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Abstract

The whirl flutter phenomenon is one of the main concerns when designing aeroelastic structures such

as tiltrotor or pylon-propeller systems. First identified by Taylor and Browne in 1938, whirl flutter

is a self-excited dynamic aeroelastic instability. It is driven by the coupling between the gyroscopic

effects induced by the rotating propeller and the aerodynamic forces acting on the propeller blades.

Due to the gyroscopic coupling, two modes appear, namely the forward and backward whirling modes.

Depending on the configuration, their stability behaviour can differ.

This work aims to design a small-scale whirl flutter demonstrator in order to support the val-

idation of a finite element-based numerical method for whirl flutter prediction, currently under de-

velopment at the University of Liège. In particular, the present work investigates the whirl flutter

behaviour of two configurations that differ by their source of flexibility. The first one considers a

flexible pylon, while the second one considers a rigid pylon with linear traction springs. The results

are obtained using an analytical method, which relies on several assumptions and uses a quasi-steady

aerodynamic approach.

For both configurations, the results are obtained for the APC 15.75x13-3 propeller, with a

rotational speed of 2000 rpm and free-stream velocities ranging from 7 m/s to 13 m/s. They show

that only the backward whirling mode leads to whirl flutter, while the forward mode remains stable.

Both configurations are compared, and the spring-based one appears to be more convenient from

an experimental point of view, since the flexible pylon exhibits significant static tip deflection and

rotation.

Finally, experimental procedures for the flexible pylon configuration are presented, and all the

components are described in detail. The motor-pylon connection is designed, while the motor-propeller

link is also discussed. Additionally, the propeller rotational speed control is described through the use

of a pulse-width modulation device.
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Chapter 1. Introduction

1.1 Context and motivations

In the mid-2010s, urban air mobility started to gain importance in the transport sector. Indeed,

large cities are facing increasing mobility and infrastructure problems, due to rapid urbanisation and

population growth. Additionally, urbanisation contributes to pollution, traffic jams and congestion,

leading to a negative impact on the population.

Therefore, mobility in cities needs to be reconsidered in order to reduce congestion and enable faster

and more convenient travel between different points within a city [1]. During the last 15 years, many

studies have been conducted on urban air mobility, confirming the growing interest in this technology

as a potential solution to improve urban mobility [2]. Figure 1.1 represents the evolution of the number

of scientific publications on urban air mobility over the years, from 2010 to 2024.
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Figure 1.1: Evolution of the number of scientific publications over the years, from 2010 to 2024,
reproduced from [3].

One possible solution is the use of electric vertical take-off and landing (eVTOL) aircraft.

Equipped with distributed propulsion systems, this type of aircraft is capable of transporting pas-

sengers or goods within and around urban areas. Figure 1.2 shows two examples of such aircraft

configurations.
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(a) eVTOL Joby Aviation S4, carrying four
passengers and one pilot, with six electric mo-
tors powering tilting propellers, with a maxi-
mum range of 214 km and a maximum speed
of 321 km/h [4].

(b) eVTOL EH216, developed by EHang, car-
rying two passengers, with sixteen indepen-
dent rotors, with a maximum range of 35 km
and a maximum speed of 135 km/h [5].

Figure 1.2: Joby Aviation S4 and EH216 eVTOL aircraft configurations [4, 5].

Although the present work does not focus directly on urban air mobility, this context highlights

the growing importance of propeller-driven and distributed propulsion systems, for which aeroelastic

stability remains a critical design concern. Due to their distributed propeller systems, such aircraft

may be subjected to aeroelastic instabilities, as is also the case for helicopters, tiltrotors, and classical

propeller systems.

Aeroelasticity is therefore one of the main concerns when designing aeronautical structures. It

considers the interaction between the incoming flow and the structure, which is critical for the stability

of a body within a fluid. Based on Collar’s work, aeroelastic problems can be divided according to

three types of forces: elastic, aerodynamic, and inertia forces. He defined a triangle, known as Collar’s

triangle, representing these forces and the interactions between them [6]. The triangle is represented

in Figure 1.3.
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Aerodynamic
forces

Inertia forcesElastic forces
Structural
dynamics

Flight mechanics
Static

aeroelasticity

Dynamic
aeroelasticity

Figure 1.3: Aeroelastic Collar’s triangle, reproduced from [6, 7].

For aircraft structures, both dynamic and static aeroelastic instabilities can occur. In the scope

of this work, static instabilities are not discussed. In particular, this work focuses on whirl flutter, a

dynamic aeroelastic instability that can occur in propeller-driven configurations.

The word whirl describes the precession of the propeller rotational axis around its equilibrium position,

while flutter denotes a dynamic aeroelastic instability caused by the coupling between aerodynamic

forces and structural motion.

This whirl flutter instability was first identified by Taylor and Browne in 1938 [8]. When studying

vibrations in aircraft structures, they discovered a low-frequency precession that became unstable due

to aerodynamic effects. At this stage, the phenomenon had not yet been named whirl flutter, but the

observations correspond to the first known description of this instability.

Nevertheless, based on their work, this self-excited vibration was unlikely to occur in practical aircraft

structures, as long as a small amount of friction was present. Therefore, it was only possible to observe

this instability for structures intentionally built without significant friction [8].

A few years later, in 1945, Ribner based his work on Lanchester’s findings that a propeller in yaw

generates a side force [9]. Thus, he identified propeller aerodynamic derivatives due to motions and

velocities in the yaw and pitch directions. These quantities are key parameters for determining the

whirl flutter behaviour of the structure as a function of the aerodynamic parameters.

Nevertheless, it was only after the accidents involving the Lockheed L-188 Electra, a four-engine

turboprop airliner, in 1959 and 1960 that this previously unnamed instability attracted renewed at-

3



CHAPTER 1. INTRODUCTION

tention [7]. These accidents enabled whirl flutter to be studied in depth for turboprop and tilt-rotor

aircraft, as well as for helicopters.

For aircraft configurations, propeller whirl flutter is defined as a dynamic instability occurring in a flex-

ibly mounted aircraft engine-propeller combination [10]. It involves a coupling between aerodynamic

and gyroscopic forces, resulting in a precession motion of the propeller rotational axis. Following both

accidents, engineers decided to build an experimental model of the aircraft in order to identify the key

parameters contributing to this instability [10]. A picture of this reduced-scale experimental model is

shown in Figure 1.4.

They observed propeller whirl flutter at high forward speeds and for sufficiently low engine support

stiffnesses. Such low stiffnesses can occur, for example, when the engine support structure is damaged.

In the undamaged condition, the aircraft appeared to be safe with respect to whirl flutter [11].

Figure 1.4: Reduced-scale experimental model of the Lockheed L-188 Electra aircraft in the NASA
Langley wind tunnel facilities [11].

Since that time, whirl flutter has become an important concern for wind turbines, aircraft and

helicopter applications. Additionally, many analytical methods have been developed for the prediction

of the whirl flutter behaviour of aeronautical structures. Some of them are presented in the analytical

methods state of the art in Section 2.2.

1.2 Thesis objectives

The first objective of this work is to implement an analytical method in order to describe the aeroelas-

tic behaviour of a pylon-propeller structure. This method allows the whirl flutter stability boundaries

of the system to be predicted as functions of the free-stream velocity and the pitch and yaw stiffnesses

of the pylon. Then, the method is applied to a realistic case, using real propeller geometry and perfor-

mance, in order to obtain physically interpretable quantities. Two different theoretical configurations
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are studied in order to compare their behaviour and assess their practical feasibility.

Finally, based on the analytical results, the second objective is to develop the preliminary design

of an experimental setup allowing the observation of whirl flutter for well-defined operating conditions

identified by the analytical method. This setup is designed to validate a finite element-based numerical

method currently under development at the University of Liège [12]. However, this numerical method

is not used for the experimental design in the present work, for which the analytical approach is

preferred.

The final goal is to define and design in detail all the components required for a cost-effective small-

scale demonstrator.

1.3 Thesis outline

First, Chapter 2 introduces the whirl flutter aeroelastic instability by providing a detailed physical

description. It also gives an overview of existing analytical methods, whirl flutter experimental demon-

strators, and some numerical approaches used for aeroelastic stability prediction.

Then, Chapter 3 presents the complete analytical method, from the derivation of the equations of

motion to the identification of the whirl flutter modes.

Using the elements defined in this chapter, two possible setup configurations are analysed in Chapter 4.

For both configurations, the influence of several model parameters, such as stiffness and free-stream

velocity, is investigated. Their whirling nature is verified and their ability to lead to whirl flutter is

studied. Additionally, a comparison between both configurations is also provided.

Furthermore, Chapter 5 describes in detail the experimental procedures and the setup components

for one of the configurations. This chapter therefore provides a practical application of one of the

analytical models presented in Chapter 4.

Finally, Chapter 6 concludes the thesis and presents possible future work to continue this study.
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Chapter 2. State of the art

This chapter introduces the whirl flutter phenomenon and its main physical mechanisms. It also

presents analytical methods that have been used in the past to characterize the whirl flutter behaviour

of propeller systems. Methods involving different numbers of degrees of freedom are discussed, to-

gether with comments on existing aerodynamic formulations, ranging from quasi-steady to unsteady

models. Finally, existing experimental setups are presented and some numerical approaches are briefly

discussed.

2.1 Whirl flutter physical description

Whirl flutter is a self-excited dynamic aeroelastic instability that can occur, for instance, in propeller

systems. It emerges from the coupling between gyroscopic effects induced by the rotating propeller

and the aerodynamic forces acting on the propeller blades.

The physical mechanism of whirl flutter can be understood using a simplified model, in which a

propeller with rigid blades is mounted on a pylon that is flexible in both pitch and yaw.

Without propeller rotation and without aerodynamic forces, the pylon has two distinct modes in the

pitch and yaw planes. These modes vibrate independently, without coupling. They are represented in

Figure 2.1 [7, 13].

(a) Independent pitch mode. (b) Independent yaw mode.

Figure 2.1: Independent pitch and yaw modes of a non-rotating rigid four-bladed propeller not sub-
jected to aerodynamic force, adapted from Reed [10].

The whirling motion appears when the propeller has a non-zero rotational speed. The two pre-

viously independent modes then become coupled, due to gyroscopic effects, leading to the appearance

of two natural precession modes.

6



CHAPTER 2. STATE OF THE ART

On the one hand, the frequency of one mode increases as the propeller rotational speed increases. On

the other hand, the frequency of the other mode decreases with the rotational speed. The first one is

called the forward mode, since its whirling direction is the same as the propeller rotation, while the

second is the backward mode, since it whirls in the opposite direction to the propeller. This is how

both whirling modes emerge: they are created through gyroscopic coupling. Both precession modes

are shown in Figure 2.2, where Ω denotes the rotational speed of the propeller.

Nevertheless, these modes are not necessarily unstable, since the onset of whirl flutter is caused by

the aerodynamic forces acting on the propeller blades [7, 13].

Even in the case of a perfectly symmetric system in terms of pitch and yaw stiffnesses, both whirling

modes do not have the same oscillatory frequency. In general, the backward mode corresponds to the

lower frequency, while the forward mode corresponds to the higher one [10].

Ω

(a) Backward precession mode.

Ω

(b) Forward precession mode.

Figure 2.2: Backward and forward precession modes with Ω the rotational speed of the propeller,
adapted from Reed [10].

Both modes are associated with complex eigenvalues, meaning that they are oscillatory modes.

In the ideal case, the pitch and yaw stiffnesses are equal, so that the whirling motion describes a

circular motion instead of an elliptical one. Additionally, a whirling mode is characterized by a ±90◦

phase shift between the pitch and yaw motions in the ideal symmetric case [7].

Furthermore, once the origin of the precession motion has been identified, the instability mech-

anism can be explained by introducing the aerodynamic forces.

When the pylon is whirling, the orientation of the propeller plane changes, which induces a variation

in the angle of attack of the blades. As a result, aerodynamic forces act on the propeller plane and can

drive the instability by transferring energy to the whirling motion. This mechanism can be understood

through a simple illustrative case. Considering a small pitch inclination θ of the propeller shaft due

to the pylon precessing motion, the incoming velocity has a cross-flow component Vθ with respect to

7
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the propeller disk. This situation is shown in Figure 2.3.

θ

V
θ V cosθVθ=

Pylon

Propeller
plane

Figure 2.3: Representation of the cross-flow component Vθ of the free-stream velocity V induced by a
pitch rotation θ of the propeller plane caused by the pylon whirling motion.

The blades on the ascending side experience a reduced relative velocity and a reduced angle of

attack, because the cross-flow velocity component decreases both quantities on this side. In contrast,

the cross-flow velocity component increases both the relative velocity and the blade angle of attack

for the blades on the descending side. When the lift force variations induced by these changes in

angle of attack and relative velocity are projected onto directions parallel and normal to the propeller

disk plane, and then integrated over one propeller revolution, they produce a resultant vertical force

and a yawing moment. The vertical force acts in a direction that increases the pitch angle, therefore

opposing the restoring force of the structural spring. A similar physical mechanism can be described

when an initial yaw angle ψ is considered [10].

In a manner similar to classical wing flutter, once the incoming flow velocity exceeds the critical

speed, the system becomes unstable. However, when considering a rigid-blade propeller, the backward

mode is the one expected to become unstable, while the forward mode remains stable [7, 13]. If the

blades are flexible, the forward mode can also become unstable [14]. Moreover, according to Reed, the

propeller thrust has only a small effect on the whirl flutter stability boundaries. He also states that,

for very low mounting stiffnesses, the system can exhibit static divergence [10].

2.2 Existing analytical methods

Several analytical methods exist and allow the behaviour of an aeroelastic structure to be predicted.

In this section, two historically important methods are presented, as they were established in the early

stages of whirl flutter studies.
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2.2.1 Two-degrees-of-freedom model

This two-degrees-of-freedom model is taken from the 1961 work of Reed and Bland [15]. This model

considers a rigid-blade propeller mounted on a pylon that is flexible in pitch and yaw. Therefore, the

two degrees of freedom are θ, the pitch angle, and ψ, the yaw angle. The system is represented in

Figure 2.4.

Figure 2.4: Representation of the idealized system used to derive the two-degrees-of-freedom model,
with pitch and yaw springs [15].

The equations of motion are derived from Lagrange’s principle. The Lagrange equation is written

as:
d

dt

(
∂T

∂q̇i

)
− ∂T

∂qi
+ ∂U

∂qi
+ ∂D

∂q̇i
= Qqi , (2.1)

where qi denotes the generalized coordinate, either θ or ψ, T is the kinetic energy, U is the potential

energy, D is a dissipation function and Qqi is the generalized moment associated with qi.

Assuming small pitch and yaw deflections around the gimbal axis, the total kinetic energy of

the system is given by [15]:

T = 1
2IX

(
Ω2 + 2Ωθ̇ψ

)
+ 1

2IY
(
θ̇2 + ψ̇2

)
(2.2)

where Ω is the rotational speed of the propeller, IX is the polar moment of inertia of the propeller

and IZ = IY are the moments of inertia of the complete system about the Z- and Y-axes.

The total potential energy of the system is given by:

U = 1
2Sθθ

2 + 1
2Sψψ

2, (2.3)
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where Sθ and Sψ are the rotational stiffnesses of the pitch and yaw springs, respectively.

By considering a damping force in phase with the oscillation velocity and proportional to the elastic

restoring force, the dissipation function is written as:

D = 1
2
Sθgθ
ω

θ̇2 + 1
2
Sψgψ
ω

ψ̇2, (2.4)

where ω is the oscillation frequency, and gθ and gψ are the damping coefficients of the uncoupled pitch

and yaw modes, respectively.

Furthermore, MY and MZ are the aerodynamic pitch and yaw moments of the propeller about the

gimbal axes, such that:

Qθ = MY and Qψ = MZ . (2.5)

By substituting these expressions into the Lagrange equation given in Equation 2.1, the equations of

motion become: 
IY θ̈ + IXΩψ̇ + Sθθ + Sθgθ

ω θ̇ = My

IY ψ̈ − IXΩθ̇ + Sψψ + Sψgψ
ω ψ̇ = MZ .

(2.6)

The aerodynamic pitch and yaw moments can be expressed as functions of the aerodynamic derivatives,

whose expressions are derived in the work of Reed and Bland [15]. However, these aerodynamic

derivatives are evaluated using Ribner’s method, originally derived in 1945 [16].

This two-degrees-of-freedom method already shows some relevant trends, such as the evolution of

stability boundaries with respect to thrust, Mach number, and yaw-to-pitch stiffness ratio Sψ
Sθ

.

2.2.2 Wing flexibility

In the model previously presented in Section 2.2.1, the propeller system was attached to a rigid wing.

Zwaan and Bergh studied the influence of wing flexibility on whirl flutter stability boundaries when

the propeller is attached to a flexible wing [17]. The considered system is represented in Figure 2.5,

where the wing flexibility is taken into account through wing bending and wing torsion.
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Propeller plane

Wing

Figure 2.5: Representation of the four degrees of freedom model, in which wing flexibility is taken into
account through wing torsion and bending, adapted from Cecrdle [7].

The model is not developed in detail here, but it follows the same principle as the two-degrees-of-

freedom model. First, the energies are expressed and then introduced into the Lagrange formulation of

Equation 2.1 in order to obtain the equations of motion [7, 17]. However, the aerodynamic interaction

between the propeller and the wing is neglected.

In general, wing flexibility appears to have a stabilizing effect on the whirl flutter behaviour of a

system, as shown in Figure 2.6. Nevertheless, for some configurations, it can reduce the whirl flutter

critical speed.

Figure 2.6: Whirl flutter stability boundaries of the four-degrees-of-freedom model, represented as the
pitch stiffness Kθ as a function of the yaw stiffness Kψ, for three different cases. Case A corresponds
to a rigid wing, case B to a wing flexible in bending, and case C to a wing flexible in both bending
and torsion [7].

It can be seen that the whirl flutter stable region increases for most stiffness values when wing

flexibility is taken into account. Point C in Figure 2.6 shows the interaction between the torsional
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mode, or the coupled bending torsional mode, and the propeller pitch motion, since these wing motions

involve a pitching motion of the propeller [7].

2.2.3 Other analytical methods

In addition to their number of degrees of freedom, analytical methods can also differ through their

aerodynamic model, which can for example be based on quasi-steady or unsteady assumptions. Un-

der the quasi-steady approximation, the flow adapts instantaneously to the propeller motion, thus

neglecting the time-dependent behaviour of the flow.

For instance, the quasi-steady method introduced by Houbolt and Reed uses a linearized ver-

sion of strip theory, which consists in dividing the blade into several radial sections [18]. They also

developed another model based on the same strip theory formulation, but including Theodorsen’s

function to model the unsteady lift lag. Theodorsen’s function is a complex function expressed in

the frequency domain used to construct circulatory aerodynamic forces resulting from the harmonic

oscillation of a flat plate in an incompressible flow. Several simplifications of this function are often

used in aerodynamic models [19].

Additionally, Wagner developed a model using the strip theory with airfoil polars, together with

Wagner’s function to model the unsteady lift lag. Wagner’s function is equivalent to Theodorsen’s

function, but formulated in the time domain rather than in the frequency domain [20, 21]. Wagner

also proposed a method combining the previously described Wagner formulation with blade element

momentum theory, in order to model the induced velocities [22–24].

2.3 Existing experimental setups

Several experimental setups have been designed and tested, each with its own goals and objectives.

They can be classified according to their scale. First, two medium-scale demonstrators are presented,

one of which corresponds to the first experimental whirl flutter study. Then, a small-scale demonstrator

is introduced. This setup is relevant to the present master thesis, since this work aims to design

a similar setup, at least in terms of size. Finally, several large-scale demonstrators are discussed,

approaching real full-scale tiltrotor aircraft systems.

2.3.1 Bland and Bennett model

In 1963, Bennett and Bland created one of the first experimental setups fully dedicated to the study

of whirl flutter. The objective of this setup was to validate existing analytical methods for whirl
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flutter prediction. They also aimed to highlight the influence of the wing on whirl flutter stability [25].

Pictures of both experimental rigs, with and without wing, are shown in Figure 2.7.

(a) Bland and Bennett whirl flutter test rig
without cantilever wing in the Langley wind
tunnel [17].

(b) Bland and Bennett whirl flutter test rig
mounted on a semi-span cantilever wing in the
Langley wind tunnel [17].

Figure 2.7: Both experimental setups of Bland and Bennett, with and without cantilever wing, in the
Langley transonic dynamics tunnel [25].

This setup was a 1/8-scale model and two different propeller shaft lengths were tested. The

propeller is mounted on a steel beam through a gimbal, and the engine was represented by a simulated

engine mass, since the propeller was operating in windmilling mode.

The pitch and yaw degrees of freedom were enabled by the gimbal. The model was restrained in pitch

and yaw by steel springs, which provided equal stiffnesses in both directions. The setup was equipped

with a nacelle cover, enclosing the gimbal, the propeller shaft, and the simulated engine mass.

As shown in Figure 2.7, the propeller had four identical aluminium blades. In order to measure the

angular accelerations about the gimbal axis, linear accelerometers were mounted on the simulated

engine mass. This measurement setup is depicted in Figure 2.8, where the nacelle cover is removed.

Figure 2.8: Representation of the measurement technique of the Bland and Bennett experimental test
rig in the Langley test tunnel, for which the nacelle cover is removed, allowing the view of the springs,
accelerometers, simulated engine mass and steel beam [25].
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All the tests were performed at Mach number below 0.25 and under atmospheric pressure. The

measured whirl flutter speeds and frequencies appeared to be close to the predicted values of the two-

degrees-of-freedom model presented in Section 2.2.1. Additionally, for the considered configuration,

the semi-span wing did not significantly change the whirl flutter boundaries [25].

2.3.2 W-WING demonstrator

Initially developed in 2014 for two experimental campaigns, the W-WING demonstrator regained

attention for whirl flutter experimental studies in 2022, when J. Cecrdle et al. modified and upgraded

it in the scope of the OFELIA project [26, 27]. This test rig allows several important parameters

influencing whirl flutter stability to be varied, which makes it relevant for research activities. A

representation of this aeroelastic demonstrator is shown in Figure 2.9.

(a) With the cover [26]. (b) Without the cover [28].

Figure 2.9: W-WING demonstrator before being modified by Cecrdle et al., shown with and without
the cover [26, 28].

This model is based on a 40-passengers commuter aircraft, but it is not fully representative due

to structural modifications. Its main parameters are listed in Table 2.1. The total mass of 55 kg

includes a simulated fuel weight. Duralumin spars with several cross-sections are used to build the

wing and to define the aileron stiffnesses. The system is covered by several plastic covering segments

in order to reproduce the aerodynamic shape of the model.

The pylon has two degrees of freedom, corresponding to yaw and pitch motions, and their stiffnesses

are represented by cross-spring pivots. Additionally, the engine inertia is modelled by movable masses,

whereas the wing dynamics can be modified through adjustable masses in order to simulate fuel weight

variations. Furthermore, the setup includes two different blade sets: one with duralumin blades and

one with steel blades [26].
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Parameter Value
Half-wing span 2.56 m
Wing weight 30 kg
Nacelle weight 25 kg
Propeller diameter 0.7 m
Number of blades 5

Table 2.1: Main parameters of the W-WING whirl flutter demonstrator [26].

In the scope of the OFELIA project, the motor was replaced in order to allow operation under

non-zero thrust conditions. As another example of the modifications, the connection between the

propeller and the motor was also redesigned.

2.3.3 Small-scale demonstrator

This small-scale whirl flutter demonstrator, presented at the International Forum on Aeroelasticity

and Structural Dynamics (IFASD) in Madrid in 2022, was developed by three engineers from the

University of Naples Federico II. It uses a multi-bladed windmilling propeller, and aims to identify

the pitch and yaw mode shapes when the propeller is at rest, as well as to verify the role of propeller

rotation in the emergence of whirl flutter. This rig exists in two versions: one with a two-bladed

propeller, and another one with a five-bladed propeller [29]. Representations of both versions are

shown in Figure 2.10.

(a) Two-bladed propeller [29]. (b) Five-bladed propeller [29].

Figure 2.10: Both two- and five-bladed propellers mounted on the small-scale test rig [29].

The propeller is connected to the shaft through bearings, and the shaft is assumed to represent

the inertia of the engine-nacelle system. Pitch and yaw motions are allowed by the use of a Cardan

joint, while the associated stiffnesses are introduced by connecting the shaft to a spring. These

stiffnesses can be varied by modifying the position of the aluminium plate. The spring can also be

replaced in order to adjust the stiffnesses. Additionally, both propeller diameters are equal to 0.25 m.
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The experimental results showed a good agreement with the analytical and numerical predictions.

In particular, when several parameters of the setup were varied, the obtained whirl flutter stability

boundaries remained consistent with the predicted trends [29].

2.3.4 NASA tiltrotor test rig (TTR)

Developed by NASA, the U.S. Army and the U.S. Air Force between 2007 and 2015, the NASA

tiltrotor test rig (TTR) is a recent large-scale tiltrotor test system involved in aeroelastic studies at

the National Full-Scale Aerodynamic Complex (NFAC). An experimental campaign started in March

2017. This experimental rig aims to acquire data from large-scale experiments under full NFAC

operational conditions, with speeds up to 555 km/h [30]. A picture of this test rig in the NFAC wind

tunnel is shown in Figure 2.11.

Figure 2.11: NASA tiltrotor test rig (TTR) in the NFAC wind tunnel facilities [30].

The model was tested up to 555 km/h in axial flight conditions, while the velocity was in-

creased up to 333 km/h for the tiltrotor conversion mode. The main characteristics of this large-scale

experimental setup are listed in Table 2.2.

Parameter Value
Total weight 27578.4 kg
Maximum rotor shaft speed 629.5 rpm
Rotor diameter 7.92 m
Total length 11 m
Continuous power during two hours 3.73 MW
Width (excluding vertical pylons) 2.16 m

Table 2.2: Main parameters of the NASA tiltrotor test rig (TTR) [30].

This is the first rig of such a size used for high-speed experimental analysis. It enabled the
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acquisition of a large set of aerodynamic and aeroelastic data, allowing further stability studies for

similar models.

2.3.5 Tiltrotor aeroelastic stability testbed (TRAST)

This tiltrotor whirl flutter stability testbed was developed by the U.S. Army and NASA and was tested

for the first time in 2021 in the NASA Langley transonic dynamics tunnel facilities [31]. A picture of

this test rig is shown in Figure 2.12.

Figure 2.12: Tiltrotor aeroelastic stability testbed (TRAST) in the NASA Langley transonic dynamics
tunnel facilities [32].

The objective of this experimental setup was to study the whirl flutter behaviour and stability

of a tiltrotor aircraft. The rig consists of a rigid fuselage attached to a semi-span wing, on which

a pylon-propeller system is mounted. The rotor is representative of a classical tiltrotor, for which

several parameters and stiffnesses can be varied in order to adapt the rig to new tiltrotor designs and

configurations. For example, springs, tuning masses, and interchangeable hubs can be modified in

order to represent the desired configuration [32].

Two thrust configurations were tested in the wind tunnel. First, the motor was used to prescribe the

rotational speed of the tiltrotor. Then, the rig was tested in the windmilling configuration, which is

the most conservative arrangement for whirl flutter experimental tests because it provides the lowest

stability margin [32].

In 2023, a second experimental campaign took place in order to quantify the influence of pitch-

flap coupling on whirl flutter stability for tiltrotors. Blade stiffness was also analysed, as well as

several spring stiffnesses. During these tests, the tiltrotor rotational speeds ranged from 727 rpm to

909 rpm [31]. Table 2.3 lists the main parameters of the tiltrotor aeroelastic stability testbed.
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Parameter Value
Tiltrotor diameter 2.44 m
Tiltrotor mass 2.84 kg
Maximum thrust 836 N
Wing length 1.34 m
Wing chord 0.46 m

Table 2.3: Main parameters of the tiltrotor aeroelastic stability testbed (TRAST) [32].

2.3.6 Advanced testbed for tiltrotor aeroelastics (ATTILA)

The ATTILA demonstrator is a European testbed mainly conducted by the Royal Netherlands Aerospace

Centre. It is a Froude-scale model, meaning that the Froude number is preserved between the model

and the full-scale prototype [33, 34].

This setup aims to demonstrate the validity of numerical methods used to obtain approval for high-

speed flight testing of the Leonardo next-generation civil tiltrotor technology demonstrator.

The ATTILA testbed is illustrated in Figure 2.13. It consists of a three-bladed gimballed rotor

mounted on a half-span cantilever wing. Additionally, the rotor rotates at a constant speed during

the test campaign.

Figure 2.13: ATTILA demonstrator in the German-Dutch wind tunnel large low-speed facility (DNW
LLF) 6x6m test section [34].

Furthermore, Table 2.4 summarizes the key parameters of this half-span wing whirl flutter model.

Parameter Value
Number of blades 3
Diameter 2.5 m
Wing span 1.6 m

Table 2.4: Key parameters of the advanced testbed for tiltrotor aeroelastics (ATTILA) [34].

This demonstrator was built in order to characterize several critical modes that drive whirl
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flutter instability, such as the pylon pitch and yaw modes, as well as the wing torsion, bending and

chord modes. Moreover, the demonstrator is equipped with several leaf springs allowing the pitch and

yaw pylon stiffnesses to be varied. This highlights the importance of both parameters for whirl flutter

stability analysis.

The testbed also features a specific excitation system. The pitch angle of the blades can be periodically

varied using linear sine sweeps and sine dwell signals in order to target a given dynamic mode [34].

Besides, the results show that the critical mode, i.e. the first mode to become unstable, depends

on the tested configuration. For example, the pylon stiffness and the rotor power have a strong

influence. The tests also revealed a non-negligible amplitude-dependent nonlinearity, corresponding

to higher structural damping at low excitation levels. The nature of these nonlinearities has not

been fully studied. Therefore, discrepancies with analytical predictions can emerge from this type of

nonlinearity [34].

2.4 Existing numerical methods

Even if it is not the main objective of the present work, it is useful to be aware of the existing numerical

methods used to predict the whirl flutter behaviour of a system, since they play a major role in current

applications. The two methods presented in Sections 2.4.1 and 2.4.2 are multibody dynamics and the

finite element method, respectively. Both methods are used to describe the structural and mechanical

behaviour of the system, and they have to be coupled with an aerodynamic model in order to predict

the complete aeroelastic response.

2.4.1 Multibody dynamics (MBD)

Multibody dynamics can be used to describe rotating rotor systems. This approach enables the

behaviour of a system composed of several bodies connected by joints to be predicted. These joints

restrict the relative motion between the bodies [35, 36]. The different bodies of the system can either

be rigid or flexible, and several types of joints exist. Each of them corresponds to a specific kinematic

constraint between two bodies [35].

The equations of motion are solved based on the mass, centre of mass, inertia tensor of each body,

as well as interaction forces existing between the bodies. Additionally, forces from springs, dampers,

friction, gravity, and external loads, such as aerodynamic forces, can be taken into account.

Initial conditions in velocity or position can also be considered. As outputs, the MBD analysis provides

the reaction forces between the different parts of the system, as well as the motion of the bodies [36].

19



CHAPTER 2. STATE OF THE ART

Moreover, due to the complexity associated with the computation of the constraint forces imposed by

the joints, a specific formulation of the equations of motion is required for a multibody simulation. This

can be achieved through several methods, such as discrete Euler-Lagrange formulation or recursive

methods [35].

2.4.2 Finite element method (FEM)

The finite element method divides the structure into several small elements through a meshing process.

Different types of elements exist, with different numbers of degrees of freedom, and they are connected

to each other through specific points called nodes. Therefore, this method transforms a continuous

model into a discrete one, leading to equations of motion written in matrix form [36]. It allows large

deformations, as well as material and geometric nonlinearities to be taken into account, and can be

used to perform modal analysis [37].

As an application, the Simcenter 3D solver of the Siemens NX is able to model cyclically symmetric

rotating structures using the finite element method. In that case, the problem is solved using the

Coleman transformation in order to obtain time-independent matrices in the fixed frame. This for-

mulation can then be used to obtain, for example, Campbell diagrams, damping diagrams, critical

speeds, and the oscillation frequencies of the system [38].

2.4.3 Finite element-based multibody dynamics codes

Both numerical methods can be coupled in finite-element-based multibody dynamics codes, such as

Dymore, enabling the study of nonlinear flexible multibody systems [39].

Furthermore, the comprehensive analytical model of rotorcraft aerodynamics and dynamics (CAM-

RAD) II is an aeromechanics rotorcraft analysis code that allows the true geometry of the rotorcraft

to be modelled. It combines several advanced modelling approaches, such as multibody dynamics,

nonlinear finite elements and rotorcraft aerodynamics [40].

Another code of this type is the rotorcraft comprehensive analysis system (RCAS), which has

an aerodynamic model comparable to that of CAMRAD II. It allows rotorcraft aerodynamics, per-

formance, vibration, aeroelastic stability and control to be predicted. Several operating conditions,

such as forward flight and hover, can be modelled, and this code relies on a finite element multibody

dynamics approach to model rotor-body structures. In RCAS, the equations of motion are solved

through direct integration in the time domain [40].
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2.5 Conclusion

In conclusion, the experimental setups presented in this Section demonstrate the possibility of studying

whirl flutter at different scales. Although they differ in terms of dimensions, objectives, and complexity,

they all provide valuable insights into the physical mechanisms governing this aeroelastic instability.

In this context, the present work focuses on the preliminary design of a small-scale whirl flutter

demonstrator. The objective is to provide an experimental setup that could be used to support the

verification of a finite element-based numerical method currently under development at the University

of Liège [12].
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In this chapter, the methodology used to obtain the analytical results presented in Chapter 4 is

described. First, the analytical method used to derive the equations of motion of the system is

introduced. Then, the required transformation of the equations of motion to perform a classical

eigenvalue analysis is explained. Finally, the methods used for post-processing the eigenvalues, i.e.

whirl flutter mode identification and mode tracking, are presented. Additional theoretical concepts

used for the interpretation of the results are also described.

3.1 Analytical method for flexible-blade propellers

The analytical model chosen to compute the dynamic behaviour of the system is taken from the thesis

of Vincent de Gaudemaris [14]. It allows blade flexibility to be integrated in the equations of motion,

in order to obtain a more realistic representation of the physical system. The main features and

advantages of the method are presented in this section. The details of the mathematical developments

are provided in its thesis, but are not repeated here. Moreover, the method was validated by its author

through a comparison with the W-WING experimental case, which is presented in Section 2.3.2.

The selected analytical model considers a flexible-blade propeller using a quasi-steady aerody-

namic model. Considering flexible blades is a realistic choice, even if they are much stiffer than the

pylon. The thesis of V. de Gaudemaris states that blade flexibility significantly stabilizes the system,

even for stiff blades, i.e. when the blade bending frequency is higher than four times the propeller

rotational speed. Hence, assuming rigid blades could not be valid, even if the blades appear to be

considerably stiff.

According to Vincent de Gaudemaris, the stabilizing influence of blade flexibility appears to be mainly

driven by aerodynamic effects, rather than structural ones. Effectively, when the aerodynamic matrices

are replaced by those of the rigid-blade case, while keeping the flexible-blade aerodynamic matrices,

the whirl flutter stability boundaries remain very close to the case of a rigid-blade propeller. This

suggests that the considered blade deformation produces negligible structural dynamic effects, while

the associated variations in aerodynamic forces are sufficient to significantly stabilize the system.

Furthermore, the use of a quasi-steady aerodynamic model is a strong assumption. Nevertheless,

this is still acceptable for the preliminary design of an experimental setup. Significant differences

between the whirl flutter stability boundaries obtained with quasi-steady and unsteady aerodynamic

models mainly appear for high values of pitch and yaw stiffness [14].
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Main assumptions of the model, as well as the derivation of the analytical matrices are described

in the next sections.

3.1.1 Method assumptions

This method of course relies on several approximations. This section lists all the assumptions taken

into account by the analytical model.

The most straightforward assumption is to consider a propeller with identical blades, whose

blades are made of a homogeneous material and equally distributed around the hub. This is not a

restrictive assumption since it is the case for most of the conventional propellers.

Moreover, these blades are approximated as straight beams of variable cross-sections. The ge-

ometrical characteristics of the beams depend on whether the structural model or the aerodynamic

model is considered. For the latter, blade element theory and blade element momentum theory respec-

tively described in Sections 3.2.1 and 3.2.2 are used, and the twist of the blades is taken into account.

For the aerodynamic matrices, the blade cross-section corresponds to the actual airfoil geometry.

In contrast, the beams are considered as untwisted for the structural mechanical model. This assump-

tion allows for the in-plane and out-of-plane bending to be fully decoupled. Besides, the cross-sections

are assumed rectangular, allowing the centre of gravity, as well as the geometrical centre to be on

the elastic axis. The dimensions of the rectangular blades are defined by the geometry of the actual

blades. In particular, the beams have variable cross-sections over the radius. For instance, the width

and the thickness of the beam at one radial location are defined as the maximum thickness t and the

chord c of the actual blade geometry at this location, respectively.

Figure 3.1 represents a drawing of the beam shape used for deriving the structural matrices, whereas

the aerodynamic shape model corresponds to the actual airfoil profile of the tested propeller, defined

in Section 4.1.1.

Structural shape

Aerodynamic shapec

t

Figure 3.1: Beam approximation used to derive the structural matrices with t the maximum thickness
and c the chord of the section, and the aerodynamic shape used in the BET and BEMT methods,
adapted from the thesis [14].

Furthermore, the Euler-Bernoulli beam assumption is made. This approximation assumes that

the beam cross-sections remain plane, rigid in their own plane and perpendicular to the elastic axis. In
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general, using this beam theory minimizes the deflections, and the natural frequencies are overstated,

because the effects of transverse shear deformation and rotary inertia are neglected [41]. This includes

both small-displacement and small-rotation approximations. This means that the method only pre-

dicts linearly the onset of the instability, as the displacements and rotations cannot be considered as

small once the instability is established.

Additionally, the shear centres of the blade sections define the elastic axis and are assumed to be

located at the quarter chord of the blade profile. Moreover, the aerodynamic forces on the pylon are

neglected, as well as the aerodynamic interaction between the pylon and the propeller. Besides, the

connection between the pylon and the propeller is considered rigid.

3.1.2 Definition of the reference frames

Since the considered system involves rotating components and deformable blades, several reference

frames must be defined.

The first frame, called the reference frame, has its origin O on an arbitrary point of the structure.

It is fixed, and the equations of motion are written in this frame. Its mathematical formulation is

given by:

R1 = (O,x1,y1, z1) . (3.1)

The second one is a moving frame whose origin is located at the propeller centre, denoted as C. It is

used to describe the motion of the propeller centre induced by the pylon, as well as to visualize the

blade deformations, as explained in Section 3.7. Its mathematical form is defined as follows:

R2 = (C,x2,y2, z2) . (3.2)

Figure 3.2 represents both frames R1 and R2 on a three-bladed propeller-pylon system.
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Propeller

Pylon
x1

y1

z1

x2

y2

z2R1

R2

C

O

Figure 3.2: Representation of frames R1 (fixed, with origin at an arbitrary point O of the structure)
and R2 (moving, centred at the propeller centre) on a three-bladed propeller-pylon system, adapted
from the thesis [14].

Then, the frames associated with the blades can be defined. First, a rotating frame is associated

with each undeformed blade, so that each blade has its own rotating frame. The origin of this frame

is at the propeller centre C. Mathematically, it is written as:

Rbn = (C,xbn ,ybn , zbn) . (3.3)

Therefore, following the elastic axis assumptions defined in Section 3.1.1, the coordinates in the Rbn
frame of a point located on this axis at a distance rP from the blade root are defined as (0, rP , 0).

Finally, a deformed frame is attached to each blade to describe its deformation. Its origin is

located at an arbitrary point P ′ of the blade, associated with the point P previously defined in Rbn .

Mathematically, it comes:

R̄bn =
(
P ′, x̄bn , ȳbn , z̄bn

)
. (3.4)

These frames are represented on a blade model in Figure 3.4.

3.1.3 Background and principles of the analytical method

The entire analytical method is initially based on the principle of virtual power. Specifically, the

equations of motion are derived from this principle.

Theoretically, the principle of virtual power is closely related to the principle of virtual work. Both rely

on a similar variational formulation, the main difference being the use of a virtual velocity field instead

of a virtual displacement field for the principle of virtual work [42]. According to this principle, for any

virtual velocity field ˆ̇y, the sum of the virtual power of the internal and external forces, respectively
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Pint and Pext, is equal to the virtual power of the acceleration of the solid, denoted PA. Mathematically,

it comes [14]:

PA
(

ˆ̇y
)

= Pint
(

ˆ̇y
)

+ Pext
(

ˆ̇y
)

(3.5)

for any kinematically admissible virtual velocity field ˆ̇y.

Therefore, all these virtual powers are computed separately by distinguishing the contributions

of the propeller and of the supporting structure, i.e. the pylon. They are derived with respect to the

propeller-centre degrees of freedom, which are written in R1 as:

uc =


uxc

uyc

uzc

 and θc =


φ

θ

ψ

 (3.6)

with uxc , uyc and uzc the translations of the propeller centre in the x1−, y1− and z1−directions,

respectively, and φ, θ and ψ the roll, pitch and yaw rotation angles of the propeller centre. Vector uc

represents the translation of the propeller plane, while vector θc characterizes the change in orientation

of the propeller plane.

Then, the three virtual powers are combined through Equation 3.5 to obtain the equations

of motion. The virtual power formulation is established with respect to the R1 frame, defined in

Equation 3.1. Therefore, the equations are first derived from a virtual velocity field expressed with

respect to R1, before being projected onto the generalized coordinates. After this projection, the

resulting matrix equations are no longer expressed in a purely geometrical frame, but in the generalized

coordinate space associated with the system degrees of freedom.

As several matrices depend on the degrees of freedom, the obtained equations must be linearized

around an equilibrium position with respect to the generalized coordinates, in order to use a classical

linear resolution method. This position corresponds to the static deformation of the pylon-propeller

system around which the vibrations occur. Therefore, this is not valid for large deformations, but it is

still acceptable at the beginning of the whirl flutter instability, where the displacements and rotations

are small [14].

All the details of the virtual power formulations are not repeated here, and are available in the

thesis of Vincent de Gaudemaris [14].

Once the system matrices are written with respect to these coordinates, a coordinate change

is performed, because these six generalized coordinates are not the actual degrees of freedom of the

system considered in this work. Here, only the pitch θ and yaw ψ motions of the propeller centre
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are kept. Both retained degrees of freedom will be related to the initial six generalized coordinates in

order to form the change-of-coordinates matrix.

3.1.4 Problem definition

The propeller of radius Rp, in rotation at a rotational speed Ω, is rigidly mounted on a pylon of length

Lpylon. The pylon is supposed to be rigid, whereas the pitch and yaw motions are possible through

the use of two torsion springs of stiffnesses Kθ and Kψ. Two viscous dampers of damping coefficients

Cθ and Cψ are also added at the base of the pylon. This model provides a simplified but efficient

representation of a propeller-pylon system mounted on a rigid wing, in which the pylon flexibility is

modelled through equivalent pitch and yaw torsional springs.

y1

x1

z 1

Kθ ,Cθ

v ∞ =V x1

ψ

θ

Ω

Kψ ,Cψ

Figure 3.3: Analytical model used for the derivation of the equations of motion, consisting of a rigid
pylon mounted on two rotational stiffnesses Kθ and Kψ and dampers of coefficients Cθ and Cψ, and
with its tip attached to the propeller, adapted from the thesis [14].

The blades are supposed to be clamped at a distance r0 from the propeller hub. Therefore, they

have a length L equal to L = Rp − r0. This is shown in Figure 3.4, where a blade is represented in

both the deformed and the undeformed frames.
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xbn

zbn

ybn

r0

r P

P’

zbn

ybn

xbnbn
R

bn
R

w(r, t)
h(r, t)

v(r, t)

Propeller hub

Blade root
Undeformed blade

Deformed blade

Figure 3.4: Representation of both frames associated with each blade: the undeformed frame Rbn ,
centred at the propeller hub, and the deformed frame R̄bn , whose origin is located at an arbitrary
point P ′ of the deformed elastic axis. The blade model used to derive the equations of motion is
shown without thickness for clarity. Adapted from the thesis [14]

The considered blade deformations are denoted h, w, v and θt referring to in-plane bending,

traction, out-of-plane bending and torsion, respectively. In this approach, they are approximated

using the Rayleigh-Ritz method, for which the shape functions must be kinematically admissible, i.e.

they must respect the boundary conditions.

The Rayleigh-Ritz method is an improvement of the classical Rayleigh’s method, for which

the computation of only one natural frequency is possible. The Rayleigh-Ritz method allows the

calculation of the higher natural frequencies. Following the definition of Ilanko et al., Rayleigh-Ritz

method is widely used in continuous system applications for which the displacement distribution f(x)

is approximated as a sum of products between undetermined weighting coefficients and admissible

displacement functions. In this work, these weighting coefficients are called the generalized coordinates,

while the admissible displacements functions are named the shape functions [43].

Therefore, boundary conditions must be defined to be able to select admissible displacement

shape functions. Since the blades are clamped on the propeller hub, they are approximated as can-

tilever beams. Therefore, the following boundary conditions are imposed:

h (r = r0) = w (r = r0) = v (r = r0) = 0 (3.7)

for the displacements. Based on the small displacements assumption, stating that the rotation of

the beam section can be approximated by the slope of the deflection curve, the rotation boundary
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conditions are

θh (r = r0) = ∂h

∂r

∣∣∣∣∣
r=r0

= θv (r = r0) = ∂v

∂r

∣∣∣∣∣
r=r0

= θt (r = r0) = 0, (3.8)

with θt the beam torsion angle.

A classical polynomial shape function ξi that satisfies these boundary conditions is either

ξi =
(
r − r0
Rp − r0

)i
or ξi =

(
r − r0
Rp − r0

)i + 1

, (3.9)

depending on the considered deformation. These functions vanish at the blade root, and, when required

by rotation boundary conditions, their derivatives also vanish at the root.

Therefore, blade deformation distributions over the blade radius are given by:

h (r, t) =
Nh∑
i=1

ξi+1q
(i)
h (t) =

Nh∑
i=0

(
r − r0
Rp − r0

)i+1

q
(i)
h (t) (3.10)

w (r, t) =
Nw∑
i=1

ξiq(i)
w (t) =

Nw∑
i=0

(
r − r0
Rp − r0

)i
qiw(t) (3.11)

v (r, t) =
Nv∑
i=1

ξi+1q(i)
v (t) =

Nv∑
i=0

(
r − r0
Rp − r0

)i+1

q(i)
v (t) (3.12)

θt (r, t) =
Nt∑
i=1

ξiq
(i)
t (t) =

Nt∑
i=0

(
r − r0
Rp − r0

)i
q

(i)
t (t) (3.13)

where

• Nh, Nw, Nv and Nt are the number of shape functions used in the approximation of in-plane

bending, traction out-of-plane bending and torsion, respectively. In other words, it is the ap-

proximation orders,

• q
(i)
h , q(i)

w , q(i)
v and q

(i)
t represent the generalized coordinates associated with in-plane bending,

traction, out-of-plane bending and torsion, respectively.

In a matrix form expressed in Rbn , this gives:

un =


h(r, t)

w(r, t)

v(r, t)

 = Φ(r) qn(t) and θt(r, t) = Φt(r) tn(t) (3.14)

where qn(t) =
(
q

(1)
h,n, . . . , q

(Nh)
h,n , q

(1)
w,n, . . . , q

(Nw)
w,n , q

(1)
v,n, . . . q

(Nv)
v,n

)
is the vector gathering all the gen-

eralized coordinates of blade n, except those associated with torsion and tn =
(
q

(1)
t,n , . . . , qt,n

(Nt)
)
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contains all the torsional generalized coordinates of the nth blade. The matrix Φ gathers the shape

functions associated with bending and traction, while torsion is described separately by Φt. Therefore,

matrix Φ is written as: 
Φh 0 0

0 Φw 0

0 0 Φv

 . (3.15)

A similar notation is used for the torsional shape-function matrix Φt.

Additionally, the generalized coordinates are gathered in the vector yc, which is given by:

yc =
(
qT1 tT1 . . . qTN tTN uTc θTc

)T
. (3.16)

As a reminder, the blade deformation coordinates qn and tn are associated with deformation fields

expressed in the rotating blade frame Rbn , while uc and θc describe the motion of the propeller centre

with respect to R1.

When deriving the structural matrices in the next sections, these shape functions are integrated

over the entire blade length L. To this end, a change of variable can be defined in order to resolve the

integrals. Defining ξ = r−r0
Rp−r0

as the new variable, the new integration domain can be defined. At the

blade root, r = r0 and ξ = 0, while at the tip of the blade r = R and ξ = 1. Thus, it comes:

∫ Rp

r0

(
r − r0
Rp − r0

)i
dr = L

∫ 1

0
ξi dξ since dr = dξ

Rp − r0
= dξ

L
. (3.17)

3.1.5 Definition of the rotation matrices

Since several frames are used, transfer matrices, also called rotation matrices, are defined to transform

vector components from one frame to another. First, the rotation matrix is introduced in a general

form and is then specialized to the present analytical model.

The developments below, taken from the work of Goldstein et al., are made under the small displace-

ments and rotations assumptions [44].

Assuming x the undeformed vector and x′ the deformed vector, the rotation matrix is given by:

R = 1 + ε because x′ = (1 + ε) x = 1 x︸︷︷︸
x

+ ε x = R x. (3.18)
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Matrix ε is called the infinitesimal rotation matrix and is given by:

ε =


0 dΩ3 −dΩ2

−dΩ3 0 dΩ1

dΩ2 −dΩ1 0

 (3.19)

where dΩ1, dΩ2, and dΩ3 are rotations around axis m1, m2 and m3, respectively. A generic rectangular

body with these axes is represented in Figure 3.5.

m1

m2

m3

Figure 3.5: Generic body with its axes used for the definition of the general form of the rotation
matrix, adapted from [44].

Two important properties of the rotation matrix are the inverse matrix property such as RR−1 =

I, as well as R−1 = RT , leading to RRT = I [45].

The objective is to build the transfer matrix between the frames defined in Section 3.1.2.

First, the matrix expressing vector components from the undeformed blade frame to the deformed one

is derived. Working in the undeformed blade frame Rbn defined in Equation 3.3, m1, m2 and m3 of

Figure 3.5 can be identified as xbn , ybn and zbn , respectively.

Therefore, dΩ1 corresponds to a rotation around xbn , dΩ2 to a rotation around ybn , and, finally, dΩ3

to a rotation around zbn .

Under the small displacements and rotations assumptions, a rotation around xbn equals ∂v
∂r =

∂rv, while a rotation around zbn corresponds to ∂h
∂r = ∂rh. For the rotation around ybn , it simply

corresponds to the torsion angle θt. Following this, the rotation matrix between the undeformed Rbn
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and the deformed R̄bn frames becomes:

RRbn→R̄bn
=


1 −∂rh −θt

∂rh 1 ∂rv

θt −∂rv 1

 . (3.20)

According to the inverse property of rotation matrices, the rotation matrix from the deformed frame

to the undeformed one is written as:

RR̄bn→Rbn
= RT

Rbn→R̄bn
=


1 ∂rh θt

−∂rh 1 −∂rv

−θt ∂rv 1

 . (3.21)

Therefore, to express a vector x from the undeformed frame Rbn to the deformed one R̄bn , and inversely,

it comes:

RRbn→R̄bn
x = x + Λx


∂rv

θt

−∂rh

 and RR̄bn→Rbn
x = x − Λx


∂rv

θt

−∂rh

 , (3.22)

with Λx a matrix operator relative to an arbitrary vector x = (x1, x2, x3) defined as:

Λx =


0 −x3 x2

x3 0 −x1

−x2 x1 0

 . (3.23)

Similarly, the matrix expressing vectors of frame R2 in frame R1 can be derived starting from the

definition of rotation matrix of Equations 3.18 and 3.19 such as:

RR2→R1 =


1 −ψ θ

ψ 1 −φ

−θ φ 1

 . (3.24)

In the same form as Equation 3.22, it comes:

RR1→R2 x = x + Λx θc and RR2→R1x = x − Λx θc, (3.25)

with θc defined in Equation 3.6 and Λx introduced in Equation 3.23.
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Furthermore, another important rotation matrix is the one expressing vector of frame Rbn in

R2, denoted by RRbn→R2 . It can be derived from the scheme of Figure 3.6.

y2

z2

xbn

ybn

zbn

x2

α

α

Blade n

Figure 3.6: Propeller blade representation, with corresponding azimuthal angle α and undeformed
Rbn and R2 frames, adapted from [14]. The blade is shown with r0 = 0 for clarity.

The blade azimuthal angle α(t) of the nth blade, describing the azimuthal position of the blade

at instant t, is defined as follows:

α(t) = (n − 1) β︸ ︷︷ ︸
initial position of the blade at t = 0

+ Ωt︸︷︷︸
change in position due to blade rotation

, (3.26)

where Ω is the propeller rotational speed and β the angular spacing between two consecutive blades.

Since they are equally distributed over the propeller circumference, this angle is equal to:

β = 2π
N

= 2π
3 (3.27)

for a three-bladed propeller.

Using trigonometric relations, the following relationships between vectors of Rbn and R2 can be ob-

tained: 

xbn = − cosα y2 + sinα z2

ybn = sinα y2 + cosα z2

zbn = −x2

. (3.28)
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In matrix form, it comes:


xbn

ybn

zbn

 =


0 − cosα sinα

0 sinα cosα

−1 0 0


︸ ︷︷ ︸

RR2→Rbn


x2

y2

z2

 = RR2→Rbn


x2

y2

z2

 , (3.29)

where RR2→Rbn
is the matrix expressing vectors of R2 in frame Rbn .

Hence, the matrix expressing vectors of Rbn in R2, noted as RRbn→R2 is given by:


x2

y2

z2

 =


0 0 −1

− cosα sinα 0

sinα cosα 0


︸ ︷︷ ︸

RRbn
→R2 = RT

R2→Rbn


xbn

ybn

zbn

 = RRbn→R2


xbn

ybn

zbn

 , (3.30)

verifying the inverse property of rotation matrices.

Additionally, the matrices expressing a vector of frame R̄bn in frame R2, and a vector of frame

R̄bn in frame R1 are respectively given by:

RR̄bn→R2
= RRbn→R2 RR̄bn→Rbn

and RR̄bn→R1
= RR2→R1 RR̄bn→R2

. (3.31)

Finally, the rotation matrix RRbn→R1 linking frames Rbn and R1 is written as:

RRbn→R1 = RR2→R1 RRbn→R2 . (3.32)

Note that, in the rest of this report, some transfer matrices are renamed such as Rn = RRbn→R1 ,

Pn = RRbn→R2 and R̄n = RR̄bn→R1
.

3.1.6 Derivation of the structural matrices

The structural matrices of the propeller and the supporting structure are derived separately, and are

then assembled to form the system matrices. Additionally, they do not have the same size before

assembly.

For the supporting structure, the matrices are directly written in the global coordinate space. There-

fore, they are square and have a size equal to the total number of retained degrees of freedom after

assembly. Therefore, they are of size N (Nh + Nw + Nv + Nt) + qpylon, with qpylon the number
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of degrees of freedom of the pylon. Hence, it equals 2 in this case, as only the pitch θ and yaw ψ

motions are considered. They all have the general following architecture:

Xs =

0 0

0 Xd
s

 . (3.33)

Indeed, since the matrices of the supporting structure refer to the pylon degrees of freedom θ and ψ,

only their lower-right block Xd
s remains non-zero.

It is slightly different for the matrices of the propeller. Effectively, the equations of motion

are derived by considering the propeller centre degrees of freedom uc and θc, defined in 3.6. There-

fore, they are square and have a size equal to the number of degrees of freedom of the system,

before removing the degrees of freedom that are not retained in the final model. They are of size

N (Nh + Nw + Nv + Nt) + qc, with qc the number of degrees of freedom of the propeller centre.

Hence, it equals 6 in the present case, since uxc , uyc , uzc , φ, θ and ψ, all defined in 3.6, are used to

derive the matrices. Therefore, the structural matrices of the propeller all have the following general

architecture:

X =

 Xblades Xblades,centre

Xpylon,centre Xcentre

 , (3.34)

where (·)centre designates the block associated with the propeller centre degrees of freedom. Addi-

tionally, (·)blades,centre represents the interaction between the blade degrees of freedom and those of

propeller centre.

These matrices are derived in Sections 3.1.7 and 3.1.8.

3.1.7 Supporting structure matrices

According to the architecture of the matrices of the supporting structure given in 3.33, only the lower-

right matrix block must be defined. Additionally, it is important to note that, since the aerodynamic

effects of the pylon are neglected, the supporting structure does not have any aerodynamic matrix.

For the lower-right block of the damping matrix, it comes:

Cd
s =

Cθ 0

0 Cψ

 . (3.35)
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Similarly, the block for the stiffness matrix is given by:

Kd
s =

Kθ 0

0 Kψ

 . (3.36)

Then, in order to model the coupling between the pitch and yaw motions of the pylon, a gyroscopic

matrix is defined. If Jp1 describes the polar moment of inertia of the pylon about the pivot point, Jp1 Ω

measures the intensity of this gyroscopic coupling. As stated in Section 2.1, the propeller rotation is

responsible for a coupling between pitch and yaw motions. Therefore, if the propeller rotational speed

Ω increases, the intensity of this coupling increases as well. Therefore, the gyroscopic matrix of the

supporting structure is given by:

Gd
s =

 0 −Jp1 Ω

Jp1 Ω 0

 . (3.37)

The polar moment of inertia Jp1 of the pylon depends on its actual geometry, which is discussed in

Chapter 4.

Finally, the presence of the motor is taken into account in the mass matrix of the supporting

structure. Attached at the end of the pylon, the motor plays a role in the dynamics, since its mass is

not negligible. The integration of the motor into the model is described in Chapters 4 and 5. Since

it precesses with the pylon, its inertia around the pivot point is included in the matrix. In order to

compute it, the motor is assumed to be a concentrated mass placed at the end of the pylon, i.e. at a

distance Lpylon from the pivot point. According to Meriam et al., the mass moment of inertia I of a

mass m with a radius of gyration k equals [46]:

I = mk2. (3.38)

Thus, the mass matrix block is written as follows:

Md
s =

Jp2 + mmotor L
2
pylon 0

0 Jp2 + mmotor L
2
pylon

 , (3.39)

where Jp2 denotes the transverse moment of inertia of the pylon, also discussed in Chapter 4.

Hence, once all the lower-right blocks are computed, the full matrices of the supporting structure can
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be derived. According to 3.33, the mass matrix of the supporting structure is given by:

Ms =

0 0

0 Md
s

 . (3.40)

The gyroscopic, damping and stiffness matrices of the supporting structure, denoted respectively by

Gs, Cs and Ks, have the same block structure.

3.1.8 Propeller structural matrices

As explained in Section 3.1.3, the propeller matrices are obtained from the principle of virtual power,

stated in Equation 3.5. The virtual power of the external forces is responsible for the aerodynamic

matrices of the propeller, while both remaining contributions lead to the structural propeller matrices.

Virtual power of acceleration of the propeller

First, the virtual power of acceleration of the propeller PA is considered. As the hub is assumed to be

rigid, the contributions of the flexible blades and the hub are separated such as:

PA = P hubA + P bladesA (3.41)

On the one hand, the virtual power of acceleration of the hub P hubA is easily computed, since it is

supposed to be rigid.

On the other hand, the virtual power of acceleration of the blades P bladesA is developed in order to

obtain the final expression of the linearized total virtual power of acceleration of the propeller PA.

The details of this derivation are given in the thesis of Vincent de Gaudemaris [14].

From this final expression, mass, gyroscopic and spin softening matrices, denoted respectively

by Mc, Gc and Nc, are obtained by identification. The mass matrix Mc is, by definition, the matrix

associated with the acceleration of the generalized coordinates vector, while the gyroscopic matrix Gc

is associated with the velocity. The spin softening matrix Nc multiplies the generalized coordinates

vector itself. The expression of the virtual power of acceleration of the propeller can be approximated

as:

PA ≈ Mc(t) ÿc + Gc(t) ẏc + Nc(t) yc. (3.42)
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The mass matrix Mc(t) is given by:

Mc(t) =



Ma
1 0 ... ... 0 Mb

1(t)

0 Ma
2

. . . ...
...

... . . . . . . . . . ...
...

... . . . . . . 0
...

0 · · · · · · 0 Ma
N Mb

N (t)

Mc
1(t) · · · · · · · · · Mc

N (t) Md


(3.43)

where

Ma
n =


∫ R

r0
ρb S(r) ΦTΦ dr 0

0
∫ R

r0
ΦT
t eTy J(r) ey Φt dr

 (3.44)

Mb
n(t) =


∫ R

r0
ρb S(r) ΦTPT

n dr −
∫ R

r0
ρb S(r) r ΦTΛeyPT

n dr

0
∫ R

r0
ΦT
t eTy J(r) PT

n dr

 (3.45)

Mc
n(t) = Mb

n(t)T (3.46)

Md =



m 0 0 0 0 0

0 m 0 0 0 0

0 0 m 0 0 0

0 0 0 J1 0 0

0 0 0 0 J2 0

0 0 0 0 0 J2


(3.47)

with ρb the blade density, assumed constant along the blade, and S(r) denoting the blade cross-section

at a location r from the blade root. Moreover, vector ey is defined as follows:

ey =


0

1

0

 . (3.48)

Therefore, following the definition of Λx for an arbitrary x vector, Λey can be written as:

Λey =


0 0 1

0 0 0

−1 0 0

 . (3.49)
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Additionally, as a reminder, matrix Pn, defined in Section 3.1.2, is the matrix expressing the basis

vector of frame Rbn in frame R2.

The propeller mass, including the hub, is denoted by m. J1 and J2 are the polar and transverse

moments of inertia of the propeller, respectively, including the hub contribution and expressed at the

propeller centre. They are given by [14]:

J1 = N

∫ R

r0
ρb S(r) r2 dr + Jh1 (3.50)

and

J2 = N

2

∫ R

r0
ρb S(r) r2 dr + N

2

∫ R

r0
ρb Iy(r) dr + Jh2 (3.51)

considering that Jh1 and Jh2 are the polar and transverse moments of inertia of the hub. All of these

terms are described in detail in Chapter 4, where the analytical model is applied to a real case.

Following the Euler-Bernoulli assumption explained in Section 3.1.1, the geometric and gravity centres

are placed on the elastic axis. Therefore, the moments of inertia associated with bending displacements

are neglected. Hence the inertia matrix of the blade cross-sections J, expressed at the shear centre, is

defined as:

J(r) =


0 0 0

0 ρb Iy(r) 0

0 0 0

 , (3.52)

where Iy(r) is the polar second moment of area of the blade cross-section located at a radial location

r. Since the propeller blades are approximated as cantilever straight beams, Iy(r) is equal to the sum

of the second moment of area of a beam section about axis xbn , denoted by Ix and the second moment

of area of a beam section around axis zbn , denoted by Iz. Both quantities characterize the resistance

of the beam cross-section to bending about the corresponding axes and are given by [47]:

Ix(r) = c(r) t(r)3

12 and Iz(r) = c(r)3 t(r)
12 , (3.53)

where c(r) and t(r) are the blade chord and maximum thickness at a location r from the blade root.

Therefore, it comes:

Iy(r) = Ix(r) + Iz(r) = c(r) t(r)3

12 + c(r)3 t(r)
12 . (3.54)

Now, the gyroscopic matrix can be established. Although the final matrices are written in

the generalized coordinate space associated with yc, the blade deformations are expressed in the
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rotating undeformed blade frames Rbn . Therefore, Coriolis effects have to be taken into account in

the gyroscopic matrix. According to Goldstein et al., Coriolis effects occur when motion is described

in a rotating frame. Their magnitude increases with the propeller rotational speed [44].

Additionally, due to the pylon motion, the orientation of the propeller plane changes, which introduces

gyroscopic effects. These effects are also included in the gyroscopic matrix. Its expression is given by:

Gc(t) = Ω



Ga
1 0 ... ... 0 Gb

1(t)

0 Ga
2

. . . ...
...

... . . . . . . . . . ...
...

... . . . . . . 0
...

0 · · · · · · 0 Ga
N Gb

N (t)

Gc
1(t) · · · · · · · · · Gc

N (t) Gd


(3.55)

where

Ga
n =

 2
∫ R

r0
ρb S(r) ΦTΛezΦ dr

∫ R

r0
∂rΦTΛT

eyΛezJ(r) eyΦt dr∫ R

r0
ΦT
t eTy J(r) ΛezΛey ∂rΦ dr 0

 (3.56)

Gb
n(t) =

0 2
∫ R

r0
ρb S(r) r ΦTΛexPT

n dr +
∫ R

r0
∂rΦTΛT

eyΛezJ(r) PT
n dr

0 −
∫ R

r0
ΦT
t eTy J(r) ΛezPT

n dr

 (3.57)

Gc
n(t) =

 2
∫ R

r0
ρb S(r) PnΛezΦ dr 0

2
∫ R

r0
ρb S(r) r PnΛeyΛezΦ dr +

∫ R

r0
PnJ(r) ΛezΛey ∂rΦ dr

∫ R

r0
PnΛezJ(r) eyΦt dr


(3.58)

Gd =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 −J1

0 0 0 0 −J1 0


(3.59)

with J1 defined in Equation 3.50. Additionally, matrices Λex and Λex can be derived similarly to Λey ,

written in 3.49, following the definition of 3.23.
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Furthermore, vectors ex and ez are written as follows:

ex =


1

0

0

 and ez =


0

0

1

 . (3.60)

Finally, the spin softening matrix can be introduced. Spin softening, also called centrifugal

softening, is associated with the inertial effects induced by the propeller rotation. As the rotational

speed increases, these effects can reduce the effective blade stiffness, and therefore decrease some of

the natural frequencies [48].

The spin softening matrix is written as:

Nc(t) =



Na
1 0 ... ... 0 0

0 Na
2

. . . ...
...

... . . . . . . . . . ...
...

... . . . . . . 0
...

0 · · · · · · 0 Na
N 0

Nc
1(t) · · · · · · · · · Nc

N (t) 0


(3.61)

with

Na
n =


∫ R

r0
ρb S(r) ΦTΛ2

ezΦ dr +
∫ R

r0
∂rΦTΛT

eyΛezJ(r) ΛezΛey∂rΦ dr 0

0 0

 (3.62)

Nc
n(t) =


∫ R

r0
ρb S(r) PnΛ2

ezΦ dr 0∫ R

r0
ρb S(r) r PnΛezΛexΦ dr +

∫ R

r0
PnΛezJ(r) Λey∂rΦ dr 0

 (3.63)

where Λ2
ez represents the matrix product Λez Λez .

Virtual power of internal forces

The virtual power of internal forces can be decomposed into two contributions: one associated with

the elastic deformation of the blades, and one associated with the mechanical energy dissipation, as

follows:

Pint = P defint + P dampint . (3.64)
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On the one hand, the virtual power of the elastic deformations results from the four types of blade

flexibility considered in this model, i.e. traction, torsion, in-plane and out-of-plane bending. On the

other hand, the virtual power of mechanical energy dissipation comes from the viscous damping re-

lated to these blade deformations.

Similarly to the virtual power of acceleration, both contributions are computed separately, before be-

ing assembled in order to form the final expression of P propint . From this final expression, the structural

matrices are identified. The damping matrix is associated with the velocity of the generalized coor-

dinate vector, while the stiffness matrix is associated with the vector itself. Moreover, this stiffness

matrix is divided in two contributions, as shown in the following approximate linearized expression of

the virtual power of internal forces of the propeller:

Pint ≈ Cc ẏc +
(
Kc + Kc

p

)
yc. (3.65)

The classical stiffness matrix Kc is given by:

Kc =



K1 0 ... ... 0 0

0 K2
. . . ...

...
... . . . . . . . . . ...

...
... . . . . . . 0

...

0 · · · · · · 0 KN 0

0 · · · · · · · · · 0 0


(3.66)

with

Kn =


∫ R

r0

(
EbS(r) ∂rΦTeTy ey∂rΦ + EbIz(r) ∂2

rΦTeTx ex∂2
rΦ + EbIx(r) ∂2

rΦTeTz ez∂2
rΦ
)
dr 0

0
∫ R

r0
GbIy(r) ∂rΦT

t ∂rΦt dr

 .
(3.67)

The second moments of area Ix(r) and Iz(r), and the second polar moment of area Iy(r) are respectively

defined in Equations 3.53 and 3.54.

Moreover, Eb is the Young modulus of the blade material, whereas Gb denotes its shear modulus. It

is written as [49]:

Gb = Eb
2 (1 + νb)

, (3.68)

with νb the Poisson ratio of the blade material.

The second contribution to the stiffness matrix is the prestress stiffness matrix, denoted by
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Kc
p. This matrix models the effect of the blade geometric stiffening, also called centrifugal stiffening.

Indeed, when a blade is rotating, a centrifugal force is exerted in the axial direction of the blade,

increasing the effective blade stiffness, compared with a non-rotating configuration [50].

This matrix is written as follows:

Kc
p =



Kp
1 0 ... ... 0 0

0 Kp
2

. . . ...
...

... . . . . . . . . . ...
...

... . . . . . . 0
...

0 · · · · · · 0 Kp
N 0

0 · · · · · · · · · 0 0


. (3.69)

where

Kp
n =


∫ R

r0

((∫ R

r
ρb S(x) xdx

)
∂rΦTezeTz ∂rΦ + ∂rΦTexeTx ∂rΦ

)
dr 0

0
∫ R

r0

((∫ R

r
ρb S(x) xdx

)
Iy(r)
S(r) ∂rΦT

t ∂rΦt

)
dr


(3.70)

Finally, the structural damping matrix Cc is given by:

Cc =



C1 0 ... ... 0 0

0 C2
. . . ...

...
... . . . . . . . . . ...

...
... . . . . . . 0

...

0 · · · · · · 0 CN 0

0 · · · · · · · · · 0 0


(3.71)

with

Cn =


∫ R

r0

(
Ctract ΦTeyeTy Φ + Cflex ΦTexeTxΦ + Cflex ΦTezeTz Φ

)
dr 0

0
∫ R

r0
Ctor ΦT

t Φt dr

 ,
(3.72)

where Ctract, Cflex and Ctor are the damping coefficients associated with blade traction, bending and

torsion, respectively.
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3.1.9 Propeller aerodynamic matrices

As stated before, the aerodynamic matrices of the propeller are obtained via the computation of the

virtual power of external forces. In the present model, the external forces exerted on the blades are

aerodynamic forces, which are computed using a quasi-steady aerodynamic approach. The virtual

power of the external forces acting on the complete propeller is defined as the sum of the virtual

powers of external forces acting on each blade, as follows:

Pext =
N∑
i=0

P iext, (3.73)

where N is the total number of blades.

Similarly to the structural matrices, the final linearized formulation of the virtual power is

derived, from which the aerodynamic damping and stiffness matrices are identified. The aerodynamic

damping matrix Cac is associated with the velocity of the generalized coordinates vector, whereas the

aerodynamic stiffness matrix Kac is associated with the vector itself.

The calculation is performed in three steps. First, the loads are computed on the blade cross-sections

at each radial position. Then, these cross-section loads are integrated along the blade span to obtain

the loads acting on the entire blade. Finally, the contributions of all blades are combined to obtain

the final expression of the virtual power of the external forces acting on the propeller.

The lift fl and drag fd forces acting on the blades are applied at the quarter-chord of the blade

profile. At a given radial position, these forces depend on the blade relative velocity u, the blade

twist angle γ, as well as the inflow angle ϕ, defined as the angle between the relative velocity and the

propeller plane, all evaluated at the considered radial location.

Figure 3.7 shows the aerodynamic forces and flow quantities associated with the rotating deformed

blade.
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γ

ϕ

Propeller plane
u

u

f

zbn

xbnP

uT

l

fd

Figure 3.7: Blade representation in the deformed frame R̄bn with the lift force fl and drag force fd,
decomposition of the relative velocity u into two contributions uP and uT , blade twist angle γ and
inflow angle ϕ, adapted from [14].

The relative velocity of the blade in the deformed frame can be decomposed into two contribu-

tions as:

u = uflow + ublade, (3.74)

where uflow comes from the incident velocity projected onto the deformed blade frame R̄bn , whereas

ublade represents the velocity of the quarter-chord point induced by the blade motion, expressed in the

R̄bn frame.

The expression of uflow is given by:

uflow = −R̄T
nv∞ + Va ez + Vt ex, (3.75)

where v∞ is the free-stream velocity vector expressed in the fixed frame R1, defined as:

v∞ =


V

0

0

 . (3.76)

Additionally, the quantities Va and Vt denote the axial and tangential propeller induced velocities

generated by the propeller rotation in a flow. They are computed using the blade element momentum

theory, as explained in Section 3.2.

After linearization, the components of the relative velocity vector u along x̄bn and z̄bn are respectively
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written as:

uT = u · (−ex) = u0
T + u′

T and uP = u · ez = u0
P + u′

P , (3.77)

with u0
P = V + Va and u0

T = r Ω − Vt denoting the steady parts of the out-of-plane and

in-plane relative velocities of the blade cross-section, respectively. Moreover, u′
P and u′

T are called the

disturbed velocities. Their detailed expressions are not repeated here and can be found in the thesis

of Vincent de Gaudemaris [14].

The aerodynamic loads of each blade are first written using local aerodynamic variables. For the

nth blade, these variables are gathered in the vector yn. The corresponding blade-level aerodynamic

matrices are therefore first obtained in this local aerodynamic variable space.

However, the equations of motion of the propeller are written in the generalized coordinate space

associated with vector yc, defined in 3.16. Hence, the local aerodynamic variables of blade n must

be expressed in terms of the generalized coordinates gathered in yn,c, which contains the generalized

coordinates of blade n as well as the propeller-centre degrees of freedom.

This change of coordinates introduces the transformation matrices T0(t), T1(t), T2(t) and T3(t),

leading to the blade-level aerodynamic matrices Cn,c and Kn,c. Their detailed expressions are given

in Appendix A. Only the expressions required to understand the assembly of the complete propeller

matrices are developed here.

For the nth blade, the transformed aerodynamic damping and stiffness contributions are respec-

tively written as:

Cn,c(t) = T2(t) Cn + T2(t) Kn T1(t). and Kn,c(t) = T2(t) Kn T0(t) + T3(t), (3.78)

where Cn and Kn are the local aerodynamic damping and stiffness matrices of blade n, respectively.

Their expressions are defined in Appendix A.

Although Kn is associated with the blade-level aerodynamic stiffness contribution, it also appears in

the expression of Cn,c. This comes from the coordinate transformation between the local aerodynamic

variables and the generalized coordinates: the local variables depend on the generalized velocity vector

through T1(t). Consequently, part of the blade-level aerodynamic stiffness contribution becomes

proportional to the generalized velocity vector and contributes to the aerodynamic damping matrix.

To assemble the aerodynamic matrices of the complete propeller, the blade-level matrices are

decomposed into blocks separating the blade deformation degrees of freedom from the propeller-
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centre degrees of freedom. For the aerodynamic damping contribution of the nth blade, this block

decomposition is written as:

Cn,c =

Ca
n Cb

n

Cc
n Cd

n

 . (3.79)

The block (·)a is a square block of size Nq + Nt associated with the blade degrees of freedom. The

blocks (·)b and (·)c describe the coupling between the blade and propeller-centre degrees of freedom,

with respective sizes (Nq + Nt) × qc and qc × (Nq + Nt). Finally, the lower-right block (·)d is a

square block of size qc associated with the propeller-centre degrees of freedom.

The computation of Cn,c requires several intermediate quantities, which are introduced in Ap-

pendix A. These quantities are not discussed individually, but are provided for the completeness of

the aerodynamic matrices.

Finally, the aerodynamic damping matrix of the complete propeller is then obtained by assembling

the block contributions of all blades:

Cac = −



Ca
1 0 ... ... 0 Cb

1

0 Ca
2

. . . ...
...

... . . . . . . . . . ...
...

... . . . . . . 0
...

0 · · · · · · 0 Ca
N Cb

N

Cc
1 · · · · · · · · · Cc

N

∑N
n=1 Cd

n


(3.80)

Similarly to the damping matrix, the block matrix elements of Kac are obtained from the blade-level

matrix Kn,c, defined in 3.78, as follows:

Kn,c =

Ka
n Kb

n

Kc
n Kd

n

 (3.81)

Following the same procedure, the aerodynamic stiffness matrix Kac is obtained by assembling the
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block decomposition of the blade-level stiffness contributions. Its general expression is given by:

Kac = −



Ka
1 0 ... ... 0 Kb

1

0 Ka
2

. . . ...
...

... . . . . . . . . . ...
...

... . . . . . . 0
...

0 · · · · · · 0 Ka
N Kb

N

Kc
1 · · · · · · · · · Kc

N

∑N
n=1 Kd

n


. (3.82)

After assembly, the final approximate linearized expression of the virtual power of the external

forces acting on the entire propeller can be written as:

P propext ≈ Cac(t) ẏc + Kac(t) yc. (3.83)

The matrices Cac and Kac are therefore identified as the aerodynamic damping and stiffness matrices

of the propeller, respectively. All the matrices required to compute Kac and Cac are defined in

Appendix A.

3.1.10 Derivation of the equations of motion

As a reminder, the virtual powers are derived using the blade degrees of freedom, as well as the

propeller-centre ones, which are defined as: uc =


uxc

uyc

uzc

 and θc =


φ

θ

ψ

. Nevertheless, the retained

degrees of freedom in the present model are the blade degrees of freedom, as well as the pitch θ and

yaw ψ motions of the pylon. Therefore, the propeller-centre degrees of freedom have to be expressed

as functions of both retained degrees of freedom.

The pitch motion of the pylon has two contributions. First, the vertical translation of the propeller

centre is related to a pitch motion of the pylon through the following relation:

uzc = Lpylon θ. (3.84)

Then, a pitch angle of the propeller centre θ results directly in a pitch motion θ of the pylon. Similarly,

the yaw motion of the pylon induces a horizontal displacement of the propeller centre. It is given by:

uyc = −Lpylon ψ, (3.85)
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where the minus sign comes from the convention adopted in the present model. This can be visualized

from Figures 3.2 and 3.3. The propeller-centre yaw angle is also directly equal to the pylon yaw angle.

These relations are gathered in matrix P, which links the propeller-centre degrees of freedom uc and

θc to both retained pylon ones θ and ψ.

Therefore, the coordinate transformation matrix Ptot is given by:



q1

t1
...

qN

tN

uc

θc



=



I 0 0 0 0

0 I 0 0 0
... . . . ...

0 0 0 I 0

0 0 0 0 P


︸ ︷︷ ︸

Ptot



q1

t1
...

qN

tN

θ

ψ


︸ ︷︷ ︸

y

considering that

uc

θc

 =



0 0

0 −Lpylon

Lpylon 0

0 0

1 0

0 1


︸ ︷︷ ︸

P

θ
ψ

 ,

(3.86)

where vector qn gathers all the generalized coordinates of blade n, except those associated with torsion.

Vector tn contains the generalized coordinates associated with the torsion. Additionally, y gathers the

generalized coordinates of all the blades, ordered by blades, as well as the retained propeller-centre

degrees of freedom θ and ψ. These vectors are explained in Section 3.1.4.

The blade degrees of freedom remain unchanged, as shown by the identity matrices I placed on the

diagonal blocks of Ptot related to the blade degrees of freedom.

Thus, as stated before, the equations of motion of the complete system are derived from the

principle of virtual power, introduced in Equation 3.5. Hence, acceleration, internal forces and external

forces contributions, respectively denoted by PA, Pint and Pext, are combined into one single expression,

giving:

M(t) ÿ + (C + G(t)) ẏ + (N(t) + K + Kp) y = −Ca(t) ẏ − Ka(t) y, (3.87)

which is a time-dependent system of equations.

By taking into account the change in degrees of freedom, the system matrices are given by:

M(t) = PT
tot Mc(t) Ptot + Ms (3.88)

G(t) = PT
tot Gc(t) Ptot + Gs (3.89)
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C = PT
tot Cc Ptot + Cs (3.90)

N(t) = PT
tot Nc(t) Ptot (3.91)

K = PT
tot Kc Ptot + Ks (3.92)

Kp = PT
tot Kc

p Ptot (3.93)

Ca(t) = PT
tot Cac(t) Ptot (3.94)

Ka(t) = PT
tot Kac(t) Ptot − Kstat

a (3.95)

with the structural matrices of the supporting structure Ms, Gs, Cs and Ks defined in Section 3.1.7.

Additionally, Kstat
a represents the influence of a steady axial force applied on the propeller. This force

modifies the effective stiffness of the system and Kstat
a is expressed as:

Kstat
a =


0 0

0

Lpylon fstatcx 0

0 Lpylon f
stat
cx



 (3.96)

where f statcx represents the axial force applied on the propeller, for instance the propeller thrust.

Thus, Equation 3.87 indicates that the system is still time-dependent, making a classical eigen-

value analysis impossible. The system must therefore be transformed into a time-independent form.

This can be performed through the multi-blade coordinates transformation.

3.1.11 Multi-blade coordinates (MBC) transformation

In this section, the MBC transformation is first theoretically introduced in a general form. It is then

applied to the equations of motion obtained by the analytical method, in order to show how they can

be modified to perform a classical eigenvalue analysis.

The multi-blade coordinates transformation, also called the Coleman-Feingold transform, has

been introduced by Coleman and Feingold. This method is widely used for propeller and helicopter

applications [51]. It allows the transformation of a system with time-periodic coefficients into a

constant system. This transformation gets rid of the dominant periodic terms, while the remaining

ones are sufficiently small to be considered as negligible. Nevertheless, this method is only applicable

for three or more bladed propellers. Below three blades, the resulting system can still depend on

time [14, 51].
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The importance of this approach is critical. Specifically, it makes possible a classical eigenvalues

resolution, leading to relevant modal and stability analyses [52].

For rotating systems such as the one considered in this work, both rotating and non-rotating

frames can be defined, as discussed in Section 3.1.2. The MBC transformation projects the rotating

blade degrees of freedom onto the fixed frame, while leaving the non-rotating coordinates unchanged.

This allows the behaviour of the entire system to be studied in the fixed frame. Therefore, the MBC

method can be interpreted as a coordinate transformation from the rotating blade coordinates to

non-rotating multi-blade coordinates [52, 53].

The new MBC coordinates, gathered in vector ξ, are built from linear combinations of all the

rotating coordinates. Figure 3.8 illustrates the origin of the transformation. These new coordinates

can be interpreted as the components, in the fixed non-rotating frame, of the collective deformation

of the rotor obtained from the blade degrees of freedom initially expressed in the rotating frame.

α

x1

z1

y1 O

Figure 3.8: Three-bladed propeller represented in the fixed frame R1 with the blade azimuthal angle.

For an N-bladed propeller, these new coordinates are expressed through the following rela-

tions [52, 53]:

ξ0 = 1
N

N∑
n=1

qn (3.97)

ξic = 2
N

N∑
n=1

qn cos (iαn) (3.98)

ξis = 2
N

N∑
n=1

qn sin (iαn) (3.99)

ξN
2

= 1
N

N∑
n=1

qn (−1)n , (3.100)
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where qn is one particular rotating generalized coordinate of the nth blade and αn the blade azimuthal

angle of the nth−blade, defined in 3.26.

It is also important to note that the ξN
2

MBC coordinate, called the differential coordinate, is only

relevant when N is even. Additionally, the inverse transformation associated to blade n for a three-

bladed propeller, required to recover the rotating blade coordinates, is given by [52]:

qn = ξ0 + ξ1c cosαn + ξ1s sinαn. (3.101)

Furthermore, ξns and ξnc are the sine and cosine cyclic multi-blade coordinates, respectively.

They are important for the identification of the whirl flutter modes. According to Reed, these modes

can couple with pylon modes and lead to whirl flutter instabilities. In contrast, the non-rotating

degree of freedom ξ0 does not couple with the pylon modes responsible for this type of instability [13].

Therefore, a mode for which ξns and ξnc are negligible compared with the ξ0 coordinates cannot be

identified as a whirl flutter mode.

Additionally, the physical interpretation of the multi-blade coordinates gathered in ξ differs from

that of the initial rotating blade coordinates. These coordinates can no longer be directly associated

with individual blade motion. Instead, they represent, in the fixed frame, the behaviour that accounts

for the cumulative motion of all the propeller blades.

For instance, G.Bir takes the example where qn represents a blade out-of-plane deformation. In this

case, the multi-blade coordinates correspond to motion of the complete propeller plane, instead of

individual blade motions. In particular, ξnc describes the horizontal motion of the rotor centre of

mass in the rotor plane, whereas ξns represents the same motion, but vertically [52, 53].

In the present model, the rotating blade degrees of freedom are expressed in the undeformed

blade frame, denoted by Rbn . However, the degrees of freedom θ and ψ of the pylon are already

expressed with respect to the non-rotating frame R1. Therefore, these two are not transformed by the

MBC transformation.

In order to understand this transformation, the generalized coordinate vector

y =
(
qT1 tT1 . . . qTN tTN θ ψ

)T
(3.102)

is first reordered. Instead of being sorted by blades, the generalized coordinates are grouped according
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to their associated shape functions. The resulting vector yξ is then given by:

yξ =
(
q1

1 . . . q1
N . . . q

Nq
1 . . . q

Nq
N t11 . . . t1N tNt1 . . . tNt1 θ ψ

)T
, (3.103)

and the vectors y and yξ are linked by a reordering matrix Q, only made of zeros and ones such that

y = Q yξ.

Therefore, the first N coefficients of vector yξ correspond to the first generalized coordinate of each

blade, i.e. the first coordinate associated with the first shape function.

Applied to the first N components of vector yξ, the MBC transformation gives:

ξ1
q = X(t)−1


q1

1
...

q1
N

 , (3.104)

with ξ1
q = (ξ0 ξ1c ξ1s)T gathering the multi-blade coordinates associated with the corresponding

initial generalized coordinates. Furthermore, for a three-bladed propeller, matrix X(t) is given by:

X(t) =


1 cosα1 sinα1

1 cosα2 sinα2

1 cosα3 sinα3

 , (3.105)

with αn = (n − 1) 2π
3 + Ω t the azimuthal angle of the nth blade already introduced in Equation 3.26.

Applying the same principle for all the components of yξ, it comes:

yξ =



X(t)
. . .

X(t)

1 0

0 1


︸ ︷︷ ︸

Xtot



ξ1
q

...

ξ
Nq
q

ξ1
t

...

ξNtt

θ

ψ


︸ ︷︷ ︸

ξ

, (3.106)

which corresponds to the inverse MBC transformation of the entire system since it relates yξ as a

function of ξ, which is expressed in the non-rotating frame R1. Additionally, the final diagonal block
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of Xtot is an identity matrix, since the pylon degrees of freedom are not affected by the transformation.

Thus, the relation between vectors y and ξ can be established as:

y = Q Xtot ξ = T(t) ξ, (3.107)

with T(t) the MBC transformation matrix, defined as T(t) = Q Xtot(t).

Once the multi-blade coordinates are clearly defined, it is possible to integrate them into the

new equations of motion, which are written as:

MMBC ξ̈ + CMBC ξ̇ + KMBC ξ = 0, (3.108)

where MMBC , CMBC and KMBC are the mass, damping and stiffness matrices of the system, respec-

tively, after the MBC transformation.

They are defined as:

MMBC = TT (t) M(t) T(t) (3.109)

CMBC = 2 TT (t) M(t) Ṫ(t) + TT (t) (C + G(t) + Ca(t)) T(t) (3.110)

KMBC = TT (t) M(t) T̈(t) + TT (t) (C + G(t) + Ca(t)) Ṫ(t) + TT (t) (K + N(t) + Kp + Ka(t)) T(t),

(3.111)

where Ṫ(t) and T̈(t) respectively denote the first and second time derivatives of the MBC transfor-

mation matrix T(t). They are given by:

Ṫ(t) = Q Ẋtot and T̈(t) = Q Ẍtot. (3.112)

First and second time derivatives of matrix Xtot are easily obtained by deriving the expression of Xtot

given in 3.106. In particular, they are defined as:

Ẋtot =



Ẋ(t)
. . .

Ẋ(t)

0 0

0 0


and Ẍtot =



Ẍ(t)
. . .

Ẍ(t)

0 0

0 0


, (3.113)
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considering that

Ẋ(t) = Ω


0 − sinψ1 cosψ1

0 − sinψ2 cosψ2

0 − sinψ3 cosψ3

 and Ẍ(t) = −Ω2


0 cosψ1 sinψ1

0 cosψ2 sinψ2

0 cosψ3 sinψ3

 . (3.114)

Once all of these expressions are assembled together via Equation 3.108, the equations of motion are

expressed in the non-rotating frame R1. Thanks to the MBC transformation, they are now time-

independent and they can be transformed in the state-space form to conduct a classical eigenvalue

analysis.

This gives:

MMBC ξ̈ = −CMBC ξ̇ − KMBC ξ (3.115)

⇒ ξ̈ = −M−1
MBC CMBC ξ̇ − M−1

MBC KMBC ξ, (3.116)

with the associated following state-space representation of the system:

ξ̈
ξ̇

 =

 0 I

−M−1
MBC KMBC −M−1

MBC CMBC


︸ ︷︷ ︸

A

ξ̇
ξ

 = A

ξ̇
ξ

 . (3.117)

As this state-space matrix is time-independent, a classical eigenvalue analysis of the system can be

performed in order to conduct a stability analysis of the system. The eigenvalue computation is

detailed in Section 3.3.

3.1.12 Method validation

Once the method is implemented, it has to be shown, through a test case, that it is done correctly.

The test considered here is based on the analysis of the work of V. de Gaudemaris [14].

The validation is performed using stability maps, in which dimensionless parameters are varied. De-

pending on the map, prestress and aerodynamic effects are either included or neglected. Moreover,

only one map considers all the blade flexibilities simultaneously. For the remaining maps, each blade

flexibility is isolated. The non-dimensional parameters are defined as follows:

• the dimensionless stiffness ĒIx = 1.87514EIx
(R−r0)4ρb S Ω2 ,

• the flapping frequency ratio γβ1 =
√

1 + ĒIx,
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• the dimensionless stiffnesses K̄θ,ψ =
Kθ,ψ

Jtot2
Ω2 ,

• the dimensionless torsional stiffness: ḠIy = π2 GIy
4(R−r0)2ρb Iy Ω2 .

Table 3.1 summarizes the key parameters of this test case.

Parameter Value
Number of shape functions for the in-plane bending Nh 4
Number of shape functions for the out-of-plane bending Nw 4
Number of shape functions for the traction Nv 2
Number of shape functions for the torsion Nt 3
Number of blades 4
Propeller radius Rp 1.2 m
Hub radius r0 0 m
Propeller rotation speed Ω 157 rad/s
Free stream velocity V 150 m/s
Air density ρa 1.225 kg/m3

Blade section static pitching moment m0 0 N/m
Blade section zero lift incidence angle α0 0 rad
Blade twist angle γ arctan

(
V
Ωr

)
rad

Blade section lift curve slope al 2π 1/rad
Propeller induced velocities Va and Vt 0 m/s
Blade chord c 0.15 m
Blade section drag coefficient Cd 0
Pitch damping coefficient Cθ 0 N.m.s
Yaw damping coefficient Cψ 0 N.m.s
Pitch stiffness coefficient Kθ Variable
Yaw stiffness coefficient Kψ Variable
Blade linear mass ρb S 1.0715 kg/m
Blade section polar moment of inertia ρb Iy 8.407 · 10−4 kg.m
Out-of-plane bending stiffness EIx 8000 N.m2

In-plane bending stiffness EIz 12000 N.m2

Axial stiffness ES 1.5 · 108 N
Torsional stiffness GIy 800 N.m2

Torsion structural damping coefficient Ctor 0.005 N.s
Bending structural damping coefficient Cflex 0 N.s/m2

Traction structural damping coefficient Ctract 0 N.s/m2

Table 3.1: Parameters of the test case used in the thesis, from V. de Gaudemaris [14].

When only the out-of-plane blade motion is retained, without the prestress effects but with

aerodynamic effects, Figures 3.9a and 3.9b are obtained.
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mentation.

Figure 3.9: Comparison between the present implementation and the results of V. de Gaudemaris
for the evolution of ωθ,ψ

Ω as a function of γβ1 with aerodynamic effects, without prestress effects and
considering only out-of-plane blade motion.

Other verification plots are presented in Appendix B, for different cases. For the blade torsion,

V. de Gaudemaris states that the system is stable for all stiffness configurations when aerodynamic

effects are not considered. He does not provide any plot to compare but Figure B.9 verifies this state-

ment, except for a small region near the origin, which can be considered as negligible.

3.2 Induced velocity computation

In Section 3.1.9, the importance of the computation of the induced velocities is highlighted for the

computation of the propeller aerodynamic matrices. The present section explains how these velocities

are computed.

First, the velocity triangle is introduced in order to define the blade relative-flow components.

Figure 3.10 shows two velocity triangles corresponding to two different radial positions. These triangles

relate the axial and tangential components of the absolute V and relative u velocities, if the radial

component is assumed negligible. Additionally, the considered blade chord is assumed to be equal at

both radial positions.

It is important to note that the velocity triangles are represented before the flow passes through the

propeller, i.e. the flow is not yet modified by the propeller rotation. The purpose of Figure 3.10 is to

identify the different contributions to the relative flow velocity seen by the blade.
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Ωr

Ωr

u

u

Figure 3.10: Representation of the velocity triangles for two different radii, adapted from Hillewaert
K. [54].

From this Figure, it can be seen that blade angle of attack depends on the considered radius

location. Indeed, the rotational speed at the spanwise location r equals Ωr. Therefore, as the ra-

dius increases, the tangential component of the relative velocity increases, which modifies both the

magnitude and the direction of the relative flow seen by the blades.

However, due to propeller rotation, the airflow is deflected in both tangential and axial directions.

In order to produce thrust, the propeller accelerates the flow, while the tangential induced velocity

component comes from the rotation imposed on the flow by the propeller.

The computation of the induced velocities relies on both blade element method (BEM) and blade

element momentum theory (BEMT), which are both briefly explained in Sections 3.2.1 and 3.2.2,

respectively.

By denoting the axial and tangential induced velocities Va and Vt, respectively, the magnitude

of the relative flow seen by the rotating blade is given by:

u(r) =
√

(V + Va)2 + (Ωr − Vt)2, (3.118)

where Ωr is the tangential velocity of the propeller at the spanwise location r.

3.2.1 Blade element theory (BET)

First introduced by Stefan Drzewiecki in 1920, the blade element theory, widely used for propeller

aerodynamic computations, allows the blade-section loads to be calculated from geometric and aero-

dynamic parameters such as the blade twist angle, the blade section lift and drag coefficients, as well

as the blade chord.
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This theory has several advantages. In particular, it allows variable geometrical quantities along the

blade radius, such as the blade twist angle and chord. It also enables the propeller torque to be

computed. Nevertheless, since it is a two-dimensional method, the spanwise flow over the blade is

neglected, as well as unsteady effects. Moreover, BET does not account for aeroelastic coupling by it-

self. Such coupling appears only when the aerodynamic loads are combined with a structural dynamic

model. [55].

Another limitation of the BET is its reduced validity close to the blade hub. In this region, hub-

induced aerodynamic effects are significant, and the blade geometry is usually thick and strongly

three-dimensional in order to ensure a smooth transition from the hub to the aerodynamic part of

the blade. Therefore, BET generally starts from approximately 20% to 30% of the total blade radius,

depending on the blade geometry.

This method treats the blade as a collection of multiple blade elements, each represented as an

independent two-dimensional airfoil. First, the differential lift and drag forces of one element are given

by [55]:

dfl(r) = 1
2ρau

2(r) c(r) Cl(r) dr and dfd(r) = 1
2ρau

2(r) c(r) Cd(r) dr, (3.119)

where u(r) is the blade relative velocity, c(r) the chord, ρa the density of the air and Cl(r) and Cd(r)

the lift and drag coefficients of the blade airfoil section, respectively.

The axial force and moment generated by the blade element are then obtained by projecting these

lift and drag contributions onto the directions of interest. In the deformed blade frame, the axial

component created by the N blades is written as [14]:

df(r) = −1
2ρau

2(r)N c(r) (Cl cosϕ − Cd sinϕ) dr, (3.120)

and, similarly, the axial moment exerted by the blades is given by [14]:

dq(r) = 1
2ρau

2(r)N c(r) (Cl sinϕ + Cd cosϕ) rdr, (3.121)

expressed at the propeller centre.

These expressions follow the sign convention of the deformed blade frame used in the present model [14].

The relative velocity u(r) of these equations depends on the induced velocities, which BET

cannot predict by itself. Therefore, the problem is not closed and another theory must be introduced

in order to finally compute the blade loads and induced velocities. This additional theory is called
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the one-dimensional momentum theory. Section 3.2.2 presents a combined BET-momentum theory

method, called the blade element momentum theory (BEMT).

3.2.2 Blade element momentum theory (BEMT)

The blade element momentum theory, also called the blade element method (BEM), was first intro-

duced by Glauert in 1935 [23]. This theory is based on mass and momentum conservation principles

and assumes a steady, inviscid and incompressible flow, as well as uniform in the circumference di-

rection. Moreover, the coupling between radial sections is neglected. These assumptions define the

framework of the method [22].

By applying Newton’s second law, V. de Gaudemaris states that the axial rate of change of

linear momentum in the annular streamtube equals the axial force applied to this streamtube by the

blades. Similarly, the axial rate of change of angular momentum equals the axial moment applied

to the streamtube by the blades [14]. This leads to a system of two equations, allowing the induced

velocities Va and Vt to be computed at each radial location. This system is expressed as [14]:


8πrVa (V + Va) =

(
(V + Va)2 + (Ωr − Vt)2

)
Nc (Cl cosϕ0 − Cd sinϕ0)

8πrVt (V + Va) =
(
(V + Va)2 + (Ωr − Vt)2

)
Nc (Cl sinϕ0 + Cd cosϕ0)

(3.122)

with ϕ0, denoting the inflow angle of a blade section, is given by:

ϕ0 = arctan
(
V + Va
Ωr − Vt

)
. (3.123)

Therefore, this system of equations must be solved to each radius, in order to obtain the complete

induced velocity radial distributions Va(r) and Vt(r). The blade lift coefficient Cl is computed at an

angle α given by:

α = γ − ϕ0 − α0, (3.124)

with γ the blade twist angle at the given location and α0 the zero-lift incidence angle of the airfoil.

Algorithm 1 summarizes the procedure of the blade element momentum theory used to compute

the radial distributions of the induced velocities, where k is the iteration number. The residual

tolerance εres is set to 10−8. Additionally, the induced velocity computation starts at 30% and

finishes at 98% of the blade radius, because the complex shape near the blade root complicates the

calculation [54]. Therefore, as a first approximation, the induced velocities for radii between the root

and 0.3 Rp are assumed to be equal to the first computed value. Analogously, the velocities after 98%
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of the radius are equal to the last computed value.

Algorithm 1 Nonlinear BEMT solver for the induced velocities
Require: V , Ω, blade geometry, airfoil polar data, residual tolerance εres
Ensure: Induced velocities Va(r) and Vt(r)

for each radial station ri do
Find the corresponding chord ci and twist angle γi
Computation of the Reynolds number Re to find the corresponding Cl and Cd
Define several initial guesses for (Va, Vt):

(V init
a , V init

t ), (0, 0), (−0.1V, 0), (0, 0.1Ωri)

for each initial guess do
Solve the nonlinear BEMT system for (Va, Vt) using a root-finding method:8πrVa (V + Va) =

(
(V + Va)2 + (Ωr − Vt)2

)
Nc (Cl cosϕ0 − Cd sinϕ0)

8πrVt (V + Va) =
(
(V + Va)2 + (Ωr − Vt)2

)
Nc (Cl sinϕ0 + Cd cosϕ0) ,

where

ϕ0 = arctan
(
V + Va
Ωr − Vt

)
and α = γi − ϕ0 − α0

Reject non-physical branches if V + Va ≤ 0 or Ωri − Vt ≤ 0
If the root-finding method converges, compute the residual norm ∥R(Va, Vt)∥2

end for
Retain the converged solution with the smallest residual norm
Accept the solution only if

∥R(Va, Vt)∥2 < εres

Use the retained solution as initial guess for the next radial station
end for
return Va(r), Vt(r)

Additionally, in order to converge to physically relevant solutions, several initial guesses are

tested. The system is solved for each of them, and the retained solution is the one associated with

the smallest residual. Depending on the initial guess, some computations can lead to non-convergent

solutions. These solutions are therefore not kept. Moreover, R (Va, Vt) is defined as the residual vectorR1 (Va, Vt)

R2 (Va, Vt)

 with

R1 (Va, Vt) = Va −

(
(V + Va)2 + (Ωr − Vt)2

)
Nc (Cl cosϕ0 − Cd sinϕ0)

8πri (V + Va)
(3.125)

and

R2 (Va, Vt) = Vt −

(
(V + Va)2 + (Ωr − Vt)2

)
Nc (Cl sinϕ0 + Cd cosϕ0)

8πri (V + Va)
. (3.126)
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3.3 Eigenvalue analysis of a linear time-invariant system

As the equations of motion are time-independent, linear, and written under the state-space form, as

introduced in 3.117, the stability of the system can be studied by looking at its eigenvalues.

For linear time-invariant systems, a classical eigenvalues analysis can be performed.

Mathematically, an eigenvalue problem is defined by the following equation [56]:

(A − λI)ϕr = 0, (3.127)

where λ is the complex eigenvalue associated by definition, with the non-zero vector ϕr, called the

eigenvector. For instance, matrix A is the state-space system matrix introduced in Equation 3.117.

Moreover, the eigenvalue is defined as:

λ = σ︸︷︷︸
real part

+ i ω︸︷︷︸
imaginary part

, (3.128)

with ω the angular frequency of the mode. Linked to the period T , this pulsation equals:

ω = 2 π
T
. (3.129)

Concerning the mode oscillation frequency f , it is given by:

f = ω

2π . (3.130)

The real part governs the stability of the mode. This is described in detail in Section 3.4.

Furthermore, if matrix (A − λI) were invertible, Equation 3.127, by multiplying on both sides

by the inverse, would become:

(A − λI)−1 (A − λI) ϕr = (A − λI)−1 0, (3.131)

leading to a zero eigenvector ϕr = 0. However, by definition, an eigenvector must be non-zero,

meaning that matrix (A − λI) is not invertible [56].

Therefore, Equation 3.127 allows a non-zero solution ϕr if and only if matrix (A − λI) is singular.

Following the definition of a singular matrix, the eigenvalues of a system are obtained from [56]:

det (A − λI) = 0, (3.132)

62



CHAPTER 3. METHODOLOGY

which is called the characteristic equation.

Furthermore, a matrix, denoted by Λ, gathering all the eigenvalues of matrix A on its diagonal

can be defined. Another matrix, denoted by Φr, is introduced to gather the corresponding right

eigenvectors. In particular, each column of Φr is one right eigenvector of A. Thus, the relationship

between A, Λ and Φr is written as [57]:

AΦr = ΦrΛ. (3.133)

This Equation is called the right eigenvalue problem of matrix A [57, 58], since the columns of Φr are

the right eigenvectors of matrix A.

Similarly, the left eigenvalue problem of matrix A is defined as:

ΨHA = ΛΨH (3.134)

where each row of ΨH is one left eigenvector of A. The exponent (·)H denotes the Hermitian transpose,

since the eigenvectors are complex.

The left and right eigenvectors can be normalized so as to satisfy the bi-orthogonality relation

ΨH = Φ−1
r and ΨHΦr = I. (3.135)

Furthermore, matrix A can be diagonalized using the left and right eigenvectors as follows:

A = ΦrΛΨH . (3.136)

However, this condition is not guaranteed when repeated eigenvalues are present, since the associated

eigenvectors can not form a complete independent basis.

The interest of both right and left eigenvalue problem formulations is described in Section 3.6,

for the modes tracking method.

3.4 Stability analysis overview

Once the eigenvalues of the system are obtained, they are used to conduct a stability analysis of the

system.

An eigenvector ϕr associated with the eigenvalue λ = σ + i ω gives a modal solution q(t) of
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the form [59]:

q(t) = ϕr︸︷︷︸
shape

eσ t︸︷︷︸
stability

ei ω t︸ ︷︷ ︸
oscillatory motion

. (3.137)

Therefore, the solution is governed by two contributions. On the one hand, the exponential eσ t

determines the stability of the response. If σ is positive, this term grows as time t increases, and the

mode is unstable. If σ is negative, the response decreases with time, and the corresponding mode is

stable.

On the other hand, the term ei ω t determines the oscillatory nature of the mode. Additionally,

the eigenvector ϕr gives information about the shape of the motion, because it contains the relative

amplitudes, as well as the phase differences between each degree of freedom of the system.

If the time response of a particular degree of freedom ϕi is required, the corresponding component

of the eigenvector ϕr can be extracted. This component is denoted by ϕi. Applied to Equation 3.137,

it gives:

ϕi(t) = ϕi eσ t ei ω t. (3.138)

As the eigenvector ϕr is complex, the component ϕi is also a complex number, which can be written

as:

ϕi = Ai ei φi , (3.139)

where Ai = |ϕi| is the amplitude of the complex number, and φi = arg ϕi is its phase.

Therefore, 3.138 and 3.139 are combined to give the time response of the considered degree of freedom,

written as:

ϕi(t) = Ai ei φi eσ t ei ω t = Ai eσ t ei(ω t + φi). (3.140)

Since the physical response of the degree of freedom is real, the real part of 3.140 is retained, leading

to:

ϕi(t) = eσ t︸︷︷︸
stability

Ai cos (ω t + φi)︸ ︷︷ ︸
oscillatory shape

. (3.141)

This development is useful for whirl flutter mode identification described in Section 3.5, where the

considered components ϕi refer to the pylon pitch and yaw degrees of freedom θ and ψ, respectively.

3.5 Whirl flutter mode identification

Once the eigenvectors are obtained, it is necessary to identify both whirl flutter modes, if they exist, in

order to conduct a proper whirl flutter analysis. The whirl flutter physical mechanism is explained in

Section 2.1. Therefore, the identification criteria are based on the physical and dynamic characteristics
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of whirl flutter modes.

Firstly, the whirling nature of the mode is characterized. If both pitch Kθ and yaw Kψ stiffnesses

are assumed to be equal, the mode theoretically precesses as perfect circular motion. This mode

circular motion can be identified through the phase difference ∆ and the amplitude ratio R between

the yaw ψ and pitch θ degrees of freedom. Effectively, for a circular motion of the pylon, the phase

difference should be equal to ∆ = ±90◦ and the amplitudes of the pitch and yaw components should

be equal. With the definition

R = |ψ|
|θ| + |ψ|

, (3.142)

R should be equal to 0.5.

Additionally, a phase difference equal to ±90◦ means that, when one degree of freedom reaches its

maximum amplitude, the other is zero, and inversely.

The phase difference between both degrees of freedom is defined as:

∆ = argψ − arg θ, (3.143)

where the phases are computed from the corresponding complex components of the eigenvector. For

instance, argψ = arctan
(
ωi
σi

)
and similarly for the pitch degree of freedom.

Together, these two parameters characterize the whirling motion of the mode. The sign of ∆,

combined with the propeller rotation direction, allows the mode to be classified as either a backward

or forward whirling mode.

Secondly, the identified whirling modes must become unstable as the free-stream velocity V in-

creases in order to classify them as whirl flutter modes. Therefore, if the real part of the corresponding

eigenvalue increases and crosses the zero line at a particular velocity, called the critical speed Vcrit,

the aerodynamic effects have a destabilizing influence on the mode.

3.5.1 Aerodynamic influence on a mode

The aerodynamic influence on a mode can be analysed using an energetic approach. According to

May M. et al., the global aerodynamic work over one cycle, i.e. from t = 0 to t = T determines the

direction of the energy exchange between the free-stream and the structure. This work, denoted by

Wa, is defined as the work exerted by the structure on the free-stream over one period.

In particular, ifWa is positive, the energy is transferred from the free-stream to the structure, which has

a destabilizing effect. Inversely, if Wa is negative, energy is transferred from the structure to the flow,
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which has a stabilizing effect [60]. The aerodynamic work associated with mode i is mathematically

given by [61]:

Wa =
∫ T

0
ϕ̇
T
i (t) Fi

a(t) dt, (3.144)

where Fi
a(t) is the aerodynamic forces vector associated with the mode i. Based on the equations of

motion defined in Equation 3.87, this vector is given by:

Fi
a(t) = −Ca(t) ϕ̇i(t) − Ka ϕi(t), (3.145)

where Ca(t) and Ka(t) are the aerodynamic damping and stiffness matrices after the MBC transfor-

mation.

Additionally, the mean power of the aerodynamic forces, denoted by Pa, exerted on the mode is equal

to [62]:

Pa = Wa

T
. (3.146)

3.6 Mode tracking method

When the evolution of a mode is studied with respect to a given parameter, it is essential to track the

same mode over the entire range of analysis. Therefore, when parameters, such as free-stream velocity

or pitch and yaw stiffnesses, are varied, mode tracking becomes one of the main challenges.

Indeed, over certain parameter ranges, several mode shapes and natural frequencies can evolve signifi-

cantly and even cross each other. As a result, a robust mode tracking procedure is required to compare

modal quantities consistently from one parameter value to another. An incorrect mode identification

would lead to non-physical results.

The modal assurance criterion (MAC) between the right eigenvectors of two modes, ϕi and ϕj ,

is defined as [63]:

MAC
(
ϕi,ϕj

)
=

∣∣∣∣ϕHi ϕj∣∣∣∣2(
ϕHi ϕi

) (
ϕHj ϕj

) . (3.147)

It can be used to quantify the similarity between mode shapes and thus perform mode tracking. Nev-

ertheless, this approach presents several limitations when applied to aeroelastic systems. Particularly,

small parameter increments are generally required to ensure accurate mode tracking. Additionally,

right eigenvectors can lose orthogonality as the system approaches the critical speed, i.e. the speed

above which the considered mode becomes unstable [58].

Therefore, a more robust approach is used in this thesis. This method, presented by Xiaochen
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Hang and Qingguo Fei, relies on both left and right eigenvectors [58]. Indeed, their bi-orthogonal

relation remains valid near the critical speed, as long as the parameter increment remains reasonable.

Therefore, to track the modes between different parameter values, the bi-orthogonality relation given

in Equation 3.135 is used.

Considering two consecutive states i and i+ 1, an eigendecomposition of the state-space matrix

A can be performed. Thus, for both parameter states, Equation 3.136 becomes:

Ai = Φr,i Λi ΨH
i and Ai+1 = Φr,i+1 Λi+1 ΨH

i+1, (3.148)

with Φr the matrix gathering the right eigenvectors of A, whereas ΨH gathers the left eigenvectors.

The modes tracking is performed using two orthogonality-check matrices, denoted by S and S̄. Between

two consecutive parameter states i and i + 1, these matrices must be diagonally dominant to ensure

robust mode tracking. They are defined as:

Si,i+1 = ΨH
i Φr,i+1 and S̄i,i+1 = ΦH

r,i Ψi+1. (3.149)

It is important to note that, unlike the MAC matrix of Equation 3.147, the orthogonality-check

matrices are not necessarily identity matrices, by definition.

This mode-tracking algorithm requires the computation of both the right and left eigenvectors at each

parameter step. The workflow of the method is defined as follows.

First, at increment i, the left eigenvectors Ψi of matrix Ai are classically computed. The track-

ing method requires the modes to be initially sorted. For clarity, they are first sorted by increasing

oscillation frequency.

Then, right eigenvectors Φr,i+1 of Ai+1 are computed and mode identification can be performed. The

columns of matrix Φr,i+1 are rearranged so that the orthogonality-check matrix Si,i+1 is diagonally

dominant.

To track the mode at the next parameter increment i + 2, the obtained reordered right eigenvectors

matrix Φr,i+1 is used. Left eigenvectors Ψi+2 of matrix Ai+2 are computed, and the newly computed

eigenvector matrix is reordered so that the corresponding orthogonality-check matrix becomes diago-

nally dominant.

Once all the products ΨH
i Φr,i+1 or Φr,i ΨH

i+1 have been computed for all modes, the columns of

the newly computed eigenvector matrix, either Φr,i+1 or ΨH
i+1, are then reordered to maximize the

diagonal dominance of the associated orthogonality-check matrix. Therefore, the quality of the mode

tracking is evaluated by analysing both S and S̄ matrices. Two indices can be defined for each eigen-
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vector to quantify its similarity with the other modes.

The first one is the row index nr, defined as the ratio between the diagonal term, associated with the

tracked mode, the largest off-diagonal term in the corresponding row. It indicates if the identified

mode is more strongly correlated with the tracked mode or with another mode at the new parameter

step. The second one, called the column index nc, is defined as the ratio between the diagonal term

and the largest off-diagonal term in the corresponding column. A low column index would indicate

that another previous mode is more strongly correlated with the identified mode than the tracked one.

Therefore, high quality mode tracking requires both indices to remain sufficiently high, as follows:

nr >> 1 and nc >> 1. (3.150)

Additionally, the frequency difference between two parameter increments must be considered.

Indeed, if the increment is not significantly large, the frequency of a given mode is expected to vary

only slightly between two successive states. Hence, the relative frequency difference between two

successive states is defined as: ∣∣∣∣fi − fi+1
fi

∣∣∣∣ · 100 [%]. (3.151)

The mode association is obtained by solving an optimal matching problem based on a cost matrix

constructed from the corresponding orthogonality-check matrix. This cost matrix is defined as the

opposite of the absolute values of the orthogonality-check coefficients, so that minimizing the cost is

equivalent to maximizing the modal correlation.

If the relative frequency difference between two candidate modes is higher than 20%, a large positive

penalty is assigned to the corresponding cost matrix element. This allows this mode pair to be

excluded from the assignment process. This assignment problem is solved using a modified version of

the Jonker–Volgenant algorithm [64, 65].

In this thesis, the varied physical parameters are the free-stream velocity, as well as pitch and

yaw stiffnesses. The nominal parameter increment is defined as 1. In parameter ranges where mode

veering occurs, i.e. where the row and column indices are not significantly greater than one, the

velocity step is adjusted in order to ensure high-quality mode tracking. This is further discussed in

Chapter 4.
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3.7 Blade deformation visualization

The visualization of blade deformations associated with a whirl flutter mode is useful for investigating

the interaction between pylon and blade motions. These deformations are analysed in the R2 frame

defined in Figure 3.2, i.e. the frame moving with the propeller centre. Therefore, several mathematical

operations are required to obtain the blade deformations from the mode shapes computed with the

analytical method.

First, MBC transformation changes the generalized coordinate vector from the blade rotating-

frame coordinates y to the multi-blade coordinates ξ, as explained in Section 3.1.11. As a result,

the physical meaning of the coordinates is modified. Before being projected onto the fixed frame R2,

the blade deformations must first be expressed in the undeformed rotating frame Rbn of each blade.

Therefore, the initial generalized coordinates have to be recovered. This is achieved using the inverse

MBC transformation:

y = T(t) ξ, (3.152)

with matrix T(t) the transformation matrix defined in 3.107.

Once the inverse transformation has been performed, the components of the mode can be in-

terpreted in a classical way, since the coordinates are now expressed in the blade undeformed frame

Rbn . Thus, radial distributions of the blade deformations can be recovered through the Rayleigh-Ritz

approximation, defined in Equations 3.10, 3.11, 3.12 and 3.13 for the in-plane bending, traction, out-

of-plane bending and torsion, respectively.

Therefore, the obtained h(r), w(r), v(r) and t(r) distributions are written in the blade undeformed

frame Rbn and must be projected into the R2 frame to facilitate the interpretation of the blade defor-

mations.

For clarity purposes, each blade is represented by a line extending from its root to its tip. In

the undeformed blade frame Rbn , a point located at the radial position r on the undeformed blade is

mathematically expressed as: 
x0
bn

y0
bn

z0
bn

 =


0

r

0

 , (3.153)

since the ybn axis corresponds to the longitudinal direction of the blade. This is illustrated in Fig-

ure 3.11, where the undeformed and deformed blades are represented in both frames Rbn and R2.
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y2

z2

xbn

ybn

zbn

x2

α

h(r)
w(r)

r

Figure 3.11: Undeformed (in black) and deformed (in orange) blades represented in both frames Rbn
and R2. The blades are shown for r0 = 0 for drawing clarity.

Traction simply corresponds to an elongation of the blade in the ybn−direction. Therefore, the

initial radial position r becomes r + w(r), meaning that w(r) represents the radial deformation.

Concerning the out-of-plane bending, it corresponds to the deformation normal to the undeformed

blade plane which is represented in Figure 3.11. It is therefore represented by the component v(r) in

the zbn−direction at the radial location r.

Similarly, the in-plane bending is defined as a deformation perpendicular to the blade radial direction

ybn , but remaining in the undeformed propeller plane. Hence, it corresponds to the component h(r)

in the xbn-direction at the radial location r.

As a summary, the point initially located at (0, r, 0)T in the undeformed blade frame Rbn becomes,

when blade deformation is taken into account:

xdbn

ydbn

zdbn

 =


h(r)

r + w(r)

v(r)

 . (3.154)

This describes properly, in the undeformed frame Rbn , the coordinates of all points of the deformed

blade. Since the blade deformation must be finally represented in the R2 frame, matrix RRbn→R2 ,

which expresses the basis vectors of frame Rbn in frame R2 must be used. This matrix is defined

in 3.30.

As a result, it comes:


xd2(r)

yd2(r)

zd2(r)

 = RRbn→R2


xdbn(r)

ydbn(r)

zdbn(r)

 =


0 0 −1

− cosα sinα 0

sinα cosα 0




h(r)

r + w(r)

v(r)

 . (3.155)
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In equation form, it gives:



xd2(r) = −v(r)

yd2(r) = −h(r) cosα + (r + w(r)) sinα

zd2(r) = h(r) sinα + (r + w(r)) cosα

, (3.156)

and the deformed blades can then be easily represented in the frame attached to the propeller centre,

denoted by R2. As a reminder, α(t) = (n − 1) β + Ω t of blade n is the blade azimuthal angle at

time t, defined in 3.26.

Furthermore, the torsional deformation is directly obtained from the radial distribution θt(r).

Unlike bending and traction displacements, it does not require a geometrical reconstruction of the

blade centreline, since it is already expressed as a rotation angle along the blade span.

3.8 Cantilever beam static deflection

In the system configurations defined in Chapter 4, the pylon is loaded at its tip, mainly due to the

presence of the propeller and the motor. As a result, it can experience a static deformation, which

is not desirable for an actual experimental setup. Indeed, such a deformation would induce a static

misalignment of the propeller plane with respect to its nominal orientation, therefore modifying the

operating conditions of the experiment.

Under the linear Euler-Bernoulli beam assumption, a first approximation of the beam tip deflection δ

and rotation θ can be obtained. Both quantities are given by:

δ = FL3

3EI + M0L
2

2EI and θ = FL2

2EI + M0L

EI
. (3.157)

All the analytical developments are described in Appendix C.
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flutter demonstrator

Once the analytical method has been correctly implemented, it can be used to perform the preliminary

design of the small-scale whirl flutter demonstrator.

In this chapter, two different system configurations are first presented. They are then compared

in terms of their advantages and drawbacks in order to assess their feasibility and highlight their

differences.

The first step is the selection of a suitable propeller, which is common to both configurations.

Then, the remaining geometrical parameters are discussed.

Due to experimental constraints, all the results presented in this chapter are computed for a propeller

rotational speed Ω of 2000 rpm. At this operating condition, the maximum free-stream velocity that

can be considered is 13 m/s, as shown in Table D.2 of Appendix D. This constitutes one limitation of

the study.

Furthermore, all results are obtained assuming a structural damping ratio between 0.5% and 2% for

both backward and forward whirl modes. This range is selected to provide a realistic representation

of the damping levels expected in the experimental setup.

Moreover, the number of shape functions retained in the model is determined through a convergence

analysis of the frequencies associated with the relevant backward and forward whirling modes. This

leads to the following retained numbers of shape functions:



Nh = 6

Nw = 4

Nv = 6

Nt = 5

. (4.1)

As a reminder, Nh, Nw, Nv, Nt denote the number of shape functions considered in the Rayleigh-Ritz

approximation for in-plane bending, traction, out-of-plane bending, and torsion, respectively. This is

described in detail in Section 3.1.4.

Additionally, Table 4.1 lists the general quantities used in all computations. The motor mass

includes the motor and all other components located at the end of the pylon, excluding the propeller.
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These components are described in Chapter 5.

Parameter Value
Air density ρair 1.225 kg/m3

Propeller rotational speed Ω 2000 rpm
Motor mass 0.8 kg
Ctract 1 N.s/m2

Cflex 1.75 N.s/m2

Ctor 0.2 N.s

Table 4.1: General definition of some parameters used for all the computations.

Concerning structural damping, only the pitch Cθ and yaw Cψ coefficients differ between the

two configurations.

4.1 Propeller description

A real propeller can be selected for the experimental setup. Its geometrical parameters, as well as

performance data for several rotational and free-stream velocities are integrated into the analytical

model, in order to assess the whirl flutter stability behaviour of the system.

In this section, the propeller geometry and performance data are presented, together with information

regarding its manufacturing process.

The selected propeller is the APC 15.75x13-3, manufactured by APC Propellers [66]. Its main

characteristics are presented in Sections 4.1.1 and 4.1.2.

As a general comment, 15.75 denotes the propeller diameter in inches, corresponding approximately

to 400 mm, whereas 13 denotes the propeller pitch, also in inches. This corresponds to 330 mm. This

means that the propeller would advance by 330 mm during one complete revolution. This three-bladed

propeller is shown in Figure 4.1.

Figure 4.1: Selected APC 15.75x13-3 propeller.
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The blades are identical and equally distributed over the propeller circumference. This leads to

β, defined in Equation 3.27, being equal to 2π
3 .

APC Propellers is an American company based in California and founded in 1989. It manu-

factures a wide range of propellers, including multi-rotors, thin-electric, sport, aerobatic and racing

propellers. The available diameters range from 102 mm to 686 mm, with different geometrical and

aerodynamics characteristics. The company also provides geometry and performance data for its

propellers, which is particularly useful for the present preliminary design [66].

The APC 15.75x13-3 propeller is selected as a compromise between geometry, blade flexibility

and aerodynamic loading. Its relatively large diameter leads to more flexible blades than smaller

propellers with similar design, while keeping the aerodynamic loading sufficiently significant for the

present experimental setup.

Moreover, the data provided by the manufacturer allow the propeller geometry and performance to

be directly integrated into the analytical model.

4.1.1 Propeller geometrical characteristics

The 15.75x13-3 APC propeller is uniformly made of a nylon composite. The relevant physical prop-

erties of this material are given in Table 4.2.

Parameter Value
Young modulus Eb 19.3 GPa
Poisson ratio νb 0.34
Shear modulus Gb 7.2 GPa
Density ρb 1700 kg/m3

Table 4.2: Relevant physical properties of the nylon composite propeller material required for the
analytical computations [66].

The blade airfoil is the CLARK-Y profile, which is commonly used for this type of propeller.

This airfoil profile is represented in Figure 4.2.

Figure 4.2: CLARK-Y airfoil profile of the propeller blades [67].
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Furthermore, the main geometrical parameters of the selected propeller are summarized in Ta-

ble 4.3.

Parameter Value
Radius 0.2 m
Hub internal diameter 7.87 mm
Hub external diameter 38.1 mm
Hub thickness 16.25 mm
Mass 120 g
Volume 7 · 10−5 m3

Pitch 330 mm

Table 4.3: Main geometrical parameters of the APC 15.75x13-3 propeller.

Figure 4.3 shows the radial distributions of the blade cross-sectional area, chord, twist angle and

maximum thickness. The twist angle represented in Figure 4.3b denotes the angle measured between

the local chord line and a reference flat bottom surface.

As a comment, the radial position is measured from the blade root, not from the propeller centre. In

this work, the blade root is assumed to be located at the external hub radius. Therefore, the chord,

twist angle, cross-sectional area, and maximum thickness are expressed as functions of the radial

position along the blade.
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Figure 4.3: Radial distributions of chord, twist angle, cross-sectional area, and maximum thickness
for one blade of the selected APC 15.75x13-3 propeller.

From these geometrical data, the polar and transverse moments of inertia of the propeller,

denoted by J1 and J2, respectively, can be computed. They are previously defined in Equations 3.50

and 3.51, respectively. The resulting propeller moments of inertia, expressed at the propeller centre,

are provided in Table 4.4.

Inertia Value
Polar moment of inertia J1, expressed at the propeller centre 880.01 kg.mm2

Transverse moment of inertia J2, expressed at the propeller centre 446.32 kg.mm2

Table 4.4: Polar and transverse moments of inertia J1 and J2 of the selected propeller, expressed at
the propeller centre.

Additionally, the radial distributions of the second moments of area of the blade beam sec-

tion Ix(r), Iy(r) and Iz(r) are shown in Figure 4.4. As a reminder, these quantities are defined in

Equations 3.53 and 3.54.

76



CHAPTER 4. ANALYTICAL MODELLING OF THE WHIRL FLUTTER DEMONSTRATOR

0.05 0.10 0.15 0.20
Radial location [m]

0.0

0.5

1.0

M
om

en
ts

 o
f i

ne
rt

ia
 [m

4
] 1e 8

Ix
Iy

Iz

(a) Ix(r), Iy(r) and Iz(r) distributions.

0.05 0.10 0.15 0.20
Radial location [m]

0

2

4

6

I x
 [m

4
]

1e 10

(b) Ix(r) distribution.

Figure 4.4: Radial distributions of the second moments of area Ix(r), Iy(r) and Iz(r) of the blade
beam section, with a detailed view of Ix.

4.1.2 Propeller performance

APC Propellers uses its own computational software to provide propeller performance data. In par-

ticular, these data are based on vortex theory and are obtained from the actual geometry of the

propeller. The thrust coefficient, torque coefficient, Mach number at the propeller tip, thrust, torque

and Reynolds number at 75% of the span are provided for each 1000 rpm increment. The correspond-

ing free-stream velocity values are limited to the operating range of the propeller for each rotational

speed. The corresponding propeller performances for Ω = 1000 rpm and Ω = 2000 rpm are given

in Appendix D.

Furthermore, the nominal direction of rotation of the APC 15.75x13-3 propeller is right-hand rotation.

According to the usual propeller convention, this means that the propeller rotates counter-clockwise

when viewed from the front.

In Figures 4.5a and 4.5b, the thrust and power coefficients are represented as functions of the

advance ratio, which is defined as [54]:

J = V

nD
, (4.2)

with V the free-stream velocity, n the rotational speed in rev/s, and D the propeller diameter.

On the one hand, the thrust coefficient CT decreases with increasing advance ratio J . For a fixed

rotational speed, this is due to the reduction of the relative blade angle of attack. Indeed, as the

advance ratio increases, the ratio of the axial velocity and the tangential velocity becomes larger.

Hence, the relative blade angle of attack decreases, leading to a reduction in blade lift, and therefore

in thrust.

On the other hand, the power coefficient CP slightly increases until J = 0.4, before decreasing until
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(a) Thrust coefficient CT .
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Figure 4.5: Thrust and power coefficients of the APC 15.75x13-3 propeller, denoted by CT and CP ,
respectively, as functions of the advance ratio J .

Finally, the torque required to rotate the propeller at given free-stream velocity and rotational

speed conditions is also important for the experimental setup. It is considered in the motor selection,

since the motor must be able to provide the required torque over the considered operating range.

The corresponding torque values are given in Appendix D, while the motor selection is discussed in

Section 5.3.

Airfoil aerodynamic performance

As discussed in Sections 3.1.9 and 3.2.2, blade section lift and drag coefficients, as well as lift curve

slope must be extracted for different angles of attack and Reynolds numbers for the computation of

the propeller aerodynamic matrices.

To do so, data are extracted from the Airfoil Tools software [67]. This software provides coefficient

values obtained using XFOIL.

Created by Mark Drela in 1986, XFOIL is used for the study of isolated subsonic airfoil profiles. For

different Mach and Reynolds numbers, it can provide lift and drag predictions, in addition to other

aerodynamic parameters that are not required in this thesis. XFOIL is based on a viscous–inviscid

interaction approach. The inviscid flow is computed using a linear-vorticity panel method, while

viscous effects are modelled with an integral boundary-layer formulation. The lift coefficient is obtained

from pressure integration, whereas the drag coefficient is computed from the wake momentum thickness

using the Squire-Young formula [68].

The coefficients are extracted for different Reynolds numbers, and they are then interpolated to

obtain the relevant coefficient values at each considered Reynolds number. Moreover, interpolation is
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also performed with respect to the angle of attack. For instance, the airfoil polar at Re = 50000 is

given in Figure 4.6.
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Figure 4.6: Lift coefficient CL as a function of the drag coefficient CD for angles of attack ranging
from -8.5◦ to 14.75◦, considering a Reynolds number Re = 5 · 104 [67].

The irregular behaviour observed around CD = 0.09 and CL = 1.1 can be due to a loss of

accuracy in the polar prediction of the solver, possibly associated with the approach to airfoil stall.

This corresponds approximately to angles of attack higher than 11.5◦ [67]. Such behaviour is consis-

tent with the known limitations of XFOIL when dealing with separated flow and post-stall conditions.

However, this range of angles of attack is not reached in the present analytical computations and

therefore does not affect the results.

Additionally, for all the considered Reynolds numbers, the zero-lift angle of the airfoil α0, defined

in 3.124, is approximated as 4◦ [67] and the finite blade length correction factor C3D, defined in Equa-

tion A.6, is equal to 0.77.

Furthermore, the lift-curve slope of the blade section is identified from the evolution of the lift coeffi-

cient as a function of the angle of attack for a given Reynolds number. The static pitching moment of

a blade section, m0, introduced in Equation A.8, is computed from the moment coefficient Cm given

by XFOIL. Both quantities are related as [69]:

m0(r) = CM (r) 1
2 ρa u

2(r) c2(r). (4.3)
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4.2 Introduction of the configurations

As previously mentioned, two configurations are analytically investigated. The first one is the flexible

pylon configuration, while the second one is the rigid pylon configuration. They are both described in

Sections 4.3 and 4.4, respectively. The main conceptual difference between the two configurations lies

in the origin of the system flexibility, which is provided either by the pylon itself or by linear springs,

depending on the considered case.

In Section 3.1, where the analytical method is theoretically described, two stiffness quantities are

introduced for the pitch and yaw motions of the pylon, respectively Kθ and Kψ. Thus, their definition

will be different for both configurations.

However, some general design guidelines are common to both configurations. According to Reed, a

system with equal pitch and yaw stiffness is more susceptible to whirl flutter instability [10]. Therefore,

imposing symmetry in pitch and yaw stiffnesses Kθ and Kψ is consistent with the objective of favouring

the occurrence of whirl flutter.

4.2.1 Model requirements

For both configurations, the model must allow whirl flutter to occur. Therefore, in the flexible pylon

configuration, the dimensions and geometry of the pylon have to be selected so that the system is

flexible enough. As a reminder in the rigid pylon configuration, the required flexibility is instead

introduced by the linear springs.

However, in both cases, the pylon must not experience excessive static deformation due to the mass

located at its tip. For instance, the propeller and other components, described in Chapter 5, are

located at the tip of the propeller.

Therefore, the static deflection and rotation angle at the pylon tip must remain limited. Otherwise,

the equilibrium position would be modified, which could affect its dynamic behaviour. Excessive static

deflection could induce a significant mass unbalance, potentially leading to mechanical failure of the

setup in some cases. Additionally, the deflection angle at the pylon tip directly modifies the orientation

of the propeller plane, which could introduce unwanted aerodynamic effects.

These quantities, referred to as the static tip deflection δtip and static tip rotation angle θtip, are

computed from 3.157 in Section 3.8 for a cantilever beam loaded at its tip.

In the present case, for both configurations, the propeller is assumed to be located at a distance Lmotor

of the pylon tip, as seen in Figure 4.7, where Lmotor denotes the motor length.
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Pylon

Motor

Lmotor

Propeller
mpropeller . g

Figure 4.7: Simplified model configuration with the pylon, the motor and the propeller.

Hence, the moment applied at the tip of the pylon is given by:

M0 = mpropeller g Lmotor, (4.4)

with mpropeller the mass of the propeller and g = 9.81 m/s2 the gravitational acceleration.

In Section 4.3 and 4.4, the static tip deflection δtip and static tip rotation angle θtip are discussed for

both configurations.

Furthermore, some requirements are related to the transverse moment of inertia of the pylon

Jp2 , defined in 3.39. Indeed, if this transverse moment of inertia is too high, the gyroscopic coupling

induced by the rotating propeller can not be sufficient to generate a significant precession motion of the

pylon. This coupling depends on the polar moment of inertia of the propeller J1 and on its rotational

speed Ω, as introduced in the expression of the propeller gyroscopic matrix in 3.55. Therefore, to

compare the gyroscopic effect with the transverse inertia of the pylon, a relevant design ratio can be

defined as:
J1
Jp2
, (4.5)

with J1 the polar moment of inertia of the propeller.

The goal of this ratio is to provide an indication of the susceptibility of the system geometry to whirl

flutter, without accounting for the propeller rotational speed. It can therefore be interpreted as a

structural design indicator, giving qualitative information on the ability of the rotating propeller to

induce a precession motion of the pylon.

If this ratio is significantly low, the transverse inertia of the pylon is large compared with the polar

inertia of the propeller. In that case, the pylon is more difficult to set into precession, and a higher

propeller rotational speed would be required for the gyroscopic coupling to become significant.
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When this ratio is sufficiently high, the polar inertia of the propeller is large compared with the

transverse inertia of the pylon. The gyroscopic effect induced by the propeller rotation can then more

easily drive the pitch-yaw coupled motion of the pylon.

As a conclusion regarding the inertias, whirl flutter is favoured by a lightweight pylon, i.e. a

small-size pylon and/or made of low-density material. If the pylon has to be flexible, as discussed

in Section 4.3 for one of the two configurations, a trade-off has to be found. Indeed, in addition to

a relatively low transverse inertia, the pylon has to be flexible enough. The first condition requires

a compact pylon, whereas the second one rather involves a larger length, while remaining accept-

able concerning the static deflection and rotation angle. Therefore, the final design results from a

compromise between transverse inertia, flexibility, and static deformation constraints.

4.3 Flexible pylon model

The flexible pylon model considers a flexible pylon clamped at the pivot location. In this configuration,

the pitch and yaw stiffness coefficients Kθ and Kψ are derived directly from the pylon geometry. They

are obtained from equivalent stiffness formulas for a cantilever beam such that the rotational springs

introduced in the analytical method are represented by the equivalent rotational stiffnesses of the

beam structure. Both beam equivalent rotational springs are given by [70]:

Kθ = Epylon Ipylon,θ
Lpylon

and Kψ = Epylon Ipylon,ψ
Lpylon

, (4.6)

where Epylon Ipylon,θ, Epylon Ipylon,ψ denote the pylon flexural stiffness in pitch and yaw, respectively,

and Lpylon denotes the pylon length. These quantities are further discussed in Sections 4.3.1 and 4.3.2,

dedicated to the pylon shape and material, respectively.

Furthermore, the flexible pylon configuration is schematically illustrated in Figure 4.8.

Flexible pylon

Motor

Propeller plane

Rigid mount

Pivot point

Figure 4.8: Flexible pylon analytical model.
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4.3.1 Pylon shape

In order to achieve equal pitch and yaw stiffnesses Kθ and Kψ, the pylon is chosen as a tube with

circular cross-section. Indeed, for this geometry, Ipylon,θ = Ipylon,ψ = Ipylon. This cross-section is

also simple, well-known, and can be easily characterized analytically. Moreover, compared with a solid

circular cylinder of the same external dimensions, the hollow circular tube reduces both the polar and

transverse inertias of the pylon.

Hence, Jp1 is the polar mass moment of inertia of circular tube around its longitudinal axis, and is

given by [71]:

Jp1 = 1
2 mpylon

(
R2
ext + R2

int

)
(4.7)

Furthermore, the transverse mass moment of inertia of the tube-like pylon, expressed about the pivot

location, i.e. about one end of the tube, is given by: as [72]:

Jp2 = 1
12 mpylon

(
3
(
R2
ext + R2

int

)
+ L2

pylon

)
︸ ︷︷ ︸

Jp2a

+ mpylon

(
Lpylon

2

)2

︸ ︷︷ ︸
Jp2b

. (4.8)

On the one hand, Jp2a is the transverse mass moment of inertia of a hollow cylinder around its centre of

mass. On the other hand, Jp2b is the transport term, resulting from the parallel-axis theorem, stated in

Equation 3.38. As a reminder, this theorem states that the mass moment of inertia of a body around

an arbitrary axis parallel to an axis passing through its centre of mass is equal to the mass moment of

inertia about the centre of mass, added to a transport term equal to the mass of the body multiplied

by the square of the distance between the two axes [72].

4.3.2 Pylon material selection

Another important parameter is the pylon material. Indeed, for a given shape and given dimensions,

the pylon must be sufficiently flexible, while not being excessively deformable in order to limit the

static deformation induced by the tip mass. Additionally, the material should be easy to manufacture

or easily available.

Therefore, the pylon material should combine a relatively low Young’s modulus with a relatively low

density. Based on Figure 4.9, the polymer material family appears to be a good candidate.
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Figure 4.9: Material chart of Young’s modulus E as a function of density ρ, used for pylon material
selection [73].

One well-known polymer is rigid polyvinyl chloride (PVC). Depending on the sources, slightly

different mechanical properties can be found. Table 4.5 lists the main properties of rigid PVC selected

for this study.

Parameter Value
Young’s modulus Epylon 2.8 GPa
Density ρpylon 1450 kg/m3

Softening point 90◦

Table 4.5: Young’s modulus, density and softening point of the polyvinyl chloride (PVC) [74, 75].

4.3.3 Pylon dimensions

Once the pylon shape and material have been determined, its main dimensions have to be defined.

These dimensions must both favour the onset of whirl flutter phenomenon and ensure an acceptable

static behaviour under the mass located at the pylon tip. Moreover, the pylon must be easy to

manufacture, which requires considering existing standard dimensions.

The easiest pylon geometrical parameter to vary is the pylon length. Therefore, the external diameter

and wall thickness are chosen to be fixed, while only the length is varied during the stability analysis.

Indeed, the pylon length is a key parameter influencing both the moments of inertia and the stiffnesses

of the system.

For all the reasons stated previously, an external diameter of 10 mm with a wall thickness of
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1 mm are chosen, leading to a 8 mm internal diameter. This configuration allows whirl flutter to

be observed under well-defined operating conditions, while ensuring that the static tip deflection and

rotation angle remain acceptable within a given range of pylon lengths.

For these geometrical parameters, Figure 4.10 shows the evolution of the pylon static tip deflection as

a function of its length. Length below 0.05 m are not considered because such a setup would not be

feasible in practice, and because they are not relevant from an aeroelastic point of view.
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Figure 4.10: Evolution of the pylon static tip deflection δt as a function of its length Lpylon for the
flexible pylon configuration, using a PVC pylon with external and internal diameters of 10 mm and
8 mm, respectively.

As expected, the pylon tip deflection increases with the pylon length, since the deflection is the

sum of a contribution proportional to L2 and another proportional to L3, as established in Section 3.8.

Additionally, the tip rotation angle can also be computed over the same length range. Figure 4.11

shows this evolution.
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Figure 4.11: Evolution of the static rotation at the pylon tip θt as a function of the pylon length Lpylon
for the flexible pylon configuration, using a PVC pylon with external and internal diameters of 10 mm
and 8 mm, respectively.

This trend was also expected, based on the developments of Section 3.8, since the tip rotation

angle θtip contains two contributions. The first one is proportional to L2, while the second is propor-

tional to L.

Based on Figures 4.10 and 4.11, an acceptable pylon length range can be defined between 0.05 m to

0.14 m. Within this range, the static tip deflection and rotation angle do not exceed 10.5 mm and

7.3◦, respectively. The critical speed Vcrit, defined as the free-stream velocity above which whirl flutter

occurs, can therefore be computed over this length range in order to identify the most suitable pylon

length.

Figure 4.12 shows the evolution of the critical speed as a function of the pylon length. The

selected pylon length range, [0.11, 0.14] m, is highlighted in orange.
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Figure 4.12: Evolution of the whirl flutter critical speed Vcrit as a function of the flexible pylon length
Lpylon for a propeller rotational speed Ω equal to 2000 rpm.

As a further comment, length values below 0.11 m are excluded from the analysis, since the sys-

tem is stable with respect to whirl flutter for these configurations. This can be observed in Figure 4.13,

where the real part of the backward whirling mode is represented as a function of the free-stream ve-

locity V for Lpylon = 0.06 m. The real part of the mode remains negative over the entire free-stream

velocity range, meaning that the mode remains stable. This case is representative of all configurations

with a pylon length Lpylon below 0.11 m.
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Figure 4.13: Variation of the real part σ of the backward whirl flutter mode as a function of the
free-stream velocity V for Lpylon = 0.06 m and Ω = 2000 rpm.
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Based on Figures 4.10, 4.11 and 4.12, an acceptable pylon length is selected as 0.135 m. Table 4.6

summarizes the resulting characteristics of the flexible pylon.

Parameter
Material Polyvinyl chloride (PVC)
External diameter 10 mm
Internal diameter 8 mm
Thickness 1 mm
Length 0.135 m
Mass 5.53 g
Polar mass moment of inertia Jp1 0.1135 kg.mm2

Transverse mass moment of inertia Jp2 33.68 kg.mm2

Bending inertia Ipylon 289.81 mm4

Pitch and yaw equivalent rotational stiffness Kθ and Kψ 6.01 N.m/rad
Static tip deflection δtip 10.329 mm
Static tip rotation angle θtip 6.846 ◦

Cθ = Cψ 0.01 N.s/m2

Table 4.6: Main characteristics of the pylon used for the flexible pylon configuration.

The inertia ratio defined in Equation 4.5 is equal to 26.13 for the selected configuration. This

value indicates that the pylon transverse inertia remains sufficiently low compared with the propeller

polar inertia, which is favourable for the occurrence of whirl flutter.

Furthermore, it is useful to compute the oscillation frequency of the independent pitch and

yaw modes, i.e. when the rotational speed Ω is set to 0 rpm, in order to assess the influence of the

gyroscopic coupling. Since the pylon is symmetric, both frequencies are equal. They can be estimated

from the approximation of the first natural frequency of a cantilever beam of mass mb with a tip mass

m. In the present case, the tip mass corresponds to the combined mass of the propeller and the motor.

According to Reyes et al., this frequency is given by [76]:

f ≈ 1
2π

√
3 Epylon Ipylon

L3 (m + 0.2409 mb)
. (4.9)

This leads to:

fpitch = fyaw = 5.22 Hz. (4.10)

4.3.4 Whirl flutter analysis

Once the pylon geometry is fully defined, the characteristics of both whirling modes can be analysed in

detail in order to determine if they can lead to whirl flutter. The theoretical principles of the analysis
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are introduced in Section 3.5.

First, the forward mode remains stable over the considered velocity range, as shown in Figure 4.14a.

In this case, the increase in free-stream velocity tends to stabilize the mode. Therefore, it is not

identified as a whirl flutter mode, but only as a forward whirling mode.

Nevertheless, studying it remains useful, since it helps to understand why this mode remains stable

and confirms the existence of the forward whirling branch. Additionally, it enables a comparison with

the backward whirling mode, for instance in terms of oscillation frequency.

The frequency evolution of this forward mode is represented in Figure 4.14b. It ranges from 3.51 Hz

to 3.74 Hz within the relevant free-stream velocity interval, which is lower than the initial independent

pitch and yaw modes frequencies identified in 4.10.
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Figure 4.14: Evolutions of the frequency f and real part σ of the forward mode as functions of the
free-stream velocity V for the final flexible pylon geometry.

The stabilizing effect of the free-stream velocity, through the aerodynamic forces, can also be

partially understood by computing the aerodynamic work over one period and the corresponding mean

aerodynamic power, both projected onto the considered mode. The two quantities are introduced in

Section 3.5.1. Their evolution with the free-stream velocity is shown in Figures 4.15a and 4.15b,

respectively.

On the one hand, the work is negative over the whole velocity range, meaning that the aerodynamic

forces stabilize the mode. On the other hand, the work decreases as the free-stream velocity increases,

indicating that the stabilizing influence becomes stronger.

Since the aerodynamic work remains negative over the whole velocity range, energy is extracted

from the structural motion during each oscillation period. As the free-stream velocity increases, this

extracted energy becomes larger, which explains the progressive stabilization of the mode observed in

Figure 4.14a.
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(a) Aerodynamic work over one period Wa.
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Figure 4.15: Evolutions of the work Wa and power Pa over one period exerted by the aerodynamic
forces on the forward mode as functions of the free-stream velocity V for the final flexible pylon
geometry.

Additionally, the whirling nature of the mode can be verified through the amplitude ratio and

the phase difference between the yaw and pitch motions of the pylon, as explained in Section 3.5. The

evolution of both quantities is studied over the entire free-stream velocity range to verify that the

mode preserves its whirling characteristics. Their variation as functions of the free-stream velocity are

shown in Figures 4.16a and 4.16b, respectively.
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Figure 4.16: Evolutions of the phase difference ∆ and the amplitude ratio R of the forward mode as
functions of the free-stream velocity V for the final flexible pylon geometry.

The phase difference and amplitude ratio of the forward mode remain equal to -90◦ and 0.5,

respectively, over the entire free-stream velocity range. This confirms that the mode preserves its

whirling nature. Furthermore, the sign of the phase difference can be interpreted by analysing the

motion of the pylon tip. The oscillatory part of this motion is shown in Figure 4.17a, while the time

evolution of the pylon tip motion from t = 0 to t = 20 T , with T the period of the mode, is

represented in Figure 4.17b. These results are presented for a free-stream velocity equal to 13 m/s.
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Figure 4.17: Oscillatory trajectory and time evolution between t = 0 and t = 20 T of the pylon tip
displacements of the forward mode for the final flexible pylon geometry.

This confirms the direction of the oscillatory motion of the mode. The pylon precesses in the

same direction as the propeller rotation, which corresponds to the forward whirling mode. Addition-

ally, Figure 4.17b illustrates the stable behaviour of the mode, since the pylon tip starts from its initial

position and progressively converges towards a well-defined point. The spiral does not diverge. There-

fore, this mode cannot be considered as a flutter mode, since it remains stable over the considered

velocity range.

Second, the backward whirling mode, responsible for the instability, is investigated in the same

way as the forward mode. In contrast to the forward mode, the aerodynamic forces destabilize the

mode, which becomes unstable above a certain free-stream velocity, called the critical speed Vcrit.

This critical speed can be identified in Figure 4.18, where the real part of the backward whirl flutter

mode is represented as a function of the free-stream velocity.
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Figure 4.18: Evolution of the real part σ of the backward mode as a function of the free-stream velocity
V for the final flexible pylon geometry.

Based on this evolution, the critical whirl flutter velocity is identified as 11.4 m/s. This behaviour

differs from that of the forward mode, since the real part becomes positive above this critical value. It

can also be understood through the aerodynamic work over one period and the corresponding mean

aerodynamic power, both projected onto the considered mode. Both evolutions as functions of the

free-stream velocity are represented in Figure 4.19.
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(a) Aerodynamic work over one period Wa.
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Figure 4.19: Evolutions of the work Wa and power Pa over one period exerted by the aerodynamic
forces on the backward mode as functions of the free-stream velocity V for the final flexible pylon
geometry.

In contrast to the forward whirling mode, the aerodynamic work becomes positive for the back-

ward mode. This means that the aerodynamic forces transfer energy to the structural motion during

each oscillation period. Since both the aerodynamic work and the mean aerodynamic power increase
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with the free-stream velocity, the destabilizing effect of the aerodynamic forces becomes progressively

stronger, confirming the evolution observed in Figure 4.18, where the real part of the backward mode

increases with V . Below the critical velocity, the mode remains stable because the aerodynamic en-

ergy input remains too limited to produce a divergent modal response. However, as the free-stream

velocity increases, this energy input becomes large enough to change the stability of the backward

mode, leading to the onset of whirl flutter instability at Vcrit = 11.4 m/s.

The frequency evolution over the free-stream velocity range follows the same trend as for the

forward mode. As shown in Figure 4.20, the frequency f increases with the free-stream velocity V .
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Figure 4.20: Evolution of the frequency f of the backward whirl flutter mode as a function of the
free-stream velocity V for the final flexible pylon geometry.

Additionally, it confirms the statement of Section 2.1, according to which the frequency of the

forward whirling mode is higher than the frequency of the backward mode. This is observed throughout

the entire free-stream velocity range. Indeed, the frequency of the backward whirl flutter mode ranges

from 1.74 Hz to 2.1 Hz, whereas the frequency of the forward mode ranges from 3.51 Hz to 3.74 Hz.

Moreover, the frequency of the backward whirl flutter mode remains lower than the approximation of

the independent pitch and yaw modes frequencies, meaning that both coupled whirling modes have

lower frequencies than the independent pitch and yaw modes.

Finally, similarly to the forward mode, the whirling nature of the backward mode is analysed

over the free-stream velocity range by considering its phase difference and amplitude ratio. The

corresponding results are shown in Figure 4.21.
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Figure 4.21: Evolutions of the phase difference ∆ and the amplitude ratio R of the backward mode
as functions of the free-stream velocity V for the final flexible pylon geometry.

The phase difference ∆backward is opposed to ∆forward and is equal to 90◦, meaning that both

modes whirl in opposite directions. Combined with an amplitude ratio equal to 0.5, this indicates

that the mode theoretically describes a circular motion, as expected from the symmetry of the pylon

geometry. This is verified in Figure 4.22, which shows the oscillatory motion of the pylon, and the

time evolution of the pylon tip displacement between t = 0 and t = 20 T , starting from an initial

position. These results are again computed for a free-stream velocity equal to 13 m/s.
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Figure 4.22: Oscillatory trajectory and time evolution between t = 0 and t = 20 T of the pylon tip
displacements of the backward mode for the final flexible pylon geometry.

On the one hand, Figure 4.22b shows the unstable behaviour of the backward mode. It deviates

from the initial position and diverges, i.e. the spiral described by the pylon tip does not converge to

a single point. On the other hand, Figure 4.22a confirms the precession direction of the backward

whirl flutter mode. The pylon is whirling in the opposite direction than the rotational direction of the
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propeller.

Finally, it is useful to analyse the blade deformations associated with this backward whirl flutter

mode. The procedure used to obtain these deformations is developed in Section 3.7. The blade

deformations in the three planes of frame R2 are shown in Figure 4.23, for an arbitrary time instant

t = 10 s and a free-stream velocity V equal to 13 m/s.
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Figure 4.23: Blade deformation in the x2z2, y2z2 and x2y2 planes, as well as the radial distributions
of the torsion of the blades for the backward whirl flutter mode.

It can be observed that the blade deformations do not contribute with the same amplitude. In

particular, the out-of-plane deformation is significantly larger than the in-plane deformation. Its radial

distribution shows a deformation that increases with the radial position. This behaviour is analogous

to the deformation shape associated with the first bending mode of a cantilever beam, for which the

displacement is generally larger near the free end. This out-of-plane motion modifies the orientation

of the blade sections with respect to the incoming flow, which can affect the local aerodynamic forces.

Concerning torsion, the blade sections located at larger radii experience a larger variation in local twist

angle, since the torsion angle directly contributes to this quantity. However, for one of the blades, the

torsion angle remains negligible compared with the two others.
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It is important to note that the amplitudes shown in the modal deformation Figures should

not be interpreted as absolute physical deformation values. As for the other modal visualizations,

the amplitudes depend on the chosen mode-shape normalization. In this case, the mode has been

normalized by its maximum amplitude, so that the figure is used only to visualize the relative defor-

mation components. A direct comparison with the hub motion would be required to assess the actual

contribution of the blade deformations to the complete system motion.

Furthermore, the column and row indices defined in 3.150 are shown in Figure E.1 of Appendix E

as functions of the free-stream velocity for the tracking procedure of the backward whirl flutter mode.

4.4 Rigid pylon model

In this configuration, the pylon is assumed to be rigid and is therefore no longer responsible for the

system flexibility. Instead, linear springs are attached to pylon at a distance d from the pivot point.

In this case, the pylon is not rigidly clamped at the pivot point. Instead, it is connected to a flexible

mount located at the pivot point, in order to allow pitch and yaw motions.

Two linear traction springs are used for the pitch motion, with a stiffness coefficient kz, and two

additional linear traction springs are used for the yaw motion, with stiffness coefficient kx. This

configuration is shown in Figure 4.24.

Rigid pylon
Motor

Propeller plane

Flexible mount

L pylon

d

k z

k x

k x

k z

Figure 4.24: Rigid pylon analytical model.

Additionally, traction springs are selected because they can be easily attached to the rigid pylon,

as they are equipped with hooks.

96



CHAPTER 4. ANALYTICAL MODELLING OF THE WHIRL FLUTTER DEMONSTRATOR

However, using tractions springs require an initial elongation. Without any pre-elongation, when one

pitch spring is further elongated during the motion, the opposite spring would tend to be compressed.

This is not physically possible for a traction spring. The same reasoning applies to the pair of traction

springs used for the yaw motion.

Therefore, initial elongations must be applied to the four springs in order to allow the pitch and yaw

oscillatory motions associated with whirl flutter.

If the lower pitch spring is initially pre-elongated, it remains in tension even when the upper pitch

spring is further elongated during the motion. Therefore, the initial elongation must be large enough

to keep all springs under tension throughout the oscillatory motion. This condition ensures that each

spring remains active during the whole motion, so that the effective stiffness of the system is not

modified by a temporary loss of tension. At the same time, the maximum total elongation achieved

during the motion must remain within the linear operating range of the springs, i.e. below the

maximum admissible elongation.

For the yaw springs, an initial elongation xyaw0 = 10 mm is selected as a general design value. This

value obviously depends on the expected oscillation amplitude. However, the situation is different

for the pitch springs, because the weights of the pylon, motor, and propeller also contribute to the

static elongation of the vertical springs. This static elongation modifies the equilibrium position of

the system and therefore the static orientation of the propeller plane. Hence, the initial elongation of

the pitch springs is taken as the sum of a motion-related contribution, xpitch0,motion = 10 mm, previously

defined for the yaw springs, and a static-weight contribution, denoted by xpitch0,weight. This contribution

is discussed later.

The linear springs are introduced into the analytical model through equivalent rotational stiff-

nesses. Therefore, the linear spring stiffnesses have to be determined from the required rotational

stiffnesses Kθ and Kψ. To do so, a relationship between linear k and rotational K stiffnesses must be

established.

In the analytical model introduced in Section 3.1, the pitch and yaw stiffnesses Kθ and Kψ are de-

fined as rotational stiffnesses located at the pivot point. In the present configuration, these rotational

stiffnesses are provided by linear springs attached to the pylon at a distance d from the pivot point.

According to Hooke’s law, the force F generated by a linear spring is given by [77]:

F = k x, (4.11)

where k denotes the linear spring stiffness and x denotes the spring elongation.
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If the linear springs are placed at a distance d from the rotational spring, the small displacements and

angles assumptions lead to x = d θs, with θs the rotation of the equivalent rotational spring. Hence,

the restoring moment M generated by the two linear spring forces is given by:

M = 2 F d = 2 k x d = 2 k (dθs) d = 2 k θs d2. (4.12)

Additionally, the stiffness coefficient K of a rotational spring is defined as [78]:

K = M

θs
. (4.13)

Combining this definition with Equation 4.12, it comes:

K = 2 k d2 ⇒ k = K

2 d2 . (4.14)

Therefore, the closer the linear springs are placed to the pivot point, the higher the required linear

spring stiffness coefficient. In contrast, placing the springs farther from the pivot point reduces the

required linear stiffness.

For instance, if the springs are placed at the pylon tip, the equivalent rotational stiffness would be four

times higher than if they were placed at the middle of the pylon. Nevertheless, motor, propeller and

other components described in Chapter 5 are already located at the pylon tip. In order not to disturb

this assembly, the springs are chosen to be placed at the middle of the pylon, such that d = Lpylon
2 .

This leads to:

kx = kz = Kθ

2 d2 = Kψ

2 d2 , (4.15)

since symmetry between pitch and yaw stiffnesses is still preferred. The factor 2 comes from the fact

that two identical linear springs are used for each motion. Therefore, the required equivalent rotational

stiffness is provided by two equal spring contributions.

Since the pylon is assumed to be rigid, its static tip deflection and rotation angle are negligible.

Nevertheless, another static effect must be taken into account. As stated previously, the vertical linear

springs can experience a static elongation due to the weight of the motor, propeller and pylon. If this

elongation is significant, it can induce an initial rotation of the propeller plane, therefore modifying

the equilibrium position and the dynamics of the system.

As mentioned previously, this issue can be solved by applying an additional initial elongation to the

vertical springs, denoted by xpitch0,weight, in addition to the motion-related initial elongation, denoted by

xpitch0,motion. If the static elongation of the vertical springs due to the system weight is denoted by xstat,
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the following condition must be satisfied:

xpitch,up0 − xpitch,down0 = xstat, (4.16)

so that the static orientation of the propeller plane vanishes. The quantities xpitch,up0 and xpitch,down0

denote the total static elongations of the upper and lower pitch springs, respectively.

By satisfying this condition, the static effect of the system weight is compensated by the difference

between the initial elongation of the upper and lower pitch springs. At the same time, both vertical

springs remain pre-elongated, which allows them to contribute to the whirl flutter motion.

The required weight-related static elongation can now be computed.

Starting from the rotational spring stiffness defined in 4.13, and considering that the moment around

the pivot point due to the system weight is given by Mstat = msystem g l, where l is the distance

between the pivot point and the system centre of mass, the static rotation angle is obtained as:

θstat = Mstat

K
= msystem g l

K
. (4.17)

Due to the relatively low mass of the pylon compared to the motor-propeller assembly, the system

centre of mass is assumed, as a first approximation, to be located at the pylon tip. Hence, l = Lpylon.

Using the small-displacement and small-rotation assumptions, the relationship between K and k, given

in 4.14, and considering that the linear springs are placed at the middle of the pylon, the following

expressions are obtained:

xstat = d θstat = d
msystem g Lpylon

2 k d2 = msystem g

k
and θstat = 2 msystem g

Lpylon k
. (4.18)

These expressions show that the system mass directly influences the static elongation of the pitch

springs, even if the pylon mass is assumed to remain small compared with the motor-propeller assembly.

Additionally, no static force or moment is applied to the yaw springs, leading to zero static elongation

for these springs.

Therefore, once the spring location has been fixed for mechanical reasons, the stability study is

performed by varying the intrinsic stiffness of the linear springs. In the following analysis, pitch and

yaw stiffness symmetry is imposed, so that k = kx = kz.
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4.4.1 Pylon material selection

For this configuration, material selection criteria differ from those of the flexible pylon configuration,

since the pylon is assumed to be rigid. Therefore, a high Young’s modulus is required, while a moderate

density remains preferable in order to limit the static elongation of the pitch linear springs.

Based on Figure 4.9, the metal material family appears to be a suitable choice. Specifically, one

aluminium alloy is selected as the pylon material for this configuration. The 6082 aluminium alloy

is selected because it is commonly used and can be easily manufactured. Table 4.7 lists the main

properties of this material.

Parameter Value
Young’s modulus Epylon 70 GPa
Density ρpylon 2700 kg/m3

Table 4.7: Young’s modulus and density of the 6082 aluminium alloy [79].

Moreover, the choice of this material is consistent with the discussion concerning the inertia

ratio introduced in Equation 4.5. Selecting steel as the pylon material would lead to a significantly

higher pylon mass and transverse inertia J2
p . This would reduce the inertia ratio and would therefore

be less favourable for the occurrence of whirl flutter. It would also increase the static elongation of

the pitch springs.

4.4.2 Pylon shape and geometry

The goal of this configuration is to keep the same pylon shape and dimensions as in the flexible pylon

configuration, in order to allow a direct comparison between both cases. Only the material is changed

in order to increase the rigidity of the pylon, as discussed in Section 4.4.1. Therefore, the pylon is

selected as a hollow circular tube, which preserves the symmetry between pitch and yaw stiffnesses.

The polar and transverse mass moments of inertia, denoted by Jp1 and Jp2 , respectively, have been

previously defined in Equations 4.7 and 4.8.

Additionally, based on the selected material and geometry, the static tip deflection and rotation angle

of the pylon can be computed. Both quantities are provided in Table 4.8.

Parameter Value
Tip deflection δtip 0.274◦

Tip rotation angle θtip 0.413 mm

Table 4.8: Static tip deflection and rotation angle for the rigid pylon configuration.
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These values are negligible, confirming that the pylon remains sufficiently rigid under the weight

of the motor-propeller assembly.

Besides, once the material and geometry are defined, the main pylon characteristics can be

computed. These quantities are summarized in Table 4.9.

Parameter
Material 6082 aluminium alloy
External diameter 10 mm
Internal diameter 8 mm
Thickness 1 mm
Length 0.135 m
Mass 10.31 g
Polar mass moment of inertia Jp1 0.2113 kg.mm2

Transverse mass moment of inertia Jp2 62.71 kg.mm2

Bending inertia Ipylon 289.81 mm4

Cθ = Cψ 0.015 N.s/m2

Table 4.9: Main characteristics of the pylon for the rigid pylon configuration.

For the selected configuration, the inertia ratio is therefore equal to 14.03. Although lower than

for the flexible pylon configuration, this value still indicates a favourable inertial balance between the

rotating propeller and the rigid pylon.

4.4.3 Linear spring stiffnesses

First, the static weight-related elongation of the vertical springs has to be determined. Figure 4.25

shows the initial elongation required for the upper vertical spring under the system weight as a function

of stiffness kz. Therefore, it represents the required static pre-elongation xpitch0,weight to compensate for the

weight-induced rotation and to keep the free-stream velocity aligned with the propeller axis. Stiffness

values above 3.3 N/m are not considered, since it will be shown that they lead to a stable system, and

are therefore not relevant for the present application.
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Figure 4.25: Static elongation of the vertical spring as a function of its stiffness coefficient kz, for the
rigid pylon configuration.

Additionally, as the vertical springs are located at Lpylon
2 , the static elongation can be related to

the static rotation angle as:

xstat = Lpylon
2 θstat. (4.19)

This angle correspond to the rigid rotation of the pylon induced by the static elongation of the vertical

springs. Figure 4.26 shows the evolution of θstat as a function of the vertical spring stiffness.
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Figure 4.26: Static pylon tip rotation angle θstat as a function of the vertical spring stiffness kz for the
rigid pylon configuration.
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This highlights the importance of applying an additional initial elongation to the upper vertical

spring, since θstat, which represents the static orientation angle of the propeller plane, can remain

significant even for relatively high stiffness values.

Therefore, by applying an initial elongation to the vertical springs, a wide range of pitch stiffness

values can be investigated, as long as the springs remain within their linear operating range. This

makes it possible to study the influence of the pitch stiffness on the stability behaviour of the system.

The stability of the backward whirl flutter mode with respect to the pitch and yaw linear

stiffnesses, kz and kx, respectively, is now investigated. Figure 4.27 shows the evolution of the real

part of the backward mode as a function of the linear stiffnesses, for four different free-stream velocities.

Additionally, the stiffness step is adapted within the considered stiffness range in order to improve the

efficiency and robustness of the mode tracking procedure, as described in Section 3.6.

The forward whirling mode is not analysed here, since it remains stable over the entire considered

stiffness range.
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(d) V = 13 m/s.

Figure 4.27: Evolution of the real part σ of the backward whirl flutter mode as a function of the linear
stiffnesses kx and kz for the rigid pylon configuration at V = 10 m/s, V = 11 m/s, V = 12 m/s
and V = 13 m/s.

As expected, for a given free-stream velocity V , decreasing the stiffnesses kx and kz makes
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the system less stable. In contrast, when the stiffnesses become too high, the system is no longer

sufficiently flexible, and the backward mode remains stable. The same trend is observed for all the

considered free-stream velocities, although the stability level depends on the velocity. For instance,

for a given stiffness value, increasing the free-stream velocity increases the real part of the mode. This

is consistent with the behaviour observed in Figure 4.18 for the flexible pylon configuration.

Additionally, frequency evolution of the mode is shown in Figure 4.28 as a function of the spring

stiffness, for the same free-stream velocities as those considered in Figure 4.27.
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(a) V = 10 m/s.
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(b) V = 11 m/s.
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(c) V = 12 m/s.
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(d) V = 13 m/s.

Figure 4.28: Evolution of the frequency f of the backward whirl flutter mode as a function of the linear
stiffnesses kx and kz for the rigid pylon configuration at V = 10 m/s, V = 11 m/s, V = 12 m/s
and V = 13 m/s.

On the one hand, the same trend as for the flexible pylon configuration, shown in Figure 4.20,

is observed. For a given stiffness value, the mode frequency slightly increases with the free-stream

velocity. This variation remains weak, but the trend can still be identified.

On the other hand, for a given free-stream velocity, the mode frequency increases with the spring

stiffness, which is the expected behaviour. This observation can be understood by analogy with an

undamped one-degree-of-freedom mass–spring oscillator in free vibration. In that case, the oscillation
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frequency f1 dof is given by [80]:

f1 dof = 1
2π

√
k

m
, (4.20)

where k and m are the stiffness and mass of the system, respectively.

Therefore, if the stiffness of the one-degree-of-freedom oscillator increases, its oscillation frequency

also increases. A similar trend is observed for the rigid pylon-propeller system considered here, even

though it is a coupled aeroelastic system with several degrees of freedom.

A detailed whirl flutter analysis similar to the one performed for the flexible pylon configuration

is not repeated for the rigid pylon configuration, since the results obtained for both configurations are

close. The main trends are similar, as well as the physical mechanisms governing the instability.

As a conclusion, based on Figure 4.27, the system can become unstable under well defined

conditions, which would not be possible if the flexibility were only provided by the rigid pylon. A

comparison between the flexible and rigid pylon configurations can now be performed.

4.5 Comparison of the two configurations

A first comparison between both configurations can be made by analysing the origin and magnitude

of the equivalent rotational stiffnesses involved in each case.

For the selected rigid pylon geometry and material, the equivalent rotational stiffness of the pylon can

be computed from Equation 4.6, as for the flexible pylon configuration. This leads to equal pitch and

yaw equivalent stiffnesses, Kθ = Kψ = 150.27 N.m/rad, which correspond to the stiffnesses of the

rigid pylon alone, without the linear springs.

For the linear springs, the equivalent rotational stiffnesses are computed from Equation 4.15. For

kx = kz = 500 N/m, which leads to an unstable system over the considered free-stream velocity

range, as shown in Figure 4.27, the corresponding equivalent rotational stiffnesses Kθ and Kψ are

equal to 18.23 N.m/rad.

This value significantly lower, than the stiffness directly provided by the pylon, by almost one order

of magnitude. It highlights the usefulness of this configuration because achieving this stiffness would

not lead to whirl flutter for the flexible pylon configuration without springs. Therefore, the springs

allow a rigid pylon system to become unstable in whirl flutter.

Considering now the flexible pylon configuration, the instability was obtained for lower equivalent

pylon stiffnesses Kθ = Kψ = 6.01 N.m/rad. For equivalent rotational stiffnesses higher than

10 N.m/rad, the flexible pylon configuration would not allow whirl flutter to be observed with the

present geometry.
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Therefore, the rigid pylon configuration with linear springs extends the range of equivalent rotational

stiffnesses for which whirl flutter can be obtained. This is possible because the equivalent stiffness

governing the instability is mainly imposed by the springs, rather than by the pylon deformation. This

highlights the main interest of this configuration: the flexibility required to obtain whirl flutter can

be introduced by the springs, while keeping the pylon itself much stiffer.

Both configurations have their own advantages and drawbacks. The flexible pylon configuration

is more difficult to design, because the pylon rigidity and system flexibility cannot be tuned inde-

pendently. If the length is increased, the system becomes more flexible, which is favourable for the

occurrence of whirl flutter. Nevertheless, this also decreases the static rigidity of the pylon, possibly

leading to significant tip deflection and rotation. Therefore, a trade-off has to be found with respect

to the dimensions, shape and material of the pylon, which can be restrictive for a real experimental

setup.

In contrast, the rigid pylon configuration allows the system flexibility and pylon rigidity to be designed

completely independently. Thus, the pylon tip deflection and rotation can be made negligible, while

the system can still become unstable thanks to the flexibility introduced by the linear springs. This is

one of the advantages of this configuration. However, the initial elongations of the springs have to be

computed carefully, and the springs must remain within their linear operating range. In particular,

the vertical spring pre-elongation must be properly adjusted to maintain the nominal orientation of

the propeller plane.

Additionally, from an experimental point of view, the flexible pylon can be more difficult to

assemble with the motor-propeller system. The connection between the motor and the pylon, called

the motor support, can be more complicated to design and to integrate into the setup. This design

component is discussed in Chapter 5. Nonetheless, one of the advantages of this configuration is that

the length of the pylon can be varied easily. Therefore, the system flexibility can be modified by ad-

justing the pylon length, while still accounting for the resulting tip deflection and rotation. However,

changing the pylon length also modifies other quantities, such as the pylon mass, transverse inertia,

and static behaviour. As a result, the flexibility cannot be adjusted independently from the other

design parameters.

Concerning the rigid pylon model, the flexibility can also be modified by changing the spring attach-

ment position or by selecting different springs. In this case, the system flexibility is mainly controlled

by the springs, without requiring a modification of the pylon geometry. This makes the configuration

more modular and easier to tune experimentally. Furthermore, the motor support can be fixed more

easily than for the flexible pylon configuration, since the pylon is rigid and made of a material that
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can be easily modified and assembled. Despite this, this configuration requires additional design con-

siderations concerning the actual choice of the springs, their attachment to the pylon, and the flexible

mount located at the pivot point. In contrast, a classical PVC tube rigidly clamped at the pivot point

remains simpler from a conceptual and manufacturing point of view.
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Chapter 5. Experimental setup

The flexible pylon configuration introduced in Section 4.3 is selected for the experimental setup.

This chapter does not present wind tunnel experimental results. Instead, it describes how the setup

can be built in practice, by presenting its main components. Moreover, the experimental procedures

are also described.

5.1 Wind tunnel description

The experimental setup is supposed to be tested in the wind tunnel facilities of the University of Liège,

which has its own subsonic wind tunnel in the Sart-Tilman site since 1999 [81].

Table 5.1 summarizes the main characteristics of the test section 1, which is used in the scope

of this experimental campaign. This test section is mainly dedicated to aeronautical applications.

Parameter Value
Speed range in close loop 2 - 60 m/s
Speed range in open loop 2 - 40 m/s
Turbulence level 0.15 %
Width 2 m
Height 1.5 m
Length 5 m

Table 5.1: Main characteristics of the test section 1 of the University of Liège wind tunnel capabili-
ties [81].

This test section has a boundary layer suction device, allowing the uniformity of the incident

flow near the ground. First, this device takes the boundary layer near the floor. Then, it releases it

downstream of the test section.

5.2 Overview of the experimental setup

The experimental setup consists of a tubular pylon, on which the motor and the propeller are mounted.

The propeller is described in detail in Section 4.1, while the pylon characteristics are defined in

Table 4.6.

Additionally, the propeller and the motor are assembled through a specific connection, presented in

Section 5.4.1. The connection between the tubular pylon and the motor, referred to as the motor
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support, is described in Section 5.4.2. A CAD representation of the experimental setup is shown in

Figure 5.1, where the propeller is represented by a generic three-bladed model.

135 

66143

10

(a) Top view with key dimensions shown in
mm. (b) Back view.

(c) Front view. (d) Side view.

Figure 5.1: Top, back, side and front views of the experimental setup CAD with selected dimensions
given in mm.

The different components of the setup are described in the following sections. The orange

component corresponds to the tachometer support, which is presented in Section 5.6.

Wind tunnel integration

The experimental setup requires the pylon to be rigidly mounted on a rigid structure, in order to avoid

unwanted flexibility. This rigid structure is considered as a vertical cylinder, on top of which a small

plate is mounted, made of aluminium, for example.

Two U-shaped clamps are fixed on this plate in order to rigidly hold the circular pylon tube. This
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assembly, referred to as the pylon support, is shown in Figure 5.2.

Cylindrical
structure

Pylon

U-shaped clamps

Screw

Figure 5.2: Pylon support.

5.3 Motor description

The motor is selected in order to rotate the propeller at Ω = 2000 rpm for a free-stream velocity up

to 13 m/s. It must be able to provide the torque required by the operating conditions identified in

Section 4.3.4. The corresponding torque values are found in Table D.2.

A brushed DC motor is selected for this purpose. Its main characteristics are listed in Table 5.2.

Parameter Value
Rotational velocity range 3000 rpm - 6000 rpm
Input voltage range 12 V - 24 V
Mass 496 g
Shaft diameter 5 mm
Diameter (with magnetic ring) 50 mm
Total length 102 mm

Table 5.2: Key parameters of the selected motor.

Pictures of the motor with its main geometrical dimensions are shown in Figure 5.3.
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(a) Side view.
(b) Back view, where the power cables are con-
nected.

M4 screws

M5 screws

50

(c) Front view, with the four mounting-screws
locations.

102

5
16

72

17.5

(d) Top view of the motor with key dimensions
shown in mm.

Figure 5.3: Side, back, top and front views of the motor, with important dimensions shown in mm.

Furthermore, a heat dissipation study could be conducted in order to estimate the motor tem-

perature during operation. This would be useful to confirm that the motor remains compatible with

the pylon and motor support materials.

5.4 Motor integration

The motor is placed at the pylon tip, between the pylon and the propeller. Therefore, it must be

connected to both components through rigid links, in order to avoid adding unwanted flexibility to the

system. The motor-propeller and motor-pylon connections are described in Sections 5.4.1 and 5.4.2,
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respectively.

5.4.1 Motor-propeller connection

Since the motor shaft and propeller hub have different diameters, they cannot be directly connected.

Therefore, a propeller adapter is required. This component is shown in Figure 5.4.

(a) Assembled propeller adapter. (b) Components of the propeller adapter.

Figure 5.4: Propeller adapter.

This component is designed to receive the 5 mm diameter motor shaft on its left side, and

to connect it to the propeller through a threaded rod of suitable length. The propeller adapter is

mounted on the motor shaft. Once the assembly is properly tightened, the adapter clamps onto the

shaft, creating a compressive force exerted by the adapter on the motor shaft. This prevents relative

motion between both and ensures a rigid connection between the propeller and the motor shaft.

The characteristics of this device are given by Table 5.3.

Parameter
Material Steel
Motor shaft diameter 5 mm
Thread size M6
Propeller shaft diameter 7 mm
Length 34 mm
Propeller maximum hub thickness 19 mm

Table 5.3: Propeller adapter key parameters.

Therefore, this component theoretically suits the selected motor and propeller perfectly. How-

ever, this is not fully the case in practice. A small clearance of 0.5 mm exists between the adapter

and the motor shaft. To solve this issue, a sleeve can be manufactured in order to adapt the propeller

shaft diameter to the adapter inner diameter. This sleeve, possibly made of aluminium, has the same

holes as the adapter, so that both components can be properly assembled.
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Another issue concerns the actual diameter of the threaded rod, which is too large for the propeller

hub. Therefore, slightly increasing the diameter of the central hole of the propeller appears to be a

simple way to solve this problem.

5.4.2 Motor-pylon connection

Since the motor is equipped with cooling fans, the support cannot fully surround the motor without

openings allowing heat to be dissipated towards the environment.

This part is a 3D-printed component, and is made of polyethylene terephthalate glycol (PETG). This

material provides higher strength than polylactic acid (PLA), for example, which is another well-know

material commonly used for 3D-printing. PETG also has a heat resistance of approximately 70◦ to

80◦ and good toughness compared to other 3D-printing materials [82, 83].

The support has a cylindrical shape in order to fit the motor and pylon geometries, while

preserving the symmetry of the system. It surrounds both the motor and the end of the pylon. An

opening is made at the motor shaft location in order to allow the connection with the motor-propeller

link. The support is attached to the motor with 4 screws, two M4 and two M5, using the four mounting

holes already present on the motor.

In order to obtain a rigid motor-pylon connection, the pylon is inserted into the motor support over a

length of 30 mm. This contact length provides sufficient longitudinal support, and the pylon is glued

inside the support to prevent relative motion between both components.

The wall thickness of the support is 5 mm. Figure 5.5 illustrates this component. Additionally, a

plastic sleeve is manufactured in order to rigidly connect the PVC pylon to the motor.

(a) Side view of a section.
(b) Side view with the motor, pylon, screws
and plastic sleeve integrated into it.

Figure 5.5: Motor support.

Furthermore, the support is divided into two parts in order to allow the motor to be inserted.

Both parts are assembled by two metallic clamps. This is the reason why the support is grooved by
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2 mm around its entire circumference, allowing the clamps to be properly fitted.

Additionally, the technical drawing of the motor support, including its main dimensions, is provided

in Figure F.1 of Appendix F.

5.4.3 Rotational speed control

To control the rotational speed of the motor, and, therefore, of the propeller, a DC pulse width modu-

lation (PWM) device is selected. Without this device, the rotational speed of the motor would mainly

depend on the applied voltage, which is not desirable for proper control because the achievable speed

range would be limited and the supply voltage cannot always be varied.

The principle of this device is important for rotational speed management. It applies the full supply

voltage, but not continuously. Indeed, the applied voltage is periodically switched on and off. There-

fore, the motor is driven by an average voltage, which depends on the fraction of time during which

the voltage is applied. The rotational speed is then controlled by varying this fraction, called the duty

cycle [84]. The voltage amplitude is determined by the selected motor, and then ranging from 12 V

to 24 V, depending on the rotational speed to be achieved.

Figure 5.6 illustrates this device.

Figure 5.6: Pulse width modulation (PWM) device for motor rotational speed control.

Additionally, the PWM device can be used for 12 V, 24 V, 36 V, and even 48 V systems. It is

equipped with a start/stop button and a display indicating the duty cycle, i.e. the percentage of time

during which the voltage is applied to the motor. Table 5.4 provides additional technical information

about the device. In this table, the control frequency corresponds to the frequency of the signal sent

by the PWM device to the motor.
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Parameter
Maximum output current 30 A
Maximum continuous output current 20 A
Control frequency 15 kHz

Table 5.4: Additional technical information about the pulse width modulation (PWM) device.

For example, Figure 5.7 shows the time evolution of the voltage supplied to the motor for a 24

V supply voltage and a 50% duty cycle.
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Figure 5.7: PWM voltage signal applied to the motor with a 24 V supply voltage and a duty cycle of
50%.

5.5 Propeller balancing

APC Propellers states that their manufactured propellers are well balanced. Nevertheless, it recom-

mends checking the propeller balance before use in order to prevent unwanted behaviour during the

experimental campaign.

Therefore, the balance of the APC 15.75x13-3 propeller is tested using a propeller balancer, which is

illustrated in Figure 5.8a. The propeller mounted on the balancer for the balance test is shown in

Figure 5.8b.
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(a) Propeller balancer.
(b) APC 15.75x13-3 propeller on the propeller
balancer.

Figure 5.8: APC 15.75x13-3 propeller balancing procedure.

A properly balanced propeller should remain at rest when released from any angular position.

For the present case, it can therefore be concluded that the propeller is correctly balanced.

5.6 Rotational speed measurement

The propeller rotational speed can be measured using a magnetic tachometer. When the magnet is

in front of the sensor, it induces a variation of the magnetic field variation and the sensor generates a

current pulse. A picture of this device is shown in Figure 5.9.

Figure 5.9: Magnetic tachometer used to measure the rotational speed Ω of the propeller.

As the motor support diameter is too large compared with the propeller hub diameter, an

additional rotating component is added in order to place the magnets. This component is integrated

into the motor-propeller assembly, between the propeller and the screws, and rotates at the same speed

as the propeller. It consists of a small circular plate on which three equally spaced small circulars
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magnet are glued. This component is referred to as the magnet support. A circular shape with three

magnets is selected in order to limit the creation of an unbalance. Therefore, the measured rotational

speed is three times the actual propeller rotational speed. This is not an issue, since the propeller is

expected to rotate at 2000 rpm, while the maximum measurable rotational speed of the tachometer

is 9000 rpm.

Concerning the tachometer, it is supposed to be glued to the motor support described in Sec-

tion 5.4.2, in order to be aligned with the rotating magnet. The tachometer support surrounds half of

the circumference of the motor support and has a thickness of 5 mm. It also includes a hole allowing

the tachometer to pass through and to be fixed. This component is referred to as the tachometer

support.

Both supports are represented in Figure 5.10, viewed from the rear side of the setup.

Tachometer

Tachometer support

Magnet

Magnet support

Figure 5.10: Focus on the tachometer and magnet supports, viewed from the back of the experimental
setup.
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This work provides an analytical study for the preliminary design of a small-scale pylon-propeller

demonstrator aiming to observe the whirl flutter phenomenon. Two possible sources of structural

flexibility are compared for the APC 15.75x13-3 propeller rotating at 2000 rpm, over a free-stream

velocity range from 7 m/s to 13 m/s: a flexible pylon configuration and a rigid pylon configuration

with linear traction springs.

Furthermore, the experimental setup associated with the flexible pylon configuration is investigated.

The main components required for the assembly are studied and designed, including the pylon-motor

and motor-propeller connections. The control and measurement of the propeller rotational speed are

also discussed.

6.1 Overview of the findings

The analytical method was implemented by deriving the equations of motion, applying a Coleman

transformation, and using eigenvalue analysis with mode tracking to identify the forward and backward

whirling modes.

For both configurations, the results showed that only the backward whirling mode leads to whirl

flutter, while the forward mode remains stable as the free-stream velocity increases. This behaviour

was understood through the computation of the aerodynamic work over one oscillation period for both

modes.

For the forward whirling mode, the aerodynamic work remains negative over the considered free-

stream velocity range, meaning that the aerodynamic forces extract energy from the modal motion

and therefore have a stabilizing effect.

In contrast, for the backward whirling mode, the aerodynamic work becomes positive above a given

free-stream velocity. In this case, the aerodynamic forces transfer energy to the structure, leading to

the onset of whirl flutter.

Beyond the stability behaviour, the mechanical feasibility of both configurations was also as-

sessed.

For the flexible pylon configuration, the pylon design is governed by a trade-off between the flexi-

bility required to obtain whirl flutter and the static rigidity required to limit the tip deflection and

rotation under the motor-propeller assembly weight. The selected PVC pylon allows the instability

to be theoretically observed within the considered free-stream velocity range, while keeping the static
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deformation acceptable for the experimental setup.

For the rigid pylon configuration with linear traction springs, the system flexibility is introduced

by the springs while the pylon itself remains rigid. This configuration significantly reduces the static

tip deflection and rotation of the pylon, but requires an appropriate initial elongation of the vertical

springs to compensate for the elongation induced by the system weight. The results show that whirl

flutter can also be obtained with this spring-based configuration, which highlights the interest of

decoupling the system flexibility from the pylon rigidity.

The comparison between both configurations showed that the source of flexibility has a major

influence on the experimental feasibility of the setup. Although the flexible pylon configuration is

conceptually simpler, it can be more difficult to implement experimentally because of the motor-pylon

connection and the significant static tip deflection and rotation. Moreover, its flexibility cannot be

tuned independently from other design parameters, since changing the pylon length also affects its

mass, transverse inertia, and static behaviour. In contrast, the spring-based configuration is more

modular, as the stiffness can be adjusted through the spring stiffness or attachment position without

modifying the pylon geometry. However, this modularity comes with additional design considerations,

especially concerning the choice of the springs, their attachment to the pylon, and the flexible mount

located at the pivot point.

Finally, the flexible pylon configuration was selected for the preliminary experimental design.

Although no wind tunnel results are provided in the present work, the setup is designed to be tested

in the wind tunnel facilities of the University of Liège. The main components required for the ex-

perimental assembly were defined, including the pylon support, the motor-propeller connection, the

motor support, the propeller balancing procedure, and the rotational speed control and measurement

systems.

6.2 Limitations

The analytical results obtained in this work must be interpreted with respect to the assumptions

introduced in the model. The propeller is assumed to be composed of equally spaced identical blades

made of a homogeneous material. For the computation of the structural matrices, the blades are

modelled as untwisted beams with cross-sections varying along the radius. Additionally, the Euler-

Bernoulli beam assumption is used. Therefore, the analytical results are mainly valid near the onset

of the instability, where displacements and rotations can still be assumed to remain small.

Additionally, the structural damping is also introduced in a simplified way. In practice, damping
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can come from several sources, such as the material, the motor support, glued connections, or other

mechanical interfaces. These contributions are difficult to estimate accurately and are not modelled

separately in the analytical formulation. Moreover, possible nonlinear effects are neglected.

Furthermore, the aerodynamic forces applied on the propeller blades, as well as the induced

velocities associated with the propeller rotation are computed using a quasi-steady aerodynamic ap-

proach. They are based on blade element and blade element momentum theories, which are two-

dimensional approaches neglecting unsteady effects and spanwise flow over the blades. These methods

are also difficult to apply near the propeller hub, where the blade geometry becomes unconventional.

Moreover, the method completely neglects the aerodynamic forces acting on the pylon and the aero-

dynamic interactions existing between the pylon and the propeller.

Finally, the experimental part of this work remains limited to the preliminary design of the

setup, since no wind tunnel tests were performed.

6.3 Future work

As a first step, the flexible pylon setup designed in this work should be experimentally tested in order

to verify if the predicted whirl flutter behaviour can be observed in practice.

Before performing wind tunnel tests, additional mechanical checks should also be conducted. In

particular, a stress analysis of the pylon would be required to ensure that it can sustain the expected

loads without failure. Moreover, a heat dissipation study of the motor should be performed to estimate

its operating temperature and verify its compatibility with the pylon and motor support materials.

Considering the assumptions of the analytical method, the prediction of the whirl flutter bound-

aries could first be improved by introducing an unsteady aerodynamic model. This would reduce the

uncertainty associated with the predicted wind tunnel behaviour. Moreover, it would be relevant to

experimentally measure the stiffnesses, inertias and structural damping coefficients of the setup in

order to integrate more accurate parameters into the analytical model. The natural frequencies of the

system could also be measured experimentally and compared with the analytical prediction to asses

the reliability of the method in the present case.

Furthermore, a more detailed analysis of nonlinear effects would be required to improve the analytical

estimates.

Additionally, the propeller-pylon system could be upgraded by introducing a tilt mechanism in

order to approach a tiltrotor aircraft configuration more closely. This would improve the understanding

of the whirl flutter mechanism configurations closer to current research applications, such as tiltrotor
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aircraft.

Future work should investigate other operational conditions, such as different propeller rotational

speeds and free-stream velocities, in order to better assess their influence on the whirl flutter stability

boundaries.

Finally, the spring-based configuration could be experimentally investigated in order to identify

its advantages and its main differences with respect to the flexible pylon configuration. Experimental

setups of both configurations could also be compared in order to determine if the spring-based con-

figuration can reproduce the same instability mechanisms as the flexible pylon model, while allowing

the static orientation of the propeller plane to be controlled more easily.
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Appendix A. Propeller aerodynamic ma-

trices

The aerodynamic matrices are first written in the local aerodynamic variable space of each blade.

In order to express these matrices in the generalized coordinate space of the isolated propeller, a

coordinate transformation is introduced. Therefore, transformation matrices T0(t), T1(t), T2(t) and

T3(t) are introduced.

For the derivation of Cn,c, both matrices T1(t) and T2(t) are used. They are defined by:

T1 =



0 0 0 0

0 0 0 0

0 0 PT
n 0

0 0 0 PT
n


and T2 =



I 0 0 0

0 I 0 0

0 0 Pn 0

0 0 0 Pn


, (A.1)

recalling that Pn, defined in 3.30, denotes the rotation matrix between frame Rbn and frame R2.

Additionally, matrix Cn is given by:

Cn =



∫ R

r0
ΦTZq̇ dr 0 0 0

0 0 0 0∫ R

r0
Zq̇ dr 0 0 0∫ R

r0
rΛeyZq̇ dr 0 0 0


, (A.2)

where

Zq̇(r) = 1
2ρaal(r)c(r)


−u0

P l2 0 u0
P l1 + l3

0 0 0

−u0
T l2 − l3 0 u0

T l1

 Φ + 1
2ρaCd(r)c(r)


−d1 0 d3

0 0 0

d3 0 −d2

 Φ.

(A.3)
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The air density is denoted by ρa, and l1, l2, l3, d1, d2 as well as d3 are notations introduced to simplify

the equations. They are defined as follows:



l1 = (γ − ϕ0 − α0) u0
P
u0

− u0
T
u0

l2 = (γ − ϕ0 − α0) u0
T
u0

+ u0
P
u0

l3 = (γ − ϕ0 − α0) u0

and



d1 = (u0
T )2

u0
+ u0

d2 = (u0
P )2

u0
+ u0

d3 = u0
T u0

P
u0

, (A.4)

where u0 =
√(

u0
P

)2 +
(
u0
T

)2 and ϕ0 = arctan
(
u0
P

u0
T

)
are steady relative velocity and steady inflow

angle of a blade section, respectively. α0 is the zero-lift incidence angle of the blade section.

Moreover, Cd(r), c(r) and al(r) respectively denote the drag coefficient, chord and the lift curve

slope coefficient with compressible effects finite blade length correction of a blade section at a radial

position r. The lift curve slope coefficient is written as:

al = a0 C3D Ccompr, (A.5)

with a0 the blade section lift curve slope coefficient without any correction. On the one hand, when

the blade Mach number does not exceed 0.3, the compressible effects correction Ccompr is set to 1. On

the other hand, the finite blade length correction is equal to:

C3D = A
√

1 − M2

2 + A
√

1 − M2
(A.6)

with M the Mach number seen by the blade section, and A = L2

Stot
the blade aspect ratio. The total

area of the blade is denoted by Stot and L refers to the blade length. This correction comes from

Houbolt and Reed’s work, which used the Prandtl lifting line theory on an elliptical wing to establish

this correction [14].
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The remaining matrix used to derive Cn,c is Kn, defined as follows:

Kn =



∫ R

r0

(
ΦT

(
Zq − Λfstatp

Λey ∂rΦ
) ∫ R

r0

(
ΦT

(
Zt − Λfstatp

eyΦt

))
dr

∫ R

r0
ΦTZν dr

∫ R

r0
ΦTZω dr

− ∂rΦTΛT
eyΛmstat

p
Λey∂rΦ

)
dr

−
∫ R

r0
ΦT
t eTy Λmstat

p
Λey ∂rΦ dr 0 0 0∫ R

r0

(
Zq − Λfstatp

Λey ∂rΦ
)
dr

∫ R

r0

(
Zt − Λfstatp

eyΦt

)
dr

∫ R

r0
Zν dr

∫ R

r0
Zω dr∫ R

r0

(
rΛey

(
Zq − Λfstatp

Λey ∂rΦ
) ∫ R

r0

(
rΛey

(
Zt − Λfstatp

eyΦt

))
dr

∫ R

r0
rΛeyZν dr

∫ R

r0
rΛeyZω dr

− Λfstatp
Φ − Λmstat

p
Λey ∂rΦ

)
dr



,

(A.7)

All the terms present in this matrix are defined below.

For instance, f statp and mstat
p , respectively representing the steady force and torque on the blade profile,

are defined by:

f statp (r) = 1
2ρaal(r)c(r)


u0
P l3

0

u0
T l3

 + 1
2ρaCd(r)c(r)u0


u0
T

0

−u0
P

 and mstat
p (r) =


0

m0(r)

0


(A.8)

where m0(r) is the static pitching moment of a blade section at a radial location r. The Λ matrix

operator, defined in 3.23, is applied to these vectors.

Besides, all the other matrices introduced in Kn definition are defined as:

Zq(r) = 1
2ρaal(r)c(r)


0 Ω u0

P l2 0

0 0 0

0 Ω
(
u0
T l2 + l3

)
0

 Φ + 1
2ρaCd(r)c(r)


0 Ω d1 0

0 0 0

0 −Ω d3 0

 (A.9)

Zt(r) = 1
2ρaal(r)c(r)


V u0

P l2 − rΩ
(
u0
P l1 + l3

)
0

V
(
u0
T l2 + l3

)
− rΩ u0

T l1

 Φt + 1
2ρaCd(r)c(r)


V d1 − rΩd3

0

−V d3 + rΩd2

 Φt

(A.10)

Zν(r) = 1
2ρaal(r)c(r)


−u0

P l2 0 u0
P l1 + l3

0 0 0

−u0
T l2 − l3 0 u0

T l1

 + 1
2ρaCd(r)c(r)


−d1 0 d3

0 0 0

d3 0 −d2

 (A.11)
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Zω(r) = 1
2ρaal(r)c(r)


r
(
u0
P l1 + l3

)
0 ru0

P l2

0 0 0

ru0
T l1 0 r

(
u0
T l2 + l3

)

 + 1
2ρaCd(r)c(r)


rd3 0 rd1

0 0 0

−rd2 0 −rd3


(A.12)

Once matrix Cn,c is fully defined, the remaining matrices involved in Kn,c can be defined.

On the one hand, matrices Kn and T2 are the same as in the derivation of Cn,c and are respectively

defined in Equations A.7 and A.1. On the other hand, both remaining transformation matrices T3

and T0 are given by:

T0(t) =



I 0 0 0

0 I 0 0

0 0 0 −PT
n Λv∞

0 0 0 0


and T3(t) =



0 0 0 0

0 0 0 0

0 0 0 −ΛPnlcn

0 0 0 ΛPnldn


, (A.13)

with

lcn =
∫ Rp

r0
f statp dr and ldn =

∫ Rp

r0

(
rΛey f statp + mstat

p

)
dr (A.14)

where f statp and mstat
p are defined in Equation A.8.
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(b) Results obtained with the present imple-
mentation.

Figure B.1: Comparison between the considered implementation and the results of V.de Gaudemaris
for the evolution of K̄θ = K̄ψ as functions of ĒIx with aerodynamic effects, without prestress effects,
and considering only the out-of-plane blade motion.
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(b) Results obtained with the present imple-
mentation.

Figure B.2: Comparison between the considered implementation and the results of V.de Gaudemaris
for the evolution of K̄θ = K̄ψ as functions of ĒIx without aerodynamic effects, without prestress
effects, and considering only out-of-plane blade motion.
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Figure B.3: Comparison between the considered implementation and the results of V.de Gaudemaris
for the evolution of K̄θ = K̄ψ as functions of ĒIx with aerodynamic effects, with prestress effects,
and considering only the out-of-plane blade motion.
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(a) Results obtained by V.de Gaudemaris [14].
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(b) Results obtained with the present imple-
mentation.

Figure B.4: Comparison between the considered implementation and the results of V.de Gaudemaris
for the evolution of K̄θ = K̄ψ as functions of ĒIz with aerodynamic effects, without prestress effects,
and considering only the in-plane blade motion.
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(a) Results obtained by V.de Gaudemaris [14].
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mentation.

Figure B.5: Comparison between the considered implementation and the results of V.de Gaudemaris
for the evolution of K̄θ = K̄ψ as functions of ĒIz without aerodynamic effects, without prestress
effects, and considering only in-plane blade motion.
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Figure B.6: Comparison between the considered implementation and the results of V.de Gaudemaris
for the evolution of K̄θ = K̄ψ as functions of ĒIz with aerodynamic effects, with prestress effects,
and considering only in-plane blade motion.
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(b) Results obtained with the present imple-
mentation.

Figure B.7: Comparison between the considered implementation and the results of V.de Gaudemaris
for the evolution of K̄θ as a function of K̄ψ with aerodynamic effects, with prestress effects, and
considering only in-plane blade motion.
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(a) Results obtained by V.de Gaudemaris [14].
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Figure B.8: Comparison between the considered implementation and the results of V.de Gaudemaris
for the evolution of K̄θ = K̄ψ as functions of ḠIy with aerodynamic effects, prestress effects, and
considering only blade torsional motion.
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Figure B.9: Evolution of K̄θ = K̄ψ as functions of ḠIy obtained by the present implementation
without aerodynamic effects but with prestress effects, considering only torsion blade motion.
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Figure B.10: Comparison between the considered implementation and the results of V.de Gaudemaris
for the evolution of K̄θ as a function of K̄ψ with aerodynamic effects, without prestress effect, and
considering the fully-flexible blades.
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Appendix C. Cantilever beam static de-

flection

A cantilever beam loaded at its tip by a concentrated force and a moment is represented in Figure C.1.

L

F

M0

Figure C.1: Cantilever beam of length L loaded at its tip by a concentrated force F and a moment
M0.

According to the superposition theorem, force and moment contributions to δ and θ can be

computed separately, and then added together as follows:

δ = δF + δM and θ = θF + θM . (C.1)

The differential equation describing the deflection curve of a beam is the following [85]:

d2v

dx2 = M

EI
(C.2)

where v is the deflection, x the longitudinal coordinate of the beam, M the moment applied at its

tip, and E and I the Young modulus and the bending beam inertia, respectively. Therefore, the tip

deflection is δ = v(x = L).

Since a cantilever beam is considered, the following boundary conditions can be applied:

v(x = 0) = 0 and dv

dx

∣∣∣∣∣
x = 0

= 0 (C.3)

For an arbitrary beam position x, the moment generated by the concentrated tip force is given by
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M(x) = F (L − x), leading to, by successive integrations:

EI
d2v

dx2 = F (L − x) (C.4)

⇒ dv

dx
= FL x

EI
− FL x2

2EI + C1 (C.5)

⇒ v(x) = FL x2

2EI − FL x3

6EI + C1x + C2 (C.6)

where the integration constants C1 and C2 can be obtained from the boundary conditions of Equa-

tion C.3. Finally, it comes:

v(x) = F

6EI x
2 (3L − x) , (C.7)

and thus the beam tip deflection due to the concentrated force equals

δF = v (x = L) = FL3

3EI . (C.8)

Following the small displacements assumption, the rotation equals

θ = dv

dx
. (C.9)

Therefore, the beam tip angular deflection due to a concentrated load is equal to:

θF = FL2

2EI (C.10)

For a moment M0 applied on the cantilever beam, Equation C.2 becomes:

d2v

dx2 = M0
EI

. (C.11)

Similarly to the concentrated force case, the beam deflection and the rotation caused by a moment

M0 at the tip of a cantilever beam are given by:

δM = M0L
2

2EI and θM = M0L

EI
. (C.12)

And, finally, the total quantities equal:

δ = FL3

3EI + M0L
2

2EI and θ = FL2

2EI + M0L

EI
. (C.13)
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Appendix D. Propeller performance
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Table D.1: Main performance parameters of the APC 15.75x13-3 propeller: efficiency, thrust coefficient
CT , power coefficient CP , power, torque, thrust, Mach number M at the propeller tip and Reynolds
number Re at 75% of the blade span as functions of the incoming velocity V at 1000 rpm [66].
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Table D.2: Main performance parameters of the APC 15.75x13-3 propeller: efficiency, thrust coefficient
CT , power coefficient CP , power, torque, thrust, Mach number M at the propeller tip and Reynolds
number Re at 75% of the blade span as functions of the incoming velocity V at 2000 rpm [66].
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Appendix E. Tracking ratios
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(a) Row tracking index nr.
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(b) Column tracking index nc.

Figure E.1: Row and column tracking indices nr and nc of the backward whirl flutter mode as functions
of the free-stream velocity V for the final flexible pylon configuration.

140



Appendix F. Motor support
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Figure F.1: Technical drawing of the motor support.
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