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Abstract  
 

Buckling is one of the main failure modes in ship structures subjected to compressive loading 

and it is of crucial importance fort the overall structural strength. This Thesis is based in the 

buckling analysis of unstiffened plates and stiffened panels which form the basic building block 

and load bearing element in ship structure. 

Different structural arrangements based on a global cruise vessel of 342 m long are derived. 

The analysis considers unstiffened plates, stiffened panels and an enhanced model for the 

stiffened panel including surrounding heavy members such as girders and frames. A 

comparison between analytical, semi-analytical (PULS) and numerical methods (Non-linear 

Finite Element Method) is performed for longitudinal and transverse loading conditions. 

The increase in structural capacity due to the influence of surrounding structures and their 

influence in the boundary conditions is derived through the numerical method. Initial 

imperfections introduced by scaling the buckling eigenmode according to production standards 

as well as non-linear large deflection and material effects are considered. 

Moreover, the agreement between the semi-analytical and numerical method is analysed. A 

trend is observed, PULS tends to underestimate the ultimate capacity for thin structures while 

for thick structures tends to overestimate it. This trend arises from PULS assumption of 

neglecting the effect of bending stress in the limit state yield criteria, which tends to become 

significant as the thickness increase. 

Finally, given that PULS is a code for rules checking purposes according to DNV and IACS, 

the increase in strength by applying an Ultimate Limit State design is derived with results 

provided by the numerical enhanced model. 
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1. INTRODUCTION  
 

1.1 Background and motivation 
 

The scope of this work is focused on the buckling phenomena of plates and stiffened panels 

which form the fundamental structural unit in ship and offshore structures. These elements form 

the basic building block and so the main load bearing element. They are typically located in the 

ship sides, bottom, decks and bulkheads as illustrated in Fig.1. 

 

 

Figure 1:Stiffened panel integrated in ship structure [1] 

 

It is important to consider and study both structures because the overall structural capacity 

depends on them. Moreover, their individual behaviours are correlated and influence each other. 

In a stiffened panel, the plating between the stiffeners will behave and deform much like an 

unstiffened plate.  

 

Stiffened panels are especially sensitive to buckling due to the predominantly in-plane loads 

and thin thickness plating. Therefore, it is of main concern to determine the buckling strength 

of this kind of structures as well as their failure mechanism to ensure a safe and efficient 

performance of the structure. 
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Traditionally, the buckling strength has been assessed by rule formulas which are based in linear 

buckling theory in combination with some corrections to account for residual stresses, 

imperfections and plasticity. Although they provide quick strength estimations, they are very 

limited when dealing with complicated geometries, different load combinations, initial 

imperfections or geometric and material non-linearities. Thus, inaccurate results may be 

obtained due to the large influence that previous phenomenon can have in the structural 

response when considered altogether. 

However, the rise in computational resources and tools has changed this trade providing a more 

consistent and accurate alternative approach than rule formulas. Current state of the art analysis 

procedures considers Non-linear Finite Element Methods (NFEM) to account for the 

phenomena that rule formulas cannot. This powerful tool has one main drawback, which is a 

large modelling and computation cost especially for large structures. Consequently, it is not 

practical in terms of design and when a large number of structures are to be analysed as is the 

case of a shipyard. 

A current applied method for performing a fast buckling and ultimate strength assessment is 

PULS. It is a computerized code developed by DNV-GL and IACS which pretends to be an 

analysis tool in the mid-way between rule formulas and NFEM calculations. It provides more 

accurate results than simplified formulations with more efficient and cheaper computation cost 

than NFEM. However, this fast assessment has a price in accuracy as may be expected. Some 

of PULS considerations and assumption, discussed further in the thesis, tend to lead in most 

cases to conservative results. 

Therefore, the aim of this work is to investigate and identify possible improvement margins and 

allowances with respect to PULS by performing a non-linear analysis with different structural 

configurations. This could lead to weight savings and a higher performance of the vessel in 

structural terms. As well known in the maritime field, weight savings in one area allows to 

increase the capability in another are such as increasing payload capacity, fuel capacity, 

improved speed or more facilities that can be introduced for the passengers in the specific case 

of cruise vessels. 
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1.2 Problem formulation and approach 
 

The buckling analysis is carried out considering two main structural elements:  

• Unstiffened plate 

• Stiffened panel 

Different configurations, 3 unstiffened plates and 3 stiffened panels, are derived according to a 

3D model of a global class cruise vessel of 342 meters long and capacity for up to 9500 

passengers. The selection aims to represents in a consistent way different arrangements 

observed in the vessel within a certain range of thicknesses.  

Depending on the part of the structure the stiffened panel will be subjected to a different set of 

loads. Typically, main load components acting on a local stiffened panel/plate are: 

 

i)   In-plane load in the direction of the stiffener 

ii)  In-plane load in the direction perpendicular to the stiffener 

iii) In-plane shear  

iv) Lateral pressure  

v)  In-plane bending 
 

 

The in-plane loads arise from the overall hull girder bending moment. In sagging, bottom plates 

are under tension and deck plates are under compression, hence buckling will be triggered in 

the deck structure. In the same direction, in hogging conditions buckling will be triggered in 

the bottom structure. Shear stress is induced by the hull girder shear force or torsion and lateral 

pressure by internal cargo or external water level. 

For a cruise vessel, the main and most influent load with respect to buckling arise from 

longitudinal bending. Therefore, to perform the analysis shear loading is disregarded. For other 

type of vessels such as open profile structures, shear and torsional loading can become critical 

and should be taken into account. In addition, lateral pressure is disregarded to account for a 

general stiffened panel and not constrain the analysis into bottom or side panels. 
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In the current analysis, the main load components considered are the following: 

- In-plane compressive load in the direction of the stiffener 

- In-plane compressive load in the direction perpendicular to the stiffener 

- Biaxial in-plane compressive loading with a loading ratio of 1 (same load in both edges) 

 

 

One of PULS considerations that tend to lead in most cases to conservative results is 

considering an isolated stiffened panel. In such a model, the redistribution of forces into 

surrounding panels as illustrated in Fig. 2 is not accounted for. Therefore, in order to account 

for this effect enhanced models including surrounding structures are needed. In addition, with 

an enhanced model it is possible to determine how realistic the boundary conditions assumed 

in the isolated structure are.  

 

Figure 2:Stiffened panel surrounded by heavy members [2] 

 

 

 
 

Another consideration from PULS which may lead to conservative results is the estimation of 

ultimate strength by using first yielding in the structure as collapse criteria [1]. When yielding 

takes place, the structure may be able to sustain further additional loading until it collapses due 

to the loose in strength.  
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Given the previous considerations, the approach to perform the analysis is presented 

below: 

1. Derivation of structural configurations and assessment of elastic buckling stress and 

ultimate capacity (UC) according to PULS. Three loading conditions are considered: 

 

- Longitudinal: In-plane compressive load along stiffeners direction 

- Transversal:  In-plane compressive load perpendicular to stiffeners direction 

- Biaxial: in-plane compressive loading with a loading ratio of 1 (same load along edges) 

 

2. Mesh convergence study to ensure adequate and consistent results in terms of stresses 

and representation of buckling modes. 

 

3. Linear eigenvalue FEM analysis for elastic buckling stress and buckling eigenmodes 

assessment. Comparison with respect to the values derived by PULS and analytical 

formulation. 

 

4. NFEM analysis taking into account material and geometrical non-linearities. Initial 

imperfections implemented by eigenmodes scaled by production standards defined by 

PULS. Assessment of buckling, first yielding and Ultimate capacity is performed. 

 

5. Enhancement of the model to study load redistribution into surrounding panels and 

assess the influence of heavy members in the rotational restraint of the stiffened panel 

edges. 

 

6. Comparison of obtained results and conclusion. 
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1.3 Short historical review 
 

 

The first work regarding buckling was performed by Euler (1759), who calculated the critical 

load for which an ideal column under compressive loads starts to deflect laterally and become 

unstable. This approach is still in use to perform quick estimations.   

Afterwards, the Perry-Robertson approach (Perry 1886 and Robertson 1925) is based on a 

column with initial imperfections and uses the first yield as the elastic limit load. This method 

has been largely implemented in design codes and rule formulas such as DNV-GL. 

Regarding large deflection, Kirchoff (1850) discovered the importance of non-linear terms for 

large deflection problems. The plate differential equation for large deflections was derived by 

von Karman (1910) and extended to plates with initial curvature by Marguerre (1937) [3]. 

In past times, performing progressive analysis to assess the ultimate strength of members taking 

into account the influences of yielding and buckling was not possible. In contrast, tensile 

strength was considered as a parameter to control the capacity and prevent structural failure. 

Bryan (1881) was the first in considering buckling as a criterion to determine thickness in ship 

structures by solving the buckling problem of panels theoretically and deriving formulas to 

evaluate the buckling load of a rectangular plate under thrust. [4] 

The introduction of Finite Element Method (FEM) by Turner et al. (1956) and the continuous 

developments of computer performance and computational environments have allowed 

performing analysis of complex structures including non-linear effects. Nowadays, FEM is a 

tool used daily in design and assessment of marine structures. In contrast, use of non-linear 

FEM is more focused into research given that is more time-consuming and computation costly 

specially for large structures. 

In addition, an alternative method to simulate collapse behaviour is given by the Idealized 

Structural Unit Method (ISUM) developed by Ueda and Rashed (1974). The structure is divided 

into larger structural units for which geometric and material non-linear behaviour is idealized, 

although its formulation is in the framework of FEM. 
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Previous methods have helped in the understanding of buckling and ultimate strength behaviour 

of structural member in ship structures. Typically, buckling assessment has been performed by 

rule formulas based in linear theory corrected by empirical corrections. These formulas imply 

simplifying assumptions that are valid only within certain limits. Outside of this range they may 

be inaccurate. In addition, they do not include the interaction between the numerous structural 

failure modes, which are numerous and complex.  For these reasons there is a general trend 

towards a rational-based structural design and analysis which allows a better performance in 

terms of reliability, efficiency and economy [2]. 

Classification societies are working nowadays in this direction and they include the possibility 

of submitting a direct analysis as way of approval. In this direction was the development of 

PULS by DNV-GL and IACS, aiming to provide improved buckling formulations with a 

compromise between rule design formulas and NFEM. 
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2. FUNDAMENTAL THEORY OF BUCKLING  
 

This chapter deals with the fundamentals of Buckling to provide a theoretical basis to 

understand the phenomena and perform the analysis. The theory presented in this chapter is 

available and further developed in Rigo (2003) [2], Yao and Fukujibo (2016) [4] and Paik and 

Thayambailli (2003) [5]. 

2.1 Introduction 
 

 

Buckling is a phenomenon where a structural member under compression loading deflect in an 

out-of-plane direction when the load reaches a critical value. After buckling, the deflection 

begins to increase in addition to the in-plane displacement, which leads to a reduction of in-

plane or axial stiffness. Therefore, the load-carrying capacity of the structural member is 

decreased.  This causes redistribution (increase) of internal forces in unbuckled members, which 

may lead to progressive occurrence of buckling failure. If the load increases further, progressive 

buckling may result in the collapse of the whole structure. 

In general, ship structures are designed in a way that buckling collapse will occur in the 

secondary structural members (plating and secondary stiffeners) as illustrated in Fig. 3, rather 

than in primary structural members (frames, girders and bulkheads).  

 

 

Figure 3:Local structural collapse/Plastic buckling in ship structure [6] 

 

The critical load at which buckling will take place is function of a great variety of factors such 

geometry, material properties, loading characteristics, boundary conditions and initial 

imperfections. However, one of the most influencing factors is slenderness. This will influence 

which failure mechanism the structure will fail by. As presented in Fig. 4, slender designs tend 

to fail by buckling while stocky designs tend to fail by UC.  
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The graph is based in slenderness 𝜆,  and the relation between the critical buckling strength 𝜎𝑐𝑟 

and yielding strength, defined in the rules [8] as 𝑅𝑒𝐻. 

 

Figure 4:Buckling design curves as function of slenderness, schematically [6] 

 

The phenomenon of buckling is normally categorized by plasticity in three regions as illustrated 

in Fig. 5: 

 

• Elastic Buckling 

• Elastic-Plastic Buckling 

• Plastic Buckling 

 

Figure 5: Buckling regions according to plasticity [4] 
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Elastic Buckling is the state where the structure loses its stability and large out-of-plane 

deflections start to develop. The elastic buckling stress or limit refers to the load that will trigger 

this behaviour and it is normally associated to the minimum eigenvalue of the structure. In this 

regime the induced stresses are below the yielding strength, hence when the structural element 

is unloaded the deflections are recovered and the element takes its initial shape. 

 

This elastic buckling limit can be stable, unstable or neutral according to the load bearing 

capacity of the element as shown in Fig. 6. A stable limit allows the structure to carry higher 

loads than the eigenvalue even though large deflection appears. In contrast, an unstable limit 

does not allow the structure to carry further loads and its capacity drops below the eigenvalue 

with a fast deflection growth. For a neutral limit the load carrying capacity does neither increase 

or decrease. [6] 

 

 
 

Figure 6: Elastic stability categorization [6] 

 

 

The elastic buckling stress may be taken as a limit state depending on the type of structure.  

For instance, when buckling takes place in a column, the element starts to undergo yielding due 

to bending and capacity starts to decrease with a deflection increase. Thus, the buckling strength 

is considered the maximum load-carrying capacity and can be considered as the ultimate 

strength for columns. 

 

However, in ship structures elastic buckling of plate elements is not a critical issue due to their 

redundancy and large deflections can be accepted as long as a controlled behaviour of the 

structure is ensured. Allowing so to sustain further loads than its buckling strength even if the 

stiffness of the element decreases considerably after undergoing buckling. 
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Elastic-plastic buckling takes place when a local region in the structural element undergoes 

yielding and so a plastic deformation. From this point, yielding starts to develop over the 

element until gross yielding takes place. 

 

Finally, once gross yielding has taken place, the plastic buckling regime is reached. It is 

characterized by a non-linear material behaviour and due to the large deformations also to a 

non-linear geometric behaviour. Due to the previous facts, the in-plane stiffness starts to 

decrease until it becomes zero and the structure cannot sustain further load, attaining thus its 

UC.  

 

In terms of safety and performance assessment, it is important to know the extreme loads the 

structure may be exposed to and how will react to them. Therefore, it is needed to understand 

the plastic buckling and collapse behaviour of the structural member including the capacity 

beyond the ultimate strength. To do so, it is needed to introduce in the analysis both material 

and geometrical non-linearities to reproduce a consistent and realistic behaviour. [4] 

 

2.2 Types of Buckling analysis 
 

In buckling analysis, two types of techniques/approaches are considered: 
 

• Linear or bifurcation 

• Non-linear or non-bifurcation 
 

2.2.1 Linear Eigenvalue Buckling Analysis 
 

This analysis is based on an ideal perfect structure to predict the theoretical buckling strength 

under a linear elastic assumption. Under this condition, there is an equilibrium position at a 

critical load for which the structure suddenly buckles as illustrated in Fig. 7. This load is also 

known as bifurcation point. 

 

 
 
 
 
 
 

Figure 7: Bifurcation point for Linear Eigenvalue Analysis [7] 
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The critical load is calculated based on the eigenvalue problem considering the load-

displacement relationship under a linear elastic state: 

𝐾 𝑞 = 𝐺         (1)   

𝑤ℎ𝑒𝑟𝑒: 
𝑲: 𝑆𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 

𝑮: 𝐿𝑜𝑎𝑑 𝑣𝑒𝑐𝑡𝑜𝑟 

𝒒: 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑣𝑒𝑐𝑡𝑜𝑟   
 

Assuming the displacements are small and the behaviour is linear function of the applied load, 

a lambda factor is introduced and the incremental equilibrium can be expressed as: 

(𝐾 + 𝜆 𝐾𝑠) 𝑞 = 𝐺     (2)   

𝑤ℎ𝑒𝑟𝑒: 
𝑲𝒔: 𝑆𝑚𝑎𝑙𝑙 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 

 
 

At the beginning of the instability, the structure will have a change in deformation for no 

additional loading ( 𝐺 = 0 ), which leads to the following equilibrium equation: 

 

(𝐾 + 𝜆 𝐾𝑠) 𝑞 = 0      (3)   

In order to satisfy the previous equation is needed to have: 

det  (𝐾 + 𝜆 𝐾𝑠) = 0       (4) 

The displacement matrix 𝑞 represents the eigenvectors or deformations of the buckling mode. 

The critical load or bifurcation point is given for the minimum value of 𝜆 satisfying the previous 

equation [7]. 

Given that the initial imperfections and non-linear behaviours are not considered, for real 

structures this value will happen at an earlier stage. The element will start to deform 

immediately when loading is applied with a non-linear response. Thus, this type of analysis 

lead to non-conservative results and to gain a deeper understanding of buckling phenomena a 

non-linear analysis should be performed. 

However, this type of analysis present two main advantages: 

 -It is relatively fast to perform, in terms of computation resources 

-The buckling eigenmodes can be used as initial imperfections for further analysis in 

order to provide more realistic results.  
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2.2.2 Non-linear Buckling Analysis 
 

This approach is based on a non-linear static analysis in order to determine the critical load for 

which the structure becomes unstable. With this approach, initial imperfections and other non-

linear effects such as plasticity, large deformation or contact can be included in the analysis. 

In this case there is no bifurcation given that bending and lateral deflections are induced from 

the beginning of the loading, although the increasing rate is low. When the critical load is 

reached the out-of-plane deflections starts to increase as rapidly as the bifurcation case. 

Therefore, in this case an obvious sudden buckling point does not appear until the member 

collapses [5]. 

 

As mentioned in the previous section, Fig.8 illustrates how the critical load takes places at a 

lower level than the linear eigenvalue approach given the additional features considered by this 

analysis. 

 

 

 

 

 

 

 

 

Figure 8: Comparison between Linear and Non-Linear Eigenvalue Buckling Analysis [7] 

 

The initial imperfections to initiate buckling are typically introduced from the buckling 

eigenmodes obtained from the linear eigenvalue analysis. The imperfections amplitude can be 

estimated according to manufacturing tolerances and production standards. 

In summary, the non-linear buckling analysis provides a more accurate and realistic results than 

the linear eigenvalue analysis since it considers the effects of initial imperfections and non-

linearities. Thus, it is recommended for the design and evaluation of actual structures. 

Moreover, the gradual application of the load allows to trace the post-buckling behaviour which 

can be useful for stable buckling configuration where the structure can sustain further loading 

after undergoing buckling. 



  

 

14 
 
 

2.3 Boundary conditions 
 

The boundary conditions are constraints applied into the structure that represent their 

interaction with the environment in terms of forces and displacements. They have a direct 

influence in the buckling, post-buckling and ultimate strength characteristics of the structure. 

For structural analysis and design the support conditions are commonly idealized as simply 

support or clamped, which represent a zero and infinite torsional rigidity respectively. 

Regarding buckling and ultimate strength assessment, two sets of boundary conditions are of 

particular importance: 

• Out-of-plane or rotational boundary condition 
 

This boundary condition relates to the rotational constraint of the structure around the edges. 

Typically spans from simply supported where the rotation is free to clamped support where the 

rotation is fully constrained. 

It influences significantly the elastic buckling stress (eigenvalue) as illustrated in Fig. 9. The 

clamped boundary condition (Curve D) provide a higher buckling coefficient given that the 

rotation will be more constrained, hence a higher elastic buckling stress in comparison with 

simply supported boundary condition (Curve A). 

 

 

 

 

 

 

 

 

 
 

Figure 9: Effect of boundary conditions on the Buckling coefficient for rectangular plates [4] 
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In general, according to rule procedures the out-of-plane boundary condition is taken as simply 

supported for all four edges. This leads to a conservative set of boundary conditions given that 

in actual structures there will be a finite value of torsional rigidity along the edge and the 

rotation will be restrained in some extent. 
 

 

• In-plane or membrane boundary condition 

 
This boundary condition accounts for the in-plane behaviour of the edges, representing the 

restraints introduced from surrounding structures. They are important with respect to the elastic 

post-buckling behaviour. They define the available strength beyond the elastic buckling limit 

and so the ultimate capacity of the element.  

 

In a continuous structure such an integrated plate or stiffened panel, the edges of the element 

are supported by stronger beam members. This implies that the relative lateral deflections of 

the support members to the structure are very small, even up to collapse. Therefore, in general 

it is assumed that the support members along the four edges remain in the same plain. In other 

words, the edges are forced to remain straight but movable in-plane. 
 

 

2.4 Initial imperfections  
 

During fabrication of a stiffened panel, the stiffeners in both directions are fitted into the plate 

by welding. Due to thermal effects, this process introduces initial imperfections and residual 

stresses into the structure as shown schematically in Fig. 10. They tend to reduce the buckling 

and ultimate capacity of the element, hence it is important to know which is their shape and 

magnitude to include them as an influencing parameter in design or analysis processes. 

 

 

 

 

 

  

 

Figure 10: Initial deflection in stiffened panel due to welding [5] 
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Different efforts have been made to study and predict the initial imperfections in a theoretical 

and numerical basis such as Masabuchi (1980) or Ueda (1999). However, due to the complexity 

of the phenomena and that the effect produced is normally of secondary interest approximate 

methods based from measurements are usually applied. 

These imperfections related to fabrication procedures should be minimized by the election of 

proper welding procedures and fabrication methods. 

 

2.4.1 Welding residual stresses 
 

 

The heat input due to the welding process melts the material producing the joint and then 

solidifies again. During the cooling process, because of the adjacent cold parts tensile stresses 

are produced in the welding while compressive stresses are produced in the neighbouring region 

as illustrated in Fig. 11.  

 

 

 

 

 

Figure 11: Initial deflection and welding residual stresses produced on plate and stiffener by fillet weld [5]  

 

Generally, the residual stresses are idealized by tensile and compressive blocks as shown in 

Fig. 12. Given that there no action from external loads, equilibrium of the residual stresses is 

reached providing the following equation: 

 

 

                    2 𝑏𝑡  𝜎𝑡 = (𝑏 −  2 𝑏𝑡)𝜎𝑐      (5) 

     𝑤ℎ𝑒𝑟𝑒: 

𝒃: 𝑆𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 𝑤𝑖𝑑𝑡ℎ 

𝒃𝒕: 𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 𝑤𝑖𝑑𝑡ℎ 

𝝈𝒕: 𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 

𝝈𝒄: 𝐶𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑣𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 

 
 

Figure 12: Welding residual stresses produced on a plate by fillet weld [5] 
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The residual stresses can be estimated based on: 

𝑏𝑡 , which is function of the weld heat input, plate thickness and length of the weld  

𝜎𝑡 , which depends in the material. For ordinary steels is equal to the yield stress. For 

higher strength steels, it is considered to be between 0.5 and 0.8 times the yielding 

stress.[4] 

 

2.4.2 Initial deflections 
 

In addition to the residual stresses, initial deflections are introduced in the plating and stiffeners 

due to the welding process as illustrated in Fig. 13. In terms of buckling and ultimate strength, 

the deflections of greater influence are the angular change and the bending distortion since they 

lead to lower in-plane stiffness. 

 

  

 

 

Figure 13: Welding induced distortions [5] 

 

The geometrical configuration of such initial deflections is quite complex since it includes the 

interaction of different deformation modes. For unstiffened plate the initial deflection can be 

expressed as: 

𝑤0 = ∑ ∑ 𝐴0𝑖𝑗 sin (
𝑖 𝜋 𝑥

𝑎
) sin (

𝑗 𝜋 𝑦

𝑏
)𝑛

𝑗
𝑚
𝑖    (6) 

𝑤ℎ𝑒𝑟𝑒: 

𝑨𝟎𝒊𝒋: 𝑊𝑒𝑙𝑑𝑖𝑛𝑔 − 𝑖𝑛𝑑𝑢𝑐𝑒𝑑 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 

𝒂, 𝒃: 𝑃𝑙𝑎𝑡𝑒 𝑙𝑒𝑛𝑔𝑡ℎ 𝑎𝑛𝑑 𝑤𝑖𝑑𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦 

𝒎,𝒏: 𝐻𝑎𝑙𝑓 − 𝑤𝑎𝑣𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑖𝑛 𝑥 𝑎𝑛𝑑 𝑦 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦 

 

The deflection amplitudes may be estimated from initial deflection measurements. However, if 

they are not available the amplitudes may be estimated based on empirical formulations 

provided by different authors such as Faulkner (1975), Smith (1988) or class societies. 
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For practical design purposes, a typical rectangular plate element loaded along x-direction (its 

long side) will show a multi-wave pattern in this direction (𝑚 > 1) and a single half-wave in 

the transversal direction (𝑛 = 1). Therefore, the previous expression can be simplified as: 

𝑤0 = ∑ 𝐴0𝑖𝑗 sin (
𝑖 𝜋 𝑥

𝑎
) sin (

 𝜋 𝑦

𝑏
)𝑚

𝑖     (7) 

On the other hand, when the plate is loaded along its y-direction the deflection patterns shows 

one half-wave in both directions (𝑚 = 1, 𝑛 = 1). This phenomenon is explained with further 

details in the section 2.5. 

With regarding to stiffeners deflections, initial deflections in a vertical and horizontal direction 

are also produced as shown in Fig. 14. For practical purposes, the way to estimate their 

magnitude and shape follow the same reasoning than for the plating. 

 

 

 

 

 

Figure 14: Welding induced distortions in plate-stiffener connection [5] 

 

In order to perform a non-linear buckling analysis applying FEM, it is necessary to introduce 

initial imperfections in the structure. Otherwise, if there is no imperfection, only in-plane 

displacements are produced by in-plane loading and buckling will not be triggered. 

In practice, the imperfection patterns are rather random and there is a lack of exact information 

regarding shape and amplitudes. Therefore, a widespread method to introduce initial 

imperfections is to consider the first buckling eigenmode of the perfect structure. This 

approximation provides a consistent and realistic approach to consider the imperfections in 

comparison with the measurements.  

The model imperfection amplitudes are to be set in relation with typical production and 

fabrication standards. In fact, this is the approach followed by PULS to perform buckling and 

ultimate strength assessments. 
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2.5 Modes of buckling deformation  
 

This section presents the fundamentals of buckling modes when a plate undergoes buckling 

which form the basis for understanding buckling modes of stiffened panels. The deformation 

pattern of a plate subjected to in-plane loading is function of mainly three factors: 

• Type of loading 

• Boundary conditions 

• Aspect ratio of plate 
 

The buckling deformation mode can be expressed as: 

 

𝑤 = 𝐴𝑚  sin (
𝑚 𝜋 𝑥

𝑎
)  sin (

𝑛 𝜋 𝑦

𝑏
)     (8) 

𝑤ℎ𝑒𝑟𝑒:  

𝑚: 𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 ℎ𝑎𝑙𝑓 − 𝑤𝑎𝑣𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑝𝑙𝑎𝑡𝑒 𝑖𝑛 𝑥 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 

𝑛: 𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 ℎ𝑎𝑙𝑓 − 𝑤𝑎𝑣𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑝𝑙𝑎𝑡𝑒 𝑖𝑛 𝑦 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 

 

The half-wave numbers m and n in both directions are mainly function of the aspect ratio 𝑎/𝑏 

and have a direct influence in the buckling strength through the buckling factor k, which is 

presented in chapter 3 for the elastic buckling of simply supported plates. 

One half-wave is normally produced in either the short edge or the direction in which the axial 

compressive loads are predominant as presented in Fig.15. Thus, for long plates as considered 

in this work 𝑛 = 1 is typically taken. 

 

 

 

 

 

 

Figure 15: Buckling mode deformation illustration for longitudinal loading [4] 
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For longitudinal loading, the buckling mode or buckling half-wave number is function of the 

aspect ratio as illustrated in Figure. 16. It is defined as the minimum integer satisfying the 

following condition: 

𝑎/𝑏 ≤ √𝑚 (𝑚 + 1)       (9) 
 

 

Thus, for an aspect ratio of √𝑚 (𝑚 + 1) the buckling mode will change from m to m+1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 16: Buckling coefficient for simply supported plate under longitudinal loading as function of aspect ratio 
[4] 

 

For biaxial loading, the buckling half-wave number m in the x direction can be predicted as the 

minimum integer satisfying the following condition: 

 

(
𝑚2

𝑎2 +
1

𝑏2)
2

(
𝑚2

𝑎2 +
𝑐

𝑏2)
≤ 

(
(𝑚+1)2

𝑎2 +
1

𝑏2)
2

(
(𝑚+1)2

𝑎2 +
𝑐

𝑏2)
       (10)  

 

This is derived from the analytical solution for the elastic buckling of a plate under biaxial 

loading given by Eq. 17 which is presented in the following chapter, section 3.3.2. It can be 

noted the dependence of the half-wave number on the applied loading ratio 𝑐 and the plate 

aspect ratio. If the loading ratio is 0, the previous condition given by Eq. 9 is recovered. 
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3. FUNDAMENTAL THEORY OF PLATES BUCKLING  
 

An unstiffened plate can be considered as the minimal structural unit in a stiffened panel 

partitioned by longitudinal and transverse stiffeners. It is important to study the behaviour of 

an isolated unstiffened plate in order to know how will interact with the stiffeners within the 

stiffened panel.  When the plate undergoes buckling and out-of-plane deflection develops, the 

stiffeners restrict the rotation of the plate with a certain degree. However, the boundary 

condition is typically idealized to be simply supported along its four edges. 

Therefore, this section presents fundamental ideas and methods for buckling strength 

assessment as well as main considerations regarding buckling modes. 

 

3.1 Basic configuration 
 

The typical geometrical configuration and coordinate system for an unstiffened plate is 

presented in Fig. 17.  The coordinate system takes the x-direction along the long side of the 

plate and the y-direction along the short side. By this configuration the aspect ratio of the 

element 𝑎/𝑏 is always bigger than 1. 

 

 

Figure 17: Rectangular plate under combined in-plane loading [4] 

 

In the Figure, just the in-plane loads considered in the analysis are represented. The shear and 

lateral pressure are disregarded. Due to convenience, the compressive in-plane loads are taken 

as a positive sign while the tensile stresses are taken as negative. 
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3.2 Failure mechanism and behaviour 
 

In this section is described the failure mechanism and behaviour of a simply supported 

unstiffened plate when undergoes buckling. The basic types of structural failure are driven by 

one of the following non-linear behaviour: 

 -Non-linearity associated with buckling or large deflection. 

 -Material non-linearity due to yielding or plastic deformation. 
 

As slenderness is one of the main factors affecting the buckling of a structure, it is appropriate 

to make the distinction between thin and thick plates since they will have different behaviours. 

• Thin plate 

Beyond the buckling point, the capacity increases further with the increase of deflection, but 

the in-plane stiffness (slope of average stress – average strain curve) decreases to around 0.5 

times the Young’s modulus, depending on the aspect ratio. When yielding is reached, the in-

plane stiffness starts to decrease gradually until it becomes zero and the ultimate strength is 

reached. Then, the capacity starts to decrease beyond the ultimate strength characterized by a 

high degree of instability [4]. 

• Thick plate: 

Yielding starts to take place before buckling. The maximum load-carrying capacity, that is the 

ultimate strength, is nearly equal to the fully plastic strength. This capacity is kept until buckling 

takes place where the capacity starts to decrease with the increase of the out-of-plane deflection 

[4]. 

 

 

 

 
 
 
 
 
 

Figure 18: Average stress-average strain relation for unstiffened plate under compressive loading [4] 
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In addition, the membrane stress distribution along the plate can become non-uniform as the 

plate undergoes buckling. Figure 19 shows a typical example of axial membrane stress 

distribution inside a plate element under longitudinal compressive loading before and after 

buckling occurs. 

 

Before buckling is triggered (case a), the stress distribution 

is uniform. As the plate undergoes buckling (case b and c), 

the stress distribution along x direction become non-

uniform. With respect to the y direction, the stress 

distribution may also become non-uniform if unloaded plate 

edges remaining straight (case c). In contrast, no membrane 

stresses will develop if the unloaded edges are free to 

deform (case b).  

With increase in the deflection and keeping the edges 

straight, the upper and/or lower fibres inside the middle of 

the plate element will yield initially by the action of bending. 

However, as long as it is possible to redistribute the applied 

loads to the straight plate boundaries, the plate element will 

not collapse. Collapse will occur when the most stressed 

boundary locations yield, since the plate element cannot 

keep the boundaries straight any further, resulting in a rapid 

increase of lateral plate deflection.  

The maximum membrane stresses are developed around the 

edges that remain straight while the minimum stresses occur 

in the mid-plate. The possible yield locations are 

longitudinal mid-edges for longitudinal uni-axial 

compressive loads and transverse mid-edges for transverse 

uni-axial compressive loads.[2] 

 

Figure 19: Axial membrane stress 
distribution in a plate under longitudinal 
compressive loading [2] 

 

a) Before buckling 

b) After Buckling, unloaded edges 

move freely in plane 

c) After Buckling, unloaded edges 

remain straight 
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3.3 Elastic buckling of a simply supported plate 
 

In this section the elastic buckling limit for which the plate will undergo buckling are provided. 

It should be considered that these values are obtained for a perfect ideal structure with the 

assumption of simply supported boundary conditions. Thus, by introducing initial 

imperfections in the structures and performing non-linear analysis lower values of elastic 

buckling limit are expected. 

 

3.3.1 Under single compressive load 

 

The elastic buckling stress solution for a plate under in-plane loading and simply supported 

boundary conditions is available from classical theory of elasticity derived from Timoshenko 

& Gere. The elastic buckling strength is given as follows: 

 

𝜎𝐸 = 𝑘 
𝜋2 𝐸

12 (1−𝜈2 )
 (

𝑡

𝑏
)
2

    (11)  

𝑤ℎ𝑒𝑟𝑒: 

𝜎𝐸: 𝑃𝑙𝑎𝑡𝑒 𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 

𝑘: 𝐵𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑙𝑜𝑎𝑑 

𝑡: 𝑇ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑡𝑒 

𝐸: 𝑌𝑜𝑢𝑛𝑔′𝑠 𝑀𝑜𝑑𝑢𝑙𝑢𝑠 

𝜈: 𝑃𝑜𝑖𝑠𝑠𝑜𝑛′𝑠 𝑟𝑎𝑡𝑖𝑜 

 

For uniform longitudinal compressive loading σx,  the buckling coefficient is given by: 

 

𝑘𝑥 = [
𝑎

(𝑚 𝑏)
+

(𝑚 𝑏)

𝑎
]2     (12)     

 

               
For uniform transverse compressive loading σy, the buckling coefficient is given by: 

 

𝑘𝑦 = [1 + (
𝑏

𝑎
)
2
]2      (13)     
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3.3.2 Under Biaxial compressive load 

 

An analytical solution for the elastic buckling of a plate under biaxial loading and simply 

supported boundary conditions is given by [Hughes 1988, Paik 1991] as follows: 

𝑚2

𝑎2
 𝜎𝑥 +

𝑛2

𝑏2
 𝜎𝑦 −

𝜋2𝐷

𝑡
(
𝑚2

𝑎2
+

𝑛2

𝑏2
)
2

= 0           (14)     

𝑤ℎ𝑒𝑟𝑒: 

𝐷: 𝑃𝑙𝑎𝑡𝑒 𝑓𝑙𝑒𝑥𝑢𝑟𝑎𝑙 𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦: 

𝐷 =
𝐸 𝑡3

12 (1−𝜈2)
               (15)     

 

One half-wave number is normally taken in either the short edge or the direction in which the 

axial load is predominant. For a long plate (𝑎/𝑏 ≥ 1) , 𝑛 = 1 is typically taken. Then, considering 

the applied loading ratio is constant (  
𝜎𝑦

𝜎𝑥
= 𝑐 ), the previous Eq. 14 can be expressed as: 

𝜎𝑥 (
𝑚2

𝑎2 +
𝑐

𝑏2) −
𝜋2𝐷

𝑡
(
𝑚2

𝑎2 +
1

𝑏2)
2

= 0                          (16)     

 

Buckling will take place when Eq. 16 is satisfied. Thus, the elastic buckling stress is obtained 

by replacing σx to σxE : 

𝜎𝑥𝐸 =
𝜋2𝐷

𝑡
 
(
𝑚2

𝑎2 +
1

𝑏2)
2

(
𝑚2

𝑎2 +
𝑐

𝑏2)
                  (17)   

 

Where σxE indicates the elastic longitudinal buckling stress component. Given the previous 

definition of c, the elastic transverse buckling stress in is given by: 

       𝜎𝑦𝐸 = 𝑐 𝜎𝑥𝐸              (18) 
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3.4 Non-linear governing differential equation 
 

The large-deflection behaviour of a plate in post-buckling regime can be analysed by the non-

linear differential equations derived by Marguerre (1938), based on an equilibrium (Eq. 19) and 

a compatibility (Eq. 20) equations:  

 

𝐷 (
𝜕4𝑤

𝜕𝑥4 + 2 
𝜕4𝑤

𝜕𝑥2𝜕𝑦2 +
𝜕4𝑤

𝜕𝑦4) − 𝑡 [
𝜕2𝐹

𝜕𝑥2  
𝜕2(𝑤+𝑤0)

𝜕𝑥2 − 2
𝜕2𝐹

 𝜕𝑥𝜕𝑦
 
𝜕2(𝑤+𝑤0)

𝜕𝑥𝜕𝑦
+

𝜕2𝐹

𝜕𝑦2  
𝜕2(𝑤+𝑤0)

𝜕𝑦2 +
𝑝

𝑡
] = 0    (19) 

 

𝜕4𝐹

𝜕𝑥4
+ 2

𝜕4𝐹

𝜕𝑥2𝜕𝑦2
+

𝜕4𝐹

𝜕𝑦4
− 𝐸 [ (

𝜕2𝑤

𝜕𝑥𝜕𝑦
)
2

−
𝜕2𝑤

𝜕𝑥2
 
𝜕2𝑤

𝜕𝑦2
+ 2 

𝜕2𝑤0

𝜕𝑥𝜕𝑦
 
𝜕2𝑤

𝜕𝑥𝜕𝑦
−

𝜕2𝑤0

𝜕𝑥2
 
𝜕2𝑤

𝜕𝑦2
−

𝜕2𝑤

𝜕𝑥2
 
𝜕2𝑤0

𝜕𝑦2
 ] = 0    (20) 

 

 𝑤ℎ𝑒𝑟𝑒: 

𝑤0: 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛,   
𝑤: 𝑎𝑑𝑑𝑒𝑑 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛  
𝐹: 𝐴𝑖𝑟𝑦′𝑠 𝑠𝑡𝑟𝑒𝑠𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

 

To solve the previous equations, it is necessary first to assume the added and initial deflections 

𝑤0 and 𝑤 which are typically taken as: 

𝑤0 = 𝐴0𝑚 sin (
𝑚 𝜋 𝑥

𝑎
) sin (

 𝜋 𝑦

𝑏
)    (21) 

𝑤 = 𝐴𝑚 sin (
𝑚 𝜋 𝑥

𝑎
) sin (

 𝜋 𝑦

𝑏
)    (22) 

𝑤ℎ𝑒𝑟𝑒: 

𝐴0𝑚: 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑 𝑜𝑓 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛   

𝐴𝑚: 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑑𝑑𝑒𝑑 𝑑𝑒𝑓𝑙𝑡𝑒𝑐𝑡𝑖𝑜𝑛  
 

Then, Galerkin method is applied to obtain a third order equation with respect to the unknown 

variable 𝐴𝑚. Considering the loading and boundary conditions, the amplitude of the added 

deflection 𝐴𝑚 and Airy’s stress function 𝐹 can be calculated. 

Once the previous parameters are known the membrane stress distribution within the plate 

stresses can be derived as follows: 

𝜎𝑥 =
𝜕2𝐹

𝜕𝑦2
−

𝐸 𝑧

1−𝜈2
(

𝜕2𝑤

𝜕𝑥2
+ 𝜈

𝜕2𝑤

𝜕𝑦2
)
2

= 0    (23) 

𝜎𝑦 =
𝜕2𝐹

𝜕𝑥2
−

𝐸 𝑧

1−𝜈2
(

𝜕2𝑤

𝜕𝑦2
+ 𝜈

𝜕2𝑤

𝜕𝑥2
)
2

= 0    (24) 
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4. FUNDAMENTAL THEORY OF STIFFENED PANELS BUCKLING  
 

The stiffened panel is an assembly of plating and stiffener which act as support members and 

represents the main load bearing element in a ship hull. Unlike columns, this structure can 

sustain further loads after buckling occurs in the elastic or even inelastic regime until the 

ultimate capacity is reached. This section presents fundamental theory and methods with respect 

to buckling strength and collapse behaviour as well as main considerations regarding buckling 

patterns. 

4.1 Basic configuration 
 

The stiffened panel represent the main structural unit used in ship structure. There are different 

arrangements and configurations depending on the location where they operate and the loads 

they have to sustain. In general terms, its geometrical configuration is illustrated in Fig. 20.  

The principal structural members composing a stiffened panel are: 

• Plate panels: plating 

• Small support members: stiffeners 

• Strong support members: Frames, girders, bulkheads, box girders 

 

Plating is primarily sustaining in-plane loads while the support members resist out-of-plane 

loads and bending. Small support members or stiffeners are supported by the strong heavy 

members which are spaced at bigger distances and ensuring that the plate panels have an 

adequate strength when loaded. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 20: Typical stiffened panel configuration in ship structure [5] 



  

 

28 
 
 

In ship structures, heavy members are composed of deep webs and wide flanges. They are 

oriented in the primary loading condition (longitudinal direction for ship hulls of a certain size). 

When they are placed orthogonally to the primary load direction, they are usually called frames. 

To improve the stiffness and strength of stiffened panels, increasing the stiffener dimensions is 

usually more efficient than simply increasing the plate thickness. Figure. 21 shows typical 

stiffener profiles used for stiffening the plating. 

 

 
 

Figure 21: Typical stiffeners used in stiffened panels [5] 

 
 

In general, ship structures are designed so that buckling collapse does not occur in the primary 

structural members for loads below the design load. In addition, the stiffeners are sized so that 

plating will buckle before the overall buckling mode of the whole structure which would lead 

to a significant instability. 

A typical arrangement for a stiffened panel under combined in-plane loads and typical 

coordinates system is shown in Fig. 22.  

 

 

 

 

 

 

 

 

 

 

 

Figure 22: Cross-stiffened panel under combined in-plane loads and lateral pressure [5] 
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4.2 Failure mechanism and behaviour 
 

In this section is described the failure mechanism and behaviour of a simply supported stiffened 

panel when undergoes buckling. In the same way than for unstiffened plates, the structural 

failure is driven by one of the following non-linear behaviour: 

 -Non-linearity associated with buckling or large deflection. 

 -Material non-linearity due to yielding or plastic deformation. 
 

The compressive load is considered to act along the direction of the stiffeners. As slenderness 

is one of the main factors affecting the buckling behaviour of a structure, it is appropriate to 

make the distinction between different slenderness degrees as illustrated in Fig. 23. 

• High slenderness ratio (Curve A): Elastic plate buckling (just at the panel) takes place 

locally at the point 1 and the stiffness decreases due to the inferred out-of-plane 

deflections. At point 3, yielding starts to take place and stiffness keeps decreasing 

gradually until it reaches Point 2 where it is zero and the overall buckling of the stiffened 

panel occurs. After this point the capacity starts to decrease. 

 

• Low slenderness ratio (Curve B): Yielding starts to take place at Point 3 and as in the 

previous case, the ultimate strength is attained at point 4 by overall buckling of the 

stiffened panel. 
 
 

• Very low slenderness ratio (Curve C): Yielding starts at point 5 and soon the general 

yielding takes place all over the stiffened panel. However, no out-of-plane deflection is 

produced yet. At Point 6, either the panel or the stiffener undergoes buckling and the 

capacity decreases with the increase inn deflection in the panel or in the stiffener. [4]. 

 

 

 

 

Figure 23: Average stress-
average strain relation for a 
typical stiffened panel under 
compressive loading [4] 
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4.3 Overall Buckling 
 

This mode is associated to the buckling pattern of the whole stiffened panel as a single plate. 

When the stiffeners are small, the stiffened panel can buckle together with the plating as 

illustrated in Fig. 24. This buckling pattern is called overall buckling and presents one half-

wave in both directions longitudinal and transversal. It can be expressed as:  

𝑤𝑜𝑣𝑒𝑟𝑎𝑙𝑙 = 𝐴11 sin
𝜋𝑥

𝑎
 sin

𝜋𝑦

𝑏
                   (25) 

 
Figure 24: Overall Buckling of stiffened panel [5] 

 

Even though if the stiffened panel can sustain further loads after the inception of buckling, the 

occurrence of overall buckling is considered a significant instability in the structure. Therefore, 

the structure is designed so overall buckling is prevented prior to local buckling of plating 

between stiffeners. 

Elastic overall buckling formulations for a stiffened panel under single and combined loading 

are presented below: 

• Longitudinal axial compression  

The overall buckling of the panel under longitudinal loading can be approximated by the 

column buckling of a plate-stiffener combination representative of the panel as presented in 

Fig. 25. The boundary conditions are considered as simply supported. 

  

Figure 25: Plate-stiffener combination [5] 
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The elastic overall buckling stress σxEO is based on the Euler buckling load PE and is derived 

as follows: 

𝜎𝑥𝐸𝑂 =
𝑃𝐸

𝐴
     (26)    

𝑊ℎ𝑒𝑟𝑒: 

𝑃𝐸 : 𝐸𝑢𝑙𝑒𝑟 𝐵𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝐿𝑜𝑎𝑑 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦       𝑃𝐸 =
𝜋2 𝐸 𝐼𝑒

𝐿2      (27)    

𝐼𝑒:𝑀𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝐼𝑛𝑒𝑟𝑡𝑖𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑡𝑒 − 𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑟 𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑡𝑎𝑘𝑖𝑛𝑔 𝑡ℎ𝑒 𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑏𝑟𝑒𝑎𝑑𝑡ℎ 

𝐿: 𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒𝑝𝑙𝑎𝑡𝑒 − 𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑟 𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛 

 

• Transverse axial compression 

The overall buckling of the panel under transverse loading can be predicted from the plate 

buckling strength formula (Eq. 11) as presented in section 3.2.1 by neglecting the stiffeners. 

*Given that this formulation is available for aspect ratios bigger than one, the coordinate system 

is to be rotated. 

 

• Combined Biaxial Compression 

The overall buckling strength of the panel under combined biaxial loading can be calculated 

analytically by solving the non-linear differential equation of large-deflection orthotropic plate 

theory presented in section 4.5. Immediately before buckling occurs, the panel lateral deflection 

must be zero. This results in an overall panel buckling strength under combined axial loading 

as follows: 

   
𝑚2 𝐵

 𝐿
𝜎𝑥  +  

𝑛2 𝐿

 𝐵
𝜎𝑦  +  

𝜋2

𝑡
 (𝐷𝑥

𝑚4 𝐵

𝐿3 + 2𝐻
𝑚2 𝑛2

𝐿𝐵
+ 𝐷𝑦

𝑛4 𝐿

𝐵3 ) = 0  (28) 

Which provides the elastic overall buckling stress as: 

𝜎𝑥𝐸𝑂 = −
𝜋2

𝑡 (𝑚2 
𝐵

𝐿
+𝑐𝑛2 

𝐿

𝐵
)
 (𝐷𝑥

𝑚4 𝐵2

𝑛2 𝐿4 + 2𝐻
𝑚2 

𝐿2 + 𝐷𝑦
𝑛2 

𝐵2)   (29)     

𝑊ℎ𝑒𝑟𝑒: 

𝑐: 𝐿𝑜𝑎𝑑𝑖𝑛𝑔 𝑟𝑎𝑡𝑖𝑜,   𝑐 = 𝜎𝑥/𝜎𝑦 

𝐷: 𝐹𝑙𝑒𝑥𝑢𝑟𝑎𝑙 𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑜𝑟𝑡ℎ𝑜𝑡𝑟𝑜𝑝𝑖𝑐 𝑝𝑙𝑎𝑡𝑒 

𝐻: 𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑡𝑜𝑟𝑠𝑖𝑜𝑛𝑎𝑙 𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦 
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4.4 Local Buckling 
 

When stiffeners are strong enough so the overall buckling mode is prevented, the stiffened panel 

will buckle in local modes. These buckling patterns refer to the mode where either plating or 

stiffeners buckle separately. In addition, they can occur simultaneously at the same time and 

interact with each other. 

With respect to the scope of this work the main local buckling modes are the following: 

• Buckling of plating between stiffeners 

• Buckling of stiffener web 

• Lateral-torsional buckling of stiffeners 

 

4.4.1 Buckling of plating between stiffeners 

 

This mode takes place when the stiffeners are strong enough remaining straight until the plating 

between them undergo buckling as illustrated in Fig. 26. 

 

Figure 26: Local Buckling of plating between stiffeners [5] 

 

The buckling strength of this mode can be derived by considering the bare plate element and 

applying formulation provided in section 3.3.  

 

4.4.2 Buckling of stiffener web 
 

This mode refers to the local buckle of the stiffener web as illustrated in Fig. 27. It generally 

takes place when the stiffener web is tall or the thickness is small. 
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Figure 27: Local Buckling of stiffener web [5] 

 

This buckling mode can sometimes be a sudden phenomenon which results in the unloading of 

the stiffened panel. It is mainly influenced by the torsional rigidities of adjacent members. When 

the stiffener undergoes buckling the plating is left with no stiffening, hence this situation to the 

stiffened panel collapse. To deal with this interaction, the structure is to be designed so buckling 

of stiffener web does not take place until plating between stiffeners buckles.  

The buckling strength of stiffener web can be derived from the differential equation for the out-

of-plane deflection with zero initial deflection and simply supported edges: 

𝐷𝑤 (
𝜕4𝑣

𝜕𝑥4 + 2
𝜕4𝑣

𝜕2𝑥 𝜕2𝑧
+

𝜕4𝑣

𝜕𝑧4) + 𝑡𝑤 𝜎𝑥
𝜕4𝑣

𝜕𝑧4 = 0    (30)   

𝑊ℎ𝑒𝑟𝑒: 

𝑣: 𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑟 𝑤𝑒𝑏        

𝐷𝑤: 𝐵𝑒𝑛𝑑𝑖𝑛𝑔 𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦 𝑜𝑓 𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑟 𝑤𝑒𝑏        

 

Which leads to: 

𝜎𝐸
𝑊 = −𝑘𝑤  

𝜋2 𝐸

12 ( 1−𝑣2 )
 (

𝑡𝑤

ℎ𝑤
)
2

                (31)     

𝑊ℎ𝑒𝑟𝑒: 

𝜎𝐸
𝑊: 𝐸𝑙𝑠𝑎𝑡𝑖𝑐 𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑟 𝑤𝑒𝑏        

𝑘𝑤: 𝐵𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑟 𝑤𝑒𝑏        

 

The theoretical development to obtain the elastic buckling strength expression is further 

developed in [5]. Solving Eq. 30 is not always straightforward, so for design and fast assessment 

stages a closed form method is usually used to derive 𝑘𝑤 , for flat bar stiffeners: 
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𝑘𝑤 = {

0.303 𝜁𝑝 + 0.427                          𝑓𝑜𝑟 0 ≤   𝜁𝑝 ≤ 1

1.277 −
1

(1.40  𝜁𝑝+0.428)
      𝑓𝑜𝑟 1 <   𝜁𝑝 ≤ 6

1.2652                                     𝑓𝑜𝑟 60 <   𝜁𝑝

    (32) 

𝑊ℎ𝑒𝑟𝑒: 

 𝜁𝑝: 𝑇𝑜𝑟𝑠𝑖𝑜𝑛𝑎𝑙 𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑡𝑖𝑛𝑔        

 

4.4.3 Lateral-torsional Buckling of stiffeners 
 

This mode, also known as tripping, consists in the rotation of the stiffeners around the plate-

stiffener connection as illustrated in Fig. 28.  It takes place when the torsional rigidity of the 

stiffener is not strong enough so it twists sideways 

 

 

 

 

Figure 28: Lateral-torsional Buckling of stiffeners 

 

In the same way than the buckling of stiffener web, it is produced suddenly reducing 

considerably the stiffness of the plating and thus overall collapse may be triggered afterwards.  

There are some available theoretical approaches with respect to this buckling mode such as 

Smith (1975) or Hughes & Ma (1996). The derivation of theoretical solutions it is not 

straightforward considering the section deformations as illustrated in Fig. 29. That is why for 

practical and design purposes a closed -form expressions as provided by Paik are used [5]. 

 

 

 

 

 

 
 

Figure 29: Lateral-torsional Buckling idealization of deformations: Actual deformation (left),  idealized (right)  [4] 
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4.5 Non-linear governing differential equations 
 

The non-linear governing differential equations for stiffened panels are usually divided into two 

groups according to buckling modes as follows: 

• Overall panel buckling, analysed by large-deflection orthotropic plate theory. 

Orthotropic plate theory applies to plates having different flexural rigidities in two 

perpendicular directions. The structure is idealized assuming that the properties of the stiffeners 

are distributed uniformly over the plate as illustrated inf Fig. 30. 

 
 

 

 

 

 

 

Figure 30: Idealization of stiffened panel into anisotropic plate [4] 

 

The buckling behaviour of this mode can be analysed by solving non-linear governing 

differential equations which consist in the equilibrium (Eq. 33) and compatibility equation (Eq. 

34) equations: 

 

𝐷𝑥
𝜕4𝑤

𝜕𝑥4 + 2 𝐻
𝜕4𝑤

𝜕𝑥2𝜕𝑦2 + 𝐷𝑦
𝜕4𝑤

𝜕𝑦4 − 𝑡 [
𝜕2𝐹

𝜕𝑦2  
𝜕2(𝑤+𝑤0)

𝜕𝑥2 − 2
𝜕2𝐹

 𝜕𝑥𝜕𝑦
 
𝜕2(𝑤+𝑤0)

𝜕𝑥𝜕𝑦
+

𝜕2𝐹

𝜕𝑥2  
𝜕2(𝑤+𝑤0)

𝜕𝑦2 +
𝑝

𝑡
] = 0    (33) 

 

1

𝐸𝑦

𝜕4𝐹

𝜕𝑥4
+ (

1

𝐺𝑥𝑦
+ 2

𝑣𝑥

𝐸𝑥
)

𝜕4𝐹

𝜕𝑥2𝜕𝑦2
+

1

𝐸𝑥

𝜕4𝐹

𝜕𝑦4
− [ (

𝜕2𝑤

𝜕𝑥𝜕𝑦
)
2

−
𝜕2𝑤

𝜕𝑥2
 
𝜕2𝑤

𝜕𝑦2
+ 2 

𝜕2𝑤0

𝜕𝑥𝜕𝑦
 
𝜕2𝑤

𝜕𝑥𝜕𝑦
−

𝜕2𝑤0

𝜕𝑥2
 
𝜕2𝑤

𝜕𝑦2
−

𝜕2𝑤

𝜕𝑥2
 
𝜕2𝑤0

𝜕𝑦2
 ] = 0                (34) 

 

 𝑤ℎ𝑒𝑟𝑒: 
𝑤0: 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛,   
𝑤: 𝑎𝑑𝑑𝑒𝑑 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛  
𝐹:𝐴𝑖𝑟𝑦′𝑠 𝑠𝑡𝑟𝑒𝑠𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 
𝐸𝑥 , 𝐸𝑦: 𝐸𝑙𝑎𝑠𝑡𝑖𝑐 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 𝑖𝑛 𝑥 𝑎𝑛𝑑 𝑦 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛𝑠  

𝑣𝑥, 𝑣𝑦: 𝑃𝑜𝑖𝑠𝑠𝑜𝑛′𝑠 𝑟𝑎𝑡𝑖𝑜 𝑖𝑛 𝑥 𝑎𝑛𝑑 𝑦 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 

𝐷𝑥, 𝐷𝑦: 𝐹𝑙𝑒𝑥𝑢𝑟𝑎𝑙 𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦 𝑖𝑛 𝑥 𝑎𝑛𝑑 𝑦 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛𝑠  

𝐺𝑥𝑦: 𝐸𝑙𝑎𝑠𝑡𝑖𝑐 𝑠ℎ𝑒𝑎𝑟 𝑚𝑜𝑑𝑢𝑙𝑢𝑠  

𝐻: 𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑡𝑜𝑟𝑠𝑖𝑜𝑛𝑎𝑙 𝑟𝑖𝑔𝑖𝑑𝑖𝑡𝑦  
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The solving procedure is similar as described in section 3.4 for an unstiffened plate but 

accounting for the anisotropy in the two perpendicular directions 𝑥 and 𝑦 arising from the 

arrangement of the stiffeners. Once the added deflection 𝑤 and Airy’s stress function are 

calculated, the stresses within the panel can be derived as: 

𝜎𝑥 =
𝜕2𝐹

𝜕𝑦2
−

𝐸𝑥 𝑧

1−𝑣𝑥𝑣𝑦
(

𝜕2𝑤

𝜕𝑥2
+ 𝑣𝑦

𝜕2𝑤

𝜕𝑦2
)
2

= 0               (35)   

𝜎𝑦 =
𝜕2𝐹

𝜕𝑥2
−

𝐸𝑦 𝑧

1−𝑣𝑥𝑣𝑦
(

𝜕2𝑤

𝜕𝑦2
+ 𝑣𝑥

𝜕2𝑤

𝜕𝑥2
)
2

= 0   (36)     

 

• Local panel buckling, analysed by large-deflection isotropic plate theory. This case 

applies when stiffeners are strong enough so overall buckling is prevented. For 

analysing this buckling mode, the non-linear governing differential equation is 

described in the previous section 3.4. 
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5. INVESTIGATION OF TYPICAL STRUCTURES IN LARGE CRUISE 

VESSELS  
 

In this section common structural features in terms of plating and stiffened panels are presented 

according to a global class cruise vessel of 342 m long, 46.4 m wide and a capacity for up to 

9500 passengers [8]. Then, different configurations are selected in order to perform the further 

analysis. 

Modern cruise vessels are very complex structures not only in terms of logistics and integration 

of systems but also in structural terms.  Designs can vary widely from each other but they are 

often characterized by having multiple decks and long superstructures with many openings as 

shown in Fig. 31, which shows a cut section from within the vessel towards outside. The largest 

number of openings is due to the cabins having an outdoor view and often a balcony.  

 
Figure 31: Section view of considered cruise vessel 

 

In addition, they can be characterized in comparison with other type of vessels such as bulk 

carriers, tankers or containerships by having a large structural redundancy as illustrated in Fig. 

32 through a section cut by amidships.  

 

Figure 32: Longitudinal cut through amidships of vessel considered 
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Due to this complexity, the assessment of the design according to conventional rule formulas 

is difficult since they have been developed for similar structural arrangements. Thus, the 

assessment of modern cruise vessels tends to combine rule formulas with an extension by direct 

calculations to account for the particularities in the design. 

 

5.1 Plating 
 

There are different plate thicknesses depending on the location of the vessel and structural 

purpose of the section where they are placed. A representative range of thicknesses in the vessel 

vary from 10 to 18 mm approximately as illustrated in Fig. 33. 

In the lower panels, up to the fourth deck from the baseline, the plating thickness is 15.5 mm. 

From fourth deck up to weather deck the thickness lies between 12 and 13.5 mm. For upper 

decks, characterized by large openings due to the cabin outdoor views and spaces, the plating 

has a thickness of 18 mm. 

It can be seen that lower plating is characterized for being surrounded by stiffened panels and 

thus the thicknesses are lower than for the upper decks. In addition, lower values from 6 to 10 

mm may be found in rather localized areas with a non-high demanding load bearing 

 

 

Figure 33: Plate thicknesses along height of the vessel 
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The most representative plating configuration in the vessel can be considered by taking the most 

representative stiffened panel as illustrated in Fig. 33. Thus, the unstiffened plate that is 

considered for the further analysis is defined by the stiffened panel configuration, that is the 

frame and stiffener spacing. 

Length:   2.7 m  (frame spacing)   

Width:    0.6 m   (stiffeners spacing)  

Material:    A36  

 Yielding strength:  355 MPa 

 

5.2 Stiffened Panel 
 

Stiffened panel represent the main structural unit within the vessel and they are placed all along 

the sides, bottom, decks and also inner spaces. In the same way than the plating, the stiffeners 

size and thickness vary depending on the place they are located and its structural purpose. 

Regarding the configuration, there is a wide variety of stiffener dimensions and thicknesses 

which vary according to the plate thicknesses described in previous sections and can eb 

summarized as follows: 

• Stiffeners (L-Type): 

Height: From 100 to 240 mm 

Width: From 21 to 60 mm 

Thickness: From 100 to 240 mm 

• Heavy support members (T-Type): 

Web Height: From 235 to 640 mm 

Web Thickness: From 7 to 10 mm 

Flange width: From 100 to 150 mm 

Flange Thickness: From 12 to 15 mm 

 

Stiffener spacing is typically taken as 600 m although in some locations irregular stiffening 

spacing is implemented due to practical issues in design and production. 
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In general terms, the most representative stiffened panel configuration in the vessel is presented 

in Fig. 34 with the following characteristics: 

 

Length:   2.7 m  (frame spacing)   

Width:    3 m   (girder spacing)  

N° of stiffeners:   4-5   

Stiffeners spacing:   600 mm    

Material:    A36  

 Yielding strength:  355 MPa 

 

 

 

Figure 34: Representative stiffened panel for the vessel 

 

5.3 Selected configurations for the analysis 
 

Considering the previous structural arrangements present in the vessel, six structural 

configurations are selected to perform the further analysis. Three unstiffened plates and three 

stiffened panels. In addition, an enhanced model for each stiffened panel is selected considering 

the dimensions of the surrounding heavy members. 

The structures selection aims to represent in a consistent way different arrangements to have a 

broader view of their behaviour in terms of buckling. The varying parameters are the 

thicknesses for plating and stiffener as well as the stiffener height. 

The unstiffened plates are defined by the stiffeners and transverse spacing, considering thus the 

minimum unstiffened plate in the structure. 
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The selected configurations are summarized in the tables below: 

 

Unstiffened plate configurations:  

 

Length:  2.7 m  (frame spacing)   

Width:   600 mm  (stiffener spacing)  

 

 Plate 

Thickness [mm] 

Unstiffened Plate 1 6 

Unstiffened Plate 2 12 

Unstiffened Plate 3 15.5 
 

Table 1: Selected unstiffened plates for the analysis 

 

 

Stiffened panel configurations: 

 

Length:  2.7 m  (frame spacing)   

Width:   3 m   (girder spacing)  

Stiffener spacing: 600 mm 

 

*The stiffener selected for the analysis is a flat-bar stiffener 

 

 PLATE STIFFENER FRAME 

Thickness 
[mm] 

Height 
[mm] 

Thickness 
[mm] 

Web 
Height 

[mm] 

Web 
Thickness 

[mm] 

Flange 
Width 

[mm] 

Flange 
Thickness 

[mm] 
Stiff. Panel 1 6 100 6 235 7 100 12 

Stiff. Panel 2 12 140 8 485 10 150 15 

Stiff. Panel 3 15.5 240 10 640 10 150 15 
 

Table 2: Selected stiffened panels for the analysis 

 

 



  

 

42 
 
 

6. TYPICAL CLASS METHODS OF UNSTIFFENED AND STIFFENED 

STRUCTURES 
 
 
 

The load-carrying capacity reduction when a structural member undergoes buckling causes a 

redistribution and increase of internal forces in unbuckled members, which may lead to the 

progressive occurrence of buckling failure and result in the collapse of the whole structure. This 

is why in old classification societies rules, buckling was not allowed in any structural member. 

 

However, aiming a more rational design, capacity in post buckling strength and ultimate 

strength were introduced as design standard in Common Structural Rules (CSR) by IACS in 

early 2000s. Initially, two CSR were issued, one for Bulk carriers and another for Double Hull 

Oil Tankers. Later, these two were joined into Harmonized Structural Rules (H-CSR) which 

came into effect in 2015. 

 

This chapter is based in typical class methods according to DNV-GL rules [6]. Accordingly, 

the following three methods are provided for the assessment of buckling and ultimate strength 

of load carrying members: 

 

• Closed Form Method (CFM) 

• PULS Code  

• Non-Linear Finite Element 

 

These methods assume a quasi-static formulation; hence the dynamic load effects are not being 

considered since the load varies slowly with time. This leads to a conservative assumption 

which applies to the environmental conditions the structure is going to operate in. 
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6.1 Closed form method (CFM) 
 

This method is based on semi-empirical formulations and criteria is given as Closed Cell 

Formulas (CCF). It allows a buckling capacity assessment of different structural elements such 

as plate panels, stiffeners, stiffened panels, pillars or corrugated bulkheads. 

The buckling capacity of the element is determined by applying the actual stress combination 

and then modifying the stresses proportionally until the interaction formulae are equal to 1. 

With respect to stiffened panels, the DNV-GL[6] considers three limit states which are 

presented below with their corresponding interaction formulas: 

 

• Overall Stiffened panel limit state:  

𝑃𝑧

𝑐𝑓
= 1          (37)     

𝑊ℎ𝑒𝑟𝑒: 
 

𝑷𝒛: 𝑁𝑜𝑚𝑖𝑛𝑎𝑙 𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑙𝑜𝑎𝑑 𝑎𝑐𝑡𝑖𝑛𝑔 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑟 𝑑𝑢𝑒 𝑡𝑜 𝑠𝑡𝑟𝑒𝑠𝑠𝑒𝑠 𝜎𝑥 , 𝜎𝑦 𝑎𝑛𝑑 𝜏  

𝑖𝑛 𝑡ℎ𝑒 𝑎𝑡𝑡𝑎𝑐ℎ𝑒𝑑 𝑝𝑙𝑎𝑡𝑖𝑛𝑔 𝑖𝑛 𝑤𝑎𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑟 𝑚𝑖𝑑𝑠𝑝𝑎𝑛  [𝑁/𝑚𝑚2] 

𝒄𝒇: 𝐸𝑙𝑎𝑠𝑡𝑖𝑐 𝑠𝑢𝑝𝑝𝑜𝑟𝑡 𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑟 [𝑁/𝑚𝑚2]   
 

 

• Plate limit state:    

(
𝛾𝑐1𝜎𝑥 𝑆 

𝜎𝑐𝑥
′

)
𝑒0

− 𝐵 (
𝛾𝑐1𝜎𝑥 𝑆 

𝜎𝑐𝑥
′

)

𝑒0
2

(
𝛾𝑐1𝜎𝑦 𝑆 

𝜎𝑐𝑦
′

)

𝑒0
2

+ (
𝛾𝑐1𝜎𝑦 𝑆 

𝜎𝑐𝑦
′

)
𝑒0

+ (
𝛾𝑐1

|𝜏| 𝑆 

𝜏𝑐
′

)
𝑒0

= 1 (38)   

  (
𝛾𝑐2𝜎𝑥 𝑆 

𝜎𝑐𝑥
′

)

2

𝛽𝑝
0.25

+ (
𝛾𝑐2

|𝜏| 𝑆 

𝜏𝑐
′

)

2

𝛽𝑝
0.25

= 1   𝑓𝑜𝑟 𝜎𝑥 ≥ 0    (39)  

(
𝛾𝑐3𝜎𝑦 𝑆 

𝜎𝑐𝑦
′

)

2

𝛽𝑝
0.25

+ (
𝛾𝑐3

|𝜏| 𝑆 

𝜏𝑐
′

)

2

𝛽𝑝
0.25

= 1   𝑓𝑜𝑟 𝜎𝑦 ≥ 0  (40) 

𝛾𝑐4
|𝜏| 𝑆 

𝜏𝑐
′

= 1       (41) 

 

𝑊ℎ𝑒𝑟𝑒: 

 

𝝈𝒙, 𝝈𝒚: 𝐴𝑝𝑝𝑙𝑖𝑒𝑑 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑙𝑎𝑡𝑒 𝑝𝑎𝑛𝑒𝑙 

𝝈𝒄𝒙
′ : 𝑈𝑙𝑡𝑖𝑚𝑎𝑡𝑒 𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑠𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑜𝑛𝑔𝑒𝑟 𝑒𝑑𝑔𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑛𝑒𝑙 

𝝈𝒄𝒚
′ : 𝑈𝑙𝑡𝑖𝑚𝑎𝑡𝑒𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑠𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑒 𝑠ℎ𝑜𝑟𝑡𝑒𝑟 𝑒𝑑𝑔𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑛𝑒𝑙 

𝝉: 𝐴𝑝𝑝𝑙𝑖𝑒𝑑 𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑠𝑠 
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𝝉𝒄
′: 𝐵𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑖𝑛 𝑠ℎ𝑒𝑎𝑟 

𝛾𝑐1, 𝛾𝑐2,𝛾𝑐3, 𝛾𝑐4: 𝑆𝑡𝑟𝑒𝑠𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟𝑠 𝑎𝑡 𝑓𝑎𝑖𝑙𝑢𝑟𝑒 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑏𝑜𝑣𝑒 𝑙𝑖𝑚𝑖𝑡 𝑠𝑡𝑎𝑡𝑒𝑠 

𝐵:𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 

𝑒0:𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 

𝛽𝑝:𝑃𝑙𝑎𝑡𝑒 𝑠𝑙𝑒𝑛𝑑𝑒𝑟𝑛𝑒𝑠𝑠 
 

• Stiffener limit state: 

 
𝛾𝑐𝜎𝑎+𝜎𝑏+𝜎𝑤 

𝑅𝑒𝐻

 𝑆 = 1                    (42) 

 

𝑊ℎ𝑒𝑟𝑒: 

 

𝝈𝒂: 𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑎𝑥𝑖𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠, 𝑎𝑡 𝑚𝑖𝑑 𝑠𝑝𝑎𝑛  𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑟 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑎𝑡𝑡𝑎𝑐ℎ𝑒𝑑 𝑝𝑙𝑎𝑡𝑖𝑛𝑔 

𝝈𝒃: 𝑏𝑒𝑛𝑑𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑠𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑟 

𝝈𝒘: 𝑠𝑡𝑟𝑒𝑠𝑠 𝑑𝑢𝑒 𝑡𝑜 𝑡𝑜𝑟𝑠𝑖𝑜𝑛𝑎𝑙 𝑓𝑒𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 

𝑹𝒆𝑯: 𝑦𝑖𝑒𝑙𝑑 𝑠𝑡𝑟𝑒𝑠𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 

𝒔: 𝑠𝑎𝑓𝑒𝑡𝑦 𝑓𝑎𝑐𝑡𝑜𝑟 

 

 

 

Although numerical methods can produce very accurate results, they tend to use significant 

computational and time resources limiting their application. The combination of speed and 

reliability makes this method suitable for use especially in preliminary design phases for 

structural members [9]. 
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6.2 PULS method  
 

This chapter presents the theoretical basis and background behind PULS formulation and 

approach. A more developed and extended information is available in [1], [2] and [6]. 

 

PULS is a computerized code developed by DNV-GL and IACS for the purpose of doing a fast 

buckling and ultimate strength assessment of unstiffened and stiffened thin plate elements with 

an accuracy close to more advanced NFEM. It is based on a direct semi-analytical approach 

using non-linear plate theory capable of predicting the elastic buckling limit (eigenvalues) and 

the post-buckling behaviour up to the ultimate strength limit. A direct approach means that the 

equations describing the physical problem are established and a numerical strategy is used for 

solving them. 

 

The strength assessment can be performed for combined loading as indicated in Fig. 35, 

considering: 

 

i. In-plane axial load in the direction of the stiffener, compression or tension  (𝜎1) 

ii. In-plane transverse load in the direction perpendicular to the stiffener, compression 

or tensions  (𝜎2) 

iii. In-plane shear  (𝜎3) 

iv. Lateral pressure 

 

 

 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 35: Schematic combined loading for unstiffened plate (left) and stiffened panel (right) [1] 
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Several types of elements are available covering regular stiffening, non-regular stiffening and 

corrugation arrangements as presented in Fig. 36. They are implemented in DNV-GL’s 

NAUTICUS Hull program and the basic plate elements (U3, S3) are also available in Excel 

format, which offers an easy input of a large number of panels, and therefore makes parametric 

studies easier to perform. The current library presents four different structural elements: 

 

1 Unstiffened rectangular plate, U3 

2 Uni-axially or Orthogonally stiffened rectangular plate, S3 

3 Non-regular stiffened plate, T1 

4 Symmetric trapezoidal open corrugation, K3 

 

   

Figure 36: PULS available elements [6] 

 

 

 

For all elements PULS provides the Buckling Strength (BS) and Ultimate Capacity (UC) for 

the specified load combination. Geometrical imperfections and residual stress effects are 

implicitly considered in the code with typical values for welded and fabricated steel plates as 

used in ships and offshore constructions. 

For the purpose of code/rules checking, the results are presented in a single parameter: the usage 

factor. This factor provides a measure of the difference between the specified load and the 

corresponding UC or BS, giving an intuitive idea about how far the element is operating from 

its critical load.  
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6.2.1 Theory fundamentals  
 
 

PULS method is classified as semi-analytical in the sense that is based on a recognized non-

linear large deflection plate theory (Marguerre) in combination with a Rayleigh-Ritz 

discretization of deflections. This discretization method implies global trigonometric functions 

over the plate and stiffener surfaces through a Fourier series expansion. Thus, by using 

sufficiently terms in the series, relatively complex deflection shapes can be described. 

The set of algebraic non-linear equilibrium equations are derived based on energy principles 

and solved using an incremental numerical perturbation scheme with arc length control. The 

von Mises yield strength in hot spot locations is controlled against the material yield condition 

for each load step and used as an indicator for when the ultimate strength is reached.  

Taking the non-linear plate theory due to Marguerre, the kinematic and compatibility equations 

for plates including geometrical imperfections i.e the membrane strain-displacement relations 

are as follows: 

𝜀11 = 𝑢1,1 +
1

2
𝑤2

,1 + 𝑤,1 𝑤0,1     (43) 

𝜀22 = 𝑢2,2 +
1

2
𝑤2

,2 + 𝑤,2 𝑤0,2     (44) 

𝜀33 =
1

2
(𝑢1,2 + 𝑢2,1) +

1

2
(𝑤,1 𝑤,2 + 𝑤,1 𝑤0,2 + 𝑤,2 𝑤0,1)  (45) 

 

The corresponding compatibility equation reads: 

∇4𝐹 = 𝐸 [𝑤2
,12 − 𝑤,11 𝑤,22 + 2 𝑤0,12 𝑤,12 − 𝑤0,11 𝑤,22 − 𝑤0,22 𝑤,11]  (46) 

𝑤ℎ𝑒𝑟𝑒: 

𝜺:𝑀𝑒𝑚𝑏𝑟𝑎𝑛𝑒 𝑠𝑡𝑟𝑎𝑖𝑛 𝑡𝑒𝑛𝑠𝑜𝑟 

𝒖𝜶,𝜷: 𝐼𝑛 − 𝑝𝑙𝑎𝑛𝑒 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡𝑠 

𝒘,𝜶  , 𝒘,𝜶𝜷 , 𝒘𝟎,𝜶 , 𝒘𝟎,𝜶𝜷 : 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑎𝑛𝑑 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑜𝑢𝑡 − 𝑜𝑓 𝑝𝑙𝑎𝑛𝑒 𝑝𝑙𝑎𝑡𝑒 𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡𝑠 

𝑭:𝐴𝑖𝑟𝑦′𝑠 𝑠𝑡𝑟𝑒𝑠𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 
 

The equilibrium equations are derived using energy principles. Taking the Virtual work 

principle on total form as: 

∫ 𝜎𝛼𝛽  𝛿𝛼𝛽 =
𝑉

 𝛿𝐸      (47) 
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Where the left side represents the internal virtual work over the volume 𝑉, and the right side 

represents the external virtual work done by the external forces. For derivation of the 

equilibrium equations on incremental form (1th order of perturbation rate) the virtual work 

equation is derived as follows, where the dot over the symbol represent the incremental 

properties: 

∫ 𝜎̇𝛼𝛽 𝛿𝜀𝛼𝛽  +  ∫ 𝜎𝛼𝛽 𝛿𝜀𝛼̇𝛽𝑉
 = 𝛿𝐸̇

𝑉
   (48) 

 

The lateral buckling deflection 𝑤 due to the applied loads and initial stress-free geometrical 

imperfections 𝑤0 are discretized by the Rayleigh-Ritz semi-analytical approach by a double 

Fourier series: 

𝑤 = 𝑞𝑖  𝑓𝑖  (𝑥1, 𝑥2) = ∑ ∑ 𝐴𝑚𝑛𝑛 sin (
𝑚𝜋

𝑎
𝑥1) sin (

𝑛𝜋

𝑏
𝑥2)𝑚   (49) 

𝑤0 = 𝑞𝑖0 𝑓𝑖  (𝑥1, 𝑥2) = ∑ ∑ 𝐴𝑚𝑛
0

𝑛 sin (
𝑚𝜋

𝑎
𝑥1) sin (

𝑛𝜋

𝑏
𝑥2)𝑚   (50) 

The set of unknown Fourier parameters  𝐴𝑚𝑛 ,𝐴𝑚𝑛
0   are given in single subscript notation 

where 𝑖 and 𝑗 runs from 1 to the total number of degrees of freedom  𝑁. Therefore, the 

deflection coefficient parameters 𝐴𝑚𝑛 with respect to the arc length variable 𝜂 are the unknown 

parameters. 

 

The final set of first order linear algebraic equations is compactly written as follows: 

𝐾𝑖𝑗𝑞̇𝑗 + 𝐺𝑖𝛬𝛬̇𝑗 = 0      (51) 

𝑞̇𝑖𝑞̇𝑖 + 𝛬̇2 = 1      (52) 

𝑤ℎ𝑒𝑟𝑒: 

𝑲𝒊𝒋: 𝑆𝑡𝑎𝑡𝑒 𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐𝑎𝑙 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 

𝑮𝒊𝜦: 𝐼𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑒𝑡𝑎𝑙 𝑙𝑜𝑎𝑑 𝑣𝑒𝑐𝑡𝑜𝑟 − 𝑝𝑙𝑎𝑛𝑒 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡𝑠 

𝒒̇𝒊: 𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡  

𝜦̇: 𝐿𝑜𝑎𝑑 𝑟𝑎𝑡𝑒   

 

The first order perturbation expansion, Eq. 51, provides a linearized set of N equations with N+ 

1 unknown: N deflection parameters plus one load parameter. The additional equation, Eq. 52, 

is based on the definition of the arc length parameter which gives a single quadratic equation 

in the unknown coefficients.  
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In order to solve the equilibrium equations, the deflections and the load parameter in the state 

s+1 are expressed as a Taylor series expanded around the state 𝑠: 

 

𝑞1,𝑠+1 = 𝐴11,𝑠+1 = 𝐴11,𝑠 + 𝐴̇11,𝑠 ∆𝜂 + ⋯    (53) 

𝑞2,𝑠+1 = 𝐴12,𝑠+1 = 𝐴12,𝑠 + 𝐴̇12,𝑠 ∆𝜂 + ⋯    (54) 

. . 

. . 

. . 

𝛬𝑠+1 = 𝛬𝑠 + 𝛬̇𝑠 ∆𝜂 + ⋯      (55)
  

𝑤ℎ𝑒𝑟𝑒: 

𝒔: 𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑡𝑎𝑡𝑒 

𝒔 + 𝟏: 𝑁𝑒𝑥𝑡 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑢𝑟𝑖𝑛𝑔 𝑠𝑡𝑎𝑡𝑒  

∆𝜂: 𝐼𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡𝑎𝑙 𝑝𝑟𝑒𝑠𝑐𝑟𝑖𝑏𝑒𝑑 𝑎𝑟𝑐 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑠𝑡𝑎𝑡𝑒𝑠 

 

The parameters 𝛬̇𝑖𝑗 and 𝛬̇ in the state 𝑠 are directly used for finding deflections and loads for 

the next state 𝑠 + 1. Moreover, in the perturbation expansion only the first order coefficients 

are used since the assumed incremental perturbation ∆𝜂 is very small. Generally, ∆𝜂 ≈ 0.01 

gives sufficiently accurate solutions for practical applications implying a range from 50 to 100 

steps to reach the ultimate capacity.  

 

The algorithm described by the previous equations is schematically presented in Figure. 37: 

 

Figure 37: Incremental solution algorithm stepping a non-linear equilibrium path [6] 
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In order to determine the ultimate capacity of the structural member, the redistributed stress 

pattern is checked against von Mises yield criterion in six critical locations inside the element 

and along the edges as shown in Fig. 38. The redistributed stress pattern consists of the external 

applied stresses added to the second order stress distribution due to elastic buckling and due to 

the presence of geometrical imperfections. The evaluation of yielding is based on mid-plane 

membrane stress of each individual component. Thus, bending stresses across plate thickness 

are not included in the limit state yield criteria.  

 

 

Figure 38: Stress control points for ultimate capacity assessment [1] 

 

• 1, Plate edges: Stress control along the supported edges.  

 

• 2, Stiffener flange in tension: Stress control at the stiffener midspan when the global panel 

deflects upwards.  

 

• 3, Plate midspan in compression: Stress control at plate midspan when the global panel 

deflects upwards.  
 

 

• 4, Stiffener flange in compression: Stress control at the stiffener midspan when the global 

panel deflects downwards.  

 

• 5, Plate midspan in tension: Stress control at plate midspan when the global panel deflects 

downwards.  

 

• 4, Stiffener bending stress at support: Stress control at the support of the stiffeners. 

 

When yielding is reached, the incremental loading is stopped and the corresponding load is 

defined as ultimate capacity. By using this approach, the ultimate capacity for thin-walled 

structures is expected to be on the conservative side, hence some more capacity may be 

expected at the expense of some plastic redistribution of stresses. 

4 
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In addition, the ideal elastic buckling stress (eigenvalue) and the corresponding eigenmode are 

calculated as described in section 2.2.1 by a linear elastic analysis considering the element with 

a perfect flat geometry. For the case of the unstiffened plate, there is a single elastic buckling 

stress while for the stiffened panel is split into Local Buckling (LEB) and Global Buckling 

(GEB). 

 

In summary, results of the previous formulation are in terms of stresses and deflections, hence 

it is not very practical for rules checking purposes. To do so, the ultimate capacity factor 𝛬𝑢 , 

which is itself a measure of the safety margin against collapse, is used to present the results as 

a single parameter: the utilization or usage factor η. 

The factor is derived by: 

𝜂 =
1

𝛬𝑢
=

√𝜎10
2+𝜎20

2+𝜎30
2

√𝜎1𝑈
2+𝜎2𝑈

2+𝜎3𝑈
2
    (56) 

The concept of this factor is to give an intuitive idea of how far the structural element is 

operating from its ultimate load. This is illustrated in Fig. 39 with an UC failure surface for the 

3D load space ( σ1, σ2, σ3) which defines the strength of the element for different load 

combinations. 

 

Figure 39: Ultimate capacity surface in load space [6] 

 

In order to be approved by PULS, the element shall remain within the volume defined by the 

surface under the design loads, that is to operate with a usage factor lower than 1. 
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6.2.2 Buckling modes for stiffened panels 

 

For the analysis of stiffened panels PULS splits the calculation procedure into two modes: 

Global and Local. 

For the local level, the eigenvalue is assessed for the isolated component plates considering a 

perfect flat geometry. Then, the buckling mode is used to set initial deflections and the post-

buckling strength is derived. 

In addition, orthotropic macro coefficients representing in-plane and out-of-plane stiffness are 

derived. These coefficients are used in the global model to account for the effect of buckling in 

local components. The approach is based on a six-dimensional orthotropic macro material law 

given by Eq. 57 in an incremental relation between in-plane loads 𝑁𝑖, Moments 𝑀𝑖 and the 

corresponding strains 𝜀𝑖  and curvatures 𝜅𝑖  in the plating: 

[
 
 
 
 
 
∆𝑁1

∆𝑁2

∆𝑁3

∆𝑀1

∆𝑀2

∆𝑀3]
 
 
 
 
 

=

[
 
 
 
 
 
𝐶11 𝐶12 𝐶13 𝑄11 𝑄12 𝑄13

𝐶21

𝐶31

𝑄11

𝑄12

𝑄13

𝐶22 𝐶23 𝑄21 𝑄22 𝑄23

𝐶32 𝐶33 𝑄31 𝑄32 𝑄33

𝑄21 𝑄31 𝐷11 𝐷12 𝐷13

𝑄22

𝑄23

𝑄32

𝑄33

𝐷21

𝐷31

𝐷22 𝐷23

𝐷32 𝐷33]
 
 
 
 
 

 

[
 
 
 
 
 
∆𝜀1

∆𝜀2

∆𝜀3

∆𝜅1

∆𝜅2

∆𝜅3]
 
 
 
 
 

  (57) 

 𝑤ℎ𝑒𝑟𝑒: 

𝐶𝑖𝑗: 𝐼𝑛 − 𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠  

𝐷𝑖𝑗: 𝑇𝑜𝑟𝑠𝑖𝑜𝑛𝑎𝑙 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠   

𝐷𝑖𝑗: 𝐼𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑖𝑛 − 𝑝𝑙𝑎𝑛𝑒 𝑎𝑛𝑑 𝑡𝑜𝑟𝑠𝑖𝑜𝑛𝑎𝑙 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 

 

The previous stiffness components are decomposed into linear and non-linear terms. The non-

linear term accounts for the drop of in-plane stiffness when an element undergoes local 

buckling. 

For the global level, the stiffened panel is assessed using the classical orthotropic plate theory 

with modified orthotropic macro material coefficients accounting for the local buckling effects. 

By this way, the interaction between local and global modes is accounted for. 



  

 

53 
 
 

The calculation procedure is similar to the local level. First, the eigenvalue is assessed 

disregarding initial deflections. Then, the buckling mode is used to set initial deflections and 

the post-buckling strength is derived. 

 

6.2.3 Boundary conditions 
 

The most common type of boundary conditions assumed regarding buckling and ultimate 

capacity strength assessment are described in more detail in section 2.3. In this section is 

defined how PULS considers the boundary conditions for unstiffened plates and stiffened 

panels: 

 

• Out-of-plane support: the out-of-plane support along the outer edges is assumed to be 

rigid in the lateral direction while free to rotate for the unstiffened plate. This 

corresponds to the classical simply supported boundary conditions.  

 

For the stiffened panel, all four edges are considered as simply supported for the global 

buckling mode.  For the local model, the longitudinal edges are elastically restrained as 

along the primary stiffeners while the transverse edges are simply supported. 

 

• In-plane support: The in-plane support along the outer edges is constrained to remain 

straight but movable in-plane. With respect to stiffened panels, the rotational restraint 

of the plate within the panel is determined by the influence of the stiffener. With this 

assumption, PULS assume the elements to be integrated in laterally rigid structures. 

 

By taking the previous assumptions with respect to the boundaries of the element, PULS assume 

the element to be integrated in laterally rigid structures such as frames or bulkheads in ship 

structure. However, it should be noted that this effect is just accounted with respect the in-plane 

support. The out-of-plane support is simply supported which means there is no rotational 

constraint from the surrounding elements 
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6.2.4 Initial imperfections  
 

PULS set by default model tolerances according to normal fabrication standards of welded 

integrated structures used in shipbuilding and offshore industry. For the unstiffened plate there 

is only one model tolerance amplitude 𝛿𝑃0  corresponding to the maximum initial plate 

amplitude and set by default as 𝑠/200 where 𝑠 is the stiffener spacing.  

For the stiffened panel there are three imperfection amplitudes 𝛿𝑃0, 𝛿𝑆0 and 𝛿𝑇0 as presented in 

Figure 40. Amplitude 𝛿𝑇0 corresponds to the displacement of the stiffener and  𝛿𝑆0 to the 

vertical deflection of the stiffener coming from the global eigenmode. Both amplitudes are set 

by default as Plate length/1000. 

 

 

Figure 40: Definition of geometrical imperfections [1] 

 

The imperfection shape cannot be controlled by the user, it is automatically taken by combining 

local and global eigenmodes and applying the previously defined amplitudes. 

 

 

6.2.5 Design Principles 
 

In this section are defined the design principles the elements are based in order to set the cut-

off values in terms of strength. By considering an ULS design approach, the following 

principles apply:  

i. Elastic local buckling of components is accepted 

ii. Permanent buckles are not accepted 

iii. Global (Overall) buckling of the panel is not accepted 
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By ensuring the maximum membrane stress in the element to stay below the yield stress, 

excessive permanent deformations and buckles are prevented. This responds to the capacity of 

plates to sustain further loading in the elastic regime, even if in-plane stiffness decreases 

significantly after the inception of buckling. However, when the element undergoes buckling 

in the inelastic regime, significant residual strength is not expected. 

 

In addition, given that the overall buckling stiffened panel is considered as a significant 

instability, it is not accepted to take place. By this constraint, it is ensured that the panel has 

sufficient out-of-plane bending stiffness to avoid this deformation mode. 

In summary, the ULS approach allows the element to undergo deflection in the elastic buckling 

regime while preventing excessive permanent damages. This principle constrains the elements 

to have minimum stiffness properties for an efficient load transfer. It also helps to improve the 

performance of the structure by saving weight. In terms of loads, ULS for ship and offshore 

structures corresponds to designing the structure for the largest loading that may be experienced 

in a typical period of 25 years. 

In contrast, in some cases it may not be acceptable that the structural element undergoes elastic 

buckling and thereby large deflections. This corresponds to a Serviceability approach (SLS) 

which implements the elastic buckling stress as an upper limit of allowable loading. In terms of 

element thickness and proportions, this means that they are to be increased as compared to the 

previous ULS approach. This represents a useful approach for heavy members such as frames, 

girders or bulkheads since it ensures a robust design with additional margins to take additional 

redistributed loads coming from the previous approach of accepting elastic buckling in 

surrounding structures. 
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6.3 Non-linear Finite Element Method  
 
 

This method represents the “state of the art” becoming the most powerful and accurate approach 

for assessing buckling and ultimate capacity strength. Its power arises from the possibility of 

including the following non-linear basic effects: 

i. Non-linear geometrical behaviour 

ii. Non-linear and inelastic material behaviour 

iii. Contact 

iv. Fracture 

According to DNV-GL [6], for buckling and ultimate strength assessment of ship structures, 

non-linear material and geometrical behaviour are always to be included while contact and 

fracture are normally not relevant for this analysis. 

Another of the very powerful capabilities of this approach is the possibility to handle very 

complex geometries that cannot be solved in an analytical manner. 

In addition, providing an adequate extension of the model such several frame spacings or even 

cargo holds, it is possible to account for complicated effects and interactions that are generally 

not considered when considering small isolated sections of the structure. 

However, the main drawback is the requirement of large computational effort due to the large 

number of unknowns and numerical integration procedures such as obtaining the non-linear 

stiffness matrices for the element as it deforms. That is why it is not a practical approach for 

design purposes and tends to be reserved to research focus activities. 

 

6.3.1  Non-linear geometrical behaviour 
 

 

This effect arises from the large deflections and changes in the geometry of the structure due to 

external loading. This leads to a non-linear relation between load and deflection when deflection 

becomes large enough in comparison with the structure dimensions. 

 

For a compressive load acting on a plate, the effect is pronounced already for deflections of the 

order of half the plate thickness.  This effect is most pronounced for slender structures where 

large deflections will be present before the material non-linearity starts [6]. 
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6.3.2  Non-linear material behaviour 
 

This effect is associated with the inelastic behaviour of the material. For low strain values the 

behaviour of most metals is considered as linear, but when yielding in the material takes place 

the relationship between stress and strain becomes non-linear. 

With respect to metallic materials, it is usually characterized by: 

-Stress-strain curve: It can be approximated as a multi-linear curve. For steels with a 

marked yield plateau a bi-linear approach is usually considered with a low plastic 

tangent module ( 𝐸𝑡 = 1000 𝑀𝑃𝑎) as illustrated in Fig. 41 or as a perfect elastic-plastic 

curve (𝐸𝑡 = 0 ). For buckling analysis the strains are small and distinction between 

engineering strain and true strain are negligible. [6] 

 

Figure 41: Bi-linear idealization of non-linear material behaviour [6] 

 

-Yield criteria for metallic materials: The von Mises yield criterion is accepted and 

widely used for all metallic materials. It allows to represent an arbitrary multi-axial 

stress state as a single stress value which is used to predict yielding in the material. The 

von Mises stress is derived as follows: 

𝜎𝑉𝑀 = √𝜎𝑥
2 + 𝜎𝑦

2 − 𝜎𝑥𝜎𝑦 + 3𝜏2   (58) 

 

-A hardening model (isotropic or kinematic): It describes how the yield condition varies 

when stresses reach and undergo yielding. The most used models are isotropic and 

kinematic hardening models. 
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6.4 Comparison between presented methods  
 

PULS and CFM are partly supplementary. Both approaches cover uni-axially stiffened panels 

and unstiffened plates, while CFM also covers pillars, beams, web plates with cut-outs and 

curved shells. PULS covers orthogonally stiffened panels, irregular stiffened panels and 

corrugated panels. 

The main difference between PULS and CFM is that PULS applies non-linear plate theory and 

thus additional information is available with respect to the structural behaviour of the element. 

That provides a better insight and understanding on the failure mechanism in terms of weakest 

failure modes or stress redistribution supported by a 3D graphical representation. In contrast, 

CFM presents the results as a single parameter with no insight or additional information with 

respect to the behaviour of the element.  In addition, PULS provides an integrated check of all 

the failure modes and load shedding for the stiffened panel while for CFM different elements 

such as the plate, the stiffener and the overall stiffened panel capacity have to be assessed 

separately. 

The NFEM approach provides a direct assessment of the structural behaviour considering both 

material and geometrical non-linearities. Other complex behaviours which cannot be analysed 

by analytical methods such as complicated geometries or interactions due to the extension of 

the model can be included. Due to the increased accuracy of the results, class societies such as 

DNV-GL considers the acceptance criteria and partial safety factors in strength on a case by 

case [6]. That means that reduced safety factors may be applied in comparison with rule-based 

designs leading to an optimization of the design. 

In summary, from least to most accurate it is found CFM, PULS, and NFEM. Their use and 

applicability are mainly restricted to the design stage they are to be applied. For initial design 

stages, CFM may be useful to perform an initial assessment of the buckling and ultimate 

strength of the structure. Then, for more advanced design stages PULS and NFEM can provide 

a better insight on the actual failure mode and mechanism of the structure. NFEM will provide 

the most accurate results but at a significant higher computational cost. In addition, the results 

must be carefully checked and verified since different sources of errors may appear from 

inappropriate modelling or wrong input data.  
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7. NUMERICAL ANALYSIS 
 

This section presents the analysis of the selected configurations defined in section 5.3 as well 

as an enhanced model for the stiffened panels. This enhancement consists in six stiffened panels 

which surrounds the studied panel in order to account for the effects of heavy members on 

boundary conditions as defined in Table 4. The studied configurations are summarized below: 

 Plate 

Thickness [mm] 

Unstiffened Plate 1 6 

Unstiffened Plate 2 12 

Unstiffened Plate 3 15.5 
 

Table 3: Summary of unstiffened plate configurations  

 

 PLATE STIFFENER HEAVY MEMBER 

Thickness 
[mm] 

Height 
[mm] 

Thickness 
[mm] 

Web 
Height 

[mm] 

Web 
Thickness 

[mm] 

Flange 
Width 

[mm] 

Flange 
Thickness 

[mm] 
Stiff. Panel 1 6 100 6 235 7 100 12 

Stiff. Panel 2 12 140 8 485 10 150 15 

Stiff. Panel 3 15.5 240 10 640 10 150 15 
 

Table 4: Summary of stiffened panel configurations 

 

The aim of the analysis is to perform a buckling and ultimate strength assessment of the selected 

configurations comparing the results obtained by NFEM and results delivered by PULS. 

The first part consists in the derivation of boundary conditions to represent the actual behaviour 

of the structure and a convergence study to select an accurate mesh size to perform the analysis. 

Afterwards, a linear eigenvalue buckling analysis is carried out to compare the elastic buckling 

stress obtained from numerical methods (FEM), semi-analytical methods (PULS) and analytical 

formulation when available depending on the structure considered. 

Then, the ultimate capacity of the structures is computed based on a non-linear analysis 

including material and geometrical non-linearities. The initial deflections in the structure are 

introduced based in the eigenmodes obtained from the linear eigenvalue analysis.  

 



  

 

60 
 
 

7.1 Material properties and behaviour 
 

The material properties considered throughout the analysis are presented below: 

• Structural steel (mild-high tensile steel) A36 

• Yield strength, 𝜎𝑦 = 355 𝑀𝑃𝑎 

• Young’s Modulus,  𝐸 = 200000 𝑀𝑃𝑎 

• Poisson’s ratio, 𝜈 = 0.3 

 

With respect to the non-linear analysis, the material behaviour is characterized as illustrated in 

Fig. 42 according to DNV-GL rules [6] as Bilinear Isotropic hardening as following: 

 

• Plastic tangent modulus:  𝐸𝑇 = 1000 𝑀𝑃𝑎 

 

 

 

Figure 42: Non-linear material behaviour used in the analysis 
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7.2 Boundary conditions 
 

The boundary conditions to constrain the structures are taken as follows:  

• Out-of-plane support: Simply supported for all four edges. Rigid in lateral directions 

while free to rotate. Mainly affect the elastic buckling stress (eigenvalue). 

 

• In-plane support: Outer edges constrained to remain straight but movable in-plane. 

Have influence in the post-buckling behaviour and so in the ultimate capacity of the 

structure. 

This corresponds to the most common assumption regarding buckling and ultimate capacity 

strength assessment. In fact, this is the approach PULS implement in the computation code. 

Thus, same boundary conditions are reproduced in the numerical analysis to have a consistent 

comparison. 

To implement these boundary conditions a coupled behaviour is introduced at the edges of the 

model in the proper degrees of freedom as illustrated in Figures 43, 44 and 45. By this way the 

edges are constrained to remain straight.  

The stiffeners are constrained so they remain in-plane at the edges representing the joint with 

the frames or girders. For the enhanced model, just the outer edges are constrained, the inner 

elements are free to deform in order to capture the influence of the heavy members in the 

stiffened panel. 

 

For unstiffened plate: 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 43: Boundary conditions and coupling applied in unstiffened plate model 
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For stiffened panel: 

 

*The annotations pointing to one single stiffener apply to all the stiffeners on that edge of the panel 

 

 

 

 

 

 

 

 
 
 

Figure 44: Boundary conditions and coupling applied in stiffened panel model 

 

 

For enhanced model: 

 

*The annotations pointing to one single stiffener or heavy member apply to all the stiffening members 

on that edge of the model.  

 

 

Figure 45: Boundary conditions and coupling applied in enhanced model 
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7.3 Convergence study 
 

This section presents a convergence study for both elements, unstiffened plates and stiffened 

panels. The aim is to ensure that results obtained from numerical calculations are consistent 

with analytical formulations and a mesh refinement produce a negligible change in the solution 

considering thus that the result has converged.  

The study is performed for the structures more sensitive in buckling which are the unstiffened 

plate and stiffened panel with 6mm plate thickness.  

In addition, since the buckling eigenmode is to be used to introduce initial imperfections, the 

variation of the buckling eigenmode according to the mesh size is also studied to ensure an 

accurate representation with respect theoretical background. 

In further sections, the term failing or applied load refers to the load for which PULS considers 

the panel to have failed either due to buckling or UC.  

Finally, a mesh size of 50mm is selected representing a good compromise between computation 

effort and accuracy in the results. In this section just the results for this mesh size are presented 

to avoid an overloading of this section. The complete convergence study including results from 

other mesh sizes is available in Annex 11.1. 

7.3.1 Elastic buckling stress and buckling factor 
 

For unstiffened plates, the analytical elastic buckling stress 𝜎𝐸 is derived by Eq. 11. Then, 

combining Eq. 11 and 15, the buckling factor 𝑘 for unstiffened plates is obtained as:  

𝑘 =  𝜎𝐸  
 𝐷 𝜋2

𝑏2 𝑡
       (59)   

Taking into account the elements are simply supported, analytical formulation delivers the 

following results for unstiffened plates: 

 

Table 5: Analytical solutions for elastic buckling stress and buckling factor for unstiffened plates 
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With respect to the numerical analysis, the elastic buckling stress is derived based in the Load 

Multiplier obtained from the FEM computation as: 

 

𝜎𝐸 = 𝜆 𝜎𝑎𝑝𝑝𝑙𝑖𝑒𝑑     (60)   

𝑤ℎ𝑒𝑟𝑒: 

𝜆: 𝐿𝑜𝑎𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟 

𝜎𝑎𝑝𝑝𝑙𝑖𝑒𝑑: 𝐿𝑜𝑎𝑑 𝑓𝑜𝑟 𝑤ℎ𝑖𝑐ℎ 𝑃𝑈𝐿𝑆 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑠 𝑡ℎ𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑡𝑜 ℎ𝑎𝑣𝑒 𝑓𝑎𝑖𝑙𝑒𝑑 

 

The results obtained for the unstiffened plate of 6mm thickness and final mesh size of 50 mm 

are presented in Table 6. It is observed that for all loading cases, the load multiplier is very 

close to one, indicating thus the beginning of elastic buckling. 

The elastic buckling stress is obtained with a good accuracy with respect to the analytical 

solutions with a maximum variation of 0.7%. Moreover, the solution presents a good 

convergence state with a maximum variation of 1% with respect to the previous solution with 

a mesh size of 75 mm. 

 

 
Table 6: Results summary for unstiffened plate of 6 mm plate thickness with 50 mm mesh size 

 

 

The convergence of elastic buckling stress for the different loading cases is presented in Fig. 

46  for longitudinal loading and Fig. 47 for transversal and biaxial loading. 
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Figure 46:Elastic Buckling stress convergence unstiffened plate of 6 mm thickness under longitudinal loading 

 
 

 

 

Figure 47: Elastic Buckling stress convergence for unstiffened plate of 6 mm thickness under transversal and 
biaxial loading 

 

In general, both loading situations present a fast convergence trend. For the longitudinal case 

there is a maximum variation of 7 MPa between the coarsest and the finest mesh while for the 

transversal and biaxial loading case is around 2 MPa. 
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The results obtained for the stiffened panel of 6mm plate thickness and final mesh size of 50 

mm are presented in Table 7. For these configurations just the numerical computation is 

considered due to the lack of analytical formulations. It is observed that for all loading cases, 

the elastic buckling stress presents a good convergence state with a maximum variation of 

1,15% with respect to the previous solution performed with a mesh size of 75 mm.  

 

 

Table 7: Results summary for stiffened panel of 6 mm plate thickness with 50 mm mesh size 

 
 

The convergence of elastic buckling stress for the different loading cases is presented in Fig. 

48 for longitudinal loading and Fig. 49 for transversal and biaxial loading. 

 

 

Figure 48: Elastic Buckling stress convergence for stiffened panel of 6 mm plate thickness under longitudinal 
loading 

 

70

72

74

76

78

80

82

84

86

88

90

150 175 200 225 250 275 300

σ
E 

[M
P

a]

Element size [mm]

Elastic Buckling stress convergence

Longitudinal Loading

150 125 100 75 50 25 0 

 



  

 

67 
 
 

 

Figure 49: Elastic Buckling stress convergence for stiffened panel of 6mm plate thickness under transversal and biaxial 
loading 

 

 

In the same way that unstiffened plates, stiffened panels also present a fast convergence trend. 

For the longitudinal case there is a maximum variation of 8 MPa between coarsest and the finest 

mesh while for the transversal and biaxial loading case is around 2 MPa. 

 

In summary, the elastic buckling stress presents a fast convergence for unstiffened plates and 

stiffened panels. For both configurations, it can be considered that with a mesh size of 50 mm, 

the result converges to a reasonable level of accuracy. For the unstiffened plate there is a 

variation of 1% with respect to the previous mesh size of 75 mm, and a variation of 0.6% with 

respect to the analytical solution. Likewise, for the stiffened panel there is a variation of 1.15% 

with respect to the previous solution. 

It could be argued that a bigger mesh could still lead to a good accuracy level saving some 

computational effort. However, another parameter should be considered in order to select the 

mesh which is the representation of the eigenmode since it is the way to introduce the initial 

imperfections for the non-linear analysis. This aspect is considered in the following section 

justifying the selection of a 50 mm mesh size. 
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7.3.2 Eigenmodes 

 

This section presents the variation of the eigenmode with respect to the mesh size. It represents 

an important factor in the analysis since it is the way the initial imperfections are introduced in 

the structures to perform the non-linear analysis. 

According to analytical formulations and theoretical background provided in section 2.5, the 

buckling modes expected for unstiffened plates as considered for this analysis are presented in 

Fig. 50: 

 

 Unstiffened plate dimensions: 

Length:   2700 mm 

Width:  600 mm 

Aspect ratio   a/b= 4.5 

 

       Longitudinal loading   Transversal loading            Biaxial loading 

   𝑚 = 5, 𝑛 = 1      𝑚 = 1, 𝑛 = 1           𝑚 = 1, 𝑛 = 1 

 

Figure 50: Buckling modes according to analytical formulation for the considered unstiffened plate 

 

It is observed how for the longitudinal loading case, five half-waves are formed along the 

longitudinal direction while only one is formed in the transversal direction. In contrast for the 

transversal and biaxial (with same load applied at both edges) loading case, the buckling mode 

present one half-wave in the longitudinal direction as well as transversal direction. 

For the stiffened panel, the previous pattern defined by the unstiffened plate will be reproduced 

within the structure, in the sense that plating between stiffeners and stiffeners web will deform 

like previous unstiffened plate. 
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With the respect to the eigenmode analysis, just the longitudinal load case is shown since for 

transversal and biaxial loading even the coarsest mesh considered is able to reproduce the 

number of half-waves according to analytical background. 

For the unstiffened plate under longitudinal loading, coarse meshes produce a non-consistent 

eigenmode with respect to previous analytical considerations, showing four half-waves along 

the plate instead of five. It is not up to a mesh size of 75 mm when the correct eigenmode is 

produced as illustrated in Fig. 51. 

 

 

Figure 51: Threshold mesh size for a consistent representation of eigenmode under longitudinal loading for 
unstiffened plate of 6 mm thickness 

 

In the same way, for stiffened panels under longitudinal loading, it is not up to a mesh size of 

100 mm when the correct eigenmode is produced as illustrated in Fig. 52. 

 

 

Figure 52: Threshold mesh size for a consistent representation of eigenmode under longitudinal loading for 
stiffened plate of 6mm plate thickness 
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Given the previous results, the minimum mesh size to represent a consistent buckling 

eigenmode for both structures is 75 mm. However, it can be observed from the previous figures 

that with this mesh size the shape is not smoothly represented.  

Since the way the buckling eigenmode is obtained is determinant in how the imperfections are 

going to be introduced for the non-linear analysis, it is decided to select a mesh size of 50 mm. 

This size provides accurate results as present in the previous section and a smooth and 

consistent eigenmode representation as illustrated in Fig. 53. 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 53: Longitudinal eigenmodes for unstiffened plate of 6 mm thickness (up) and stiffened panel of 6 mm 
plate thickness (down) 

 

This need of such an accurate mesh size to represent consistently the buckling eigenmode is 

produced by the selected aspect ratio of 4,5. As illustrated in Fig.16, this value is located very 

close to the analytical value where the buckling mode changes from m=4 to m=5 half-waves, 

which corresponds to √20 ≈ 4,47. This leads to the need of a finer mesh to represent the correct 

buckling eigenmode than it would be needed with an aspect ratio of 4 or 5. 
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7.4 Mesh 
 

As provided by the convergence study, the selected mesh size is 50 mm. According to DNV-

GL guidelines for assessment of buckling and ultimate capacity by NFEM [6], in order to 

capture all relevant local buckling deformations and localized plastic behaviour the mesh in the 

models has the following attributes: 

• More than 5 elements across plating between stiffeners 

• Minimum of 3 elements across stiffener web height 

• Element aspect ratio 2 or lower in critical areas susceptible to buckling 

• The structural elements and areas susceptible to buckling and collapse are modelled as 

shell elements. 

The type of element used for the analysis is a 4-node shell element. 

Unstiffened Plates 

 

Table 8: Unstiffened plates mesh description 

 

Figure 54: Unstiffened plate mesh 
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Stiffened Panels 

 

 

 

Table 9: Stiffened panels mesh description 

 
Figure 55: Stiffened panel mesh 

 

Enhanced model 

 

 

 

 

 

 

 
 

 
 

 

Table 10: Enhanced models mesh description 

 

 

 

 

 

 
 

Figure 56: Enhanced model mesh 
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7.5 Linear Eigenvalue Buckling Analysis 
 

This section deals with the calculation of the elastic buckling stress or eigenvalues for the 

different structures and comparison of results delivered from PULS, FEM and analytical 

formulations. The procedure and theoretical background are described in further detail in 

section 2.2.1. 

The elastic buckling stress has not a direct relation for actual structures since they will start to 

buckle from the beginning of the loading instead of a sudden buckling at a critical load. 

However, this section aims to study the degree of accuracy of PULS with respect to FEM and 

analytical formulations. In addition, the obtained results (eigenmodes) of this section are used 

to introduce the initial imperfections for the further non-linear analysis. 

Initially, the structures are modelled into PULS to obtain the failing load and the mechanism 

they fail by, either buckling or ultimate capacity. Then, the obtained failing load is introduced 

in the FEM model to obtain the load multiplier, hence the elastic buckling stress. 

For the cases where the load multiplier is not close to one is because the structure is failing due 

to ultimate capacity. However, it can be seen that the elastic buckling stress is well predicted in 

comparison with analytical formulation. 

 

The results obtained for unstiffened plates are presented in Table 11: 

 

Table 11: Comparison between results obtained for unstiffened plates 
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For all loading cases, the elastic buckling stress obtained by FEM computations presents a good 

accuracy with respect to PULS and analytical formulations. The maximum variation from 

analytical solution derived by FEM is about 1% while for PULS is 0.5%. 

Regarding buckling eigenmodes, the results are presented in Fig. 57, with a graphical 

comparison between modes derived by FEM and PULS. Given that the eigenmodes for different 

thicknesses present very similar shapes, just the configuration with 12 mm thickness is 

presented. 

Longitudinal        Transversal           Biaxial 

 

 
Figure 57: Comparison of eigenmodes between FEM and PULS for unstiffened plate of 12 mm thickness 

 

 

With respect to the stiffened panels, just the FEM computations are considered for the 

comparison. The results obtained for stiffened panels are presented in Table 12: 

 

 

 

 

 

 

Table 12: Comparison between results obtained for stiffened panels 

12 mm thickness 
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In the same way, for all loading cases the elastic buckling stress obtained by FEM computations 

presents a good accuracy with respect to PULS with a maximum variation of 3%. 

Regarding buckling eigenmodes, the results for stiffened panels are presented in Fig. 58, 59 and 

60 with a graphical comparison between modes derived by FEM and PULS. 

Longitudinal        Transversal           Biaxial 

 

 

 

Figure 58: Comparison of eigenmodes between FEM and PULS for stiffened panel of 6 mm plate thickness 

 

Longitudinal        Transversal           Biaxial 

 

 

 

Figure 59: Comparison of eigenmodes between FEM and PULS for stiffened panel of 12 mm plate thickness 

 

6 mm plate 

thickness 

12 mm plate 

thickness 
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Longitudinal        Transversal           Biaxial 

 

 

 

Figure 60: Comparison of eigenmodes between FEM and PULS for stiffened panel of 15.5 mm plate thickness 

 

 

In summary, PULS and FEM delivers elastic buckling stress with a good accuracy in 

comparison with analytical formulations for the case of unstiffened plates. For stiffened panels 

a good agreement is found between both approaches. In addition, the eigenmodes delivered by 

PULS are consistent with those delivered by FEM.   

In general, it is observed how the pattern produced for single unstiffened plates is reproduced 

within the panel with the same behaviour but with the junction between the stiffener and the 

plate acting as a nodal line in the buckling pattern. 

With respect to the deformation of the stiffener, it is observed that the higher the stiffener is the 

higher amplitudes are obtained in the buckling pattern as illustrated in Fig. 61.  In the same 

way, the amplitude of the buckling pattern for plating between stiffeners decreases as the 

stiffener height and thickness are increased. 

 

 

 

 

15.5 mm plate 

thickness 
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Figure 61: Eigenmode variation under longitudinal loading for different stiffened panels 

 

 

Furthermore, the buckling pattern of plating for stiffened panels show an asymmetrical pattern 

as illustrated in Fig. 62 where one plate side tends to buckle upwards and the adjacent plate 

element tends to deflect downwards.  

 
Figure 62: Asymmetrical Buckling pattern of plating between stiffeners obtained by FEM 

 

This is a common buckling behaviour when pure dominant in-plane compressive loads, as 

considered in this study, are applied.  However, if lateral pressure is considered and large 

enough the buckling pattern of the structure can tend to be symmetrical and each plate side will 

buckle in the direction of the lateral pressure loading producing the so called thin-horse mode. 

 

With respect to transversal and biaxial loading case, both provide an elastic buckling stresses 

very close to each other. In the same way, the buckling eigenmodes are represented with the 

same pattern. This is very much influenced by the election of the loading ratio, which in this 

case is one, hence the same stress is applied in both edges. Therefore, for the next non-linear 

analysis just the longitudinal and transversal loading cases are considered. 

Plate thickness: 6 mm 

Stiffener height: 100 mm 

Stiffener thickness: 6 mm 

 

Plate thickness: 12 mm 

Stiffener height: 140 mm 

Stiffener thickness: 8 mm 

Plate thickness: 15.5 mm 

Stiffener height: 240 mm 

Stiffener thickness: 10 mm 
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7.6 Non-Linear Analysis 
 

In this section a non-linear FEM analysis is performed for the different structures considered 

including non-linear effects from material plasticity, large deformation and initial 

imperfections. The aim is to compute the ultimate capacity of the different structures and 

compare the results with those derived by PULS. 

As provided in previous section, given that biaxial loading case presents a very similar 

behaviour with respect to the transversal loading, this case is omitted in this analysis. 

The non-linear material behavior is considered as stated in section 7.1 which consist in a 

yielding stress 𝜎𝑦 of 355 MPa and a plastic tangent modulus  𝐸𝑇 of 1000 MPa.  

For the non-linear solution procedure, the Full Newton-Raphson method is applied. This, 

approach computes the tangent stiffness matrix for each iteration step as illustrated in Fig. 63. 

It is a very effective and powerful method although it presents a relatively high computational 

effort.  

[𝐾𝑛,𝑖
𝑇 ]{∆𝑢𝑖} =  {𝐹𝑛

𝑎} − {𝐹𝑛,𝑖
𝑛𝑟}    (61)     

𝑤ℎ𝑒𝑟𝑒: 

[𝐾𝑛,𝑖
𝑇 ]: 𝑇𝑎𝑛𝑔𝑒𝑛𝑡 𝑚𝑎𝑡𝑟𝑖𝑥 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑡𝑖𝑚𝑒 𝑠𝑡𝑒𝑝 𝑛, 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑖 

{∆𝑢𝑖}: 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡 𝑓𝑟𝑜𝑚  𝑖 𝑡𝑜 𝑖 + 1 

{𝐹𝑛
𝑎}: 𝑇𝑜𝑡𝑎𝑙 𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑓𝑜𝑟𝑐𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑠𝑡𝑒𝑝 𝑛 

{𝐹𝑛,𝑖
𝑛𝑟}: 𝑅𝑒𝑠𝑡𝑜𝑟𝑖𝑛𝑔 𝑓𝑜𝑟𝑐𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑓𝑜𝑟 𝑡𝑖𝑚𝑒 𝑠𝑡𝑒𝑝 𝑛 , 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑖 

 

 

Figure 63: Newton-Raphson scheme for non-linear solution approach [10]  
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In addition, as a way to contrast the obtained results, for stocky structures undergoing plasticity 

before the inception of buckling the Johnson-Ostenfeld approach is used. It is a widespread 

method to account for this behaviour and has been applied in most classification societies [5] 

to account for the effect of plasticity in Buckling. It is given as follows: 

𝜎𝑐𝑟 = {
     𝜎𝐸                                  𝑓𝑜𝑟 𝜎𝐸 ≤ 0.5 𝜎𝑦  

𝜎𝑦  [
1−𝜎𝑦

4 𝜎𝐸
]                      𝑓𝑜𝑟 𝜎𝐸 > 0.5 𝜎𝑦

   (62)     

𝑤ℎ𝑒𝑟𝑒: 

𝜎𝑐𝑟: 𝐶𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑠𝑠 

𝜎𝐸: 𝐸𝑙𝑎𝑠𝑡𝑖𝑐 𝑏𝑢𝑐𝑘𝑙𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑠𝑠 

𝜎𝑦: 𝑌𝑖𝑒𝑙𝑑𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑠𝑠  

 

7.6.1 Initial imperfections 

 

The initial deflections are introduced in the structures based on the buckling eigenmode 

obtained from the Linear eigenvalue buckling analysis. The amplitude of the eigenmode is 

scaled according to fabrication standards of welded integrated structures in shipbuilding and 

offshore industry. As described in section 6.2.4, for unstiffened plates there is just one 

amplitude which corresponds to s/200 where s is the stiffener spacing. For the selected 

configurations that means that the scaling amplitude for the buckling eigenmode is taken as 3. 

The procedure is performed by linking the linear eigenvalue analysis to the non-linear analysis 

as illustrated in Fig. 64. In this way the solution from the eigenvalue analysis as well as material 

properties are transferred and used as an input for the non-linear analysis. 

 

 

Figure 64: Implementation of initial imperfections for unstiffened plates 
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For stiffened panels, PULS implement the initial imperfection by combining the local and 

global eigenmodes as illustrated in Fig. 40. However, the buckling modes provided by FEM 

consider the effect of the stiffeners and produce different eigenmodes which differ from the 

global mode. In addition, due to difficulties in finding a procedure to combine two eigenmodes 

to produce the final model, an alternative approach is used.  

In order to reproduce the initial imperfections as PULS does, the local eigenmode is taken and 

scaled by 3. Then, to produce the effect of the global mode, a force is applied onto the stiffeners 

to introduce the vertical elevation in the stiffeners with respect to the baseline as illustrated in 

Fig. 65 for the longitudinal loading. For transversal loading the same approach is used. 

 

Figure 65: Initial imperfections for stiffened panel under longitudinal loading. Mid-stiffened panel section 

 

 

For the enhanced model, it is not found a reasonable and practical way to introduce the 

imperfections through ANSYS Workbench and a script is developed by Dipl.-Ing. Stefan 

Griesch to be executed in ANSYS Mechanical APDL.   

The script follows the previous approach, firstly a linear eigenvalue analysis is performed 

according to the type of loading considered for a single stiffened panel. The obtained buckling 

eigenmode is scaled according to PULS amplitude. Then, the stiffened panel with the 

imperfections is copied in the neighbouring regions. Finally, the heavy members are modelled 

and the nodes are merged accordingly producing the enhanced model. The heavy members are 

perfectly modelled without initial imperfections. 
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7.6.2 Unstiffened plates 

 

In this section the results for unstiffened plates are presented and discussed. In order to not 

overload the size of the section and given that the graphical results are similar for the considered 

thicknesses, just the configuration of 6mm plate thickness is presented.  

 

Results for all configurations are summarized in 13:  

 

 

Table 13: NFEM results for unstiffened plates 

 

As sustained by theoretical considerations, NFEM provides lower elastic buckling stress values 

since it considers initial imperfections and non-linear effects. Thus, the buckling usage factor 

obtained by FEM is always bigger than one. 
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The first yielding point on mid-plane between PULS and FEM present a good match in general 

with a maximum variation of 10%. It should be remarked that PULS considers as UC the first 

yielding on the mid-plane of the component. That is why the comparison with respect UC 

provide higher margins than for the first yielding on the mid-plane of the component. 

 

A trend can be observed in the variation of results where for thin plates PULS provide lower 

values than NFEM while for thicker plates PULS provide higher values. This may arise from 

the assumption of neglecting the effect of bending stress in the limit state yield criteria which 

tends to become significant as the thickness increase. 

 

In addition, the reserve of strength after mid-plane has reached yielding present more reserve 

for thin plates than for thick plates. For the thin configuration of 6 mm there is a reserve of 19 

MPa until it reaches its ultimate capacity. However, for the thicker configurations of 12 and 

15.5 mm, the reserve experiences a significant decrease with an available margin of 4 MPa and 

for some cases the margin is neglectable. 

 

The ultimate capacity curves for longitudinal loading is presented in Fig. 66: 

 

 

Figure 66: Ultimate capacity curves for unstiffened plates under longitudinal loading 
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As illustrated by the Figure, for the thin plating of 6 mm the failure mechanism is driven by 

buckling. The curve shows an early stiffness drop off much before than the ultimate capacity is 

reached. This indicates that load-shedding will be redistributed onto supporting members such 

as stiffeners or heavy members. Then, when first yielding takes place, the stiffness starts again 

to decrease until it becomes zero and ultimate capacity is reached. 

In contrast, for the thicker configurations the failure mechanism is driven by ultimate capacity. 

In this case there is no stiffness drop until ultimate capacity is attached. Thus, the load-shedding 

will not take place unless the structure is compressed beyond the peak load. 

 

Graphical results obtained by NFEM for the unstiffened plate of 6mm thickness under 

longitudinal loading are presented in Fig. 67. The von Mises stress at different stages during 

the failure is compared with result derived by PULS.  

 

                 1st yielding mid-plane FEM        UC mid-plane FEM                     

  

 

 

 

 

UC  PULS (=1st yielding) 

 

 

 

 

 

Figure 67: von Mises comparison between NFEM and PULS for unstiffened plate of 6 mm thickness under 
longitudinal loading 
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In general, there is a good agreement with the stress distribution provided by PULS and NFEM, 

where the maximum stress is developed around the edges that remain straight while the 

minimum occurs at the middle of the plate. 
 

 

The ultimate capacity curves for transverse loading is presented in Fig.68: 

 

 

Figure 68: Ultimate capacity curves for unstiffened plates under transverse loading 

 

For transverse loading, the failure mechanism for all configuration is driven by Buckling. All 

the curves present a stiffness drop of before than ultimate capacity is reached. For the curve of 

6 mm plate thickness, it can be observed the sensitivity of this phenomenon regarding 

slenderness, with a much more pronounced drop in stiffness than the other two configurations.  

In contrast with longitudinal loading, the post-collapse behaviour is softer and descend 

gradually without abrupt changes. 
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Graphical results obtained by NFEM and PULS for the unstiffened plate of 6mm thickness 

under transverse loading are presented in Fig. 69.  

 

 

  1st yielding mid-plane FE         UC mid-plane FEM         

             

   

 

 

 

 

UC=1st yielding PULS 

 

 

 

 

 

 

Figure 69: von Mises comparison between NFEM and PULS for unstiffened plate of 6 mm thickness under 
transverse loading 

 

In the same line than for longitudinal loading, there is a good agreement with the stress 

distribution provided by PULS and NFEM, where the maximum stress is developed around the 

edges that remain straight while the minimum occurs at the middle of the plate.   

 

 

 

 



  

 

86 
 
 

7.6.3 Stiffened panels 

 

In this section the results for stiffened panels are presented and discussed. In order to not 

overload the size of the section and given that the graphical results are similar for the considered 

thicknesses, just the configuration of 6mm plate thickness is presented.  

 

Results for all configurations are summarized in Table 14: 

 

 

Table 14: NFEM results for stiffened panels 

 

First yielding point and UC between PULS and NFEM present a wider variation than for 

unstiffened plates with a maximum variation of around 60% for the thinnest configuration. 

However, the same trend than for unstiffened plates is observed. As thickness increase, PULS 

provide higher results since it neglects the effect of bending stresses and the variation between 

both methods is reduced.  
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Moreover, for the cases failing by UC, results provided by NFEM are in good agreement with 

Johnson-Ostenfeld approach with a maximum variation of 12%. 

 

The variations in usage factors are according to the variations between PULS and NFEM 

results. In general, according to NFEM there is an improvement in terms of UC for all the 

configurations with respect to PULS. However, this just applies to the configurations failing 

due to UC since the ones failing by buckling have a lower cut-off value provided by the 

eigenvalue. 

 

Ultimate capacity curves for longitudinal loading are presented in Fig. 70 : 

 

 

Figure 70: Ultimate capacity curves for stiffened panels under longitudinal loading 

 

The stiffened panel with plating of 6 mm presents an early stiffness drop off much before 

ultimate capacity is reached, being the failure mechanism driven by Buckling. The stiffness 

drop due to buckling leads to stress redistribution towards the support members such as frames, 

girders or bulkheads. 
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In contrast, for the other two configurations with plating of 12 and 15.5 mm the failure 

mechanisms is driven by yielding and thus ultimate capacity. Thus, there is no drop off in the 

curve until the ultimate capacity is attached. 

 

Graphical results obtained by NFEM and PULS for the stiffened panel with plating of 6 mm 

are presented in Fig. 71: 

 

                 1st yielding mid-plane FEM        UC mid-plane FEM                     

  

 

 

 

 

UC  PULS (=1st yielding) 

 

 

 

 

 

Figure 71: von Mises comparison between NFEM and PULS for stiffened panel with plating of 6 mm under 
longitudinal loading 

 

 

In general, there is a good agreement with the stress distribution provided by PULS and NFEM, 

where the maximum stress is developed around the outer edges forced to remain straight and 

the plate-stiffener connection while the minimum occurs at the middle of the plate between 

stiffeners. 
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Ultimate capacity curves for transverse loading are presented in Fig. 72: 

 

 

Figure 72: Ultimate capacity curves for stiffened panels under transverse loading 

 

 

For transverse loading, stiffened panels with 6 and 15.5 mm plate thickness fail due to buckling 

while the stiffened panel with 12 mm fail due to ultimate capacity. However, in this case all the 

structures, even the configuration of 12 mm thickness, present a stiffness drop off well before 

ultimate capacity is attained. This means that for such structures, the load-shedding and so 

redistribution is a characteristic feature. 

It is observed also the sensitivity of low thicknesses to the change of slope in the stress-strain 

curve, where the configuration of 6 mm presents a much more pronounce and earlier drop in 

stiffness than the other configurations. 
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Graphical results obtained by NFEM and PULS for the stiffened panel with plating of 6 mm is 

presented in Fig.73.  

 

 

                 1st yielding mid-plane FE         UC mid-plane FEM                     

   

 

 

 

UC=1st yielding PULS 

 

 

 

 

 

 

 

 

 

Figure 73:von Mises comparison between NFEM and PULS for stiffened panel of 6 mm plating under transverse 
loading 

 
 

In the same line than for longitudinal loading, there is a good agreement with the stress 

distribution provided by PULS and NFEM, where the maximum stress is developed around the 

extreme part of edges that remain straight while the minimum occurs at the middle of the plate.  

 

For NFEM stress distributions, yielding is concentrated in the outer regions of the plate while 

for PULS is evenly distributed along the edges to remain straight. This may arise from the fact 

that for stiffened panels PULS consider the longitudinal edges elastically restrained as along 

the stiffeners while the transverse edges are simply supported. In contrast, for the NFEM 

analysis the outer edges are idealized as simply supported. 
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7.6.4 Enhanced models 
 

In this section the results for the enhanced models are presented and discussed. First, the results 

of the enhanced model considered as a whole are presented. Then, results focused on the 

behaviour of the inner stiffened panel surrounded by the heavy members in comparison with 

the single stiffened panel are considered. Finally, the usage factors provided by PULS are 

recalculated according to results derived by NFEM applying an ULS approach. 

 

Due to time and technical difficulties in developing the script, the enhanced models for the 

plating of 12 and 15.5 mm under longitudinal loading cannot be developed. 

 

In order to not overload the size of the section and given that the graphical results are similar 

for the considered thicknesses, just the configuration of 6mm plate thickness is presented.  

 

Results for all configurations based on the overall structure are summarized in 15:  

 

 

Table 15: NFEM results for enhanced models 
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Ultimate capacity curves for the enhanced model and single stiffened panel under longitudinal 

loading are presented in Fig. 74: 

 

 

Figure 74: UC curves comparison for single stiffened panel and enhanced model under longitudinal loading 

 

Ultimate capacity curves for the enhanced model and single stiffened panel under transverse 

loading are presented in Fig. 75: 
 

 

Figure 75: UC curves comparison for single stiffened panel and enhanced model under transverse loading 
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For both loading conditions, it is observed a later occurrence of the stiffness drop off in the 

average stress-average strain curve. This is due to the increase in rotational restraint introduced 

by the heavy members.  

 

For longitudinal loading, just the thin configuration of 6 mm is analysed. The enhanced model 

presents an increase in UC of 8% with respect to the single stiffened panel. That means from 

166 to 180 MPa. 

 

For transversal loading, even the thicker configurations present a drop off in the stiffness before 

UC is reached. Thus, load shedding is a characteristic feature for this kind of loading which can 

lead to an increase of capacity due to load redistribution.  The curves present the same trend 

observed for previous configurations where the variation between results decrease as the 

thickness of the element increases as presented in Table. 16. 

 

 

Table 16: Increase in strength for transverse loading 

 

It is of special interest to have a closer view in how the inner centred panel surrounded by heavy 

members behaves in comparison with the isolated stiffened panel analysed in the previous 

section.  

 

For all enhanced configurations, failure and collapse is driven by the surrounding panels in the 

outer regions where the edges are assumed to be simply supported. The heavy members are also 

assumed to be simply supported on the extremes and free to deform within the model.  

Therefore, first yielding in top/bottom and mid-plane are taken as a significant measure for 

strength comparison between both structures. 
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Results for all configurations with focus on the strength behaviour of the inner stiffened panel 

surrounded by heavy members are summarized in Table 17:  

 

 

*For these configurations, the inner central panel does not reach yielding in the mid-plane. For comparison                                  

purposes, this value is taken as the UC of the overall structure. 

 

Table 17: NFEM results for the inner stiffened panel within the enhanced models 

 

Regarding first yielding in the mid-plane between PULS and NFEM, the same trend than for 

isolated stiffened panels is observed with slightly higher margins. The difference between both 

approaches decrease as the thickness increase. The increased margins provided by enhanced 

models arise from the influence of the heavy members, which introduce a rotational constraint 

in the edges of the panel increasing its Buckling strength as illustrated in Fig. 76.  

 

 

Figure 76: Rotational constraint introduced by heavy members in stiffened panel 

 

This behaviour of the edges which tends more to a clamped condition may be influenced from 

the way that the initial imperfections are introduced. The fact of introducing the imperfections 

symmetrically with respect to the heavy member as shown in Fig. 76, may lead to the edges to 

behave more like clamped. 
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In addition, this increase in structural capacity is also due to the load redistribution into 

surrounding structures. When one stiffened panel starts to buckle, the load can be redistributed 

in comparison with a single stiffened panel. Also, it should be considered that the heavy 

members are taking part of the load in some extent. 

 

Graphical results obtained by NFEM for the enhanced model in comparison with the isolated 

model of stiffened panel are presented in Fig. 77. It can be noticed the difference in stress 

distribution for the isolated stiffened panel with plating of 6 mm and the enhanced model with 

same thickness. Both structures show the stress distribution for which the single stiffened panel 

undergoes yielding in the mid-plane. 

 

First yielding on mid-plane for isolated panel: 162 MPa 

 

 

 

 

 

 

 
 

Stress distribution presented by the enhanced model when loaded with 162 MPa 

 

 

 

 

 

 

 

 

Figure 77: NFEM stress distribution comparison between single stiffened panel and enhanced model 
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Graphical results obtained by NFEM for the enhanced model in comparison with the isolated 

model of stiffened panel are presented in Fig. 78. The Figure shows the difference in stress 

distribution for the isolated stiffened panel with plating of 6 mm and the enhanced model with 

same thickness. Both structures show the stress distribution for which the single stiffened panel 

undergoes yielding in the mid-plane. 

 

First yielding on mid-plane for isolated panel: 52 MPa 

 

 

 

 

 

 

 

 

Stress distribution presented by the enhanced model when loaded with 52 MPa 

 

 

 

 

 

 

 

 

 

Figure 78: NFEM stress distribution comparison between single stiffened panel and enhanced model 
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PULS implements by default an SLS approach since the elastic buckling strength is used as an 

upper loading limit of allowable loading. This leads to an increase in the element thickness and 

proportions in comparison with an ULS approach.  An SLS approach is consistent for heavy 

members such as frames, girders or bulkheads ensuring a robust design and allowing additional 

margins to support redistributed loads. 

 

According to the design principles of ULS approach, described in section 6.2.5, the usage 

factors and failure loads are recalculated based in the results obtained by NFEM for the 

enhanced model. Since permanent buckles are not accepted, the strength parameter used is the 

first yielding in the top/bottom. Thus, the failure load for ULS is taken as the minimum between 

the global elastic buckling stress and the first yielding in the top/bottom.  

 

The results are presented in Table 18: 

 
*These usage factors take the failing load of SLS to reflect the actual usage factor that the structure would      
have if ULS is applied.  
 

Table 18: Results for the stiffened panels based in an ULS approach 

 

The results obtained are in the same line than previous sections where the strength increase 

tends to reduce as the thickness of the component increase.  This is due to the fact that PULS 

neglects the effect of bending stress which becomes significant as the thickness increase. 
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For the stiffened panel 1 and 2, both configurations fail by Buckling. Under SLS they are not 

allowed to buckle elastically while for ULS the cut-off value is set as the global buckling stress 

since this mode introduces a significant instability in the structure. 

 

The usage factors for ULS are calculated taking as an applied load the failure load of SLS and 

the maximum load allowed under ULS approach. For instance, for the stiffened panel with 

plating of 6 mm under longitudinal load, the failure load given by SLS is 79 MPa while under 

an ULS the structure can be loaded up to 127 MPa. This provides an actual usage factor of 0.62, 

which means that just a 62% of the ultimate capacity is being used. 

 

In summary, an increase in strength is observed when applying an ULS instead of an SLS 

approach. Given that global buckling tends to occur at higher loads than local buckling, the 

failure load is based in the minimum between the global buckling stress and the first yielding 

on top/bottom of the structure. When the structure undergoes buckling in the elastic regime it 

can normally sustain further loading until first yielding is attached. Thus, an ULS approach 

provides an increase in the performance of the structure in terms of weight 
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7.7 Verification 
 

In this section are presented some results from recognized and trusted sources such as class 

rules from DNV [6]  and Yao and Fukujibo [4] in order to verify and validate the results 

obtained throughout the analysis. 

 

7.7.1 Unstiffened Plates 

 

The average stress-average strain curve for an unstiffened plate of 10 mm thickness under 

longitudinal loading and transversal loading is presented in Fig.79 and Fig. 80 respectively. The 

curves are derived as function of geometrical imperfections where 𝑋 represents the amplitude 

factor and 𝑊𝑚𝑎𝑥 the maximum deflection. 

Length: 4000 mm  σy: 315 MPa 

Longitudinal loading   Width: 1000 mm   

Thickness: 10 mm 

 

 

Figure 79: UC curve for thin unstiffened plate under longitudinal loading as function of imperfection size [6] 

 

According to Fig. 79, for an imperfection amplitude of 3.8 mm the peak ratio between applied 

load and the yielding stress is 0.6. This presents a good agreement with the results obtained in 

the analysis which present a range from 0.5 for the thin configuration up to 0.84 for the 

configuration of 15.5 mm.  
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Length: 4000 mm  𝜎𝑦: 315 MPa 

Transversal loading  Width: 1000 mm  𝜆: 3.86 

Thickness: 10 mm 

 

 

Figure 80: UC curve for thin unstiffened plate under transverse loading as function of imperfections size [6] 

 

According to Fig. 80, for an imperfection amplitude of 3.8 mm the peak ratio between applied 

load and the yielding stress is around 0.2. This presents a good agreement with the results 

obtained in the analysis which present a range from 0.16 for the thin configuration up to 0.39 

for the configuration of 15.5 mm.  

 

7.7.2 Stiffened Panel 

 

For this section it is taken as a reference a large study performed by Tanaka et al. (2014)  [11] 

where a large numbers of stiffened panels from a bulk carrier and a tanker are analysed. The 

length of the stiffened panel is taken as 2550 mm while the stiffener spacing is taken as 850 

mm. The term size 3 refers to the dimensions of the stiffener, which are a height of 150 mm and 

a thickness of 17 mm.  The term n refers to the number of longitudinal stiffeners. 
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The comparison of UC between PULS and NFEM as function of the slenderness is presented 

in Fig. 81 for two aspect ratios 𝑎/𝑏 = 3 and 𝑎/𝑏 = 5. 

 

 

 

 

 

 

 

 

 

Figure 81: Comparison of UC between PULS and NFEM for stiffened panels as function of slenderness [11] 

 

The stiffened panels considered for the analysis have an aspect ratio 𝑎/𝑏 = 4,5 which fit within 

the range provided by the mentioned study. Results obtained throughout the whole analysis 

present a similar pattern as presented in the Figure, where for thin structures PULS tend to 

provide lower results than NFEM while for thick structures it works in the opposite way. The 

range where the trend tends to change lies within a slenderness ratio between 2 and 3 

approximately. 

Given the previous contrast between results obtained by trusted and reputable sources, it is 

considered that the results obtained during the analysis are consistent. 
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8.CONCLUSION  
 

Buckling is of crucial importance for the overall structural strength of stiffened panels. It is a 

complex phenomenon that includes the interdependence of a large number of factors, some of 

the most influent being: geometric and material properties, boundary conditions, initial 

imperfections and residual stresses. It is important to understand the buckling behaviour of 

stiffened panels to have a better insight into the failure mechanism in order to apply consistent 

design procedures. This arise from the existing reserves of capacity after the structure undergoes 

buckling which leads to an improved efficiency in the design. 

Regarding elastic buckling stress and eigenmodes, PULS present a good agreement with 

analytical results as well as NFEM. For all the configurations, the elastic buckling stress derived 

by NFEM is lower than those provided by linear eigenvalue analysis. This is because NFEM 

consider initial imperfection and non-linear effects and so the structure buckles at an earlier 

stage, actually since the beginning of loading. Due to this fact, a sudden buckling point such as 

under linear analysis does not appear. 

For all the configurations, a trend is observed in the variation of results for first yielding in the 

mid-plane between NFEM and PULS. As the thickness is increased, the variation between 

NFEM and PULS decrease as illustrated in Fig. 82 and Fig. 83 for longitudinal and transverse 

loading respectively.  

 

Figure 82: First yielding at midplane under longitudinal for the configurations considered 
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Figure 83: First yielding at midplane under transverse loading for the configurations considered 

 

The Figures present the variation in the first yielding at mid-plane for the different models 

considered. The enhanced model results are based in the inner centred panel. It should be noted 

that for the enhanced model failure takes place in the outer regions and for the configurations 

of 12 and 15.5 mm the inner panel does not undergo yielding at mid-plane. However, for 

comparison purposes this value is taken as the UC of the enhanced model, but slightly higher 

strength is expected for the centred panel. 

 

This trend arises from PULS assumption of neglecting the effect of bending stress in the limit 

state yield criteria, which tends to become significant as the thickness increase. This trend is in 

the same line than results found by Tanaka et al. (2014) [11], where for slenderness values 

higher than 2.5 PULS provide higher results than NFEM. 

 

In addition, the assumption of taking the first yielding in the mid-plane represents a consistent 

way to account for the UC of the structure. Even if some reserves are found for thin plating, in 

general the UC is reached soon after the yielding in the mid-plane. 
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The enhanced model presents a significant increase with respect to the single stiffened panel 

due to the following facts: 

 

One of the most influent facts in the increase of strength is the influence of the heavy members 

in the rotational restraint. PULS provide a model for integrated plates in larger plate 

constructions, but just in terms of in-plane boundary conditions where the edges are forced to 

remain straight. The out-of-plane boundary conditions is just partly considered, for the global 

model all four edges are simply supported. For the local model, the longitudinal edges are 

elastically restrained as along the primary stiffeners while the transverse edges are simply 

supported. Therefore, it should be noticed that in actual integrated ship structures, the 

supporting heavy members provide a higher rotational restraint than that provided by a smaller 

stiffener within the panel.  This is observed in the enhanced model where the heavy members 

provide a rotational restraint which tends to behave more like clamped than simply supported. 

However, further research in this matter is needed since the way that the initial imperfections 

are introduced may affect the behaviour of the edge. The initial imperfections are introduced 

symmetrically with respect to the girder, where in both sides the plate is deformed upwards. 

The increase in rotational restraint and so in buckling strength is also observed in the obtained 

UC curves for the enhanced model, where a later occurrence of the stiffness drop is observed 

for longitudinal and transverse loading. In addition, it is observed the sensitivity to buckling 

phenomenon for thin plating of 6 mm with a much earlier stiffness drop than other 

configurations of 12 and 15,5 mm. 

 

The effect of load redistribution into surrounding structures provides an additional strength 

margin in comparison with an isolated stiffened panel. When a part of the structure starts to 

buckle, the load-carrying capacity is decreases and there is a redistribution of internal forces 

towards unbuckled members. This aspect is disregarded by PULS where a single panel is 

considered. 
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Finally, PULS implements by default an SLS approach where the elastic buckling strength is 

used as cut-off value.  The comparison between SLS and ULS approaches using results derived 

by NFEM provide an increase of strength for all the considered configurations.  

 

For thin and moderate thick plating, the increase in strength is constrained by the global elastic 

buckling stress, since it is normally below the first yielding. In contrast, for thick plating the 

global elastic buckling takes place at higher values and the structure undergoes yielding first. 

Therefore, the application of ULS approach for the stiffened panel leads to an increase in the 

performance of the structure in terms of weight.  
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9. FURTHER WORK 
 

As a continuation of the present work and to provide a deeper knowledge in the topic the 

following work is proposed. 

 

As a first step, the enhanced models for the moderate and thick configurations of 12 and 

15.5mm could be modelled. This would complete the initial selected configurations and would 

allow to compare the results with the thin configuration of 6 mm. 

 

The field where more work can be performed is in the initial imperfections. Given the 

unpredictable behaviour of the initial imperfections, a further investigation applying other type 

of patters would contribute largely to the knowledge in the matter. These could be mainly based 

in two approaches. The first one consists in a symmetrical distribution of deflections where the 

plating between stiffeners deflect upwards, also known as hungry-horse mode. This mode tends 

to appear in the stiffened panel when a large lateral pressure is applied. On the other hand, the 

second deflection pattern could be based in empirical measurements from deflections in real 

stiffened panels. 

 

Regarding the enhanced model, it could be improved by introducing also imperfections in the 

heavy members since for the analysis they are perfectly modelled. In addition, to further study 

the influence of the initial imperfections in the rotational restraint of the edges along the heavy 

members, the same analysis could be performed by introducing the initial deflections 

asymmetrically with respect to the girders and frames. 
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11. ANNEXES 
 

11.1 Convergence study 
 

This section presents the full results of the convergence study for the unstiffened plate and 

stiffened panel of 6 mm thickness under longitudinal, transversal and biaxial loading: 

 

For unstiffened plates: 

 

Table 19:Convergence study results for unstiffened plate of 6 mm thickness 
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Under Longitudinal Loading 

 

 

Figure 84: Buckling coefficient convergence for 6 mm unstiffened plate under longitudinal loading 

 
 

 

 

 

Figure 85: Elastic Buckling stress convergence of 6mm unstiffened plate under longitudinal loading 
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Under transversal and biaxial loading 

 

 

Figure 86: Buckling coefficient convergence of 6 mm unstiffened plate under transversal and biaxial loading 

 

 

Figure 87: Elastic buckling stress convergence of 6 mm unstiffened plate under transversal and biaxial loading 
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For stiffened panels: 

 

Table 20: Convergence study for stiffened panel of 6mm thickness 

 

For Longitudinal Loading 

 

Figure 88: Elastic buckling stress convergence of 6 mm stiffened panel under longitudinal loading 
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For Transversal and Biaxial Loading 

 

 

Figure 89: Elastic buckling stress convergence of 6 mm stiffened panel under transversal and biaxial loading 
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