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Summary

This master thesis investigates the optimization of tomosynthesis acquisition trajectories for the Dx-Box
C5 multi-axis X-ray inspection system developed by X-RIS. The Dx-Box C5 combines a C-arm with a
five-axis motion stage, enabling flexible acquisition geometries for industrial non-destructive testing.

The objective of this work is to identify the acquisition trajectories that achieve the best image quality.
Four simple trajectories and several combined configurations were evaluated through numerical simulations
performed using the gVXR framework. Image quality was assessed using a composite score combining
contrast and depth resolution metrics.

The results show that rotational trajectories provide better depth localization, while translation tra-
jectories yield higher contrast. Among all configurations evaluated, the R1-R2 combination — combining
C-arm rotation and turntable rotation — achieved the highest overall score and is identified as the most
suitable trajectory for implementation on the Dx-Box C5 system.
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Chapter 1

Introduction

1.1 Industrial context

Non-destructive testing (NDT) plays a crucial role in modern manufacturing industries. These inspection
techniques allow manufacturers to detect internal defects, verify dimensional accuracy, and ensure product
quality without damaging the parts being examined [1] . Among the various NDT methods available today,
X-ray imaging has become particularly valuable due to its ability to visualize the internal structure of dense
materials such as metals, composites, and ceramics [2]. X-ray based inspection systems are now widely
used across multiple industrial sectors. In the aerospace industry, for example, they help detect critical
defects like porosities in turbine blades or cracks in structural components [3]. Similarly, the automotive
sector relies on X-ray imaging to inspect cast aluminum parts, welds, and battery assemblies [4]. In
the electronics industry, these systems verify solder joints and detect voids in circuit boards. Regarding
the medical device sector, it can be used to ensure the quality of implants, prosthetics, and surgical
instruments, supporting strict safety standards.

1.2 X-RIS: Company Overview and the Dx-Box Cb System

1.2.1 About X-RIS: X-Ray Imaging Solution

Founded in 2010, X-RIS is a Belgian company specializing in digital X-ray imaging solutions for industrial
quality control and non-destructive testing. The company designs and manufactures a wide range of
inspection systems that address the demanding requirements of modern manufacturing environments. Its
expertise covers both compact cabinet systems for production workflows and customized platforms for
research and development applications.

X-RIS places strong emphasis on image quality, mechanical robustness, and user-friendliness. Its
systems comply with industrial and military standards and are designed for reliable operation in demanding
environments. The company employs a multidisciplinary team of engineers and technical experts, and
collaborates actively with universities and R&D centers to support innovation in digital radiography and
computed tomography (CT).

The company has customers in diverse industrial sectors, including aerospace, automotive, electron-
ics, and advanced manufacturing. Figure illustrates some examples of X-ray inspection applications,
highlighting the versatility of X-RIS’s systems.
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Figure 1.1: Examples of industrial X-ray inspection applications across different sectors: aerospace com-
ponent inspection (left), composite and cellular structure inspection (center-left), electronic circuit board
inspection (center-right), and medical device inspection (right). (adapted from [5])

X-RIS's product portfolio includes the Dx-Box series of cabinet-style X-ray systems (Figure|1.2]), each

tailored to specific inspection needs and part sizes. These systems integrate automated positioning stages,
full safety enclosures, and a software platform, enabling streamlined radiography and CT workflows.

Dxbox-320-C5

| Dxbox-225-CT | XRIS
N
= b
’ |

Size: 94 x 87 x 184 cm 180 x 85 x 216 cm 347 x 222 x 248 cm 346 x 228 x 329 cm

—

Figure 1.2: The family of cabinet-style X-ray systems used for industrial radiography and CT, illustrating
the different system sizes and inspection capacities available within the Dx-Box product range. Approxi-
mate external dimensions are indicated below each system.(adapted from [5])

1.2.2 The Dx-Box C5 System

Among X-RIS's product line, the one representing the main subject of this work is the Dx-Box C5. It
represents a versatile inspection platform that combines flexibility with performance. The system is built
around a C-arm geometry, which is a configuration widely used in medical and industrial imaging due to
its ability to provide variable viewing angles while maintaining a compact setup.

The C5 integrates a five-axis motion system that provides great flexibility in positioning both the
inspected part and the X-ray source—detector pair, enabling different acquisition geometries. This feature
is key to provide possibility of a full 3D reconstruction of the part.

Figure [I.3] shows an overview of the box, where the first two pictures represent an outer view of the
system with the visible C-arm on the second picture, while the third displays a tray with sample parts that
can be inspected.

In its current configuration, the Dx-Box C5 is primarily used for providing images of parts at relevant
angles and for CT, producing high-fidelity 3D reconstructions of internal part geometry.
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The entire system is controlled through X-RIS's Maestro software, which synchronizes the source,
detector, and motion stages in a single interface. Maestro then allows operators to configure acquisition
parameters, automate movement sequences, visualize results after reconstruction.

The detailed geometry and kinematic configuration of the Dx-Box C5, including its degrees of freedom
and motion limits, will be described Section [3.1] as they are central to understanding the implementation
of this project.

Figure 1.3: The X-RIS Dx-Box C5 inspection system with its C-arm.(adapted from [5])

1.3 Problem Statement

Despite its capabilities, CT scanning faces several practical limitations in industrial applications. The first
major constraint is acquisition time. A complete CT scan typically requires hundreds to thousands of pro-
jections (typically 500-2000), resulting in acquisition times ranging from 30 minutes to 3 hours per scan,
depending on the part size, material density, and desired resolution ﬂ§[] In high-volume production environ-
ments where inspection throughput is critical, this duration can create bottlenecks in the manufacturing
workflow.

The second challenge concerns the geometry of the part and its material properties. Depending on
the viewing direction, X-rays may be forced to traverse a long path through dense material. For instance,
when examining a metallic plate edge-on, the attenuation becomes so strong that very few photons reach
the detector, resulting in extremely noisy or even completely opaque projections.

Figure [L.4] illustrates this geometric constraint: the path length A — B (through the plate width) is
significantly longer than the path 1 — 2 (through the plate thickness). As a result, X-rays experience
much stronger attenuation for certain viewing directions, leading to insufficient transmission and unusable
projections during conventional CT acquisition [2].

Figure 1.4: lllustration of geometric constraints in plates: view direction affects the X-ray path length
through the material.

These limitations highlight the need for an alternative imaging approach that can provide useful 3D
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information while avoiding the drawbacks of full CT scans.

1.4 Digital Tomosynthesis as a Solution

Digital tomosynthesis (DTS) offers a convincing alternative to traditional CT scanning. Unlike CT,
which requires a complete 360° rotation, tomosynthesis acquires projections over a limited angular range,
typically between 20° and 60 ° . The projections acquired at different angles are then reconstructed
into a stack of tomosynthesis slices, where each structure appears sharply focused only within the slice
corresponding to its actual depth, usually spanning just a few adjacent slices.

Figure[L.5]illustrates the general principle of DTS: limited-angle projections are reconstructed into focal
planes at different depths and structures in the focal plane appear sharp while out-of-plane structures are
blurred.

X-ray tube

Tomosynthesis

Figure 1.5: lllustration of the principle of tomosynthesis (adapted from )

This limited-angle acquisition strategy provides several practical advantages. First, tomosynthesis is
significantly faster than CT. Since fewer projections are needed and the mechanical motion is limited,
acquisition times can be reduced by a factor of 5 to 20 |]§|] This speed improvement is particularly
valuable in production environments where inspection throughput directly impacts manufacturing costs.

In addition, tomosynthesis is more forgiving regarding part geometry. Because the X-ray beam only
needs to traverse the part from limited angles rather than from all directions, thick parts that would be
problematic for CT can often be successfully imaged using tomosynthesis. The system can be configured
to acquire projections only from angles where adequate X-ray transmission is achievable.

However, these advantages come with inherent trade-offs. Each reconstructed slice contains blurred
contributions from out-of-focus structures at other depths, which can hinder analysis when overlapping
features create confusing superpositions. Additionally, focal planes can only be reconstructed perpendic-
ular to the imaging axis — the orientation is fixed by the acquisition geometry and cannot be changed
retrospectively, unlike CT where arbitrary slice orientations are possible after reconstruction. [7]

1.5 Thesis Objectives

The primary goal of this master’s thesis is to investigate and optimize tomosynthesis acquisition trajectories
for the Dx-Box C5 system. More specifically, the objectives are:

e Characterize the geometry, degrees of freedom, and mechanical constraints of the Dx-Box C5
system.



INTRODUCTION

e Design and compare different tomosynthesis acquisition trajectories based on the available system
motions.

e Develop quantitative metrics and a composite scoring framework to evaluate trajectory performance
in terms of reconstruction quality.

e |dentify the most suitable trajectory among the configurations investigated through simulation and
qualitative assessment.

1.6 Report Organization

The remainder of this thesis is organized as follows.

Chapter [2| presents the theoretical background on X-ray imaging, including the principles of con-
ventional radiography, computed tomography, and digital tomosynthesis, as well as the reconstruction
methods and image quality metrics used in this work.

Chapter [3] describes the Dx-Box C5 system, the simulation framework, the phantom design, and the
acquisition trajectories investigated.

Chapter 4] presents and discusses the simulation results obtained for the different acquisition trajecto-
ries and evaluation methods considered in this study.

Finally, Chapter [5] summarizes the main findings of the work, identifies the recommended trajectory
for implementation on the Dx-Box C5 system, and outlines the limitations, personal contributions, and
perspectives for future research.



Chapter 2

State of the art

2.1 Elements of X-ray Physics

Understanding how X-rays interact with matter is essential for interpreting tomographic images and opti-
mizing acquisition parameters. This section introduces the fundamental principles governing X-ray atten-
uation, image formation, and acquisition geometry.

2.1.1 Radiation—Matter Interaction
Beer—Lambert Law

When X-rays pass through matter, their intensity decreases exponentially due to absorption and scattering.
For a monochromatic beam traversing a homogeneous material, this attenuation follows the Beer—Lambert
law [2]:

I(x) = lpe™ "X (2.1)
where [q is the incident X-ray intensity, /(x) is the transmitted intensity after a thickness x, and w is the

linear attenuation coefficient (cm™1). Figure illustrates this exponential decay for three materials with
different attenuation coefficients.

lo = 100%

— u=01cm

Transmitted Intensity, | (%)

Material Thickness, x (cm)

Figure 2.1: Exponential attenuation of X-ray intensity according to the Beer—Lambert law for three
materials with increasing linear attenuation coefficients (4 = 0.1, 0.3, and 0.6 cm™1), illustrating the
effect of attenuation coefficient on X-ray transmission.

For heterogeneous objects composed of multiple materials, the law generalizes to a line integral along
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the ray path, where the attenuation coefficient u varies spatially along the path L:

I(L) = lpexp <— /OL w(x) dx) (2.2)

This relationship forms the mathematical foundation of tomographic reconstruction: by measuring trans-
mitted intensities from many angles, algorithms can recover the spatial distribution u(x, y, z) within the
object [11].

Linear Attenuation Coefficient

The linear attenuation coefficient u quantifies how strongly a material attenuates X-rays [12]. It depends
on both the material properties and the photon energy and can be expressed as:

uE = ()@ (23)

where (u/p)(E) is the mass attenuation coefficient (cm?/g) at photon energy E, and p is the mate-
rial density (g/cm®).The mass attenuation coefficient is a fundamental material property that has been
tabulated for all elements.
The physical meaning of u relates to the mean free path: 1/u represents the average distance an X-ray
photon travels before undergoing an interaction.

2.1.2 Energy and Material Dependence

X-ray attenuation varies significantly with both photon energy and atomic composition. In the 50—-300 keV
range typical of industrial CT, four main interaction mechanisms occur [2]:

e Photoelectric absorption dominates at low energies, particularly for high-Z materials. The cross-
section scales approximately as Z4/E3, making this process highly sensitive to both atomic number
(Z) and photon energy (E).

e Compton scattering dominates at intermediate energies (100-300 keV), depending mainly on elec-
tron density.

e Rayleigh/Thomson (coherent) scattering occurs at low energies, involving elastic deflection of pho-
tons by atomic electrons without energy transfer or ionization. Its contribution is minor in typical
industrial CT energy ranges but remains a secondary interaction mechanism.

e Fair production Pair production occurs only above 1.02 MeV and is negligible in most conventional
industrial CT systems, though it may become relevant in high-energy systems using linear accelerators
operating up to 6 MeV.



CHAPTER 2 2.1. ELEMENTS OF X-RAY PHYSICS

100
80 Pair
Absorption production
- dominant dominant
U
e
£ 60
3
g
-
E 40
<
20 Scattering dominant
0
1072 1071 10° 10! 10?

Photon energy [MeV]

Figure 2.2: Dominant attenuation mechanisms as a function of photon energy and atomic number.
(adapted from [8])

Industrial X-ray sources, unlike monochromatic synchrotron beams, emit polychromatic radiation con-
sisting of a continuous spectrum of photon energies rather than a single value. The shape of this spectrum
depends on the tube voltage and the filtration applied , which removes low-energy photons and modifies
the energy distribution of the beam. [13]
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Figure 2.3: Polychromatic X-ray spectra at 130 kV excitation voltage showing the effect of aluminum and
copper filtration on the spectral distribution.(adapted from )

Figure illustrates a typical polychromatic X-ray spectrum at 130 kV excitation voltage. The
characteristic peaks correspond to the anode material (tungsten), while the continuous background results
from bremsstrahlung emission. Filtration with aluminum or copper sheets removes low-energy photons
that contribute little to image formation but increase radiation dose and worsen beam hardening artifacts.
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2.1.3 Cone-Beam CT Image Formation
Cone-Beam Projection

In cone-beam CT systems such as the Dx-Box C5, X-rays diverge from a compact focal spot and form
a conical beam that illuminates the object and projects onto the detector simultaneously. Each detector
pixel measures the transmitted X-ray intensity corresponding to a specific ray path from the source to the
detector. The attenuation information is then obtained by comparing this intensity to the incident intensity
measured without the object . [2,/14]

For a polychromatic X-ray source, as discussed in Section [2.1.2} the detector signal S is governed by
the energy-dependent attenuation: [2,|15]

Sl = /OEW Io(E) exp (- /rayu(E, 5) ds> dE (2.4)

where Io(E) is the incident spectrum (Figure 2.3)), u(E,s) is the energy- and position-dependent linear
attenuation coefficient, and the integration is performed both over the ray path and across the energy
spectrum.

In tomographic reconstruction, it is common practice to work with the line integral of attenuation,
obtained through logarithmic transformation of the detector signal. For practical implementation, recon-
struction algorithms typically employ a monochromatic approximation:

p=—In </O> ~ /ray Hefr(s) ds (2.5)

where p represents the projection data and uefr is an effective attenuation coefficient averaged over the
source spectrum. This simplification is valid when beam hardening effects are minimal or when appropriate
preprocessing corrections are applied [12}/15].

The cone-beam geometry provides efficient data acquisition by capturing a large volume in each
projection, but introduces geometric complexities that reconstruction algorithms must account for. Figure
illustrates the principle of cone-beam imaging, where the X-ray source and detector rotate around the
object to capture projections from different angles.

Rotationalaxis

Detector

Figure 2.4: Schematic of cone-beam CT X-ray imaging geometry, showing the source, object, and flat-
panel detector arrangement. [16]

This section reviewed the fundamental physics of X-ray imaging. The Beer—Lambert law describes
exponential attenuation, with the linear attenuation coefficient depending on both material properties and
photon energy. Energy-dependent interaction mechanisms determine how X-rays penetrate different ma-
terials. Radiographic image formation involves cone-beam projection geometry, with transmitted intensity
related exponentially to path-integrated attenuation. These principles establish the physical foundation
for understanding both the capabilities and fundamental limitations of tomographic imaging systems.
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2.2 Conventional Radiography

Conventional radiography is the simplest and most widely used X-ray imaging technique. An X-ray beam
passes through the object and the transmitted intensity is recorded by a detector, producing a two-
dimensional (2D) projection image, as illustrated in Figure [2.5 The detected signal depends on the
attenuation of the X-rays along each propagation path through the object according to the Beer—Lambert
law (Section [2.1.1]).

Because all structures located along the same X-ray path contribute to the detected intensity, infor-
mation from different depths is superimposed in the resulting image. As a result, the exact depth position
of internal features cannot be directly determined, and overlapping dense structures may partially or com-
pletely obscure smaller details or defects. This limitation motivated the development of tomographic
imaging techniques, where multiple projections acquired from different viewing angles are combined to
recover three-dimensional information.
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Figure 2.5: Left: one of the first X-ray radiographs, showing the hand of Wilhelm Rontgen's wife (1895),
illustrating the projection nature of conventional radiography. Right: simplified X-ray acquisition setup
showing the source, object, and detector arrangement. Adapted from [2].

Computed tomography extends this principle by acquiring multiple projections from different viewing
angles to reconstruct the internal attenuation distribution of the object.

2.3 Computed Tomography: Acquisition and Mathematical Foundation

In conventional CT, projections are acquired as the X-ray source and detector rotate around the object.
In the two-dimensional case, projections acquired over 180° are theoretically sufficient to reconstruct
a slice. In practical three-dimensional cone-beam CT systems, a complete 360° rotation is commonly
used for volumetric reconstruction. Each projection represents a set of line integrals through the object’s
attenuation distribution. Mathematically, the projection py(t) acquired at angle 6 corresponds to the
integral of the linear attenuation coefficient w(r) along rays [2]:

po(t) = / u(r) ds (2.6)

where the integration is performed along the ray path at position t and angle 6.

10
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2.3.1 Radon Transform and Projection Sampling

The set of projections acquired at different angles can be interpreted as the Radon transform of the object,
a concept introduced by the Austrian mathematician Johann Radon in 1917 [2,17].

The 2D Radon transform

The Radon transform is formally defined in a 2D parallel-beam geometry, where X-rays are cast perpendic-
ularly onto a line detector. The reconstruction problem then consists in recovering the spatial distribution
of the attenuation coefficient wu(x,y) from a series of projections acquired at different angles. For a
given projection angle 7y, the measured signal at detector position € corresponds to the line integral of
wu(x, y) along the corresponding projection line. As introduced in Section , taking the logarithm of
the Beer—Lambert law yields the projection integral [14,28]:

+o0 +o00
pr(©= [ [ utcy)dtcosy+ ysiny - €) dxdy (2.7)

where 7y is the projection angle and £ is the detector coordinate defining the projection line, and §(+)
is the Dirac delta function selecting the ray path. Figure illustrates this geometry. This expression,
denoted Ro{u(x, y)}, is called the two-dimensional Radon transform of u(x, y). Arranging the projection
values py(&) in a (&,y) diagram yields the sinogram representation of the object in Radon space.

p

Figure 2.6: lllustration of the 2D parallel-beam acquisition geometry. X-rays are cast along the direction
defined by angle «y and collected on a line detector along axis £. The resulting projection p,(§) represents
the line integrals of the attenuation coefficient w(x, y) through the object. Adapted from [14].

It is important to note that this definition assumes parallel-beam geometry — a simplification that is
mathematically convenient but not directly applicable to the divergent fan-beam or cone-beam geometry
used in most modern CT systems.

The Fourier slice theorem

The reconstruction problem consists in recovering u(x, y) from its projections p,(£) — this is the inverse
Radon transform. The mathematical foundation for this inversion is the Fourier slice theorem, also called
the central slice theorem [2}/11].

Let Py(qg) denote the 1D Fourier transform of p, (&) with respect to &:

Py (q) = /+OO py(€) €729 d¢ (2.8)

—0o0
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Substituting Equation into Equation 2.8 and rearranging:

+oo  pt+oo ) )
Pry(C]) _ / / ,U'(X,J/) ef27rlq(xcos'y+ysm’y) dx dy (2.9)

The right-hand side is exactly the 2D Fourier transform F(u, v) of u(x,y), evaluated at the polar
coordinates (u, v) = (gcosy, gsin-y):

|Py(q) = F(qcos, gsiny)]| (2.10)

This is the Fourier slice theorem: the 1D Fourier transform of a projection described by the Radon
transform at angle v equals a radial slice through the 2D Fourier transform of the object at the same
angle. As illustrated in Figure 2.7} each projection fills a radial line in the 2D Fourier domain. Projections
acquired over 180° provide complete coverage of the 2D Fourier domain

2-D Fourier Transform

Projection 1-D Fourier Transform

Figure 2.7: lllustration of the Fourier slice theorem. Each projection at angle v contributes a radial line in
the 2D Fourier domain of the object. Complete angular coverage fills the entire Fourier domain. Adapted

from [21].

Filtered back-projection

While the Fourier slice theorem provides a theoretically exact reconstruction scheme, its direct implemen-
tation is impractical due to the non-uniform polar sampling of the Fourier domain — low frequencies are
sampled much more densely than high frequencies, causing blur. The Filtered Back-Projection (FBP)
algorithm offers a more practical alternative. Starting from the inverse 2D Fourier transform in polar
coordinates and applying Equation [2.10) it can be shown that the exact reconstruction is:

s +o0 )
wer) = [ [ prtarlal et ag d (2.11)
0 —00 £=x cosy+y siny

Reconstruction consists of two steps: first, each projection is filtered in the frequency domain by
a ramp filter |g|, which compensates for the non-uniform sampling density; second, the filtered projec-
tions are back-projected along their acquisition direction and summed over all angles. This algorithm is
mathematically exact in 2D parallel-beam geometry when projections cover a full 180° range.

12
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Extension to 3D: the 3D Radon transform

In three dimensions, the Radon transform generalizes naturally. As illustrated in Figure 2.8, the key
difference from the 2D case is the following: in 2D, one chooses a direction v in the plane and integrates
along the perpendicular line L; in 3D, one chooses a direction in space defined by a unit normal vector

ng with spherical angles (v, ¥), and integrates over the perpendicular plane A. The 3D Radon value is
therefore a plane integral [14]:

Pne(€) = / / BCGL (2.12)

where the plane is defined by £ = x cosysin¥+y sin-ysin ¥+z cos®. The 3D Radon space is therefore
parameterized by all possible planes through the object.
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Figure 2.8: Geometrical analogy between the 2D and 3D Radon transforms. (a) In 2D, the Radon value
is the line integral of w(x, y) along a line L defined by angle <y and distance £. (b) In 3D, the Radon value

is the surface integral of wu(x,y, z) over a plane A defined by its normal direction (y,?) and distance &
from the origin. Adapted from [14].

The Fourier slice theorem can be extended to 3D: the 1D Fourier transform of py, (&) corresponds to a

radial line in the 3D Fourier transform of w(r) along ng. The corresponding 3D reconstruction framework
is presented in Appendix [Al

Extension to cone-beam geometry

The framework described above is valid for parallel-beam geometry. In cone-beam geometry — as used
in the Dx-Box C5 system — the X-rays diverge from a point source, and the acquired projections are line
integrals along diverging rays, not plane integrals of the 3D Radon transform. The central slice theorem
is therefore no longer directly applicable [14].

An exact reconstruction formula for cone-beam geometry was derived by Grangeat [19], who estab-
lished a relationship between the derivative of the cone-beam projections and the derivative of the 3D
Radon transform, allowing an exact inversion in principle. In practice, the Feldkamp—Davis—Kress (FDK)
algorithm [6] is the most widely used method. It reduces the 3D problem to a series of 2D sub-problems by
treating each fan-shaped surface defined by the source and a detector row independently, applying a cosine
weighting and a ramp filter before back-projecting along the cone-beam rays. While the FDK algorithm is
an approximation, reconstruction accuracy decreases with increasing distance from the central plane and
with increasing cone angle.

13
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2.4 Digital Tomosynthesis

Digital tomosynthesis (DTS) is an imaging technique that occupies an intermediate position between
conventional radiography and full computed tomography. Originally introduced in the medical field to
improve depth discrimination while maintaining a low radiation dose [11], it has since been adapted for
industrial non-destructive testing where rapid acquisition and mechanical flexibility are essential [22].

2.4.1 Principle

In this section, limited-angle tomosynthesis is first introduced, as it represents the most common config-
uration; other acquisition geometries are presented in the following sections. DTS relies on acquiring a
limited number of projections over a restricted angular range, typically between 20° and 60°, instead of
performing a full 360° rotation as in CT. The acquired projections are then combined to reconstruct a
stack of slices parallel to the detector plane. Unlike CT, where a complete acquisition provides nearly com-
plete sampling of the Fourier domain, (Section , tomosynthesis samples only a limited wedge-shaped
region, resulting in incomplete frequency information. Consequently, structures located in the focal plane
—the depth at which reconstruction is optimized— appear sharp, while features outside this plane become
progressively blurred. This effect is a direct consequence of the incomplete angular sampling and limited
Radon space coverage.

2.4.2 Visual comparison: CT vs DTS

The fundamental differences between CT and DTS reconstruction quality are illustrated in Figure 2.9] It
presents gVXR [23] simulations of a complex 3D object (Welsh dragon phantom) reconstructed using both
methods. In the CT reconstruction (panels a-c), each orthogonal slice exhibits sharp delineation of in-plane
features with clean separation from out-of-plane structures, resulting in high-quality 3D representation.
In contrast, the DTS reconstruction (panel d-f) demonstrates the characteristic behavior of limited-angle
acquisition: while structures within the focal plane retain good in-plane resolution, significant out-of-
plane blur is visible as ghosting artifacts from structures at different depths. Notably, slices parallel to
the optical axis (panels e, f) contain virtually no usable geometric information due to severe depth blur,
whereas perpendicular slices (panel d) remain representative of the object’s structure. This visualization
reflects the incomplete sampling of the object, leading to anisotropic image quality — good in-plane
resolution but degraded depth resolution along the imaging axis.

Figure 2.9: Comparative reconstruction of a 3D Welsh dragon phantom using CT (left) and DTS (right).
CT provides isotropic resolution with clean slice separation, while DTS exhibits characteristic out-of-plane
blur artifacts despite maintaining good in-plane resolution.
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2.4.3 Advantages compared to CT

The reduced angular range leads to significantly shorter acquisition times, typically a factor of 5 to 20
compared to conventional CT. DTS is also more suitable for the inspection of thick or highly attenuating
parts: by avoiding angles where transmission is too low, the acquisition can be restricted to orientations
with adequate X-ray penetration [7], although this improvement comes at the expense of significantly
reduced depth resolution, as demonstrated in Figure [2.9]

2.4.4 Limitations

The limited angular coverage inherently leads to missing information in Radon space, producing artifacts
such as out-of-plane blur and streaks. As clearly visible in Figure [2.9] structures outside the focal plane
appear as semi-transparent overlays, creating ambiguity in depth localization. Depth resolution is weaker
than in CT and depends strongly on the total scan angle. As demonstrated by Cho et al. [9], scan
angles below approximately 20° lead to severe blur artifacts, whereas angles above 60° yield more reliable
reconstructions comparable to CT results (Figure [2.10)).

At the plane of interest
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Figure 2.10: Impact of total scan angle on DTS reconstruction quality. The reference CT image (top
left, Bscan = 360, AG = 0.9) shows optimal quality. Narrow total scan angles (Bscan < 20) combined with
small angular increments (AB < 1) result in severe blur and streak artifacts, while wider angles (A ~ 5°)
and larger total scan ranges (Bscan > 60°) approach CT-like quality. Adapted from [9].

2.4.5 Existing acquisition geometries of tomosynthesis

The trajectory followed by the X-ray source (and optionally the detector) during acquisition significantly
impacts both the achievable image quality and the mechanical complexity of the system. Figure
illustrates the principal tomosynthesis acquisition geometries (a)—(e), together with the main parameters
used to characterize them (f).
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Figure 2.11: Tomosynthesis acquisition geometries: (a) linear, (b) full isocentric, (c)—(d) partial isocentric
with moving/fixed detector, (e) circular, (f) key parameters (6, Nyroj, A). Adapted from [24].

Linear trajectory (Figure a))

In this configuration, the X-ray tube translates along a straight line parallel to the detector plane, which
remains stationary. This geometry is mechanically simple and corresponds to the earliest implementations
of tomosynthesis [25].

Isocentric geometries (Figure b)-(d))

Isocentric motion involves rotation around a fixed center point, analogous to conventional CT geometry.
Three variants exist:

e Full isocentric (Figure [2.11{(b)): Both the X-ray tube and detector rotate synchronously around a
common axis. If extended to 360°, this becomes equivalent to cone-beam CT.

e Partial isocentric with moving detector (Figure c)): The X-ray tube rotates along an arc
while the detector follows to maintain geometric alignment.

e Partial isocentric with fixed detector (Figure 2.11(d)): Only the X-ray tube moves along an arc
trajectory, while the detector remains stationary. This geometry is used in breast tomosynthesis
systems where detector motion is mechanically constrained. However, it introduces magnification
variations across projections that must be corrected during reconstruction. [24]

The choice between these isocentric variants depends on mechanical constraints, with moving-detector
configurations generally providing more uniform image quality at the cost of increased mechanical com-
plexity. In isocentric configurations, the region of interest can be positioned close to the isocenter, where
the sampling is generally more uniform and depth localization is improved.
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Circular trajectory (Figure e))

In circular geometry, the tube and detector move along parallel circular paths without rotating about
a common center. This configuration has been explored in early tomosynthesis literature but is less
commonly used in modern systems due to its complex magnification behavior and non-uniform angular
sampling. However, it is often used in certain industrial applications such as the inspection of flat parts like
electronic circuit boards. This geometry is then especially well suited when the region of interest extends
mainly parallel to the detector plane [25].

Geometry parameters (Figure f))

Regardless of the trajectory type, any tomosynthesis acquisition is governed by three fundamental param-
eters:

e Angular range (0 or Bscan): The total angular span covered by the X-ray tube, corresponding to
the arc described between the first and last projection positions around the rotation center. In
tomosynthesis, this typically ranges from 20—60°.

e Number of projections (Nproj): The total number of X-ray images acquired over the angular range,
typically 10—40 for clinical applications and 50—200 for industrial use depending on quality require-
ments and time constraints.

e Angular step (A8 = 0/Nyj): The angular increment between successive projections, corresponding
to the angular displacement between two consecutive tube positions. Smaller angular steps provide
denser sampling but require more projections for a given angular range, directly impacting acquisition
time.

2.4.6 Concept of focal plane

In digital tomosynthesis, image reconstruction produces a stack of slices parallel to the detector plane,
each focused at a different depth within the object. The sharpness of reconstructed features depends on
whether they lie within the selected depth, a concept governed by the focal plane.

During acquisition, the X-ray source moves along a predefined trajectory while projections are recorded
at multiple angles. For a given reconstruction slice, contributions from different projections are combined
in such a way that structures located at a specific depth—the focal plane—are coherently aligned across
projections. This effect is achieved during reconstruction by shifting and combining projections so that
a selected plane is brought into focus. As a result, features lying in this plane are reinforced and appear
sharp in the reconstructed image. In contrast, structures located outside the focal plane are misaligned
between projections and are therefore averaged out, producing characteristic out-of-plane blur.
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X, t1 > X, t2

Figure 2.12: Principle of focal plane formation in tomosynthesis. The figure illustrates the acquisition
geometry: structures located in the focal plane (S) are aligned across projections, while features at other
depths are misaligned. During reconstruction, this alignment leads to sharp representation of the focal
plane, whereas structures from other depths appear blurred. Adapted from

The thickness of the focal plane depends on acquisition parameters such as the total angular range and
the trajectory geometry . In practice, the focal plane corresponds to a slice of finite thickness rather
than an ideal plane. As illustrated in Figure [2.13] this thickness decreases as the sweep angle increases,
thereby improving depth discrimination. Conversely, narrow angular ranges lead to thicker focal planes

and stronger depth ambiguity.
X-ray source ‘_v

Slice thickness

Blurring X-ray detector
threshold

Figure 2.13: Slice thickness as a function of the sweep angle a in tomosynthesis. Increasing the angular
range reduces slice thickness and improves depth discrimination. Adapted from

This behavior explains why tomosynthesis is often described as a 2.5D imaging technique, combining
high in-plane resolution with limited depth discrimination, as demonstrated in Figure |2.9]

2.4.7 Reconstruction methods in DTS

Several reconstruction algorithms have been proposed for digital tomosynthesis to compensate for its
limited angular coverage and the resulting incomplete sampling of Fourier space. These methods differ
in computational complexity, robustness to limited-angle artifacts, and achievable image quality. Three
representative approaches are reviewed here: Shift-And-Add (SAA), Filtered Back-Projection (FBP), and
iterative algebraic methods.
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Shift-And-Add (SAA)

Shift-And-Add is one of the earliest reconstruction methods used in tomosynthesis [8,28]. The principle
consists in shifting each projection by an amount proportional to the expected lateral displacement of
structures at a selected depth, then summing the shifted projections, as illustrated in Figure[2.14] Features
located at the target depth are coherently reinforced, while out-of-plane structures are spread across the
image, producing characteristic blur.

N @ S
SN R A
NN I o
N0 <
N o
N v
N ‘( ;

1 A O A O
— ——
LA N /
N\ ’ o] (o]
e A +2 ———— ———
// \\ B
- ALY ~, O A o A
SUSND N +3
i
i Y .
i " N
i Y b Q A
o S N Q A
L ol AN \\\ = o A
‘o A ’o 2 | \\ A O N & u
—
Image receptor Plane A Plane B

(a) (b)

Figure 2.14: Principle of shift-and-add tomosynthesis. Projections acquired from different X-ray tube
positions are shifted to align structures in a selected focal plane and then summed. Out-of-plane features
are misaligned and produce blur. Adapted from [g]

SAA is computationally efficient and straightforward to implement, making it suitable for rapid qual-
itative visualization. However, SAA is most accurate for acquisition geometries where the X-ray source
translates parallel to the detector plane at a fixed height [33]. A generalized formulation, Simple Back-
Projection (SBP) [33}34], extends SAA to arbitrary tube motions by introducing a depth-dependent scale
factor, though at the cost of stronger out-of-plane streak artifacts [8].

Filtered Back-Projection (FBP)

Filtered Back-Projection is the standard analytical reconstruction algorithm in CT and has been adapted to
tomosynthesis [33,34]. As already explained in the Section , the method applies a ramp filter to each
projection in the frequency domain — motivated by the Fourier slice theorem — before backprojecting
the filtered data into the reconstruction volume. The filtering step compensates for the uneven density
of radial samples in Fourier space and suppresses the low-frequency components responsible for image
blurring that affects unfiltered backprojection, as illustrated in Figure[2.15
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Simple Backprojection Filtered Backprojection

Figure 2.15: lllustration of the difference between simple backprojection and filtered backprojection. Sim-
ple backprojection produces a blurred reconstruction due to the accumulation of low-frequency compo-
nents, whereas filtered backprojection restores sharper object boundaries by applying a ramp filter before
reconstruction. Adapted from

FBP produces high-quality reconstructions when projections sufficiently cover the angular range and
data are consistent, as in conventional CT. In tomosynthesis, however, the limited movement range leaves
a large portion of Radon space unsampled (Section[2.4]), which the ramp filter cannot recover. This results
in residual out-of-plane blur and streak artifacts, particularly for high-contrast features. [8,34]

Algebraic Reconstruction Techniques

Iterative algebraic methods treat reconstruction as the solution of a large system of linear equations
p = Af, where f is the unknown voxel volume, p the measured projection data, and A the system matrix
encoding the acquisition geometry .

The Algebraic Reconstruction Technique (ART) , updates the linear attenuation coefficients in a
ray-by-ray manner: the difference between the measured and estimated projection values corrects each
voxel along the ray being processed. ART converges quickly, but because it updates one ray at a time,
the reconstruction tends to be noisy, especially in difficult cases like limited-angle tomosynthesis [g].

The Simultaneous Iterative Reconstruction Technique (SIRT) [37], considers all projection equations
simultaneously before updating the volume estimate. Compared to ART, SIRT exhibits better noise
properties but converges more slowly .

The Simultaneous Algebraic Reconstruction Technique (SART), combines the advantages of both ap-
proaches by processing one full projection at a time rather than a single ray or all projections simultaneously.
The update rule for the j-th voxel is:

£(n)
G(n—i—l) - G(n) Za pi — pi(f") (2.13)

ij
E :au = E :au

i€lg

where /4 denotes the set of rays in a single projection at angle 0, ajj is the contribution of voxel j to
ray /, and p; is the forward-projected estimate. This projection-by-projection update provides a favorable
balance between convergence speed and noise properties . SART can thus be seen as a compromise
between ART and SIRT, combining fast convergence with improved noise stability.

A practical extension is Ordered Subsets SART (OS-SART) , which partitions the projections
into ordered subsets and applies one SART update per subset per iteration, significantly accelerating
convergence. In tomosynthesis, early stopping before full convergence acts as an implicit regularization,
limiting noise amplification while preserving contrast.
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2.4.8 Image quality metrics

Quantitative image quality metrics are essential for objectively evaluating reconstruction performance in
DTS and for comparing different acquisition trajectories and reconstruction methods.

Contrast-to-Noise Ratio (CNR)

The contrast-to-noise ratio (CNR) is one of the most widely used metrics to quantify defect detectability
in NDT radiology in general, including tomographic and tomosynthesis imaging. Unlike simple contrast
measures, CNR explicitly accounts for image noise and therefore provides a more reliable indicator of the
visibility of low-contrast structures.

For a region of interest (ROI) corresponding to a defect and a surrounding background region, CNR
is classically defined as [9}28]:

CNR = ‘Mdefect - Mbackground’ (2.14)
2 2
\/Udefect + Ubackground

where Ldefect and Lpackground denote the mean intensity values within the defect and background regions,
respectively, and 03 c..; aNd 05, groung e the corresponding variances.

In industrial practice, particularly in NDT radiography, noise is often dominated by the background
region. For this reason, CNR is commonly defined according to the ASTM E2698 standard [39] as:

CNR = |bdefect — ,U'background| (2.15)

Obackground

A higher CNR indicates improved defect visibility and thus better image quality [28]. In the context
of digital tomosynthesis, CNR is influenced by acquisition parameters such as angular range, number of
projections, and reconstruction method, making it a key metric for trajectory optimization and quantitative
image quality assessment.

Spatial Resolution

Spatial resolution quantifies the ability of an imaging system to distinguish fine details and separate closely
spaced features within a reconstructed image. In tomographic imaging, it is commonly characterized by
the Full Width at Half Maximum (FWHM) of the system'’s point spread function (PSF) — the response
of the imaging system to a point object [40,{41]. The FWHM corresponds to the width of the intensity
profile at half its maximum value, as illustrated in Figure 2.16] A smaller FWHM indicates a sharper
response and therefore better spatial resolution.

In three-dimensional imaging, spatial resolution can therefore be characterized separately in the two
in-plane directions and in the depth direction [22]:

e In-plane resolution, corresponding to the detector plane, is mainly governed by detector pixel size,
magnification, and reconstruction filtering.

e Depth resolution, perpendicular to the detector plane, depends primarily on the total angular range
or displacement range and the acquisition geometry.

FWHM is then measured along each axis — in-plane (FWHMx, FWHMy ) and in depth (FWHM7) —
allowing the characterization of potential anisotropies in the reconstructed volume. In conventional CT,
the complete 360° acquisition provides isotropic resolution (FWHMx ~ FWHMy ~ FWHM ), whereas
the limited angular coverage of tomosynthesis introduces significant anisotropy in the depth direction, as
discussed in Section 2.4.6]
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Ir)

Point-Spread Function (PSF)

Figure 2.16: lllustration of the Point Spread Function (PSF) and the Full Width at Half Maximum
(FWHM) as measures of spatial resolution. (A) The PSF represents the response of the imaging system
to a point object. (B) Corresponding normalized intensity profile, where the FWHM is measured at half of
the maximum intensity. The values 0.25 and 0.75 correspond to normalized intensity levels on the vertical

axis. Adapted from [41].
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Chapter 3

Materials and methods

This chapter describes the experimental framework used to develop and evaluate optimized tomosynthesis
trajectories for the Dx-Box C5 system. It first presents the system architecture and its five degrees of
freedom (Section , followed by the mechanical constraints that limit trajectory design (Section .
The gVXR simulation tool used for trajectory validation is then introduced (Section , along with the
numerical phantom used throughout the study (Section . The acquisition trajectories investigated
— both simple and combined — are described in Section [3.5] Finally, the reconstruction method, im-
age quality metrics, and Radon space coverage analysis used to compare the trajectories are detailed in
Section 3.6l

3.1 Dx-Box Cb5 system description

The X-RIS Dx-Box C5 is a cabinet-style cone-beam X-ray inspection system designed for industrial non-
destructive testing and computed tomography (CT).

3.1.1 General architecture and degrees of freedom

As introduced in Section [I.I} the system combines a C-arm geometry with a multi-axis positioning stage,
providing flexibility for both conventional radiography inspection and tomographic acquisitions.

Figure[3.I]shows the internal configuration of the system. The X-ray source and flat-panel detector are
mounted on a motorized C-arm capable of rotation, while the inspected part is positioned on a turntable
mounted on a multi-axis translation stage.
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Figure 3.1: Interior view of the Dx-Box C5 system. Left: C-arm geometry showing the X-ray source,
detector, and rotational axis. Right: Multi-axis translation stage with annotated coordinate system (X,
Y, Z axes).

The system provides five independent degrees of freedom (DOF) that allow flexible positioning of the
X-ray source, detector, and inspected part (See the annotations in Figure for visual illustrations).
These axes are summarized in Table 3.1] and are described below:

e Z: Vertical translation of the part through synchronized motion of the left and right supports, with
a range of —450 to +450 mm relative to the rotation center.

e X1: Horizontal translation parallel to the cabinet door, with a range of —220 to +220 mm, allowing
lateral displacement of the C-arm assembly.

e Y: Horizontal translation perpendicular to the cabinet door (forward/backward), with a range of
—700 to +220 mm, allowing the distance between the X-ray source and the object to be adjusted.

e R1: Rotation of the C-arm about its horizontal rotation axis, with a range of 0° to +180°, providing
angular coverage for tomographic acquisitions.

e R2: Rotation of the turntable about the vertical axis, allowing rotation of the inspected part. The
turntable has a diameter of 700 mm.

Table 3.1: Manipulator axes of the DX-Box C5 system (from the system documentation).

Axis Function Range Zero position

Z Vertical translation of the part —450 to +450 mm  C-arm rotation center
X1  C-arm horizontal translation —220 to +220 mm Door center

Y Horizontal translation —700 to +220 mm  C-arm rotation center
R1  C-arm rotation 0° to +180° X-ray tube at top
R2  Turntable rotation —720° to +720° No zero position

This kinematic configuration enables a wide range of acquisition geometries beyond conventional
circular CT scans. By combining C-arm rotation (R1), C-arm translation (X1), object translations (Y and
Z), and turntable rotation (R2), the system can support linear, arc, and composite acquisition trajectories.
These trajectories are described in detail in Section [3.5]
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3.1.2 Imaging geometry and detector characteristics

The geometric configuration of the Dx-Box C5 follows a cone-beam projection model, characterized by
two key distances:

e Source-to-Detector Distance (SDD): the distance between the X-ray source and the flat-panel
detector, fixed at 1150 mm.

e Source-to-Isocenter Distance (SID): the distance between the X-ray source and the rotation
center of the system, fixed at 575 mm.

The geometric magnification factor M is defined as:

SDD 1150
M=<p5 =55 —° (3:1)

This magnification factor governs the relationship between physical object dimensions and their pro-
jection on the detector.

The flat-panel detector has a square active area of 430 x 430 mm, with a pixel pitch of 0.139 mm,
resulting in a detector resolution of approximately 3072 x 3072 pixels. Figure illustrates the overall
cone-beam geometry of the system.

Y

v X-ray source

SID = 575 mm

1150 mm

SDD

a X

Isocenter ‘l

Irl

h 4

Object
(plate)

S Flat-panel detector
430 x 430 mm

Figure 3.2: Simplified cone-beam imaging geometry of the Dx-Box C5 system, showing the source-to-
isocenter distance (SID), source-to-detector distance (SDD), detector and object offset |r| from the
isocenter. The Z-axis (vertical direction) is perpendicular to the XY plane shown here.

Coordinate system

A fixed right-handed coordinate system is used throughout this work, as illustrated in Figure [3.I] The
X-axis is defined parallel to the cabinet door, the Y-axis perpendicular to the door (forward/backward
direction), and the Z-axis corresponds to the vertical direction.

For rotational motion, the zero position of the C-arm rotation (R1) corresponds to the X-ray tube
located at the top of the system. The turntable rotation (R2) is defined around the vertical axis passing
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CHAPTER 3 3.2. MECHANICAL CONSTRAINTS AND OPERATIONAL LIMITS

through the rotation center or isocenter. These conventions are used consistently throughout this work
for trajectory design and simulations.

3.2 Mechanical constraints and operational limits

The design of tomosynthesis trajectories on the Dx-Box C5 is subject to geometric constraints imposed
by the finite size of the flat-panel detector. For any acquisition geometry, the projection of the inspected
part must remain entirely within the detector field of view at every source position. Exceeding this limit
results in truncated projections, which can introduce artifacts in the reconstructed volume.

In this work, a plate of width W = 100 mm is positioned at a distance |r| from the isocenter, as
illustrated in Figure [3.2l The parameter |r| controls the position of the object relative to the isocenter
and directly influences the detector field coverage and admissible trajectory range.

Angular range constraint (R1 and R2)

For rotational trajectories, the maximum admissible angular range 6nax is determined by requiring that all
points of the object remain within the detector field of view at every projection angle. For each value of
|r|, Omax is determined numerically as the largest angle satisfying this condition. As shown in Figure ,
Bmax decreases as |r| increases, since objects further from the isocenter subtend a larger angle on the
detector. For example, at |r| = 300 mm, 6. = £21.45°, corresponding to a total angular range of
42.90°,

70

= Omax(r)
@® Key values
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+55.0°
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Figure 3.3: Maximum admissible angular range 6nax as a function of object offset |r|, for a part of
width W = 100 mm. The dashed line indicates the minimum angular range of 20° recommended for
tomosynthesis.

Translation range constraint (X1 and Z)

For linear translation trajectories, the generator and detector move together along the X or Z axis while the
object remains fixed. The maximum admissible translation xmax is derived analytically from the cone-beam
projection geometry (see Appendix [B| for details):

D/2 W SDD

Xmax([r]) = T2 with  [t] = 1SID=17|

As shown in Figure [3.4] xmax decreases linearly as |r| increases. For [r| = 170 mm, Xmax =~ 89 mm,
corresponding to a total translation range of approximately 180 mm. Since the detector is square (430 x

(3.2)
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430 mm), the same constraint applies identically to the vertical translation (Z axis).
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Figure 3.4: Maximum admissible translation range xmax as a function of object offset |r|, for a part of
width W = 100 mm.

These geometric constraints define the admissible parameter space for the trajectories investigated in
this work and are systematically applied throughout the parametric study.

3.3 Simulation framework: gVXR

All acquisition trajectories investigated in this work were validated through numerical simulation using
gVXR (GPU-accelerated X-Ray simulation framework) [23], a Python-based tool for simulating cone-beam
X-ray projection images from 3D mesh objects. gVXR computes X-ray projections by ray-casting through
triangulated surface meshes while accounting for material attenuation along each ray path. Figure
shows a typical simulation scene used in this work.

@3 gVirtualXRay -- OpenGL Window (GLFW) — o ®

Figure 3.5: Example of a gVXR simulation scene showing the cone-beam acquisition geometry with the
inspected part positioned between the X-ray source (top) and the flat-panel detector (bottom).
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Simulation parameters

The simulation reproduces the geometric configuration of the Dx-Box C5 system described in Sec-
tion [3.1.2] The source is modeled as an ideal point source emitting a monochromatic beam at 320 keV,
with 10° photons per projection. The detector is configured with 3072 x 3072 pixels of 0.139 mm
pitch, matching the physical detector specifications. Table summarizes the simulation parameters
used throughout this work.

Table 3.2: gVXR simulation parameters.

Parameter Value Unit

Source type Point source, monochromatic —

Beam energy 320 keV

Number of photons 10° per projection
SID 575 mm

SDD 1150 mm

Detector size 430 x 430 mm

Pixel pitch 0.139 mm

Detector pixels 3072 x 3072 —

Object material Iron (Fe) —

For each trajectory, projections are acquired sequentially by updating the relevant axis positions at each
step. Each projection is computed as a floating-point image and subsequently normalized and exported
as a 16-bit TIFF file, with intensity values mapped to the range [1000, 50000] to avoid saturation during
export and reconstruction.

3.4 Phantom design

The numerical phantom used in this work consists of a set of six iron (Fe) plates, each measuring 100
x 100 x 10 mm, modeled as 3D STL objects. Each plate contains a single spherical air-filled porosity
located at its geometric center, with diameters ranging from 0.2 mm to 2 mm, as summarized in Table[3.3]

Table 3.3: Phantom plates and corresponding porosity diameters.
Plate Porosity diameter D (mm)
1 0.2
0.5
0.8
1.2
1.6
2.0

SO

This range of porosity sizes was chosen to cover both difficult-to-detect and more visible defects,
representative of internal defects typically encountered in industrial parts.

The iron material was selected for its high X-ray attenuation, representative of dense industrial parts
typically encountered in NDT applications. The plate geometry — thin and flat — represents a challenging
inspection scenario where tomosynthesis is particularly relevant, as discussed in Section [1.1]

Figure illustrates the 3D model of a phantom plate with its central spherical porosity.
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Figure 3.6: 3D model of the iron phantom plate (100 x 100 x 10 mm). Left: semi-transparent view
showing the spherical porosity located at the plate center. Right: solid view of the plate.

3.5 Acquisition trajectory design

3.5.1 Simple trajectories

Four simple acquisition trajectories are investigated in this work, each corresponding to a distinct degree
of freedom of the Dx-Box C5 system (Section : horizontal translation of the C-arm (X1), vertical
translation of the object (Z), C-arm rotation (R1), and turntable rotation (R2). Together, they represent
the main single-axis motions available on the system and form a representative basis for evaluating the
influence of motion type and moving element on reconstruction quality, before investigating combined
trajectories. These trajectories differ in the moving element (source—detector assembly or object) and in
the nature of the motion (rotation or translation). Table summarizes the key characteristics of each
trajectory.

Table 3.4: Summary of the four simple acquisition trajectories.

Trajectory Moving element Motion type Axis / Plane Fixed element
X1 C-arm (source + detector) Translation X axis Object

Z Object (turntable) Translation Z axis Source + detector
R1 C-arm (source + detector) Rotation YZ plane Object

R2 Object (turntable) Rotation Z axis Source + detector

X1 - Horizontal C-arm translation

In the X1 trajectory, the C-arm translates along the X-axis, moving the source—detector assembly while the
object remains fixed. This corresponds to a linear tomosynthesis geometry, as introduced in Section 2.4}
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&)

X-range

Figure 3.7: X1 trajectory showing the horizontal translation of the C-arm along the X-axis while the object
remains fixed.

Z - Vertical object translation

In the Z trajectory, the source and detector remain fixed while the turntable translates vertically along
the Z-axis. This geometry also corresponds to a linear tomosynthesis acquisition in the vertical direction,
providing a complementary sampling geometry compared to the X1 trajectory.

Zrange

Detector

Figure 3.8: Z trajectory showing the vertical translation of the object along the Z-axis while the source
and detector remain fixed.

R1 - C-arm rotation

In the R1 trajectory, the C-arm rotates in the YZ plane about the isocenter, moving the source and
detector simultaneously while the object remains fixed at position |r| along the Y-axis. The source follows
a circular arc of radius SID = 575 mm about the isocenter, and the detector follows the symmetric arc
at the same radius on the opposite side. In the simulation, detector up-vector is updated at each step to
remain perpendicular to the source—detector axis.
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Source

Detector

Figure 3.9: R1 trajectory showing the rotation of the C-arm in the YZ plane around the isocenter.

R2 - Turntable rotation

In the R2 trajectory, the source and detector remain fixed while the object rotates about the vertical Z-axis
on the turntable. At each projection angle 6, the object is rotated around the Z-axis while the source
and detector remain fixed. This geometry corresponds to a limited-angle acquisition with a fixed detector
configuration, as described in Section [2.4]

Detector

Figure 3.10: R2 trajectory showing the rotation of the object around the Z-axis while the source and
detector remain fixed.

Acquisition parameters

For each simple trajectory, a parametric study was first conducted to evaluate the influence of the object
offset |r| and the angular or translation range on image quality. The admissible parameter ranges were
determined from the geometric constraints derived in Section [3.2]

For the final comparison of these simple trajectories, a common set of acquisition parameters was used.
For all trajectories, 41 projections were acquired with an object offset |r| = 170 mm. The translation
range was set to 85 mm for the X1 and Z trajectories, while the angular range was set to +21.45° for
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the R1 and R2 trajectories. These values were selected to ensure a fair comparison between trajectories
under equivalent acquisition conditions.

3.5.2 Combined trajectories

In addition to the four simple trajectories described in Section [3.5.1] combinations of two axes were also
investigated. Most combined trajectories were implemented as sequential acquisitions, where different
projection sets were concatenated before reconstruction.

X1 and Z combinations

Two types of combined X1-Z configurations were investigated. The first is a simultaneous configuration,
referred to as Diagonal XZ, in which both X and Z translations are applied simultaneously at each projection
step, producing a diagonal sampling trajectory across the detector field, as illustrated in Figure[3.11] This
configuration was evaluated using 41 projections to allow direct comparison with the simple trajectory
results.

.
Diagonal XZ .
(simultaneous) -

Figure 3.11: Diagonal XZ projection sampling trajectory obtained by simultaneous X and Z translations.

The second type investigates the effect of vertical projection position on image quality, using the X1
trajectory sampled at three vertical offsets: Z =0 mm (detector center), Z =40 mm, and Z = 85 mm,
all at 160 projections and a symmetric translation range of £85 mm. The number of projections was
increased from 41 to 160 in order to obtain a sufficiently dense two-dimensional sampling of the detector
plane.

Several two-dimensional detector sampling patterns were also investigated at 160 projections each, as
illustrated in Figure[3.12] These patterns were designed to evaluate the influence of projection distribution
across the detector plane by comparing sampling concentrated near the detector center, sampling extending
towards the detector edges, one-dimensional sampling paths, and fully two-dimensional distributions:

e Full detector: projections distributed over the full detector area in a regular grid pattern, with
485 mm in both X and Z.

e Square (4 edges): projections distributed along the four edges (40 projections per edges) of the
detector field, with £85 mm in both X and Z.

e Cross: 80 projections along a horizontal line at Z = 0 and 80 projections along a vertical line at
X =0, with &85 mm in both directions.

o Full centered: projections distributed in a compact rectangular grid confined to the central detector
region, with £40 mm in X and 20 mm in Z.

e Cross centered: same cross structure as above but restricted to 240 mm, keeping projections close
to the detector center.

32



CHAPTER 3 3.5. ACQUISITION TRAJECTORY DESIGN

X1atZ=0mm EAEEIER EEREREER Square (4 edges) L]

. .
160 projections 160 projections 5

.
X1atZ =40 mm Full $ L s i J
160 projections 2 160 projections . . : . .

L] L ] L] . L]

L]

X1atZ=85mm . Gossl A Radd e e Gececcace
160 projections 160 projections g

Full centered Cross centered

160 projections 160 projections

ssee
.
.
.
sscss@s s s

® = center of detector s = projection sampling

Figure 3.12: Detector-plane projection sampling patterns investigated for the X1 and X1+Z trajectories
(160 projections each). Blue dots indicate the projection sampling positions.

Other combinations

Sequential combinations of the remaining axis pairs were also investigated: X1+R1, X1+R2, Z+R1, Z+R2,
and R1+R2. Unlike the X1+Z study presented above, which aimed to evaluate the influence of projection
distribution across the detector plane, these combinations were designed to assess whether adding a
rotational component to a translation trajectory can improve overall image quality.

The translation range was set to 40 mm and the angular range to 4+15° in order to keep the
projection sampling concentrated around the detector center. A total of 200 projections were used
for each configuration. For translation—rotation combinations, a larger fraction of the projections was
assigned to the rotational component (120 versus 80) in order to increase the angular sampling density
of the acquisition. For the R1+R2 combination, projections were split equally (100 each).
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3.6 Reconstruction and evaluation protocol

3.6.1 Reconstruction method

All projections are reconstructed using Filtered Back-Projection (FBP), as described in Section [2.4.7} im-
plemented through the Reconstruction Toolkit (RTK) . The pipeline consists of two steps: a ramp fil-

ter applied to each projection using rtkramp, followed by cone-beam backprojection using rtkbackprojection
with GPU acceleration (CudaBackProjection). The acquisition geometry is provided through an RTK
XML file generated from the simulation parameters. The reconstructed volume has dimensions of
800 x 800 x 200 voxels with an isotropic voxel spacing of 0.139 mm, giving a physical field of approximately
111 x 111 x 28 mm.

3.6.2 Image quality metrics

The image quality metrics used in this work are defined in Section [2.4.8] This section describes their
practical implementation.

Contrast and CNR

Since the porosity is located at the geometric center of each phantom plate, the central axial slice of
the reconstructed volume corresponds to the focal plane of the defect and is selected for analysis. Two
circular regions of interest (ROIs) are defined on this slice, as illustrated in Figure [3.13}

e Signal ROI: a circular region inside the porosity, with radius rsig = D/2 — €, where D is the porosity
diameter and € = 0.05 mm is a margin to limit partial volume effects.

e Background ROI: a concentric annular region surrounding the porosity, with inner radius fpgin =
D/2 + dgap and outer radius riyg out = MaX(rpg,in + 20X, D - fig), where dgap = 0.5 mm excludes the
transition zone, Ax = 0.139 mm is the voxel spacing, and f,q = 2.5 is a scaling factor.
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Figure 3.13: Signal ROI (red circle) and background ROI (blue annulus) defined on the central axial slice
of a reconstructed volume, shown here for a 2 mm porosity. Left: full slice view. Right: zoomed view
around the porosity. The gap between the two regions excludes the intensity transition zone around the
porosity boundary.
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Contrast and CNR are then computed according to the ASTM E2698 standard, as defined in Sec-
tion[2.4.8] The absolute contrast |usig — tpg is also recorded separately, as it serves as the primary visual
quality metric in the trajectory comparison, independently of noise level.

Depth spatial resolution

Depth resolution is assessed along the Z-axis using the intensity profile extracted through the porosity
center. The FWHM is computed around the porosity center using linear interpolation at the half-level
crossings. The depth resolution ratio:

FWHM
RatiOZ = dilz (33)
rea

quantifies the depth blur relative to the true defect size. A value close to unity indicates that the
reconstructed depth extent of the porosity matches its real size, while larger values reflect increasing
out-of-plane blur.

The sharpness of the depth profile is further characterized by a dimensionless slope, defined as the
mean of the 95th percentile of the normalized gradient on each side of the porosity:

1 d Prorm dProrm
lope = = ( P R d 4
> ope 2 ( % (‘ dz z<0> e <‘ dz z>0)) 7 real (3 )

where phorm is the intensity profile normalized between its local minimum and maximum within the
analysis window, and Pos denotes the 95th percentile operator. Using the 95th percentile rather than
the maximum value reduces sensitivity to isolated noise peaks while still capturing the dominant gradient
magnitude at the porosity boundaries. While Ratio> quantifies the overall extent of depth blur, the slope
metric captures the sharpness of the intensity transitions, providing complementary information about
axial localization quality.

Composite score

To rank trajectories according to both contrast and depth resolution simultaneously, a composite score is
defined as:

Slope
Ratioz

Score = Contrast x (3.5)

This score rewards trajectories that combine high contrast with sharp and well-localized depth transi-
tions. It is computed for each porosity diameter independently and averaged over the full set of phantoms
to provide a global ranking of the tested trajectories.

Radon space coverage and reachability

The image-based metrics defined above — contrast, depth resolution, and composite score — are tied to
the specific phantom used in this work. To complement them with a more geometry-driven perspective,
a theoretical criterion based on Radon space coverage is introduced here, referred to as the reachability
criterion.

Reachability vs. sampling. Two distinct concepts must be carefully distinguished. The first is reacha-
bility: for a given source trajectory ', which points of Radon space are theoretically accessible? A point of
Radon space is reachable if there exists at least one source position along I for which the corresponding
sphere S — defined with the source position s and the object center O as diameter endpoints — passes
through that point. The union of all such spheres along the trajectory defines the reachable region:
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V() =JSs (3.6)
sel
Figure illustrates this principle schematically. Each source position generates a characteristic
sphere in Radon space, and the union of all such spheres forms the reachable region V(I"). The smaller
sphere V(Q2) represents the Radon region associated with the object support.

Figure 3.14: lllustration of the characteristic spheres associated with a source trajectory in Radon space.
Each source position defines a sphere, and the union of all such spheres forms the reachable region
V(). The smaller sphere V(£2) represents the Radon region associated with the object support. Adapted
from [19)].

The second concept is sampling: among the reachable points, which ones are actually visited during
the acquisition? This depends on how many projections are acquired and how they are distributed along I'.
Reachability defines what is theoretically accessible; sampling determines how well that region is actually
covered.

In tomosynthesis, reachability is inherently limited since the source does not complete a full rotation —
some portions of Radon space remain inaccessible because the source trajectory does not provide complete
angular coverage. The optimization problem in this work can therefore be viewed from two complementary
angles: combining multiple axes increases reachability, while optimizing the projection distribution for a
given trajectory improves sampling within the already reachable region.

The reachability criterion. For the object to be fully reconstructable, every point of Radon space
associated with the object must be reachable. Let V(Q2) denote the region of Radon space associated
with the object support 2 — the region that needs to be covered to reconstruct the object. The ideal
condition is:

V(@) C V() (3.7)

In practice, this condition is never fully satisfied in tomosynthesis. The reachability is therefore quan-
tified by the intersection volume:

Veow = V(V(Q) V(1)) (38)

A larger V.o, indicates that the trajectory reaches a greater portion of the Radon data required for
reconstruction, enabling a comparison between trajectories that is less dependent on the specific phantom
configuration than image-based metrics.
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Definition of V(Q2). In this work, V(€2) is approximated by the region of Radon space associated with
the circumscribed sphere of the phantom plate (100 x 100 x 10 mm), with radius:

1
r= 5\/1002 +1002 4 102 ~ 70.9 mm (3.9)

This sphere represents the space around the object that remains visible on the detector throughout
the acquisition and that needs to be covered for a complete reconstruction. It is therefore a practical
approximation of the detector-visible space around the object, rather than the object itself.

Reachable regions for X1 and R1. The reachability is evaluated for the X1 (linear translation) and R1
(arc rotation) trajectories, as these represent different sampling geometries in Radon space.

For a complete circular trajectory, V(I') forms a full torus in Radon space [20], [19]. However, this
torus does not fully cover V(2) — some portions of the object's Radon region fall outside the torus,
forming a shadow zone of missing data, as illustrated in Figure [3.15] This is precisely the geometric
expression of Tuy's incompleteness condition for circular cone-beam trajectories [2].

Set of characteristic points Set of characteristic points
associated to the associated to a
circular trajectory spherical function support

circular trajectory

Shadow zone

Figure 3.15: Shadow zone associated with a circular cone-beam trajectory in Radon space. The toroidal
reachable region generated by the trajectory does not fully cover the region V(£2) associated with the
object support, resulting in incomplete Radon data. Adapted from .

For a partial arc of angular range [—6max, +0max] as in R1, the reachable region forms a partial torus
subtended by that arc, as illustrated in Figure . The intersection volume V(V(Q) N V(I'Rl)) is
computed numerically using mesh-based methods, since no closed-form expression is available for the
partial torus case.
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@ Source position

T{R1)- trajectory

Figure 3.16: Radon space coverage for the R1 trajectory. The source follows a circular arc g1, and the
union of the corresponding spheres Sg forms a partial torus V(I'g1).

For the linear translation trajectory X1, it can be shown (see Appendix that the two extreme spheres
Sx., and S, . cover all intermediate spheres along the trajectory, so that V(I'x1) = Sx,, US

The intersection volume is therefore computed from the geometry of these two boundary spheres
and the circumscribed sphere €, as illustrated in Figure [3:17] The maximum translation range was chosen
as £85 mm so that the object remained fully visible on the detector for all source positions along the
trajectory.
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Figure 3.17: Geometric configuration used for the reachability computation of the X1 trajectory. The
intersection volume is computed from the circumscribed sphere 2 and the two extreme spheres S and
S

Xmax *

Xmin

The purpose of this analysis is to verify whether a higher reachability translates into a better composite
score, and to assess whether the reachability criterion can serve as a geometry-based predictor of trajectory
quality, independently of the simulation parameters.
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Chapter 4

Results and discussion

This chapter presents the simulation results obtained for the acquisition trajectories described in Chapter[3]
The analysis is organized into two main parts: simple trajectories (Section [4.1)) and combined trajectories
(Section [4.2]).

4.1 Simple trajectories

4.1.1 Porosities visualization

Figure provides a visual overview of the six phantom plates used throughout this work. The top row
shows cropped axial slices centered on the porosity at the plate mid-plane. The middle row shows the
corresponding ROI definitions used for CNR analysis, and the bottom row provides a more zoomed view
around the defect center.

Diameter — 0.2 mm 0.5 mm 0.8 mm 1.2 mm 1.6 mm 2 mm

ROI
definition
More
details

Figure 4.1: Visualization of reconstructed porosities for the six phantom plates (diameters: 0.2, 0.5, 0.8,
1.2, 1.6, and 2.0 mm, from left to right). Top row: local reconstructed slice. Middle row: ROI overlay
showing the signal ROI (red) and background ROI (blue). Bottom row: zoomed detail around the porosity
center.

Slice
Cropped
view

As expected, the visibility of the porosity increases with its diameter. The smallest defect (0.2 mm) is
barely distinguishable from the background, while the 2 mm porosity produces a clearly visible dark region.
It is also worth noting that the two smallest porosities (0.2 and 0.5 mm) correspond to only approximately
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1.4 and 3.6 voxels in diameter, respectively (based on the voxel size of 0.139 mm), which limits the
reliability of quantitative measurements for these defect sizes, as discussed in the following section.

4.1.2 Contrast and CNR analysis

Figure[4.2] presents the contrast, background noise, and CNR as a function of porosity diameter, obtained
for the X1 trajectory at |r| = 170 mm, x = £85 mm, and 41 projections. These results are used to
characterize the behavior of the image quality metrics before comparing trajectories.
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Figure 4.2: Contrast (top left), background noise (top right), and CNR (bottom) as a function of porosity
diameter for the X1 trajectory (|r| = 170 mm from the isocenter, x = £85 mm, 41 projections)

Apart from the smallest porosity (0.2 mm, ~1.4 voxels), which is barely measurable due to its sub-
voxel scale, contrast decreases monotonically with porosity diameter. Background noise increases with
defect size: as the background ROI scales proportionally with the porosity diameter, it samples a larger
area around the defect, capturing more out-of-plane blur and reconstruction artifacts, which raises the
measured intensity variance. The CNR consequently exhibits a local maximum around intermediate porosity
sizes, reflecting the combined effect of decreasing contrast and increasing background noise.

It should be noted that this ROI scaling introduces a size-dependent bias: larger defects are evaluated
against a larger background region, making absolute CNR values not directly comparable across porosity
sizes. A fixed-size ROI could provide a more uniform comparison basis but would risk sampling background
regions not locally representative of the noise around smaller defects. The proportional design was therefore
preferred.

At 0.5 mm (3.6 voxels), the signal ROI contains very few pixels, making the mean intensity estimate
sensitive to discretization effects. The same limitation applies to the smallest porosity at 0.2 mm (x1.4
voxels), where the ROl is barely larger than a single voxel. Quantitative results for these two porosity sizes
should therefore be interpreted with caution.

These observations suggest that contrast is a more stable and informative metric than CNR in this con-
text, as it directly reflects defect visibility without being strongly affected by background noise variations.
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This choice is further supported by the trajectory comparison presented in Section [4.1.3]

4.1.3 Simple trajectories comparison

Figure [4.3] compares the contrast, background noise, and CNR curves for the four simple trajectories under
equivalent acquisition conditions (41 projections, |r| = 170 mm).
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Figure 4.3: Contrast (top left), background noise (top right), and CNR (bottom) as a function of porosity
diameter for the four simple trajectories under equivalent acquisition conditions (41 projections, |r| =
170 mm, translation range +85 mm, angular range £21.45°).

Two groups of trajectories can be distinguished. The translation trajectories (X1 and Z) yield con-
sistently higher contrast than the rotation trajectories (R1 and R2) across all porosity sizes, suggesting
stronger in-plane signal reinforcement with linear translation geometries. The background noise follows
the inverse trend: rotation trajectories produce lower noise levels, which partially compensates for their
lower contrast. As a result, the four CNR curves are nearly superimposed — when ranked by CNR, the
four trajectories appear essentially equivalent. This illustrates that the choice of metric directly conditions
the ranking: contrast and CNR lead to different conclusions, which motivated the selection of contrast
as the primary metric in this work.

The X1 and Z curves are nearly identical, as are R1 and R2, suggesting that the direction of motion
has little influence on image quality and that the nature of the motion — translation versus rotation — is
the dominant factor. Based on these observations, the parametric study in the following section focuses
on X1 as a representative of translation trajectories and R2 as a representative of rotation trajectories.

4.1.4 Parametric study
Effect of object offset |r|
The object offset |r| controls the distance between the object and the isocenter, which directly affects

both the projection magnification and the maximum admissible trajectory range, as derived in Section [3.2]
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The normalized offset p = |r|/R, where R = 350 mm is the turntable radius, is introduced to com-
pare results across configurations, with values p € {0.29, 0.49, 0.57, 0.71, 0.86} corresponding to
|r| € {100, 170, 200, 250, 300} mm.

Since the acquisition geometry is symmetric with respect to the X and Z directions and X1 and Z
produced nearly identical contrast curves in Section [4.1.3], only X1 is studied here as a representative
of translation trajectories. Similarly, only R2 is studied for rotation trajectories, as R1 and R2 are geo-
metrically symmetric and were shown to behave equivalently in Section |4.1.3] Results for the remaining
trajectories are provided in Appendix D}

Figure shows the effect of p on contrast and CNR for the X1 trajectory.
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Figure 4.4: Effect of normalized object offset p = |r|/R on contrast (left) and CNR (right) for the X1
trajectory (translation range +85 mm, 41 projections).

Contrast increases monotonically with p. This can be attributed to the increase in projection magni-
fication as the object moves further from the isocenter: the porosity signal is spread over more detector
pixels, which reduces partial volume effects and improves defect visibility. The CNR curves follow the
same general trend and are not discussed further, as contrast is used as the primary metric throughout
this study (Section |4.1.2]).

Figure [4.5] shows the same analysis for the R2 trajectory.
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Figure 4.5: Effect of normalized object offset p = |r|/R on contrast (left) and CNR (right) for the R2
trajectory (angular range +21.45°, 41 projections).

The same trend is observed for R2: contrast increases monotonically with p, consistently with the
behavior observed for X1. This suggests that the influence of object offset is not strongly dependent on
the trajectory type. However, increasing p reduces the maximum admissible trajectory range (Section|3.2)):
this gain in contrast therefore comes at the expense of a reduced angular or translation coverage, which
must be considered when selecting acquisition parameters.
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Effect of angular range

Figure [4.6] shows the influence of the total angular range on contrast and CNR for the R2 trajectory at
fixed |r| = 170 mm.
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Figure 4.6: Effect of total angular range on contrast (left) and CNR (right) for the R2 trajectory (|r| =
170 mm, 41 projections).

Contrast decreases as the total angular range increases. A wider angular range distributes the recon-

struction energy over a larger volume, reducing the intensity reinforcement at the focal plane and therefore
lowering in-plane contrast.

Effect of translation range

Figure [4.7] shows the influence of the total translation range on contrast and CNR for the X1 trajectory
at fixed |r| = 170 mm.
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Figure 4.7: Effect of total translation range on contrast (left) and CNR (right) for the X1 trajectory
(Ir] =170 mm, 41 projections).

Contrast decreases slightly as the total translation range increases, with shorter travel ranges yielding
higher contrast values. This effect remains modest across all porosity sizes, suggesting that the translation
range has a limited influence on defect visibility for the X1 trajectory.

4.1.5 Spatial resolution and depth blur

The depth resolution analysis is performed on the 2 mm porosity phantom, which provides sufficient signal

for reliable FWHM estimation. Figure[4.8|shows the intensity profiles along the Z-axis through the porosity
center for the four simple trajectories.
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Figure 4.8: Intensity profiles along the Z-axis through the porosity center for the four simple trajectories
(2 mm porosity, |r| =170 mm, 41 projections). The central plateau corresponds to the in-focus porosity
signal, while the extended wings on either side reflect out-of-plane blur. A narrower and deeper profile
indicates better depth localization.

The profiles reveal a clear difference between translation and rotation trajectories. X1 and Z exhibit
broad, shallow profiles with out-of-plane blur extending over approximately =10 mm, while R1 and R2
produce narrower and deeper responses, indicating better depth localization. Among the four trajectories,
R2 produces the narrowest and most localized response.

Table summarizes the quantitative resolution metrics for each trajectory.

Table 4.1: Spatial resolution metrics and composite score for the four simple trajectories (2 mm porosity,
41 projections).
Trajectory Ratiox Ratioy Ratior Slope Contrast Score

X1 0.97 0.98 6.12 1.047 7.588 1.299
Z 0.97 0.98 6.14 0.810 7.596 1.002
R1 0.97 0.99 2.42 0.794 5.859 1.923
R2 0.97 0.99 2.46 1.060 5.864 2.527

The in-plane resolution is nearly identical across all trajectories (Ratiox = Ratioy ~ 0.97-0.99),
confirming that in-plane resolution is well preserved in tomosynthesis and is not significantly affected by the
trajectory type. The depth resolution, quantified by Ratioz, differs significantly: Ratioz is approximately
6 for translation trajectories and 2.4 for rotation trajectories. Given the 2 mm physical diameter of the
porosity, these values correspond to an effective reconstructed depth extent of about 12 mm for translation
trajectories and about 5 mm for rotation trajectories, illustrating the limited depth resolution inherent to
limited-angle tomosynthesis.

The slope metric further differentiates the two rotation trajectories: despite similar Ratioy values,
R2 produces sharper intensity transitions at the porosity boundaries (Slope = 1.060 vs. 0.794 for R1),
consistent with the narrower and steeper profile visible in Figure [4.8] Combined with its in-plane contrast
value, R2 achieves the highest composite score (2.527), making it the highest-scoring simple trajectory
according to the proposed metric.

Although the acquisition geometry is expected to be symmetric with respect to the X and Z directions,
small but systematic differences are observed in the profile shapes of the paired trajectories (X1 versus
Z and R2 versus R1), as visible in Figure [4.8] These differences mainly affect the transition regions at
the porosity boundaries — highlighted by the different transition slopes observed in the profile wings —
and are therefore reflected in the Slope metric and composite score, while the contrast and Ratioz values
remain nearly identical within each pair.

Several hypotheses were investigated to identify the origin of this difference, including the projection
orientation, the moving component (object versus C-arm), and discretization effects related to detector
pixel size (see Appendix [E| for more details). However, none of these investigations eliminated the ob-
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served difference. The origin of this residual difference therefore remains unclear and may warrant further
investigation. It is reported here for completeness, as it influences the composite score ranking despite
the trajectories being theoretically equivalent under the symmetry of the system.

Figure [£.9] summarizes the composite scores for the four simple trajectories.
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Figure 4.9: Composite score for the four simple trajectories (41 projections). R2 achieves the highest
score, reflecting its superior depth localization combined with adequate contrast.

Figure [4.10 provides a visual confirmation of these results through depth views of the reconstructed
volumes for the four trajectories.
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Figure 4.10: Depth views of the reconstructed volumes for the four simple trajectories (2 mm porosity).
For each trajectory, the view plane was selected to reveal the most representative depth blur pattern
associated with the acquisition motion. Coronal views are shown for X1 and R2, while sagittal views are
shown for Z and R1; these correspond to geometrically equivalent cross-sectional planes through the plate
thickness.

The depth views confirm that translation trajectories produce strongly directional blur patterns, while
rotation trajectories generate a more localized and symmetric response. They are also consistent with the
profile analysis, showing similar overall blur patterns within each trajectory pair (X1/Z and R1/R2) while
revealing subtle differences near the porosity boundaries that are reflected in the Slope metric.
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4.1.6 Radon space reachability

Table summarizes the intersection volumes Vo, computed for the X1 and R1 trajectories, using the
circumscribed sphere of the phantom plate as V(Q) (radius r ~ 70.9 mm, volume V() = 1492556 mm?).

Table 4.2: Radon space reachability for the X1 and R1 trajectories. V(2) is the volume of the object
support sphere, Vo is the intersection volume, and the coverage ratio is Veoy/V(£2).

Trajectory V(Q) (mm3?) Vi (mm3) Coverage (%)
X1 (£85 mm) 1492556 746565 ~ 50.0%
R1 (£21.45°) 1492556 825296 ~ 55.3%

For the X1 trajectory, the two extreme spheres S, and S each intersect the object support for a
volume of 692 728 mm3, but their union covers 746 565 mm3 — less than the sum of the two individual
intersections, due to the overlap between S, . and Sy ...

For the R1 trajectory, the partial torus V(I'g1) intersects the object support for 825296 mm?3, corre-
sponding to a coverage of 55.3%.

R1 achieves a higher coverage than X1 (55.3% vs 50.0%), indicating that the arc rotation trajectory
reaches a greater portion of the Radon data associated with the object.

Xmax

Consistency with image-based results

This ordering is consistent with the image-based results presented in Section [4.1.5f R1 produced better
depth resolution than X1, as reflected by its lower Ratioz value (2.42 vs. 6.12). The trajectory with
the higher reachability (R1) also achieves better depth localization in the reconstructed volume, which
suggests that the reachability criterion captures relevant geometric information about trajectory quality.

This agreement supports the use of reachability as a geometry-based first-order indicator for trajectory
comparison. However, as discussed in Section[4.1.6] the criterion has limitations that prevent it from being
used as a standalone predictor of image quality.

Discussion

The agreement between reachability and the composite score is encouraging, but several aspects of the
criterion deserve closer examination.

e Reachability and sampling are two different problems.

The reachability criterion characterizes what is theoretically accessible in Radon space for a given
trajectory. However, the actual image quality also depends on how densely the reachable region is sampled.
Two trajectories with the same reachability could produce very different images if one samples the reachable
region uniformly while the other concentrates projections in a small portion of it. Reachability sets an
upper bound on what can be reconstructed; sampling determines how well that bound is exploited in
practice.

This distinction also helps frame the optimization problem addressed in this work: combining multi-
ple axes increases reachability, while optimizing the projection distribution improves sampling within the
reachable region. These are two complementary but independent levers.

e Dependence on the visible region around the object.

The criterion is computed with respect to V(2), approximated here by the circumscribed sphere of the
phantom plate. This sphere represents the space around the object that remains visible on the detector,
rather than the object itself. It introduces an implicit dependence on both the object size and the detector
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field of view. One could also ask what happens when the object is not fully visible at every projection angle
— in that case, parts of V(£2) become unreachable regardless of the trajectory, which is not captured by
the current formulation.

e The reachability criterion is geometry-driven but not fully trajectory-independent.

At first sight, the criterion appears to be purely geometric and independent of the simulation param-
eters. This is its main advantage over image-based metrics, which are tied to the specific phantom and
would require re-simulation to generalize. However, V(Q2) depends on the visible space around the object,
which depends on the object geometry. Claiming that the criterion is purely theoretical would therefore
be an overstatement.

e Representativeness of the circumscribed sphere.

The phantom plate (100 x 100 x 10 mm) is anisotropic — much thinner in one direction than in the
other two. Its circumscribed sphere therefore contains a large volume of space that does not correspond to
any part of the plate. Part of the computed intersection volume may correspond to Radon data that would
not contribute to the reconstruction of the plate itself, which could make the criterion overly optimistic
for flat objects.

The reachability criterion provides a useful, geometry-based first-order indicator for comparing ac-
quisition trajectories. Its agreement with the image-based composite score in this work suggests that it
captures relevant information about trajectory quality. However, it should be interpreted with caution: it
does not account for sampling density, it depends implicitly on the visible space around the object, and
the approximation by a circumscribed sphere may introduce inaccuracies for highly anisotropic objects.
Used alongside image-based metrics, it offers a complementary perspective that is less tied to the specific
simulation parameters.

Overall, the results obtained for the simple trajectories highlight a tension between in-plane contrast
and depth localization performance. Translation trajectories (X1 and Z) provide higher contrast but
suffer from strong directional depth blur, whereas rotation trajectories (R1 and R2) achieve better depth
localization and more symmetric blur patterns at the expense of lower contrast. Among the four simple
trajectories, R2 achieved the highest composite score, suggesting the best balance between contrast and
depth resolution. These observations motivate the investigation of combined trajectories in Section 4.2}
with the objective of exploring whether combining multiple acquisition motions can improve the compromise
between contrast and depth localization.

4.2 Combined trajectories

This section presents the results obtained for the combined trajectories described in Section [3.5.2] The
analysis is organized into two parts. First, combinations of the X1 and Z translations are investigated
to evaluate the effect of two-dimensional detector sampling patterns on image quality (Section [4.2.1]).
Second, sequential combinations involving rotational axes are studied to assess whether adding a rotational
component to a translation trajectory can improve the compromise between contrast and depth localization
identified in Section [£ 1.5

4.2.1 X1 and Z combinations

Simultaneous X1-Z translation: Diagonal XZ

The diagonal XZ configuration, described in Section [3.5.2] was evaluated in two opposite orientations to
verify the symmetry of the acquisition geometry. Figure [4.11] compares the contrast curves obtained for
both orientations, alongside the simple X1 and Z trajectories for reference.
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Figure 4.11: Contrast as a function of porosity diameter for the two diagonal XZ trajectories compared
to the simple X1 and Z trajectories (41 projections, translation range 485 mm).

The two diagonal configurations produce nearly identicalcontrast curves across all porosity sizes, con-
firming the expected symmetry of the acquisition geometry. Both diagonal trajectories remain below the
contrast levels obtained for the simple X1 and Z trajectories, suggesting that simultaneously combining X
and Z motions distributes the projection sampling over two directions, reducing the intensity reinforcement
along a single axis and therefore lowering the in-plane contrast under these acquisition conditions.

Effect of vertical offset

The projection sampling patterns investigated in this subsection are illustrated in Figure[3.12] The effect
of vertical offset is first assessed using the X1 trajectory at three positions: Z =0 mm, Z =40 mm, and
Z = 85 mm (160 projections, translation range 85 mm). Figure shows the contrast curves and
depth profiles along the Z-axis obtained for each configuration.
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Figure 4.12: Effect of vertical offset on contrast (left) and depth profile along the Z-axis (right) for the
X1 trajectory at Z = 0, 40, and 85 mm (160 projections, translation range £85 mm, 2 mm porosity).

The contrast curves remain relatively close across the three vertical offsets, although a slight decrease
in contrast is observed as the offset increases. The depth profiles, however, reveal a clear trend: as the
vertical offset increases, the profile narrows progressively, as reflected by the decreasing Ratioz values
(6.10, 5.76, and 4.54 for Z = 0, 40, and 85 mm respectively). Projections concentrated at the detector
center (Z = 0 mm) produce a broader depth response, while projections distributed towards the detector
periphery (Z = 85 mm) result in a more localized depth response.

Figure provides a visual confirmation of this observation.
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Figure 4.13: Coronal depth views for Z = 0 mm (left) and Z = 85 mm (right). The depth blur extent is
visibly reduced at Z = 85 mm, leading to a more localized porosity response.

These results suggest that distributing projections away from the detector center improves depth
localization, at the expense of a reduced contrast. This observation motivates the investigation of two
dimensional sampling patterns, where projections are distributed across different regions of the detector
plane.

Two-dimensional sampling patterns

The five two-dimensional sampling patterns described in Section [3.5.2] and illustrated in Figure [3.12] are
compared here. Figure presents the contrast curves and depth profiles along the Z-axis for each
configuration, alongside the simple X1 trajectory as reference.
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Figure 4.14: Contrast as a function of porosity diameter (left) and depth profiles along the Z-axis (right)
for the five two-dimensional sampling patterns and the simple X1 trajectory (160 projections, 2 mm
porosity).

A clear opposition emerges between centered and edge-distributed configurations. Patterns concen-
trated near the detector center (Full Centered and Cross Centered) yield the highest contrast values but
produce broad depth profiles, with Ratioz values close to those of the simple X1 trajectory (5.57-5.68).
In contrast, patterns extending towards the detector edges (Full Detector and Square (4 edges)) reduce
contrast but significantly improve depth localization, with Ratioz values dropping to approximately 4.27—
4.29. The Cross pattern occupies an intermediate position, with depth resolution close to the simple X1
trajectory despite combining both horizontal and vertical sampling directions.

Notably, the Square (4 edges) pattern produces strongly non-monotonic depth profiles with pronounced
intensity peaks at the porosity boundaries, as visible in Figure [f.14] This behavior is likely associated with
the concentration of projections at the detector periphery, which appears to introduce reconstruction
artifacts at the porosity edges.

Figure summarizes the composite scores for all configurations.
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Figure 4.15: Composite scores for the five two-dimensional sampling patterns and the simple X1 trajectory
(160 projections). XZ-Full Detector achieves the highest score, reflecting the best balance between
contrast and depth localization.

The XZ Full Detector configuration achieves the highest composite score (8.811), followed by Square
(4 edges) (7.991). The relatively small difference between these two configurations suggests that pro-
jections acquired near the detector boundaries contribute substantially to the observed improvement in
depth localization. Although its contrast is slightly lower than that of the centered configurations, the XZ
Full Detector pattern benefits from good depth localization and sharp profile transitions, which together
produce the best overall score. The centered configurations (Full Centered and Cross Centered), despite
their higher contrast, are penalized by their poor depth resolution, resulting in the lowest composite scores.

Figure [4.16] provides a visual confirmation of these results through coronal depth views of the recon-
structed volumes.

Full Centered

Full Detector

Cross Centered

Figure 4.16: Coronal depth views of the reconstructed volumes for the five two-dimensional sampling
patterns and the simple X1 trajectory (2 mm porosity). Top row, from left to right: Full Centered, X1,
Cross Centered. Bottom row: Full Detector, Square (4 edges), Cross. The arrows indicate the depth blur
extent for each configuration. Configurations with edge-distributed projections (Full Detector, Square (4
edges)) show a more localized depth response (shorter arrows), while center-concentrated patterns (Full
Centered, Cross Centered) show a more extended depth blur (longer arrows).

These results confirm that the spatial distribution of projections across the detector plane has a
significant influence on the balance between contrast and depth localization. Distributing projections
towards the detector edges improves depth resolution at the expense of contrast, while concentrating
them near the center has the opposite effect. Among the configurations investigated, XZ Full Detector
achieves the best overall performance according to the composite score and is therefore retained as the
best XZ combination.

4.2.2 Sequential translation—rotation combinations

The five sequential combinations involving rotational trajectories described in Section are evaluated
here. These combinations were evaluated using the acquisition parameters described in Section
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with reduced translation and angular ranges to concentrate the projection sampling around the detector
center, consistent with the findings of Section [.2.1] Figure presents the contrast curves and depth
profiles along the Z-axis for each configuration.
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Figure 4.17: Contrast as a function of porosity diameter (left) and depth profiles along the Z-axis (right)
for the five sequential combinations involving rotational trajectories (200 projections, 2 mm porosity).

All five combinations yield contrast values close to those of the simple translation trajectories, confirm-
ing that adding a rotational component does not significantly reduce in-plane defect visibility. The depth
profiles, however, show a marked improvement compared to pure translation trajectories: Ratioz values
drop to approximately 3.5 for all combinations, compared to 6.1 for the simple X1 trajectory, indicating a
substantial gain in depth localization.

An interesting feature is observed in the depth profiles of X-R2 and Z-R2: the profiles exhibit two
distinct components — a narrow central minimum and more extended surrounding wings. This observation
suggests that the rotational component contributes primarily to the narrow central response, whereas
the translational component contributes to the more extended depth distribution. This two-component
structure is not observed for R1-R2, whose profile is more uniform and symmetric, consistent with both
components being rotational.

Figure [4.18] summarizes the composite scores for all configurations.
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Figure 4.18: Composite scores for the five sequential combinations involving rotational trajectories (200
projections). R1-R2 achieves the highest score, reflecting its superior depth localization combined with
adequate contrast.

R1-R2 achieves the highest composite score (9.976), followed closely by X-R2 (9.559) and Z-R2
(9.416). The combinations involving R2 consistently are better than those involving R1 alone, reflecting
the higher Slope values associated with R2 as observed in Section X-R1 and Z-R1 produce lower
scores despite similar Ratioz values, confirming that depth profile sharpness —captured by the Slope
metric— plays a decisive role in the composite score ranking.

Figure [4.19] provides a visual confirmation of these results through coronal depth views of the recon-
structed volumes.
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Figure 4.19: Coronal depth views of the reconstructed volumes for the five sequential combinations
involving rotational trajectories (2 mm porosity). The arrows indicate the depth blur extent for each
configuration. For X-R2 and Z-R2, two arrow lengths are shown: the shorter arrow indicates the narrow
central component that may be associated with the rotational acquisition, while the longer arrow reflects

the broader depth distribution likely originating from the translational component. R1-R2 exhibits the
most localized and symmetric response overall.

These results confirm that combining translational and rotational trajectories significantly improves
depth localization compared to simple translation trajectories, while maintaining comparable contrast
levels. Among the configurations investigated, R1-R2 achieves the best overall composite score and is
therefore retained as the best sequential combination in this group.

4.2.3 Application to a complex geometry

The reconstructed volumes obtained for the porosity phantom were qualitatively reviewed blindly by a level 2
radiography expert at X-RIS, who identified the R1-R2 configuration as providing the most favorable visual
compromise between contrast and depth localization. Following the quantitative evaluation performed on
the porosity phantom and the associated qualitative review, the R1-R2 trajectory was further evaluated
on a more complex object —a dragon-shaped phantom— alongside X1 and R2 as reference trajectories.
Figure [4.20] shows the object used, with dimensions of 68.5 mm x 155.1 mm x 124.4 mm.

Figure 4.20: Three-dimensional model of the dragon-shaped object used for qualitative evaluation.
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Figure presents the central axial slices extracted from the reconstructed volumes for the three
trajectories (200 projections each).

gon_200pro] . rekr on_ 200praf
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Figure 4.21: Central axial slices of the reconstructed dragon-shaped object for the X1 (top left), R2
(top right), and R1-R2 (bottom) trajectories (200 projections). Blue arrows indicate regions of good in-
plane contrast and fine detail visibility, while yellow arrows highlight out-of-plane blur contributions from
structures outside the focal plane.

Consistent with the phantom-based results, the X1 trajectory provides higher local contrast and re-
veals fine surface details such as scales and edge features, as indicated by the blue arrows. However,
structures located outside the focal plane remain clearly visible, as shown by the yellow arrows, resulting in
stronger out-of-plane blur. The R2 trajectory reduces the visibility of out-of-plane structures, improving
depth localization at the expense of reduced contrast. The R1-R2 combination provides an intermediate
behaviour, preserving most structural details while limiting the contribution of out-of-plane features.

It should be noted that the most suitable trajectory depends on the inspection objective. When
maximizing in-plane contrast and fine detail visibility is the primary goal, translation trajectories such as
X1 may be preferable. When reducing out-of-plane blur and improving depth localization is more critical,
combined trajectories such as R1-R2 offer a more favorable response.

Although this evaluation was not intended as a systematic study, it confirms the trends observed on
the porosity phantom and suggests that the R1-R2 trajectory provides a favorable compromise between
contrast and depth localization for more complex geometries.
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4.3 General discussion

The results presented in this chapter highlight several consistent trends across all trajectory types inves-
tigated.

Among the four simple trajectories (Section , translation trajectories (X1 and Z) consistently
yield higher in-plane contrast than rotation trajectories (R1 and R2), while rotation trajectories provide
significantly better depth localization. R2 achieves the highest composite score among simple trajectories,
representing the best balance between contrast and depth resolution in this group.

The investigation of two-dimensional XZ sampling patterns (Section reveals that the spatial
distribution of projections across the detector plane has a significant influence on image quality. Projections
distributed towards the detector edges improve depth localization at the expense of contrast, while centered
configurations show the opposite behavior. Among the XZ configurations, XZ Full achieves the best
composite score and is retained as the best combination in this group.

The sequential combinations involving rotational trajectories (Section demonstrate that adding a
rotational component to a translation trajectory substantially improves depth localization while maintaining
contrast levels comparable to simple translation trajectories. R1-R2 achieves the highest composite score
in this group, benefiting from the depth localization properties of both rotational components.

Overall, these results indicate that the inclusion of a rotational component generally improves depth
localization while preserving adequate contrast. Although optimized two-dimensional translation patterns
such as XZ Full can also provide substantial improvements, the highest composite scores are obtained for
combinations involving rotational trajectories, particularly R1-R2. These results highlight the importance
of angular diversity for improving depth localization in limited-angle tomosynthesis.

These findings were further supported by a qualitative review conducted by a level 2 radiography
expert at X-RIS, who identified the R1-R2 configuration as providing the most favorable visual compro-
mise between contrast and depth localization among the porosity phantom reconstructions reviewed. A
complementary evaluation on a complex dragon-shaped object (Section confirmed that the trends
observed on the porosity phantom remain consistent for more realistic geometries.

54



Chapter 5

Conclusions and perspectives

5.1 Summary

This work investigated the optimization of tomosynthesis acquisition trajectories for the Dx-Box C5 sys-
tem through numerical simulation using the gVXR framework. Different trajectory types — simple and
combined — were evaluated on a numerical phantom consisting of iron plates with spherical porosities of
varying sizes.

Two evaluation criteria were developed as part of this work. The first is a composite score combining
in-plane contrast and depth resolution metrics (Ratioy and Slope), enabling a quantitative ranking of
acquisition trajectories. The second is a geometry-based criterion derived from the coverage of Radon
space, which characterizes the theoretical accessibility of reconstruction data for a given trajectory from a
geometric perspective. Despite its limitations — notably its dependence on the visible region around the
object, the approximation by a circumscribed sphere, and the absence of sampling-density information —
this criterion provided results consistent with the image-based composite score for the simple trajectories
investigated, supporting its use as a first-order indicator for trajectory comparison.

The results showed that translation trajectories consistently provided higher in-plane contrast, whereas
rotation trajectories offered better depth localization, a trend that is consistent with the expected influence
of angular diversity on tomosynthesis reconstruction. Among all configurations evaluated, sequential
combinations involving rotational components — particularly R1-R2 — achieved the best composite scores,
combining adequate contrast with significantly improved depth localization compared to simple translation
trajectories.

Based on the quantitative results obtained in this work and the qualitative review conducted by an
imaging specialist at X-RIS, the R1-R2 trajectory is identified as the most suitable configuration among
the trajectories investigated in this work for implementation on the Dx-Box C5 system. It provides the
best composite score among all evaluated configurations, combining adequate in-plane contrast with good
depth localization and a symmetric blur response.

It should be noted, however, that the most suitable trajectory depends on the inspection objective.
When maximizing in-plane contrast and fine detail visibility is the primary goal, translation trajectories
such as X1 may be preferable. When reducing out-of-plane blur and improving depth localization is more
critical, combined trajectories such as R1-R2 offer a more favorable result.

It is also important to acknowledge that the XZ Full and R1-R2 configurations were evaluated under
different acquisition conditions — 160 and 200 projections respectively, with different translation and an-
gular ranges. A direct quantitative comparison between these two groups is therefore not straightforward,
and the recommendation of R1-R2 is therefore based on the consistency of its performance across the
different evaluation metrics, together with its qualitative validation by the X-RIS radiography expert.
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5.2 Limitations

Several limitations of this work should be acknowledged.

First, all results were obtained through numerical simulation using gVXR, with a monochromatic point
source and an ideal detector. Real acquisition conditions involve polychromatic radiation, focal spot blur,
detector noise, and mechanical positioning uncertainties, which may affect the quantitative results.

Second, the phantom used in this study — a flat iron plate with spherical porosities — represents
a simplified inspection scenario. The qualitative evaluation on the dragon-shaped object (Section
suggests that the observed trends generalize to more complex geometries, but a systematic quantitative
validation on realistic industrial parts remains to be performed.

Furthermore, only a single defect type and position were considered. The influence of defect shape,
orientation, and location within the object was not investigated and could affect the relative performance
of the evaluated trajectories.

Finally, a residual difference in depth profile shape was observed between geometrically equivalent
trajectory pairs (X1 versus Z and R1 versus R2), whose origin could not be identified despite several
investigations (Appendix [E]) and then remains unclear.

5.3 Personal contributions

The main personal contributions of this work include the derivation of the maximum admissible translation
and angular acquisition ranges as a function of object dimensions and offset from the isocenter for the
Dx-Box C5 system, ensuring that the inspected part remains within the detector field of view throughout
the acquisition.

A composite score combining contrast and depth localization metrics was developed to enable a
quantitative comparison and ranking of acquisition trajectories.

A geometry-based criterion derived from Radon space coverage was also implemented and evaluated
for the simple trajectories, providing a complementary perspective on trajectory quality.

Finally, a systematic investigation of the influence of two-dimensional projection sampling patterns
on image quality was conducted, revealing a consistent trade-off between contrast and depth localization
depending on the projection distribution across the detector plane.

5.4 Perspectives

Several directions for future work can be identified.

The most immediate next step is the experimental validation of the R1-R2 trajectory on the physical
Dx-Box C5 system, using real industrial parts. The Dx-Box C5 system was not available during the
duration of this internship, which limited the study to numerical simulations. Such experimental validation
would allow verification of the simulation-based results under realistic acquisition conditions.

Testing defects of different shapes, orientations, and positions within the object would provide a more
complete characterization of trajectory performance and strengthen the generalizability of the conclusions.

Future work could also investigate iterative reconstruction methods such as SART or OS-SART, which
may further improve depth localization and artifact reduction in limited-angle tomosynthesis compared to
the FBP algorithm used in this work.

The unexplained asymmetry between geometrically symmetric trajectory pairs (X1 versus Z and R1
versus R2) deserves further investigation, as it may reflect a fundamental property of the reconstruction
algorithm or the acquisition geometry that has not yet been identified.

Finally, the reachability criterion was evaluated only for the simple trajectories X1 and R1. Extending
this analysis to combined trajectories such as R1-R2 and XZ Full would allow a more rigorous geometry-
based comparison between trajectory families.
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Appendix A

3D Fourier slice theorem and filtered
back-projection

This appendix briefly presents the 3D extension of the Fourier slice theorem and the corresponding re-
construction framework. The derivation follows the same logic as the 2D proof in Section 2.3 and is
presented here without repeating all intermediate steps.

3D Fourier slice theorem. Let ng = (cos+ysin®, sinysin®, cos®)” be the unit normal defining a
plane orientation in 3D space. The 1D Fourier transform of png(g) with respect to £, after substituting
the definition of the 3D Radon transform and transforming to the fixed coordinate system, gives in full

analogy with Equation [18]:

Pn:(q) = F(gcosysin®, gsin-ysin®, qcosv) (A1)

where F(u, v, w) is the 3D Fourier transform of w(x,y,z). Each plane integral contributes a radial
line in the 3D Fourier domain along direction ng.

3D filtered back-projection. Expressing the inverse 3D Fourier transform in spherical coordinates and
applying Equation [A.1], the 3D filtered back-projection formula is [18]:

B 1 2 wa2pn£(£)
p(x,y, z) = . /0652

e sin® d¥ dvy (A.2)

E=rng

This formula requires integrating the second derivative of the plane integrals over all plane orientations
on the unit sphere. As noted in Section [2.3] it applies only to parallel-beam geometry. For cone-beam
acquisitions, Grangeat's approach [19] or the FDK approximation [6] must be used instead.

Grangeat’s cone-beam reconstruction framework

Figure [A. 1] summarizes the reconstruction framework proposed by Grangeat for exact cone-beam tomog-
raphy. Unlike the parallel-beam framework presented previously, the measured cone-beam projections do
not directly correspond to the 3D Radon transform. Grangeat established a relationship between the
derivative of the cone-beam projections and the derivative of the 3D Radon transform, allowing an exact
inversion of the cone-beam acquisition geometry.

A complete derivation is beyond the scope of this work. However, this framework provides the theoret-
ical basis for exact cone-beam reconstruction methods and highlights the fundamental difference between
parallel-beam and cone-beam geometries.
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Figure A.1: Summary of Grangeat's exact cone-beam reconstruction framework. Adapted from .
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Derivation of the maximum translation
range Xmax

This appendix derives the analytical expression for the maximum admissible translation range xmax for
linear translation trajectories (X1 and Z) on the Dx-Box C5 system.
Geometric setup

In the X1 translation trajectory, the C-arm (source and detector) translates together along the X axis by
a displacement x,.s, while the object remains fixed. The positions of the key elements are:

e X-ray source: (Xp0s, +SID, 0)
e Detector center: (xpos, —(SDD —SID), 0)

e Object point: (x,, |r|, 0), where x, € [-W/2, W/2]

Projection onto the detector

A ray from the source through the object point (xp, |r|, 0) intersects the detector plane at yjer =
—(SDD — SID). The parametric equation of the ray gives:

_ Ydet —SID  —(SDD - SID) - SID

= = B.1
|r| — SID |r] — SID (B.1)

The position of the projection on the detector, expressed relative to the detector center, is:
Urel = (Xp - Xpos) -t (8-2)

Field of view constraint

The constraint requires that |u,e/| < D/2 for all object points x, € [-W/2, W/2]. The most critical case
occurs at the object edge producing the largest detector displacement:

(Xpos + W/2) : |t| < D/2 (B?’)
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Maximum translation range

Solving Equation for equality yields the maximum admissible translation:

D/2 w . —(SDD - SID) — SID
smme(1r) = P22 2 W ien ey = | = )

[t] 2 |r] — SID
For the Dx-Box C5 parameters (SDD = 1150 mm, SID = 575 mm, D = 430 mm) and a plate of width
W = 100 mm positioned at |r| = 170 mm, this gives Xmax =~ 89 mm, corresponding to a total translation

range of approximately 180 mm. This result is consistent with the experimental observations reported in
Section 3.2

(B.4)

Created on Mon May 11 18:

~: Liliane

rt numpy as np

det y = —(SDD - SID)

t = abs((det_y - SID)
x max = Df2 / t - W/2
e n X_max

¥ # : ct C ter

print(f"{'r (n { ax ( :<15} {'Range total (mm
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for r in r_values:

x_max = compute x max(r)
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Figure B.1: Python script to compute the maximum translation range, for the object to remain on
the detectot field of view, knowing the detector size, the detector object and the object offset from the
isocenter.

60



APPENDICES

ated on Thu Feb 12 14:06:59 2
uthor: Liliane

t numpy as np
scipy.optimize import brentq

ww

ion in the dete r for an angle theta

xps = np.linspace(-W/2, W/2, 2¢
xc = r * np.sin(theta)
yc = r * np.cos(theta)
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Figure B.2: Python script to compute the maximum angular range, for the object to remain on the
detectot field of view, knowing the detector size, the detector object and the object offset from the

isocenter.

61



Appendix C

Radon space reachable regions for X1 and
R1 trajectories

This appendix details the geometry of the reachable Radon regions V(I") for the linear translation trajectory
X1 and the arc rotation trajectory R1, as introduced in Section [3.6.2]

X1 trajectory: the two extreme spheres cover all intermediate spheres

For the X1 trajectory, the source moves along the X-axis from Xmin t0 Xmax While the object center remains
fixed at O = (0, h,0). At each source position sy = (x,0,0), a sphere Sy is defined with s, and O as
diameter endpoints, so that its center is Cx = (sx+0O)/2 and its radius is Ry = ||sx —O]||/2. The diameter
of Sy is defined by the source-to-object distance:

SOD(x) = ||sx — O|| = 1/x2 + SOD? (C.1)

where SODg = h is the source-to-object distance at x = 0.

Proof of containment. \We show that for any x € [Xmin, Xmax], €very point belonging to Sy also belongs
to Sy or S Consider a point P = (X,Y, Z). P belongs to Sy if and only if:

Xmin Xmax *

1P = Cull* < RS (C.2)

After expansion, this condition reduces to:

X?4+Y24+272-xX—-hY <0 (C.3)

For a fixed point P, the only term depending on x is —xX. If X > 0, the condition is most easily

satisfied for the largest positive x, i.e., X = Xmax. If X < 0, it is most easily satisfied for x = Xnin-

Consequently, any point satisfying Equation [C.3] for some intermediate x also satisfies it for Xmin Or Xmax-
Therefore:

V(Fx1) =Sy US

This property simplifies the coverage computation for X1 to the intersection of V(€2) with only the
two boundary spheres, as illustrated in Figure [C.1]

(C4)

Xmin Xmax
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Sxmin, Sxmax
_____ So. Sx1, Sx2 — intermediate

Linear trajectory = i :
----- — object suppor

Figure C.1: Radon space coverage for the X1 trajectory. At each source position, a sphere S, is con-
structed with diameter equal to SOD. The extreme spheres S, . and S (blue) cover all intermediate
spheres (red), so V(I'x1) = Sx.. . US

min Xmax *

Xmin Xmax

R1 trajectory: partial Radon torus

For the R1 trajectory, the source follows a circular arc of angular range [—60max, +0max] around the isocenter.
At each angle 6, a sphere Sy is constructed with the same principle — centered at the midpoint between
the source position and O, with diameter equal to the source-to-object distance at that angle.

For a complete circular trajectory (360°), it can be shown that the union of all such spheres forms
a torus-shaped region in Radon space — the Radon torus. This result is well established in the literature
and corresponds to the classical torus illustrated in Figure [3.15] of Section [3.6.2]

For a partial arc of angular range [—6max, +6max]. the union of spheres naturally forms a partial torus
subtended by that arc, as illustrated in Figure [C.2] Unlike the X1 case, no simplification analogous to
the two-extreme-spheres property exists for the rotational trajectory: all spheres along the arc must be
considered, and the intersection volume V(V(Q) N V(I'Rl)) is computed numerically using mesh-based
methods.

® Source position

I(R1)- trajectory

Figure C.2: Radon space coverage for the R1 trajectory. The source follows a circular arc I'gy, and the
union of the corresponding spheres Sg forms a partial Radon torus V(I'g1). For a complete 360° rotation,
this union reduces to the classical Radon torus .
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Parametric study: additional trajectories

This appendix presents the effect of object offset p = |r|/R on contrast and CNR for the Z and R1

trajectories. These results complement those presented in Section for X1 and R2, and confirm that
the observed trends are consistent across all four simple trajectories.

e Effect of object offset |r| Z trajectory
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Figure D.1: Effect of normalized object offset p = |r|/R on contrast (left) and CNR (right) for the Z
trajectory (translation range £85 mm, 41 projections).

e Effect of object offset |r| R1 trajectory
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Figure D.2: Effect of normalized object offset p = |r|/R on contrast (left) and CNR (right) for the R1
trajectory (angular range £21.45°, 41 projections).
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e Effect of angular range on R1 trajectory
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8 8.6 14.4

Contrast

—— _total = 30°

o_total = 42°
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02 0.5 08 12
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0.2 0.8 12
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Figure D.3: Effect of total angular range on contrast (left) and CNR (right) for the R2 trajectory (|r| =

170 mm, 41 projections).

e Effect of translation range on Z trajectory

Figure[D.4] shows the influence of the total translation range on contrast and CNR for the Z trajectory

at fixed |r| = 170 mm.

Porosity diameter (voxels)
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Figure D.4: Effect of total translation range on contrast (left) and

(Ir] = 170 mm, 41 projections).
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Appendix E

Investigation of the asymmetry between
symmetric trajectory pairs

As noted in Section [4.1.5] a systematic difference in depth profile shape was observed between geometri-
cally equivalent trajectory pairs (X1 versus Z and R1 versus R2), despite the theoretical symmetry of the
acquisition geometry. Several hypotheses were investigated to identify the origin of this difference.

Effect of projection orientation. The projections generated for the X1 trajectory were rotated by 90°
before reconstruction, producing a configuration equivalent to a Z acquisition. Figure illustrates this
transformation. The resulting depth profiles remained unchanged, indicating that the orientation of the
projections relative to the detector is not responsible for the observed asymmetry.

90°

Figure E.1: Schematic illustration of the projection orientation test. The projections acquired for the
X1 trajectory were rotated by 90° before reconstruction, producing a configuration equivalent to a Z
acquisition while preserving the original acquisition geometry.

Effect of the moving component. To evaluate the influence of which element moves during acquisition,
the turntable was displaced along the X axis in simulation — a configuration that is not physically available
on the Dx-Box C5 but is geometrically equivalent to the X1 trajectory. The resulting depth profiles were
again identical to those of Figure |4.8] ruling out the moving component as the primary cause.

Effect of detector pixel size. The pixel size was reduced from 0.139 mm to 0.05 mm. Figures
and present the corresponding results. Figures shows that the relative difference between paired
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trajectories (X1 versus Z and R2 versus R1) remains consistent with the results obtained at 0.139 mm
(Figure4.8)), confirming that discretization effects are not the primary source of the observed asymmetry.

0,139pix

0,05pix

|

X1 - 0,139pix Z - 0,139pix

X1 - 0,05pix

R2 - 0,139pix R1 - 0,139pix
2 : R1 - 0,05pix

Figure E.2: Reconstructed volumes for the four simple trajectories at pixel sizes of 0.139 mm (left) and
0.05 mm (right). Top: axial slice of the 2 mm porosity. Middle and bottom: coronal and sagittal depth
views. While the overall image sharpness improves with the smaller pixel size, the relative difference
between paired trajectories (X1 versus Z and R2 versus R1) remains unchanged.

-1

-2 4

-3 4

-4 1

Intensity

-5 1

-6 1

-7 4

-10.0 =75 =5.0 =25 0.0 25 5.0 15 10.0
Z (mm)

Figure E.3: Depth profiles along the Z-axis for the four simple trajectories reconstructed with a pixel size
of 0.05 mm.

As expected, the overall image sharpness improved with the smaller pixel size. However, the relative
difference between paired trajectories remained unchanged, indicating that discretization is not the primary
factor.

These investigations were unable to identify the origin of the residual difference. Since the effect
persists when changing the projection orientation, the moving component, and the detector discretization,
it may be related to subtle implementation details of the reconstruction pipeline, interpolation procedures,
or numerical approximations within the FBP algorithm. Further investigation would be required to identify
its exact origin.
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