmetric.

The central idea behind the order parameter is that it must take different values depending on
whether the state in question is symmetric or not, in order to distinguish between them. While
the local order parameter O(x) gives information about the symmetry breaking at a certain
position, the global order parameter O can be defined to exhibit the broken symmetry of the
whole system:

O = ⟨ψ|O|ψ⟩ ,

where O is defined as

O =

∫
V
O(x)d3x.

Thus, computing the order parameter in the ground state of the system must indicate the
emergence of SSB. Another effective way to detect SSB is through the analysis of the two-point
correlation function, which captures how local observables are correlated across the system:

C(x, x′) = ⟨ψ|O†(x′)O(x)|ψ⟩ , (1.18)

or equivalently, the correlation function can be defined in terms of the global order parameter
operator O:

C =
⟨ψ|O†O|ψ⟩

V 2
(1.19)
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The behavior of the two-point correlation function can be classified into two distinct categories7:

lim
|x−x′|→∞

lim
V→∞

C(x, x′) ∝

{
f(x− x′) long-range ordered/crystalline ordered

e−|x−x′|/l disordered
(1.20)

where f(x − x′) is a non-zero constant if the system exhibits long-range order, or a periodic
function if it exhibits crystalline order. The length scale l is called the correlation length and
for long-range ordered or crystalline ordered system, it must diverge. If a state |ψ⟩ is long-range
ordered or crystalline ordered, it breaks the symmetry of the system. In fact, the two-point
correlation function can indicate a tendency toward SSB even in finite-size systems whose exact
ground state remains symmetric. Although, the order parameter is strictly zero in such cases,
the two-point function reveals nontrivial correlations over large distances.

1.2.3 Stability of states

In te case of SSB, the exact groundstate of a system is infinitely sensitive to perturbations,
which therefore always yield a broken-symmetry state in the thermodynamic limit. However,
such symmetric states are also generically unstable all by themselves. To illustrate this concept,
let’s take the Hamiltonian of the Ising model where one considers an external transverse field:

HI = −J
∑
<i,j>

σzi σ
z
j − h

∑
i

σxi . (1.21)

If we consider the external field to be small compare to the interaction between spins, i.e,
J ≫ h > 0, the groundstate of this Hamiltonian may be approximate by a superposition of all
spins up and all spins down:

|ψ⟩ ≈ 1√
2
(|↑↑ ...⟩ − |↓↓ ...⟩), (1.22)

Thus measuring Szi at the site i will collapse the superposed ground state onto the component
corresponding to the observable value of Szi . For instance, if a local measurement of Szi reveals
a up spin, the entire state after the measurement has collapsed to |↑↑ ...⟩, and subsequently
measuring Szj at any site j will always yield up. The expectation value of the local observable Szj
has changed due to the measurement of Szi , which means that the ground state (1.22) is unstable
against local measurement. Conversely, the broken symmetry state |↑↑ ...⟩ is stable against local
measurement since the measurement of Sz(x) will not influence the local measurement at another
positions. Local measurements typically and rapidly collapse an unstable symmetric state into
one of its possible symmetry-broken configurations. Stability against local measurements is
particularly important when considering a system’s coupling to its environment. Even weak
environmental interactions effectively measure local observables, such as the magnetization Szi ,
and thus make symmetric states practically unobservable. This idea can be quantified through
the concept of cluster decomposition. A state |ψ⟩ is said to satisfied the cluster decomposition
if and only if for all local observables a(x) and b(x′) we have

lim
|x−x′|→∞

lim
V→∞

⟨a(x)b(x′)⟩ − ⟨a(x)⟩⟨b(x′)⟩ −→ 0. (1.23)

In this case, the state |ψ⟩ is short-range correlated and it is long-range correlated if the cluster
decomposition is not satisfied. It means that the measurements of a(x) and b(x′) are uncorre-
lated when x and x′ are fart apart. In the context of SSB, a(x) and b(x′) must be the local
order parameter operator and its adjoint respectively. The exact groundstate of Hamiltonians
susceptible to SSB are almost always cat states, like the ground state (1.22), and they do not

7Note that the division of states into long-range ordered/crystalline ordered and disordered is not exhaustive,
but it is the one that is relevant to this thesis.
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satisfy the cluster decomposition contrary to broken-symmetry states. The latter always do
satisfy the cluster decomposition property. Hence, the study of stability of the exact symmetric
groundstate state is interesting because it must be long-range correlated for all systems that
exhibit SSB.

1.2.4 The harmonic crystal

One of the most prominent examples of SSB is the breaking of spatial translation symmetry that
occurs in a crystalline lattice. To illustrate this, we consider a one-dimensional harmonic crystal
characterized by the Hamiltonian (1.7) introduced in section 1.1.4. The discussion below can
be straightforwardly generalized to a higher-dimensional harmonic crystal. In what follows, the
Hamiltonian is recast in terms of bosonic creation and annihilation operators. After applying
a Fourier transform, the Hamiltonian is diagonalized using a Bogoliubov transformation [57],
following the derivations in Refs. [49, 58]. Although this framework is more mathematically
involved than the traditional approach of introducing particle equilibrium positions [2], it offers
the distinct advantage of dropping this assumption, thereby explicitly capturing the motion of
the crystal’s center of mass.

The momentum operator pj and the position operator xj can both be expressed in terms of

the creation operator b†j and the annihilation operator bj such that

pj = i

√
ℏ
2
(2mκ)

1
4 [b†j − bj ], xj =

√
ℏ
2

(
1

2mκ

) 1
4

[b†j + bj ], (1.24)

and equivalently,

bj =
1√
2ℏ

[
(2mκ)

1
4xj + i

(
1

2mκ

) 1
4

pj

]
, b†j =

1√
2ℏ

[
(2mκ)

1
4xj − i

(
1

2mκ

) 1
4

pj

]
. (1.25)

This transformation is canonical: given the canonical commutation relations [xi, pj ] = iℏ δij ,
the definitions (1.24) ensure that the bosonic commutation relations [bi, b

†
j ] = δij are satisfied.

Inserting Eqs. (1.24) into the Hamiltonian (1.7), it becomes

H =
ℏ
4

√
2κ

m

∑
j,j′

[
2(b†jbj + bjb

†
j)− (b†j + bj)(b

†
j′ + bj′)

]
. (1.26)

Considering a harmonic crystal with periodic boundary conditions to eliminate edge effects and
mimic an infinite system, we perform a Fourier transformation on the bosonic operators b†j and
bj :

b†j =
1√
N

∑
k

e−ikajb†k, bj =
1√
N

∑
k

eikajbk, (1.27)

where a is the lattice constant and k runs over the discrete wave vectors of the first Brillouin
zone, k = 2πn/Na. Introducing these Fourier transformations into Eq. (1.26) leads to the
following form of the Hamiltonian:

H = ℏ
√

κ

2m

∑
k

[
Akb

†
kbk +

Bk
2
(b†kb

†
−k + bkb−k) + 1

]
, (1.28)

where Ak = 2 − cos(ka) and Bk = − cos(ka). This Hamiltonian is not diagonal yet, since the

terms b†kb
†
−k and bkb−k respectively create and annihilate two bosons at the same time. To
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resolve this issue, a Bogoliubov transformation must be performed on the bosonic operators b†k
and bk. We define two new bosonic operators β†k and βk:

b†k = cosh(uk)β
†
−k − sinh(uk)βk, b−k = cosh(uk)βk − sinh(uk)β

†
−k, (1.29)

where the new operators satisfy the bosonic commutation relations [βi, β
†
j ] = δij . The parameters

uk satisfy uk = u−k and are chosen such that the Hamiltonian is brought into diagonal form.
This requires

cosh(2uk) =
Ak√

A2
k −B2

k

, sinh(2uk) =
Bk√

A2
k −B2

k

. (1.30)

By substituting Eqs. (1.29) into the Hamiltonian (1.28), it takes the form

H = ℏ
√
κ

m

∑
k

2 sin

∣∣∣∣ka2
∣∣∣∣ (β†kβk + 1

2

)
+ const (1.31)

= 2ℏ
√
κ

m

∑
k

sin

∣∣∣∣ka2
∣∣∣∣ (nk + 1

2

)
, (1.32)

where the additive constant is a zero-point contribution that we drop, energy being defined only
up to an arbitrary constant. In this form, the Hamiltonian is finally diagonal. It describes a set
of independent bosonic modes labeled by the wave vector k. Each mode behaves as a quantized
harmonic oscillator with frequency

ωk = 2

√
κ

m
sin

∣∣∣∣ka2
∣∣∣∣ . (1.33)

The operator nk counts the number of bosons (phonons) occupying the mode k, and each mode
contributes an energy ℏωk

(
nk +

1
2

)
. Physically, this represents the lattice vibration spectrum,

characterized by phonons, where each k-mode corresponds to a collective excitation of the lattice
with quantized energy levels.
However, the canonical transformation given by Eq. (1.29) is not well-defined as k → 0. In-
deed, Eqs. (1.30) show that the parameter uk diverges in this limit, so that cosh(uk) → ∞
and sinh(uk) → ∞. The k = 0 mode must therefore be considered separately in the Hamilto-
nian (1.28). With A0 = 1 and B0 = −1, one has

Hk=0 = ℏ
√

κ

2m

[
b†0b0 −

1

2
(b†0b

†
0 + b0b0) + 1

]
(1.34)

= ℏ
√

κ

2m

[
1− 1

2
(b†0 − b0)

2

]
, (1.35)

where we used the commutation relation [b0, b
†
0] = 1. Applying the inverse Fourier transforma-

tion (1.27) together with Eqs. (1.25) to Hk=0, and using b0 =
1√
N

∑
j bj , one finds

Hk=0 = ℏ
√

κ

2m

1− 1

2N

∑
j,l

(b†j − bj)(b
†
l − bl)

 (1.36)

= ℏ
√

κ

2m

1 + 1

N

∑
j,l

pjpl

ℏ(2mκ)
1
2

 (1.37)

=

∑
j,l pjpl

2Nm
+ const (1.38)

=
p2tot
2Nm

+ const, (1.39)
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where ptot =
∑

j pj is the total momentum of the entire system, or equivalently its center-of-mass
momentum. This zero-momentum part of the Hamiltonian thus describes the obvious fact that
the crystal as a whole carries a kinetic energy associated with the combined mass Nm of all its
constituents, up to an additive constant. The full Hamiltonian of the one-dimensional harmonic
crystal is therefore

H = Hk ̸=0 +Hk=0 = 2ℏ
√
κ

m

∑
k ̸=0

sin

∣∣∣∣ka2
∣∣∣∣ (nk + 1

2

)
+

p2tot
2Nm

, (1.40)

where the additive constant has been dropped. Since Hk=0 and Hk ̸=0 commute, each eigenstate
of H has a well-defined value for both parts of the Hamiltonian. We will therefore analyze only
the collective part of the Hamiltonian and completely ignore the internal part.
The eigenvalues Ep of the collective Hamiltonian (1.39) are those of a free particle of mass mN

and are of the form Ep ∝ n2

2Nm , with n an integer. These energies form the thin spectrum and
decrease as the number of particles in the crystal increase. Consequently, all states in the col-
lective portion of the spectrum become degenerate with the ground state in the thermodynamic
limit. Thus, it costs no energy to generate collective excitations, so a wave packet formed from
total-momentum eigenstates with a well-defined center-of-mass position has the same energy
expectation value as the zero-momentum state, thereby signaling SSB. However, outside this
limit, the ground state of the Hamiltonian obviously has total momentum equal to zero. Hence,
the total momentum being determined, the ground state must have maximum uncertainty on
the center of mass of the position of the crystal which means that translation space symmetry
is not broken for a finite one-dimensional harmonic crystal.

For a finite crystal, one must introduce a symmetry-breaking field, treated as a perturbation to
the collective part of the Hamiltonian, and determine the strength required to make it possible to
construct a superposition of crystal eigenstates with a well-defined center-of-mass position [2]. To
this purpose, we must add a symmetry-breaking field of the form Bx2tot/2, with xtot =

1
N

∑
j xj ,

to the Hamiltonian (1.39). It yields a harmonic oscillator equation for the collective position
coordinate. Its ground state wavefunction is well known and is given by:

ψ0(xtot) =

(
mωN

πℏ

) 1
4

e−
mωN
2ℏ x2tot , (1.41)

where ω =
√
B/mN and σ =

√
ℏ

mωN is its width in position space. The ground state of the

harmonic crystal in the presence of a symmetry-breaking perturbation is a gaussian wave packet
for the center of mass coordinate in real space which corresponds to an equivalent superposition
of total momentum states: the symmetry breaking field B couples the different thin spectrum
states of the crystal. The occurrence of SSB can again be identified through the singular nature
of the thermodynamic limit, manifested by the two non-commuting limits:

lim
N→∞

lim
B→0

|ψ0(xtot)|2 = constant,

lim
B→0

lim
N→∞

|ψ0(xtot)|2 = δ(xtot).

The first equation above indicates that, for a system of any finite size, the perturbation can
always be chosen sufficiently weak so that the ground state wave function remains essentially
delocalize over space. By contrast, the second line shows that in the thermodynamic limit,
localization occurs even in the presence of an infinitesimal potential, which effectively means that
the wave function localizes spontaneously. In this latter case, the continuous space translational
symmetry of the crystal as a whole is spontaneously broken. Although real crystals are finite,
the singular nature of the thermodynamic limit implies that, as the crystal becomes larger and
larger, an increasingly weaker perturbation suffices to render its ground state a localized wave
packet.
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Chapter 2

Time crystals in closed quantum
systems

Building on the framework of spontaneous symmetry breaking, we introduce time crystals in the
setting of closed quantum systems. We first recall the origin of the idea in Wilczek’s proposal
and the no-go theorems that rule out time-crystalline order in equilibrium. This naturally
leads to periodically driven systems: we develop Floquet theory for closed systems, define the
discrete time crystal, and present its realization as a π-spin-glass phase in disordered, many-
body-localized spin systems. The objective is to understand why equilibrium time crystals are
forbidden and to define discrete time crystals, a genuine non-equilibrium phase of matter.

2.1 Origin of time crystals

In the framework of special relativity, our understanding of physics shifted as time ceased to be
considered absolute and instead became integrated with space into a four-dimensional manifold
known as spacetime. Because time behaves mathematically as a fourth “spatial” coordinate, it
may be interesting to explore the spontaneous breaking of time-translation symmetry. As we
know, crystals break continuous spatial translation symmetry, spontaneously organizing their
atoms into a discrete structure that exhibits discrete symmetry. This may suggest that a phys-
ical system could potentially and spontaneously break continuous time-translation symmetry
into a discrete one. In 2012, Frank Wilczek was the first to formally introduce the concept of a
time crystal, a theoretical phase of matter that extends the conventional definition of a crystal
from space into the time domain. Wilczek’s foundational work encompassed both classical time
crystals, developed in collaboration with A. Shapere [5], and quantum time crystals, which he
explored on his own [6]. His central idea involved studying physical systems described by a time-
independent Hamiltonian. In a standard crystal, the lowest-energy state is spatially periodic,
and Wilczek drew the analogy that, for a time crystal, the ground state would exhibit periodic
behavior in time.

A crucial finding of this initial theoretical investigation was that a time crystal, a physical
system that spontaneously break time translation symmetry in an equilibrium system, cannot
exist in classical systems. Indeed, in classical physics, a system with a time-independent Hamil-
tonian that exhibits motion in its ground state seems absurd, as this would amount to invoking
the concept of a perpetual motion machine. As a matter of fact, in order to find the lowest
energy state for a classical system, we must find an extremal value of its Hamiltonian H:

∂H

∂p
= 0,

∂H

∂x
= 0. (2.1)
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Thus, it means that it is impossible to find a classical system in motion, since the first condition
above implies that the lowest energy state cannot exhibit any, as

ẋ =
dx

dt
=
∂H

∂p
= 0. (2.2)

However, if one assumes that the energy of a classical system is given by

E =
ẋ4

4
− ẋ2

2
, (2.3)

it appears that the lowest energy of the particle corresponds to a motion ẋ = ±1 [5]. The
contradiction of this result with the conclusion based on Eq. (2.2) can be resolved by realizing
that the energy given by Eq. (2.3) cannot be converted to an Hamiltonian smoothly since it
is a multi-valued function of the momentum with cusps that correspond precisely to energies
minima at ẋ = ±1 where the Hamilton equations are not defined.
Hence, since the analysis of the classical case shows that it fails to identify a classical time crystal
in the Hamiltonian formalism, the next step is to investigate the possibility of quantum time
crystals. Indeed, it is well known that quantum systems exhibit behaviors that would never be
considered possible in a classical framework.

2.1.1 Frank Wilczek’s model

This section presents a summary of the first theoretical proposal of a time crystal, introduced
by Frank Wilczek in Ref. [6]. Let us consider a charged particle confined on a circular unit ring
in a region where the magnetic field B is null but the vector potential A is different from zero.
The position of the particle on this ring is depicted by the angle ϕ. The presence of a non-zero
A requires that there must exist a region of space where B is non-null in the area of the ring.
However, the wavefunction that characterizes the particle is forbidden to enter this region. This
system is called an Aharonov-Bohm ring and the Hamiltonian characterizing the dynamics of
the charged particle is given by [59]

H =
(πϕ − α)2

2
, (2.4)

where the mass m of the particle and ℏ are taken to be equal to one. Furthermore, πϕ = i∂/∂ϕ
is the canonical angular momentum conjugated to ϕ and α is the magnetic flux through the ring.
Thus, if one considers the many-body system of N bosons in this ring, where their interactions
is described by attractive Dirac δ-interactions, the Hamiltonian of this many-body systems is

H =

N∑
j=1

(πj − α)2

2
+ V (ϕ1, . . . , ϕN ) =

N∑
j=1

(πj − α)2

2
− λ

2

N∑
j ̸=k,1

δ(ϕj − ϕk) (2.5)

with the understanding that H acts on periodic functions, so the δ-interaction is well defined.
The strength of the interaction between two bosons is characterized by λ which is positive given
that an attractive interaction is considered. To solve the Schrödinger equation involving the
latter Hamiltonian, we work in the mean field approximation taking the product ansatz:

Ψ(ϕ1, . . . , ϕN ) =
N∏
j=1

ψ(ϕj), (2.6)

and we solve an approximate one-body evolution equation for ψ. To do so, we define the effective
potential Veff :

Veff(ϕ1, . . . , ϕN ) =

N∑
j=1

W (ϕj) with W (ϕj) =

∫ ∏
k ̸=j

dϕk ψ
∗(ϕk)V ψ(ϕk), (2.7)
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satisfying the following relation:

⟨Ψ|V |Ψ⟩ = ⟨Ψ|Veff |Ψ⟩ . (2.8)

Thus, the effective Schrodinger equation for Ψ is:

i
∂Ψ

∂t
=

 N∑
j=1

(πj − α)2

2
+ Veff(ϕ1, . . . , ϕN )

Ψ. (2.9)

Hence, if we apply the Dirac-Frenkel variational principle to the latter equation, we can reduce
it to the one-body non-linear Schrodinger equation (NLSE) adjusted to the system for ψ:

i
∂ψ

∂t
=

1

2
(π − α)2ψ − λ(N − 1)|ψ|2ψ. (2.10)

This equation is obtained using a mean-field approach. Accordingly, the ground state described
by Eq. (2.10) provides a good approximation to the true many-body ground state when the
number of bosons N is large and the interaction strength λ is small. In the joint limit N → ∞
and λ→ 0, while keeping the mean total interaction energy λ(N −1) constant, the ground state
of the NLSE coincides with the ground state of the full many-body system.

If we consider the case of vanishing magnetic flux, i.e. α = 0, and if the total effective interac-
tion is sufficiently strong

(
λ(N − 1) > π2

)
, it becomes energetically favorable for the particles

to cluster together. As a result, the mean-field solution ψ breaks spatial translational symmetry
and becomes inhomogeneous in space. The stationary solution of Eq. (2.10) is then given by a
Jacobi elliptic function, which for λ(N − 1) ≫ 1, can be well approximated by

ψ(ϕ) ≈
√
λ(N − 1)

2
ei

[λ(N−1)]2

8
t cosh−1

(
λ(N − 1)

2
(ϕ+ β)

)
, (2.11)

where the parameter β reflects the degeneracy of the non-symmetric states arising from spon-
taneous symmetry breaking. To obtain this solution, we impose both the periodicity condition
ψ(ϕ + 2π) = ψ(ϕ) and the normalization condition on ψ. This solution corresponds to the
well-known bright soliton of the NLSE on the line. In our case

(
λ(N − 1) ≫ 1

)
, the soliton has

a small width and can therefore be deformed, at negligible energy cost, to fit on a unit circle.
This implies that the mean-field approach predicts that all bosons in the ground state occupy a
localized wavefunction, forming a localized Bose–Einstein condensate.

In the presence of a magnetic flux, i.e. for α ̸= 0, Wilczek postulates and constructs a time-
dependent ground state of the NLSE based on the following idea. According to Faraday’s law,
if the magnetic flux is increased adiabatically from zero until the angular velocity ϕ̇ reaches the
value α, the condensate of localized bosons is set into motion. Wilczek therefore argued that the
localized ground state obtained for α = 0 evolves, during this acceleration process, into a time-
dependent state, ultimately reaching a time-dependent ground state once ϕ̇ equals α. Moreover,
each particle acquires an energy α2/2, which can be interpreted as the rotational kinetic energy
gained through this process. In the end, this ground state is expected to spontaneously break
both spatial and temporal translational symmetries and to remain in perpetual motion in the
limits N → ∞ and λ→ 0, while keeping λ(N − 1) = const.
However, Wilczek postulates that the state described above is the ground state of the system
based primarily on physical intuition, without further justification. This claim has therefore
prompted significant debate within the physics community. Indeed, subsequent analyses have
shown that his conclusion does not hold for the system he considered. Hereafter, even a no-
go theorem has been established, demonstrating that an equilibrium system cannot possess a
time-dependent ground state.
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2.1.2 No-go theorems

Shortly after the publication of Wilczek’s article postulating the existence of a time crystal in
a quantum system, the first critical responses appeared [7, 60]. P. Bruno was the first to point
out that the state identified by Wilczek as the ground state was, in fact, not the true ground
state of the system. Indeed, the model introduced by Wilczek suffers from several fundamental
issues [7]. The most significant one concerns the violation of energy conservation in the presence
of an external environment (e.g., the electromagnetic field). Specifically, if one considers N
charged bosons rotating on a ring, the rotating density lump would radiate energy despite being
in its supposed ground state. Wilczek himself recognized this paradox and proposed to suppress
the coupling to the environment by considering higher multipole moments or by placing the
system inside a cavity. However, this proposal was not entirely convincing. Another paradoxical
feature of Wilczek’s model arises from the dependence of the ground-state energy on the mag-
netic flux parameter α. In particular, comparing the cases α = 0 and α = ϕ̇, the groundstate
appears to gain energy. In the classical lump limit (λ(N − 1) → ∞), however, the groundstate
energy is completely insensitive to the magnetic flux α, and the system exhibits a static ground
state, in contradiction with Wilczek’s result. Bruno therefore showed that, in the specific model
proposed by Wilczek, the purported non-stationary ground state is not the true groundstate.
Rather, the true groundstate is stationary. He subsequently formulated a more general no-go
theorem that rigorously rules out the possibility of spontaneous rotation in the groundstate (or
in thermal equilibrium) for a broad class of systems on an Aharonov–Bohm ring [8].

Bruno’s no-go theorem can be summarized as follows. Consider an assembly of N particles
(bosons or fermions) with masses mi, moving on a one-dimensional Aharonov–Bohm ring of
radius R, threaded by a magnetic flux and described by the Hamiltonian

H(Ω)
α (ϕ, t) =

N∑
i=1

[
ℏ2 (πi − αi)

2

2miR2
+ Vi(ϕi − Ωt)

]
+
∑
i<j

Uij(ϕi − ϕj), (2.12)

where Vi(ϕi−Ωt) is the external potential experienced by particle i, rigidly rotating with angular
velocity Ω. This potential is interpreted as a symmetry-breaking perturbation responsible for the
explicit breaking of time-translation symmetry. The Hamiltonian (2.12) therefore constitutes a
generalization of the Hamiltonian (2.5) introduced in the previous section. It can be shown that
the energy eigenvalues of the Hamiltonian above, for both Ω = 0 and Ω ̸= 0, satisfy the relation

E(Ω)
α,n − E(0)

α,n =
Iα,nΩ

2

2
+O(Ω3), (2.13)

where E
(0)
α,n denotes the energy eigenvalue associated with the nth eigenstate of the time-

independent Hamiltonian H
(0)
α (ϕ), and E

(Ω)
α,n corresponds to the nth eigenstate of the time-

dependent Hamiltonian H
(Ω)
α (ϕ, t). The quantity Iα,n is identified as the moment of inertia

associated with the nth energy level. The central result is that the moment of inertia of the
ground state, Iα,0, is strictly positive if rotational symmetry is broken, and vanishes otherwise.
Therefore, in order to properly assess the possibility of spontaneous symmetry breaking, one
must first take the thermodynamic limit N → ∞, and only afterward consider the limit V → 0
of the symmetry-breaking potential. This procedure must be applied to the difference between

the ground-state energies per particle, ε
(Ω)
α,0 and ε

(0)
α,0. If ε

(Ω)
α,0 < ε

(0)
α,0, spontaneous breaking of

time-translation symmetry cannot occur, since the symmetric and non-symmetric groundstates
are not degenerate, or the non-symmetric state has a lower energy. However, assuming the
occurrence of spontaneous breaking of rotational symmetry, one finds

ε
(Ω)
α,0 − ε

(0)
α,0 = lim

V→0
lim
N→∞

E
(Ω)
α,0 − E

(0)
α,0

N
> 0, (2.14)
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for any finite value of Ω ̸= 0. Bruno therefore demonstrated the impossibility of Wilczek’s pro-
posed spontaneously rotating quantum time crystals in the ground state. Moreover, he showed
that the same conclusion holds when the system is in thermal equilibrium at a finite tempera-
ture. A first remark concerning the discussion above is that, in Wilczek’s original model, the
thermodynamic limit was not explicitly invoked. This is because the analysis relied on mean-
field theory, which enforces symmetry breaking at the outset. To obtain results valid beyond
mean-field theory, it is necessary to employ the Bogoliubov method (or an equivalent approach)
in order to rigorously establish spontaneous symmetry breaking. A second remark is that the
moment of inertia Iα,n appearing in Eq. (2.13) may become negative in the thermodynamic
limit for certain excited states, which allows for the possibility of time-crystal behavior in ex-
cited eigenstates.

However, since the previous no-go theorem apply only for many-body systems on an Aharonov–
Bohm ring, it is therefore restricted to a special class of Hamiltonians. In 2015, a much more
general no-go theorem was presented by Watanabe and Oshikawa (WO) [9]. They gave a proof
that rules out the possibility of time crystals, as originally defined, in the ground state or in the
thermal equilibrium of a general Hamiltonian, which consists of short-range interactions Hamil-
tonian. Indeed, as we have seen in section 1.2, spontaneous symmetry breaking in many-body
systems does not necessarily need the introduction of a symmetry-breaking field to be exposed,
but can also be defined in terms of correlation functions. As a reminder, a system has long-range
order if the equal-time correlation function of the local order parameter operator ϕ(x, t) satisfies
in the thermodynamic limit:

lim
V→∞

⟨ϕ(x, t)ϕ(x′, t)⟩ → constant ̸= 0, (2.15)

for |x−x′| much greater than any microscopic scales and V is the volume of the system1. Since
systems which exhibit spontaneous crystalline order has a long-range correlation who approaches
a space periodic function:

lim
V→∞

⟨ϕ(x, t)ϕ(x′, t)⟩ → f(x− x′), (2.16)

WO presented a precise spatiotemporal definition for time crystals, that is, the system is a
time crystal if the correlation function defined with the global order parameter operator Φ(t) of
ϕ(x, t):

lim
|x−x′|→∞

lim
V→∞

⟨ϕ(x′, t)ϕ(x, 0)⟩ = lim
V→∞

⟨Φ(t)Φ(0)⟩
V 2

= lim
V→∞

⟨eiHtΦ(0)e−iHtΦ(0)⟩
V 2

→ f(t), (2.17)

exhibits a nontrivial periodic oscillation f(t) in relation to time t. This limit evaluates the
long-range spatial behavior of a two-time correlation function. Equation (2.17) is therefore a
generalization of the spontaneous crystalline order for time. One might think that we could define
time crystals based on the time dependence of equal-position correlation functions. Should we
adopt this definition, however, rather trivial systems would qualify as time crystals. “Crystal”
should be reserved for systems that exhibit correlated, coherent behaviors, which are captured
by long-distance correlation functions, be it an ordinary crystal or a time crystal.
Based on this definition, WO proved, at zero temperature, the following inequality

1

V 2
| ⟨0|Φ(0)e−i(H−E0)tΦ(0)|0⟩ − ⟨0|Φ2(0)|0⟩ | ≤ C

t

V
, (2.18)

with a constant C that can depend on Φ(0) and H but not on t or V . This inequality holds
for local Hamiltonians and non-local Hamiltonians with exponentially decaying interactions or
power-law decaying interactions r−α (α > 0). This result implies quite generally that time

1Contrary to the definition of long-range order in section 1.2, the latter is defined in the Heisenberg picture.
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crystals defined by Eq. (2.17) are not possible in ground states. Indeed, in the thermodynamic
limit and for any fixed t, the inequality (2.18) become |f(t) − f(0)| = 0 so it means that the
correlation function f(t) remains constant and is therefore time independent. This conclusion
can be extended to the case of thermal equilibrium states at finite temperature.

In conclusion, the spontaneous breaking of continuous time-translation symmetry cannot oc-
cur in the ground state of a closed quantum system with short-range interactions. However,
time-translation symmetry breaking may arise when the system is prepared in an excited eigen-
state, as pointed out by Syrwid et al. [61]. Moreover, it remains an open question whether
a time-independent Hamiltonian with long-range interactions can support a time-dependent
ground state, thereby potentially circumventing the constraints imposed by the WO no-go theo-
rem [62–64]. Nevertheless, this subtle issue has attracted limited attention, as WO also proposed
the existence of time crystals in non-equilibrium systems, a direction that has since proven to
be highly fruitful.

2.2 Discrete time crystals

Since a time-crystal phase appears to be absent in equilibrium closed quantum systems, attention
has shifted toward the possibility of realizing time-crystalline behavior in non-equilibrium set-
tings, in particular in periodically driven systems. In such systems, continuous time-translation
symmetry is explicitly broken by the presence of an external time-dependent drive, and the
dynamics are therefore governed by a time-periodic Hamiltonian. This naturally leads to the
concept of discrete time crystals (DTCs), also known as Floquet time crystals.
The central idea behind DTCs is to consider a many-body system subjected to a periodic drive
with period T , such that its Hamiltonian satisfies H(t) = H(t+T ) and thus possesses a discrete
time-translation symmetry. The goal is then to identify systems that spontaneously evolve into
states exhibiting a subharmonic response, namely observables that oscillate with a period that
is an integer multiple of the driving period. Crucially, this oscillatory behavior must persist
indefinitely in the thermodynamic limit and remain robust over a finite range of system param-
eters. Such phenomena constitute a genuinely new class of non-equilibrium phases of matter,
stabilized not by equilibrium thermodynamics, but by dynamical constraints and many-body
interactions.
Thus, in this section, we first develop the theoretical framework underlying Floquet quantum
systems that is relevant for defining and characterizing DTCs. We then provide a rigorous
definition of DTCs, highlighting the generalization of the concept of spontaneous symmetry
breaking, previously introduced for internal and spatial symmetries, to the temporal domain,
together with the conditions under which this non-equilibrium phase can occur. Finally, we
discuss disordered spin systems which are known to exhibit discrete time crystal behavior.
A brief summary of the phenomenological properties of a DTC is provided in Table I, which
appears in the Conclusion.

2.2.1 Floquet theory in closed quantum systems

Floquet systems are systems subjected to a time-periodic driving with period T , such that
the Hamiltonian exhibits temporal periodicity, H(t) = H(t + T ). Floquet theory provides a
powerful framework to describe such configurations and has been developed for classical systems,
closed quantum systems, and even open quantum systems. In this section, however, we focus
on the main results of Floquet theory for closed quantum systems that are relevant to the
understanding of discrete time crystals. Originally introduced by Gaston Floquet in 1883 in
the context of classical differential equations [65], this theory was later used in the framework
of quantum mechanics [66], and can be regarded as the temporal analogue of Bloch theory in
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condensed matter physics [48]. It enables a systematic solution of the Schrödinger equation for
Hamiltonians that are explicitly time-dependent and periodic. Floquet’s theorem can be stated
as follows [66, 67]:

Floquet’s theorem:
The linearly independent solutions of the time-dependent Schrödinger equation

iℏ
d |ψ(t)⟩
dt

= H(t) |ψ(t)⟩ ,

where the Hamiltonian is periodic in time, i.e. H(t) = H(t + T ) for all t, can be
written in the following form:

|ψα(t)⟩ = e−
i
ℏ εαt |ϕα(t)⟩ , ∀α ∈ Z, (2.19)

where |ϕα(t)⟩ have the same time periodicity as the Hamiltonian. The quantities εα
are called the quasi-energies of the system, and the states |ϕα(t)⟩ are referred to as
Floquet states. By virtue of the linearity of the Schrödinger equation, an arbitrary
state of the system can be expressed as a linear combination of Floquet states:

|ψ(t)⟩ =
N∑
α=1

cα e
− i

ℏ εαt |ϕα(t)⟩ , (2.20)

where N is the dimension of the Hilbert space of the system and cα are complex
coefficients determined by the initial state.

Substituting the solutions (2.19) in the time-dependent Schrödinger equation leads to an eigen-
value equation for quasi-energies εα that can be written as(

H(t)− iℏ
d

dt

)
|ϕα(t)⟩ = εα |ϕα(t)⟩ . (2.21)

Since the HamiltonianH(t) and the Floquet states |ϕα(t)⟩ are periodic, their Fourier components
can be defined as follows:

H(t) =
∑
m∈Z

e−imωtHm, |ϕα(t)⟩ =
∑
m∈Z

e−imωt |ϕα,m⟩ , (2.22)

where ω = 2π/T . Substituting these expressions into Eq. (2.21) leads to the following eigenvalue
problem for quasi-energy εα:∑

n∈Z
(Hm+n −mωδm,n) |ϕα,n⟩ = εα |ϕα,m⟩ . (2.23)

This expression constitute an infinite system of coupled equations that can be solved to find the
solutions of |ϕα,m⟩ and εα. The new mapping from the time-dependent equation (2.21) didn’t
involve any approximation so it means that it always holds when any sort of time-periodic quan-
tum systems is considered. Furthermore, an important consequence of Eq. (2.21) is that it has
no explicit time dependence which mean that various established techniques from equilibrium
statistical physics can be used to solve the non-equilibrium system [68].
Quasi-energies represent the effective, time-averaged energy levels of a system whose instan-
taneous energy is constantly being perturbed by a periodic drive and describe the temporal
evolution of the energy of the Floquet states. Even if the Floquet spectrum is not bounded, it
should be noted that the quasi-energies are only defined modulo ℏω, i.e εα = εα + kℏω with k
an integer. Indeed, if the quasi-energy εα + kℏω is considered, Eq. (2.21) becomes(

H(t)− d

dt

)
eikωt |ϕα(t)⟩ = (εα + kℏω) |ϕα(t)⟩ , (2.24)
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and from Eq. (2.22),

eikωt |ϕα(t)⟩ =
∑
m∈Z

e−i(m+k)ωt |ϕα,m⟩ =
∑
j∈Z

e−ijωt |ϕα,m⟩ = |ϕα(t)⟩ , (2.25)

where we defined j = m+k. Thus, this property allows us to consider only an interval ofN values
of the quasi-energies without loss of generality to study the evolution of a periodic driven system.

If we consider that the state of a system at time t0 is |ψ(t0)⟩, the state of the system |ψ(t)⟩ at
time t is given by applying the time propagator U(t, t0):

|ψ(t)⟩ = U(t, t0) |ψ(t0)⟩ , (2.26)

with

U(t, t0) = T exp

[
− i

ℏ

∫ t

t0

H(t′)dt′
]
, (2.27)

where T is the time-ordering operator. For systems characterized by a time-independent Hamil-
tonian H, the time propagator is simply

U(t, t0) = exp

[
− i

ℏ
H(t− t0)

]
. (2.28)

In the context of Floquet systems, the time propagator, denoted UF (t, t0), possesses special
properties [48, 66]. In particular, the time propagator over a period T can be considered to
construct a discrete quantum map, propagating an initial state across many fundamental periods.
To establish this, let us consider the time propagator over nT periods, with n an integer, and
we take t0 = 0:

UF (nT, 0) = T exp

[
− i

ℏ

∫ nT

0
H(t′)dt′

]
(2.29)

= T exp

[
− i

ℏ

n∑
k=1

∫ kT

(k−1)T
H(t′)dt′

]
(2.30)

= T
n∏
k=1

exp

[
− i

ℏ

∫ kT

(k−1)T
H(t′)dt′

]
. (2.31)

This result is the consequence of the periodicity of the Hamiltonian. Furthermore, the terms in
the result above do commute since they are equal over a full period. Thus, the time-ordering
operator T can be moved in front of the product:

UF (nT, 0) =

n∏
k=1

T exp

[
− i

ℏ

∫ kT

(k−1)T
H(t′)dt′

]
= [UF (T, 0)]

n . (2.32)

Consequently, UF (T, 0) is called the stroboscopic Floquet propagator and is defined as

UF (T, 0) = exp

[
− i

ℏ
HFT

]
, (2.33)

whereHF is a time-independent hermitian operator called the Floquet Hamiltonian2. Knowledge
of the stroboscopic Floquet propagator is sufficient to describe the stroboscopic dynamics of the
system, provided one is not interested in the micromotion, i.e, the dynamics within a single
period. Furthermore, Floquet systems possess the discrete time translation symmetry which is

2The Floquet Hamiltonian HF depends explicitly on the choice of the initial time t0 used to define the
stroboscopic evolution.
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the infinite, abelian, discrete group Z generated by the Floquet propagator UF (T, 0). Hence,
the evolution over a period T of an initial Floquet state |ϕα(0)⟩ is given by

UF (T, 0) |ϕα(0)⟩ = e−
i
ℏ εαT |ϕα(T )⟩ = e−

i
ℏ εαT |ϕα(0)⟩ , (2.34)

which means that Floquet states are also the eigenstates of the discrete time evolution operator
UF (T, 0). More precisely, the Floquet states |α⟩ = |ϕα(nT )⟩ are equivalent ∀n ∈ Z and are the
eigenstates of the Floquet Hamiltonian HF associated to the quasi-energies εα:

HF |α⟩ = εα |α⟩ . (2.35)

The stroboscopic evolution of a Floquet system is equivalent to the evolution of a time-independent
system characterized by the Floquet Hamiltonian HF at discrete times nT , with n ∈ Z.

2.2.2 Definition of DTCs

The initial idea behind the definition of time crystallinity was to identify a time-independent
many-body system that spontaneously breaks continuous time-translation symmetry at equilib-
rium. However, previously established no-go theorems rule out the existence of such behavior
in a broad class of time-independent systems. Following the work of WO [9], attention there-
fore shifted toward the possibility of time-crystalline behavior in non-equilibrium systems. In
particular, studies of periodically driven systems have led to a reinterpretation of the original
definition of a time crystal, giving rise to the concept of discrete time crystals [38].
A discrete time crystal is a non-equilibrium quantum phase of matter that arises in periodically
driven many-body systems. More specifically, it is characterized by the spontaneous breaking
of discrete time-translation symmetry in Floquet systems. A necessary condition for a Floquet
system to be identified as a discrete time crystal is the existence of a physical observable ex-
hibiting a subharmonic response to the external driving, i.e. an oscillation with a period that
is an integer multiple of the driving period.
However, this condition alone is not sufficient to characterize a system as a discrete time crys-
tal. Indeed, certain quantum systems may display subharmonic oscillations only as a transient
dynamical effect or for particular fine-tuned initial states. In such cases, the observed behavior
is merely a consequence of the system’s dynamics rather than a manifestation of a new phase
of matter. To qualify as a discrete time crystal, the subharmonic oscillation must be rigid.
Rigidity implies that the oscillation remains stable under small perturbations or variations of
the system parameters. The rigidity of the subharmonic oscillation must have a many-body
origin. Furthermore, the subharmonic response must be independent of the choice of a broad
class of initial states, occurring generically rather than for specially prepared states.
Finally, in the thermodynamic limit, the subharmonic oscillation must persist for infinitely long
times. This requirement reflects the true spontaneous breaking of discrete time-translation sym-
metry and allows one to distinguish a stable discrete time crystal from prethermal discrete time
crystals3, as well as from accidental oscillations that survive only for finite durations.
Taken together, these criteria provide a rigorous phenomenological definition of discrete time
crystals in closed quantum systems and delineate the conditions under which a periodically
driven system hosts this novel non-equilibrium phase of matter [17, 70, 71]:

3A prethermal discrete time crystal is a periodically driven many-body system that exhibits a rigid but transient
subharmonic response before thermalization [69]. Unlike stable discrete time crystals, this behavior persists only
for a finite time in the thermodynamic limit. The lifetime of the prethermal regime does not scale exponentially
with system size, but instead grows exponentially with the driving frequency and depends on the strength of the
many-body interactions [35].
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DTCs definition:
Considering a Floquet system subjected to a periodic driving with period T , which
possesses a discrete time-translation symmetry, i.e. H(t + T ) = H(t), and a class
of initial states |ψ⟩, let O(t) = ⟨ψ|O(t)|ψ⟩ denote the value of an order parameter
operator at time t. A discrete time crystal must fulfill the three following conditions:

1. Discrete time-translation symmetry breaking: the order parameter satis-
fies O(t+ T ) ̸= O(t) even though the Hamiltonian is periodic, H(t+ T ) = H(t).
For a DTC, periodicity is recovered only after an integer number n > 1 of driving
periods, O(t+ nT ) = O(t).

2. Rigidity of the oscillations: O(t) shows a fixed oscillation period nT without
fine-tuned Hamiltonian parameters.

3. Persistence to infinite time: the non-trivial period oscillation nT must persist
for infinitely long times in the thermodynamic limit.

A discrete time crystal does not constitute a trivial phase that can generically arise in a Flo-
quet system. Indeed, periodic driving of a many-body system typically injects energy into the
system on average. As a consequence, for arbitrary initial states, the system heats up and
eventually reaches an ergodic regime [72, 73]. In this long-time limit, the system approaches an
infinite-temperature state4, which precludes the possibility of breaking discrete time-translation
symmetry. One might ask whether exceptions to this behavior exist. In particular, some many-
body systems are integrable and thus avoid uncontrolled heating. However, such systems relax
to a time-periodic generalized Gibbs ensemble. Crucially, this steady state remains periodic with
the same period as the external drive, and therefore does not display discrete time-translation
symmetry breaking either [74–76]. Hence, it was believed that many-body systems subjected to
periodic driving would exhibit either behavior.
However, Floquet many-body localization (F-MBL) provides a mechanism by which a closed
quantum many-body system subjected to a periodic driving can avoid thermalizing to an infinite-
temperature state and thus avoid quantum decoherence [15]. This phenomenon arises in disor-
dered many-body systems, where the presence of disorder localizes the dynamics in state space
and forbids the system from heating up under periodic driving. This mechanism enables the
observation of novel out-of-equilibrium quantum phases that are induced and protected by in-
teractions. Within the F-MBL regime, a particularly important phase is the π-spin glass (πSG),
which can host a discrete time crystal phase characterized by a robust subharmonic response [77].
Furthermore, we should emphasize that since πSG is a spin glass phase, it does not exhibit any
spatial order [52]. Hence, it cannot display spatio-temporal order so the definition (2.17) of a
time crystal proposed by WO can not be directly adapted to discrete time crystals by consid-
ering f(t) exhibiting subharmonic oscillation. Hence, in general, a system displaying discrete
time crystal order without spatial order should preserve information about its initial state in
addition to subharmonic dynamics. This motivates the following definition [70]:

4An infinite temperature state is a state of maximum entropy where every possible quantum configuration of
a system is occupied with equal probability. In this regime, the state of the system is characterized by a density
operator which is proportional to the identity operator, ρ ∝ I, meaning that the system has lost all specific
information about its initial conditions. Mathematically, this occurs because as T → ∞ in the Gibbs Ensemble
state:

ρ =
1

Z
e
− H

kbT , (2.36)

the energy dependence vanishes, rendering all energy levels statistically equivalent.
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Discrete time crystal order definition:
A quantum state |ψ⟩ evolving under a Floquet unitary operator UF with driving period
T is said to exhibit discrete time crystal order if there exists a local observable O(x, t)
satisfying two conditions. First, the equal-time correlation function remains finite at
arbitrarily large separations in the thermodynamic limit:

lim
|x−x′|→∞

lim
V→∞

⟨ψ|O(x, 0)O(x′, 0)|ψ⟩ ̸= 0. (2.37)

Second, the normalized time-dependent correlation function

lim
|x−x′|→∞

lim
V→∞

⟨ψ|O(x, t)O(x′, 0)|ψ⟩
⟨ψ|O(x, 0)O(x′, 0)|ψ⟩

, (2.38)

approaches a nonzero periodic function f(t). The period of this function is nT , where
n > 1 is an integer, indicating a subharmonic response of the system relative to the
driving period.

Discrete time crystals according to the phenomenological definition, were believed to exist exclu-
sively within the F-MBL framework. Nevertheless, experimental systems exhibiting a discrete
time crystal phase, as well as subsequent theoretical studies, have demonstrated that discrete
time-crystalline behavior can also emerge in clean (i.e. non-disordered) many-body systems. In
particular, systems with long-range interactions [18], such as those described by the Lipkin-
Meshkov-Glick model [16], systems operating in strongly interacting regimes [17], or even clean
short-range interacting systems [78], can exhibit discrete time crystal phases even in the absence
of disorder.
In fact, a discrete time crystal was first proposed in a clean system within the framework of
cold-atom setups [10]. By bouncing ultracold atomic clouds on an oscillating mirror under the
influence of gravity and initially preparing the system in its steady Floquet state, it was shown
that the introduction of a small perturbation, such as atomic losses or a measurement of par-
ticle positions, can collapse the system into a more stable state whose periodicity is an integer
multiple of the driving period. To analyze this kind of system, a mean-field approximation can
be employed. From this semiclassical point of view, the many-body Hamiltonian is reduced to a
nonlinear Schrödinger equation, such as the Gross–Pitaevskii equation. The resulting dynamics
manifest as a stable periodic orbit in phase space, reflecting the fact that classical-like resonant
particle orbits can also emerge in the quantum regime for interacting many-body systems. The
nonlinear interactions provide a self-correcting mechanism that prevents the wave packet from
dispersing and thereby stabilizes the subharmonic response.

In a system exhibiting spontaneous breaking of discrete time translation symmetry, the structure
of the Floquet spectrum and the nature of its eigenstates are fundamentally distinct from those
of a thermalizing system [77, 79]. To support a DTC phase, the Floquet eigenstates cannot be
short-range correlated [11]. In the many-body regime, these eigenstates typically emerge as cat
states. The latter structure is necessary for spontaneous symmetry breaking to occur in the
thermodynamic limit. The spectrum itself is characterized by specific spectral pairing. For a
DTC with a subharmonic response of period nT , the Floquet quasi-energies appear in nearly
degenerate pairs separated by a precise phase shift. Indeed, the Floquet eigenstates come in
pairs, whose quasi-energies are separated by exactly π/nT . Hence, the spontaneous breaking of
discrete time-translation symmetry is intrinsically connected to the spontaneous breaking of a
global internal Zm symmetry, which is responsible for the emergence of a subharmonic response
with period mT 5 [16].

5This symmetry is either explicitly present in the Hamiltonian that characterizes the system or in its Floquet
propagator [70].
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Let us illustrate these ideas using a toy model constructed to exhibit a discrete time-crystal
phase and to provide further intuition for the concepts introduced above. We consider a kicked
clock model described by the general Hamiltonian [80]:

H(t) = Hs +
∑
k∈Z

δ(t− kT )K, (2.39)

where Hs and K are time-independent operators. The stroboscopic Floquet propagator UF can
be decomposed as

UF = e−
i
ℏKe−

i
ℏHsT = Xe−

i
ℏHsT (2.40)

where we set X = e−
i
ℏK . It represents a time-independent free dynamics dictated by Hs spaced

out by kicks (at intervals T ) controlled by the operator X. Furthermore, for simplicity, let
us assume that Hs possesses an internal Zm symmetry, and that the operator X represents
the symmetry transformation between elements of Zm. Then, X must commute with Hs. We
consider here the case of a system possessing an internal Z2 symmetry. In the thermodynamic
limit, spontaneous symmetry breaking implies that the eigenstates of Hs come in degenerate
pairs, |↑⟩ and |↓⟩, permuted by the symmetry transformation X:

X |↑⟩ = |↓⟩ and X2 = 1 (2.41)

However, in a many-body system of finite size L, the eigenstates of Hs must simultaneously
diagonalize the symmetry transformation X. Consequently, these eigenstates are cat states:

|±⟩ = 1√
2
(|↑⟩ ± |↓⟩). (2.42)

The corresponding eigenvalues ofHs are ε± = ε±∆. If the system is likely to exhibit spontaneous
symmetry breaking, the splitting must be exponentially small with the increasing of the system
size L. The quasienergies εF of the full Floquet operator UF are obtained by including the
eigenvalues of the symmetry operator X (+1 for |+⟩ and −1 for |−⟩). Given the eigenvalue

equation UF |±⟩ = e−iε
±
F T |±⟩:

• UF |+⟩ = e−iε+T |+⟩

• UF |−⟩ = −e−iε−T |−⟩ = eiπe−iε−T |−⟩

Since the drive frequency is defined as ω = 2π/T , the phase eiπ corresponds to a quasienergy
shift of π/T = ω/2:

ε+F = ε+∆, ε−F = ε−∆+
ω

2
. (2.43)

The spectrum of UF consists of pairs of eigenvalues that differ by ω/2 up to exponential accuracy
in the system size. Hence, any initial state will have components on both the |+⟩ and |−⟩ states
of each pairs such that the system will thus coherently oscillate at frequency ω/2, up to a
dephasing time t ∼ ∆−1 which diverges exponentially with the system size. For example, let
us consider a long range correlated initial state |↑↑ . . .⟩ and assume ∆ ≪ 1. This state can be
written as a superposition of two cat states,

|↑↑ . . .⟩ = 1√
2
(|+⟩+ |−⟩) , (2.44)

where |±⟩ = 1√
2
(|↑↑ . . .⟩ ± |↓↓ . . .⟩). After one evolution period, the state of the system becomes

|↓↓ . . .⟩, while after another period it returns to |↑↑ . . .⟩. This alternating dynamics must give
rise to period-doubled subharmonic oscillations of a physical observable, which serves as the
order parameter characterizing this behavior. More generally, a subharmonic response with an
integer period m > 2 can arise in systems exhibiting an internal Zm-symmetry [80]. A rigorous
study of the robustness of the system must be carried out in order to confirm the emergence of
a discrete time crystal.
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2.2.3 Discrete time crystallinity in disordered spins systems

Let us study the discrete time crystal introduced in Ref. [11]. It consists of a disordered spin-
1/2 system with short-range interactions, which can be influenced by external magnetic field
perturbations. The system is governed by the Hamiltonian

Hs =
∑
i

Jiσ
z
i σ

z
i+1 +

∑
i

hzi σ
z
i +

∑
i

hxi σ
x
i , (2.45)

where Ji, h
z
i , and h

x
i are uniformly distributed such that

Ji ∈ [0.5, 1.5], hzi ∈ [0, 1], hxi ∈ [0, h]. (2.46)

The regime of interest corresponds to the case where the local transverse field perturbations,
with maximum value h, are small compared to the random interactions Ji. Moreover, after each
period T , the system is subjected to a transverse magnetic field pulse which perfectly flips all
the z-spin components:

HF =
π

2

∑
i

σxi . (2.47)

Hence, the time-periodic Hamiltonian can be modeled as a kicked clock model, as introduced in
Section 2.2.2:

H(t) = Hs +HF

∑
n∈Z

δ(t− nT ). (2.48)

The stroboscopic Floquet operator, which characterizes the evolution of the system over a single
period T , is thus given by6

UF = exp (−iHsT ) exp (−iHF ) . (2.49)

This system becomes analytically solvable when we consider no transverse magnetic pertur-
bation, i.e., for h = 0. In this limit, the eigenstates of Hs are simply the product states of
the individual Pauli matrices σzi . Let us denote such a many-body eigenstate as |{si}⟩, with
si = ±1, such that σzk|{si}⟩ = sk|{si}⟩. The action of the Hamiltonian on these states yields
Hs|{si}⟩ = (E+({si}) + E−({si})) |{si}⟩, where we separate the energy into an interaction term
E+({si}) =

∑
i Jisisi+1 and a longitudinal field term E−({si}) =

∑
i h

z
i si.

Because the pulse HF acts as a perfect global spin-flip operator, the true Floquet eigenstates of
UF are superpositions of states with opposite spins orientation:

|Φ±⟩ = 1√
2

(
eiTE−({si})/2|{si}⟩ ± e−iTE−({si})/2|{−si}⟩

)
. (2.50)

The corresponding Floquet eigenvalues are given by ± exp (−iTE+({si})). Since discrete time
translation symmetry requires that the eigenstates of the Floquet operator UF cannot be writ-
ten as short-range correlated product states, this condition is perfectly satisfied here due to the
macroscopic long-range correlations inherent to these Schrödinger cat states. In the thermody-
namic limit, these symmetric and antisymmetric superposition states become exactly degenerate
in quasi-energy. This degeneracy allows for the spontaneous breaking of the internal Z2 sym-
metry, meaning the system physically localizes into one of the definite spin configurations, such
as |{si}⟩. Consequently, the periodic drive forces the system to continuously switch back and
forth between the two symmetry-broken states, leading to the robust subharmonic oscillations
characteristic of a discrete time crystal.
In order to study what arises when we consider h ̸= 0, numerical analyzes have been made to
study the behavior of the system. Figure 2.1 shows the time evolution of the computed av-
eraged expectation value of the Pauli spin operators averaged over 146 disorder configurations
and over the spatial interval i ∈ [50, 150] and considering the initial state of the system to be

6We will set ℏ = 1 throughout this section.
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[cos(π/8) |↑⟩+ sin(π/8) |↓⟩]⊗L for system size L = 200, h = 0.3 and T = 1. The spin-flip part of
the Floquet operator is applied instantaneously and after an initial transient, the expectation
values oscillate at frequency π/T , half the drive frequency.

Figure 2.1: Time evolution of the average spin observables ⟨σx⟩, ⟨σy⟩ and ⟨σz⟩ with short range
correlated initial state following the dynamics induced by the Hamiltonian 2.48 with h = 0.3
and T = 1. ⟨σx⟩ and ⟨σy⟩ decay rapidly in time, whereas ⟨σz⟩ exhibits subharmonic oscillations.
Reprinted figure from Ref. [11].

Furthermore, we expect that the subharmonic oscillation is persistent for infinite time in the
thermodynamic limit. Thus, to extract the time on which the magnetization decays, we define
the quantity

Z(t) = (−1)t⟨σz(t)⟩sign(⟨σz(0)⟩), (2.51)

that characterizes the time evolution of the magnetization starting from random initial product
states that are polarized in the z direction. In Figure 2.2, Z(t) has been computed over 500
disorder realizations, for a fixed position i and for three different system size L = 8, 10, 12 and
for h = 0.3 and T = 1. We can observe that there is an initial decay of this quantity, which for
the parameters chosen here occurs around t/T = 10, and then a plateau that extends up to a
time that diverges exponentially in the system size. This therefore indicates that the persistent
magnetization and subharmonic oscillations observed in Figure 2.1 persist in the thermodynamic
limit.

Figure 2.2: Time evolution of the magnetization Z(t), defined in Eq. (2.51), averaged over 500
disorder realizations and initialized in random product states polarized along the z-direction
following the dynamics induced by the Hamiltonian (2.48), for h = 0.3 and T = 1. The curves
correspond to system sizes L = 8, 10, and 12. Reprinted figure from Ref. [11].
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In Ref. [81], the authors considered quite a similar system as the one above with h = 0 but they
considered that the random interaction are uniformly distributed such that

Ji ∈ [0.8Jz, 1.2Jz], (2.52)

with Jz an interaction parameter. Furthermore, they considered a parameter ϵ which act as a
perturbation of the phase rotation such that

HF =
(π
2
− ϵ
)∑

i

σxi . (2.53)

Thus, they provided a phase diagram in Fig. 2.3 as a function of the interaction strength Jz
and the rotation error ϵ with T = 1, a discrete time crystal phase emerge in the presence of
the interactions and is robust with spin rotation perturbation ϵ. There is also a symmetry un-
broken phase which correspond to many body localization but without discrete time translation
symmetry breaking and a thermal phase which corresponds to the trivial paramagnet. The
main claim of the paper is that there is a phase transition from a discrete time crystal phase
to trivial paramagnet which is of the Ising type. They also considered long range interactions
which discrete time crystal behavior seems to be even more robust with that.

Figure 2.3: Phase diagram of the discrete time crystal, characterized by the Hamiltonian (2.48)
with h = 0 and the kick (2.53), as a function of the interaction strength Jz and the pulse
imperfections ϵ. The discrete time crystal phase appears only in the presence of interactions
and is robust with respect to changes of ϵ. Reprinted figure from Ref. [81].
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Chapter 3

Open quantum systems theory

In order to investigate how the concept of time crystals may be extended and enriched when
the influence of an external environment is taken into account, it is essential to first establish
the theoretical framework of open quantum systems. Therefore, before addressing the specific
features of time crystals in such contexts, we begin by introducing the fundamental concepts and
mathematical tools of open quantum systems that will be relevant for our work. The content of
this chapter is based entirely on Refs. [71, 82, 83].
An open quantum system is a quantum system S which is coupled to another quantum system
B, referred to as the environment1. The composite system S + B is assumed to be closed
and therefore evolves according to a unitary dynamics. In contrast, the subsystem of interest
S is influenced both by its internal dynamics and by its interaction with the surroundings,
which generates system-environment correlations. As a result, it does not in general conserve its
energy and does not evolve under a purely unitary Hamiltonian dynamics. The Hilbert spaces
associated with the system and the environment are denoted by HS and HB, respectively. The
Hilbert space of the total system is then given by the tensor product

H = HS ⊗HB.

The total Hamiltonian H(t) governing the dynamics of the composite system can be written as

H(t) = HS ⊗ IB + IS ⊗HB +HSB(t), (3.1)

where HS and HB are the Hamiltonians of the system and the environment, respectively, and
HSB(t) describes their interaction. The time evolution of the total density operator ρSB(t) is
governed by the Liouville-von Neumann equation:

ρ̇SB(t) = − i

ℏ
[H(t), ρSB(t)] . (3.2)

Since our primary interest lies in the dynamics of the open system S, we introduce the reduced
density operator

ρS(t) = TrB
(
ρSB(t)

)
=
∑
kB

⟨kB|ρSB(t)|kB⟩, (3.3)

where {|kB⟩} is an orthonormal basis of HB, and TrB denotes the partial trace over the environ-
mental degrees of freedom. Thus, the state of the system can in principle be determined at any
time by solving Eq. (3.2) and then applying Eq. (3.3). However, the motivation for the study of
the open system S is that, in many physically important situations, a complete mathematical

1When we speak of an open quantum system S, we shall use the general term environment for the system
B coupled to it. The quantum system B is called a reservoir when it possesses an infinite number of degrees of
freedom such that its mode frequencies form a continuum. It is further called a bath when this reservoir is in a
state of thermal equilibrium.
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model of the combined system’s dynamics is much too complicated. The environment may rep-
resent, for example, a reservoir or a heat bath consisting of infinitely many degrees of freedom, in
which case an exact treatment requires the solution of an infinite hierarchy of coupled equations
of motion. Even if a solution is known, one is still confronted with the task of isolating and
determining the relevant physical quantities by averaging over the remaining, irrelevant degrees
of freedom. Moreover, one often encounters situations in which the modes of the environment
are neither known exactly nor controllable. One therefore seeks to develop a simpler description
within a reduced state space formed by a restricted set of physically relevant variables, which
is achieved by employing various analytical methods and approximation techniques. Thus, in
what follows, we focus exclusively on describing the evolution of the system S by introduc-
ing the concept of a dynamical map in open quantum systems. More specifically, we introduce
the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation, which provides a general
and consistent description of the time evolution of open quantum systems undergoing Markovian
processes, since we restrict our analysis in the following to this type of process.

3.1 GKSL master equation

A quantum map in quantum mechanics is a mathematical transformation, called a superopera-
tor, that transforms a quantum state, described by a density operator, into another one in order
to represent a physical process. If we want to characterize the time evolution of the state ρ of
a system, we must introduce the concept of quantum dynamical map. A quantum dynamical
map is a family of linear maps {Φt}t≥0 such that, for each t ≥ 0,

Φt : L(H) → L(H), (3.4)

and whose restriction to the set of density operators ρ ∈ L(H)2 defines the time evolution of the
system:

ρ(t) = Φt(ρ(0)). (3.5)

For any t ≥ 0, the map Φt is required to be:

• linear,

• trace-preserving: Tr[Φt(ρ)] = Tr[ρ],

• Positivity preserving

• Hermiticity-preserving,

and to satisfy the initial condition Φ0 = I. A map satisfying these three conditions is said to
be a positive and trace-preserving map (PTM). If we are interested in the evolution of an open
quantum system S, a dynamical map Φt that acts only on S can be extended to the entire
system, where the environment B is also taken into account, such that

(Φt ⊗ Id)ρSB(0) = ρSB(t) ≥ 0, (3.6)

and it should still preserve the positivity of the state of the system. This is valid only in the
Markovian approximation, where the environment is not affected by the system. Furthermore,
this result must hold for any d ≤ dim(HB) if Φt is a dynamical map. Thus, any valid dynamical
map of an open quantum system is a completely positive and trace-preserving map (CPTM).
Furthermore, we generally assume that the state of the system ρS is initially uncorrelated with
the state of the environment at t = 0, since we consider that the system and the environment
begin to interact at this moment and that the system can usually be regarded as well controlled.

2L(H) is the set of linear transformations acting on a Hilbert space H.
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We also assume that the environment is large enough that its interaction with the open quantum
system does not cause it to evolve. Thus, let us assume that the initial state of the entire system
S + B is given by ρSB(0) = ρS(0) ⊗ ρB. We choose a basis {|kB⟩} for the environment and
denote by USB(t) the time-evolution operator of S +B over a time t. In this way, every CPTM
can be decomposed as:

Φt[ρS(0)] = ρS(t) = TrB[USB(t)(ρS(0)⊗ ρB)U
†
SB(t)]

=
∑
kB

⟨kB|USB(t)(ρS(0)⊗ ρB)U
†
SB(t)|kB⟩

=
∑
kB

∑
k′B

pk′B ⟨kB|USB(t)|k′B⟩ ρS(0) ⟨k′B|U
†
SB(t)|kB⟩

where we have used ρB =
∑

kB
pkB |kB⟩ ⟨kB|. We can therefore define the operator DkB ,k

′
B
=

√pk′B ⟨kB|USB(t)|k′B⟩ such that

Φt[ρS(0)] =
∑
kB ,k

′
B

DkB ,k
′
B
ρS(0)D

†
kB ,k

′
B
=
∑
α

DαρS(0)D
†
α, (3.7)

where we have combined the two indices kB and k′B into a single index α. Here, Dα and D†
α are

time-dependent and are called the measurement operators. They satisfy∑
α

D†
αDα = I, (3.8)

in order to ensure the trace-preserving condition of ρS(t). The measurement operators represent
the different ways in which a quantum system can evolve as a result of its interaction with its
environment, with each operator corresponding to one possible outcome of the evolution.
From this decomposition of dynamical maps, we can now derive the differential form of CPTMs.
Let us consider an infinitesimal time interval dt over which the state of the system ρ(t) evolves
from time t. Furthermore, we assume that the interaction between the system and the environ-
ment is Markovian, i.e. the state of the system at time t+ dt depends only on its state at time
t and not on its history prior to time t. In this case, the CPTM characterizing a Markovian
process must satisfy the semigroup property:

Φt1+t2 = Φt1 ◦ Φt2 , ∀t1, t2 ≥ 0. (3.9)

The dynamical map can thus be written as

ρ(t+ dt) =
∑
α

Dαρ(t)D
†
α. (3.10)

Since we consider an infinitesimal time evolution of the system, we can expand the measurement
operators so that the probability of a jump occurring is of first order in time:

D0 = IS − L0dt,

Dα =
√
dtLα, α ∈ N+

0 ,
(3.11)

since we must have D0 = IS and Dα̸=0 = 0 at t = 0. The measurement operator D0 corre-
sponds to the evolution of the system when the environment does not affect it, while the other
measurement operators Dα correspond to the different outcomes induced by the influence of the
environment. Moreover, by inserting Eq. (3.11) into Eq. (3.8) and retaining terms of first order
in dt, we find:

L0 + L†
0 =

∑
α̸=0

LαL
†
α. (3.12)
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Furthermore, L0 can be decomposed as the sum of a Hermitian term and a non-Hermitian term:

L0 =
L0 + L†

0

2
+
L0 − L†

0

2
, (3.13)

which is equivalent to

L0 =
1

2

∑
α̸=0

LαL
†
α + iB, (3.14)

where we have used Eq. (3.12) and B is a Hermitian operator. However, when we consider
a unitary dynamics generated by a Hamiltonian HS , it is straightforward to see that a single
measurement operator, D0 = exp(−iHSt/ℏ), suffices to describe the dynamical map, so that in
this case

L0 =
i

ℏ
HS . (3.15)

Equations (3.14) and (3.15) give the final result

L0 =
1

2

∑
α̸=0

LαL
†
α +

i

ℏ
HS . (3.16)

Let us expand Eq. (3.10) using relations (3.11):

ρS(t+ dt) = ρS(t)− L0ρ(t)dt− ρS(t)L
†
0dt +

∑
α̸=0

LαρS(t)Lαdt +O(dt2). (3.17)

Considering a differentiable family of CPTM {Φt}t≥0 between t and t+dt, and using Eq. (3.16),
equation (3.17) finally yields the following Markovian master equation:

dρ

dt
= − i

ℏ
[HS , ρS ] +

∑
α̸=0

(
LαρSL

†
α − 1

2
{L†

αLα, ρS}
)
, (3.18)

and every CPTM semigroup can therefore be described via this differential form. Its most
general form is called the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation:

ρ̇ = L(ρ), (3.19)

where L(·), called the Liouvillian, is the generator of a quantum dynamical semigroup:

Φt = eiLt, (3.20)

and takes the following general form to describe the evolution of an open quantum system:

L(·) = − i

ℏ
[H, ·] +

∑
α

γα

(
Lα · L†

α − 1

2
{L†

αLα, ·}
)
, (3.21)

where

• H is the Hamiltonian of the system, to which a Lamb-shift contribution HLS can be added
when the interaction with the environment modifies the energy levels of the system,

• Lα are the Lindblad operators, which describe the dissipative effect of the environment on
the system at a rate γα,

• the first term of the Liouvillian represents the unitary evolution of the system, also called
the coherent part, whereas the second term represents the irreversible evolution of the
system through the effects of dissipation and decoherence caused by the environment; this
second term is usually denoted by the dissipation superoperator D(·).
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While we have shown that the GKSL master equation can be viewed as the differential form of
a semigroup of CPTM, it can also be derived rigorously from a microscopic model with a clear
physical interpretation. This derivation starts from the von Neumann equation for the total
system and, by tracing over the environment, yields the reduced dynamics of the subsystem S:

ρ̇S = − i

ℏ
TrB

(
[HSB, ρSB]

)
. (3.22)

To proceed, three key approximations are introduced. First, the system-environment coupling
is assumed to be weak (Born approximation). Second, the environment is assumed to relax
rapidly compared to the system’s dynamics (Markov approximation). Finally, rapidly oscillating
terms are neglected (secular approximation). Under these conditions, the dynamics of an open
quantum system is governed by a quantum dynamical semigroup, and is therefore described by a
CPTM whose generator takes the GKSL form. Hence, in what follows, we restrict our attention
to Markovian open quantum systems satisfying these conditions, such that their dynamics can
be described by the GKSL master equation.

3.2 Liouville space

Observables in quantum physics are described by linear operators acting on a Hilbert space H3

characterizing the system under study. Furthermore, the state of an open quantum system is
represented by the density operator, which is also a linear operator on H. The set of linear
operators acting on a Hilbert space H,

A : H → H, |ψ⟩ 7→ A |ψ⟩ , ∀ |ψ⟩ ∈ H, (3.23)

forms a vector space, commonly denoted by B(H). When this space is equipped with the
Hilbert–Schmidt inner product,

⟨A,B⟩HS = tr(A†B), A,B ∈ B(H), (3.24)

it becomes a Hilbert space. This Hilbert space is often referred to as the Liouville space and is
denoted by L(H).
In the theory of open quantum systems, this space provides the natural framework for describing
states in terms of density operators. In this context, the Hilbert–Schmidt inner product plays
a role analogous to the inner product on H and is directly related to physical quantities, as it
allows one to express expectation values of observables through expressions of the form tr(Aρ),
thereby encoding measurement outcomes and statistical properties of the system.
The usual representation of an operator A in Liouville space is given by a matrix of dimension
dim(H)× dim(H), whose elements are defined with respect to an orthonormal basis {|i⟩} of H
as

A =
∑
i,j

Aij |i⟩ ⟨j| , with Aij = ⟨i|A |j⟩ . (3.25)

However, operators in L(H) can be represented as column vectors in H⊗H, just like elements
of H, through the isomorphic vectorization (also called the Choi-Jamiolkowski isomorphism)
process

A =
∑
i,j

Aij |i⟩ ⟨j| 7−→ |A⟩⟩ =
∑
i,j

Aij |i⟩ ⊗ |j⟩∗ . (3.26)

3Here we restrict the description of the Liouville space considering finite-dimensional Hilbert spaces H.
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so that the scalar product of two elements A,B ∈ L(H) under this vector mapping is equivalent
to the Hilbert–Schmidt inner product:

⟨⟨A|B⟩⟩ =
∑
m,n

A∗
mnBmn

=
∑
m,n

(Anm)
†Bmn

=
∑
n

(A†B)nn = tr(A†B),

(3.27)

and we therefore have
|A⟩⟩ =

∑
i

⟨⟨A|Ci⟩⟩|Ci⟩⟩, (3.28)

where {|Ci⟩⟩} is an orthonormal basis of H⊗H.
From a more pictorial point of view, the vectorization of an operator A ∈ L(H), with dim(H) =
N , can be written as

A ≡

A11 · · · A1n
...

. . .
...

An1 · · · Ann

 7→ |A⟩⟩ ≡


A11
...

A1n
...

Ann

 . (3.29)

Consider superoperators ε(·) acting on the Liouville space L(H):

ε(·) : L(H) → L(H), ρ 7→ ε(ρ), ρ ∈ L(H), (3.30)

such that, by linearity, under vectorization one obtains

ε(ρ) 7−→ |ε(ρ)⟩⟩ = ε |ρ⟩⟩, (3.31)

where ε represents an operator in L(H⊗H)4. Let us consider dim(H) = N and let {|Ck⟩⟩} be
an orthonormal basis of H⊗H; then ε can be decomposed as:

ε =
∑
i,j

⟨⟨Ci|ε(Cj)⟩⟩|Ci⟩⟩⟨⟨Cj |, (3.32)

with
⟨⟨Ck|ε(Ck)⟩⟩ = tr[C†

kε(Ck)] (3.33)

which can be represented by the N2 ×N2 matrix ⟨⟨C1|ε(C1)⟩⟩ · · · ⟨⟨C1|ε(CN2)⟩⟩
...

. . .
...

⟨⟨CN2 |ε(C1)⟩⟩ · · · ⟨⟨CN2 |ε(CN2)⟩⟩

 . (3.34)

The Hilbert–Schmidt inner product allows us to introduce the concept of the adjoint superop-
erator, which, for all A,B ∈ L(H), satisfies

⟨⟨A|ε(B)⟩⟩ = ⟨⟨ε‡(A)|B⟩⟩ (3.35)

It satisfies the following property: if the superoperator ε is defined as

ε(·) = A ·B, A,B ∈ L(H),

4From now on, we adopt the unambiguous convention that E(·) denotes the superoperator acting on L(H),
while E denotes its vectorized operator acting on H⊗H.
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then
ε(·) = A ·B 7→ ε‡ = A† ·B†, (3.36)

and the vectorization of the adjoint of a superoperator is the Hermitian conjugate of the vec-
torized operator. For instance, the adjoint of the Liouvillian defined in the previous section is
therefore

L‡(·) = − i

ℏ
[H, ·] +

∑
α

γα

(
L†
α · Lα − 1

2
{L†

αLα, ·}
)
. (3.37)

Furthermore, if the superoperator ε defined above acts on an operator C ∈ L(H), it can be
vectorized as

ε(C) = ACB 7→ |ACB⟩⟩ = ε|C⟩⟩ = (A⊗BT )|C⟩⟩. (3.38)

Since the Liouvillian given by Eq. (3.21), introduced in the previous section, is a superoperator,
it can be vectorized using the property of Eq. (3.38) as

L = − i

ℏ
(H ⊗ 1− 1⊗HT ) +

∑
α

γα

[
Lα ⊗ L∗

α − 1

2
(L†

αLα ⊗ 1+ 1⊗ (L†
αLα)

T )

]
, (3.39)

which is therefore a linear operator acting on H⊗H, and the vectorized form of L‡(·) is simply
L†. The introduction of the vectorization procedure proves useful for analyzing certain features
of the evolution, particularly those that can be inferred from the spectral decomposition of the
Liouvillian in its operator form.
In what follows, we will employ both formalisms, switching unambiguously between them as
dictated by the context and by the advantages offered by each representation.

3.3 Spectral properties of the Liouvillian

In this section, we present the main properties of the Liouvillian and its spectrum, as their
structure plays a central role in the characterization of time crystals in open quantum systems
described by the GKSL master equation.
The GKSL master equation, with a time-independent Liouvillian L as the generator of the
dynamics, admits the following solution:

|ρ(t)⟩⟩ = eLt|ρ(0)⟩⟩, (3.40)

where eLt is the propagator of the dynamics and |ρ(0)⟩⟩ is the initial state of the open quantum
system under study. The dynamics of an open system can be understood by analyzing the
spectrum of the Liouvillian matrix L. A first important point is that L is not necessarily
Hermitian nor normal, and therefore not always diagonalizable. We will focus here on the
case of a diagonalizable Liouvillian, and simply note that a non-diagonalizable Liouvillian can
nevertheless be brought into a Jordan form. We define left and right eigenvectors since, for a
non-Hermitian operator, the Hermitian conjugate of a right eigenvector is not necessarily a left
eigenvector:

L|rµ⟩⟩ = λµ|rµ⟩⟩,
L†|lµ⟩⟩ = λ∗µ|lµ⟩⟩.

(3.41)

Here are some relevant properties of the spectral decomposition of the Liouvillian:

1. The eigenvectors of L or L† corresponding to different eigenvalues are linearly independent.
Moreover, they can be chosen to form a bi–orthonormal set, i.e. ⟨⟨lµ|rν⟩⟩ = δµν .

2. The eigenvalues of L are either real or come in complex-conjugate pairs. The positivity
of the evolution requires the eigenvalues to have a non-positive real part, Re(λµ) ≤ 0.
Moreover, the Liouvillian always possesses the eigenvalue λ0 = 0.
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3. The Liouvillian L (L†) shares the same right (left) eigenvectors as the propagator eLt

(eL
†t), and the eigenvalues of the latter are eλµt (eλ

∗
µt).

From these properties, the evolution of the state of the system can be decomposed as

|ρ(t)⟩⟩ =
∑
n,j

cn,j(0) e
λnt|rn,j⟩⟩, cn,j(0) = ⟨⟨ln,j |ρ(0)⟩⟩, (3.42)

where |rn,j⟩⟩ are the right eigenvectors of L associated with the eigenvalues λn.
If the system possesses a single eigenvalue λ0 with zero real part, then the asymptotic state is
unique and corresponds to a stationary steady state:

|ρ(t→ ∞)⟩⟩ =
∑
j

c0,j(0) |r0,j⟩⟩. (3.43)

However, the system may possess additional eigenvalues with zero real part. This motivates
the introduction of the asymptotic space, defined as the subspace spanned by the eigenvectors
associated with eigenvalues whose real part is zero:

As(H) = span {|rn,j⟩⟩ : Re(λn) = 0} . (3.44)

While the asymptotic states of the system belong to As(H), not every element of this space
necessarily represents a valid quantum state. Moreover, in general, the elements of As(H) are
non-decaying rather than strictly stationary, since eigenvalues with non-zero imaginary parts
induce time-dependent phases.
Finally, one can define the dissipative gap ∆ as

∆ = min
n

|Re(λn)|, such that Re(λn) ̸= 0, (3.45)

which usually sets the characteristic timescale for the convergence towards the asymptotic state
of the system.

3.4 Floquet theory in open quantum systems

The study of periodically driven quantum systems naturally leads to the framework of Floquet
theory, which provides a powerful way to analyze dynamics under time-periodic generators.
While this theory is well established for isolated systems, its extension to open quantum systems
and more precisely, in our case, to open quantum systems described by a Liouvillian dynamics,
where dissipation and decoherence play a role, reveals a much richer structure.
In Markovian open quantum systems, the time evolution of the density matrix ρ(t) is governed
by a quantum master equation of Liouvillian form:

∂tρ = Ltρ, (3.46)

where Lt is the time-dependent Liouvillian superoperator, which has the same form as in equa-
tion (3.21), with the Hamiltonian and the jump operators now being time-dependent. When
the system is subject to periodic driving with period T , the Liouvillian satisfies

Lt+T = Lt, (3.47)

making the dynamics explicitly time-periodic.
For such systems, the formal solution to the evolution equation is given by the Dyson time-
ordered exponential:

E(t) = T exp

(∫ t

0
dsL(s)

)
, (3.48)
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where T denotes the time-ordering operator. In contrast to the time-independent case, the
instantaneous spectral properties of L(t) do not directly determine the long-time behavior.
Instead, the central object of interest is the Floquet propagator, defined as the evolution map
over one full period:

EF = T exp

(∫ T

0
dsL(s)

)
. (3.49)

This map fully characterizes the stroboscopic dynamics, i.e., the evolution of the system at
discrete times tn = nT , through repeated application:

E(tn) = EnF . (3.50)

The Floquet map EF is a CPTM. As a consequence, its eigenvalues λα lie within or on the unit
disk in the complex plane, and at least one eigenvalue is exactly equal to one. The corresponding
eigenoperator defines the stroboscopic steady state ρss, satisfying

EF (ρss) = ρss. (3.51)

More generally, the eigenvalue equation

EF (ρα) = λαρα (3.52)

provides a spectral decomposition of the dynamics. If the Floquet map is diagonalizable, its
eigenmodes form a complete basis for operators, allowing any initial state to be expanded as

ρ(0) = ρss +
∑
α≥1

cαρα. (3.53)

Under stroboscopic evolution, each mode evolves independently:

ρ(nT ) = ρss +
∑
α≥1

cα(λα)
nρα. (3.54)

The long-time behavior is governed by the eigenvalues with the largest magnitudes. In particular,
in the Floquet picture, the asymptotic subspace is spanned by the eigenmodes whose eigenvalues
lie on the unit circle, often referred to as the peripheral spectrum. These modes give rise to
nontrivial steady states and persistent oscillations, which are central to phenomena such as time
crystals.
For dissipative systems, all eigenvalues satisfy |λα| ≤ 1, and eigenvalues strictly inside the unit
disk correspond to decaying modes. The slowest decay rate is set by the eigenvalue λ1 with the
second-largest magnitude. This defines the dissipative Floquet gap:

∆F = − 1

T
ln |λ1|, with λ1 = max

n̸=0
(|λn|) such that |λn| ≤ λ0, (3.55)

which quantifies the rate at which the system approaches its steady state. It plays a crucial role
in identifying dynamical phase transitions in driven open systems.
A key distinction from isolated systems is that, in the presence of dissipation, the Floquet
propagator generally cannot be expressed as the exponential of a time-independent effective
Liouvillian. This lack of reduction to an effective static description highlights the fundamentally
richer dynamics of periodically driven open quantum systems.

In order to simplify the expression of the Floquet quantum map EF and to perform an ana-
lytical study of Floquet open quantum systems, we consider periodic kicks acting on the unitary
dynamics, described by the time-dependent Hamiltonian:

H(t) = H0 +H1

∑
n

δ(t− nT ), n ∈ Z, (3.56)
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where H0 represents the static part of the Hamiltonian, H1 corresponds to an instantaneous
kick applied periodically at times nT , and the dissipative part of the Liouvillian remains time-
independent. In this case, the Floquet map is given by

EF (ρ) = UKe
L0T (ρ)U †

K, (3.57)

with L0 the Liouvillian of the static dissipative evolution and UK = exp(−iH1) the unitary kick
operator. Furthermore, since the Floquet map is a superoperator, it can be vectorized into an
operator using Eq. (3.38):

EF = UK ⊗ U∗
K exp(L0T ). (3.58)

A remark about the Floquet map characterizing kicked systems is that its spectrum is generally
not the same as that of eL0 , since the unitary kick operator typically alters the spectrum of a
CPTM [71].

3.5 Symmetry in open quantum systems

As a brief reminder, in closed quantum systems, a symmetry is simply a unitary operator that
commutes with the Hamiltonian, inducing a conserved quantity. When the system is coupled to
an environment, however, this single condition is no longer sufficient: the dissipative channels
introduced by the jump operators {Lk} can either respect or break the symmetry independently
of H, giving rise to a richer classification. One must therefore distinguish between symmetries
that constrain the full microscopic dynamics, both coherent and dissipative, and those that act
only at the level of the density-matrix evolution as a whole. A strong symmetry yields a gen-
uinely conserved quantity even in the presence of dissipation, whereas a weak symmetry merely
constrains the structure of the steady-state manifold without protecting any local conserved
quantity. Indeed, in open quantum systems whose evolution is described by the GKSL master
equation, two distinct notions of symmetry can be defined:

• A unitary operator U is called a strong symmetry of the Liouvillian L if it commutes with
both the Hamiltonian and each Lindblad operator individually:

[U,H] = 0 and [U,Lk] = 0 ∀ k. (3.59)

As a consequence, the Hilbert space H decomposes into invariant subspaces labeled by
symmetry sectors, each evolving independently. The steady state is then generally not
unique: there is one for each symmetry sector. In the closed-system limit (Lk = 0),
condition (3.59) reduces to [U,H] = 0, or equivalently UHU † = H.

• The notion of weak symmetry is less restrictive: U is a weak symmetry if L commutes
with the adjoint action of U ,

L
(
UρU †

)
= U L(ρ)U † ⇐⇒ LU = U L, (3.60)

where U(·) = U · U †. Unlike a strong symmetry, U need not commute with each Lk
separately. The consequence is more moderate: it is the Liouville space that decomposes
into symmetry sectors, rather than H itself. The Liouvillian can be block-diagonalized,
but this does not necessarily imply multiple steady states. Every strong symmetry is, in
particular, a weak symmetry, but the converse does not hold in general.

Both notions admit anti-unitary counterparts, which are not of concern here. Furthermore, for
any steady state ρss satisfying L(ρss) = 0 and any symmetry Ui, the state UiρssU

†
i is also a

steady state, and the expectation value of an observable A in that state reads

⟨A⟩
UiρssU

†
i
= tr

[
U †
i AUi ρss

]
= ⟨U †

i AUi⟩ρss . (3.61)
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Chapter 4

Time crystals in open quantum
systems

This chapter is the core of the thesis and surveys the landscape of time crystals that emerge in
open quantum systems. We first treat discrete time crystals in the dissipative setting, including
the instructive case of a single dephasing spin-s. We then turn to continuous time crystals and
continuous quasi time crystals, illustrated by a driven collective spin and by two coupled driven–
dissipative collective spins. Finally, we study time glasses, illustrated by a kicked collective-spin
model. The objective is to reformulate, define and classify these phases under GKSL dynamics,
and to present our own contribution to their analysis.
A summary of the properties of the different types of time crystals in open quantum systems
presented in this chapter is provided in Table II, which appears in the Conclusion.

4.1 Discrete time crystals in open quantum systems

As seen in chapter 2, discrete time crystals are a genuine out-of-equilibrium phase of matter,
characterized by the spontaneous breaking of the discrete time-translation symmetry of a peri-
odically driven system. This discussion, however, has so far been restricted to closed quantum
systems, which correspond to an idealized situation: in practice it is impossible to isolate a sys-
tem completely from its environment. Realistically, one must therefore account for the effects of
the environment and ask whether this phase of matter survives. In fact, the π-spin-glass DTC
that arises in disordered spin systems, stabilized by many-body localization, does not survive
once the system is coupled to an environment [24].

This fragility shows that the notion of a discrete time crystal cannot simply be transposed
from the closed to the open setting. It must be reformulated in the language of open quantum
systems (OQS). In the present work we adopt the Markovian description provided by the GKSL
master equation, which governs the most widely studied class of dissipative time crystals. Within
this framework our aim is twofold. First, to clarify the role played by dissipation, which is far
from being purely detrimental: while it destroys the MBL-protected DTC, a suitably engineered
dissipation can also stabilize time-crystalline order that would not exist in the closed system [26].
Second, to establish how the phase can be defined and identified in this open setting.

4.1.1 Definitions and properties

Now that the relevant theoretical tools have been introduced, we can present the central idea
underlying the concept of a discrete time crystal. The phenomenological definition of discrete
time crystals in isolated systems, provided in section 2.2.2, must be appropriately adapted to
the framework of OQS, while preserving the essential defining properties [71]:
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• First, for an OQS to be characterized as a discrete time crystal, the discrete time-translation
symmetry of the governing equation of motion must be spontaneously broken. This sym-
metry breaking is manifested through a suitable order parameter exhibiting subharmonic
oscillations.

• Second, these subharmonic oscillations must be robust over a wide range of system pa-
rameters; equivalently, they must be stable against perturbations.

• Third, the subharmonic response must persist indefinitely in time in the thermodynamic
limit.

While the concept of time crystals relies on the spontaneous breaking of discrete time-translation
symmetry, it is often naturally associated with signatures that emerge in the thermodynamic
limit. In this regime, many OQS that exhibit time crystallinity can be effectively described
using a mean-field approach, which reduces the dynamics to a set of nonlinear equations gov-
erning the evolution of the relevant observables. Consequently, a large fraction of studies on
discrete time crystals adopt this framework, in which the spontaneously broken discrete time-
translation symmetry is characterized by a limit cycle, or by subharmonic oscillations around a
stable state [27, 84–86]. This classical framework facilitates the study of time crystallinity and
helps to identify the phase transition and the relevant parameters describing the discrete time
crystal behavior. However, such approaches typically neglect genuine quantum correlations and
also fail to predict the dynamical behavior of finite-size systems: in any finite dissipative system,
the system usually settles into a time-independent steady state ρss after a sufficiently long time.
Thus, a fully quantum treatment, one that can characterize the finite system and capture its
convergence toward the mean-field behavior when increasing the system size, calls for a more
precise definition rooted in the properties of OQS.
Since discrete time crystals must exhibit both synchronization among the microscopic degrees of
freedom and subharmonic temporal dynamics of the synchronized collective motion, the correla-
tion function given by Eq. (2.17), used to define time crystals in section 2.1.2, can be generalized
to the framework of OQS and serve as a useful tool to identify this kind of behavior. The cor-
relation function can be defined as

CM (t) = ⟨M(t)M(0)⟩ss = Tr[M(t)M(0)ρss], (4.1)

where M is the total order parameter, obtained by integrating the local order parameter m(x)
over all space:

M =
1

V 2

∫
m(x)dx, (4.2)

and ρss is the steady state of the system and V is the volume of the system [34]. In the
thermodynamic limit, the behavior of the correlation function is given by

C∞
M (t) = lim

V→∞
CM (t). (4.3)

In particular, the equal-time correlation C∞
M (0) captures spatial correlations and acts as a static

order parameter. Hence, using the autocorrelation function C∞
M (t) in the thermodynamic limit,

we can characterize discrete time crystals:

Correlation-based definition of discrete time crystals [34, 87]:
Discrete time crystals are defined by the persistence of a finite order parameter,
C∞
M (0) > 0, together with persistent subharmonic oscillations of the correlation func-

tion, i.e. C∞
M (t) = C∞

M (nT ) with n > 1 an integer and T the period of the external
driving.
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This behavior exhibited by discrete time crystals can be distinguished from a disordered phase,
corresponding to a phase in which no spontaneous symmetry breaking appears (C∞

M (t) = 0),
and from a static, spatially long-range-ordered phase (C∞

M (t) = constant ̸= 0), in which the
correlation function is time-independent, as discussed in section 1.2.2. Of course, this property
alone is not sufficient to define a discrete time crystal, since discrete time crystals must also be
robust to perturbations.
Another way to characterize discrete time crystals, when the dissipative dynamics of the OQS
can be described by the GKSL master equation, is in terms of the spectral properties of the
Floquet map EF. Within this framework, Riera-Campeny et al. [71] proposed a definition and an
identification criterion for discrete time crystals in open quantum systems based on the Floquet
propagator:

Spectral definition of DTCs:
Consider an OQS whose dynamics is governed by a GKSL master equation with a time-
periodic Liouvillian, i.e. Lt+T = Lt. The evolution over one period defines a completely
positive trace-preserving map, known as the Floquet map EF, which captures the
stroboscopic dynamics of the system.
An OQS is said to exhibit discrete time-crystalline behavior if the associated Floquet
propagator satisfies the following three conditions:

1. Discrete time-translation symmetry breaking: There exists at least one
eigenvalue ε∗ ̸= 1 of EF with |ε∗| = 1 such that εN∗ = 1 for some integer N .

2. Rigidity of the oscillations: The eigenvalue ε∗ must be linearly robust; that
is, given a deformation of the evolution EF 7→ EF + ηV, the susceptibility X (1) =∣∣∣∣(∂ε∗∂η )η=0

∣∣∣∣ = 0.

3. Persistence at infinite time: The decay timescale of the subharmonic oscilla-
tions is fixed by the dissipative Floquet gap ∆F = − 1

T ln |ε∗|, which must vanish
in the thermodynamic limit.

The first condition of the definition is related to the stroboscopic evolution of the OQS subjected
to periodic kicks. Let us consider a Floquet propagator characterizing a kicked OQS that has
the eigenvalues {1, eiπ} in its peripheral spectrum. The state of the system after a large number
of oscillations is well approximated, thanks to Eq. (3.54), by

lim
N→∞

ρ(NT ) = lim
N→∞

ENF (ρ(0)) ≈ ρss + c∗(e
iπ)Nρ∗, (4.4)

where c∗ is a coefficient related to the initial condition and ρ∗ is the eigenstate associated with
the eigenvalue eiπ. Thus, this is the behavior of an OQS in a discrete time-crystal phase, with
subharmonic oscillations of periodicity 2T .
The second condition is necessary but not sufficient for a strong definition of a discrete time
crystal in an open quantum system. Indeed, time crystallinity is regarded as a non-equilibrium
phase of matter, so one would expect a discrete time crystal to be robust to perturbations at all
orders, and not only at first order as in [71]. While the aim of this master’s thesis is to provide a
complete overview of the concept of time crystals, we will not pursue this direction. As we will
see, this “weak” definition of a discrete time crystal allows time-crystalline signatures to be ob-
served in systems without collective interactions. However, systems with collective interactions
must be considered in order to obtain more robust subharmonic oscillations, since collective
jump operators are crucial for producing oscillations that are more robust to rotation-error per-
turbations, as shown for a short-range open XY model [71].
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The third condition makes it possible to link the persistence of subharmonic oscillations in the
infinite-time limit with a relevant parameter characterizing the rate at which the steady state
is reached. Indeed, if there exists a value other than the trivial eigenvalue 1 in the peripheral
spectrum, the system reaches a non-equilibrium steady state in the infinite-time limit.

In the following section, we present the “weak” discrete time crystal through the example of
a dephasing single qubit, which, as we will see, satisfies the definition based on the Floquet
spectrum. We will therefore focus on this latter definition in order to become more familiar
with the concept, while in section 4.3.3 we will present a system that supports discrete time
crystallinity, exhibiting spontaneous symmetry breaking in the true sense of the term.

4.1.2 Dephasing of a single spin-s quantum system

In this section, we present a simple and intuitive OQS that satisfies the spectral definition of
discrete time crystals introduced in the previous section, in order to illustrate the underlying
mechanism. Specifically, we consider a dephasing single-qubit system exhibiting period-doubled
subharmonic oscillations, as introduced in Ref. [71]. We then generalize this construction to
higher-spin systems subjected to dephasing, demonstrating the emergence of higher-order sub-
harmonic oscillations. In the following, we consider the spin operators Sα with α = x, y, z,
associated with the spin-s under study. Furthermore, we set ℏ = 1.

Qubit (spin-1/2)
Let us consider a single qubit subjected to pure dephasing. The dynamics is governed by the
Liouvillian

L(ρ) = 1

2
[Sz, ρ] + κ (SzρSz − ρ) , (4.5)

where κ denotes the dephasing rate. The eigenvalues of the Liouvillian are

{λi} = {0,−2κ− i,−2κ+ i}, (4.6)

and the asymptotic subspace is spanned by the eigenoperators associated with the zero eigen-
value,

As(H) = {|0⟩⟨0|, |1⟩⟨1|}. (4.7)

Now consider applying a unitary kick of the form UK = exp(−iπSx/2) = −iSx. Using Eq. (3.58),
the corresponding Floquet propagator reads

EF = Sx ⊗ Sx exp(LT ), (4.8)

and its spectrum is given by
{εi} = {1,−1, e−2κT , e−2κT }. (4.9)

The four eigenvalues are illustrated in Figure 4.1a for κ = 0.1 and T = 1. The eigenoperators
associated with the eigenvalues 1 and −1 are the identity I and Sz, respectively.
Consider an initial state of the form

ρ(0) = a |0⟩⟨0|+ (1− a) |1⟩⟨1|, (4.10)

with a ∈ [0, 1]. This state can be rewritten in the Floquet asymptotic subspace {I, Sz} as

ρ(0) =
1

2
(I+ (2a− 1)Sz) . (4.11)

The stroboscopic dynamics is then given by

ρ(nT ) = EnF
(
ρ(0)

)
=

1

2
(I+ (−1)n(2a− 1)Sz) . (4.12)
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Equivalently, this can be expressed as

ρ(nT ) = a |0⊕ n⟩⟨0⊕ n|+ (1− a) |1⊕ n⟩⟨1⊕ n|, (4.13)

where ⊕ denotes addition modulo 2. This result reveals a period-doubled subharmonic response.
Indeed, using Sz as an order parameter, one finds

Sz(nT ) = Tr
(
Szρ(nT )

)
= (−1)n(2a− 1), (4.14)

showing oscillations with period 2T and amplitude 2a − 1, while the expectation values of Sx

and Sy vanish over time. For instance, starting from the initial state |0⟩⟨0| (a = 1), the os-
cillation amplitude is maximal and equal to 1, as illustrated in Figure 4.1b. Importantly, this
subharmonic behavior persists indefinitely, as the Floquet gap ∆F vanishes.
Furthermore, it is important to emphasize that the subharmonic oscillation emerges indepen-
dently of the chosen initial state. Indeed, the Liouvillian (4.5) induces decoherence, which
suppresses the off-diagonal elements of the density matrix in the standard basis. Physically,
these off-diagonal terms encode quantum coherence between different states; their decay there-
fore corresponds to the loss of phase coherence and the transition toward a classical probabilistic
mixture. In contrast, the diagonal elements of the density matrix, which represent the popula-
tions, remain invariant under the Liouvillian evolution and are entirely determined by the initial
condition. This is a consequence of the fact that Sz is a strong symmetry of the system. As a
result, the system retains memory of its initial populations even as coherence is lost. The action
of the periodic kick is then to alternate the sign associated with these populations, effectively
inducing a nontrivial dynamical modulation of the state.

(a) (b)

Figure 4.1: Qubit (N = 1). (a) Spectrum of the Floquet propagator (4.8) for κ = 0.1 and T = 1.
The peripheral spectrum is highlighted with a dashed red line, while the decaying subspace is
shown in gray. (b) Subharmonic oscillations of the normalized order parameter ⟨Sz⟩/(N/2) over
the time interval t/T ∈ [75, 100].

Since the first and third conditions for realizing a discrete time crystal are satisfied, we now
turn to the question of rigidity. To this end, we consider a perturbed kick corresponding to a
rotation error,

UK,pert = exp
(
−i(π2 + η)Sx

)
, (4.15)

where η parametrizes the strength of the perturbation. The corresponding Floquet map becomes

EF,pert = UK,pert ⊗ U∗
K,pert exp (LT ) . (4.16)

Its spectrum can be evaluated perturbatively as

{εi} = {1,−1, e−2κT , e−2κT }+O(η2). (4.17)
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We can then compute the susceptibility X (1) associated with the eigenvalue −1. It vanishes,
since this eigenvalue is affected only at second order in η.
In Figure 4.2a, the decay of the subharmonic response is illustrated by examining the amplitude,
using the same time window and initial state as in Figure 4.1b, but with a finite rotation error
η = 0.1. Furthermore, Figure 4.2b shows how the dissipative Floquet gap ∆F(η) evolves as a
function of the perturbation strength η.

(a) (b)

Figure 4.2: Qubit (N = 1). (a) Decaying subharmonic oscillations of the normalized order
parameter ⟨Sz⟩/(N/2) over the time interval t/T ∈ [75, 100], with κ = 1, η = 0.1 and an initial
amplitude equal to 1. (b) Evolution of the dissipative Floquet gap ∆F as a function of the
perturbation parameter η with κ = 1.

Qudit (spin-j > 1/2)
Let us consider a single qudit of spin 1 subjected to pure dephasing. The dynamics is therefore
governed by the Liouvillian (4.5), with the spin operators now acting on the spin-1 Hilbert space.
The spectrum of the Liouvillian is given by{

0,−8κ+ i,−2κ+
1

2
i,−2κ− 1

2
i

}
, (4.18)

where the eigenvalue 0 is threefold degenerate and the other eigenvalues are twofold degenerate.
The asymptotic subspace is given by:

As(H) = {| − 1⟩⟨−1|, |0⟩⟨0|, |1⟩⟨1|}. (4.19)

Now consider applying a unitary kick that performs a cyclic permutation of the states |−1⟩ →
|0⟩ → |1⟩, of the form

UK =

0 0 1
1 0 0
0 1 0

 , (4.20)

in the spin-1 basis {|−1⟩ , |0⟩ , |1⟩}. The Floquet propagator of this system is

EF = UK ⊗ UK exp(LT ), (4.21)

and its eigenvalues located on the peripheral spectrum are

{ε∗i } = {1, eiπ/3, ei2π/3}, (4.22)

and all the eigenvalues of EF can be observed in Figure 4.3a for κ = 0.1 and T = 1. Furthermore,
the eigenoperators spanning the Floquet asymptotic subspace, represented in the standard basis,
are

I =

1 0 0
0 1 0
0 0 1

 , A =

ei2π/3 0 0

0 e−i2π/3 0
0 0 1

 , A† =

e−i2π/3 0 0

0 ei2π/3 0
0 0 1

 , (4.23)
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associated with the eigenvalues 1, eiπ/3, and e−iπ/3, respectively.
Consider an initial state of the form

ρ(0) = a | − 1⟩⟨−1|+ b |0⟩⟨0|+ (1− a− b) |1⟩⟨1|, (4.24)

with a, b ∈ [0, 1] and a+ b ≤ 1. This state can be rewritten in the Floquet asymptotic subspace
{I, A,A†} as

ρ(0) =
1

3

[
(1− a− b)I+ (2a+ b− 1)A+ (2b+ a− 1)A†

]
. (4.25)

The stroboscopic dynamics is then given by

ρ(nT ) = EnF
(
ρ(0)

)
=

1

3

[
(1− a− b)I+ einπ/3(2a+ b− 1)A+ e−inπ/3(2b+ a− 1)A†

]
. (4.26)

Equivalently, this can be expressed as

ρ(nT ) =


a |−1⟩⟨−1|+ b |0⟩⟨0|+ (1− a− b) |1⟩⟨1|, n ≡ 0 (mod 3)

a |0⟩⟨0|+ b |1⟩⟨1|+ (1− a− b) |−1⟩⟨−1|, n ≡ 1 (mod 3)

a |1⟩⟨1|+ b |−1⟩⟨−1|+ (1− a− b) |0⟩⟨0|, n ≡ 2 (mod 3)

(4.27)

This result reveals a period-tripled subharmonic response. Indeed, using Sz as an order param-
eter, one finds

Sz(nT ) = Tr
(
Szρ(nT )

)
=


1− 2a− b, n ≡ 0 (mod 3)

−1 + a+ 2b, n ≡ 1 (mod 3)

a− b, n ≡ 2 (mod 3)

, (4.28)

showing oscillations with period 3T and an amplitude that depends on the values of a and b,
while the expectation values of Sx and Sy vanish over time. For instance, starting from the
initial state | − 1⟩⟨−1| (i.e., a = 1 and b = 0), the oscillation amplitude is maximal and equal to
1, as illustrated in Figure 4.3b. Importantly, this subharmonic behavior persists indefinitely, as
the Floquet gap ∆F vanishes for both eigenvalues eiπ/3 and ei2π/3.

(a) (b)

Figure 4.3: Spin-1 (N = 2) (a) Spectrum of the Floquet propagator (4.21) for κ = 0.1 and T = 1.
The peripheral spectrum is highlighted with a dashed red line, while the decaying subspace is
shown in gray. (b) Subharmonic oscillations of period 3T of the normalized order parameter
⟨Sz⟩/(N/2) over the time interval t/T ∈ [75, 100].
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As we can see, the first and third conditions for being a discrete time crystal are also fulfilled for
a spin-1 qudit subject to dephasing. Let us now study the rigidity of this system by considering a
rotation-error perturbation. To this end, we consider the generator G of the cyclic permutation
induced by the unitary kick UK, given by:

G =
2√
3

 0 −i i
i 0 −i
−i 0 i

 , (4.29)

in the spin-1 basis {|−1⟩ , |0⟩ , |1⟩}. Hence, the generator G produces a permutation of the spin
states through a rotation by π/3 in the spin-1 space:

UK = exp(−iπG/3). (4.30)

Thus, let us introduce a parameter η characterizing a rotation error, which therefore induces an
error in the cyclic-permutation kick:

UK,pert = exp
(
−i
(π
3
+ η
)
G
)
, (4.31)

such that the new Floquet propagator is therefore given by

UF = UK,pert ⊗ UK,pert exp(LT ). (4.32)

However, the eigenvalues cannot be computed analytically, since the characteristic polynomial
cp(z; η) = det(UF(η) − zI) = 0 is of degree nine in z, for which there is no general analytical
method of solution. Nevertheless, we can gain some insight into the order at which the pertur-
bation η enters the eigenvalues, and hence assess whether the second condition for a discrete
time crystal is satisfied. Let the eigenvalues of UF(η) be denoted by εj(η), with j = 1, . . . , 9.
The characteristic polynomial can then be written as

cp(z; η) = c(z − ε1(η))...(z − ε9(η)), (4.33)

where c a constant and the εi denote the different eigenvalues. Let us assume that for η ≪ 1 all
the eigenvalues are non-degenerate, as we observe numerically. Differentiating with respect to η
and evaluating at η = 0 gives

∂cp(z; η)

∂η

∣∣∣∣
η=0

= −c

[
∂ε1
∂η

∣∣∣∣
η=0

(z − ε2(η))...(z − ε9(η)) + . . .+
∂ε9
∂η

∣∣∣∣
η=0

(z − ε1(η))...(z − ε8(η))

]
,

= 0

where the second equality follows from an exact calculation performed using Mathematica, based
on cp(z; η) = det(UF(η)−zI) = 0, with UF(η) given by Eq. (4.32). However, the first line vanishes
if and only if ∂εj/∂η|η=0 = 0 for all j. Indeed, evaluating the polynomial identity at z = εj(0)
isolates the j-th term. This amounts to saying that the eigenvalues depend on η at least up to
the second order, which indicates a certain rigidity in the face of perturbations. Nevertheless,
we should emphasize that the second partial derivative of cp(η) around 0 is nonzero, which
indicates that the eigenvalues must have a second-order dependence on η; therefore, the spin-1
qudit does not appear to be more robust than the qubit.
A second, more concrete piece of evidence for the rigidity of this time crystal is provided by the
evolution of the dissipative Floquet gap as a function of the error η, shown in Figure 4.4a. A
first remark is that the evolution of the dissipative gap is the same for both eigenvalues other
than 1 that were initially in the peripheral spectrum. We can then clearly see that, in the case
of a spin-1 qudit, this evolution reaches a minimum value at η = 0, which supports the fact
that the peripheral eigenvalues depend on η at least at second order. Furthermore, Figure 4.4b
shows how the eigenvalues other than 1 in the peripheral spectrum leave it and move into the
decaying spectrum when a rotation error η = 0.25 is considered.
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(a) (b)

Figure 4.4: Spin-1 (N = 2). (a) Evolution of the dissipative Floquet gap ∆F for the two
eigenvalues eiπ/3 and e−iπ/3 as a function of the perturbation parameter η, with κ = 1. (b)
Spectrum of the Floquet propagator (4.32) for κ = 1, T = 1, and η = 0.25. The eigenvalues
eiπ/3 and e−iπ/3 of the unperturbed Floquet propagator (4.21) move away from the peripheral
spectrum.

Comments
The first point we wish to emphasize is that the two time crystals described here should be
regarded as ‘weak’ discrete time crystals in OQS, as their eigenvalues of the peripheral spectrum
are only linearly robust against rotation errors. Nevertheless, this shows that a subharmonic
response can be achieved in a single-spin system, albeit with limited robustness, and not nec-
essarily in a many-body system. Thus, this kind of system can serve as a useful introduction
to more complex systems, providing a fully quantum characterization of discrete time crystals
in OQS in terms of the Floquet spectrum and the Floquet dissipative gap, rather than relying
solely on a mean-field description of the discrete time crystal. However, to obtain a genuine
discrete time crystal, one should consider collective open quantum systems, since the rigidity
must persist as the size of the system increases for the phenomenon to be regarded as a phase
of matter1. Moreover, the subharmonic oscillations exhibited by this system should be regarded
as a dynamical curiosity arising from the strong Sz symmetry of the system, rather than as the
emergence of spontaneous breaking of the discrete time-translation symmetry.
We expect that the behavior observed in the previous examples can be generalized to higher spins
subject to dephasing, so that different higher-period subharmonic responses can be observed,
depending on the value of the spin considered. Indeed, Figure 4.5a shows that a 6T subharmonic
response can be achieved for a dephasing spin-3 qudit, and Figure 4.5b shows that the Floquet
gaps associated with all the peripheral-spectrum eigenvalues (other than 1) are linearly robust,
since the Floquet gap reaches a minimum at η = 0.
Furthermore, a spin-s of dimension 2s+1 can also exhibit a kT subharmonic response, provided
that 2s + 1 is divisible by k. For instance, in the case of a spin-6 qudit, one can observe not
only a 6T subharmonic response but also 3T and 2T responses. This depends on the kick UK

considered. Indeed, to obtain a (2s + 1)T subharmonic response, we should choose a UK that
permutes the diagonal elements so as to form an (N + 1)-cycle, whereas to obtain a 2s+1

k T
response, we should choose a UK that permutes the diagonal elements in blocks so as to form a
2s+1
k -cycle.

Hence, here are the steps to construct a time crystal from a dephasing spin-s qudit: we can build
a time crystal fulfilling the spectral definition of the discrete time crystal given in section 4.1 by
generalizing the dephasing of a qubit to higher spin:

1We emphasize that a dissipative discrete time crystal in a non-interacting system exhibiting robust sub-
harmonic oscillations has been proposed only recently in Ref. [88], opening a promising route toward robust
time-crystalline behavior in open quantum systems.
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(a) (b)

Figure 4.5: Spin-3 (N = 6). (a) Time evolution of the normalized order parameter ⟨Sz⟩/(N/2)
over the interval t/T ∈ [75, 100] for κ = 1 and T = 1, showing robust oscillations with a period

of 6T . (b) Dissipative Floquet gaps ∆
(i)
F , associated with the fifth eigenvalues of the peripheral

spectrum, as a function of the perturbation strength η for κ = 1. All Floquet gaps reach their

minimum at η = 0. The pairs ∆
(1)
F and ∆

(2)
F , as well as ∆

(3)
F and ∆

(4)
F , exhibit identical evolution

throughout the explored parameter range.

1. Choose the desired subharmonic response n by applying a kick to a spin system subject
to dephasing, such that the response has periodicity nT .

2. Write the Liouvillian

L(ρ) = 1

2
[Sz, ρ] + κ (SzρSz − ρ) , (4.34)

characterizing the dephasing of the spin-s qudit in a Hilbert space of dimension N + 1.
We must have n = N + 1 in order to exhibit the nT subharmonic response.

3. Define the kick UK of size (N + 1)× (N + 1) as

UK =

(
0 1
I 0

)
, (4.35)

where I is the identity matrix of size N ×N , and then determine the generator G of the
kick:

UK = exp(−i2π/(2s+ 1)G). (4.36)

In the case where the dimension N + 1 of the spin space has one or more divisors k, we
can use the kick

UK = exp(−i2πk/(2s+ 1)G), (4.37)

to create a n
kT subharmonic response.

The Floquet propagator is then given by:

UF = UK ⊗ U∗
K exp(LT ), (4.38)

and the eigenvalues in its peripheral spectrum will therefore be 1 and exp(mπk/(2s+1)),
with m = 1, . . . , nk − 1 and k a divisor of n.

4. The last step is to study the rigidity of the system by considering a rotation error η in the
cyclic permutation,

UK = exp

(
−i
(

2πk

(2s+ 1)
+ η

)
G

)
, (4.39)

for which we expect the system to be linearly robust at any spin.
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4.2 Continuous (quasi) time crystals

The evolution of the original concept of time crystals introduced by Frank Wilczek led to the
development of discrete time crystals in both isolated and open quantum systems. This evo-
lution emerged following the no-go theorem established by Watanabe and Oshikawa [9], which
rules out the existence of continuous time crystals in equilibrium quantum systems. Neverthe-
less, their work also pointed out that the original idea of time crystals could remain relevant in
non-equilibrium settings, thereby paving the way for the concept of discrete time crystals.
Another important development of the time-crystal concept was proposed in 2018 by F. Iem-
ini et al. [28]. In this work, the authors predicted a novel non-equilibrium phase of matter
that spontaneously breaks time-translation symmetry, referred to as Boundary Time Crystals
(BTCs). More precisely, a BTC consists of a boundary system coupled to a bulk environment,
which together form an isolated macroscopic system. Denoting by Nb and NB the degrees of
freedom for the boundary and the bulk systems respectively, we consider the case in which a
macroscopic fraction of the universe, the boundary system (Nb → ∞), breaks spontaneously
time-translational invariance. The thermodynamic limit is performed with Nb, NB → ∞, with
the ratio Nb/NB → 0. In other words, the boundary system is macroscopic, but still small
compared to the global system. This scaling is the crucial feature to define a boundary phe-
nomenon. Hence, the boundary must exhibit robust periodic dynamics for infinite large times.
Its dynamics can be described within the framework of open quantum systems, and in our case
through the GKSL master equation, provided that the volume and the interaction between it
and the boundary are correctly modeled. Furthermore, dissipative time crystals has also been
introduced which is a many-body quantum system coupled to a noise inducing environment
which exhibits non-trivial periodic motion in some observable at late time for generic initial
conditions [89–91]. Thus, dissipative time crystals can be distinguished from related boundary
time crystals which are usually taken to be single-body systems that exhibit persistent oscil-
lations despite dissipation, which therefore constitute a new type of continuous time crystal.
However, given that in both cases we will study their dynamics using GKSL’s master equation
and observe the same types of time-crystal signatures, we will set these distinctions aside and use
the term ‘continuous time crystal’ (CTC) for both cases in this thesis; furthermore, we will refer
only to open quantum systems and not to open classical systems, as this term can sometimes
appear in literature [31].
In such systems, the steady state is generically non-thermal; consequently, the no-go theorem of
Watanabe and Oshikawa does not apply. This implies that a Hamiltonian system may, in prin-
ciple, spontaneously break time-translation symmetry when subjected to dissipation. Hence,
CTCs correspond to open quantum systems described by a time-independent Liouvillian and
characterized by persistent and robust periodic oscillations of an observable acting as an order
parameter. In the thermodynamic limit, these oscillations must persist for infinitely long times.
More recently, another concept has been proposed theoretically, namely Continuous Quasi Time
Crystals (CQTCs) [32]. These systems are globally based on the same idea as CTCs, except
that the oscillations exhibited by the system are aperiodic and its dynamic is chaotic rather than
strictly periodic. Such behavior can also be interpreted as a form of time-translation symmetry
breaking: although the governing equations remain time-translation invariant, their persistent
aperiodic solutions in the thermodynamic limit do not share this symmetry.
In the following, we will investigate the properties of both CTCs and CQTCs from mean-field
theory, which will prove to be a particularly insightful framework for studying these phases.
We will then analyze the Liouvillian spectrum and the dissipative gap in order to characterize
realistic finite-size systems. Finally, we will provide formal definitions of CTCs and CQTCs
before presenting two different collective-spin systems that exemplify these phenomena.
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4.2.1 Definitions and properties

When theorizing about discrete time crystals in closed quantum systems, the question natu-
rally arises of how the introduction of an environment would affect the system. Indeed, it was
unclear whether the environment would destroy the discrete time-crystalline signatures or, on
the contrary, help to stabilize the phenomenon. In fact, the discrete time crystal appearing
in a disordered one-dimensional Ising spin chain, described in section 2.2.3, cannot survive the
coupling to an environment [24], which led us to the discussion of the concept of discrete time
crystals in open quantum systems presented in section 4.1. However, the dissipation induced
by an environment makes it possible to recover part of the original concept of a time crystal
characterized by the spontaneous breaking of continuous time-translation symmetry, gives rise
to a dissipative continuous time crystal if the system exhibits a robust and persistent periodic
oscillation, or to a dissipative continuous quasi-time crystal if the system exhibits robust and
persistent aperiodic oscillations and chaotic behavior.
As usual, the thermodynamic limit is the theoretical framework used to characterize phases of
many-body systems. Hence, continuous time crystals (and also continuous quasi-time crystals)
in this limit have been characterized using a mean-field approach as a first tool. Briefly, it con-
sists in neglecting the quantum correlations between different local observables Ai of an N -body
system by factorizing the expectation values of operator products into products of expectation
values:

⟨AiAj⟩ ≈ ⟨Ai⟩⟨Aj⟩.

This approximation becomes accurate in the thermodynamic limit, where collective observables
such as

M =
1

N

N∑
i=1

Ai

have fluctuations typically scaling as

∆M ∼ 1√
N
,

so that the relative fluctuations vanish for N → ∞. This is, for example, a valid method in the
case of the collective spin systems that we will study in the following sections. In this approach,
the dynamics of the collective observables can be described semi-classically as a system of cou-
pled differential equations. The continuous time-crystalline phase can then emerge in the form
of a limit-cycle phase, which in nonlinear classical dynamics corresponds to a closed phase-space
trajectory asymptotically approached by at least one neighboring trajectory [30]. However, it
is not necessarily characterized by a limit cycle, but may also correspond to simple periodic
trajectories around a steady state in phase space [38]. It corresponds to self-sustained oscilla-
tions of the system, even in the absence of any external periodic or aperiodic influence. Hence,
in the mean-field characterization of open quantum systems, the continuous time-crystalline
phase, and the transition from a non-oscillating steady-state phase to it, can be characterized
and highlighted using nonlinear classical system theory.
However, we are also interested in the properties of the open quantum system that allow it to
be characterized as a continuous time crystal. In this respect, the Liouvillian L governing the
open quantum system is of the utmost importance, and more precisely its spectral structure.
Indeed, we saw in section 3.3 that the system evolves into an equilibrium steady state if the
only eigenvalue with a vanishing real part is zero, whereas the system possesses an oscillating
steady state if there is at least one other eigenvalue with a vanishing real part. Thus, in order to
have a continuous time crystal, L must possess at least two purely imaginary eigenvalues in the
thermodynamic limit, and these must be equally spaced (i.e. the separation between neighboring
eigenvalues is constant) in order to have a periodic—commensurate—oscillating steady state.
In the case of a continuous quasi-time crystal, these eigenvalues must not be equally spaced,
in order to have an aperiodic oscillating steady state. A judiciously chosen observable must
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then be selected so as to exhibit robust and persistent oscillations when the system is in the
continuous time-crystalline (or continuous quasi-time-crystalline) phase, and equilibrium when
it is in the equilibrium phase. When the system is considered to be finite, rather than in the
thermodynamic limit, the steady state is not time-periodic. Increasing the size of the system
causes the real parts of more and more eigenvalues to converge to 0 in the thermodynamic limit.
Hence, for finite systems, the dissipative Liouvillian gap ∆ is useful in informing us about the
decay of the periodic behavior into the equilibrium steady state.
In practical studies and applications, the thermodynamic limit is unattainable, and finite-size
effects are inevitable. Thus, even if the thermodynamic limit provides a convenient theoretical
framework to study CTCs (and CQTCs)—in particular to define the phase transition of an
open quantum system into the (quasi-)time-crystalline behavior, its critical exponents, and its
parameter survival range—it may conceal quantum correlations that persist under finite-size
conditions and that can affect the dynamical behavior of the system. While exact diagonaliza-
tion can serve this purpose for small system sizes being limited by insufficient numerical power,
a unified and practically useful analytical framework that can reliably capture the long-time
dynamics of CTCs (and CQTCs) in finite-size systems is still required. Such a study has been
carried out for the case of continuous time crystals in collective spin systems, which we will
briefly discuss in the following section [92].
Let us summarize what defines a continuous time crystal and a continuous quasi-time crystal,
and then provide a formal definition in terms of the Liouvillian. The first condition for an open
quantum system to be considered a continuous time crystal is that the system must possess a
continuous time-translation symmetry but exhibit, via an order parameter O(t) = tr(Oρss), a
periodic oscillation; for a continuous quasi-time crystal, the oscillation must instead be aperi-
odic. The second condition is that the periodic or aperiodic oscillation should exist over a wide
range of parameters and without fine-tuned Hamiltonians. Furthermore, it is worth mention-
ing that the robustness of a CTC phase refers to the persistence of a periodic evolution in the
thermodynamic limit, and not necessarily to the rigidity of its period. The main difference with
respect to Floquet systems is that, there, since one is breaking a discrete symmetry, rigidity is
intimately related to the period of the driving; in our case, by contrast, since the dynamics is
time-invariant, such a timescale is not present, and the period of oscillation is allowed to change
within the symmetry-broken phase. This is a direct analog of the fact that, in spatial crystals,
the spatial periodicity can be changed by changing the particle-particle interaction. The last
condition is that the periodic or aperiodic oscillation must persist indefinitely in the thermody-
namic limit. Hence, let us define all these conditions in terms of the Liouvillian [28, 93]:

CTCs Liouvillian definition:

An open quantum system whose dynamics is governed by a GKSL master equation with a time-
independent Liouvillian L is said to exhibit continuous time-crystalline behavior if L satisfies:

1. At least one eigenvalue different from 0 must be purely imaginary in the thermodynamic
limit. The imaginary eigenvalues of the low-lying Liouvillian excitations are organized into
bands, separated by a fundamental frequency.

2. The imaginary band structure must be present over a wide range of parameters. Further-
more, the period of oscillation is allowed to change depending on the system parameters.

3. The dissipative gap ∆ must be equal to zero in the thermodynamic limit.

In the case of continuous quasi-time crystals, we would like to emphasize that it is perhaps
too “soon” to define this phase solely on the basis of the Liouvillian spectral properties (the
non-commensurability of the purely imaginary eigenvalues) since this can also correspond to
aperiodic oscillations without necessarily implying chaotic dynamics, and more hindsight on
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this newly identified phase of matter is needed.
Furthermore, we can define the continuous time-crystalline phase based on the correlation func-
tion in the thermodynamic limit define in section 4.1, C∞

M (t) [34, 94]:

Correlation-based definition of continuous time crystals:
Continuous time crystals are defined by the persistence of a finite order parame-
ter, C∞

M (0) > 0, together with persistent oscillations of the correlation function, i.e.
C∞
M (t) = C∞

M (t+ T ) with T the periodicity of the oscillation.

An important comment about dissipative quantum systems that exhibit time-crystalline behav-
ior is that the majority of systems exhibiting this kind of behavior have been subjected to a
continuous external driving, so that it was the “competition” between driving and dissipation
that led to such behavior [28, 94, 95]. However, very recently, a dissipative time crystal without
external driving has been proposed [96]. Indeed, the authors provide a theoretical mean-field
analysis of a spin-1/2 Heisenberg XYZ model subjected to dissipation, in which each spin un-
dergoes an incoherent downward-flipping process, such that the dynamics of the system can be
described by the GKSL master equation.
The concepts of continuous time crystals and continuous quasi-time crystals are not confined to
the theoretical stage, since continuous time crystals have been observed experimentally. They
can be observed in the form of a limit-cycle phase exhibited by an observable in the context
of open quantum systems. Thus, while limit cycles are well established in classical nonlinear
physics [97], there are two essential conditions for limit cycles in open quantum systems to
form a CTC. Firstly, the formation of the limit cycle must be associated with the spontaneous
breaking of continuous time-translation symmetry; that is, the relative temporal phase of the
oscillations takes random values between 0 and 2π across repeated realizations [30]. Secondly,
the limit-cycle phase must be robust against temporal perturbations of a technical or funda-
mental character, such as quantum noise and, for open systems, fluctuations associated with
dissipation [30]. Thus, a limit-cycle phase has been observed in a continuously pumped dissipa-
tive Bose–Einstein condensate of Rb87 atoms placed inside a transversely pumped high-finesse
optical cavity operating in the recoil-resolved regime [30]. The time-crystalline behavior mani-
fested as emergent oscillations in the intracavity photon number.
A more recent realization has been observed in spin gases [29]. A laser polarizes Rb87 atoms,
which then transfer their energy to polarize Xe129 gas inside a magnetic field. A second laser
measures the xenon’s state and uses these data to constantly adjust the system through a mag-
netic feedback loop. This feedback mechanism induces nonlinear interactions between Xe129

atoms, which are essential for the generation of CTCs. Furthermore, by controlling the mag-
netic field, they observed a dynamical phase characterized by quasi-periodic oscillations and
random temporal phases, indicating the emergence of a continuous time quasi-crystal for the
first time. The oscillations manifest as persistent limit-cycle oscillations of nuclear spins, with
coherence times exceeding several hours.
In what follows, we present the first system found to exhibit this kind of behavior, namely a
continuously driven-dissipative collective spin system. Afterwards, we will present continuous
quasi-time-crystallinity in two coupled continuously driven-dissipative collective spins.

4.2.2 Driven dissipative collective spin system

To see the properties discussed in the previous section in application, we study the boundary
time crystal presented by Imeni et al. [28], where the Hamiltonian is given by

H = ω0S
x, (4.40)

60



and such that the dynamics of the open quantum system can be described by the following
GKSL master equation (ℏ = 1)

ρ̇ = L(ρ) = −i [H, ρ] + κ

S
(S−ρS+ − 1

2
{S+S−, ρ}), (4.41)

where Sα = 1
2

∑N
j=1 σ

α
j , with α = x, y, z, consist of a collection of N spin-1/2 particles whose

dynamics is governed by collective spin operators satisfying the commutation relation [Sα, Sβ] =
iεαβγSγ . Here, σαj are the Pauli matrices acting on spin j, and S = N/2 is the total spin. The
operators S± = Sx ± iSy are the collective raising and lowering operators. The Hamiltonian H
characterizing the unitary dynamics of the system can be interpreted as a continuous drive, with
ω0 the driving frequency. This kind of model can emerge from a periodically driven system, where
the explicit time dependence of the drive can typically be removed by performing a rotating-wave
approximation for a suitable driving frequency, yielding a time-independent description. Such a
time-independent Hamiltonian remains physical when the driving frequency is high enough that
the system can no longer resolve individual oscillation cycles, allowing one to effectively treat
the driving as continuous. The dissipative part of the Liouvillian describes a collective spin-
lowering process in the z direction, arising from the coupling of the system to its environment,
with effective decay rate κ. At non-zero temperature, the latter is proportional to 1 + n(T ),
where n(T ) is the thermal occupation number, which vanishes at T = 0K. Moreover, we must
therefore add an additional non-unitary term, identical to the one in Eq. (4.41) but with S+

and S− exchanged and with an effective dissipative rate proportional to n(T ). It characterizes
a collective spin-raising process in the z direction, through which the system absorbs energy
from its environment. We will see in the following that the relevant dynamics of the system is
not affected by this additional term, except that the relevant parameter is no longer κ but the
difference between the two dissipative rates, which can simply be regarded as a renormalization
of κ when only the dissipative term in Eq. (4.41) is considered.
We should emphasize that the total spin of the system is conserved, since [S2, Sα] = [S2, S+] =
[S2, S−] = 0, and that it is a strong symmetry of the system. Since S2 is a strong symmetry
of the dynamics, the Liouvillian L block-diagonalizes in the respective spin-J eigenbases, such
that L =

⊕
J LJ . Therefore, the dynamics is constrained within each spin-J subspace. The

maximum angular-momentum value J = S = N/2 corresponds to the totally symmetric Dicke
subspace, while lower values of J correspond to asymmetric subspaces. The spin-J irreducible
representation has dimension 2J + 1.

Mean-field analysis
The dynamics of this system in the thermodynamic limit S → ∞ can be well understood using
mean-field theory. Indeed, we can first derive the evolution of the expectation value of any
operator O of the system within the Heisenberg picture:

d⟨O⟩
dt

=
d

dt
Tr (Oρ) = Tr([H,O]ρ) +

κ

2S
Tr
((
[S+, O]S− + S+[O,S−]

)
ρ
)
, (4.42)

where we have used the cyclic property of the trace to arrive at this result. Then, if we are
interested in the evolution of the collective spin Sα, we find

d

dt
⟨Sx⟩ = κ

2S
(⟨SxSz⟩+ ⟨SzSx⟩+ ⟨Sx⟩)

d

dt
⟨Sy⟩ = − ω0⟨Sz⟩+

κ

2S
(⟨SySz⟩+ ⟨SzSy⟩ − ⟨Sy⟩)

d

dt
⟨Sz⟩ = ω0⟨Sy⟩ −

κ

S

(
⟨(Sx)2⟩+ ⟨(Sy)2⟩+ ⟨Sz⟩

)
.
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In the thermodynamic limit, we can define the rescaled macroscopic spin operatormα = ⟨Sα⟩/S,
with the commutation relation [mα,mβ] = iεαβγmγ/S. Hence, when S → ∞, these operators
commute and the quantum correlations between them vanish, so that ⟨mαmβ⟩ ≈ ⟨mα⟩⟨mβ⟩.
The three equations above can therefore be written in the thermodynamic limit as

ṁx = κmxmz

ṁy = −ω0m
z + κmymz

ṁz = ω0m
y − κ

(
(mx)2 + (my)2

)
,

(4.43)

where the mean-field dynamics is characterized by a set of coupled nonlinear differential equa-
tions. Since the total spin is a conserved quantity of the system, at the mean-field level this
means that (mx)2 + (my)2 + (mz)2 = m2 is conserved, since correlations are assumed to vanish.
We can associate each of the spin-J subspaces with the mean-field total angular-momentum
value m = J/S. The states with m < 1 belong to the asymmetric angular-momentum sectors,
whereas the states with m = 1 belong to the symmetric Dicke subspace, which is the case we
will consider for the moment. Hence, we can find the steady state of the system by solving the
system of differential equations (4.43) with the time derivatives set to zero. By doing so, we find
two distinct phases for the steady state.
In the case ω0/κ < 1, there are two steady states

(mx,my,mz) =

(
0,
ω0

κ
,±
√
1−

(ω0

κ

)2)
, (4.44)

and when we insert these two solutions into the Jacobian matrix J = ∂ṁα/∂mβ:

J =

 κmz 0 κmx

0 κmz −ω0 + κmy

−2κmx ω0 − 2κmy 0

 , (4.45)

the positive solution is characterized by two positive eigenvalues and one zero eigenvalue, which
tells us that this steady state is unstable, whereas the negative solution is characterized by two
negative eigenvalues and one zero eigenvalue, which tells us that this steady state is stable,
thereby leading to a unique steady state for the long-time dynamics.
In the case ω0/κ > 1, there are again two steady states

(mx,my,mz) =

±

√
1−

(
κ

ω0

)2

,
κ

ω0
, 0

 , (4.46)

and when we insert these two solutions into J given in (4.45), we find the same eigenvalues for
both solutions, namely λ1 = 0 and λ2,3 = ±i

√
ω2
0 − κ2. Thus, on crossing the critical point

at ω0/κ = 1, we observe neither the standard pitchfork bifurcation (in which a stable fixed
point becomes unstable and two stable fixed points are born) nor a Hopf bifurcation (in which
a fixed point turns into a limit cycle attracting the system to a periodic orbit). The phase
space consists of two families of periodic trajectories circulating around each of the steady-state
solutions (4.46). Moreover, the dynamics has a periodicity T = 2π/

√
ω2
0 − κ2.

Hence, when ω0/κ < 1, the classical description tells us that the system is in a melted phase,
meaning that its dynamics converges to a unique steady state, whereas when ω0/κ > 1, the
system is in the CTC phase, so that its infinite-time dynamics exhibits persistent periodic
oscillations. We can visualize this by examining the phase portrait obtained from the dynamics
in spherical coordinates, corresponding to the parametrization [98]

m = (sin θ cosφ, sin θ sinφ, cos θ), (4.47)

62



with the dynamics constrained to the surface of the Bloch sphere. Figure 4.6a shows the phase
portrait when ω0/κ < 1, where the repulsive and attractive fixed points can be seen. Figure 4.6b
shows the phase portrait when ω0/κ > 1, where the two periodic orbits around the two fixed
points can be clearly observed. Furthermore, the oscillation is around mz = 0.

(a) (b)

Figure 4.6: Phase portraits obtained by solving the set of differential equations (4.43). (a)
ω0 = 0.5 and κ = 1 with the unstable steady state (green square) m = (0, 1/2,

√
3/2) and the

stable steady state (green point) m = (0, 1/2,−
√
3/2) (cos θ = ±

√
3/2 and φ/π = 1/2). (b)

ω0 = 1.5 and κ = 1 with the two fixed points at the center of the periodic orbits (green points)
m = (±

√
3/2, 1/2, 0) (cos θ = 0 and φ ≈ {0.7297, 2.4119}).

Finite-size analysis
Having explored the classical limit of the system, we now turn to a full quantum description. To
this end, we will examine the spectral properties of the Liouvillian, as well as the dynamics of the
system for different finite system sizes. We should emphasize that the following computations of
the Liouvillian spectrum and of the dynamical behavior have been carried out by restricting the
system to the symmetric Dicke subspace, so that the Hilbert space of the system has dimension
N + 1 rather than 2N .
In Figure 4.7a, we can see the Liouvillian spectrum for the phase ω0/κ < 1 while in Figure 4.7b,
it corresponds to the phase ω0/κ > 1, for N = 40. In the melted phase, the spectrum is gaped
and the eigenvalues with the largest real parts have no imaginary part. However, the spectrum
in the CTC phase converges to the imaginary axes and the eigenvalues with the largest real parts
have a non-zero imaginary part. A more detailed analysis can be seen in Figure 4.7c. Indeed,
the evolution of the seven eigenvalues with the smallest real parts in the CTC phase is depicted
as a function of the system size N . We can see that the real parts of all the eigenvalues seem to
converge to zero in the thermodynamic limit, following a power law with different rates. In Fig-
ure 4.7d, the imaginary parts converge when the system size increases to form bands separated
by a fundamental frequency Γω0/κ, which depends on the parameters ω0 and κ. In fact, these

bands are separated by the oscillation frequency
√
ω2
0 − κ2 of mz found previously in the mean

field analysis depicted by the distance between the red dashed lines. These properties of the
spectrum are responsible for the appearance of the time-periodic evolution that lasts indefinitely
in the thermodynamic limit and does not require a specific choice of initial conditions. These
features satisfy the definition of a CTC that we proposed.
In Figure 4.8, we can observe the time evolution of the correlation function CM (t) in the CTC
phase. In the context of this system, the normalized order parameter is ⟨Sz⟩/S and the corre-
lation function is therefore given by

CM (t) =
⟨Sz(t)Sz(0)⟩ss

S2
. (4.48)
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(a) (b)

(c) (d)

Figure 4.7: Eigenvalues of the Liouvillian given by Eq. (4.41) (a) in the strong dissipation
regime ω0/κ = 0.5 and (b) in the weak dissipation regime ω0/κ = 1.5. (c) Finite-size scaling of
Liouvillian eigenvalues in the CTC phase. The eigenvalues λj are ordered according to increasing
real part, |Re(λj)| ≤ |Re(λj+1)|, with j = 0 corresponding to the zero eigenvalue. The real parts
scale to zero as a power law of the inverse system size N . (d) The imaginary parts exhibit a
band structure with a fundamental frequency separation represented by the distance between
the red dashed lines that correspond to the frequency given by the mean-field analysis. For a
fixed excitation threshold (selecting only eigenvalues such that j2/N ≤ 0.025), the band width
remains finite in the thermodynamic limit.

Hence, as the size of the system increases, we see that the periodic oscillation of CM (t) persists
for longer and longer times, whereas in the mean-field limit the periodic oscillation must persist
indefinitely. Moreover, the period of the oscillation predicted by the mean-field limit, which is
given by the distance between the two red dashed lines, agrees with that obtained in the full
quantum description, so that we expect the frequency to be independent of the system size.
An additional property exhibited by continuous time crystals is the behavior of the steady-state
quantum fluctuations of the order parameter ⟨Sz⟩. In this context, it can be defined as

F 2 =
⟨(Sz)2⟩ss − ⟨Sz⟩2ss

S2
. (4.49)

This quantity measures the normalized fluctuations of Sz around its steady-state mean, and thus
characterizes the strength of quantum fluctuations of the magnetization along the z-direction.
For CTCs, it has been observed that this quantity behaves as

F 2 = C∞
M (0)S, (4.50)

implying a linear divergence with the total spin value S [25, 94]. We therefore computed F 2 as
a function of S and we observe that this scaling is also observed in the present CTC, as shown
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Figure 4.8: Time evolution of CM (t) given by Eq. (4.48) for different system size N = 20,
N = 40, N = 60 and N = 100. The persistence of the periodic oscillation increase with N .

in Figure 4.9a. This indicates that the integrated fluctuations of Sz are extensive, i.e., they
scale with the number of degrees of freedom rather than remaining bounded. Such a divergence
signals the presence of strong, system-wide correlations rather than purely local fluctuations.
In Figure 4.9b, the equal-time correlation function CM (0) converges to a finite value, which
is C∞

m (0) in the thermodynamic limit. This asymptotic value is indicated by the red dashed
line and corresponds to the slope of F 2 in Figure 4.9a, thereby confirming the relation given in
Eq. (4.50).

(a) (b)

Figure 4.9: Evolution of the quantum fluctuations F 2 given by Eq. (4.49) as a function of the
size of the system N . F 2 grows linearly with N .

Comments
While the results presented here constitute the basic properties of a continuous time crystal,
there are several comments we can make in order to go further in the description of continuous
time crystals in driven collective spin systems.

One might wonder about the effect of perturbations in the unitary part of the dynamics, and
therefore consider a Hamiltonian of the form:

H = ω0S
x +

ωx
S
(Sx)q +

ωz
S
(Sz)p, (4.51)
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with p, q ∈ N+. For instance, let us consider for the moment the case p = q = 2. In the
mean-field limit, we can derive the set of differential equations for the macroscopic observables
mα:

ṁx = −2ωzm
ymz + κmxmz

ṁy = 2(ωz − ωx)m
xmz − ω0m

z + κmymz

ṁz = 2ωxm
xmy + ω0m

y − κ
(
(mx)2 + (my)2

)
.

(4.52)

When we consider the case ωx = 0 in the CTC phase (ω0/κ > 1), by setting the derivatives to
zero and m = 1, we find the following fixed points:

(mx,my,mz) =

0,
κ

ω0
,±

√
1−

(
κ

ω0

)2
 , (4.53)

and

(mx,my,mz) =

(
2ωzω0√
κ2 + 4ω2

z

,
κω0

κ2 + 4ω2
z

,±

√
1− ω2

0√
κ2 + 4ω2

z

)
. (4.54)

For the last two fixed points (4.54) to exist, the condition
√
κ2 + 4ω2

z ≥ ω0 must hold, which
sets the threshold for the survival of the CTC phase [28]. This tells us that the CTC phase
remains stable even for a non-zero value of ωz.
However, when we consider the case ωx ̸= 0, this has the effect of improving the stability of
the time crystal, as can be seen from the phase portraits displayed in Figure 4.10. As we can
see, when ωz is below the threshold (

√
κ2 + 4ω2

z ≤ ω0), the two periodic orbits are preserved
in the phase portraits, whereas when ωz exceeds the threshold, one of the two periodic orbits
breaks, becoming a stable steady state toward which some initial states converge. However, for
the same value of ωz, as we increase ωx we recover the two periodic orbits, which shows how ωx
stabilizes the CTC phase [28, 98].
In Ref. [98], the authors performed a detailed mean-field study, supported by a finite-size anal-
ysis, of the quantum model of a p, q-spin interaction system—a generalized p-spin interaction
system—which is the collective driven spin system described by equation (4.41) with the Hamil-
tonian (4.51) and ω0 = 0. Hence, based on symmetry considerations, they identified two condi-
tions that determine for which forms of perturbation in the Hamiltonian (4.51), together with
collective dissipation, such a system still exhibits a CTC phase:

• Symmetry: A CTC phase exists only for even values of p, while q can be either even or
odd [98]. Indeed, the Hamiltonian must possess a Z2 symmetry generated by G =

∏
j σ

x
j ,

which commutes with the Hamiltonian (4.51) but acts as GS±G† = S∓ on the jump
operators. This corresponds to an effective switch of the preferred alignment of the spins.
Thus, the dissipative part breaks the Z2 symmetry of the system.

• Collective dissipation: The mean-field dynamics of the p, q-spin interaction system
displays CTC behavior only in the presence of collective dissipation [98]. If we instead
consider a set of jump operators S± =

∑Ns
i σ±i with Ns ≤ N , time-crystallinity is lost.

In the latter case, S2 is no longer a strong symmetry of the system. We therefore expect
that the total spin must remain a conserved quantity for such a system to exhibit a CTC
phase.

However, we should emphasize that these conditions apply only to driven-dissipative spin sys-
tems. Indeed, the breaking of a discrete symmetry is not necessary, as in the dissipative Bose–
Hubbard model of Ref. [99], where the system possesses a Z2 strong symmetry that is therefore
not broken by the dissipation. Moreover, a CTC can be induced by local dissipation through
long-range interactions [94].
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(a) (b)

(c)

Figure 4.10: Phase portraits obtained by solving the set of differential equations (4.52), (a) for
ω0 = 1.5, κ = 1, ωx = 0 and ωz = 0.5, (b) for ω0 = 1.5, κ = 1, ωx = 0 and ωz = 0.6, (c) for
ω0 = 1.5, κ = 1, ωx = 0.5 and ωz = 0.5. The continuous time crystal remain stable for ωz ̸= 0
and is stabilized by increasing ωx.

The continuous time crystals corresponding to driven-dissipative collective spin systems have
mostly been studied within the symmetric Dicke subspace. A first reason why studies are re-
stricted to this subspace is the collective nature of the system, which is characterized by a
permutational symmetry that is a strong symmetry of the underlying open quantum system.
Moreover, as already mentioned, S2 is a strong symmetry of the Liouvillian in Eq. (4.41), which
reduces the dimension of the relevant Hilbert space from 2N to N + 1, making it possible to
study the system in the thermodynamic limit via a mean-field approximation. However, in
reference [100], the authors investigated the effect of including the asymmetric subspaces on
the dynamics of CTCs in a driven-dissipative spin model. They found that the inclusion of
asymmetric subspaces leads to time-crystal behavior even when ω0/κ is less than one. Another
result they found is that taking the asymmetric subspaces into account leads to multistability:
depending on the parameter values, the system can exhibit either a time-crystal or a melted
phase for different initial states. A similar result was also observed in the p, q-spin interaction
system for p = 2, q = 1, for instance [98].

A final comment about this CTC is that its analysis has been restricted to a classical treatment
via a mean-field approximation for N → ∞, or to numerical simulations of small finite systems.
More precisely, mean-field theory fails to predict the long-time dynamics of the system, since
it sustains undamped oscillations, which are unachievable for a realistic finite-size system [101].
On the other hand, studies of the dynamical behavior including finite-size effects are limited in
system size, owing to insufficient numerical performance and to the lack of an analytical solution
for the dynamics. Hence, Liu et al. [92] developed an effective approach, called the stroboscopic
rotating-wave approximation, which provides a good approximation to the state describing the
long-time evolution of boundary time crystals under strong driving. This approach divides the
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system evolution into long-time evolution at stroboscopic points and short-time evolution be-
tween adjacent stroboscopic points. Thus, they were able to provide analytical expressions for
the dynamics of ⟨Sz⟩, its decay rate, and the steady state in the strong-driving regime.

4.2.3 Two coupled driven dissipative collective spin systems

Now that we have presented an open quantum system that exhibits spontaneous breaking of the
continuous time-translation symmetry into robust periodic oscillations, let us present a system
that can exhibit spontaneous breaking of the continuous time-translation symmetry into chaotic
oscillations, which can be referred to as a CQTC.
We consider a system consisting of two coupled driven-dissipative collective spins, evolving under
the unitary dynamics characterized by the following Hamiltonian

H = Ω(SxA + SxB) +
Γ

2S
(S+
AS

−
B + S−

AS
+
B ), (4.55)

where the parameter Γ determines the strength of the coherent coupling between the subsystems
and the parameter Ω is the driving frequency of the two subsystems when uncoupled (Γ = 0).
Hence, the addition of the dissipative dynamics yields the following GKSL master equation
(ℏ = 1)

ρ̇ = −i [H, ρ] + κ

S
D[S−

A ]ρ+
κ

S
D[S+

B ]ρ, (4.56)

where κ is the decay (excitation) rate for subsystem A (B). The operators (Sj)
2, with j = A,B,

are strong symmetries of the dynamics, which means that the total spin is a conserved quantity
in both subsystems. Thus, as for the CTC described in the previous section, we restrict our
analysis to the totally symmetric Dicke subspace, such that S = N/2 for both subsystems. This
system has been studied in depth in Refs. [32, 33], and we will present here the main results.

Mean-field analysis
For any generic operator O, we can write the Heisenberg evolution of its expectation value,
associated with the system (4.56), as

d

dt
⟨O⟩ = iTr([H,O]ρ) +

κ

2S
Tr
((
S+
A [O,S

−
A ] + [S+

A , O]S−
A + S−

B [O,S
+
B ] + [S−

B , O]S+
B

)
ρ
)

(4.57)

If we consider the above equation for the collective spin components Sαj with α = x, y, z and j =
A,B, then, in the thermodynamic limit, we can define the rescaled macroscopic spin operators
mα
j = ⟨Sαj ⟩/S and, using the same arguments as in the mean-field analysis of the previous

section, derive the following set of differential equations in the thermodynamic limit

ṁA
x = κAm

A
xm

A
z + ΓmA

z m
B
y ,

ṁA
y = −ΩmA

z + κAm
A
ym

A
z − ΓmA

z m
B
x ,

ṁA
z = ΩmA

y − κA

[(
mA
x

)2
+
(
mA
y

)2]
+ Γ(mA

ym
B
x −mA

xm
B
y ),

(4.58)

where κA = κ. The same equations hold for subsystem B, swapping the indices A and B, with
κB = −κ.
A relevant tool for revealing chaotic behavior of this system in the classical limit is the largest
Lyapunov exponent (LLE)2, which is defined as the limit of the logarithmic rate of separation
of two initially close trajectories in phase space

ΛL = lim
d0→0

lim
t→∞

1

t
ln
(d(t)
d0

)
, (4.59)

2The LLE is the largest of the Lyapunov exponents, whereas LE refers to the full set of Lyapunov exponents
associated with the different directions in phase space.
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where d0 is the initial distance between the two trajectories and d(t) is the distance at time
t [97, 102]. Depending on the value taken by ΛL, we can distinguish different behaviors:

• ΛL < 0 : Nearby trajectories converge exponentially. The system evolves toward a stable
fixed point. The dynamics is non-chaotic.

• ΛL = 0 : Nearby trajectories neither converge nor diverge exponentially. This corresponds
to neutral stability, typical of limit cycles and periodic orbits. In our context, it corresponds
to CTCs.

• ΛL > 0 : Nearby trajectories diverge exponentially in time. The system is sensitive to
initial conditions and exhibits chaotic behavior. In our context, it corresponds to CQTCs.

Furthermore, ΛL refers to a single initial state. Thus, we denote by ⟨ΛL⟩ the average LLE
over different initial states. In the following, we consider initial states of the form m =
(α, β,

√
1− α2 − β2), so that |m| = 1, with α, β ∈ [−1, 1]. The variables α and β are jointly uni-

formly distributed over a disk of radius a, meaning that their joint probability density function
is

p(α, β) =
1

πa2
. (4.60)

Figure 4.11 represents the phase diagram of the LLE of the nonlinear system (4.58) over different
values of the parameters Ω, Γ, and κ. Panel (a) corresponds to the phase diagram for the initial
state α = β = 0, while panels (b) and (c) show the phase diagram averaged over different initial
states, with a = 0.1 and a = 1, respectively. Let us focus on panel (a) to examine the different
regimes.
The blue region in the bottom left of the figure corresponds to the melted phase, with a negative
value of ΛL, meaning that the system converges to a stable steady state.
The first CTC region, in the upper right, described by ΛL = 0, corresponds to the CTC described
in the previous section, with the phase transition at Ω/κ = 1 when there is no coupling (Γ = 0).
Thus, this CTC survives when we add a small coupling, but the dynamics becomes quasi-
periodic. In the middle of the figure, there is a new CTC region where neither the driving Ω nor
the coupling Γ dominates. In this region, the macroscopic z-spin component mz

A of subsystem
A oscillates around a non-zero value, while mz

B oscillates around zero.
Then, there is a red region—the one of interest in this section—characterized by a positive value
of ΛL, meaning that the dynamics does not converge to a fixed point. Instead, the system sustains
persistent oscillations that remain non-periodic. This behavior originates from the competition
between two distinct ordering mechanisms encoded in the set of differential equations (4.58),
which become relevant in this parameter regime. On the one hand, one contribution favors
oscillations involving both mx and my. On the other hand, the competing term tends to enforce
oscillatory dynamics restricted primarily to the y-z plane. As the relative strength of these
contributions becomes comparable, the system is subjected to competing and non-commensurate
ordering tendencies. This frustration between the two mechanisms ultimately leads to chaotic
dynamics, giving rise to a CQTC regime.
We can see in panels (b) and (c) of Figure 4.11 that all the regimes remain clearly visible even
when we average over many initial conditions, although they appear smeared out, which confirms
the robustness of the phase diagram with respect to the choice of initial state.

Finite size analyzis
In Ref. [32], the authors performed a dynamical analysis of the system (4.56) to go beyond the
mean-field analysis for large finite system sizes, by introducing the truncated Wigner approxi-
mation (TWA) for open quantum spins. The first step is to rewrite the master equation (4.56)
in terms of bosonic operators by performing the Schwinger-boson transformation [103, 104] on
the collective spins of subsystems A and B. The TWA is then a technique to transform the time
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Figure 4.11: Largest Lyapunov exponent ΛL versus Γ and Ω. (a) Initial conditions mz
j = 1 and

mx,y
j = 0 for all j. (b) Averaged over 50 random initial conditions with a = 0.1, (c) with a = 1.

Reprinted from Ref. [33].

evolution of the bosonic system into a set of stochastic (Itô) differential equations. While the
derivation of these equations is not of interest here, the numerical results are, and can be seen in
Figure 4.12. Panels (a) and (b) show the dynamics of the average z-spin component, ⟨mz

A⟩ and
⟨mz

B⟩ respectively, for different finite system sizes obtained using the TWA, together with the
mean-field dynamics for subsystems A and B, in the CQTC phase (Ω/κ = 2 and Γ/κ = 1.4).
We can see that the CQTCs approach the mean-field limit as the system size is increased within
the TWA. The advantage of the TWA is that it is expected to capture correlations beyond the
mean-field ones. However, only quantum fluctuations at the lowest order in ℏ are included. We
emphasize that the TWA also works in the CTC regime of this system. In panel (c), the Fourier
transform of the dynamics of ⟨mz

A⟩ shown in (a) is computed over a time κt = 102, while in
panel (d) it is computed over a time κt = 103. The chaotic behavior manifests itself as a broad,
random distribution of frequencies.

Figure 4.12: (a,b) Chaotic evolution of subsystems A and B over time obtained using mean-field
dynamics (black line) and the TWA (color lines), for Γ/κ = 2 and Ω/κ = 1.4. (c,d) Normalized
emission spectrum corresponding to the dynamics of mz

A shown in (a). The spectrum in (c)
is obtained from the Fourier transform over a time interval κt = 102, while (d) corresponds to
κt = 103. Reprinted from Ref. [32].

Let us check whether this CQTC satisfies the conditions on the Liouvillian spectrum given in
section 4.2.1. In Figure 4.13, the left panels show the evolution of the imaginary parts of three
different eigenvalues λ1, λ2, and λ3 as a function of the system size S, while the right panels
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show the evolution of the real parts of the same three eigenvalues. We can see that the real parts
of the three eigenvalues approach zero in the thermodynamic limit, with different decay rates
dk. As for the imaginary parts, it can be observed that those of these three eigenvalues take
incommensurate values in the thermodynamic limit, since Im[λ∞3 ]−Im[λ∞2 ] ̸= n Im[λ∞3 ]−Im[λ∞1 ]
for any integer n. Hence, these observations confirm the closing of the spectral gap, together
with incommensurate purely imaginary eigenvalues, for the CQTC phase.

Figure 4.13: Spectrum of the Liouvillian given by Eq. (4.56) in the chaotic phase. Scaling of the
imaginary (a,c,e) and real (b,d,f) parts of three distinct eigenvalues λ1, λ2, and λ3 as a function
of the system size SA = SB = S. The data are fitted using the scaling forms introduced in Fig. 5.
We use Γ/κ = 2 and Ω/κ = 1.4. The imaginary parts are fitted with Im[λSk ] = Im[λ∞k ]+ ak

S + bk
S2 ,

where Im[λ∞k ] denotes the extrapolated thermodynamic limit S → ∞. The real parts are fitted
using Re[λSk ] = ckS

−dk , where dk characterizes the finite-size scaling and indicates the vanishing
of Re[λk] in the thermodynamic limit. Reprinted from Ref. [32].

4.3 Time glasses

If we summarize, for the moment, the different concepts of time crystals that we have in open
quantum systems, we first saw in Section 4.1 that the concept of the discrete time crystal has
been generalized, even with the introduction of dissipation, where the discrete time-translation
symmetry can be broken into robust and persistent subharmonic oscillations in the thermody-
namic limit.
We then saw the concept of the continuous time crystal in open quantum systems in Sec-
tion 4.2, where the continuous time-translation symmetry can be broken in a non-equilibrium
quantum system through the competition between continuous driving and dissipation, which
induces robust and persistent periodic oscillations in the thermodynamic limit. In parallel, we
also introduced the concept of the continuous quasi-time crystal, which is characterized by the
breaking of continuous time-translation symmetry such that the open quantum system exhibits
robust and persistent aperiodic oscillations and, most importantly, chaotic behavior.
An interesting question now is the following: if we return to a dissipative open quantum system
subjected to periodic driving, is it also possible to find a phase in which the system breaks the
discrete time-translation symmetry such that it exhibits robust and persistent aperiodic oscilla-
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tions and chaotic behavior, as an analog of the continuous quasi-time crystal but in a periodic
system? The answer is yes; this was introduced and described theoretically very recently by T.
Haiga, leading to the concept of time glasses [34].
In this section, we will therefore present the main properties of time glasses and their signatures,
as presented in Ref. [34], and study a simple system exhibiting this kind of behavior, which is
a kicked collective spin system, by performing a mean-field analysis and studying its quantum
properties in the finite-size case.

4.3.1 Properties

We begin by emphasizing that the content of this section is entirely based on Ref. [34], as time
glasses constitute a recently proposed non-equilibrium phase of matter.
The time glass extends the idea of discrete time crystals by replacing subharmonic oscillation
with aperiodic oscillation and chaotic dynamics. In this phase, the microscopic constituents re-
main synchronized but the collective order parameter evolves in an irregular and unpredictable
manner. Despite its chaotic nature, this behavior is remarkably robust: the characteristic
timescale of the dynamics increases with system size, allowing the chaotic motion to persist
indefinitely in the thermodynamic limit. As a result, the time glass represents a minimal and
physically realizable example of macroscopic chaos, combining collective synchronization with
sustained chaotic temporal evolution. The difference with continuous quasi time crystals and
time glasses is that for the latter the system is subjected to a periodic driving such that is has
a discrete time translation symmetry.
Since the thermodynamic limit is time and again the appropriate framework to describe spon-
taneous symmetry breaking, mean-field theory is again an easy framework to work with to
describe the property of the relevant observables thanks to deterministic non-linear differential
equations which provide us nice identification of the different phase and its transitions point,
the critical exponents and an easy first study of the chaotic behavior of the system thanks to
classical chaotic theory already well known.
Furthermore, we can characterize the behavior of time glasses through the correlation function.
Hence, by using the autocorrelation function C∞

M (t) in the thermodynamic limit, we can char-
acterize time glasses:

Correlation-based definition of time glasses:
Time glasses are characterized by a nonzero equal-time correlation function, C∞

M (0) >
0, while their temporal correlations decay at long times, C∞

M (t) → 0 as t→ ∞. This
contrasts with discrete time crystals, which display persistent subharmonic oscillations.
The decay in time glasses results from the chaotic dynamics that governs the evolution
of the order parameter.

In the case of a Floquet open quantum system, we can focus only on the stroboscopic evo-
lution to facilitate the analyzes, via the Floquet propagator, of an observable O associated
with an operator O acting as an order parameter such that the stroboscopic evolution in the
Heisenberg picture is given by

O(nT ) = (E†
F )

nO, (4.61)

and the corresponding stroboscopic correlation function is

CM (nT ) = ⟨O(nT )O(0)⟩ss = Tr
[
O(EnFOρss)

]
. (4.62)

The correlation function provides a useful tool, as for discrete time crystals, to characterize the
dynamical behavior of time glasses and to distinguish them from other phases such as discrete
time crystals, static ordered states, and disordered phases. A central question is how time
glasses can be identified from the structure of their Floquet spectrum and, more generally,
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from their spectral properties. A key feature of the time glass phase is the coexistence of
spontaneous symmetry breaking with a finite spectral gap. This is particularly unusual, since
in typical many-body systems symmetry breaking is accompanied by a closing of the gap. In
open quantum systems described by a Lindblad master equation, for instance, symmetry-broken
steady states are generally associated with a vanishing Floquet gap ∆F in the thermodynamic
limit. Thus, the time glass phase exhibits symmetry breaking while maintaining a nonzero gap,
making this behavior a distinctive and robust signature of the phase. Time glasses exhibit a
fundamentally different spectral structure. Their dynamics is characterized by chaotic temporal
fluctuations, leading to a continuous Fourier spectrum.
The relevant relaxation timescale, denoted τrel, quantifies the duration over which these chaotic
oscillations persist. Remarkably, this timescale increases only logarithmically with system size,
τrel ∼ lnN . At first sight, the divergence of τrel in the thermodynamic limit appears to contradict
the presence of a finite Floquet gap, since a nonzero gap typically implies exponential relaxation
with a finite characteristic timescale set by the inverse gap. This apparent paradox is resolved
by distinguishing between asymptotic relaxation and transient dynamical behavior. While ∆F

governs the ultimate approach to the steady state, the observed relaxation time can be strongly
influenced by system-size dependent overlaps with slow modes (coefficients). In particular, if
the projection of the initial state onto eigenmodes with small decay rates increases with system
size, the effective relaxation time may grow significantly, even in the presence of a finite spectral
gap.
These are the main properties exhibited by time glasses, and we will therefore present a simple
kicked collective spin system that exhibits this kind of behavior, as developed in Ref. [34].

4.3.2 Discrete quasi time crystals

Before studying the kicked collective-spin system, we briefly discuss discrete quasi-time crystals.
In particular, one may wonder why this phase is not referred to as a discrete quasi-time crystal,
by analogy with continuous quasi-time crystals. In fact, this is because this nomenclature has al-
ready been used and is already quite ambiguous whether it be in closed or open quantum system.
While most papers define a discrete quasi-time crystal as a system with discrete time-translation
symmetry whose response further breaks the time-translation symmetry of the drive, exhibit-
ing robust and persistent aperiodic oscillations in the thermodynamic limit [36, 87, 105], other
works use the term differently. In particular, some papers refer to discrete quasi-time crystals as
systems subjected to an aperiodic drive that nevertheless display a periodic response [106, 107],
or a distinct aperiodic response [108]. However, it is not related to any kind of chaotic behavior.
If we refer to the most common definition of discrete quasi time crystal, the property of the
system that exhibits this kind of behavior must possess quite the same property as that of a dis-
crete time crystal (see section 4.1 for a reminder). Indeed, the discrete quasi time crystal phase
is also characterized by a limit cycle or an aperiodic orbit around a stable state in the phase
space but the oscillations of the order parameter are aperiodic. In this case it leads to a discrete
Fourier spectrum composed of sharp Bragg-like peaks. Furthermore, the signature of discrete
quasi time crystals based on the correlation function CM (t) are almost the same as discrete
time crystals except that CM (t) must exhibit aperiodic oscillations and not subharmonic oscil-
lations. Last but not least, the Floquet spectrum of a discrete quasi time crystal must contain
eigenvalues in the peripheral spectrum of the Floquet map whose phases are incommensurate.
The interference between these modes then gives rise to aperiodic oscillations. In addition, the
system must exhibit a Floquet dissipative gap that closes in the thermodynamic limit. Hence it
is instructive to contrast this behavior with that of time glasses briefly discussed in the previous
section in order to clearly distinguish between them.
We have therefore chosen to focus primarily on time glasses, in which the aperiodicity of the
response is synonymous with chaotic behavior, rather than on discrete time quasi crystals, whose
concept is rather unclear in the literature and which do not really exhibit properties or behaviors
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richer than those of discrete time crystals, except that they exhibit aperiodic oscillations.

4.3.3 Kicked dissipative collective spin system

A simple system exhibiting a time glass phase is a collective spin system subjected to a periodic
sequence of instantaneous kicks rather than a continuous drive. Its Hamiltonian is

H = ωzS
z +

ωxx
S

(Sx)2
∑
n

δ(t− nT ), n ∈ Z, (4.63)

where S = N/2 denotes the total spin, ωz is the frequency associated with the energy splitting
of the underlying two-level system, and ωxx characterizes the strength of the kicks. The system
receives an instantaneous kick every period T ; throughout this work, we set T = 1. As before,
our analysis is restricted to the symmetric Dicke subspace. The dissipative dynamics is described
by the usual GKSL master equation (ℏ = 1),

ρ̇ = L(ρ) = −i[H, ρ] + κ

S

(
S−ρS+ − 1

2
{S+S−, ρ}

)
. (4.64)

This model possesses the strong S2 symmetry, implying conservation of the total spin quantum
number, as well as a weak Z2 symmetry corresponding to a rotation by π about the z-axis. The
stroboscopic evolution is therefore characterized by the following Floquet map

EF = e−iωxx(Sx)2/SeLeiωxx(Sx)2/S . (4.65)

Mean-field analysis
As already discussed, in the thermodynamic limit S → ∞ we can define the macroscopic spin
observables mα = Sα/S, such that, in the mean-field limit, the dissipative dynamics of the
macroscopic spin observables is governed by a set of nonlinear differential equations:

ṁx = −ωzmy + κmxmz,

ṁy = ωzm
x + κmymz,

ṁz = −κ
(
(mx)2 + (my)2

)
.

(4.66)

These equations of motion preserve the norm of the spin vector m, and we take |m| = 1, so that
the dynamics remains confined to the surface of the Bloch sphere. The coherent contribution
associated with the term ωz generates a precession around the z-axis, whereas the dissipative
terms controlled by κ progressively align the spin along the negative z direction. Consequently,
the state m = (0, 0,−1) acts as an attracting fixed point, while m = (0, 0, 1) is unstable.
To determine the effect of the periodic kick, it is useful to introduce an auxiliary time variable
(t ∈ [0, 1]) and to interpret the kick as a continuous unitary evolution governed by

ρ̇ = −i
[ωxx
S

(Sx)2, ρ
]
. (4.67)

The transformation induced by a single kick is then obtained by integrating this equation over
the interval (t ∈ [0, 1]). In the mean-field limit, the corresponding equations for the macroscopic
spin observables mα take the form

ṁx = 0,

ṁy = −2ωxxm
xmz,

ṁz = 2ωxxm
xmy.

(4.68)
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These equations also preserve the norm of the spin vector m. They describe a rotation around
the x-axis with an angular velocity proportional to ωxx. As a result, points located in the
hemispheres mx > 0 and mx < 0 rotate in opposite directions, producing a nonlinear twisting
of the Bloch sphere around the x-axis. One period of the stroboscopic evolution is obtained by
first evolving the system under the dissipative dynamics for one unit of time and subsequently
applying the kick evolution.
Figure 4.14 shows the bifurcation diagrams of the macroscopic spin observables mα as a function
of the parameter ωxx. It has been computed by integrating the dynamics of Eq. (4.66) for a
time t0 = 1, then the dynamics of Eq. (4.68) for a time t1 = 1, and so on periodically, while
discarding the transient dynamics, for ωz = π/2 and κ = 1. We can distinguish three different
dynamics:

• ωxx ≲ 1.5 : The system relaxes to the stable fixed point m = (0, 0,−1). This corresponds
to a disordered phase in the x-y plane.

• 1.5 ≲ ωxx ≲ 2.3 : The system undergoes spontaneous symmetry breaking, and a subhar-
monic period-2 limit cycle emerges for the observables mx and my. This corresponds to a
discrete time-crystal phase.

• ωxx ≳ 2.3 : The system exhibits chaos, characterizing a time-glass phase.

(a) (b)

(c)

Figure 4.14: Bifurcation diagrams of the macroscopic spin observables: (a) mx, (b) my, and
(c) mz, as functions of the kick strength ωxx, for ωz = π/2 and κ = 1. The diagrams are
obtained from the stroboscopic dynamics generated by alternating evolution under Eq. (4.66)
for a duration t0 = 1 and under Eq. (4.68) for a duration t1 = 1. As ωxx increases, the system
undergoes a sequence of dynamical transitions from a stable fixed point to periodic limit cycles
via period-doubling bifurcations, and eventually to chaotic behavior.

In addition to the bifurcation diagrams, we can also compute the largest Lyapunov exponent
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(LLE) to detect chaos. To do so, we computed the latter with Mathematica using the standard
Benettin algorithm [109]. Two initially nearby trajectories are evolved according to Eq. (4.66)
during time t0 = 1 and then according to Eq. (4.68) during time t1 = 1 such that one period of
the dynamic is T = t0 + t1. After discarding an initial transient to ensure convergence to the
asymptotic dynamics, the distance dn between the trajectories is measured after each forcing
period T . The quantity ln(dn/d0) is recorded, where d0 denotes the initial separation. The
perturbed trajectory is then renormalized along the separation vector to restore the distance d0,
and the procedure is iterated. The Lyapunov exponent is finally estimated as

ΛL =
1

KT

K∑
n=1

ln

(
dn
d0

)
, (4.69)

where K is the number of periods used for averaging after the transient has been removed.
Hence, in Fig. 4.15a, we compute a phase diagram of the LLE as a function of ωz and ωxx for
κ = 1, starting from the initial condition mx = 1 and my,z = 0. The black dashed line indicates
the parameter path along which the LLE shown in Figure 4.15b was evaluated with ωz = π/2.
Along this path, the LLE remains negative in the region corresponding to the stable fixed-point
phase and approaches zero at the critical point where the bifurcation diagram in Figure 4.14
signals the transition to the discrete time crystal (DTC) phase. Upon further increasing ωxx,
the LLE becomes positive at the transition between the DTC phase and the chaotic phase, again
in agreement with the bifurcation analysis of Figure 4.14.
More generally, the phase diagram in Figure 4.15a clearly reveals the presence of the three
distinct dynamical regimes. These regions are separated by the white regions corresponding
to vanishing LLE. In particular, the transition between the static phase and the discrete time-
crystal phase is given by the black curve, which encode the relation between the critical values
ωcz and ωcxx,

ωcz = arccos

(
− coshκ√
1 + (ωcxx)

2

)
− arctan(ωcxx). (4.70)

This relation follows from a linear stability analysis of the steady fixed point: it locates the pa-
rameters at which the fixed point loses stability through a period-doubling bifurcation, signaling
the onset of the subharmonic period-2T response that characterizes the discrete time crystal.
Furthermore, this relation is defined for ωcxx > sinh(κ). For the particular value ωz = π/2,
Eq. (4.70) reduces to the critical point

ωcxx =
e2κ + 1

2eκ
= coshκ, (4.71)

in agreement with the value given in Ref. [34]. Hence, the diagram demonstrates that both
the discrete time crystal phase and the time-glass phase persist away from the special point
ωz = π/2, indicating that these phases exist over a finite range of parameters.

Finite size system analysis
Let us now investigate the behavior of this system outside the thermodynamic limit by consid-
ering finite-size effects.
We can start by analyzing the behavior of the correlation function applied to this system. Here,
we will define the order parameter as ⟨Sx⟩/S, such that the correlation function is given by

CM (t) =
⟨Sx(t)Sx(0)⟩ss

S2
, (4.72)

and let us look at its behavior when we increase the system size S in Figure 4.16, for different
values of the kick-intensity parameter ωxx. Figures a, b, and c correspond to kick strengths
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(a) (b)

Figure 4.15: (a) Phase diagram of the LLE ΛL as a function of ωz and Ω, for κ = 1 and initial
conditions mx = 1, my,z = 0. The different dynamical regimes (stable fixed point, discrete
time crystal, and time glass) are separated by the white curves corresponding to vanishing LLE.
The black curve corresponds to the transition between the static order and the discrete time
crystal order given by Eq. (4.70). (b) Evolution of the LLE as a function of ωxx for ωz = π/2,
corresponding to the black dashed line in panel (a).

ωxx = 1, 2, and 3, respectively. According to the bifurcation diagram in Figure 4.14, Fig-
ures a, b, and c correspond to the disordered phase, the discrete time-crystal phase, and the
time-glass phase, respectively.
Hence, in Figure 4.16a, we can observe that CM (t) decays as ∝ S−1 when we increase S,
which is confirmed by the decay of CM (0) in Figure 4.16d. As a result, we can conclude that
C∞
M (t) = 0, ∀t, which is a signature of the disordered phase.

In Figure 4.16b, CM (t) exhibits subharmonic period-2 oscillations whose persistence increases
as S increases. Moreover, in Figure 4.16d, we can see that CM (0) ̸= 0 and remains constant as
S increases. We can conclude that C∞

M (t) must exhibit persistent period-2 subharmonic oscilla-
tions at infinite time, and that C∞

M (0) ̸= 0 in the thermodynamic limit, which is a signature of
the discrete time-crystal phase (see section 4.1).
In Figure 4.16c, CM (t) decreases immediately for all S, and we can observe in Figure 4.16d that
CM (0) ̸= 0 and remains constant as S increases. We can conclude that C∞

M (t) = 0 for t ̸= 0 and
C∞
M (0) ̸= 0 in the thermodynamic limit, which is a signature of the time-glass phase.

Let us now analyze the spectral properties of the Floquet map characterized by Eq. (4.65). We
begin by examining the Floquet spectrum of the kicked collective spin. Figure 4.17 shows the
eigenvalues {λα} of the Floquet map for ωxx = 1 (Figure 4.17a-c), ωxx = 2 (Figure 4.17d-f), and
ωxx = 3 (Figure 4.17g-i).
For ωxx = 1, where the classical limit supports a stable fixed point, the Floquet gap converges to
a nonzero, finite value as S grows, as indicated by the red arrow. The eigenvalue λ1 shifts only
slightly with increasing S, which makes this convergence apparent. The remaining eigenvalues
λα (α > 1) likewise appear to settle toward definite values in the limit S → ∞.
For ωxx = 2, corresponding to the discrete time-crystal phase, λ1 → −1 as S → ∞, as the red
arrows indicate. This limit signals that the system develops period-2 subharmonic oscillations,
in accordance with the definition of discrete time crystals in section 4.1.
For ωxx = 3, corresponding to the time-glass phase, the data indicate that the Floquet gap stays
non-zero as S → ∞. We note that, for both ωxx = 2 and ωxx = 3, the eigenvalues λα (α > 1)
show no clear tendency to converge to definite values up to S = 32.
Focusing now on the discrete time-crystal phase for ωxx = 2, we can clearly see in Figure 4.18b
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(a) (b)

(c) (d)

Figure 4.16: Time evolution of the correlation function CM (t), given by Eq. (4.72), for (a) the
disordered phase (ωxx = 1), (b) the discrete time-crystal phase (ωxx = 2), and (c) the time-glass
phase (ωxx = 3). (d) Evolution of CM (0) as a function of S for ωxx = 1, 2, 3. Data obtained
from the GitHub repository provided in Ref. [34].

that the Floquet gap ∆F decreases exponentially as a function of S, tending to 0 in the thermo-
dynamic limit, in accordance with the property of discrete time crystals defined in section 4.1.
This behavior is in contrast to the case ωxx = 1 in Figure 4.18a, where ∆F appears to tend to
a finite value in the thermodynamic limit. Furthermore, in the time glass phase, we can clearly
observe in Figure 4.18c that the Floquet gap tends to a finite value
Figure 4.18d shows how the Floquet gap ∆F evolves with the kick strength ωxx for increasing
system size S. For ωxx ≲ 1.5, the gap remains pinned close to unity and is essentially indepen-
dent of S: this is the disordered phase, where a single stable fixed point governs the dynamics
and the gap stays finite. As ωxx increases past the dashed line, the gap collapses, and over the
window where ∆F → 0 the finite-S curves converge onto the classical result. This vanishing gap
is the signature of the discrete time-crystal phase. For larger ωxx, the gap reopens and does not
close cleanly but instead remains finite, corresponding to the chaotic behavior of the time-glass
phase. The boundaries between these three regimes coincide with the transitions seen in the
bifurcation diagrams of Figure 4.14.
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Figure 4.17: Spectrum λα of the Floquet map of the kicked collective spin system given by
Eq. (4.65). Panels (a)-(c) show the spectra for kick strength ωxx = 1 with S = 8, 16, and 32,
respectively. Panels (d)-(f) show the spectra for kick strength ωxx = 2, and panels (g)-(i) for
ωxx = 3. In all cases, the remaining parameters are fixed at ωz = π/2 and κ = 1. Reprinted
from Ref. [34]

.
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(a) (b)

(c) (d)

Figure 4.18: Evolution of the Floquet gap ∆F as a function of S with (a) ωxx = 1, (b) ωxx = 2
and (c) ωxx = 3 , with κ = 1 and ωz = π/2. (d) Floquet gap ∆F of the Floquet map given
by Eq. (4.65), as a function of the kick strength ωxx, with S = 32, 64, 128, and 256. The
dashed vertical line marks the critical kick strength at which the fixed point loses stability and
a limit cycle appears given by Eq. (4.71). Data obtained from the GitHub repository provided
in Ref. [34].
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Conclusion

The aim of this thesis was to give a unified and pedagogical overview of the different time
crystals that arise in open quantum systems. We close by retracing the path we followed and
by indicating where the most promising open questions lie.

We began with discrete time crystals in closed quantum systems. The intention there was
not to give an exhaustive technical treatment, but rather a reasonably complete conceptual
picture, enough to make the subsequent transition to open systems natural. The core idea is
that a discrete time crystal extends the principle of spontaneous symmetry breaking into the
time dimension: under a periodic drive, an interacting many-body system spontaneously breaks
the residual discrete time-translation symmetry and responds at a subharmonic of the driving
frequency, in a way that is rigid against perturbations and persistent in the thermodynamic
limit. Its very existence is a response to the no-go theorems that forbid time crystals in equilib-
rium: by leaving equilibrium through periodic driving, and by relying on a mechanism such as
many-body localisation to avoid the generic heating of Floquet systems, time-crystalline order
becomes possible as a genuine non-equilibrium phase of matter, with appealing prospects as a
robust resource for quantum memory and metrology. This closed-system picture, however, is
an idealisation: any realistic platform is coupled to an environment, which is precisely what
motivated the rest of this work.

Table I: Comparative table between DTC and prethermal DTC in closed quantum systems.

We therefore turned to open quantum systems, focusing on the Markovian regime governed by
the Gorini–Kossakowski–Sudarshan–Lindblad (GKSL) master equation, and we developed the
associated tools, the Liouville-space formulation and the spectral analysis of the Liouvillian,
that the analysis of dissipative time crystals requires.

With this framework in place, we entered the core of the thesis. We first treated discrete
time crystals (DTC) in open quantum systems, presenting their defining properties and a precise
definition built on the correlation function of the order parameter and on the spectrum of the
Floquet map. We then generalised the dephasing spin qubit of Ref. [71] to larger spins. These
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systems provide a useful introduction to a fully quantum, rather than mean-field, description
of DTCs in open quantum systems. They also show that dissipation can, in a certain sense,
remove the need for many-body interactions in order to obtain time-crystalline behaviour. At
least from the standpoint of Ref.[71], a discrete time crystal may emerge in a system without
many-body interactions, with dissipation playing a role analogous to that played by interactions
in the closed-system case.

We next presented continuous time crystals (CTC) and continuous quasi time crystals
(CQTC). For the CTC, a mean-field treatment reduces the order-parameter dynamics to a
set of nonlinear differential equations, and the phase is defined through the correlation func-
tion together with the spectrum of the Liouvillian, the signature being the emergence of purely
imaginary eigenvalues in the thermodynamic limit, corresponding to a stable limit cycle. The
CQTC is a much more recent notion and still calls for further study before a fully satisfactory
definition can be settled. We argued that the natural characterisation should likewise rest on
the Liouvillian spectrum and the correlation function, and it may ultimately parallel the one
that applies to time glasses, for the moment, however, the analysis relies mainly on the Fourier
spectrum of the dynamics and on the mean-field description. We illustrated both phases through
reference systems, a driven collective spin for the CTC [28] and two coupled driven, dissipative
collective spins for the CQTC [32, 33], in order to exhibit their characteristic signatures and
properties.

We then introduced the very recent concept of the time glass [34], which can be understood
as the Floquet (periodically driven) counterpart of the CQTC. We presented its properties and
a definition based on the correlation function and the spectrum of the Liouvillian, and we em-
phasized the distinction from the discrete quasi time crystal: in a discrete quasi time crystal the
temporal order is aperiodic yet regular, whereas in a time glass it is genuinely chaotic. Finally,
for a reference kicked collective-spin model [34], we contributed an original mean-field analysis
in the form of a phase diagram of the largest Lyapunov exponent. This diagram demonstrates
that both the time-glass and the discrete-time-crystal orders of this system are robust over an
extended region of parameter space, rather than being confined to fine-tuned points, the hall-
mark, as throughout this work, of a genuine phase rather than an accidental resonance and
presented the finite size analyzes also.
Several directions naturally extend the present study. A first is to move beyond the Markovian,
GKSL setting and to ask how each of these phases behaves under non-Markovian system–
environment coupling, where memory effects of the bath may either protect or degrade the tem-
poral order, as performed in Ref. [25]. A second is to deepen the understanding of these phases
as resources, in particular for quantum metrology and sensing [21, 110], quantum clocks [111],
and to sharpen the still-incomplete definitions, most notably that of the continuous quasi time
crystal.

A further, avenue concerns time-crystalline order that does not require the thermodynamic
limit. Recent works have shown that systems endowed with a strong dynamical symmetry, in the
time-independent case, and with a Floquet dynamical symmetry, in the driven case, can sustain
persistent oscillations even at finite size [112]: the undamped oscillation is then protected by
the symmetry structure, which guarantees purely imaginary Liouvillian eigenvalues regardless
of system size, rather than by a collective effect emerging only in the thermodynamic limit.
This mechanism offers an attractive route to robust temporal order in small, experimentally
accessible systems. We note that a discrete time crystal has already been proposed along the
Floquet-dynamical-symmetry line [113], but in our view it remains limited: the discrete time
crystal appears only for fine-tuned parameters, whereas away from fine-tuning the robust phase
is rather a discrete quasi time crystal.

Taken together, these results follow a single thread. The spontaneous breaking of time-
translation symmetry, forbidden in equilibrium, becomes possible out of equilibrium, and dis-
sipation, far from being merely a source of decoherence, emerges as a constructive ingredient
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Table II: Comparative table of time crystals in open quantum systems.

that can stabilize, and even create, temporal order. What results is a rich and still-expanding
landscape of phases of matter in time, periodic, quasiperiodic, and chaotic, whose classification
and physical realization remain a vivid and open field.
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[66] J. H. Shirley, Phys. Rev. 138, B979 (1965).

[67] C. Delaive, Dynamical tunneling in time crystals, Unpublished master’s thesis, Université
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[94] Z. Wang, R. Gao, X. Wu, B. Buča, K. Mølmer, L. You, and F. Yang, Phys. Rev. Lett.
135, 230401 (2025).
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